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Abstract: The asymmetric skew divergence smooths one of the distributions by mixing it, to1

a degree determined by the parameter λ, with the other distribution. Such divergence is an2

approximation of the KL divergence that does not require the target distribution to be absolutely3

continuous with respect to the source distribution. In this paper, an information geometric4

generalization of the skew divergence called the α-geodesical skew divergence is proposed, and5

its properties are studied.6
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1. Introduction8

Let (X ,F , µ) be a measure space where X denotes the sample space, F the σ-9

algebra of measurable events, and µ a positive measure. The set of the strictly positive10

probability measure P is defined as11

P :=
{

f (x) > 0 (∀x ∈ X ), and
∫
X

f (x)dµ(x) = 1
}

, (1)

and the set of nonnegative probability measure P+ is defined as12

P+ :=
{

f (x) ≥ 0 (∀x ∈ X ), and
∫
X

f (x)dµ(x) = 1
}

. (2)

Then a number of divergences that appear in statistics and information theory [1,2]13

are introduced.14

Definition 1. (Kullback–Leibler divergence [3]) The Kullback–Leibler divergence or KL-divergence15

DKL : P+ × P → [0, ∞] is defined between two Radon–Nikodym densities p and q of µ-16

absolutely continuous probability measures by17

DKL[p‖q] :=
∫
X

p ln
p
q

dµ. (3)

KL-divergence is a measure of the difference between two probability distributions18

in statistics and information theory [4–7]. This is also called the relative entropy, and19

is known not to satisfy the axiom of distance. Since the KL-divergence is asymmetric,20

several symmetrizations have been proposed in the literature [8–10].21

Definition 2. (Jensen–Shannon divergence [8]) The Jensen–Shannon divergence or JS-divergence22

DJS : P ×P → [0, ∞) is defined between two Radon–Nikodym densities p and q of µ-absolutely23

continuous probability measures by24
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DJS[p‖q] :=
1
2

(
DKL

[
p
∥∥∥ p + q

2

]
+ DKL

[
q
∥∥∥ p + q

2

])

=
1
2

∫
X

(
p ln

2p
p + q

+ q ln
2q

p + q

)
dµ

= DJS[q‖p]. (4)

The JS-divergence is a symmetrized and smoothed version of the KL-divergence,25

and it is bounded as26

0 ≤ DJS[p‖q] ≤ ln 2. (5)

This property contrasts with the fact that KL-divergence is unbounded.27

Definition 3. (Jeffreys divergence [11]) The Jeffreys divergence DJ [p‖q] : P ×P → [0, ∞] is28

defined between two Radon–Nikodym densities p and q of µ-absolutely continuous probability29

measures by30

DJ [p‖q] := DKL[p‖q] + DKL[q‖p]. (6)

Such symmetrized KL-divergences have appeared in various literatures [12–18].31

For continuous distributions, the KL-divergence is known to have computational32

difficulty. To be more specific, if q takes a small value relative to p, the value of DKL[p‖q]33

may diverge to infinity. The simplest idea to avoid this is to use very small ε > 0 and34

modify DKL[p‖q] as follows:35

D+
KL[p‖q] :=

∫
X

p ln
p

q + ε
dµ.

However, such an extension is unnatural in the sense that q + ε no longer satisfies36

the condition for a probability measure:
∫

ε + q(x)dµ(x) 6= 1. As a more natural way to37

stabilize KL-divergence, the following skew divergence have been proposed:38

Definition 4. (Skew divergence [8,19]) The skew divergence D(λ)
S [p‖q] : P ×P → [0, ∞] is39

defined between two Radon–Nikodym densities p and q of µ-absolutely continuous probability40

measures by41

D(λ)
S [p‖q] := DKL[p‖(1− λ)p + λq]

=
∫
X

p ln
p

(1− λ)p + λq
dµ, (7)

where λ ∈ [0, 1].42

In general, skew divergences have been experimentally shown to perform better in43

applications such as natural language processing [20,21], image recognition [22,23] and44

graph analysis [24,25].45

The main contributions of this paper are summarized as follows:46

• Several symmetrized divergences or skew divergences are generalized from an47

information geometry perspective.48

• It is proved that the natural skew divergence for the exponential family is equivalent49

to the scaled KL-divergence.50
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• Several properties of geometrically generalized skew divergence are proved. Specif-51

ically, the functional space associated with the proposed divergence is shown to be52

a Banach space.53

Implementation of the proposed divergence is available on GitHub1.54

2. α-Geodesical Skew Divergence55

The skew divergence is generalized based on the following function.56

Definition 5. ( f -interpolation) For any a, b,∈ R, λ ∈ [0, 1] and α ∈ R, f -interpolation is57

defined as58

m(λ,α)
f (a, b) = f−1

α

(
(1− λ) fα(a) + λ fα(b)

)
, (8)

where59

fα(x) =

{
x

1−α
2 (α 6= 1)

ln x (α = 1)
(9)

is the function that defines the f -mean [26].60

The f -mean function satisfies61

lim
α→∞

fα(x) =


∞ (|x| < 1),
1 (|x| = 1),
0 (|x| > 1),

lim
α→−∞

fα(x) =


0 (|x| < 1),
1 (|x| = 1),
∞ (|x| > 1).

