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RESOLUTION LIMIT IN STATISTICAL INDEPENDENCE AND BAYESIAN
NETWORK SCORING FUNCTIONS

GRIGORIY GOGOSHIN 1 AND ANDREI S. RODIN 2

ABSTRACT. In this paper we consider the congruence problem that arises in the post-analysis of Bayesian
network models reconstructed from different datasets. Apart from the structure, a typical network numer-
ically encodes relationship intensities, assigning numerical score to network edges via the scoring criterion
used in the reconstruction process. This scoring is rarely a directly interpretable quantity with proper
units of measure and an absolute scale, and often comes short in desirable characteristics of a true metric.
This leads to poor portability of edge magnitude considerations between similar networks, originating
from different sources. In this work, we address this problem by estimating the effect that data-specific
resolution limit has on conditional independence, as reflected by information-theoretic entropy, and by
the appropriate modification of MDL score, which removes the inconsistency between the score compo-
nents in both the meaning and units. We also numerically validate our findings and expose additional

performance advantages obtained via this modification.

INTRODUCTION

Probabilistic Bayesian network (BN) modeling is an indispensable tool in modern medical and life
science. Apart from the standard array of data-analytic uses that are common to all probabilistic
models, it has the advantage of capturing the complex structure of the web of relationships underlying
the biological reality. When used for extraction of meaning from data, BN reconstruction generates
valid, evidence-based, directly interpretable hypothesis, which does so much more for both the practical
and the theoretical research than numerical replication of phenomenology alone can hope to do, however
accurate it may be.

BN-based dependency modeling has established itself firmly in computational biology and gained

significant traction in biomedical data analysis. It finds applications in a wide variety of areas ranging
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from flow cytometry [1] to chromatin interactions [2], from molecular evolution [3] to genomics [4, 5] 6, [7],
transcriptomics [8, 0] and even metabolomics [10].

But BN reconstruction itself is not without its own set of difficulties. We will not descend into the
bottomless pit of complications that have to be overcome in order to obtain an adequate for practical
use result, suffice it to say that the computational difficulties are significant. Here, we would like to
concentrate on issues that meet the eye at the "user interface” level of BN modeling.

The specific problem that we want to address arises in the context of analysing BN networks coming
from different sources. Even when any two BN networks span the identical set of variables, comparing
them is a non-trivial matter due to the fact that certain structural features may belong to classes of
equivalence. But, the task becomes even more complicated when it comes to the assessment of variable
dependence intensities, and the role they play in the rest of the network. The situation is exacerbated
by the fact that the edge intensities are typically evaluated by scoring criteria, used as a part of the
structure recovery process, that offer no more than relative ordering of edges on some arbitrary scale,
rendering the interpretation of these relative intensities difficult and non-portable.

The outlined issue motivates designing a scoring criterion that could serve not only as an objective
function for structure recovery, but as measure of intensity or strength on an absolute scale, possibly
with some desirable properties of a distance function/metric, allowing direct comparison of edges, edge
bundles and paths between networks, without digging through massive conditional probability tables and
factorizations in search for explanations for local network behavior. We will proceed by first considering
possible modifications of a well-known and reliable Minimum Description Length (MDL) criterion that
also appears to be equivalent to another well-known Bayesian Information Criterion (BIC) [11, [12]. For

a graph G

MDL(G) = LL(G) — %c«;) log(N)
where the term

LL(G) = N> H(X|m;)

is the log-likelihood of GG written in terms conditional entropy H of individual nodes X; and their parent
node sets m;, and the term %C’(G) log(N) represents the description length of G, where C(G), called
complexity, is usually taken to be proportional to the number of free parameters necessary to represent
the factorization of the joint probability of G. While MDL performs well as an objective function, its

composition gets somewhat in the way of interpreting the scores that it could generate for our purpose.
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First of all, log-likelihood term is proportional to the sample size N, which means that for every new
dataset this portion of the score is bound to a different scale unless the sample size remains constant.
Second, the description length term is itself on a different scale than the log-likelihood, meaning that
the relative contribution to the total score varies at a different rate between the two terms across
different datasets. To summarize with a specific use case example, given some data, a network obtained
via subsampling would be numerically not comparable to the network obtained using the whole data,
crippling certain aspects of robustness and stability analysis.

