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%
Abstract: The asymmetric skew divergence smooths one of the distributions by mixing it, to
a degree determined by the parameter A, with the other distribution. Such divergence is an
approximation of the KL divergence that does not require the target distribution to be absolutely
continuous with respect to the source distribution. In this paper, an information geometric
generalization of the skew divergence called the a-geodesical skew divergence is proposed, and
its properties are studied.
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1. Introduction

Let (X, F, ) be a measure space where X denotes the sample space, F the o-
algebra of measurable events, and y a positive measure. The set of the strictly positive
probability measure P is defined as

P = {f(x) >0 (vx € X), and /Xf(x)d]/t(x) ~1}, 1)

and the set of nonnegative probability measure P is defined as

Py i={f(x) >0 (vx € X), and /Xf(x)dy(x) =1}, @)

Then a number of divergences that appear in statistics and information theory [1,2]
are introduced.

Definition 1. (Kullback—Leibler divergence [3]) The Kullback—Leibler divergence or KL-divergence
Digp : P+ x P — [0,00] is defined between two Radon—Nikodym densities p and q of -
absolutely continuous probability measures by

— P
Dialpllg) = [, pinLan ©

KL-divergence is a measure of the difference between two probability distributions
in statistics and information theory [4-7]. This is also called the relative entropy, and
is known not to satisfy the axiom of distance. Since the KL-divergence is asymmetric,
several symmetrizations have been proposed in the literature [8-10].

Definition 2. (Jensen—Shannon divergence [8]) The Jensen—Shannon divergence or |S-divergence
Djs : P x P — [0,00) is defined between two Radon-Nikodym densities p and q of p-absolutely
continuous probability measures by
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ot 3 (03] + oo 257])
= %/X (pln pzfq +qlnrfzq>dy
= Dyslqllp]- @

The JS-divergence is a symmetrized and smoothed version of the KL-divergence,
and it is bounded as

0 < Dys[pllq] < In2. ®)
This property contrasts with the fact that KL-divergence is unbounded.

Definition 3. (Jeffreys divergence [11]) The Jeffreys divergence Dj[p||q] : P x P — [0,00] is
defined between two Radon—Nikodym densities p and q of u-absolutely continuous probability
measures by

Dy[pllq] == Dxke[pllq] + Dkc[qllp]- (6)

Such symmetrized KL-divergences have appeared in various literatures [12-18].

For continuous distributions, the KL-divergence is known to have computational
difficulty. To be more specific, if q takes a small value relative to p, the value of Dgy [p||4]
may diverge to infinity. The simplest idea to avoid this is to use very small € > 0 and
modify Dk [p||q] as follows:

Dy [plla] = [ pln qiedu-

However, such an extension is unnatural in the sense that g 4 € no longer satisfies
the condition for a probability measure: [ € + g(x)du(x) # 1. As a more natural way to
stabilize KL-divergence, the following skew divergence have been proposed:

Definition 4. (Skew divergence [8,19]) The skew divergence Dg‘) [pllg) : P x P — [0,00] is
defined between two Radon—Nikodym densities p and q of u-absolutely continuous probability
measures by

DV [pllq) := Dre[pll(1 = A)p + Aq]

p
= 1 d , 7
/Xpn(liA)HMu )
where A € [0,1].

In general, skew divergences have been experimentally shown to perform better in
applications such as natural language processing [20,21], image recognition [22,23] and
graph analysis [24,25].

The main contributions of this paper are summarized as follows:

*  Several symmetrized divergences or skew divergences are generalized from an
information geometry perspective.

e  Jtisproved that the natural skew divergence for the exponential family is equivalent
to the scaled KL-divergence.
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*  Several properties of geometrically generalized skew divergence are proved. Specif-
ically, the functional space associated with the proposed divergence is shown to be
a Banach space.

Implementation of the proposed divergence is available on GitHub!.