It is easy to see that this family includes various known weighted means including62

the e-mixture and m-mixture for α = ±1 in the literature of information geometry [27]:63

(α = 1) m(λ,1)
f (a, b) = exp{(1− λ) ln a + λ ln b}

(α = −1) m(λ,−1)
f (a, b) = (1− λ)a + λb

(α = 0) m(λ,0)
f (a, b) =

(
(1− λ)

√
a + λ

√
b
)2

(α = 3) m(λ,3)
f (a, b) =

1
(1− λ) 1

a + λ 1
b

(α = ∞) m(λ,∞)
f (a, b) = min{a, b}

(α = −∞) m(λ,−∞)
f (a, b) = max{a, b}

In order to consider the geometric meaning of this function, the notion of the64

statistical manifold is introduced.65

2.1. Statistical Manifold66

Let67

S = {pξ = p(x; ξ) ∈ P|ξ = (ξ1, . . . , ξn) ∈ Ξ} (10)

1 https://github.com/nocotan/geodesical_skew_divergence
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be a family of probability distribution onX , where each element pξ is parameterized68

by n real-valued variables ξ = (ξ1, . . . , ξn) ∈ Ξ ⊂ Rn. The set S is called a statistical69

model and is a subset of P . We also denote (S , gij) as a statistical model equipped with70

the Riemannian metric gij.71

In the rest of this paper, the abbreviations

∂i = ∂ξ i =
∂

∂ξ i ,

` = `x(ξ) = ln pξ(x)

are used.72

Definition 6. (Christoffel symbols) Let gij be a Riemannian metric, particularly the Fisher73

information matrix, then the Christoffel symbols are given by74

Γij,k =
1
2

(
∂igjk + ∂jgik − ∂kgij

)
, i, j, k = 1, . . . , n. (11)

Definition 7. (Levi-Civita connection) Let g be a Fisher-Riemannian metric on S which is a75

2-covariant tensor defined locally by76

g(Xξ , Yξ) =
n

∑
i,j=1

gij(ξ)ai(ξ)bj(ξ),

where Xξ = ∑n
i=1 ai(ξ)∂i pξ and Yξ = ∑n

i=1 bi(ξ)∂i pξ are vector fields in the 0-representation77

on S . Then, its associated Levi-Civita connection ∇(0) is defined by78

g(∇(0)
∂i

∂j, ∂k) = Γij,k. (12)

The fact that ∇(0) is metrical connection can be written locally as79

∂kgij = Γki,j + Γkj,i. (13)

It is worth noting that the superscript α of ∇(α) corresponds to a parameter of the80

connection. Based on the above definitions several connections parameterized by the81

parameter α are introduced. The case α = 0 corresponds to the Levi-Civita connection82

induced by the Fisher metric.83

Definition 8. (∇(1)-connection) Let g be the Fisher-Riemannian metric on S which is a 2-84

covariant tensor. Then, the ∇(1)-connection is defined by85

g(∇(1)
∂i

∂j, ∂k) = Eξ [∂i∂j`∂k`]. (14)

It can also be expressed equivalently by explicitly writting as the Christoffel coefficients86

Γ(1)
ij,k(ξ) = Eξ [∂i∂j`∂k`]. (15)

Definition 9. (∇(−1)-connection) Let g be the Fisher-Riemannian metric on S which is a87

2-covariant tensor. Then, the ∇(−1)-connection is defined by88

g(∇(−1)
∂i

∂j, ∂k) = Γ(−1)
ij,k (ξ) = Eξ [(∂i∂j`+ ∂i`∂j`)∂k`]. (16)

In the following the ∇-flatness is considered with respect to the corresponding89

coordinates system. More details can be found in [27].90

Proposition 1. The exponential family is ∇(1)-flat.91
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Proposition 2. The exponential family is ∇(−1)-flat if and only if it is ∇(0)-flat.92

Proposition 3. The mixture family is ∇(−1)-flat.93

Proposition 4. The mixture family is ∇(1)-flat if and only if it is ∇(0)-flat.94

Proposition 5. The relation between the foregoing three connections is given by95

∇(0) =
1
2

(
∇(−1) +∇(1)

)
. (17)

Proof. It suffices to show96

Γ(0)
ij,k =

1
2

(
Γ(−1)

ij,k + Γ(1)
ij,k

)
.

