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Abstract: The interaction of electrons with strong laser fields is usually treated with semiclassical 

theory, where the laser is represented by an external field. There are analytic solutions for the free 

electron wave functions, which incorporate the interaction with the laser field exactly, but the joint 

effect of the atomic binding potential presents an obstacle for the analysis. Moreover, the radiation 

is a dynamical system, the number of photons changes during the interactions. Thus, it is legitimate 

to ask how can one treat the high order processes nonperturbatively, in such a way that the elec-

tron-atom interaction and the quantized nature of radiation be simultaneously taken into account? 

An analytic method is proposed to answer this question in the framework of nonrelativistic quan-

tum electrodynamics. As an application, a quantum optical generalization of the strong-field 

Kramers-Heisenberg formula is derived for describing high-harmonic generation. Our formalism is 

suitable to analyse, among various quantal effects, the possible role of arbitrary photon statistics of 

the incoming field. The present paper is dedicated to the memory of Prof. Dr. Fritz Ehlotzky, who 

had significantly contributed to the theory of strong-field phenomena over many decades. 
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1. Introduction 

The process of high-order harmonic generation has been a subject of extensive the-

oretical investigation since the 60ies of the last century, almost immediately after the laser 

was invented. The main challenge has been to treat the interaction with a strong laser 

radiation nonpertubatively. This is possible, on the basis of the famous Gordon-Volkov 

states [1-2], which are exact solutions of the Klein-Gordon or Dirac equation of a charged 

particle in a classical electromagnetic plane wave. The high-harmonic production in 

nonlinear Compton scattering has been studied by several authors [3-6]. In [6] the fully 

quantized description has been given, thanks to the analytic solution of the Dirac equa-

tion in a quantized electromagnetic plane wave [7]. In [8] the nonrelativistic version of [7] 

has been applied to the process of induced multiphoton Bremsstrahlung. The nonrela-

tivistic (semiclassical) Gordon-Volkov states have been used in the Keldysh-Faisal-Reiss 

model of ionization in strong laser fields [9-18], as well as in the theory of induced 

Bremsstrahlung in laser-assisted electron scattering [19-27]. Like the first experimental 

demonstration of above-threshold ionization [14], the observation of high-order har-

monic generation [28-30] gave again a fruitful impetus to the development of theoretical 

models [31-38]. In the meantime a proposal appeared on the generation of attosecond 

light pulses from the high harmonics [39], which relied on the much debated assumption 

that the harmonic components are phase-locked. After the first experimental indication 

[40], attosecond pulse trains [41, 42], and isolated pulses have been observed, as well [43]. 

In the last two decades a new sub-discipline, attosecond physics [43-48] was born , whose 

various applications are also covered by international projects, like the ELI-ALPS project 

[49-50].  
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The common feature of most theoretical descriptions of above-threshold ionization 

(ATI), high-harmonic generation (HHG), has been to take into account the effect of the 

high-intensity laser field nonperturbatively, in terms of the Gordon-Volkov states, which 

are dressed free electron states, and the other effects are treated as perturbations. This is just 

the “Keldysh philosophy”, being the essence of the “strong-field-approximation” (SFA). 

At this place we would like to highlight the early paper by Ehlotzky [33], which seems to 

be the very first one in discussing HHG, on the basis of S-matrix theory in the Keldish 

spirit. The SFA has been very successful in interpreting many features of strong-field 

phenomena during decades [37,51-54]. This success stems from the fact that the Volkov 

states are exact quasi-classical states. In other words, the “WKB approximation” is not an 

approximation for Volkov states, so in such a fortunate situation quantum mechanics can 

intuitively, and correctly be formulated in classical terms. This is a special case demon-

strating Van Vleck’ general theorem [55], according to which for quadratic Hamiltonians 

the quasi-classical description is exact. As a result, the Feynman path-integral is station-

ary at the classical action [56], which is just contained in the Volkov propagator.  

Besides the extensive numerical work, a considerable theoretical research has been 

carried out for an analytic formulation, which would go beyond the strong field ap-

proximation. In such a theory the nonperturbative description of the laser-electron in-

teraction would be kept, of course, but, at the same time, the simultaneous effect of the 

nucleus would also be accurately incorporated. For instance, the “Coulomb tail” in the 

laser-dressed scattering states or final states of ionization has already long been studied, 

in terms of the “Coulomb-Volkov waves” [57-61], which are space-translated continuum 

states. Since the “p.A”-term contains a gradient, in this descriptions, too, the 

space-translated oscillating potential quite naturally appears [12, 62-69]. Using an anal-

ogous procedure to that of Kramers [62] and Henneberger [63], we have worked out a 

general formalism [36] for treating high-intensity multiphoton processes, which goes 

well beyond the strong field approximation. As an application of this formalism, we have 

treated high harmonic generation on atoms, and derived the “multiphoton Kra-

mers-Heisenberg formula” [36], in the spirit of S-matrix theory of light scattering. This is 

a semiclassical formula (the laser light has been represented by an external field), but the 

method can be generalized for the case of quantized fields. Our main purposes in the 

present paper is to derive a quantized version of this formula, which will be done in the 

frame of nonrelativistic quantum electrodynamics.  

Now let us deal with some conceptual points connected to the quantized description 

of HHG (or, in general, high-order processes), and briefly overview some earlier and re-

cent works. It is well known that in the semiclassical interpretation of “multiphoton 

processes” the word “photon” appears at the stage, when one encounters nonlinear 

transitions matrix elements (higher powers of the oscillating external field) having elec-

tron’s phase factors of the type exp[(2i/h)(Ef–Ei)t]×exp[–2int]. By an elementary opera-

tion, this expression can be brought to an equivalent form, exp[(2i/h)(Ef–(nh+Ei))t]. At 

resonance the initial and final energies, Ei and Ef, respectively, are connected by the for-

mula Ef=Ei+nh, where h is the Planck constant, and then we say “the electron absorbs n 

photons”. However, in this description the Planck constant is not a “property” of the ra-

diation (consisting of photons of energy h), but it belongs to the de Broglie–Schrödinger 

wave of the electron. The other extreme approach would be to take an external current, 

and see to its quantized radiation field. Motivated partly by the work of Bloch and 

Nordsieck [70], Glauber [71] and Schwinger [72] have shown that an external (classical) 

current distribution generates coherent states from the vacuum state. In accord with this 

theorem, an external current of electrons oscillating under the action of a strong laser 

field generates high-harmonic radiation being in a multimode (product) coherent state 

[73-74]. Each components have a Poisson photon number distribution, and their phases 

are locked, so, in principle, attosecond pulses [39] could be formed by interference. In 

contrast to this, in the semiclassical model of the quantum dipole radiators of HHG the 

phase-locking does not come out automatically. The phase-differences of the consecutive 

harmonics are stable only in a certain range of the spectrum [75], as is also the case for the 
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ATI electron de Broglie waves [76]. If one goes over to the quantized description of the 

radiation, then an initially localized free electron and the field find themselves in an en-

tangled state [77]. Interestingly, the resulting (quite non-classical) photon number dis-

tribution depends on the position of the detection of the electron [77]. Moreover, there 

may be an accumulation of the entanglement entropy by the end of the interaction, de-

pending on the smoothness of the switching. In case of a sine squared switching function 

(which is often used in numerical simulations) the system is almost recovering to a pure 

state, i.e. it makes an almost reversible cycle [78]. Recent studies [80, 82, 83] have led to a 

conclusion that in the process of high-harmonic generation the Mandel Q parameter be-

comes only slightly different from 0, if the incoming field is in a coherent state. In [80] and 

[82] only super-poissonian (>0)  values has been found for the fundamental component, 

in [83], depending on the order of the harmonic, also sub-poissonian (<0) values came out 

for the photon number distributions, which is a signature of non-classical fields. It is in-

teresting to note that if one takes symmetrically entangled multimode coherent states of 

(say) the plateau harmonics, whose coherent state parameters have random phases, still 

one has an attosecond locking in the expectation value of the electric field strength [81]. 

So, one easily sees that the introduction of the quantized nature of radiation, immediately 

results in uncountable many phenomena which does not exist in the classical domain. 

