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It is well known that the photon trajectories follow a curved path in a gravitational field. We
explore here the gravitational bending of electric field lines. It seems that the electric field lines
of a charge, supported in a gravitational field, follow exactly the trajectories of photons emitted
isotropically from a source situated at the charge location. From a detailed examination of the
electrostatic field of a charge accelerated uniformly in the instantaneous rest frame, exploiting the
strong principle of equivalence, one can determine the bending of the electric field lines of a charge
in a gravitational field. The fraction of electric field lines crossing a surface, stationary above or
below the charge in the gravitational field, is shown to be exactly similar to the fraction of photon
trajectories, emitted from a source placed at the charge location, intersecting that surface. On the
other hand, for a freely falling charge in the gravitational field there is no such bending of electric
field lines. The field lines continue to extend in radial straight lines from the instantaneous ’present’
position of the charge, as do the trajectories of photons streaming away from the instantaneous
position of a freely falling source in the gravitational field. The electric field configuration of a freely
falling charge in the gravitational field is shown to be exactly the same as that of a charge moving
uniformly in an inertial frame with velocity equal to the instantaneous “present” velocity of the
freely falling charge.
Keys: Special relativity, General relativity, Electromagnetism; Bending of electric field lines in a
gravitational field; Electric field lines of a freely falling charge; Bending of photon trajectories in a
gravitational field

I. INTRODUCTION

A charge accelerated uniformly in its instantaneous in-
ertial rest frame, and thus stationary in a comoving ac-
celerated frame, can be considered, by the strong prin-
ciple of equivalence,1–5 as ‘supported’ against gravity in
a static gravitational field. Accordingly, from the elec-
tric field of a uniformly accelerated charge, which has a
well-known solution in the literature,6–9 one can arrive at
the electric field configuration of a charge stationary in a
gravitational field. The electrostatic field distribution of
such a charge shows systematic changes in the slopes of
field lines. This bending of field lines can be attributed
to the effect of gravity which leads to a finite electric
field inside a uniformly charged spherical shell stationary
in a gravitational field, contrary to what expected other-
wise. Further, we shall explicitly demonstrate that, due
to gravitational bending of electric field lines of a station-
ary charge, the electric flux through a horizontal plane
“vertically above” the charge in a gravitational field is
less than that in a plane “below”, which otherwise would
have been equal in the absence of the gravitational field,
according to Gauss law.

It is well known that the trajectory of a photon, emit-
ted along a straight horizontal path, bends ‘downward’ in
a gravitational field.1,4,5 Here we shall determine the ex-
act shapes of the bent trajectories of a stream of photons,
emitted isotropically by a source, supported in a gravita-
tional field. A comparison of the electric field lines with
the trajectories of photons emitted from a source located
at the charge position, will be made to demonstrate that

the field lines exactly follow the trajectories of photons
in a static gravitational field. The total fraction of elec-
tric field lines crossing a surface, stationary in the gravi-
tational field, would be calculated and shown thereby to
be similar to the fraction of photon trajectories intersect-
ing that surface. It will be further shown that at much
‘deeper’ points in the gravitational field, the electric field
lines, irrespective of their initial starting direction, turn
almost vertical, similar to that for the trajectories of pho-
tons. As the position of the stationary charge is chosen
much deeper in the gravitational field, then an increasing
amount of downward electric flux passes through a nar-
row region in the plane “below”, and results in a much
smaller amount of flux going upward through a similar
region in the plane “above”.

One can also derive the electric field configuration of a
freely falling charge in the gravitational field. The elec-
tric field in this case appears to be extending in radial
straight lines from the instantaneous ’present’ position of
the charge, albeit bunched toward the horizontal plane
perpendicular to the direction of free fall, exactly the
same as the electric field of a charge moving uniformly
in an inertial frame with a velocity equal to the instan-
taneous “present” velocity of the freely falling charge.
From an explicit computation of Poynting vectors, it will
be demonstrated that for a freely falling charge, no elec-
tromagnetic power gets radiated away from the charge.
The net Poynting flow in this case turns out instead to
be in the direction of movement of the charge, indicat-
ing a convective flow of energy in the fields surrounding
the moving charge, essentially a ’downward’ transport of
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the self-fields along with the freely falling charge. The
electric field lines will appear exactly like the trajectories
of photons streaming away from the ’present’ position of
a freely falling source. Actually the trajectories of indi-
vidual photon after being emitted from a freely falling
source, as seen by observers stationed in the comoving
accelerated frame or in the gravitational field, may ap-
pear to be bent with respect to the time-retarded position
of the emitting source. Nevertheless, the same observers
will find the continuous stream of photons to be in radial
straight lines with respect to the instantaneous position
of the freely falling source, just like the electric field lines
of a freely falling charge. It will be further shown that for
such a freely falling source there is no change in the total
electric flux or in the total photon number flux through
a horizontal, infinite plane either above or below.

II. THE EQUIVALENCE OF COMOVING
FRAME OF A UNIFORMLY ACCELERATED

CHARGE TO A FRAME STATIONARY IN
STATIC GRAVITATIONAL FIELD

A. A comoving accelerated frame for a uniformly
accelerated charge

In order to examine the electrostatic field of a charge
held stationary in a static gravitational field, we begin
with the case of a charge undergoing a uniform proper
acceleration, say a0, along the z-axis. Such a charge pro-
gressively passes through a series of inertial frames as its
successive instantaneous rest frames. The charge essen-
tially is stationary in a comoving accelerated frame, say
A, with a series of inertial frames, successively, coincid-
ing with A.

Let I, I ′, I ′′, · · ·, be an infinite number of inertial
frames, moving with relative velocities along the z-axis,
the direction of acceleration, and one of them coincid-
ing with the comoving accelerated frame, A, and thereby
becoming the instantaneous rest frame of the uniformly
accelerated charge. The spatial axes of various relatively
moving inertial frames, I, I ′, I ′′, · · ·, chosen to be paral-
lel, coincide along with the origins z = 0, z′ = 0, z′′ =
0, · · ·, at times t = 0, t′ = 0, t′′ = 0, · · ·, and the standard
Lorentz transformations relate the events in these refer-
ence frames.4,5,10,11 Observers in the comoving acceler-
ated frame will always find one of the infinite number of
inertial frames, I, I ′, I ′′, · · ·, to be instantaneously spa-
tially coincident with their frame A. Let I be one such
instantaneous rest frame, which at time t = 0 in I coin-
cides with frame A, also implying that the charge moving
with a uniform acceleration will instantly come to rest in
the inertial frame I at t = 0. Another frame I ′ will be
instantaneously spatially coincident with A and thus be
the instantaneous rest frame of the charge at t′ = 0 and
so on.10

It should be noted that events which are simultane-
ous in I are not simultaneous in I ′ and vice versa. In

order for the successive inertial reference frames to be
coincident with the comoving accelerated frame A of
the charge, the value of acceleration would have to vary
slightly along the z-axis. If a0 is the magnitude of the
acceleration in the comoving accelerated frame A at a ref-
erence point z0 = c2/a0, say, the location of the charge
in A, then the value of the acceleration at another point
z in A should be5,10–13

a =
c2

z
= a0

z0
z
. (1)

This spatial variation of acceleration (Eq.(1)), known as
Born rigidity condition, first derived by Max Born,14 en-
sures a simultaneous transition of all points (z > 0) in
the comoving accelerated frame from one instantaneous
rest frame, say, I, to the next instantaneous rest frame,
say, I ′, preserving the distances of separation between
all points during the transition.5,10,11,13

By the equivalence principle, observers stationary
in frame A, comoving with the uniformly accelerated
charge, can think of themselves “supported” in a static
gravitational field, with the acceleration due to gravity,
g = −a, the minus sign indicating that the acceleration
due to gravity is along the negative z-axis. Then from
Eq.(1), the acceleration due to gravity g at a point z > 0
is related to the value g0 at z0, as

g = g0
z0
z
. (2)

In the equivalent gravitational field of A, the line element
can be written as12,13

ds2 = −
(g0z
c2

)2

dt2 + dz2 + dρ2

= −
(
z

z0

)2

dt2 + dz2 + dρ2 . (3)

A standard clock stationary at z, during a coordinate
time interval dt, measures an interval of proper time
(“local” time) dτ = g0zdt/c

2,2,10 whereas the coordinate
time, by the convention adopted by us here, is the time
measured on a standard clock at our chosen reference
point, z0 = c2/g0.13

In order to understand how it works, let an inertial
frame I be instantaneously spatially coincident with the
comoving accelerated frame A. Consider two points z1
and z2, fixed in A, a distance l apart along the z-axis,
i.e., z2 − z1 = l, with z1 lying deeper in the gravitational
field. Then the ratio of the passage of the proper times
at z1 and z2 in A is (z1/z2), with the proper time passing
slower at z1.