2. a-Geodesical Skew Divergence

The skew divergence is generalized based on the following function.

Definition 5. (f-interpolation) For any a,b,€ R, A € [0,1] and « € R, f-interpolation is

defined as
i (a,0) = £ (1= D fala) + 2 al0) ), v
where
B 'zt (e #1)
fa(x) - {lnx (p( = 1) ”

is the function that defines the f-mean [26].

The f-mean function satisfies

o (x| <1),

lim fu(x) =41 (12 = 1),
0 (]x|>1),

0 (]x] <1),

dim fux) =41 (x]=1),
oo (|x| >1).

It is easy to see that this family includes various known weighted means including
the e-mixture and m-mixture for « = %1 in the literature of information geometry [27]:

(«=1) m{"(a,b) = exp{(1—A)Ina+AInb}
(a=-1) mV(a,b)=(1-A)a+Ab

(a=0) m™(a,b) = ((1 —A)Wa+ A\/E)Z

f

(A3) 1
:3 ,b =
(a=3) m;~(ab) (1-MIt+al

(& = o) mJ((A’OO) (a,b) = min{a,b}
(0 = —o0) m](()"_oo) (a,b) = max{a, b}

In order to consider the geometric meaning of this function, the notion of the
statistical manifold is introduced.

2.1. Statistical Manifold
Let

S={pr=pxgecPlE=(,...,&") €&} (10)

1 https://github.com/nocotan/geodesical_skew_divergence
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be a family of probability distribution on &', where each element pg is parameterized
by 1 real-valued variables & = (¢!,...,&") € E C R". The set S is called a statistical
model and is a subset of P. We also denote (S, g;j) as a statistical model equipped with
the Riemannian metric g;;.

In the rest of this paper, the abbreviations

are used.

Definition 6. (Christoffel symbols) Let g;; be a Riemannian metric, particularly the Fisher
information matrix, then the Christoffel symbols are given by

1 ..
Fl-]-,k = E(al‘g]‘k—Fa]’gik —akgi]'>, l,],k = 1,...,1’1. (11)

Definition 7. (Levi-Civita connection) Let g be a Fisher-Riemannian metric on S which is a
2-covariant tensor defined locally by

XC’YC 2 gz](g b](éf)

ij=1

where Xz = Y 14 (8)9; pgand Yz = Y (g )8 pg are vector fields in the O-representation
on S. Then, its assoczated Levi-Civita connectlon V() is defined by

g(vg )a]/ ak) - FZ], (12)
The fact that V(9 is metrical connection can be written locally as

9k8ij = Tkij + Lyji- (13)

It is worth noting that the superscript a of V(%) corresponds to a parameter of the
connection. Based on the above definitions several connections parameterized by the
parameter a are introduced. The case « = 0 corresponds to the Levi-Civita connection
induced by the Fisher metric.

Definition 8. (V1-connection) Let g be the Fisher-Riemannian metric on S which is a 2-
covariant tensor. Then, the V'V -connection is defined by

3(VVa;,0¢) = E[0;;tr0). (14)
It can also be expressed equivalently by explicitly writting as the Christoffel coefficients

T{(E) = B [0:0;00,0). (15)

Definition 9. (V(~V-connection) Let g be the Fisher-Riemannian metric on S which is a
2-covariant tensor. Then, the V=1 -connection is defined by

(Vi V0;,00) =T (8) = Ee (0,0 + 9:09;0)9,(). (16)

In the following the V-flatness is considered with respect to the corresponding
coordinates system. More details can be found in [27].