Since the radiation is a dynamical system, the number of photons changes during 

the interactions, e.g. the incoming fundamental radiation loses photons. This depletion is 

used out in the development of the principle and design of the quantum spectrometer 

[84-87]. The method is based on measuring the difference signal between the incoming 

and outgoing fundamental radiation, which previously induced the emission of high 

harmonics. In this way the high-harmonic spectrum can be recovered quite accurately 

from measuring the number of “missing photons”. Let us mention here that the effect of 

depletion has already been described in [6], in the context of high-harmonic generation in 

a Compton process. A surprising conclusion of that study was that the depletion can 

cause even kinematic effects (like additional frequency shift).  

Recently several theoretical works have appeared, which discuss the question of 

how the quantum nature of light manifest itself in the high-order multiphoton processes 

[80, 82, 83, 88-91], and offer various solutions. In a detailed investigation of the subject of 

high-harmonic generation [83] the authors explicitely consider the effect of the whole 

quantized radiation field. In [83] a coherent state part has been separated for the laser 

mode, and in this way, on one hand, it was possible to incorporate the exact semiclassical 

dynamics (which can be handled numerically), and, on the other hand, the “rest” genuine 

quantal features could also be accurately described. In our treatment below, we also 

consider the whole quantized radiation field, however we do not use any Ansatz from the 

outset (like coherent states for the incoming field). Of course, on physical grounds, it is 

justified to pick up the strong modes, however these need not be in ideal coherent states. 

In our formalism the initial states of the whole quantized field is arbitraty, thus, we can 

consider e.g. squeezed coherent or thermal incoming fields. After all, the strong fields 

used in the experiments are usually generated by parametric amplification, e.g. OPCPA 

[49-50], so the strong field impinging on the target is surely not in an ideal coherent state. 

The present work offers an analytic method which goes well beyond the strong field ap-

proximation, even in the case when this would be applied with quantized fields. Our 

formalism, which is based on the elimination technique used in [6] and [8], nonpertur-

batively describes the joint interaction of the electron both with quantized radiation and 

with the atomic potential. With the applied method we cannot handle the mode-mode 

coupling of several strong modes exactly, so this sets the basic limit of the physical ap-

plicability of some of our results. As an application, the quantum version of the 

semi-classical “strong-field Kramers-Heisenberg formula” of [36] shall be derived, which 

seems to be a suitable tool to analyse, among various quantal effects, the role of arbitrary 

photon statistics of the incoming high-intensity radiation. We would like to highlight the 

conceptual differences and similarities of the external field approximation and the 

quantum optical description, on the basis of the proposed formulation, and we shall not 
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make quantitative comparisons with particular experiments. The emphasis will be put on 

the various theoretical approaches, and some novel phenomena in strong-field physics, 

whose interpretation needs quantum optics.  

In section 2 we set up a first-principle theoretical model based on nonrelativistic 

quantum electrodynamics. We shall eliminate the minimal coupling interaction terms by 

using the squeezing and displacement transformations, and derive a general integral 

equation (Eq. (12)), which describes nonpertubatively the joint interaction of an electron 

with the atomic nucleus and with the quantized radiation field. In section 3 we shall ap-

ply the derived integral equation, and discuss the general structure of the transition ma-

trix elements, which may describe various multiphoton processes, like high-harmonic 

production, radiative electron scattering. A special emphasis will be put on the connec-

tion of the quantum and semiclassical descriptions. We shall show a new exact treatment 

of this question, based on the von Neumann lattice coherent states. Interestingly, our 

approach describes the traces of depletion, even in the semiclassical limit. In section 4 we 

derive the quantized strong-field Kramers–Heisenberg formula for high-intensity light 

scattering, which seems to be a proper theoretical tool for analyzing the possible role of 

photon statistics in the HHG process. Section 5 closes the paper by summarizing the main 

results and conclusions. 

We have attempted to have the present paper possibly self-contained. That is why 

two appendices have been included, which, for definiteness, also summarize the basic 

notions, notations and the necessary details of the calculations. Besides, these appendices 

contain some additional background information. 

2. General formulation. Nonperturbative treatment of the interaction of a bound or 

free electron with the whole quantized radiation field. 

In the present section we are introducing a first-principle theoretical model based on 

nonrelativistic quantum electrodynamics, with the help of which we shall analyse the 

high-order quantum transitions of the system “single active electron + (strong) laser 

mode(s) + mode(s) of the scattered radiation”. The Schrödinger equation of the system 

under discussion reads 
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                             where )(rV  is the binding (or scattering) potential of the electron. The vector potential 

and energy operator of the complete radiation field is given as sums of contributions of       
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The elementary charge and the mass of the electron are denoted by e  and m , 

respectively, c  is the velocity of light in vacuum, and   is Planck’s constant divided 

by 2 . The radiation is described by linearly polarized plane waves, which satisfy the 

vacuum dispersion relation || kck = . The polarization vectors 1,kε , 2,kε  and the 

propagation vector k  form a right system of orthogonal vectors for each mode. The 

quantized amplitudes (photon absorption and emission operators) satisfy the 

commutation relations ssss aa 
+

 = ,,,, ],[  kkkk (all other type of commutators are zero). 

The formal details of the quantization of the radiation field can be found in any textbook 

of quantum theory [92, 93] or quantum optics [94, 95, 96]. Anyway, for definiteness, in 
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Appendix A we summarize some basic notions, notations and mathematical relations, 

which will be used in the main text. In dipole approximation the −r dependence of the 

vector potential is neglected, more precisely, r can be replaced by the position of the 

atomic nucleus nr . The resulting constant phase factors )exp( ni rk   are mere 

parameters, for simplicity, they will not be shown. Since these phase factors do not affect 

the commutation relations, they can be thougth of being incorporated to the amplitude 

operators. At any stage of the discussion, we can re-display them, simply by the 

replacement )exp(,, nss iaa rkkk → . By expanding the square on the left hand side of Eq. 

(1) we arrive at the explicit expressions for the electron-radiation interactions terms, 
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In Eqs (3) and (3a-b) we have introduced a condensed notation ),( sk k  for the mode 

index. The kK̂  contain the “ Ap  ”,  “ 2
A ” interaction terms, the energy of a mode, and 

kkM ,
ˆ  describe the direct mode-mode coupling. It is possible to decompose the original 

Hamiltonian in Eq. (1) in a different way, where we distinguish the (initially) occupied 

modes, which represent the incoming radiation (e.g. the strong laser field).  This leads to 
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In Equations (4, 4a-b-c) the superscript (L) refer to the laser modes (L-modes), and (H) 

refers to the weak modes (H-modes, e.g. the potential harmonics). The interaction terms 

of N(H) can describe spontaneous emission, or first and second order absorption and 

stimulated emission of the H-modes. In both decomposition (3, 3a-b) and (4, 4a-b-c) the 

vector potential and the radiation Hamiltonian are the same, of course, as that, given in 

(2a) and (2b), respectively. It is clear that at this stage the distinction between L- and 

H-modes is quite arbitrary; mathematically, one may split the vector potential into two 

parts at will, and deal with one of them somehow nonperturbatively. For instance, the 

cross-term “A(L).A(H)” is well known in the linear theory of light scattering, which domi-

nates in the Thomson regime. In the forthcomings we shall diagonalize the “K” interac-

tion terms in the dipole approximation. We note that the direct mode-mode coupling, 

kkM ,
ˆ  ( kk  ), could also be treated by introducing an orthogonal transformation of the 

amplitude operators, at the very beginning, however, we shall not discuss this more 

general method in the present paper. Our aim is to solve the basic equation (3) (and (4)) in 
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a nonperturbative way, in the sense that both the interaction with the quantized radiation 

field and with the atomic potential of the electron are jointly taken into account. 