From the definitions of Γ(−1) and Γ(1),97

Γ(−1) + Γ(1) = Eξ [(∂i∂j`∂i`∂j`)∂k`] +Eξ [∂i∂j`∂k`]

= Eξ [(2∂i∂j`+ ∂i`∂j`)∂k`]

= 2Eξ

[
(∂i∂j`+

1
2

∂i`∂j`)∂k`
]

= 2Γ(0)
ij,k,

which proves the proposition.98

The connections ∇(−1) and ∇(1) are two special connections on S with respect to99

the mixture family and the exponential family, respectively. Moreover, they are related by100

the duality condition, and the following 1-parameter family of connections are defined.101

Definition 10. (∇(α)-connection) For α ∈ R, the ∇(α)-connection on the statistical model S is102

defined as103

∇(α) =
1 + α

2
∇(1) +

1− α

2
∇(−1). (18)

Proposition 6. The components Γ(α)
ij,k can be written as104

Γ(α)
ij,k = Eξ

[(
∂i∂j`+

1− α

2
∂i`∂j`

)
∂k`

]
. (19)

The α-coordinate system associated with the ∇(α)-connection is endowed with the105

α-geodesic which is a straight line on the corresponding coordinates system. Then, we106

introduce some relevant notions.107

Definition 11. (α-divergence [28]) Let α be a real parameter. The α-divergence between two108

probability vectors p and q is defined as109

Dα[p‖q] =
4

1− α2

(
1−∑

i
p

1−α
2

i q
1+α

2
i

)
. (20)

The KL-divergence, which is a special case with α = 1, induces the linear connection110

∇(1) as follows.111
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Proposition 7. The diagonal part of the third mixed derivatives of the KL-divergence is the112

negative of the Christoffel symbol:113

− ∂ξi ∂ξ j ∂ξk
0
DKL[pξ0‖pξ ]

∣∣∣
ξ=ξ0

= Γ(1)
ij,k(ξ0). (21)

Proof. The second derivative in the argument ξ is given by114

∂ξi ∂ξ j DKL[pξ0‖pξ ] = −
∫
X

pξ0(x)∂ξi ∂ξ j`x(ξ)dx,

and differentiating it with respect to ξk
0 yields115

−∂ξi ∂ξ j ∂ξk
0
DKL[pξ0‖pξ ] = ∂ξk

0

∫
X

pξ0(x)∂ξi ∂ξ j`x(ξ)dx

=
∫
X

pξ0(x)∂ξi ∂ξ j`x(ξ)∂ξk
0
`x(ξ)dx.

Then, considering the diagonal part, one yields116

−∂ξi ∂ξ j ∂ξk
0
DKL[pξ0‖pξ ]

∣∣∣
ξ=ξ0

= Eξ0 [∂i∂j`(ξ)∂k`(ξ)]

= Γ(1)
ij,k(ξ0).

117

More generally, the α-divergence with α ∈ R induces the ∇(α)-connection.118

Definition 12. (α-representation [29]) For some positive measure m
1−α

2
i , the coordinate system119

θ = (θi) derived from the α-divergence is120

θi = m
1−α

2
i = fα(mi) (22)

and θi is called the α-representation of a positive measure m
1−α

2
i .121

Definition 13. (α-geodesic [27]) The α-geodesic connecting two probability vectors p(x) and122

q(x) is defined as123

ri(t) = c(t) f−1
α

{
(1− t) fα(p(xi)) + t fα(q(xi))

}
, t ∈ [0, 1] (23)

where c(t) is determined as124

c(t) =
1

∑n
i=1 ri(t)

. (24)

Let ψα(θ) = 1−α
2 ∑n

i=1 mi. Then, the dual coordinate system η is given by η =125

∇ψα(θ) as126

ηi = (θi)
1+α
1−α = f−α(mi). (25)

Hence it is the (−α)-representation of mi.127

2.2. Generalization of Skew Divergences128

From Definition 13, the f -interpoloation is considered as an unnormalized version129

of the α-geodesic. Using the notion of geodesics, skew divergence is generalized in terms130

of information geometry as follows.131
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Definition 14. (α-Geodesical Skew Divergence) The α-geodesical skew divergence D(α,λ)
GS :132

P × P → [0, ∞] is defined between two Radon–Nikodym densities p and q of µ-absolutely133

continuous probability measures by:134

D(α,λ)
GS

[
p‖q
]

:= DKL

[
p‖m(λ,α)

f (p, q)
]

=
∫
X

p ln
p

m(λ,α)
f (p, q)

dµ, (26)

where α ∈ R and λ ∈ [0, 1].135

Some special cases of α-geodesical skew divergence are listed below:136

(∀α ∈ R, λ = 1) D(α,1)
GS [p‖q] = DKL[p‖q]

(∀α ∈ R, λ = 0) D(α,0)
GS [p‖q] = DKL[p‖p] = 0

(α = 1, ∀λ ∈ [0, 1]) D(1,λ)
GS [p‖q] = λDKL[p‖q] (scaled KL-divergence)

(α = −1, ∀λ ∈ [0, 1]) D(−1,λ)
GS [p‖q] = DSK(λ)[p‖q] (skew divergence)

(α = 0, ∀λ ∈ [0, 1]) D(0,λ)
GS [p‖q] =

∫
X

p ln
p

{(1− λ)
√

p + λ
√

q}2 dµ

(α = 3, ∀λ ∈ [0, 1]) D(3,λ)
GS [p‖q] = D(λ)