Let I ′ be another inertial frame moving relative to I
with a small velocity ∆v along z-direction. Then ob-
servers in frame I will see instantaneously stationary
points z1 and z2 gaining velocity with different accelera-
tions, a1 = c2/z1 and a2 = c2/z2, so as to come to rest in
frame I ′ after two different intervals of time, τ1 = ∆v/a1
and τ2 = ∆v/c2, with ∆τ = τ2 − τ1 = ∆v(z2 − z1)/c

2,
as seen in I. However, z2 and z1, a distance l apart in
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frame I, will be seen by observers in frame I ′ to come
to rest simultaneously with respect to their frame I ′, as
from the Lorentz transformation

∆τ ′ = γ(∆τ − l∆v/c2) = 0 . (4)

This will be true for all pairs of points in A, implying
all spatial points in A would coincide with I ′ simultane-
ously. Thus observers in the comoving accelerated frame
A will see that in a coordinate time interval ∆t = ∆v/a0,
or in corresponding proper time intervals ∆t = ∆v/a
(Eq. (1)), the instantaneously spatially coincident iner-
tial rest frame I will get replaced by another inertial
rest frame I ′, moving relative to I with a small veloc-
ity ∆v along z-direction. Such would keep happening
with successive instantaneous inertial rest frame in turn
coinciding with A.

B. Some peculiarities of the comoving accelerated
frame and its relations with the set of inertial
frames including the instantaneous rest frame

Though for inertial frames I, I ′, I ′′, · · ·, there is no size
restriction and these inertial frames extend from −∞ to
+∞ along the z direction, however, the spatial extent of
the comoving accelerated frame A is restricted to z > 0.5
The z = 0 plane in the equivalent gravitational field is
called an ‘event horizon’, or simply horizon, as no signals
from the z < 0 regions can ever cross the z = 0 plane
to reach an observer stationary in the gravitational field,
therefore such an observer cannot see beyond the horizon
z = 0. In fact as z → 0, from Eq.(2), g(z) → ∞ and the
ratio of the proper time interval to the coordinate time
interval, becomes zero. Any signal, therefore, from the
z = 0 plane to reach an observer stationary at a finite z,
say at z0 in the gravitational field, would require an infi-
nite time on the stationary observer’s clocks. Moreover,
in the comoving accelerated frame A, the signals emitted
in past, even at t → −∞ which will be from z → ∞,
could at most be approaching the horizon (z → 0+), but
it would never actually reach the horizon, z = 0.

From the clock and length hypotheses,5 all momentar-
ily space-time measurements by the accelerated observers
will exactly match with those made in the instantaneous
inertial rest frame. The instantaneous proper time in-
terval measurements by the observers in the comoving
accelerated frame A, will match those of clocks being
carried by the observers in the instantaneously coinci-
dent inertial rest frame, say I. Also, while the length
measured in A of a meter rod lying in the instantaneous
rest frame I, will be the same as in I, similar meter rods
being carried in another inertial frames, say I ′, having a
Lorentz factor γ of motion relative to the instantaneous
rest frame I, will appear shorter in frame A by a factor
γ due to Lorentz contraction. Thus a point in I ′ that
earlier coincided with the charge position, z0, in A, when
I ′ was the coincident frame for A, would now be at z0/γ
in A. In fact, as seen in A, the spatial dimensions of I ′

will continuously shrink, with the Lorentz factor γ of the
inertial frame I ′ increasing with respect to the changing
instantaneous coincident frame of the comoving acceler-
ated frame A.

Thus, while any two given inertial frames will always be
having a constant relative velocity, and hence the same
Lorentz factor corresponding to their mutual velocity,
the inertial frame coincident with the comoving accel-
erated frame A will be continuously changing. There-
fore the velocity and Lorentz factor of various inertial
frames relative to that inertial frame will also be contin-
uously changing. Thus, observers in the comoving accel-
erated frame A will find the Lorentz contraction factor
of various inertial frames I, I ′, I ′′, · · ·, to be continuously
changing. Therefore, as seen by observers in A, the z-
dimension of a frame, say I, will first be linearly expand-
ing as its Lorentz factor γ relative to instantaneous rest
frame of A would be becoming lesser till I itself becomes
the instantaneous rest frame of A and thereafter the z-
dimension of frame I will shrink as its Lorentz factor γ
relative to the next instantaneous rest frame of A would
be becoming higher. In this scheme of things, the origins
z = z′ = z′′ = 0 etc. of various inertial frames coincide
with the origin point (z = 0) of A, in fact remain ever
anchored to it as seen in A, since no temporal changes
occur in A at the origin point, where the rate of passage
of proper time is infinitely slow, and observers in A can
observe events only in z > 0 regions, belonging to any of
these inertial frames.

C. Electromagnetic fields in the comoving
accelerated frame versus in the equivalent

gravitational field

From the strong principle of equivalence, the match-
ing of measurements by the accelerated observers and
those made by the observers in the equivalent gravita-
tional field extend to those of the electromagnetic fields
as well.2 Thus we can calculate the electrostatic field of
a charge held stationary in a static gravitational field,
from the fields of a charge undergoing a uniform proper
acceleration. In section III B we show how the system-
atic changes in the slopes of electric field lines of such a
charge, as seen in A, allow us to compute the bending of
field lines due to gravity.15 The bending of photon trajec-
tories is computed in section IV A, and the effect of grav-
ity on the bending of electric field lines and the photon
trajectories is shown in section V to be identical. The
“downward” bending of electric field lines and photon
trajectories, for supported sources in the gravitational
field, makes the total electric flux as well as the photon
number flux passing through a horizontal plane “above”
the source to be systematic less than the flux through an
equivalent plane “below”. In sections VI A and VI B, this
difference in the flux crossing the two planes is shown to
be identical for electric field lines vis-è-vis photon tra-
jectories, and in section VII we discuss the behaviour

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 23 February 2022                   doi:10.20944/preprints202202.0293.v1

https://doi.org/10.20944/preprints202202.0293.v1


4

of electric field lines and the photon trajectories in the
vicinity of the event horizon.

From an examination in A of the electromagnetic fields
of a charge stationary in an inertial frame, we find no
bending in the fields of a charge freely falling in the grav-
itational field (section III C). The electric field lines of
such a charge in frame A are radial everywhere, albeit
concentrated towards the plane perpendicular to the di-
rection of motion. The latter is consistent with all z-
dimensions of frame I Lorentz contracted with respect to
the instantaneous rest frame of A. Similar, of course, is
the behaviour of photon trajectories from a source freely
falling in the gravitational field (section IV B).