In the dipole approximation kK̂  (of either Eq. (3a) or Eq. (4a)) can be brought to the form 

)])(1()())(ˆ(/[ˆ
2
122

2
1 ++++++= +++

kkkkkkkkkkkkk aaaaaamK  εp ,           (5)    

where we have defined the dimensionless parameter k , 

22232 2//2 kpkk mLe  == ,   menep /4 22  = ,   3/1 Lne = .                      (5a) 

                             (Since the general case contains the special one, with K(L), we shall not show the optional 

superscript (L)). In Eq. (5a) we have formally introduced the plasma frequency p  as-

sociated to the electron density 3/1 L . We note that in a collective Hamiltonian of N  

background free electrons (stemming from photo-ionization, for instance) interacting 

with the quantized radiation field, the density 3/ LN  automatically appears. Before we 

go on to the diagonalization procedure, let us make a few remarks on the last term on the 

right hand side of Eq. (5), which has a nontrivial physical meaning. It contains the oper-

ator of the ponderomotive energy shift, well known in the semi-classical description. We 

note, however, that in the semi-classical description the ponderomotive potential appears 

as a c-number energy shift (AC Stark shift) of the electron’s energy. Here, in the quantum 

optical description, it does not have an actual value; we may also say that this shift “be-

longs” to the radiation field, since it is operating on the Hilbert space of the quantized 

modes (though it contains the electron’s parameters; charge and mass). As is shown in 

Appendix B (see Eqs. (B3a-b)), the expectation value of this operator can be brought to 

the form 
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                             where  2/= , and the summation has been extended to a (narrow) spectral range 

  and solid angle   around some propagation direction. Eq. (6a) is the same as the 

usual expression for a single electron, where, moreover, we have introduced the dimen-

sionless intensity parameter  (dimensionless vector potential). In the numerical for-

mula  = II  denotes the intensity in Watt/cm2, and the central wavelength   is 

measured in microns ( cm410 − ). Eq. (6b) shows the interrelation of the mode density, en-

ergy density, spectral intensity I , and the average photon occupation number n , and, 

at the same time, this equation defines the average field strength squared. We note that 

quite recently, the ponderomotive shift has been measured in the extreme ultraviolet re-

gime [108]. We also note that in Appendix B we have given an estimate on the number of 

relevant modes of the incoming laser field in the interaction volume of the high-harmonic 

generation, by using the parameters of another recent experiment [109] (see considera-

tions after Eq. (B3a)).  According to this estimate the number of modes of an incoming 

laser field (spatial and temporal) can be very large (thousands of spatial modes), de-

pending on the focusing and pulse length (ten-twenty longitudinal modes).  

In order to eliminate the minimal coupling terms in the K operators in Eq. (5) of the 

quantized radiation, we are using exactly the same algebraic method for the bound elec-

trons, as the one used in our early papers [6] and [8] for free electrons. We can apply this 

method for an arbitrary countable set of modes. As a first step towards the solution, we 
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diagonalize all the interaction terms kK̂  in Eq. (3), by using the procedure described in 

details in Appendix B. We take the Ansatz for the state of the system 
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                             Then in the equation for the new state the “ Ap  ” and the “ 2
A ” interaction terms are 

absent (but still we have the mode-mode coupling term) 
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                             Notice that the squeezing operator Ŝ , and the displacement operator D̂  do not depend 

on time in the Schrödinger picture we are using. As an expense of the performed elimi-

nation, a displacement of the electron’s position in the atomic potential appears, which is 

the operator 
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being proportional with the Hertz potential Ẑ  of the quantized electromagnetic field 

(see Appendix A and B for details, in particular, Eqs. (A2c-d) and (B7)). In the semiclas-

sical limit this displacement corresponds to the trajectory of a free electron under the ef-

fect of a time-dependent electric field. So the shifted atomic potential in (8) is the quan-

tum analogon of the Kramers-Henneberger space-translated potential [62, 63]. The 

“dressed energy operator” of the radiation field contains the “blue-shifted” frequencies 

k~ , 

                             )(~~
2
1+=  +

k
kkkrad aaH  ,   222 ||21~

pc  +=+= k .                         (8b) 

                             In a plasma environment [106, 107] the harmonics are born “blue-shifted”, and these 

frequencies are inherited when they propagate out of the interaction region, which 

should be taken into account in accurate diagnostics [108] (see additional remarks in 

Appendix B). In the single active electron approach the square root in the frequency ex-

pression can be approximated as )1(~  + , thus we get back to the ponderomotive 

term, which we have already discussed (see Eqs (6a-b) of the present section, and the 

corresponding part of Appendix B). So, we may write 
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                             Now we go over to the interaction picture, by transforming out the total unperturbed 

Hamiltonian (including the diagonal ponderomotive term), 
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                             Note that in the second equation of (9) the connection of the new state with the original 

one is also shown. From the point of view of our procedure, it is of outstanding im-

portance, that before performing the transformation (first equation of Eq. (9)), we have 

added and subtracted )(rV  in the effective Hamiltonian on the left hand side of Eq. (8). 

In this way we were able to transform out the complete atomic Hamiltonian (not only the 

kinetic energy term, as is done in the strong field approximation, which then uses the 

Volkov states). This ‘trick’ has nothing to do with the quantized description of the radia-

tion field. It also helps in the semiclassical theory, as we have shown for the first time 

long ago [36]. The resulting equation for the new state is 

                             )()()(ˆˆˆ]ˆ)ˆˆ)(ˆˆ)([(ˆˆ)(ˆ
00 tittUDSMSDVDSVSDtU t =+− +++++ rr .                    (10) 

                              By integrating this equation with respect to time, we have 

                              )()()()(ˆ]ˆ)ˆˆ)(ˆˆ)()[((ˆ
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i

t

t

−=+−− +++

 rr


,              (11a) 

                              )(ˆˆˆ)(ˆ
0 tUDStU = ,                                                                  (11b) 

                             where Ŝ , D̂  and )(ˆ
0 tU  have been defined in Eqs. (7) and (9a), respectively. After 

having expressed the transformed state in terms of the original one (as is shown in the 

second equation of (9)), Eq. (11a) yields the integral equation, 
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                             This equation describes the evolution of some initial state 0  of the complete system to 

the state )(0 t . Equation (12) is one of the main results of the present paper, it de-

scribes nonpertubatively the joint interaction of an electron with the atomic nucleus and 

with the quantized radiation. On the basis of its first few iterations, the physical content 

of this new integral equation shall be discussed in some special cases in the next section. 

Here we just note that since the original Hamiltonian of the complete system (see the left 

hand side of Eq. (1) or (3)), the time-dependent transitions are usually described by as-

suming an adiabatic switching of the coupling of the subsystems. Thus, in the remote 

past (at some 0t ) and in the remote future (at some 1t ) the evolution operator defined in 

Eq. (11b) is simply 0U  (see (9a), in which pondU  should be supressed). This adiabatic 

coupling does not mean that we cannot consider short-pulse interactions, because the 

propagator )(tU  contains the interaction with the whole quantized radiation field. By 

superimposing the needed Fourier components, any sort of incoming pulses can be con-

structed, whose interaction with the electron is nonperturbatively incorporated in )(tU . 

3. Features of the strong-field quantum optical transitions. Connection to the 

semi-classical approximation 

In the present section we apply the integral equation (12), and, in particular, a 

quantum optical generalization will be given of the strong-field Kramers-Heisenberg 

formula for light scattering [36], which has long been derived by us, on the basis of 

semi-classical theory. At the same time, we shall take the opportunity to have a glance on 

the “microscopic background” of some well-known semi-classical results. We note that, if 

on the right hand side of (12) in the integrand we approximate the exact state with the 

initial ground state, and project to a final dressed free electron state, then we receive the 

quantized version of a Keldysh-type amplitude [9] for ionization, in the “p.A gauge” [12, 
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13]. Of course, even in this approximation, here we would also obtain additional effects, 

like the back reaction of the electron on the field, and various radiation processes. We 

shall not discuss such processes further, they are out of the main subject of the present 

paper. 