S [p‖q] + H(p) + H(q)

(α = ∞, ∀λ ∈ [0, 1]) D(∞,λ)
GS [p‖q] =

∫
X

p ln
p

min{p, q}dµ

(α = −∞, ∀λ ∈ [0, 1]) D(−∞,λ)
GS [p‖q] =

∫
X

p ln
p

max{p, q}dµ

2.3. Symmetrization of α-Geodesical Skew Divergence137

It is easy to symmetrize the α-geodesical skew divergence as follows.138

Definition 15. (Symmetrized α-Geodesical Skew Divergence) The symmetrized α-geodesical139

skew divergence D̄(α,λ)
GS : P ×P → [0, ∞] is defined between two Radon–Nikodym densities p140

and q of µ-absolutely continuous probability measures by:141

D̄(α,λ)
GS [p‖q] :=

1
2

(
D(α,λ)

GS [p‖q] + D(α,λ)
GS [q‖p]

)
, (27)

where α ∈ R and λ ∈ [0, 1].142

It is seen that D̄(α,λ)
GS [p‖q] includes several symmetrized divergences.143

D̄(α,1)
GS [p‖q] = 1

2

(
DKL[p‖q] + DKL[q‖p]

)
, (half of Jeffreys divergence)

D̄(−1, 1
2 )

GS [p‖q] = 1
2

(
DKL

[
p‖ p + q

2

]
+ DKL

[
q‖ p + q

2

])
, (JS-divergence)

D̄(−1,λ)
GS [p‖q] = 1

2

(
DKL

[
p‖(1− λ)p + λq

]
+ DKL

[
q‖(1− λ)q + λp

])
.

The last one is the λ-JS-divergence [30], which is a generalization of the JS-divergence.144
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3. Properties of α-Geodesical Skew Divergence145

In this section, the properties of the α-geodesical skew divergence are studied.146

Proposition 8. (Non-negativity of the α-geodesical skew divergence) For α ≥ −1 and λ ∈ [0, 1],147

the α-geodesical skew divergence D(α,λ)
GS [p‖q] satisfies the following inequality:148

D(α,λ)
GS [p‖q] ≥ 0. (28)

Proof. When λ is fixed, the f -interpolation has the following inverse monotonicity with149

respect to α:150

m(λ,α)
f (p, q) ≥ m(λ,α′)

f (p, q), (α ≤ α′). (29)

From Gibbs’ inequality [31] and Eq. (29), one obtains151

D(α,λ)
GS [p‖q] =

∫
X

p ln
p

m(α,λ)
f (p, q)

dµ

≥
( ∫
X

pdµ
)

ln
p

m(α,λ)
f (p, q)

≥ 1 · ln 1 = 0.

152

Proposition 9. (Asymmetry of the α-geodesical skew divergence) α-Geodesical skew divergence153

is not symmetric in general:154

D(α,λ)
GS [p|q] 6= D(α,λ)

GS [q‖p]. (30)

Proof. For example, if λ = 1, then ∀α ∈ R, it holds that155

D(α,1)
GS [p‖q]− D(α,1)

GS [q‖p] = DKL[p‖q]− DKL[q‖p],

and the asymmetry of the KL-divergence results in an asymmetry of the geodesic156

skew divergence.157

When a function f (x) of x ∈ [0, 1] satisfies f (x) = f (1− x), it is referred to be158

centrosymmetric.159

Proposition 10. (Non-centrosymmetricicy of the α-geodesical skew divergence with respect to160

λ) α-Geodesical skew divergence is not centrosymmetric in general with respect to the parameter161

λ ∈ [0, 1]:162

D(α,λ)
GS [p‖q] 6= D(α,1−λ)

GS [p‖q]. (31)

Proof. For example, if λ = 1, then ∀α ∈ R, we have163

D(α,λ)
GS [p‖q]− D(α,1−λ)

GS [p‖q] = D(α,1)
GS [p‖q]− D(α,0)

GS [p‖q] (32)

=
∫
X

p ln
p
q
−
∫
X

p ln
p
p

=
∫
X

p ln
p
q
≥ 0.

164
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Figure 1. Monotonicity of the α-geodesical skew divergence with respect to α. The α-geodesical
skew divergence between the binomial distributions p = B(10, 0.3) and q = B(10, 0.7) has been
calculated.

Proposition 11. (Monotonicity of the α-geodesical skew divergence with respect to α) α-165

Geodesical skew divergence satisfies the following inequality for all α ∈ R, λ ∈ [0, 1].166

D(α,λ)
GS [p‖q] ≥ D(α′ ,λ)

GS [p‖q], (α ≥ α′).

Proof. Obvious from the inverse monotonicity of the f -interpolation (29) and the mono-167

tonicity of the logarithmic function.168

Figure 1 shows the monotonicity of the geodesic skew divergence with respect to α.169

In this figure, divergence is calculated between two binomial distributions.170

Proposition 12. (Subadditivity of the α-geodesical skew divergence with respect to α) α-171

Geodesical skew divergence satisfies the following inequality for all α, β ∈ R, λ ∈ [0, 1]172

D(α+β,λ)
GS [p‖q] ≤ D(α,λ)

GS [p‖q] + D(β,λ)
GS [p‖q].