To overcome this obstacle, the most obvious line of thinking is to do away with the sample size
dependence. Conveniently, LL(G) can be easily rescaled to the sum of local conditional entropies. But
simply dividing N out results in the appearance of 1/N in the description length term, and while the
first term is, at least, interpretable, the second term is still incongruent in the sense that it not measured
in the same units as entropy, isn’t proportional to it, and seems to be on a different scale altogether,
so things aren’t so simple. Further, why are these seemingly incongruent terms appear together? The
measure of complexity, which is what the description length essentially is, is neither proportional to the
measure of entropy, nor does it stand in a one-to-one correspondence to it [13].

Eventually, it becomes apparent that the description length acts as an ad-hoc penalty term chosen
to control complexity of the network that arises due to the tendency of log-likelihood or, equivalently,
conditional entropy to overfit when the search algorithm seeks an optimal structure. This overfitting,
however, is an indication of misalignment between the objective of the optimization procedure, relying
on log-likelihood or entropy, with what it should be trying to achieve. To be more precise, minimizing
the conditional entropy or the log-likelihood , which is what MDL essentially engages in, isn’t quite
the core objective, even if it partially coincides with the goal of finding an optimal structure. This is
apparent from the fact that the conditional entropy minimum is achieved in the situation where every
sample gets its own class, or where the joint events of the ancestor variables are fine enough to be close
to homogeneous, which clearly doesn’t have to coincide with the true solution. Even more importantly,
the true solution should correspond to the correct conditional probability distribution, as opposed to the
distribution of minimum entropy. On the other hand, perhaps the most important detail about MDL is
that the conditional entropy minimization serves the purpose of finding locally dependent variables via

an update of the form

AH = H(X|r,Y) — H(X|r)
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which is essentially an independence test, in the sense that AH = 0 when X is independent of Y given
its ancestor set m. This gives us the hint that we don’t have to worry so much about the justification
of entropy application and its correspondence with the true solution, since we may just be able to get
away with always maximizing the local dependence without running into an over-fitting problem by
maintaining a stringent independence cutoff. With all of the above in mind, we are ready to rederive
the score starting from these basic principles in such a way, so as to make all the terms contextually
congruent to each other and independent of sample size. For now we will accept the general form of the

objective function to be

S(G) = Z(H(Xi|7Tz’) —&(X3))

i

so that the local iteration update is
AS(X;) = H(X;|m,Y) — H(X;|m) — AL(X,)

where the second term A& should perform the function of independence filter, and & should reflect local

independence policy. This will be made clearer in the next section.

METHODS: NUMERICAL SATISFIABILITY AND RESOLUTION LIMIT IN INDEPENDENCE CRITERIA.

One of the difficulties in assessing independence lies in the fact that analytical criteria, such as,
for example, separability of the joint probability, i.e. P(X,Y) = P(X)P(Y), can only be satisfied
approximately in practice. Here we will be interested primarily in the degree to which the finite sample
resolution affects numerical satisfiability of independence criteria expressed in terms of information-
theoretic entropy H, e.g. H(X|Y) = H(X).

For a finite sample of size N the probability of the smallest non-zero event is pni, = 1/N. This
probability is also the smallest observable difference between the probabilities of any two events. Hence,
for any two events the difference in their probabilities below the resolution limit r = py;, will be
undetectable, rendering the probabilities of these observations equivalent. Conversely, the probability
evaluations that produce magnitudes falling below r are meaningless and can be considered noise or
numerical error, at least from the data-centric perspective of the information contained in the sample.
For the time being, we will assume the sample size to be ample enough for other sources of error to be

negligible.
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Suppose h is a small perturbation of some simplex element p, such that h-1 = 0, so that p+ h

is again an element of the same simplex. Since entropy is a continuously differential function of its

argument, the approximation of the entropy function by its Taylor expansion is

H(p+h)~ H(p) + VH(p)- h+ sh" - D*H(p) - h+ R(p,h)

Pmin Tesolution the smallest acceptable perturbation h must have h,, = r as its n-th

At the r =
—r as its m-th component, with all other components being identically zero, e.g.

component and h,, =

h=1(0,...,0,7,0,...,0,—r,0,...,0). Evaluating the second term of the expansion gives

(1)  VH(p)-h ==Y I(log(p) + 1)

—r(log(pn) — log(pm)) = —7log(pn/pm) > —rlog((1 —1)/7)

because ), hy = 0, and the maximum value of log(p;/p;) at the prescribed resolution is achieved when

p; =1 and p; = 1 — r. In the same spirit, the third term of the expansion evaluates to