The first term on the right hand side of Eq. (12) is the zeroth approximant, 

 

                             00
)0(

0 )(ˆ)(ˆ)( = + tUtUt .                                                         (13) 

 

                             This state may be considered as a quantum generalization (with respect to the radiation  

                             field) of the Coulomb-Volkov wave [12, 60, 61], if the initial state is a direct product of an           

                             atomic state and some state of the field. For example, let us take as initial state a product 

state of the electronic ground state g , and such a field state, which is in vacuum state, 

except for one mode (say, the laser mode), being in a coherent state  . Then this state 

(adiabatically) becomes a multimode squeezed coherent state at time t . We use for the 

ground state momentum representation, and do not display unimportant phase factors 

(containing the zero-point energy). Then, we have 

       

                             −−−−
+=

k

k
ttittittiI

g Set p )(e)(eˆ)(
)(~sin)()(~/)(

0
000 pppp

p  
,           (13) 

where pI  is the ionization potential, the )( pk  are now c-numbers, defined according 

to Eq. (7b), and the squeezing operator is as in (7). In obtaining (13), we have taken into 

account that a displacement operator generates coherent state from the vacuum (see (A4) 

in Appendix A). The )( pk  represent a static bias of each field oscillators, so each mode 

of the radiation field is stretched like a spring. In order to obtain the wave function of the 

electron in the coordinate representation, we have to integrate with respect to the mo-

mentum parameter, which yield a highly entangled state. We have studied such kind of 

entanglement for Gaussian packets of quantized Volkov states in [77] and [78], as already 

mentioned in the Introduction. As the coupling is gradually switched-off, in the far fu-

ture ( 1tt → ), the bias vanishes (and the propagation becomes just a free evolution of the 

uncoupled system). As basis states we shall use the complete orthogonal set of the Cou-

lomb-Volkov states, of the type (13), 

 

                             }{)()};{,( krkr nEtUtnE = ,                                                      (14) 

                                                                                        

                             where rE  are the stationary states of the electron (which can be bound or continuum 

states), and }{ kn  denotes the direct product of the photon number eigenstates of the 

quantized radiation field. The transition matrix elements between these states are phys-

ically acceptable, because in the remote past and future they have unperturbed propaga-

tion, owing to )()( 1,001,0 tUtU = . The orthogonality relation  (at an arbitrary time instant) 

is expressed as  

                               

                             }{},{,)};{,()};{,(
kk nnrrkrkr tnEtnE  =  ,                                         (14a) 

 

where rr ,  is a Kronecker delta for bound states, and for continuum states it is propor-

tional with a Dirac delta )( rr EE − .  The index r  is a shorthand also for other quan-

tum numbers, like that of the angular momentum. By projecting to a final quantized 

Coulomb-Volkov state of the type given in Eq. (14) to the first iteration of Eq. (12), we 

receive the first order transition amplitude 
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Equation (15) shows that it is possible to take into account nonperturbatively the joint 

interaction with the quantized radiation field and the atomic potential already in the first 

iteration. The initial state can be chosen, for instance, to the product of an excited state of 

the electron and a (highly occupied) photon number eigenstates of a mode of the in-

coming (strong) laser field, and all the other modes, are being in the vacuum state At the 

end state this latter modes will be occupied with photons, among them are the 

high-harmonic components, too. The incoming (laser) field can also be taken as an arbi-

trary superposition (like a coherent state or a squeezed state), and the complete transition 

matrix element will be a sum, weighted by the occupation amplitudes of the superposi-

tion.  

 Asymptotically, the time-integral in (15) delivers a delta function, which secures the 

energy conservation, 

 

k
k

kik
k

kf nEmE  +=+ 


  ~~  .                                                 (16) 

 

where iE , fE  are the initial and final energies of the electron, respectively, km  , kn  

are the corresponding photon numbers, and k~  are the dressed frequencies (see Eq. (8b)). 
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Figure 1. This figure shows the multiphoton effective potential )()(ˆ rαrα VVV −+= , given by Eq. (17), for reV /)( 2−=r , in the 

semi-classical limit, where α̂  is replaced by a c-number )(tα  (see equation (B7) in Appendix B): (a) the continuous line is the 

effective potential along the polarization direction, and the dashed line represent the original Coulomb potential. By using (B7), we 

have taken cm4108.0 −= , and 
213 /103 cmWI = , in which case the amplitude of the free electron oscillation (or Hertz po-

tential) is 9 times larger than the Bohr radius ( cmmea 922
0 105/ −==  ). We have taken the value 001.0=  for the cylindrical 

coordinate; (b) this 3D figure illustrates the temporal evolution of the effective potential in Heisenberg picture. We have taken one 

quarter of the former intensity and assumed a Gaussian envelope )2/exp( 2t− , which corresponds to 2.3 cyles full temporal width 

at half maximum. For a better visualization, we have chosen 32.0=  for the cylindrical coordinate. This figure illustrates, that the 

effective potential vanishes before and after the external pulse, in contrast to the usual Kramers-Henneberger space translated po-

tential ))(( tV αr +  [62,63]. 
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The non-perturbative transition amplitudes in Eq. (15) can describe various high- (or 

low-) order processes, which are allowed by the energy conservation. An example is 

spontaneous emission during laser-assisted scattering. In this context see Ref. [89] (and 

references therein), where the laser was treated as an external field. We do not have space 

to deal with details of this type of amplitudes, except for the space-translated potential in 

it, whose appearance is straightforward in our formalism. This potential plays a central 

role in our forthcoming discussions. Besides, the study of this potential gives us an op-

portunity to derive new, and quite general relations, which connect the quantum optical 

and the semi-classical descriptions in strong-field physics.  

The amplitudes (15) are determined by the matrix elements of the quantized 

space-translated potential α̂V , which we shall call “multiphoton effective potential”, 

 

)()ˆ(ˆ rαrα VVV −+= ,   )]ˆ()/exp[()(
~

)ˆ( 3
αrqqαr +=+  iVqdV .                      (17) 

 

The Fourier representation of the space-translated part is also displayed in Eq. (17). An 

illustration of this potential in real space is shown in Fig. 1, more precisely, its 

semiclassical version with a c-number oscillating displacement is plotted. By taking Eq. 

(8a) for α̂  into account, and remembering the general definition of the displacement 

operator (see Appendix A), we can rewrite the exponent in (17) as a product of dis-

placement operators. We write out the expression of the corresponding phase factor for 

one mode, 

 

)]([ˆ]ˆ)/exp[( qαq kk Di = ,    )])((exp[)]([ˆ
kkkk aaD −= +

qq  ,                       (17a) 

)(~/
~

)( kkkk m εqq =   .                                                         (17b) 

 

Accordingly, the matrix elements of the multiphoton transitions are governed by the 

matrix elements of the above displacement operators (see Appendix A), 
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In order to derive the semi-classical version of the quantum matrix elements nkd ,  

defined in (18), we construct the superposition, which is weighted by coherent state oc-

cupation amplitudes, by keeping the oder of the transition fixed (see Appendix A). We 

have 
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where   and   are some initial and final complex amplitude parameters, say, of a 

laser mode, and l  is a fixed number of absorbed photons. As is shown in (Eq. (A9c), the 

summation can be performed analytically. We have derived a general formula for the 

coherent superpositions of the type Eq. (19) for both −m photon emission and 

absorption processes, and found the unifying formula (see (A9d)),  
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where )arg( =  (this phase can be non-zero, if we consider a circularly polarized 

mode). )(zJ m  is an ordinary Bessel function of first kind of order m . If  = , then Eq. 

(20a) exactly reduce to the a Jacobi-Anger expansion of the well-known Volkov state, in 

addition, we identify the energy density of a single laser mode with 32 /|| L  (see 

Appendix A). We would like to emphasize, that the formula (20) is exact; no approxima-

tions (like the the requirement of large occupation numbers, etc. ) or additional assump-

tions have been used in deriving it. On the other hand, transition matrix elements be-

tween coherent states have to be considered with care. The initial state can in principle be 

any (normalized) state, e.g. a coherent state. However, according to the basic principles of 

quantum theory, transitions have a physical meaning for final states forming a complete 

orthogonal set (otherwise the probability interpretation of the alternatives is not possi-

ble). Fortunately, the discrete orthogonal system built up from the von Neumann lattice 

coherent states (see Appendix A) offers a legitimate basis set [80, 82] for the final states. 

So,   and   in Eq. (20a) can be considered as elements of the von Neumann lattice on 

the quantum phase space of the mode. 