Proof. For some α and λ, m(λ,α)
f takes the form of the Kolmogorov mean [32], and173

obvious from its continuity, monotonicity and self-distributivity.174

Proposition 13. (Continuity of the α-geodesical skew divergence with respect to α and λ)175

α-Geodesical skew divergence has the continuity property.176

Proof. We can prove from the continuity of the KL-divergence and the Kolmogorov177

mean.178

Figure 2 shows the continuity of the geodesic skew divergence with respect to α179

and λ. Both of source and target distributions are binomial distributions. From this180

figure, it can be seen that the divergence changes smoothly as the parameters change.181

Lemma 1. Suppose α→ ∞. Then,182

lim
α→∞

D(α,λ)
GS [p‖q] =

∫
X

p ln
p

min {p, q}dµ (33)

holds for all λ ∈ [0, 1].183
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Figure 2. Continuity of the α-geodesical skew divergence with respect to α and λ. The α-geodesical
skew divergence between the binomial distributions p = B(10, 0.3) and q = B(10, 0.7) has been
calculated.

Proof. Let u = 1−α
2 . Then limα→∞ u = −∞. Assuming p0 ≤ p1, it holds that184

lim
α→∞

m(λ,α)
f (p0, p1) = lim

u→−∞

(
(1− λ)pu

0 + λpu
1

) 1
u

= p0 lim
u→−∞

(
(1− λ) + λ

( p1

p0

)u
) 1

u

= p0 = min {p0, p1}.

Then, the following equality185

lim
α→∞

D(α,λ)
GS [p‖q] =

∫
X

p ln
p

limα→∞ m(λ,α)
f (p0, p1)

dµ

=
∫
X

p ln
p

min {p, q}dµ

holds.186

Lemma 2. Suppose α→ −∞. Then,187

lim
α→∞

D(α,λ)
GS [p‖q] =

∫
X

p ln
p

max {p, q}dµ (34)

holds for all λ ∈ [0, 1].188

Proof. Let u = 1−α
2 . Then limα→−∞ u = ∞. Assuming p0 ≤ p1, it holds that189

lim
α→∞

m(λ,α)
f (p0, p1) = lim

u→−∞

(
(1− λ)pu

0 + λpu
1

) 1
u

= p1 lim
u→−∞

(
(1− λ)

( p0

p1

)u
+ λ

) 1
u

= p1 = max {p0, p1}.
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Then, the following equality190

lim
α→−∞

D(α,λ)
GS [p‖q] =

∫
X

p ln
p

limα→−∞ m(λ,α)
f (p0, p1)

dµ

=
∫
X

p ln
p

max {p, q}dµ

holds.191

Proposition 14. (Lower bound of the α-geodesical skew divergence) α-Geodesical skew diver-192

gence satisfies the following inequality for all α ∈ R, λ ∈ [0, 1].193

D(α,λ)
GS [p‖q] ≥

∫
X

p ln
p

max{p, q}dµ. (35)

Proof. It follows from the definition of the inverse monotonicity of f -interpolation (29)194

and Lemma 2.195

Proposition 15. (Upper bound of the α-geodesical skew divergence) α-Geodesical skew diver-196

gence satisfies the following inequality for all α ∈ R, λ ∈ [0, 1].197

D(α,λ)
GS [p‖q] ≤

∫
X

p ln
p

min{p, q}dµ. (36)

Proof. It follows from the definition of the f -interpolation (29) and Lemma 1.198

Theorem 1. (Strong convexity of the α-geodesical skew divergence) α-Geodesical skew diver-199

gence D(α,λ)
GS [p‖q] is strongly convex in p with respect to the total variation norm.200

Proof. Let r := m(α,λ)
f (p, q) and f j :=

pj
r (j = 0, 1), so that ft = pt

r (t ∈ (0, 1)). From201

Taylor’s theorem, for g(x) := x ln x and j = 0, 1, it holds that202

g( f j) = g( ft) + g′( f j − ft) + ( f j − ft)
2
∫ 1

0
g
′′
((1− s) ft + s f j)(1− s)ds.

Let203

δ := (1− t)g( f0) + tg( f1)− g( ft)

= (1− t)t( f1 − f0)
2
∫ 1

0

(
t

(1− s) ft + s f0
+

1− t
(1− s) ft + s f1

)
(1− s)ds

= (1− t)t( f1 − f0)
2
∫ 1

0

(
t

fu0(t, s)
+

1− t
fu1(t, s)

)
(1− s)ds,

where204

uj(t, s) := (1− s)t + jt.

Then,205
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∆ := (1− t)H(p0) + tH(p1)− H(pt)

=
∫

δdr

= (1− t)t
∫ 1

0
(1− s)ds

[
tI(u0(t, s)) + (1− t)I(u1(t, s))

]
,

where206

‖p1 − p0‖ :=
∫
|dp1 − dp0|dµ,

H(p) := D(α,λ)
GS [p‖r] =

∫
p ln

p
r

dµ,

I(u) :=
∫

( f1 − f0)
2

fu
dr.