One can understand the behaviour of field lines, di-
rectly, from the perspective of observers stationary in
the gravitational field. From the principle of equivalence,
all things, including the matter as well as the associated
fields, fall in a gravitational field. Therefore, as a charged
particle undergoes a free fall, so does the bundle of elec-
tric field lines along side it, for field points at all distances
in the horizontal plane containing the charge.13 Seen this
way, it can be easily understood, why no electromagnetic
radiation, whatsoever, from a freely falling charge in a
uniform gravitational field would take place, contrary to
the expectation in the standard formulation of radiation
from a charge accelerated ordinarily with respect to an
inertial frame.16–19

On the other hand a charge having a constant proper
acceleration too emits no radiation, because it turns out
(section III A) that the magnetic field is zero everywhere
in its instantaneous rest frame. Moreover, by the strong
principle of equivalence it is equivalent to a charge per-
manently stationary in a gravitational field,5,20 which is a
time-static situation. This condition of no temporal vari-
ations would otherwise be violated, both in the charge as
well as in the electromagnetic fields around it, if in this
case there were radiation taking place from the charge.
However, at far-off distances from the time-retarded posi-
tions of a uniformly accelerated charge, when the charge
is moving with a finite velocity, one does find a fi-
nite Poynting flux, which has been taken as evidence of
radiation.6,7,21,22 However, it has been later shown ex-
plicitly that when the leading spherical front of the rela-
tivistically beamed Poynting flux, advances forward at a
large time to a far-off distance, the uniformly accelerated
charge too is not lagging far behind. In fact, these rela-
tivistically beamed fields, increasingly resemble fields of a
charge moving in an inertial frame with a uniform veloc-
ity, with a convective flow of fields in that frame along
with the movement of the charge.23 There is no other
Poynting flow in the far-zones that could be termed as
radiation emitted by a uniformly accelerated charge and
this, in turn, is fully consistent with not only the ab-
sence of radiation reaction on such a charge but is also
fully conversant with the strong principle of equivalence.

III. ELECTRIC FIELD OF A CHARGE IN A
STATIC GRAVITATIONAL FIELD

A. A charge ‘supported’ in a ’uniform’
gravitational field

Let a charge e, undergoing a uniform acceleration a0
along the z-axis comes to rest momentarily at z0 = c2/a0
at time t = 0 in the inertial frame I. The electric field,
expressed in cylindrical coordinates (ρ, ϕ, z), at a point in
the (ρ, z) plane (ϕ = 0) in the instantaneous rest frame
of the charge is given by6–9

Eρ =
8ez20ρz

ξ3

Ez =
4ez20(z

2 − z20 − ρ2)

ξ3
, (5)

where ξ = [(z20 − z2 − ρ2)2 + 4z20ρ
2]1/2. The remaining

field components, including the magnetic field, are every-
where zero. From causality condition, the field (Eq. (5))
exists only in the region z > 0.6 Since there is no mag-
netic field, the Poynting flux is nil everywhere, accord-
ingly there is no radiation from a uniformly accelerated
charge, as first pointed out by Pauli.24

The expression for electromagnetic fields (Eq. (5)), can
be written in polar coordinates (R,ψ, ϕ), centered on the
charge position at z0,15,23,25 as

z = z0 +R cosψ, ρ = R sinψ , (6)

where ψ is the angle with respect the direction of accel-
eration, assumed to be along the z-axis, and we assume
ϕ = 0. Substituting in Eq. (5), and after some algebraic
simplifications, we get

ER =
e(1 + η cosψ)

R2(1 + 2η cosψ + η2)3/2

Eψ =
eη sinψ

R2(1 + 2η cosψ + η2)3/2
, (7)

with η = a0R/2c
2 = R/2z0. All the remaining field

components are zero. In the absence of acceleration (a0 =
0), η = 0 and from Eq. (7), the field reduces to radial
Coulomb field of a charge, ER = e/R2, with all other
field components zero.

Equation (7) (or alternatively Eq. (5)), gives the elec-
tric field in the instantaneous rest frame I of the uni-
formly accelerated charge, which By clock and length
hypotheses,5 is also the electric field in the comoving ac-
celerated frame A. Then from the strong principle of
equivalence, Eq. (7) (or alternatively Eq. (5)) gives the
electrostatic field of a charge “supported” at z0 in a static
gravitational field, with the acceleration due to gravity
g0 = a0 at z0, while at a general point z the acceleration
due to gravity is given by Eq. (2). Of course, everywhere
the direction of the gravity is along the negative z-axis,
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FIG. 1. Electric field lines emanating from the charge e, sta-
tionary in the gravity field at ρ = 0, z = z0, bend due to the
gravitational field in the shape of circles, centered at ρ = ρ0
on the z = 0 plane with radii (ρ20 + z20)

1/2. A typical electric
field line starting along θ0 from the charge at z0 is along θ
at a field point (ρ, z) (or P (R,ψ) in polar coordinates with
origin on the charge position at z0).

B. Bending of the electrostatic field lines of a
charge stationary in a gravitational field

The electrostatic field lines of a charge, permanently
stationary in the gravitational field, start in radial direc-
tions from the charge position, progressively bend ’down-
ward’ due to gravity when seen at increasing radial dis-
tances from the charge.

From Eq. (7), for small R, when η ≪ 1, we have

ER =
e

R2
(1− 2η cosψ) , Eψ =

eη sinψ

R2
. (8)

Thus a stationary charge, which has only a radial electric
field in an inertial frame, when held in a gravitational
field, possesses to a first order, a finite non-radial electric
field

Eψ
ER

∼ η sinψ =
R sinψ

2z0
=
g0R sinψ

2c2
, (9)

even in the vicinity of the charge, which shows the bend-
ing of the electrostatic field lines due to the gravitational
field.

In order to explore more exactly the electrostatic field
configuration of a charge in a gravitational field, we re-
call that the electric field vector at any spatial location
represents a tangent to the electric field line through that

FIG. 2. Gravitational bending of the electric field lines of a
charge e, held stationary at say, ρ = 0, z = z0, in the grav-
itational field. A typical electric field line, starting radially
from the charge, is a circle of radius

√
ρ20 + z20 , centered at

ρ = ρ0, z = 0, thereby passing through the charge position.

point. Then, from Eq. (7), we can write the differential
equation for a field line through a field point (R,ψ) as

1

R

dR

dψ
=
ER

Eψ
=

2z0 +R cosψ

R sinψ
, (10)

Equation (10) has a solution

z0 cotψ + (R/2) cscψ = ρ0 , (11)

where ρ0 = z0 cot θ0 is a constant of integration, which
specifies for the electric field line passing through the field
point (R,ψ), its initial radial direction, emanating from
the charge position at z0, since for R→ 0, from Eq. (11),
ψ → θ0.

Equation (11) can be rewritten as

R = 2(z0 csc θ0) sin(ψ − θ0) , (12)

which is the polar equation of a circle of radius z0 csc θ0,
that passes through the pole at z0, with the radius from
the center of the circle to the pole z0 making an angle
π/2− θ0 with the z-axis (Fig. 1).

By writing the radius z0 csc θ0 =
√
ρ20 + z20 , we can

rewrite the Eq. (11) for the field line in the following, a
more readily recognized, form

(R sinψ − ρ0)
2 + (z0 +R cosψ)2 = ρ20 + z20 , (13)

or using Eq. (6)

(ρ− ρ0)
2 + z2 = ρ20 + z20 , (14)

which is a circle with center at (ρ = ρ0, z = 0) and of a
radius (ρ20 + z20)

1/2, and thus passing through the charge
at (ρ = 0, z = z0). Geometrical relations between various
quantities in Eqs. (12), (13) or (14) can be visualized from
Fig. 1.
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FIG. 3. A schematic representations of the electric field lines
of (a) charges stationary with respect to the local observers,
supported at different depths in a ‘uniform’ gravitational field
(b) a freely falling charge at different instants, as it gathers
speed with respect to the observers stationary in the gravita-
tional field. The dashed lines represent the field line starting
from the charge in the horizontal plane, i.e. in a plane normal
to the z-direction.