If ||||   , then one may think of the depletion of the particular mode. After all, as 

is seen from Eq. (19), we are truly dealing with the depletion (decrease of the photon 

number in a mode) at the quantum level, so the choice of a smaller ||   is intuitively 

justified. We note that recently there have been several detailed studies of the depletion 

effect in high-harmonic generation, including successful experimental works [84, 85, 86]. 

It is remarkable, that the general expression Eq. (20) can also be expressed as a Fourier 

coefficient of an exponential with an oscillating trajectory (or Hertz potential), however, 

this “trajectory” contains an imaginary part, and also depends on the absolute phase 

(CEP), 
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                             )]}sin(|)||(|)]cos(|)||)(|[(||exp{  −+++−+−+ii .                  (21b) 

In Eq. (21b) we display the exponential in the integrand in (21a), in                    

the special case when the (final) phase of   coincides with that of )exp(||  i= . The 

first term in the bracket in the exponetial is an imaginary contribution to a “trajectory” 

(since, the variable   may be interpreted as t , as showing up in the semiclassical 

theory). If ||||  = , then this extra term is zero, and the second term exactly coincides 

with the oscillating phase of a Volkov state (from which, by the Jacobi-Anger formula, the 

usual Bessel function is obtained). Here, as a result of the depletion, “imaginary satellite 

trajectories” appear, as we may call them. This complex “trajectories” have nothing to do 

with the purely mathematical tool used to find the stationary points on the complex 

plane, in integrating highly oscillatory functions [54]. It is clear that, the “trajectories” 

(21b) can always be associated to a transition matrix element of the type (18). According 

to this picture, to each von Neumann lattice points, surrounding the initial   there be-

long also an imaginary satellite trajectory, as a result of the depletion. So the spreading of 

the Wigner function of the fundamental (laser) mode [80, 82], due to depletion, may be 

connected with these imaginary trajectories. The classical correspondence outlined here, 

can be built up for any countable number of modes, however, the neglection of the direct 

mode-mode coupling sets a limit for the validity of this interpretation. 

4. Quantum optical strong-field Kramers-Heisenberg formula for a nonperturbative 

treatment of high-harmonic generation 

In the present section we apply a variant of the integral equation (12), which 

can be derived by using the same diagonalization technique, however, we distin-
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guish the “laser modes”. The interaction with the other modes will be treated as a 

perturbation. In the first step, we apply the Bogoliubov transformation for the com-

plete field. Concerning the laser modes, this is an exact procedure, because we use 

dipole approximation for this modes. For the other modes it is an approximation, 

because we keep the spatial dependence, just to illustrate the possibility of multipole 

HHG. We use the decomposition, summarized in Eqs. (4, 4a-b-c), and diagonalize 

the minimal coupling term in (4a), by applying the corresponding squeezing and 

displacement operators, defined in Eqs. (7a-b). Then we can derive the integral 

equation 
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~ˆ)(/(exp[)(ˆ
0 tHHitU radatom +−=  .                        (22a) 

In Eq. (22a) atomĤ  is the complete Hamiltonian of the atomic electron, and radH
~

 is 

the dressed energy of the field, defined in Eq. (8b). We note that in )(ˆ HN , Eq. (4c), 

the “A2-term” is neglected. Moreover, in order to further simplify the analysis, we 

shall consider only a single laser mode, so )(ˆ LM , Eq. (4b), cancels, thus we receive 

from Eq. (22) the integral equation, 
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                             As basis states we use the zeroth-order dressed states, similar to the states in Eq. (14),  

                             }{)(ˆˆ)};{,( 0 krLkrL nEtUDStnE = ,                                         (23c)  
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                             The first iteration of Eq. (23) results in the matix element 
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                             (In obtaining the last term on the right hand side in the integrand in Eq. (24), we have 

made the approximation L
LH

LL
LH

L DNDDSNSD ˆˆˆˆˆˆˆˆ )()( +++  , which causes an error of 

order less than 22 )(2/  p , which is negligible at this place. The shift of the laser 

vector potential gives a contribution of order 3−L , which is also vanishing in com-
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parison with 2/3−L . In this first approximation the multiphoton effective potential 

does not give a contribution to high harmonics, however the second term, the 

space-translated )(ˆ LHN  interaction, yields multipole (magnetic dipole, etc.) radia-

tion of any order, which has also been analysed in a very detailed paper [83]. On the 

basis of Eqs. (23b) and (24, 24a), the matrix elements of )ˆexp( αk −i  has the same 

structure as that in Eq. (18); we just have to replace q  with k  , the latter being the 

wave vector of an outgoing harmonic. Concerning the semi-classical analysis of this 

term, the results of the previous section also apply here. For instance, one can derive 

the semiclassical scattering cross-section in case of a bound electron, a nonlinearity 

factor governed by the Bessel function multiplies the Fourier transform of the square 

of the ground state wave function. In the optical range the relative size of this 

non-resonant radiation should be very small, in comparison with the electric dipole 

high-harmonics generated nowadays routinely. On the other hand, this non-dipole 

term results also in even harmonics, and have different angular distributions, and 

polarization properties, so the separation of them may be possible, as has been em-

phasized in [83]. If the spatial dependence )exp( rk −i  is neglected, then remaining 

(dipole) interaction does not contribute to high-harmonic generation, nor does the 

multiphoton effective potential in Eq. (24), either. However, in the second iteration a 

well-working formula, the multiphoton Kramers–Heisenberg formula comes out, as 

we have shown long ago, in a semiclassical analysis [36]. 

                               By performing the second iteration of the integral equation in Eq. (23), in the 

dipole approximation, we arrive at the formula for the transition amplitude between 

the dressed states of the type (23c), 
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In (25, 25a-b) 1,0E  and 1,0  are initial and final energies and wave functions of the 

electron, respectively. The summation, indexed by the label r  runs through the 

intermediate states, for the continuum states this means an integration. The 1,0n  

and 1,0n  are the initial and final photon numbers and states, respectively, so, if the 

final electron state coincides with the initial one, then −− )( 10 nn th order 

high-harmonics are produced. The matrix elements (with respect to the photon de-

grees of freedom) 0ˆ1 nVn α  are responsible for this high-order transitions, where 

α̂V  is the multiphoton effective potential, introduced in Eq. (17). From the sym-

metry properties of this potential, one can prove that only odd harmonics are pro-

duced. In Figure 2 we show a space-diagram of the two parts of the transition am-

plitude. As can be seen in Eq. (25a), the 0,1A  part has resonances in the continuum 

for all high-enough-order harmonics, which explains the well-know plateau in the 

harmonic spectrum. In the resonant terms rE  should be replaced by 2/rr iE −  , 

where r  is the inverse life time of these unstable states [92]. The magnitude of the 

transition probabilities also depend on the dipole matrix elements between the con-

tinuum states and the ground state (which determine also the strength of a photoe-

lectric transitions induced by a weak high-frequency field, however, here one gas to 
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use outgoing continuum waves [92]). As is well-known, thanks to the path-breaking 

work of Cooper [110]. So the appearance of the Cooper minimum in the HHG spec-

trum [111-114] can be understood without any additional considerations.  

In the previous section, we have analysed the main characteristics of these 

matrix elements (see formulas and the discussion from (17a-b) to (21a-b). On the 

basis xxx However the present new formula (25, 25a-b) is much more general than 

the corresponding semi-classical one 

 

     

(a) (b) 

Figure 2. Illustrates the two terms of the transition matrix elements (25) of the quantized strong-field Kra-

mers–Heisenberg formula. The continuous black lines correspond to exact atomic electron initial, final and intermediate 

states. The red wavy lines symbolize the photon ansorption of the incoming strong laser field, and the blue wavy line 

refers to the outgoing harmonic radiation. The nonlinear interaction is condensed to the multiphoton effective potential 

α̂V , which has been defined in Eq. (17), and discussed in details in Section 3. In the figure this potential is symbolized by a 

pair of small discs, one being black (this refers to the original atomic potential), and the other disc is red-coloured (which 

refers to its dressing by the laser field ); (a) The space time diagram corresponding to the resonant term 0,1A , Eq. (25a); (b) 

is the space-time diagram corresponding to the matrix element 0,1B  of Eq. (25b). 