Now, it is suffice to prove that ∆ ≥ t(1−t)
2 ‖p1 − p0‖2. For all u ∈ (0, 1), it is seen207

that p1 is absolutely continuous with respect to pu. Let hu := p1
pu

= f1
fu

. One obtains208

I(u) =
1

(1− u)2

∫
( f1 − fu)2

fu
dr

=
1

(1− u)2

∫
(gu − 1)2dpu

≥ 1
(1− u)2

(∫
|gu − 1|dpu

)2

=
1

(1− u)2 ‖p1 − pu‖2 = ‖p1 − p0‖2,

and hence, for j = 0, 1,209

∆ ≥ t(1− t)
2
‖p1 − p0‖2.

210

4. Natural α-Geodesical Skew Divergence for Exponential Family211

In this section, the exponential family in considered in which probability density212

function is given by213

p(x; θ) = exp
{

θ · x + k(x)− ψ(θ)
}

, (37)

where x is a random variable. In the above equation, θ = (θ1, . . . , θn) is an n-214

dimensional vector parameter to specify distribution, k(x) is a function of x and ψ215

corresponds to the normalization factor.216

In skew divergence, the probability distribution of the target is a weighted average217

of the two distributions. This implicitly assumes that interpolation of the two proba-218

bility distributions is properly given by linear interpolation. Here, in the exponential219

family, the interpolation between natural parameters rather than interpolation between220

probability distributions themselves is considered. Namely, the geodesic connecting two221

distributions p(x; θp) and q(x; θq) on the θ-coordinate system is considered:222

θ(λ) = (1− λ)θp + λθq, (38)
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Figure 3. The geodesic between two probability distributions on the α-coordinate system.

where λ ∈ [0, 1] is the parameter. The probability distributions on the geodesic θ(λ)223

are224

p(x; λ) = p(x; θ(λ))

= exp
{

λ(θq − θp) · x + θp · x− ψ(λ)
}

. (39)

Hence, a geodesic itself is a one-dimensional exponential family, where λ is the225

natural parameter. A geodesic consists of a linear interpolation of the two distributions226

in the logarithmic scale because227

ln p(x; λ) = (1− λ) ln p(x; θp) + λ ln p(x; θq)− ψ(λ). (40)

This corresponds to the case α = 1 on the f -interpolation with normalization factor228

c(λ) = exp {−ψ(λ)},229

p(x; θ(λ)) = m(λ,1)
f (p(x; θp), p(x; θq)). (41)

This induces the natural geodesic skew divergence with α = 1 as230

D(1,λ)
GS [p‖q] =

∫
X

p ln
p

m(λ,1)
f (p, q)

dµ

=
∫
X

p ln p− p ln m(λ,1)
f (p, q)dµ

=
∫
X

p ln p− p ln exp{(1− λ) ln p + λ ln q}dµ

=
∫
X

p ln p− (1− λ)p ln p− λp ln qdµ

=
∫
X

λp ln p− λp ln qdµ

= λ
∫
X

p ln
p
q

dµ

= λDKL[p‖q],

and this is equal to the scaled KL divergence.231

More generally, let θ
(α)
P and θ

(α)
Q be the parameter representations on the α-coordinate232

system of probability distributions P and Q. Then, the geodesics between them are rep-233

resented as in Figure 3 and it induces the α-geodesical skew divergence.234
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5. Function Space associated with the α-Geodesical Skew Divergence235

To discuss the functional nature of the α-geodesical skew divergence in more depth,236

the function space it constitutes is considered. For an α-geodesical skew divergence237

f (α,λ)
q (p) = D(α,λ)

GS [p‖q] with one side of the distribution fixed, let the entire set be238

Fq =
{

f (α,λ)
q | α ∈ R, λ ∈ [0, 1]

}
. (42)

For f (α,λ)
q ∈ Fq, its semi-norm is defined by

∥∥∥ f (α,λ)
q

∥∥∥
p

:=
∫
X

(∣∣∣ f (α,λ)
q

∣∣∣pdµ
) 1

p
. (43)

By defining addition and scalar multiplication for f , g ∈ Fq, c ∈ R as follows, Fq239

becomes a semi-norm vector space:240

( f + g)(u) := f (u) + g(u) = D(α,λ)
GS [u‖q] + D(α′ ,λ′)

GS [u‖q], (44)

(c f )(u) := c f (u) = c · D(α,λ)
GS [u‖q]. (45)

Theorem 2. Let N be the kernel of ‖ · ‖p as follows:241

N := ker(‖ · ‖p) =
{

f (α,λ)
q | f (α,λ)

q = 0
}

. (46)

Then the quotient space V := (Fq, ‖ · ‖p)/N is a Banach space.242

Proof. It is sufficient to prove that f (α,λ)
q is integrable to the power of p and that V is243

complete. From Proposition 15, the α-geodesical skew divergence is bounded from244

above for all α ∈ R and λ ∈ [0, 1]. Since f (α,λ)
q is continuous, we know that it is p-power245

integrable.246

Let { fn} be a Cauchy sequence of V :247

lim
n,m→∞

‖ fn − fm‖p = 0.

