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Klein-Gordon Oscillator Under the Effects of Violation
of the Lorentz Symmetry
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Abstract

In this work, we investigate the behaviour of relativistic quantum
oscillator under the effects of Lorentz symmetry violation determined
by a tensor (Kr),qp out of the Standard Model Extension. We ana-
lyze this relativistic system under an inverse radial electric field and a
constant magnetic field induced by Lorentz symmetry violation. We
see that the presence of Lorentz symmetry breaking terms modified
the energy spectrum of the system, and a quantum effect arise due to
the dependence of the linear charge density on the quantum numbers
of the system.
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1 Introduction

The relativistic quantum dynamics of scalar particle by solving the KG-
oscillator in various space-times background has been investigated by many
authors [1, 2, 3, 4, 5,6, 7, 8,9, 10, 11] in the relativistic quantum mechan-
ics. The Klein-Gordon oscillator [12] was inspired by the Dirac oscillator [13]

applied for spin—% particle. In this work, we study the relativistic quantum
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oscillator in under Lorentz symmetry breaking effects defined by a tensor
(KF)uvap out of the Standard Model Extension [14, 15, 16, 17, 18, 19, 20,
21, 22, 23]. We consider the effects of a Coulomb-type potential induced by
the Lorentz symmetry violation, and analyze the behaviour of a relativis-
tic quantum oscillator by solving the Klein-Gordon oscillator. For that, a
Coulomb-like radial electric field and a uniform magnetic field is induced by
the Lorentz symmetry violation in the quantum system, and obtain the so-
lution of the bound state. We show a quantum effect due to the dependence
of the magnetic field on the quantum numbers of the system, and the energy
eigenvalues and the wave function modified due to the presence of Lorentz
symmetry breaking terms that governs the Lorentz symmetry violation out
of the Standard Model Extension.

The gauge sector of the Standard Model Extension possess two violating
terms that modifies the transport properties of space-time since these terms
break the Lorentz symmetry. These two terms are called the CPT-odd sector
[14, 15] and the CPT-even sector [24, 25]. The KG-equation under the effects
of Lorentz symmetry violation [14, 15, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36|

is given by

aQ\Ij = 2 o 104 af 2
~ S VU S (K e as P (@) () W = MW, (1)

where « is a constant, F,,(z) = 0, A, — 0, A, is the electromagnetic field
tensor, (Kr)wap corresponds to a tensor that governs the Lorentz symmetry
violation out of the Standard Model Extension and M is the rest mass of the
particle.

The structure of this paper is as follows: in section II, we introduce the
Lorentz symmetry breaking effects defined by a tensor (Kr),qs that governs
the Lorentz symmetry violation out of the Standard Model Extension. Then,
we analyse the behaviour of the relativistic quantum oscillator by solving the
KG-oscillator under the effects of Lorentz symmetry breaking and obtain the

bound states solution; in section III, we present our conclusions.
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2 Relativistic Quantum Oscillator Under the
Lorentz Symmetry Breaking Effects

We consider the Minkowski flat space-time
ds* = —dt* + dr* + r* d¢?® + d2?, (2)

where the ranges of the cylindrical coordinates are —oo < (¢, z) < oo, r > 0
and 0 < ¢ < 27.
For the geometry (2), the KG-equation under the effects of the Lorentz
symmetry violation using (1) becomes
2 2 2
—% + % %(r %) + % 88752 + % U+ % (Kp)wap F* (z) FP (z) U
= M*V. (3)

One of the properties of the tensor (Kp)wap is that it can be written in

terms of 3 X 3 matrices

(kpE)jk = —2 (KF)ojoks
1
(KEB)jk = 5 €ipa Ekim (Kp)Pam,
(kpB)jk = —(FaE)Kj = €rpq (Kr)7P2. (4)

Note that the matrices (kpg);r and (kgp);, are symmetric, and represent
the parity-even sector of the tensor field (Kr),vap. On the other hand, the
matrices (kpg);r and (kpg)k; have no symmetry, and represent the parity-
odd sector of the tensor field (Kr),vap. In this way, we can rewrite (3) in
the form :
0? ”? 190 1 02 0?
[_@+@+25+ﬁ07>2+@
«

. . e} . . . .
+ |:—§ (/{DE)ij EZE]_’_E(RHB)jk BZB] —Ol(RDB)jkEZB] \I/:M2 . (5)

Let us consider a possible scenario of the Lorentz symmetry violation

determined by the non-null terms (kpg)11 = const, (kyp)ss = const and

3
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(kpp)13 = const, and the field configuration is given by [29, 30]:

, LA
B=By: , E=2¢ (6)
T

where By > 0, Z is a unit vector in the z-direction, A is a constant associated
with a linear distribution of electric charge along the axial direction, and 7
is the unit vector in the radial direction.