5. Conclusions 

In the present paper, in the frame of nonrelativistic quantumelectrodynamics, we 

have constructed a general theoretical model for nonperturbatively treating the interac-

tion of an atomic electron with the quantized radiation field, which may contain 

high-intensity components. In the course of eliminating the minimal coupling terms of 

the quantized field, the interaction with the radiation is condensed to a space-translated 

“multiphoton effective potential”, which represent the vortices of multiphoton interac-

tion. The connecting electron propagators represent exact (bound and continuum) atomic 
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states of the electron, so this a considerable improvement of the strong-field approxima-

tion. In Section 3 we have proved, that in our formalism the system “electron + (strong) 

laser mode(s) + mode(s) of the scattered radiation” has a natural basis set of entangled 

Coulomb-Volkov type states, whose photon part is in a multimode squeezed coherent 

state. It has been proved that a suitable coherent superposition of the transition matrix 

elements coincide with the semi-classical matrix elements, if we neglect the depletion of 

the field’s coherent state. According to this result, our model may also serve as a proper 

“microscopic background” of various strong-field phenomena, like ATI or HHG. Besides, 

we have found that if the depletion of the laser mode is also taken into account, then 

complex trajectories can be associated to the generalized semi-classical transition ampli-

tudes. The “imaginary satellite trajectory” is connected to the depletion. In Section 4 a 

quantum version of the strong-field Kramers-Heisenberg formula [36] has been derived, 

which may be a usable tool to discuss the effect of arbitrary photon statistics of the in-

coming field on the characteristics of the produced high harmonics. We have seen that 

the derived strong-field Kramers-Heisenberg formula inherently desribes the optional 

appearance of the Cooper minimum in the HHG spectrum. We note that the proposed 

formalism is also suitable for the description of radiation-assisted scattering in the pres-

ence of arbitrary quantized field, with the inclusion of the long-range effect in the con-

tinuum. The presented formalism may contibute to a more fundamental level of the the-

oretical description and understanding of photon-electron interactions in high-intensity 

radiation fields. 
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Appendix A. Basic notions, notations, and a brief summary on coherent states and 

squeezed states. 

                            In free space, for the plane wave modes usually we prescribe periodic boundary 

conditions (i.e. Lmmm zyx /),,(2=k , where zyx mmm ,, are integers) with a 

normalization volume 3L . The quantity 323 / cL k  is the number of modes per unit 

solid angle per unit frequency range around the mode labelled by the index ),( sk k= , 

where  2/kk =  is the frequency. The quantized amplitudes (photon absorption and 

emission operators) of the radiation field satisfy the commutation relations 

ssss aa 
+

 = ,,,, ],[  kkkk . All other commutators of the quantized amplitudes are zero. The 

“ −n photon states” are eigenstates of the photon number operator for each mode 

sssss nnnaa ,,,,, kkkkk =+  with ,...2,1,0, =snk (We note that, in order that the equations 

have a more transparent appearance, we ocasionally suppress the mode index, if there is 

no risk of confusion.) As is well known, the photon absorption and emission are 

expressed with the equations 1−= nnna  and 11 ++=+ nnna , respectively, and 

any absorption operator annihilates the vacuum state (ground state) of the radiation 

field, i.e. 00


=a , where 0


 is the zero vector of the Hilbert space. The state vector 

)(t  of the system in Eq. (1) belongs to the product space rade HH  , where eH  is 

the electron’s Hilbert space, and ssrad ,, kk HH =  is the Hilbert space of the whole 

radiation field. The operator part of a component )(ˆ
, rAk s of the vector potential (as is 

writen in Schrödinger picture in Eq. (2) of section 2) can be brought to the alternative 

form, which has been used by Bloch and Nordsieck [70] in their path-breaking studies, 
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                          )sincos(2/2)(ˆ
,,,

3
, rkrkεrA kkkk += sssks QPLc  ,                         (A1a)  

                          2/)( ,,,
++= sss aaP kkk ,   2/)( ,,, iaaQ sss kkk −= + ,   ssss iQP  −= ,;,,, ],[ kkkk  ,      (A1b)  

                          We see that P  and Q  are hermitian and canonically conjugate operators, which 

satisfy the Heisenberg commutation relation. In quantum optics, essentially these are the 

so-called quadrature operators, usually labelled by  X  and Y   [97], more precisely, 

2/PX =   and 2/QY −= . In Heisenberg picture the vector potential and the electric 

field strength ),(ˆ/),(ˆ
,, ttct ss rArE kk −=  has an explicit time dependence, 

                          )]sin()cos([2/2),(ˆ
,,,

3
, rkrkεrA kkkk −−−= tQtPLct kskssks  ,             (A2a)                                                                                                                                                                   

                          )]sin()cos([2/2),(ˆ
,,,

3
, rkrkεrE kkkk −+−= tPtQLt kskssks  .            (A2b) 

                          In our formalism the time integral of the vector potential automatically appears, which is 

nothing else but the quantum analogon of the electric Hertz potential ),(ˆ
, ts rZ k  [98]. 

From ),(ˆ/),(ˆ
,, ttct ss rZrA kk +=  we have 

                          )]sin()cos([2/2)/(),(ˆ
,,,

32
, rkrkεrZ kkkk −+−= tPtQLct ksksskks   .      (A2c) 

                          In dipole approximation the factor [...]2  in Eq. (A2c) simplifies to the expression of 

the type )ee( titi aai  −+ −− for each mode. For a classical electron moving in a classical 

radiation field 2/)()( ctt ZE −=  (where the dot denotes derivative with respect to time) 

the solution of the Newton equation rE me =−  is  

                          )()(
2

t
mc

e
t Zr =                                                            (A2d) 

                          (here we do not consider optional extra terms, which may come from initial values). 

Thus, the induced dipole Zr 0re =−  is proportional to the electric Hertz vector, where 
22

0 / mcer =  is the classical electron radius. 

                            Next, we summarize the main properties of the displacement operator )(ˆ D  and 

the coherent states  , which we need in the main text. The unitary transformation 

generated by )(ˆ D  displaces the amplitude operators, 

                          )exp()(ˆ aaD + −=  ,    +=+ aDaD )(ˆ)(ˆ ,   +++ +=  aDaD )(ˆ)(ˆ ,        (A3) 

                          where C  is an arbitrary complex number. The displacement operator )(ˆ D  is the 

creation operator of the coherent state  , the latter is defined as an eigenstate of the 

absorption operator, 

                           =a ,    =0)(D̂ ,   )]Im(exp[)(ˆ)(ˆ)(ˆ +=  iDDD .             (A4) 

                          We have also displayed the multiplication rule (the third equation in Eq. (A4)), from 

which it follows, at the same time, that )(ˆ D  transforms a coherent state   to a new 

coherent state  +  (with an additional phase factor )]Im(exp[ i ). The expansion 

of   in terms of the number states show that the photon number distribution in a 

coherent state is a Poisson distribution, 
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nn
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


=
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0

2

2
1

!
)||exp(


 ,   )||exp(

!

||
|| 2

2
2 


 −==

n
nP

n

n .                 (A5) 

                          We note that the coherent states of a harmonic oscillator was invented by Schrödinger 

[101] already in 1926. They appeared in quantum optics in the path-breaking works of 

Glauber [99, 100]. In the context of field theory, it has been shown [71, 72, 92] that an 

external (classical) current distribution generates coherent states (of photons, or bosons, 

in general) from the vacuum state. Earlier we have worked out this problem for the 

special case of an external current consisting of oscillating free electrons in a strong laser 

field. In this case the resulting high-harmonic components are in multimode (product) 

coherent states [73, 74]. According to the multiplication rule in (A4), if the field is 

initially in a coherent sate, then a classical current transforms it to a new coherent state. 