We can plot the field lines by choosing a point ρ0, ar-
bitrarily on the z = 0 plane as a center and draw a circle
which passes through the charge. Different field lines,
starting along different initial radial directions (θ0) from
the charge position at z0, are obtained by varying the
position of ρ0 on the z = 0 plane.

Figure 2 shows a plot of the field lines. It appears that
the field lines start radially away from the charge posi-
tion but are continuously ‘bent’ by the gravitational field,
becoming vertical as one approaches the z = 0 plane.
This perhaps is the simplest example of the bending of
the electrostatic field lines of a charge by a gravitational
field. The bending of electric field lines leads to some cu-
rious outcome, unexpected otherwise, like the presence of
a finite electric field inside a uniformly charged spherical
shell stationary in a gravitational field (see Appendix A).

C. A charge freely falling in a ’uniform’
gravitational field

A schematic of the electrostatic field lines of a charges
stationary with respect to the local observers, supported
at different depths in a ‘uniform’ gravitational field, is
presented in Fig. 3a, which shows that the bending of the
electrostatic field lines becomes more pronounced as the
static location of charge is chosen closer to the horizon
at z = 0.

On the other hand, for a charge freely falling along the
−z direction in the uniform gravitational field, there is
none whatsoever bending of the electric field lines. The
electric field configuration for a freely falling charge is
shown in Fig. 3b (also see, Ref. [13 and 26]) where due
to the free fall of the charge as well as of its associ-
ated fields, the electric field lines are always along ra-
dial straight lines from the instantaneous position of the
charge, though they increasing bunch perpendicular to
the direction of motion as the charge gathers speed dur-
ing its free fall due to gravity.

A charge freely falling in a uniform gravitational field
is actually stationary in a co-falling inertial frame, say I,
where it has a Coulomb field and as the charge freely falls
in the gravitational field, so does its inertial rest frame I,
along with the bundle of Coulomb field lines around the
charge. Thus the electric field lines remain radial from
the instantaneous position of the charge freely falling in
a uniform gravitational field. However, as the charge,
due to the acceleration of gravity along the −z direction,
gathers speed along with I, another inertial frame, say
I ′, becomes the instantaneous coincident frame with A,
the electric field lines at that instant in A, will appear
to be the same as seen in I ′, concentrated towards the
plane perpendicular to the direction of motion,16–18 as
if radial lines, emanating from the “present” position of
the charge, were contracted in the direction of motion by
the instantaneous Lorentz factor of the velocity arising
from its free fall. Effectively, to the observer stationary
in the gravitational field, there is a Lorentz contraction
of distances between horizontal planes of I (section II B).
Therefore, as seen by the observer stationary in the grav-
itational field, there is a bunching of the field lines toward
the horizontal plane passing through the instantaneous
position of the freely falling charge.

Since the system has a cylindrical symmetry, it is con-
venient to employ cylindrical coordinates (ρ, ϕ, z) in the
case of a freely falling charge to describe the electromag-
netic field components, which in the (ρ, z) plane are given
by13

Eρ =
eγρ

[γ2(∆z)2 + ρ2]3/2

Ez =
eγ∆z

[γ2(∆z)2 + ρ2]3/2

Bϕ =
−eγρv/c

[γ2(∆z)2 + ρ2]3/2
, (15)

with all other field components being zero. Here ∆z
represents the distance of the field point along the z-
axis with respect to the “present” position, ze, of the
freely falling charge, v is the magnitude of the“present”
velocity of the charge during its free fall and and γ =
1/
√

1− (V/c)2 is the corresponding Lorentz factor.
We can rewrite the electromagnetic fields in Eq. (15)

as

E =
eR

γ2[(∆z)2 + {1− (v/c)2}ρ2]3/2
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=
eR̂

R2γ2[1− (v/c)2 sin2 ψ]3/2
, (16)

with the magnetic field, B = v × E/c, where (R,ψ, ϕ)
are polar coordinates of the field point with respect to
the charge position at ze. The instantaneous field for
the freely falling charge, given by Eq. (16), is exactly
the same as the field of a charge moving with a uniform
velocity v.16–19

The electric field configuration for a supported charge
(Fig. 3a, also see Ref. [15]) thus is quite different from
that of a freely falling charge (Fig. 3b). The electric field
lines of a charge, supported in a gravitational field, start
radially from the charge position, however, unlike for a
freely falling charge, continuously bend in the “down-
ward” direction, due to the effect of gravity (Fig. 3a).

On the other hand, the electric field lines of a freely
falling charge are exactly similar to those of a charge
moving with a uniform velocity v equal to the instan-
taneous velocity of free fall of the charge and its corre-
sponding Lorentz factor γ. The field lines are centered
on the “present” position of the free falling charge, and as
its γ becomes larger due to the increasing velocity of free
fall, the electric field component along the direction of
motion, becomes negligible relative to the perpendicular
component, with field lines increasingly getting oriented
perpendicular to the direction of motion. Moreover, the
field around the charge in regions along the direction of
motion, is appreciable only in a narrow zone that shrinks
as ∆z ∝ 1/γ, for large γ.9,17

A question could arise here. For a charge moving with
a uniform velocity there is no radiated power being emit-
ted. What about a freely falling charge, which is con-
stantly accelerated due to gravity with respect to an ob-
server stationary in the gravitational field? This is dis-
cussed in Appendix B, where it is shown that though
there exists a finite Poynting flux, nonetheless there is
no radiation going out from the charge in either case.

IV. TRAJECTORIES OF PHOTON STREAMS
ORIGINATING FROM A SOURCE IN THE

GRAVITATIONAL FIELD

A. For a source stationary in the gravitational field

A horizontal beam of photons from a source stationary
in an inertial frame, would appear to be bending ‘down-
ward’ as seen from a frame accelerated ‘upward’. From
this, using the equivalence principle, it has been inferred
that the horizontal trajectory of a photon gets bent due
to gravity.1,4,5 We want to determine the exact shapes
of the bent trajectories of a stream of photons, emitted
initially isotropically by a source S, supported in a grav-
itational field. For this we exploit the equivalence princi-
ple and compute the trajectories of photons emitted from
S, assumed to be stationary in the comoving accelerated
frame A, and accordingly accelerated uniformly with re-
spect to an inertial frame.

Consider a photon emitted along direction θ0, mea-
sured with respect to the z-axis, from the source S, as-
sumed to be stationary at position z0 = (c2/a) in the
comoving accelerating frame A. We designate that event
by E1. Let I ′ be an inertial frame, momentarily coin-
cident with the frame A, where at time t′ = 0 of the
inertial frame I ′ this photon is emitted along direction
θ′. Since I ′ at time t′ = 0 is the instantaneous rest frame,
coincident with the comoving accelerating frame A, then
the photon emitted along θ′ in I ′ would be along θ0 in
frame A with θ0 = θ′.