To include oscillator with the Klein-Gordon field, we change the following
momentum operator [1, 2, 3,4, 5,6, 7, 8,9, 10, 11]:

p=p+iMwr, (7)

where w is the oscillator frequency and 7= r 7 with r being the distance from
the particle to the axis. So we can replace p? — (F+ i Mw7)(p—i MwT).
Therefore, using the Lorentz symmetry violation term defined above with

the field configuration (6) and finally using (7), equation (5) becomes

0? 1 0 0 1 0? 0?
SNy A Y g Mer+ =L %y
{ 8t2+r(8r+ wr)(rar wr)+r2 8¢2+822]
a 2« \B
+ [—5 (kpE)11 ) + ) (kmp)ss By — a TO (/"JDB)13:| U= M*U.(8)

Since the metric is independent of time and symmetrical by translations
along the z-axis, as well by rotations. It is reasonable to write the solution
to Eq. (8) as

W(t,r, 6, 2) = ¢ AR (1), )

where F is the energy of the particle, [ = 0,+1,£2, .... are the eigenvalues of
the z-component of the angular momentum operator, and k is a constant.
Substituting the solution (9) into the Eq. (8), we obtain the following

radial wave-equation for v (r):

2

R (e e K (G L)

r
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where

1
A:EQ—MQ—]{Z2+§OJB§(I€HB>33—QMLU,

) 1
j= \/12 + 5 a X (Kpg)it,

CL:Oé)\Bo (KJDB>13- (11)
Let us perform a change of variables given by x = vV M wr. Then, we
have
@)+ 2w+ (c—at =L - 1) viw) =0 (12)
x 2 x ’
where
A a

Mw ’ n:\/Mw.

By analysing the asymptotic behaviour of Eq. (12) at x — 0 and = — oo,

(13)

we have a solution to Eq. (12) that can be written in terms of an unknown

function F(x) as

2
U(x) =2’ e” > H(x) (14)
Thereby, substituting Eq. (14) into the Eq. (12), we obtain
1+2y
H"(z) + { Z‘ J —24 H'(z) + [—g—l—@] H(z) =0, (15)

where © = ¢ — 2 (1 + j).
Equation (15) is the biconfluent Heun’s differential equation [1, 2, 4, 5,
6,7,8,9, 11, 37, 38, 39, 40] with H(x) is the Heun polynomials function.
The above equation (15) can be solved by the Frobenius method. Writing

the solution as a power series expansion around the origin [41]:

H@»:}jmmé (16)

=0
Substituting the power series solution into the Eq. (15), we obtain the fol-
lowing recurrence relation

1
n+2)(n+2+27)

dnyoa = ( [77 dny1 — (@ - 2n) dn] : (17>

5
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With few coefficients are

n
dy = d
1 1+2] 05
1
dy = — [ndy — O dy]. 18
2 4(1+j) [77 1 0] ( )

The power series expansion H(x) becomes a polynomial of degree n by

imposing the following two conditions [1, 2, 4, 5, 6, 7, 8, 9, 11, 37]
0=0 , dyo=0 (n=123,..). (19)

By analysing the first condition, we have

E,=x,|M>+k+2Muw <n+2+ \/l2+%a>\2(/fDE)11> - %&Bg (KuB)33-

(20)
Hence, Eq. (20) is the non-compact expression of the energy eigenvalues
equation of a relativistic quantum oscillator field under the effects of a
Coulomb-type central potential induced by Lorentz symmetry violation back-
ground out of the Standard Model Extension. Note that (20) is not the
general expression of the energy eigenvalues. One can obtain the individual
energy level and the corresponding eigenfunction one by one imposing the
recurrence condition d,,; = 0 on the eigenvalue problem.