Proposition 1. The exponential family is V1) flat.


https://doi.org/10.20944/preprints202104.0055.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 2 April 2021 d0i:10.20944/preprints202104.0055.v1

50f17
Proposition 2. The exponential family is V=V flat if and only if it is V(0)flat.
Proposition 3. The mixture family is V(=1 flat.
Proposition 4. The mixture family is V'V flat if and only if it is V(O)flat.
Proposition 5. The relation between the foregoing three connections is given by
1
0 = Z(v(=D (1)
v =2 (v v ) . (17)

Proof. It suffices to show

© _ L1 p)
Lk =5 (rij,k + Fz’j,k)‘

From the definitions of I("1) and TV,

T 4 1M = B [(9;9;00;00,0)010] + Eg [9;0,09,()]
= E¢[(20,0;¢ + 9;00;0)9L)
1
= 2B (3id;¢ + 50,£9;0)3i

_ o1
=23

which proves the proposition. O

The connections V(=1 and V(1) are two special connections on S with respect to
the mixture family and the exponential family, respectively. Moreover, they are related by
the duality condition, and the following 1-parameter family of connections are defined.

Definition 10. (V®)-connection) For a € R, the V' ®)-connection on the statistical model S is
defined as

_ 1+0&V(1)+1—IX

5 5 v, (18)

v (@)

(a)

Proposition 6. The components l"ij i can be written as

() _
rz’j,k = K¢

1—ua
(aiaje + Taieaje) a,x] . (19)

The a-coordinate system associated with the V(%)-connection is endowed with the
a-geodesic which is a straight line on the corresponding coordinates system. Then, we
introduce some relevant notions.

Definition 11. (a-divergence [28]) Let a be a real parameter. The a-divergence between two
probability vectors p and q is defined as

4 1-a 1ta
Dalpllg) = = (1-Lr 7 0 )- (20)
1

The KL-divergence, which is a special case with « = 1, induces the linear connection
V) as follows.
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Proposition 7. The diagonal part of the third mixed derivatives of the KL-divergence is the
negative of the Christoffel symbol:

=%
Proof. The second derivative in the argument ¢ is given by
904 Di1 [pg, |l pe] = — /X Py (%)0gi 04 (x(8)dx,

and differentiating it with respect to g’{) yields

— 071095 Dk [Pg, [l pe] = 9t /X Py (%)0gi 04 £x(8)dx
= /X pe, (x)ai;fagjgx(g)agggx(é‘)dx'

Then, considering the diagonal part, one yields

~0509 Dxelpzlpel|_, = Bal0dj(@3(€)]
= I}j)(Z0)-
O
More generally, the a-divergence with & € R induces the V(¥)-connection.

1-a
Definition 12. (a-representation [29]) For some positive measure m; > , the coordinate system
8 = (0') derived from the a-divergence is

. la
o' =m;* = fo(m;) (22)
. 1a
and 0" is called the a-representation of a positive measure m, > .

Definition 13. (x-geodesic [27]) The a-geodesic connecting two probability vectors p(x) and
q(x) is defined as

n(t) = e® {1~ Dflp(x)) + taulgx))}, e 0] @)
where c(t) is determined as
1
c(t) = YA (24)

Let 1o (8) = 154 Y7 | m;. Then, the dual coordinate system 7 is given by 5 =
Vi, (0) as

i = (0) 18 = foa(my). (25)
Hence it is the (—«a)-representation of m;.

2.2. Generalization of Skew Divergences

From Definition 13, the f-interpoloation is considered as an unnormalized version
of the a-geodesic. Using the notion of geodesics, skew divergence is generalized in terms
of information geometry as follows.
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Definition 14. (x-Geodesical Skew Divergence) The n-geodesical skew divergence Dg‘s’/\) :

P x P — [0,00] is defined between two Radon—Nikodym densities p and q of p-absolutely
continuous probability measures by:

Y plla] = D [plm{ (p,9)]

= [ pin—P—ay, (26)
/X m™ (p,9)

where « € Rand A € [0,1].