%hT .D*H(p) - h = _52’; Zk %(l/pn +1/pm) > —%(1/7“ +1/r))=—r

Higher order terms R}, of the expansion, that comprise the residual R(p,h) = >, Ri(p, k), present

the following pattern

—h 1
—————h;h;h 3(1/p2 — 1/p?
2h4 27"
2 hihjhh = = (1/p2 +1/p?
1 —2-3-h? 3r

1 34 h? _Al®
Ri(p,h) = — o o (L/ph +1/},)
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The series R of residual terms is then bounded below by

. =\ =2kl k2 ) - 1 or /9
_;(k+2)!-rk+1__r;(k+1)(k+2)__r/ -
and bounded above by
+ (Qk—l)' T2k+1 ad 1 — 2 1<
R _Z 2k + 1)1 - 12 TZ (2k) 2k+ Z(2k+1)2 rm/8-=r

k=1 =1

and is, therefore, convergent.
Now it is possible to assess the effect of the limited resolution on the entropy in the context of near

conditional independence.

0)  HX|Y) — H(X) = PV = g HOXIY = ) — H(X)
~ 3" PO = g )(H(X) + VH(X) -y + %hf DH(X) - hy + R(X, hy)) — H(X)

1 T 2
= ZP(Y_yk) <VH(X)-hk+ éhk - D H(X)'hk—i-R(X,hk))

A valid bound for the deviation under the circumstances of near-independence can then be estimated

as

(3) AH=[H(X[Y)-

Z rilog((1 —ri)/ri) + 1 + 1) P(Y = yi)
k

< 3 (log(Ny) + 2)/N
k
which, in terms of the sample size N, acquires the form

AH = (log(Ny) +2)/N

where 7, = 1/Nj is the resolution limit in the set of observations conditioned on (Y = yy), and
P(Y = y) = Nix/N. Although it is clearly possible, we will not concern ourselves with obtaining a

tighter bound for now.
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Identical reasoning applies in the situation with several conditioning variables

4)  [HX|Y,Z) = HX[Y)| = D (P(Y =y Z = ) H(X|Y = y;, Z = 2) = H(X[Y = y))

j’i

1
2

< 3 (log(Ny) + 2)/N

where the resolution limit 1/N;; corresponds to the joint event with the probability
Having obtained these bounds we can now restate the local scoring function update as follows

AS(X;) = H(X;|m) — H(X|mNY) — Z(log(Nk) +2)/N

where Ny is now the sample count associated with the k-th state of m; N'Y. Note that despite our
attempt to obtain sample-independent score we have retained N in the second term, but this is no
longer a problem because the whole term simply offsets entropy to make sure that near-independence
doesn’t get in the way and corresponds numerical resolution rather than the sample size. In fact, one
should consider the second term to be the result of numerical or truncation error in the evaluation of
conditional entropy itself, and no additional interpretation should be attributed to it. We expect to be
able to perform similar analysis for other information-theoretic quantities, i.e. Mutual Information (MI),
and, more importantly, Variation of Information (VI), described in [14]. More specifically, we hope to be
able to modify the scoring criterion to work on the absolute scale, while retaining the near-independence

behavior of the score modification reached in this paper.

RESULTS: NUMERICAL VERIFICATION AND THE SENSITIVITY PROFILE.

For a set of 128 uniformly distributed independent categorical variables with 8 categories and the
sample size N = 1000 we obtain the result summarized in Table[I} For brevity, we only include 5 out of
127 x 128 = 16256 pairwise comparisons, which, nevertheless, is sufficiently representative, given that

the statistical behavior across all pairwise comparisons will be summarized further. The negative sign
7
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is retained in the table for ease of assessment and interpretation of the role that the penalty terms play

in the evaluation of both
AMDL = AH — AC
and
AS =AH — A¢

where AC and A¢ represent the MDL complexity /penalty and the resolution penalty, obtained in
this work, respectively. More importantly, in the last two columns the negative sign is an indicator
that the update should be rejected due to near-independence in the case of AS, and due high storage
requirements in the case of AMDL. As we shall see further, the update rejection, equivalent to the
detection of near-independence within the framework developed in this paper, isn’t guaranteed for all

independent variables, at least for the MDL score (see Table {4)).