The wave-function is given by
1/)(x) — 241 a2 (kpp)1 e—é H(.’L’), (21)

where H(z) is the polynomial of degree n contains (n + 1) terms in the
expansion.

For (kpg)11 = 0, the energy eigenvalues (20) becomes

1
Enyl:j:\/M2+k2—iaBg(/fHB)33+2Mw(n+2+|l]). (22)
And the wave-function is given by

Y(z) = 2l e‘é H(x). (23)

6


https://doi.org/10.20944/preprints202106.0093.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 3 June 2021

Again for (kgp)s3 = 0, the energy eigenvalues (20) becomes

1
En,l:j: M2+k2+2MW <n+2+\/12+§a)\2(/-@DE)11>. (24)

And the wave-function is Eq. (21).

Now, we impose the recurrence condition d,; = 0 on the eigenvalue to
find the individual energy level and eigenfunction as done in Refs. [2, 4, 5,
6, 7, 8,9, 11, 37]. For the radial mode n = 1, we have dy = 0 and © = 2.
Thus from (18), we have

2 2
n n a (04/\30 (HDB)13)
Ldy = = = 2
0 “i 2M(1+2j) 2M(1+2j) <5>

dy =
1425 07 2

a constraint on the oscillator frequency w which gives us that, by choosing the
oscillator frequency as a parameter that can be adjusted, hence, some specific
values of the oscillator frequency are permitted in order to achieve a first
degree polynomial solution to the function H(r). We have obtained Eq. (25)
which corresponds to the possible values of the oscillator frequency associated
with the lowest state of the system defined by the radial mode n = 1, and
thus, satisfy the asymptotic behaviour of the radial wave-function when x —
0 and z — oo. Furthermore, the possible values of the oscillator frequency
depend on the parameters that establish the scenario of Lorentz symmetry
violation (g, A\, By, (kpp)13) and the quantum number of the system {n,(}.
Thus, the lowest state energy level for the radial mode n = 1 using (16)

becomes

d0i:10.20944/preprints202106.0093.v1

1 1
Eyy=+ | M+ k>~ 5043(2) (kuB)3s +2 M wiy <3+ \/124'504)\2 (HDE)n)-

(26)

The ground state wave-function is

2
wl,l(x) _ x\/l2+%a>\2 (kpE)11 =5 (1 +d, :L‘), (27)
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where we have chosen dy = 1 and

dy = 1 ) (28)

\/%‘F\/ZZ—F%OZ)\Q(KDE)H

We have established the background of the Lorentz symmetry viola-

tion defined by a tensor that governs the Lorentz symmetry breaking pos-
sessing the non-null components (kpg)13 = const, (kpg)11 = const and
(kup)ss = const, Coulomb-type radial electric field produced by electric
charge distribution, and a uniform magnetic along the z-direction. We have
seen that the presence of the Lorentz symmetry breaking parameters modi-
fied the lowest state energy level and the ground state wave-function for each

radial mode defined by n = 1,2, 3, ... in comparison to the Landau levels.

Special case (kpp)13 =0

Here we have choose a Lorentz symmetry parameter (kpg)i3 = 0 and
others are non-null in the same relativistic quantum system. Therefore, the

radial wave-equation becomes

1 2
" (r) + . P(r) + (A — M?wW?r? — %) P(r) =0, (29)
Performing a change of variable z = M wr? into the equation (29), we have
1 1/ A 52
" - / — - =

The above equation can be transform to the following differential equation
[42]

1 1
Y () + - () + 2 (=& a2+ & — &) Y(x) =0, (31)
where . A \
5121 ) §2_4MW ) 53:]2 (32>

d0i:10.20944/preprints202106.0093.v1
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Comparing Eq. (31) with Eq. (A.1) in Ref. [43]

ar=1 , a=0 , az=0 , ay=0 , a5=0,
ag =& , ar=-& , ag=§& , ag=¢& 0410:1‘1‘2\/%7

0411:2\/5_1 ) CY12=\/§_3 ) 0413:—\/5- (33)

The eigenvalues equation using Eqs. (32)—(33) into the Eq. (A.8) in Ref.
[43]

1
Epni = i\/M2—|—k;2+2Mw(2m+1+j)—§aBo(HHB)33, (34)

where m =0,1,2,... and j = \/12 + %a)@ (KpE)11-
We can see that the presence of the tensor parameter (kpg)11 and (kgp)is
modified the energy spectrum and the wave-function of a scalar particle.