The photon will continue to move in a straight line
along θ′ in the inertial frame I ′. Let E2 be the event
where the photon, after a time duration ∆t′, lies at a
distance c∆t′ with

∆z′ = c∆t′ cos θ′

∆ρ′ = c∆t′ sin θ′ . (17)

The frame I ′ will no longer be coinciding with A at
event E2. Instead, let another inertial frame I be the
one that coincides with the comoving accelerating frame
A and thus will be the instantaneous rest frame of the
source S, when event E2 takes place, i.e. t2 = 0. Let
frame I be moving with a velocity v (and a correspond-
ing Lorentz factor γ) relative to I ′ along the z′-direction.
Then from a Lorentz transformation of the event E1, oc-
curring at t′1 = 0, z′1 = z0 in I ′, we get

t1 = −z0γv/c2

z1 = z0γ (18)

Thus according to observers in frame I, the emission of
the photon will take place at a location z1 = z0γ, at
time t1 = −z0γv/c2. Then, from (Eq. (18)), the distance
travelled by the photon between events E1 and E2, as seen
in frame I, is

r = c∆t = c(t2 − t1) = z0γv/c , (19)

Let θ be the angle along which the photon moves in a
straight line in inertial frame I. To determine the rela-
tion between θ and θ′, we employ a Lorentz transforma-
tion between inertial frames I and I ′ for the space-time
intervals between events E1 and E2, to get

∆t = γ(∆t′ − v∆z′/c2)

∆z = γ(∆z′ − v∆t′)

∆ρ = ∆ρ′ , (20)

Noting that θ0 = θ′, from Eqs. (17) and (20), we have

cos θ =
∆z

c∆t
=

cos θ0 − v/c

(1− v cos θ0/c)

sin θ =
∆ρ

c∆t
=

sin θ0
γ(1− v cos θ0/c)

, (21)

Equation (21) is actually the aberration formula27 where
photons emitted along θ0 in frame I ′ would appear to be
moving along θ in frame I, the latter having a velocity
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FIG. 4. A photon initially emitted along direction θ0 from
a source S, stationary in the ’uniform’ gravitational field at
z0, is later moving along θ at a point P (ρ, z), the photon tra-
jectory bent due to the gravity. By the equivalence principle
the source S is stationary in the comoving accelerated frame
A. At the time of emission of the photon, I′ is the instanta-
neous inertial rest frame of the source S. In another inertial
frame I, moving with a velocity v relative to I′, the photon
moving along θ (dashed line) seems to be emitted at a time
t = −z0γv/c2 from the source S at z = z0γ. The trajectory
of the photon (solid curve) turns out to be a circle of radius
(ρ20 + z20)

1/2, centered at ρ0 in the z = 0 plane (see text).

v (and a corresponding Lorentz factor γ) with respect to
frame I ′. Since in frame I ′, photons are assumed to be
emitted isotropically, half of the photons will be at angles
θ0 > π/2, implying that half of the total photons in frame
I will be moving within a cone of half-opening angle given
by sin θ = 1/γ with respect to the −z direction.

Since at events E2 the inertial frame I is coincident
with A, then from the clock and length hypotheses,5 all
momentarily space-time measurements made by the ac-
celerated observers in A will everywhere (z > 0) match
exactly with those made in the instantaneous rest frame
I. Thus in A too, at that instant, the photon would
appear to move along θ. This is shown schematically in
Fig. 4 where the dashed line indicates the path of the
photon in frame I emitted along θ by the source S when
it was at the location z1 = γz0. At point P (ρ, z) the
dashed line is tangent to the photon trajectory, shown as

a solid curve, starting along θ0 from the source S posi-
tion at z0 in A. Thus, as seen in the comoving accelerated
frame A, the photon emitted initially along θ0 at z0, is
later moving at P (ρ, z) along θ. Using the equivalence
principle, we want to determine the trajectory of the pho-
ton as it will appear to the stationary observers in the
gravitational field, where the acceleration due to gravity
is along the −z direction.

From Fig. 4, we have the relations

z = γz0 + r cos θ, ρ = r sin θ , (22)

where θ is the angle with respect to the +ve z-axis. For
z < γz0, θ > π/2, implying cos θ < 0.

Then using (Eq. (19)), we get

z

z0
= γ +

r cos θ

z0
= γ(1 + v cos θ/c) . (23)

It is interesting to note that a photon emitted at z0
in frame A in an ‘upward’ direction, i.e. moving initially
with 0 < θ0 < π/2 when frame I ′ coincides with frame A,
will steadily lose its upward momentum due to the grav-
ity and before its velocity vector points in the ‘downward’
direction, it will momentarily move in frame A along a
horizontal direction (θ = π/2) at a location z = γz0,
which, from Eq. (21), will be happening when an inertial
frame moving with v/c = cos θ0 or γ = 1/ sin θ0 with
respect to frame I ′, would be coincident with A.

From Eq. (3), a standard clock stationary at z, mea-
sures the proper time by a factor z/z0 slower, as com-
pared to another similar standard clock stationary at
z0. As a result, a photon travelling from z0 to z, will
have its frequency, measured by observers using local
clocks, shifted by z0/z = 1/[γ(1 + v cos θ/c)] (Eq. (23)).
Thus as a photon moves deeper in the gravitational field,
its frequency will increase while for a photon ’climb-
ing’ in the gravitational field its frequency would drop.
This is the well-known phenomenon of the gravitational
redshift.2–5,20

Now the inertial frame I ′ is the instantaneous rest
frame of S at the time of emission of the photon, while the
inertial frame I is moving with a velocity v relative to I ′.
Then δ = 1/[γ(1+ v cos θ/c)] is the kinematic relativistic
Doppler factor by which the frequency of a photon, as
measured in inertial frame I, will be higher than in the
instantaneous rest frame I ′,27 since in frame I the source
emits the photon along θ from position z = z0γ, while
moving with an instantaneous velocity v (Fig. 4). This is
a kinematic explanation of the gravitational redshift in
terms of the Doppler redshift, through the equivalence
principle.

In order to determine the photon trajectory, we first
find its slope, dρ/dz = tan θ, at a general point P (ρ.z).

From Eq. (22), we have

z20γ
2 + ρ2 = z2 + r2 − 2rz cos θ . (24)

Also, using (Eq. (19)), we can write

z20γ
2 − r2 = z20γ

2[1− (v/c)2] = z20 . (25)
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FIG. 5. A schematic representations of the photon streams
originating from a source (a) stationary with respect to the
local observers, supported at different depths in a ‘uniform’
gravitational field (b) freely falling at different instants, as
it gathers speed with respect to the observers stationary in
the gravitational field. The dashed lines represent the photon
streams that start from the source in the horizontal plane, i.e.
in a plane normal to the z-direction.

Substituting in Eqs. (24), we get

2rz cos θ = z2 − z20 − ρ2 . (26)

Then using ρ = r sin θ (Eq. (22)), we get

tan θ =
2ρz

z2 − z20 − ρ2
(27)

Thus we get the slope of the photon trajectory at point
P (ρ.z) (Fig. 4) as

dρ

dz
=

2ρz

z2 − z20 − ρ2
. (28)

It has a solution, (ρ − ρ0)
2 + z2 = ρ20 + z20 , as can be

verified easily by a substitution. The photon thus follows
a trajectory circular in shape with center at (ρ = ρ0, z =
0) and a radius (ρ20 + z20)

1/2, thus passing through the
source position at (ρ = 0, z = z0) (Fig. 4).

Figure 5a shows the trajectories of photon streams
originating from a source stationary with respect to the
local observers, supported at different depths in a ‘uni-
form’ gravitational field. It appears that the photon tra-
jectories starting radially from the source position get
continuously ‘bent’ by the gravitational field, becoming
vertical as one approaches the horizon, z = 0. In the co-
moving accelerated frame A, photons arriving at z → 0
at t = 0, would have been emitted in the corresponding
inertial frame at z → ∞ with γ → ∞, and will appear

to be moving perpendicular to the z = 0 plane. Actually
for any initial θ0, from Eq. (21), θ → π as γ → ∞; pho-
tons will thus be moving parallel to the z-axis along −z
direction as they approach the horizon, z = 0.

B. Photons being emitted from a source falling
freely in the gravitational field

Figure 5b shows the trajectories of photon streams
originating from a source freely falling at different in-
stants, as it gathers speed with respect to the observers
stationary in the gravitational field, where photons tra-
jectories, extending along radial straight lines from the
instantaneous position of the source, are bunched about
the horizontal plane, normal to the direction of motion,
passing through the instantaneous position of the source
that during its free fall picks up speed because of acceler-
ation due to gravity. Even though the trajectories of in-
dividual photon after being emitted from a freely falling
source, as seen by observers stationed in the comoving
accelerated frame or in the gravitational field, may ap-
pear to be bent with respect to the time-retarded position
of the emitting source, nevertheless, the same observers
will find the continuous stream of photons to be in radial
straight lines with respect to the instantaneous position
of the freely falling source.