AH —A¢ —AC AS AMDL
0.02660671 | -0.05460712 | -0.16924 | -0.02800042 | -0.1426333
0.02195581 | -0.05458575 | -0.16924 | -0.03262993 | -0.14728419
0.02923805 | -0.05460464 | -0.16924 | -0.0253666 | -0.14000196
0.02532776 | -0.0546174 | -0.16924 | -0.02928964 | -0.14391225
0.03235557 | -0.05460769 | -0.16924 | -0.02225212 | -0.13688444

TABLE 1. 1st column is the conditional entropy deviation AH = H(X|Y) — H(X); 2nd
column is the corresponding resolution penalty, obtained in this work; 3rd column is the

MDL complexity; 4th column is the update of the resolution penalized score; 5th column

is the update of MDL.

Table [2| reflects the behavior across the same 128 variables for all the 16256 pairwise comparisons.
Note that the AC is constant, while AS reacts to the local properties of every pair of variables in
consideration, and is a tighter bound for the deviation from independence, given by AH.

Table 3] summarizes the results of all 16256 pairwise comparisons for 128 uniformly distributed inde-
pendent variables with only 4 categories and N = 1000. Observe that the lower category count resulted
in the decrease in the deviation from perfect independence, and this effect is also accounted by the drop

in both penalty terms, although at vastly different rates.
8


https://doi.org/10.20944/preprints202202.0254.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 21 February 2022

d0i:10.20944/preprints202202.0254.v1

AH —A¢ —AC AS AMDL
mean | 0.02488762 | -0.05459814 | -0.16924 | -0.02971052 | -0.14435238
median | 0.02453096 | -0.05460088 | -0.16924 | -0.03007069 | -0.14470904
o 0.00503476 | 0.00001582 0. 0.00503485 | 0.00503476
max | 0.04754371 | -0.05452659 | -0.16924 | -0.00704128 | -0.1216963

TABLE 2. Statistical summary of all 16256 pairwise comparisons of 128 independent vari-

ables with 8 categories and N=1000.

AH

—A¢

—AC

AS

AMDL

mean
median
o

max

0.00452659
0.00421128
0.00210545
0.02037829

-0.03007983

-0.03008065

0.00000414
-0.030064

-0.0310849
-0.0310849
0.
-0.0310849

-0.02555324

-0.02586864
0.00210548

-0.0097012

-0.02655831
-0.02687362
0.00210545
-0.01070661

TABLE 3. Statistical summary of all 16256 pairwise comparisons of 128 independent vari-

ables with 4 categories and N=1000.

Table 4, on the other hand, indicates a failure of MDL to properly detect near-independent pair, as
can be seen in the last row of the AM DL column. Here, the pairwise comparisons are carried out for

128 uniformly distributed independent variables with 2 categories and N = 1000, and MDL misclassifies

152 independent pairs out of 16256, approximately 1%.

AH ~AE ~AC AS AMDL
mean | 0.00048464 | -0.01642826 | -0.00345388 | -0.01594362 | -0.00296924
median | 0.0002164 | -0.01642873 | -0.00345388 | -0.01621055 | -0.00323748
o |0.00066937 | 0.00000156 0. 0.00066936 | 0.00066937
max | 0.00668885 | -0.01641704 | -0.00345388 | -0.00973876 | 0.00323497

TABLE 4. Statistical summary of all 16256 pairwise comparisons of 128 independent vari-

ables with 2 categories and N = 1000.

Note that the failure of AM DL to identify independent variables is not resolved by an order of mag-
nitude increase in the sample size, i.e. N = 10000, as can be observed in Table[5] But the total number
of misclassifications of independent pairs falls to 22, which is approximately 0.14%. These observations

are consistent with the known peculiarity that the MDL complexity term tends to underpenalize low

9
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category count variable pairs, causing at times severe overfitting in the context of Bayesian Network
recovery from data. Observed sample size dependence in MDL’s ability to classify independent variables
correctly, however, fails to explain why AC' needs to be sensitive to sample size, given the relatively
well-behaved, well-represented profile of conditional and joint events of the scenario presented here.
Clearly, this undesirable underpenalizing property of MDL complexity term cannot be easily dismissed
as the shortcoming of the data (see Figure (1)), particularly, given the fact that AC' depends only on N

and reflects nothing else about the variable pairs in question.