The coherent states with different parameters are not orthogonal, but they form an 

(overcomplete) set in each mode’s Hilbert space, 

                          )||||exp( 2

2
12

2
1  +−−= ,   )||exp(|| 22  −−= .              (A6a) 

                          1
1 2 =

C




d ,   )(Im)(Re2  ddd = ,                                  (A6b) 

where the integration goes over the whole complex plane (phase space). The expectation 

value of a component of the electric field strength (A2b) in a coherent state s,k  

exactly looks like a classical monochromatic plane wave, 

                          )]sin()(Re)cos()[(Im2/2),(ˆ
,,,

3
, rkrkεrE kkkk −+−= ttLt kskssks  .    (A2b) 

                          The carrier-envelope phase difference (CEP) is contained in the complex parameter s,k . 

Many discrete complete subsets of coherent states can be constructed, among them the 

so-called von Neumann lattice coherent states ),( mn  are of particular importance [102, 

103, 104], where  )(),( imnmn += , and n  and m  are integer numbers. This means 

to divide the oscillator’s phase-space to elemetary squares, whose area equals to just 

Planck’s elementary quantum of action, hpq = . The modulus of the scalar product of 

two such lattice coherent states is 

                          )||exp()||exp( 22),(),( mmnnmnmn −−−−=


 ,                           (A7) 

                          which clearly shows that already the next-next neighbours are ‘practically orthogonal’. 

This property has been very useful in our quantum optical study of high-harmonic 

generation [80, 82]. The completeness [103, 104] of the von Neumann lattice coherent 

states is expressed by the following double sum, 

                          1),(),( = 


−=



−=

mn

n m

mn  .                                                  (A7) 

The “technical advantage” of using von Neumann lattice coherent states, rest on the 

property that any finite set of them is a linearly independent set. By orthogonalizing 

such sets, we receive a basis set, being ‘legitimate’ from the point of view of quantum 

measurement theory. This means that transition matrix elements between this 

orthogonal states may have a physical meaning. 
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                            The matrix elements of a displacement operator )(ˆ D  between photon number 

states has first been published by Bloch and Nordsieck [70]. We present this formula for 

a general complex (non-hermitian)  , for emission of m  photons; 

                          )0(,e)|(|
)!(

)!(
)(ˆ 2/||2

,

2


+

=+= −
+ mL

mn

n
nDmnd m

n
m

nmn
 ,                   (A8a)          

                          and, for absorption of l  photons; 

                          )0(,e)|(|)(
)!(

)!(
)( 2/||2

,

2

−
−

=−= −
−


− lL

n

ln
nDlnd l

ln
l

nln
 ,                 (A8b) 

                          where )(xLm
n  is an associated Laguerre polynomial [109].                                   

                          If we take the coherent superpositions of these matrix elements (by keeping m  or l           

                          fixed), with weights of the coherent states as is shown in (A5), we have 

                           =+
+

−


=

−
+

 nDmn
nmnn

nmn

)(ˆe
)!(

e
)!(

)( 2

2

12

2

1

0


 

                               (A9a)                     

)0(,)|(|
)!(

)(
ee)(e

0

22/|| 2
2

2
12

2
1


+

= 


=


−−−

mL
mn

n

m
n

n
mm 


 

.                     (A9a’) 

                          By using the following generating formula of the Laguerre polynomials (formula 8.975.3 

of [109])  

                           )(
)1(

)(e)2(

0

2/ xL
n

z
xzxzJ n

n

n
z 






=

−

++
=     [ −1 ]., 

                           we have the closed expression for the sum in (A9a-a’) for emission 

                           )0(),2(eee

2/

2/||
2

2

12

2

12


















+−−−



mJm
im

m




  ,                      (A9b) 

where )(zJ m  is an ordinary Bessel function of first kind of order m , and )arg( = . A 

similar expression is valid for the coherent superposition of −l photon absorption 

matrix elements, 

)0(),2()e(ee

2/

2/||
2

2

12

2

12

−













−



+−−−


lJ l
li

l




  ,                      (A9c) 

The unifying formula for the coherent superpositions of −m photon emission or 

absorption reads 

)2(/eee
2

2

12

2

12 2/||  +−−−










m

m
i J    ( ,,,m 210 = ).          (A9d) 

                           In case of  = , we receive the transition amplitude (A9c) a simpler form, 

                           )2(ee )(2/|| 2


m

im J−− ,   )arg( = ,   )arg( = ,                        (A9e). 

Eqs. (A9a,b,c,d,e) shows how the semiclassical martix element is built up from the 

special coherent superposition of transition amplitudes nDmn )(ˆ + , all of them 
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being associated to a fixed m  number of photon emission (absorption). This can be 

seen, if one takes into account the Jacobi-Anger formula [109], which is well known in 

strong-field theory, 

                           im

m

m zJiz e)()sinexp( 


−=

= ,              )sinexp(e
2

1
)(

2

0






 izdzJ ik
k 

−= .      (A10) 

                          The usual sinusoidal phase modulation appears (coming from the Ap   term in a 

Volkov state), from which the strengths of the Fourier components, )(zJ m , of the 

‘multiphoton side-bands’ are derived. It is seen from Eq. (B5b) of Appendix B, that in 

momentum representation the argument of the Bessel function in (A9e) (where 2|| =n  

is the average photon number) is just the corresponding semiclassical expression 

))(/( εp k , with  mceF /=  being the dimensionless intensity parameter of the 

laser field. The connection of the quantum and semi-classical matrix elements, 

represented (in the special case  = ) by Eq. (A10) has long been known, but the usual 

derivation relies on the asymptotic limit of the Laguerre polynomial (for a given m , and 

for a given ) →n , which goes to infinity. Our method is more general, because one can 

treat incoherent sums of probabilities (the modulus square of the transition amplitude). 

The case    is of particular interest, because it may incorporates the depletion of 

the laser mode in classical terms. According to the generating formula [109] 

)(
1

2
exp zJt

t
t

z
k

k

k


−=

=















− ,   |||| tz  ,                                      (A11a)           

                          the general expression can be summed up. With  /= iet ,  and  = ||2z ; 

                          )eeexp()(e   ii
k

k

ikk zJt −


−=

−= ,                                     (A11b) 

                          )eeexp(
2

1
)(

2

0





 


iiik
k

k edzJt −− −=  .                                 (A11c)       

So, the semi-classical matrix element is a Fourier coefficient of the exponetiated 

“classical trajectory” (or Hertz potential) 

                           =− − )eeexp(   ii                          

                           )]}sin(||)sin(|[|||)]cos(||)cos(|[||exp{|  −+−+−−− i ,  (A12a) 

                           where  += , )arg( = , )arg(  = , )arg( = . If the phase of   and   are         

                           the same, then (A12a) simplifies, 

                           )]}sin(|)||(|)]cos(|)||[(||exp{|  −++−− i .          (A12b) 

At the end of the present appendix we present some properties of the squeezing operator 

)(ˆ S . In the special case when   is a real parameter, the effect of )(ˆ S  on the ampli-

tude operators is the following Bogoliubov transformation, 
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                             )](exp[)(ˆ 22

2
1 aaS −−= + ,                                                        (A13) 

                              sinhcosh)(ˆ)(ˆ ++ −==→ aaSaSba ,                                         (A13a) 

                              sinhcosh)(ˆ)(ˆ aaSaSba −==→ +++++ .                                     (A13b) 

                             (The transformation of +a  can simply be obtained by taking the adjoint of Eq. (A8a); this 

is a consequence of the unitarity of )(ˆ S . The “squeezing property” of this transfor-

mation [97, 105] can be immediately obtained from (A8a-b), 

                               −+ = e)(ˆ)(ˆ XSXS ,  2/)( ++= aaX ;    ++ = e)(ˆ)(ˆ YSYS , iaaY 2/)( +−= .     (A14) 

                          If   is positive, then the quadrature 2/PX =  is squeezed, and the quadrature 

2/QY −=  is stretched. 

                          Appendix B. Elimination of the minimal coupling interaction terms. 