The normalized radial wave-function is given by

Umi(@) = [Nlmg 2t 7 LY (), (35)
where |N|,,; = ((MLJF'J)JE is the normalization constant and L' (x) is the

generalized Laguerre polynomials and are orthogonal over (0, co| with respect

to the measure with weighting function 2/ e™* as

/0 T e LY (2) LY) (z) dx = (M> - (36)

m)!

For zero Lorentz symmetry parameter (kgp)s3 = 0, the energy eigenval-

ues (34) becomes

1
Eni=x,|M?>+k+2Muw (2m—|—1+\/l2+§a)\2(/fDE)11>- (37)

with the same normalized radial wave-function (35). Still we can see that
the parameter (kpg)11 modified the energy spectrum and the wave-function

of a scalar particle.
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Again for (kyp)ss = 0 and (kpg)13 = 0, the energy eigenvalue for the

Landau levels using (34) becomes

Eni=4+ M2+ k2 +2Mw 2m+1+]l)). (38)

The normalized radial wave-function is given by

] z

Ui () = [N|myz2 e 2 LI (), (39)

where |N|,,; = (#W) * is the normalization constant and LYV (x) is the

generalized Laguerre polynomials and are orthogonal over (0, co| with respect

to the measure with weighting function z!!l e=*

/ " e 100 () L0 (1) gy = (M) 5o (40)

m!

as

Thus we can see that the energy eigenvalues (37) and or (34) get modified
by the parameter of the tensor (kr)wap that governs the Lorentz symmetry

breaking effects in comparison the Landau levels.

3 Conclusions

We have investigated a scalar particle in the background of central potential
induced by Lorentz symmetry breaking effects. In our studies, we have re-
laxed the renormalization property because of tiny values contribute by the
terms that violate Lorentz symmetry whose energy scales goes beyond the
Standard Model. We have shown that bound states solutions to the Klein-
Gordon oscillator can be obtained in the Lorentz symmetry violation scenario
defined by an electric field proportional to inverse of radial distance and a
constant magnetic field, and the tensor (kp)uap that governs the Lorentz
symmetry breaking effects having non-null components (kpp)i3 = const,
(kpg)11 = const and (kyp)ss = const. We derive the radial wave-equation
of the KG-oscillator equation and choosing a suitable function the biconflu-

ent Heun differential form is arrived. Finally, using the power series method
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and truncating the power series solution, we have obtained the non-compact
expression of the energy eigenvalues Eq. (20) and the wave-function Eq.
(21). We have seen that the presence of Lorentz symmetry breaking terms
modified the energy spectrum in comparison to the Landau levels. Further,
by imposing the additional recurrence condition d,,+; = 0 on the eigenvalue
problem, one can obtain the individual energy level and the wave-function,
for an example, the lowest state energy level Eq. (26) and the corresponding
wave-function Eqgs. (27)—(28) for the radial mode n = 1 instead of n = 0.
This effect arises due to the presence of Lorentz symmetry breaking param-
eters. In this analysis, we have seen that the oscillator frequency w depends
on the quantum numbers {n, [} of the system and the parameters that es-
tablish the scenario of Lorentz symmetry violation (g, A, By, (kpg)13), for
example, Eq. (25) is the possible values of the oscillator frequency for the
radial mode n = 1. Following the similar technique, one can obtain relations
for the oscillator frequency ws; for the radial mode n = 2 and so on. Thus
the dependence of the angular frequency of the oscillator w on the quantum
numbers of the system shows a quantum effect.

Furthermore, we have discussed a very special case corresponds one of the
Lorentz symmetry term (kppg)13 = 0 in the considered quantum system and
other are non-zero. We have derived the radial wave-equation of the KG-
equation and finally using the Nikiforov-Uvarov method, we have obtained
the energy eigenvalues (34) and the normalized eigenfunction (35). We have
seen that the presence of the non-null components (kpg)i1 = const and
(kup)s3 of the tensor that governs the Lorentz symmetry breaking effects
modified the energy spectrum and the wave-function obtained in the both

cases.
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