Some special cases of a-geodesical skew divergence are listed below:

(Va e R,A =1) D&Y
(Vo €R,A =0 g;’[

)D
)D

(a =1,VA €[0,1]) DGS p||q] = ADkr[pllq] (scaled KL-divergence)
) s
) D¢

(o« =—1,VA € [0,1] pllg] = DsKM[p|1q] (skew divergence)

02
=0,YA € 0,1
(=0,¥A € [0,1] [plla) = /Pn f+/\\[}2 dy

(« =3,YA € [0,1)) DEM[pllq) = DM [pllq) + H(p) + H(g)

B (o0,A) — L
(¢ =00,VA € [0,1]) Dgs[pllq] = /Xpln min{p,q}dy

p

o (—o0,A) _ B S—
(¢ = —00,VA € [0,1]) D [pllq] /X pln maX{Prq}dV

2.3. Symmetrization of x-Geodesical Skew Divergence
It is easy to symmetrize the a-geodesical skew divergence as follows.

Definition 15. (Symmetrized a-Geodesical Skew Divergence) The symmetrized a-geodesical
skew divergence Dg‘S’A) : P x P — [0, 00] is defined between two Radon—Nikodym densities p
and q of y-absolutely continuous probability measures by:

Yipl) = ;( Yipl) + DY [qnm) @)

where x € Rand A € [0,1].

It is seen that Dgx S’A) [p|lg] includes several symmetrized divergences.

,x 1 .
1) [pllq] = 5 (DKL[qu] + Dgy, [q||p]> , (half of Jeffreys divergence)

(DKL [pHpT—HI] + Dgr, [quzﬂq), (JS-divergence)

N =

_(-1,1
DS [pllg) =

Plplla) = (DKL [P =A)p -+ Aq] + Dra [gl] 1 —A)qu}).

The last one is the A-JS-divergence [30], which is a generalization of the JS-divergence.
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3. Properties of a-Geodesical Skew Divergence

In this section, the properties of the a#-geodesical skew divergence are studied.

Proposition 8. (Non-negativity of the a-geodesical skew divergence) For « > —1and A € [0,1],

the a-geodesical skew divergence Dg‘s’)‘) [pllq] satisfies the following inequality:

DEMpllg] > o. (28)

Proof. When A is fixed, the f-interpolation has the following inverse monotonicity with
respect to a:

m ™ (p,q) = m) (p,q), (« < ). (29)

From Gibbs’ inequality [31] and Eq. (29), one obtains

Miplg) = [ pln—FL—
/s mfr“ (M)

> (/Xpdy) In—F

>1-In1=0.
O

Proposition 9. (Asymmetry of the a-geodesical skew divergence) a-Geodesical skew divergence
is not symmetric in general:

IX/\)[

[plq] # Dgg [allp]- (30)

Proof. For example, if A = 1, then Va € R, it holds that

,1 1
DY pllq) — DY [g]1p] = Die[pllg]l — Dxelqllp),

and the asymmetry of the KL-divergence results in an asymmetry of the geodesic
skew divergence. [

When a function f(x) of x € [0,1] satisfies f(x) = f(1 — x), it is referred to be
centrosymmetric.

Proposition 10. (Non-centrosymmetricicy of the a-geodesical skew divergence with respect to
M) a-Geodesical skew divergence is not centrosymmetric in general with respect to the parameter
A€ [0,1]:

(a,1—1)

[PIIvI] # DGS '[plq)- (31)

Proof. For example, if A = 1, then Va € R, we have

DM pllg) — D&M pllg) = DL [pllg] — DY pllq] (32)
_ P v
—/Xplnq /Xplnp
p
= Int >0.
Jopnt =
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Figure 1. Monotonicity of the a-geodesical skew divergence with respect to . The a-geodesical
skew divergence between the binomial distributions p = B(10,0.3) and 4 = B(10,0.7) has been
calculated.

Proposition 11. (Monotonicity of the a-geodesical skew divergence with respect to w) a-
Geodesical skew divergence satisfies the following inequality for all « € R, A € [0,1].

DEM(pllg) = DY pllgl, (w > o).