A source freely falling in a uniform gravitational field
is actually stationary in a co-falling inertial frame, say
I, and the photons emitted say, isotropically, continue
to move in initial radial directions from the stationary
charge position in I. However, as the source due to
its free fall gathers speed along with I, to the observer
stationary in the gravitational field there is a Lorentz
contraction of distances between horizontal planes of I.
Therefore, as seen by the observer stationary in the grav-
itational field, there is a bunching of the photon trajec-
tories toward the horizontal plane passing through the
instantaneous position of the freely falling source. This
bunching of the photon trajectories gets so exaggerated
that photon streams lie within a narrow angle ∼ 1/γ
about the horizontal plane where γ is the instantaneous
Lorentz factor of motion of the freely falling source, as
seen in Fig. 5b.

Here a rather puzzling question could arise. It is
well-known that for a relativistically moving source, the
photons, due to aberration, appear to get concentrated
mostly in a narrow cone of opening angle ∼ 1/γ in
the forward direction, an effect known as relativistic
beaming.27 The forward direction of motion here is down-
ward, along −z. Then, does it not contradict the dis-
tribution of photon within a narrow angle ∼ 1/γ, but
bunched rather about the horizontal plane, the plane that
is normal to the direction of motion, as is seen in Fig. 5b?
This bunching of photons about the horizontal plane, in-
stead of beamed in the forward direction, is discussed in
detail in Appendix C.
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V. ELECTRIC FIELD LINES IN A
GRAVITATIONAL FIELD VERSUS THE

TRAJECTORIES OF PHOTONS EMITTED
FROM A SOURCE AT THE CHARGE POSITION

The electric field in the case of a uniformly accelerated
charge, in its instantaneous rest-frame, can be written in
terms of the retarded-time position of the charge as9

E =

[
en

γ2r2(1− n · v/c)2

]
tr

=
[
δ2
en

r2

]
tr
, (29)

where δ = [γ(1 − n · v/c)]−1 is the Doppler factor. It
can be seen that the electrostatic field lines in this case
seem to emanate from the charge like (virtual!) photons,
emitted radially outward from the charge position at the
retarded time. Not only does the field strength, like pho-
ton intensity, fall ∝ 1/r2 with respect to the source po-
sition at the retarded time r/c earlier, since the electric
field influence propagates with a speed c, even the field
strength is ∝ δ2, in the same way as the photon trajec-
tories, due to aberration of light, would be concentrated
in the forward direction of motion by a factor δ2, when
considered with respect to the time-retarded position of
the source.5,27

The electric field of a uniformly accelerated charge
(Eq. (29)), momentarily stationary in the inertial frame,
say I, can be expressed alternatively in terms of the
‘present’ (real-time) position of the above charge and is
given by Eq. (5).9 Then, with respect to the charge po-
sition in the comoving accelerated frame A, having I
its instantaneous coincident frame, or by the equivalence
principle, for a charge supported in a gravitational field,
it is possible to relate the continuously changing direction
θ of the electric field vector to its initial starting direction
θ0, which is radial from the instantaneous charge position
at z0 (Fig. 1).

Accordingly, from Eq. (5), the slope of an electric field
line in frame A, or equivalently in the gravitational field,
is

tan θ =
dρ

dz
=
Eρ
Ez

=
2ρz

z2 − z20 − ρ2
. (30)

A comparison with Eq. (28) shows the slope of the electric
field lines to be exactly the same as of photon trajectories
in the gravitational field. Whether it is an electric field
line or it is a photon, emanating from a corresponding
source stationary in a gravitational field, due to the grav-
itational bending, either of the two traces a curved path
(ρ− ρ0)

2 + z2 = ρ20 + z20 (Eq. (14)), which, starting from
the source position at (ρ = 0, z = z0), describes a circle
with center at (ρ = ρ0, z = 0) and a radius (ρ20 + z20)

1/2,
(Figs. 1 and 4).

Thus, a comparison of (Fig. 3a) and (Fig. 5a) shows
that the electric field lines of a charge, supported in a
gravitational field exactly follow the trajectories of pho-
tons emitted in all directions from a source at the charge
position. As the photon trajectories bend in the gravita-
tional field, so do the electric field lines.

On the other hand, the electric field configuration for a
freely falling charge, shown in Fig. 3b, are always in radi-
ally straight lines from the instantaneous position of the
charge, but bunched toward the horizontal plane normal
to the direction of free fall, and so do follow the trajec-
tories of photons streaming away from a source freely
falling in the gravitation field (Fig. 5b).

Thus the electric field lines of a charge, whether sup-
ported or freely falling in a gravitational field, follow
exactly the trajectories of photons emitted isotropically
from a source at the corresponding charge location.

VI. FLUX THROUGH HORIZONTAL PLANES
“BELOW” OR “ABOVE” THE SOURCE IN

GRAVITATIONAL FIELD

We shall examine here whether due to gravitational
bending of electrostatic field lines or of photon trajecto-
ries, there are any changes in the total electric flux as
well as the photon number flux passing through a hor-
izontal plane “below” or “above” the source, stationary
in the gravitational field. For that, we compute the flux
through a horizontal plane, say P1 at z = z1, that lies
below the source as well as for a plane, say P2 at z = z2,
above the source. For a comparison, we shall also calcu-
late the respective flux through similar horizontal planes
for a source freely falling in the gravitational field.

A. Electric flux crossing a horizontal plane “above”
or “below”

For a charge stationary in the gravitational field
(Fig. 6a), electric flux F1, through the plane P1 lying
at z1 below the charge at z0, using Eq. (5), is

F1 =

∫ ρ

0

Ez2πρ dρ

= 4e

∫ ρ

0

−z20(z20 − z21 + ρ2)

[(z20 − z21 − ρ2)2 + 4z20ρ
2]3/2

2πρ dρ . (31)

With the help of the expression

d

dρ

z20 − z2 − ρ2

[[(z20 − z2 − ρ2)2 + 4z20ρ
2]1/2

=
−2ρz20(z

2
0 − z2 + ρ2)

[[(z20 − z2 − ρ2)2 + 4z20ρ
2]3/2

, (32)

we get

F1 = 2πe
∣∣∣ z20 − z21 − ρ2

[[(z20 − z21 − ρ2)2 + 4z20ρ
2]1/2

∣∣∣ρ
0
. (33)

It can be easily verified that an electric flux 2πe along
−z direction passes through the plane P1 from ρ = 0 to
an upper limit ρ1 =

√
z20 − z21 , while an equal flux 2πe

along −z direction passes through the plane P1 from ρ1
to ρ→ ∞.
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FIG. 6. Electric flux computation for a charge, at z0 in the
gravity field. Shown are two planes, P1 and P2, normal to
the z-direction, below and above the charge at z1 < z0 and
z2 > z0 respectively, used for calculating the electric flux due
to the charge through each of them. Also shown is a plane
P0, that passes through the charge at z = z0. Field lines
start isotropically in radial directions from the charge. The
dashed lines represent the field lines starting from the charge
in the horizontal plane P0, i.e. in a direction normal to the z-
axis. (a) For a freely stationary in the gravitational field, the
electric field lines, though starting radially from the charge,
get bent downward into circular shapes due to gravity. The
dash-dotted lines represent the gravitational bent field lines
that touch the plane P2 tangentially at ρ2. (b) For a freely
falling charge in the gravitational field, electric field lines ex-
tend in radial directions from the instantaneous position of
the charge, albeit bunched around the horizontal plane P0,
passing through the charge.

Thus the total flux through an infinite plane at z1,
from ρ = 0 to ρ→ ∞, is

F1 = 2πe

[
−1− z20 − z21

z20 − z21

]
= −4πe , (34)

the negative sign indicating that the electric flux through
the plane P1 is in downward direction.