AH —A€ ~AC AS AMDL
mean | 0.00004935 | -0.00210343 | -0.00046052 | -0.00205408 | -0.00041117
median | 0.00002315 | -0.00210343 | -0.00046052 | -0.00208029 | -0.00043737
o | 0.00006918 | 0.00000002 0. 0.00006918 | 0.00006918
max | 0.00066301 | -0.00210334 | -0.00046052 | -0.00144042 | 0.0002025

TABLE 5. Statistical summary of all 16256 pairwise comparisons of 128 independent vari-

ables with 2 categories, N = 10000

To investigate this misclassification further we consider batches of 10000 randomly generated pairs
of binary variables for a range of sample sizes. For every batch we extract the pair that gives the
maximum value of AH, and evaluate the corresponding values of AC' and A{. These values are then
plotted against the increasing sample size in Figure 1. The MDL penalty term AC' clearly fails to bound
the deviation from independence AH across the whole range of sample sizes.

In Figure [2| the range of sample sizes is extended to 50000 with a coarser increment to show that the
misclassification rate of AC sees general improvement as N increases, although at N = 46000 the MDL
penalty term once again fails to identify an independent pair. As expected, A has no trouble in this
range of parameters, and its stricter penalization profile is justified by the general volatility exhibited
by AH.

To continue, we return to our previous setup with 128 random variables and consider the scenario
with 4-variate pairs for N = 10000. Table[6|reveals the behavior consistent with the expectations, where

both updates identify near-independent pairs equally well. In this range of data parameters the terms

are very close in their magnitude, so it’s not surprising that the behavior is almost identical.
10
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F1GURE 1. The behavior of the deviation from independence AH, the MDL penalty term
AC' and the resolution limit A¢ for random binary independent variable pairs across

varying sample size.
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FIGURE 2. The behavior of AH, AC and A¢ for random binary independent variable

pairs across the extended sample size range.

In Table[7] the MDL penalty term is on average several times greater than A¢. Both scores, however,
perform equally well in this range of parameters, identifying all independent pairs correctly. In this case
the study is carried over the variables with 8 categories and N = 10000.

Table [§ reveals a misclassification on the part of AS, as can be seen in the last row of the AS column.
Further investigation reveals approximately 2.6% of misclassified pairs and sample size dependence of

the misclassification rate which is completely resolved by increasing the samples size by one order of
11
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AH —A¢ —AC AS AMDL
mean | 0.00045076 | -0.00392956 | -0.00414465 | -0.00347879 | -0.00369389
median | 0.00041775 | -0.00392957 | -0.00414465 | -0.0035118 | -0.0037269
o 0.00021376 | 0.00000005 0. 0.00021376 | 0.00021376
max | 0.00185537 | -0.00392936 | -0.00414465 | -0.00207418 | -0.00228928

TABLE 6. Statistical summary of all 16256 pairwise comparisons of 128 independent vari-

ables with 4 categories and N = 10000

AH —A¢ —AC AS AMDL
mean | 0.00245373 | -0.00730442 | -0.02256533 | -0.00485069 | -0.0201116
median | 0.0024293 | -0.00730446 | -0.02256533 | -0.00487505 | -0.02013603
o 0.00049743 | 0.00000016 0. 0.00049743 | 0.00049743
max | 0.00453235 | -0.00730386 | -0.02256533 | -0.00277213 | -0.01803298

TABLE 7. Statistical summary of all 16256 pairwise comparisons of 128 independent vari-

ables with 8 categories and N = 10000

magnitude (see Table E[) This observation is fully consistent with the general understanding of the
effect that limited sample size may have on conditional or joint events.

In the scenario presented here, 16-variate uniformly distributed variable can be expected to have
unconditional events of the size P(X = x;) ~ 0.0625. Therefore, any joint event will necessarily be

smaller, in the order of the square of the unconditional events due to independence, i.e.

P(X =z;,Y =y;) = P(X = y;) ~ 0.00390625

This corresponds to only roughly 40 samples per joint event in the case of N = 10% Clearly, for
such small probabilities the sample size should be bigger to be adequately representative, otherwise the
unaccounted for effects of sampling error may dominate the landscape.

It’s not surprising that MDL seems insensitive to these circumstances, given how much it overpenalizes
AH in this scenario. This comes at the cost of specificity, i.e. MDL would clearly fail to classify
dependent pairs as such for all values of AH that would fall between, say, the values max AH and AC
presented in the table.