Proof. Obvious from the inverse monotonicity of the f-interpolation (29) and the mono-
tonicity of the logarithmic function. O

Figure 1 shows the monotonicity of the geodesic skew divergence with respect to «.
In this figure, divergence is calculated between two binomial distributions.

Proposition 12. (Subadditivity of the a-geodesical skew divergence with respect to a) a-
Geodesical skew divergence satisfies the following inequality for all a, € R, A € [0,1]

DY pllg) < DENpllg] + DEN [p)q).
(Aa)

Proof. For some « and A, m f takes the form of the Kolmogorov mean [32], and

obvious from its continuity, monotonicity and self-distributivity. [

Proposition 13. (Continuity of the x-geodesical skew divergence with respect to « and A)
«-Geodesical skew divergence has the continuity property.

Proof. We can prove from the continuity of the KL-divergence and the Kolmogorov
mean. [

Figure 2 shows the continuity of the geodesic skew divergence with respect to a
and A. Both of source and target distributions are binomial distributions. From this
figure, it can be seen that the divergence changes smoothly as the parameters change.

Lemma 1. Suppose & — 0. Then,

Jlim Dcs Iplla) = / pIn mdﬂ (33)
holds for all A € [0,1].
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Figure 2. Continuity of the a-geodesical skew divergence with respect to « and A. The x-geodesical
skew divergence between the binomial distributions p = B(10,0.3) and 4 = B(10,0.7) has been

calculated.

Proof. Let u = 15%. Then limy e u = —o0. Assuming pg < pj, it holds that

u

. A, . u u
tim ™ (po, pr) = Jim ((1 —A)po + Am)

n—>00
1
— : _ P1\*
_pouhmoo<(1 A)+A(p0) )

= po = min {po, p1}.

Then, the following equality

p

tim DV pllg] = [ pin dp
a0 "G5 X limy—e0 m}({/\,tx) (POI Pl)
P
= 1 d
/Xp " min {p, 7} "
holds. O
Lemma 2. Suppose & — —oo. Then,
. (a,A) _ p
lim DM plgl = [ pin—— o (34)

holds for all A € [0,1].

Proof. Letu = 1_7"‘ Then lim, o ## = c0. Assuming py < pj, it holds that

u

tim ™ (po, p1) = lim | (1= A)pt + Apt
po,p1) = lim po + Apt

n—r00 f
— i _ (P
_pluhr{loo<(1 )\)(Pl) —l—)\)

= p1 = max {po, p1}

u
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Then, the following equality

p
) ) dp
iy —co 112 (po, P1)

. (a,A) _
Jim D [plla] = [ pin-

P
= In———d
feP™ sty
holds. O

Proposition 14. (Lower bound of the a-geodesical skew divergence) a-Geodesical skew diver-
gence satisfies the following inequality for all « € R, A € [0,1].

Dgxs'/\)[PH‘ﬂ Z/}{mnmdﬂ- (35)

Proof. It follows from the definition of the inverse monotonicity of f-interpolation (29)
and Lemma 2. O

Proposition 15. (Upper bound of the x-geodesical skew divergence) a-Geodesical skew diver-
gence satisfies the following inequality for all x € R, A € [0,1].

DM pllg) < [ pin P ap.
cs plal= [ p N ingp, (36)
Proof. It follows from the definition of the f-interpolation (29) and Lemma 1. O

Theorem 1. (Strong convexity of the a-geodesical skew divergence) a-Geodesical skew diver-

gence Dg ) [pllq] is strongly convex in p with respect to the total variation norm.