In the same way we can compute the electric flux F2

through the plane P2 at z = z2, that lies above the charge
in the gravitational field (Fig. 6a), to get

F2 = 4e

∫ ρ

0

z20(z
2
2 − z20 − ρ2)

[[(z22 − z20 − ρ2)2 + 4z22ρ
2]3/2

2πρ dρ . (35)

Here the outward normal to the plane P2 is along z direc-
tion with z2 > z0. From Eq. (35) it can be seen that for
ρ < ρ2, where ρ2 =

√
z22 − z20 , the electric field is along

+z direction, making a +ve contribution to the electric
flux through the plane P2, while for ρ > ρ2, the electric
field is along −z direction, making a -ve contribution to
the electric flux through the plane P2.

Again, using Eq. (32), we get

F2 = −2πe
∣∣∣ z22 − z20 + ρ2

[[(z22 − z20 − ρ2)2 + 4z22ρ
2]1/2

∣∣∣ρ
0
. (36)

Fig. 6a shows a pair of (dash-dotted) field lines, start-
ing radially from the charge at z0, but getting bent due

to gravity in circular shapes so as to touch the plane
P2 tangentially at ρ2. It is clear that these represent
in limit the last field lines that pass through P2 along
+z direction, intersecting the plane between ρ = 0 and
ρ = ρ2. An evaluation of electric flux passing through P2

between ρ = 0 and ρ2 =
√
z22 − z20 yields 2πe(1− ρ2/z2)

along +z direction. Also, an equal amount of flux along
−z direction passes through the plane P2, from ρ = ρ2 to
ρ→ ∞, making net flux nil. Thus the total flux through
an infinite plane at z2, from ρ = 0 to ρ→ ∞, is

F2 = −2πe

[
1− z22 − z20

z22 − z20

]
= 0 . (37)

If in Fig. 1 we choose ρ0 =
√
z22 − z20 on the z = 0

plane, then the straight line ρ0ρ2, joining ρ0 on the z = 0
plane and ρ2 on the plane P2, will be normal to the plane
P2 at point ρ2, and the circular field line with center at
ρ0 =

√
z22 − z20 = ρ2 on the z = 0 plane, and radius√

ρ20 + z20 = z2, will touch the plane P2 tangentially at
ρ2, as one of the dash-dotted lines shown in Fig. 6a. The
corresponding starting angle θ0 (Fig. 1) for this field line
would be given by cos θ0 = ρ0/

√
ρ20 + z20 = ρ2/z2. Thus

the electric flux passing through P2, along +z direction,
between ρ = 0 and ρ2 is 2πe(1−ρ2/z2) = 2πe(1−cos θ0).
This, of course, is the expected value of the electric flux
within a solid angle 2π(1−cos θ0), for the field lines start-
ing from the charge initially isotropically.

From Fig. 6a it is clear that due to gravitational bend-
ing, the upward pointing electric field lines spread out
in the horizontal plane, as a result the electric flux in
the upward direction is less than in the downward di-
rection. In other words, due to the charge at z0, the
net electric flux through a horizontal circular surface of
a given radius ρ, held at z2 > z0 is less than the flux
through a similar surface at z1 < z0, of course assum-
ing z2 − z0 = z0 − z1. It also seems that net electric
flux through the infinite plane P1 (P2) is independent of
its distance below (above) the charge, and that through
each horizontal, infinite plane there is an extra net flux of
an amount −2πe, than what would be without gravity.
The negative sign indicates that the extra flux is in the
downward direction, i.e. along the direction of gravity.
It would be interesting to check for the plane P0, con-
taining the charge at z = z0 (Fig. 6a), what might be the
electric flux, which otherwise, in the absence of gravity,
is supposed to be nil. Then putting z1 = z0 in Eq. (33),
or z2 = z0 in Eq. (36), we have

F0 = −2πe
∣∣∣ ρ

[ρ2 + 4z20 ]
1/2

∣∣∣ρ
0
, (38)

which for ρ→ ∞ yields

F0 = −2πe . (39)

The negative sign indicates that the electric flux through
the plane P0 is downwards, i.e. in the −z direction.

Thus we find that the total electric flux in a vertical
direction in a gravitational field differs from the value
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expected in the absence of the gravitational field, through
each infinite horizontal plane by −2πe.

For a comparison, we can also compute the electric
flux for a charge freely falling in the gravitational field.
For that, we can exploit Eq. (15) to get the electric flux
through P1 as (Fig. 6b)∫ ∞

0

Ez2πρ dρ = −2πe

∫ ∞

0

γ∆z

[γ2(∆z)2 + ρ2]3/2
ρdρ

= −2πe , (40)
where we have used

d

dρ

1

[γ2(∆z)2 + ρ2]1/2
=

−ρ
[γ2(∆z)2 + ρ2]3/2

. (41)

The computed flux, 2πe along −z direction, through P1,
is exactly as one would expect from Gauss law. A similar
calculation of the electric flux through the infinite plane
P2 at z = z2, above the charge, yields 2πe, which is along
+z direction, again a result consistent with Gauss law in
the absence of gravity.

The number of field lines crossing small hemispheres,
in the vicinity of the charge, where the field lines are
still in radial directions from the charge, seem to be still
2πe in outward direction, the value expected from Gauss
law, and if the field lines had continued in their orig-
inal directions, the flux through a plane like P2 would
be 2πe. However, these upward pointing field lines not
only spread out due to gravitational bending, sooner or
later they turn fully to point in the downward direction,
thereby cancelling the net upward flux through P2. But
what is surprising is that the fact that the electric flux is
zero through P2 or that the electric flux is 4πe through
P1, does not depend upon the strength of gravity at the
charge location, or even on the value of g in the respective
plane. Does it mean even on Earth’s gravity, g ≈ 9.8 m
sec−2, one should expect to find zero net electric flux
through a horizontal plane above a charge supported
against gravity in Earth’s gravitational field? Actually
that would indeed be the case if in the gravitational field
under investigation there existed a plane that extended
to infinity with the same gravitational field everywhere,
so that due to gravitational bending, all field lines go-
ing through the plane in an upward direction would ulti-
mately cross the plane in a downward direction as well,
making the net flux zero. Actual measurements of elec-
tric flux through a finite spherical cross-section around
Earth may not easily reveal departures from what calcu-
lated from Gauss law in the absence of gravity.

We may like to get an idea of the distance ρ in a hori-
zontal plane, say, at z = z0, beyond which there may be
an appreciable number of field lines crossing in the down-
ward direction due to the gravitational bending, giving
rise to a departure from what expected otherwise in the
absence of the gravitational field. For this, we note from
Eq. (38) that up to a finite ρ, electric flux through the
plane P0 is

F0 =
−2πeρ

[ρ2 + 4z20 ]
1/2

. (42)

For ρ ≪ z0 = c2/g, F0 ≈ −πeρg/c2. Thus for g ≈
9.8 m sec−2, the acceleration due to gravity on earth,
c2/g ≈ 1016m, about one light year. Then for ρ ∼ 2m,
the amount of electric flux that would pass through is
only about one part in 1016 or so of what would be the
case for an infinite plane, supported in a constant g. Only
for ρ ∼ z0, we get an appreciable value of F0 that departs
from what expected from Gauss law in the absence of
gravity.