Table 9 reveals the ability of AS to recover its sensitivity under the assumption of sufficient sample

size, as expected, since for N = 10° a joint event will correspond to roughly 400 samples. Note the very
12
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AH —A¢ —AC AS AMDL
mean | 0.01130416 | -0.01349923 | -0.10361633 | -0.00219507 | -0.09231217
median | 0.01127067 | -0.01349928 | -0.10361633 | -0.00222858 | -0.09234566
o 0.00107126 | 0.00000049 0. 0.00107126 | 0.00107126
max 0.0157582 | -0.01349741 | -0.10361633 | 0.00225863 | -0.08785813

TABLE 8. Statistical summary of all 16256 pairwise comparisons of 128 independent vari-

ables with 16 categories and N = 10000

fine-tuned specificity /sensitivity ratio of A¢, while the MDL complexity term continues to overpenalize

AH significantly even when provided data of ample size.

AH ~A¢ ~AC AS AMDL

mean | 0.0011239 | -0.00171844 | -0.01295204 | -0.00059454 | -0.01182814
median | 0.00112087 | -0.00171844 | -0.01295204 | -0.00059757 | -0.01183117
o |0.00010628 0. 0. 0.00010628 | 0.00010628

max | 0.0016554 | -0.00171843 | -0.01295204 | -0.00006305 | -0.01129664

TABLE 9. Statistical summary of all 16256 pairwise comparisons of 128 independent vari-

ables with 16 categories and N = 100000

In Figure 3| we repeat the misclassification analysis that was performed for binary variables above. The
triangle pattern on this figure is the maximum deviation from independence obtained from batches of
10000 random 16-variate independent variable pairs for every value of N. The figure shows consistently
improving classification precision of A&, marked here by the unfilled square pattern for clarity, with a
somewhat elevated sensitivity profile for smaller sample size, as expected due to the unaccounted for
effect of sampling error. On the other hand, the excessive overpenalization imposed by AC, clearly
visible in this figure, is difficult to justify, given the abundant sample size and very consistent behavior
on the part of AH.

The overall impression communicated by the above results is that the resolution penalty term A&
has an edge not only in interpetability, but also seems more balanced and consistent in its sensitiv-

ity /specificity profile, an aspect of direct relevance to practical performance.
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F1GURE 3. The behavior of AH, AC' and A¢ for random 16-variate independent variable

pairs across varying sample sizes.

Di1scussioN AND CONCLUSION

Numerical verification of the effect that the resolution limit has on independence assessment has
shown that the reasoning presented in this work is a valid and an effective approach to managing near-
independence scenarios, directly applicable in the context of data-driven recovery of Bayesian networks.
The recovery method relying on the scoring criterion obtained in this paper behaves as expected, i.e.
similar the method based on the MDL score, but with a slight edge in performance across the same
scenarios. The advantage of the modified scoring criterion is that the numerical values obtained in
the course of its application are directly interpretable in the data-source independent way, allowing for
direct comparison of the results of BN reconstruction not only in robustness/stability studies, but also
in scenarios where different data spans the same set of variables. Further, preliminary results indicate
consistently better behavior for situations where MDL typically tends to over-fit. Hence, with this
relatively simple modification we address several problems that go beyond interpretability of the score.
We intend to expand this work to other information-theoretic quantities, so that the scoring function can
be modified to become approximately metric and to work on an absolute scale, thus further improving the
usefulness of scoring in the judgement of proximity/similarity between networks, while simultaneously
addressing the numerical limitations associated with one-sided conditional entropy assessment of variable

dependencies in BNs.
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A number of ongoing multidisciplinary secondary biomedical data analysis studies, including (i) com-
parative BN analyses of multidimensional fluorescence-activated cell sorting (FACS) and other immuno-
oncology datasets [1], (ii) -omics of Alzheimer’s disease, (iii) BN modeling of G-protein/GPCR molecu-
lar dynamics simulation data, and (iv) BN-centered construction of gene regulatory networks from the
scRNA-seq data, stimulated a significant portion of the effort detailed in this communication. Rigorous
dissection of the underlying BN fundamentals and mechanics is essential for robust construction and
comparison of BNs in the biomedical data analysis context.

Our experience of working with this kind of data dictates that every BN analysis in biomedical field
should, in principle, allow direct comparative, possibly cross-study, investigations utilizing not only the
structural, but the quantitative features of the reconstructed networks. This seemingly minor technical
detail has the potential to alleviate many difficulties typically encountered when developing systematic

understanding derived from the data-analytic stage of research relying on BNs.
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