Proof. Let r := m]((“’/\)(p,q) and f; := Pi(j =0,1), 50 that fy = 2 (t € (0,1)). From
Taylor’s theorem, for ¢(x) := xInx and j = 0, 1, it holds that

S0 = U0+~ )+ Ui [ & (=9)fi +£)(1—)ds

Let

0= (1-1t)g(fo) +tg(f1) —g(ft)

=1-tthH 7f0)2/01 ((1 _S);t 7 + a —;}tt—i-sfl) (1—s)ds

=1 -ttf1 — fo)? /01 <fu0(tt,5) + full (_t,ts)> (1—s)ds,

where

uj(t,s) = (1 —s)t+jt.
Then,
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= (1—t)H(po) +tH(p1) — H(pt)

where

Ipr = poll = [ Idps = dpola,
H(p) =D plir) = [ pinLay,

I(u) = /(fl;ufo)zdr.

Now, it is suffice to prove that A > @ lp1 — pol|?>. Forallu € (0,1), it is seen

that p; is absolutely continuous with respect to p,,. Let h;, := % = J% One obtains

_ 2
10 = = [ L
= (11u)2 /(8u - 1)2di7u

2
> (11u)2 (/ |Qu — 1|dpu>

1
= m”m — pull® = llpr = poll?,

and hence, for j = 0,1,

t(1—t
ax 0Dy g

O

4. Natural a-Geodesical Skew Divergence for Exponential Family

In this section, the exponential family in considered in which probability density
function is given by

p(x;0) = exp {9 cx+k(x) — lp(ﬂ)}, (37)

where x is a random variable. In the above equation, 6 = (91,. ..,0") is an n-
dimensional vector parameter to specify distribution, k(x) is a function of x and ¢
corresponds to the normalization factor.

In skew divergence, the probability distribution of the target is a weighted average
of the two distributions. This implicitly assumes that interpolation of the two proba-
bility distributions is properly given by linear interpolation. Here, in the exponential
family, the interpolation between natural parameters rather than interpolation between
probability distributions themselves is considered. Namely, the geodesic connecting two
distributions p(x; 0,) and q(x; 6;) on the #-coordinate system is considered:

0(A) = (1— A7), + A6, (38)
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"+ a-coordinate system

Figure 3. The geodesic between two probability distributions on the a-coordinate system.

where A € [0,1] is the parameter. The probability distributions on the geodesic 8(A)
are

p(x;A) = p(x;0(A))
= exp {A(eq—ep)-x+ep-x—lp(A)}. (39)
Hence, a geodesic itself is a one-dimensional exponential family, where A is the

natural parameter. A geodesic consists of a linear interpolation of the two distributions
in the logarithmic scale because

Inp(x;A) = (1—-A)Inp(x;0,) + Alnp(x;0,) — p(A). (40)

This corresponds to the case &« = 1 on the f-interpolation with normalization factor
c(A) = exp {—p(A)},

p(x:0(0)) = m™ (p(x;6,), p(x:6,)). (41)

This induces the natural geodesic skew divergence with « = 1 as

(LA) _ P
Dgslpllg) = [ pln dp
J: m Y (p,9)

Al
=/XP1nP—Plnm} '(p,9)dp
:/Xplnp—plnexp{(l—)t)lnp—i—)tlnq}dy
:/Xplnp—(l—/\)plnp—/\plnqdy
:/X/\plnp—/\plnqdy
p

=2 [ pinta

e q "
= ADxe[pllq],

and this is equal to the scaled KL divergence.

More generally, let 91(,“) and 8 be the parameter representations on the a-coordinate
system of probability distributions P and Q. Then, the geodesics between them are rep-
resented as in Figure 3 and it induces the a-geodesical skew divergence.
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5. Function Space associated with the a-Geodesical Skew Divergence

To discuss the functional nature of the a-geodesical skew divergence in more depth,
the function space it constitutes is considered. For an a-geodesical skew divergence

f, q("")‘) (p) = Dg‘é/\) [p]lg] with one side of the distribution fixed, let the entire set be
Fo={f"acrae 1]} 42)

For fq(“’)\) € JFy, its semi-norm is defined by

e = [ (LA e @)

By defining addition and scalar multiplication for f,¢ € F;,¢ € R as follows, F;
becomes a semi-norm vector space:

(f + ) (1) = F(u) + g(u) = DM [u)lq) + DY) [uq), (44)
(cf)(u) = cf(u) = c- DUV [u]|q). (45)

Theorem 2. Let N be the kernel of || - ||, as follows:

N =ker(|-[lp) = { " | "V = 0}. (46)
Then the quotient space V := (Fg, || - ||p)/ N is a Banach space.