Since n(k), k = 1, 2, . . . , can be taken to be monotonically increasing and248

‖ fn − fn(k)‖p < 2−k

with respect to n > n(k), let249

‖ fn(k+1) − fn(k)‖p < 2−k.

If gn = | fn(1)| + ∑n−1
j=1 | fn(j+1) − fn(j)| ∈ V , it is non-negatively monotonically250

increasing at each point, and from the subadditivity of the norm, ‖gn‖p ≤ ‖ fn(1)‖p.251

From the monotonic convergence theorem, we have252 ∥∥∥ lim
n→∞

gn

∥∥∥
p
= lim

n→∞
‖gn‖p ≤ ‖ fn(1)‖p + 1 < ∞.

That is, limn→∞ gn exists almost everywhere, and limn→∞ gn ∈ V . From limn→∞ gn <253

∞, we have254

fn(1) +
n−1

∑
j=1

( fn(j+1) − fn(j)) = lim
n→∞

fn(1)

converges absolutely almost everywhere to | limn→∞ fn| ≤ limn→∞ gn, a.e.. That is,255

limn→∞ fn ∈ V . Then256
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Figure 4. α-geodesical skew divergence between two normal distributions. The reference distribu-
tion is Q = N (0, 0.5). For P1, P2, . . . , Pj, (j = 1, 2, . . . , 10), let their mean and variance be µj and
σ2

j , respectively, where µj+1 − µj = 0.5 and σ2
j+1 − σ2

j = 0.2.

Figure 5. Coordinate system of Fq or F+. Such a coordinate system is not Euclidean.

∣∣∣ lim
n→∞

fn − fn(n)

∣∣∣ ≤ lim
n→∞

gn

and from the superior convergence theorem, we can obtain257

lim
n→∞

∥∥∥ lim
n→∞

fn − fn(n)

∥∥∥
p
= 0

We have now confirmed the completeness of V .258

Corollary 1. Let259

F+ =
{

f (α,λ)
q | α ∈ R, λ ∈ (0, 1], q ∈ P

}
. (47)

Then the space V+ := (F+, ‖ · ‖p) is a Banach space.260

Proof. If we restrict λ ∈ (0, 1], D(α,λ)
GS [u‖q] = 0 if and only if u = q. Then, V+ has the261

unique identity element, and then V+ is a complete norm space.262

Consider the socond argument Q of D(α,λ)
GS (P||Q) is fixed, which is referred to as263

the reference distribution. Figure 4 shows values of the α-geodesical skew divergence264

for a fixed reference Q, where both P and Q are restricted to be Gaussian. In this figure,265

the reference distribution is N (0, 0.5) and the parameters of input distributions are266
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varied in µ ∈ [0, 4.5] and σ2 ∈ [0.5, 2.3]. From this figure, one can see that larger value267

of α emphasizes the discrepancy between distributions P and Q. Figure 5 illustrates a268

coordinate system associated with the α-geodesical skew divergence for different α. As269

seen from the figure, for the same pair of distributions P and Q, the value of divergence270

with α = 3 is larger than that with α = −1.271

6. Conclusions and Discussion272

In this paper, a new family of divergence is proposed to address the computational273

difficulty of KL-divergence. The proposed α-geodesical skew divergence is a natural274

derivation from the concept of α-geodesics in information geometry and generalizes275

many existing divergences.276

References
1. Deza, M.M.; Deza, E. Encyclopedia of distances. In Encyclopedia of distances; Springer, 2009; pp. 1–583.
2. Basseville, M. Divergence measures for statistical data processing—An annotated bibliography. Signal Processing 2013, 93, 621–633.
3. Kullback, S.; Leibler, R.A. On information and sufficiency. The annals of mathematical statistics 1951, 22, 79–86.
4. Sakamoto, Y.; Ishiguro, M.; Kitagawa, G. Akaike information criterion statistics. Dordrecht, The Netherlands: D. Reidel 1986,

81, 26853.
5. Goldberger, J.; Gordon, S.; Greenspan, H.; others. An Efficient Image Similarity Measure Based on Approximations of KL-

Divergence Between Two Gaussian Mixtures. ICCV, 2003, Vol. 3, pp. 487–493.
6. Yu, D.; Yao, K.; Su, H.; Li, G.; Seide, F. KL-divergence regularized deep neural network adaptation for improved large vocabulary

speech recognition. 2013 IEEE International Conference on Acoustics, Speech and Signal Processing. IEEE, 2013, pp. 7893–7897.
7. Solanki, K.; Sullivan, K.; Madhow, U.; Manjunath, B.; Chandrasekaran, S. Provably secure steganography: Achieving zero KL

divergence using statistical restoration. 2006 International Conference on Image Processing. IEEE, 2006, pp. 125–128.
8. Lin, J. Divergence measures based on the Shannon entropy. IEEE Transactions on Information theory 1991, 37, 145–151.
9. Menéndez, M.; Pardo, J.; Pardo, L.; Pardo, M. The jensen-shannon divergence. Journal of the Franklin Institute 1997, 334, 307–318.
10. Nielsen, F. On the Jensen–Shannon symmetrization of distances relying on abstract means. Entropy 2019, 21, 485.
11. Jeffreys, H. An invariant form for the prior probability in estimation problems. Proceedings of the Royal Society of London. Series A.