                             In section 2 we have encountered in Eq. (5) quadratic expressions of the absorption and 

emission operators of the type 

                             )])(1()())(ˆ(/[ˆ
2
122

2
1 ++++++= +++ aaaaaamK k  εp ,                   (B1) 

(we have suppressed the mode index on the right hand side). The dimensionless param-

eters k  have been defined in Eq. (5a), for one mode we simply write here 

22232 2//2  pmLe == ,   menep /4 22  = ,   3/1 Lne = .                      (B1a) 

                             In Eq. (B1) we have formally introduced the plasma frequency p  associated to the 

electron density 3/1 L . The terms of the type )2/1( ++aa  are in fact the operators of 

the ponderomotive energy shift. This can be shown in the following way. We sum up 

these terms in a (narrow) frequency range (around a frequency  2/= ), in a (small) 

solid angle around an average propagation vector, 
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                              By taking the average of the above expression, 

                              





  hn
c

ddmc
mc

e
aa kkkk )()(8

4

1
)(

2
1

3

2
2

2

2
1 +








=+  +

k

k

 .                 (B2b) 

                              We associate a field strength parameter F  through the energy density formula 
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                                hnI )(/
2
1

0
2
0 += . (B3a) 

                               To have an order of magnitude estimate for the gometrical factors and the number 

of modes, we make a brief detour, by using the parameters of a recent important ex-

periment [109]. Let us consider an incoming laser beam, with diameter 6 mm 

(cross-sectional area being 0.28 cm2, which is focused with a lens of 15 cm focal length to a 
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1.2 mm long gas jet [109]. The solid angle substended by the lens viewed from the target 

is  ≈ 1.24 × 10–3. For the cross-sectional area of the target (the jet) we take f ≈ 0.5 × 10–2 

cm2. In the experiment [109] they have used a linearly polarized Ti: Sapphire laser pulse 

of 800 nm wavelength, and of duration  ≈ 35 fs (the longitudinal size of the pulse is then 

about 10–3 cm). This corresponds to 13.5 cyles, so one may associate about 14 temporal 

(longitudinal) degrees of freedom. The number of (transverse) spatial degrees of freedom 

in general is (f / 2) , which equals to 967 in the present example. So the photons con-

verging to the target are shared by a quite large number of modes (of order of ten thou-

sand in this experiment).  

                              Now we go back to discuss the expectation value of the ponderomotive shift. By taking 

(B2b) and (B3a) into account, we finally have 

                              2

2

2
1

4

1
)( mc

mc

eF
aa kkkk 








=++ 

 

k

 ,     00
10

0 105.8 


 I
mc

eF −== ,         (B3b) 

                             where we have introduced the averaged dimensionless intensity parameter 0 , and in 

the numerical formula 0I  denotes the intensity in Watt/cm2, and the central wavelength 

0  is measured in microns ( cm410 − ). We note that Eq. (B3a) connects the average photon 

number n  of a spectral component with the energy density through the spectral mode 

density. It is well known that in a coherent state   the photon number expectation 

value is 2|| =n . 

                               The diagonalization of the quadratic expression in (B1), can be performed by a 

consecutive application of the squeezing operator )(ˆ S  and the displacement operator 

)(ˆ D , which have been defined in Appendix A, in Eqs. (A3) and (A13), respectively. 

Since the algebraic structure of the interaction is the same for all modes, this diagonali-

zation procedure can be immediately applied for an arbitrary number of modes. We fol-

low our earlier procedure, which has long been published in the studies on multiphoton 

Bremsstrahlung of a Schrödinger-electron [8] and on high-order harmonic generation 

(nonlinear Compton effect) on a Dirac-electron in a quantized radiation field [6]. First we 

apply a Bogoliubov transformation, whose generator is the unitary squeezing operator 

(A13), with a by now unknown parameter. After using (A13a-b), and having collected 

terms with the same combinations of the amplitudes, we realize that the off-diagonal 

quadratic terms drop out, if we require the following condition on the unknown param-

eter  , 

                             02sinh)1(2cosh =+−  , i.e.    2e21 =+ , or   )21log(
4
1  += .             (B2) 

As a result, we have 

 

                             ]e)(e))(ˆ(/[ˆˆˆ 2

2
1  ++−++ +++= aaaamSKS k εp ,    21e2 += .           (B3) 

It is remarkable, that in (B3) a “dressed frequency”, ~ , can be introduced, 

222 21e~
p  +=+== ,     222 ||~

pc  += k .                          (B4) 

In a free electron gas of electron density 3/ LN  Eq. (B4) shows the dispersion relation     

of plasmons, propagating in an underdense plasma. (For example, at the density 
318 /10 cmne = , the plasmon energy is eVp 035.0= , which is only slightly larger than 

two percent of the photon energy 1.5 eV. Then 422 1022/ −= p , i.e.  4102 −= , 

and this means )103( 4 eVn −  “blue-shift” of the −n th harmonics [106, 107, 108]. The 

remaining linear, off-diagonal term in (B3) can be transformed out by using the a dis-

placement properties, shown in Eq. (A3), 
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                          )](exp[)(ˆ aaD −= + ,    +=+ aDaD )(ˆ)(ˆ ,    += +++ aDaD )(ˆ)(ˆ ,        (B5a) 

                          )ˆ(e/ 3
εp −= −  m , or   )(e/ 3 = −

ε
 mi  .                         (B5b) 

                          Note that   is a Hermitian operator acting on the electron’s Hilbert space. By 

collecting terms, we end up with the diagonal expression for an arbitrary mode, 

)(~)(ˆ)(ˆˆ)(ˆ)(ˆ 2

2
1

kkkkkkkkkkkkk aaDSKSD  −+= +++  ,                               (B6) 

where we have again displayed the mode index ),( sk k . We also note that  3e/ −  

can also be written in the form  ~/
~

 , if we use in the plasmon-dressed frequency ~ , 

introduced in (B5b). The “blue-shift” is not the main subject of our present discussion, 

because, it would need a more detailed analysis in itself, thus we shall not keep track of 

the (small) change of the frequency due to this effect. The terms 22 )ˆ( kk εp    can be 

incorporated to the kinetic energy of the electron in the complete Hamiltonian, Eq. (3) in 

the main text. It can be shown that the sum of this kind of terms with respect to all the 

modes yields the contribution )/)(2/ˆ( 2 mmm el−p , where elm  is the electromagnetic 

mass, which can be incorporated to the total mass, so we do not deal with these terms in 

the main text. As is seen ins Eq. (B5a-b), our displacement operator not merely displaces 

the quatized amplitudes, but it displaces also the electron’s coordinate (along the polar-

ization direction), because   contains the gradient ( −= ip̂ ). This means that the ef-

fect of the transformation generated by )(ˆ D  shifts the argument of the potential )(rV  

in Eq. (3) of section 1, 

)ˆ()(ˆ)()(ˆ
kkk VDVD αrr +=+  ,   )(~/

~
ˆ

kkkkkk aami −−= +
εα   .                     (B6) 

The shifted potential is the quantum analogon of the classical space-translated potential 

[62, 63]. In the Heisenberg picture the expectation value of the shift )(ˆ tkα  in some co-

herent state k   is just the oscillating part of the classical trajectory of the electron, 

tt
mc

e
t kkkkkkkk  sin)(ˆ)(ˆ

02
== εZα ,    2/000 kkk = ,               (B7) 

where we have also shown the connection with the Hertz potential of the mode in dipole 

approximation (see Eqs. (A2c-d) in Appendix A). According to the considerations leading 

to Eq. (B3b), the c-number parameter 0k   (which is the oscillation amplitude of the 

electron) can be expressed as seen in (B7), where 0k  is the dimensionless intensity pa-

rameter (also called “dimensionless vector potential”) for a mode, as is given in Eq. (B3b). 

Finally we note that the above diagonalization procedure (i.e. the elimination of the 

off-diagonal terms of the quantized amplitudes in (B1)) can be extended to an arbitrary 

countable set of modes, one just needs to use the products of the corresponding squeeze 

operators kŜ  and displacement operators kD̂ , as appears in the main text. We note that 

in this general case, because of the mode-mode coupling, the k  satisfy an infinite set of 

inhomogeneous coupled linear equations. However this coupling is proportional with 
3−L , in contrast to the inhomogenity terms of order 2/3−L , thus the former can be left out 

of consideration, at least in the present study. 
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