Proof. It is sufficient to prove that fq(“’)\) is integrable to the power of p and that V is
complete. From Proposition 15, the a-geodesical skew divergence is bounded from

above forall« € Rand A € [0,1]. Since flglx’)‘) is continuous, we know that it is p-power
integrable.
Let { f, } be a Cauchy sequence of V:

im || fy = fullp = 0.

n,m—00

Since n(k), k =1,2,..., can be taken to be monotonically increasing and

1fn = fuollp < 27k
with respect to n > n(k), let

ity = Fagollp <275

Ifgn = |fu)l + 2}1:_11 |fuj+1) — fa(j)l € V. it is non-negatively monotonically
increasing at each point, and from the subadditivity of the norm, ||gull, < | fu)llp-
From the monotonic convergence theorem, we have

tim | = Jim gl < Wfucyllp +1 < o

Thatis, lim; o gn exists almost everywhere, and limy, o g1 € V. Fromlimy, 00 gn <
0o, we have

n—1
fay + g(fn(]ﬂrl) = fugiy) = Jim fu)
j=

converges absolutely almost everywhere to | lim,—eo fi| < limy—c0 gn, a.e.. That is,
limy o0 fn € V. Then
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| Py = A(0,0.5) )
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i P, = N0.5,0.7) ffos,[ o1
06 ! ! P3 = A(1.0,0.9) © Des™1PIIQ]
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I' | l| P;=N(3.0,17) =8
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02 'l || Py = N(4.0,2.1)
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04 I LR\ T
\

Py Ps P P
input distribution

Figure 4. a-geodesical skew divergence between two normal distributions. The reference distribu-
tionis Q = N(0,0.5). For P, P, ..., p;, (j=1,2,...,10), let their mean and variance be p;j and
(sz, respectively, where ;1 — p; = 0.5 and (7]2+1 — (7]-2 =0.2.

Figure 5. Coordinate system of JF; or /. Such a coordinate system is not Euclidean.

lim f” - fn(n)

< lim g,
n—oo n—oo

and from the superior convergence theorem, we can obtain

lim
n—oo

lim ffl *fn(n)

n—oo

=0
p

We have now confirmed the completeness of V. [

Corollary 1. Let

Fy = {f,§""”|aeR,Ae (0,1],qu}. 47)

Then the space V. = (F4, || - || p) is a Banach space.

Proof. If we restrict A € (0,1], Dg‘é)‘) [u]|g] = 01if and only if u = g. Then, V, has the
unique identity element, and then V. is a complete norm space. [

Consider the socond argument Q of D((;“S’A) (P||Q) is fixed, which is referred to as
the reference distribution. Figure 4 shows values of the x-geodesical skew divergence
for a fixed reference Q, where both P and Q are restricted to be Gaussian. In this figure,
the reference distribution is A (0,0.5) and the parameters of input distributions are
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varied in y € [0,4.5] and ¢ € [0.5,2.3]. From this figure, one can see that larger value
of « emphasizes the discrepancy between distributions P and Q. Figure 5 illustrates a
coordinate system associated with the a-geodesical skew divergence for different a. As
seen from the figure, for the same pair of distributions P and Q, the value of divergence
with @ = 3 is larger than that witha = —1.

6. Conclusions and Discussion

In this paper, a new family of divergence is proposed to address the computational
difficulty of KL-divergence. The proposed a-geodesical skew divergence is a natural
derivation from the concept of a-geodesics in information geometry and generalizes
many existing divergences.
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