Mathematical and Physical Sciences 1946, 186, 453–461.
12. Chatzisavvas, K.C.; Moustakidis, C.C.; Panos, C. Information entropy, information distances, and complexity in atoms. The

Journal of chemical physics 2005, 123, 174111.
13. Bigi, B. Using Kullback-Leibler distance for text categorization. European conference on information retrieval. Springer, 2003, pp.

305–319.
14. Wang, F.; Vemuri, B.C.; Rangarajan, A. Groupwise point pattern registration using a novel CDF-based Jensen-Shannon divergence.

2006 IEEE Computer Society Conference on Computer Vision and Pattern Recognition (CVPR’06). IEEE, 2006, Vol. 1, pp.
1283–1288.

15. Nishii, R.; Eguchi, S. Image classification based on Markov random field models with Jeffreys divergence. Journal of multivariate
analysis 2006, 97, 1997–2008.

16. Bayarri, M.; García-Donato, G. Generalization of Jeffreys divergence-based priors for Bayesian hypothesis testing. Journal of the
Royal Statistical Society: Series B (Statistical Methodology) 2008, 70, 981–1003.

17. Nielsen, F. Jeffreys centroids: A closed-form expression for positive histograms and a guaranteed tight approximation for
frequency histograms. IEEE Signal Processing Letters 2013, 20, 657–660.

18. Nielsen, F. On a generalization of the Jensen–Shannon divergence and the Jensen–Shannon centroid. Entropy 2020, 22, 221.
19. Lee, L. Measures of distributional similarity. arXiv preprint cs/0001012 2000.
20. Lee, L. On the effectiveness of the skew divergence for statistical language analysis. AISTATS. Citeseer, 2001.
21. Xiao, F.; Wu, Y.; Zhao, H.; Wang, R.; Jiang, S. Dual skew divergence loss for neural machine translation. arXiv preprint

arXiv:1908.08399 2019.
22. Carvalho, B.M.; Garduño, E.; Santos, I.O. Skew divergence-based fuzzy segmentation of rock samples. Journal of Physics:

Conference Series. IOP Publishing, 2014, Vol. 490, p. 012010.
23. Revathi, P.; Hemalatha, M. Cotton leaf spot diseases detection utilizing feature selection with skew divergence method.

International Journal of scientific engineering and technology 2014, 3, 22–30.
24. Ahmed, N.; Neville, J.; Kompella, R.R. Network sampling via edge-based node selection with graph induction 2011.
25. Hughes, T.; Ramage, D. Lexical semantic relatedness with random graph walks. Proceedings of the 2007 joint conference on

empirical methods in natural language processing and computational natural language learning (EMNLP-CoNLL), 2007, pp.
581–589.

26. Hardy, G.H.; Littlewood, J.E.; Pólya, G. Inequalities. By GH Hardy, JE Littlewood, G. Pólya..; University Press, 1952.
27. Amari, S.I. Information Geometry and Its Applications; Springer, 2016.
28. Amari, S. Differential-geometrical methods in statistics. Lecture Notes on Statistics 1985, 28, 1.

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 2 April 2021                   doi:10.20944/preprints202104.0055.v1

https://doi.org/10.20944/preprints202104.0055.v1


Version March 31, 2021 submitted to Entropy 17 of 17

29. Amari, S. α -Divergence Is Unique, Belonging to Both f -Divergence and Bregman Divergence Classes. IEEE Trans. Inf. Theory
2009, 55, 4925–4931.

30. Nielsen, F. A family of statistical symmetric divergences based on Jensen’s inequality. arXiv preprint arXiv:1009.4004 2010.
31. Cover, T.M. Elements of information theory; John Wiley & Sons, 1999.
32. Kolmogorov, A.N.; Castelnuovo, G. Sur la notion de la moyenne; G. Bardi, tip. della R. Accad. dei Lincei, 1930.

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 2 April 2021                   doi:10.20944/preprints202104.0055.v1

https://doi.org/10.20944/preprints202104.0055.v1

	Introduction
	–Geodesical Skew Divergence
	Statistical Manifold
	Generalization of Skew Divergences
	Symmetrization of –Geodesical Skew Divergence

	Properties of –Geodesical Skew Divergence
	Natural –Geodesical Skew Divergence for Exponential Family
	Function Space associated with the –Geodesical Skew Divergence
	Conclusions and Discussion
	References