An interesting consequence of the gravitational bend-
ing of electric field lines is for an infinite sheet with a
uniform surface charge density σ, held in a horizontal di-
rection in the gravitational field, say at z0. Due to the
effect of gravity, there will be no electric field in the re-
gions ‘above’ the sheet (at z > z0), as the net electric
flux contribution of each charge element of the infinite
sheet is zero, while ‘below’ the sheet (at z < z0) there
will be a uniform electric field of strength 4πσ in the
downward direction. Through the sheet (at z = z0), the
field will be 2πσ in the downward direction. This im-
plies a gravity-induced self-force 2πσ2 per unit area on
the charged sheet in a gravitational field. Surprisingly,
though it is in the downward direction, along the direc-
tion of gravity, but it is independent of the strength g
of gravity, seemingly due to its infinite extent being im-
mersed in a constant g. One can compare it with a small
spherical shell of uniform surface charge density σ, where
on each surface element of the shell, there is an outward
repulsive force, 2πσ2 per unit area,17,28 which due to the
spherical symmetry, becomes zero when integrated on
the whole shell. But there is a finite gravity-induced net
force 2Q2g0/3r0c

2 (Eq. (A5)) on the shell.
For a hypothetical parallel plate capacitor of infinite

plate dimensions with uniform surface charge density ±σ,
with plate separations along the z direction, the field in
the region between the capacitor plates will be still 4πσ
and no electric field above or below the capacitor plates,
as would be the case without gravity. Even the effect
of the gravity-induced self-force does not show up as an
extra force. The upper plate feels no electric field due to
the lower plate but has its own self-force 2πσ2 per unit
area in the downward direction, while the lower plate has
an upward force 4πσ2 per unit area due to the upper plate
which gets reduced by its own self-force 2πσ2 per unit
area in the downward direction thus leaving an upward
force 2πσ2 per unit area. The capacitor plates feel the
same force, 2πσ2 per unit area, as would be the case,
in the absence of gravity, due to the electrical attraction
between the plates.17,28

B. Photon trajectories crossing the horizontal
planes “above” or “below”

Similar conclusions can be drawn for the trajectories of
photons emitted from a source in the gravitational field.
For example, we can compute the number of photon tra-
jectories passing the Plane P2 in upward direction. Let
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n be the temporal rate of number of photons emitted per
unit solid angle by the source. From Eq. (26), the last
photon trajectory encountering the Plane P2 at z2 is for
ρ2 =

√
z22 − z20 , where θ = π/2, implying that the photon

trajectory becomes horizontal and is just touching the
Plane P2. If θ0 is the corresponding initial angle of emis-
sion for this photon trajectory, then the number of pho-
ton trajectories crossing P2, along +z direction, between
ρ = 0 and ρ2 is 2πn(1 − cos θ0), assuming an isotropic
initial distribution. Now from Eq. (21), cos θ = 0 implies
cos θ0 = v/c =

√
1− 1/γ2. Also for cos θ = 0 we have

from Eq. (22), z2 = γz0, or cos θ0 =
√
1− z20/z

2
2 = ρ2/z2,

which implies 2πn(1 − ρ2/z2) as the number of photon
trajectories crossing upward through P2. The same pho-
ton trajectories would bend downward due to gravity,
passing through the plane P2 in −z direction, between
ρ = ρ2 to ρ → ∞, making the net photon flux through
the plane P2 nil. Thus the proportional number of pho-
ton trajectories crossing through P2, whether upward or
downward, is the same as that for electric field lines.

Actually this happens because, as we have shown ear-
lier, photon trajectories are influenced by the gravita-
tional field exactly the same way as the electric field lines.
Thus for an infinite horizontal sheet (a plane, fully trans-
parent to photons) held above a source stationary in the
gravitational field, the net flux of photon numbers cross-
ing the sheet will be zero, while for a similar horizontal
sheet below the source, the net flux will comprise all pho-
tons emitted from the source as the gravitationally bent
trajectories of all these photons would be passing through
the sheet in the downward direction. Of course, for a
freely falling source in the gravitational field, the net pho-
ton number flux through a horizontal plane will be the
same as in the absence of gravity. Thus our conclusions
are as much applicable to electric field lines, whether for
a charge stationary (Fig. 3a) or freely falling (Fig. 3b),
as to the trajectories of photons from a source stationary
(Fig. 5a) or freely falling (Fig. 5b).

VII. IN THE VICINITY OF THE EVENT
HORIZON

Although the spatial extent of the accelerated frame
A is restricted to z > 0, however, the coincident inertial
frames do extend from −∞ to +∞ along the z direction
(see section II B). Since signals from a source of photons
(or an electric charge) located at z ≤ 0 in an inertial
frame I, could be seen to reach a location z > 0 at time
t = 0, when I coincides with A, a question could be
raised whether arrival of such signals would not be seen
by observers stationary in A. Actually, as seen by a uni-
formly accelerated observer, such signals must have been
emitted in the infinite past in the observer’s time.5,7 One
can understand from the point of view of the observer sta-
tionary in the gravitational field that a signal from z = 0
itself will need an infinite time to reach the observer. Ef-
fectively a signal, whether a photon or an electric field,

from a source at or beyond the horizon (z ≤ 0) will not
reach the observer in any finite amount of time.

In the instantaneous rest frame I of the uniformly ac-
celerated charge, as one approaches z → 0, the electro-
static field, from Eq. (5), turns perpendicular to the z = 0
plane, with a finite value

Ez

∣∣∣
z=0+

=
−4ez20

(z20 + ρ2)2
(43)

.
Since at t = 0, the situation under consideration, the

electromagnetic field is absent at z ≤ 0, it means a dis-
continuity in the electric field at z = 0 plane, implying
an incompatibility with Gauss law.

To restore the compatibility with Gauss law, it has
been said29 that there may be a finite surface charge den-
sity at the z = 0 plane.

σ =
1

4π
∇ ·E =

Ez
4π

∣∣∣∣
z=0

=
−ez20

π(z20 + ρ2)2
(44)

which when integrated over the z = 0 plane amounts to
a total charge −e.

But no such charge distribution at the z = 0 plane is
pre-assigned in the case of a uniformly accelerated charge.
Instead, consistency with Maxwell’s equations is restored
if one assumes that prior to the onset of acceleration at
say, t = −τ , the charge moved with a uniform velocity vi.
Then in the limit τ → ∞, vi → c with the corresponding
Lorentz factor γi → ∞, then one obtains at the z = 0
plane a δ-field8,9,30

Eρ =
2eρ

z20 + ρ2
δ(z) , (45)

Now, if one takes the delta field (Eq. (45)) at the z = 0
plane into account, then one gets another contribution to
∇ ·E

1

ρ

∂(ρEρ)

∂ρ

∣∣∣∣
z=0

=
4ez20

(z20 + ρ2)2
δ(z) (46)

which makes the ∇ · E = 0 at z = 0, thus restoring
the compatibility with Gauss law as well as removing
the necessity of assigning a surface charge density at the
z = 0 plane.

However, since by equivalence principle, a charge per-
manently stationary at z0 in the gravitational field is
equivalent to a charge uniformly accelerated for ever, it
may not be appropriate here to consider the field aris-
ing from a uniform motion of the charge before an onset
of the acceleration, in a limiting case at some infinite
past. Even otherwise, as we have demonstrated earlier,
the electric field lines in a gravitation field follow the
trajectories of photons emitted from the charge position,
there is no reason for the photon trajectories to suddenly
switch near the horizon from a freely falling vertical di-
rection into a horizontal direction. Actually as one ap-
proaches the horizon (z → 0), from Eq. (3), the passage
of proper time is slower by a factor z/z0, as compared
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to the proper time at the source location at z0, which
in our convention is also the coordinate time. Thus as
far as the observers in frame A are concerned, a photon
emitted from a source at a finite z, e.g. z0, would never
reach the z = 0 plane as it would require an infinite time
of the observer to reach there. Thus even the electric
field lines will remain confined to the z > 0 region only.

In fact as one approaches the horizon i.e. z → 0, from
Eq. (30), θ → π and, irrespective of the initial radial di-
rections (θ0) of the field lines from the charge, all electric
field lines point vertically downward (Fig. 3a), as also is
the case for the stream of photons (Eq. (27)), which too,
are moving parallel to the negative z direction, close to
the horizon at z = 0 (Fig. 5a).

However, if we shift the stationary position of the
charge closer to z = 0 plane, by choosing z0 smaller, and
consequently g0 = c2/z0 larger, then bending of electric
field lines is more severe, and the electric flux through P1

increases even for relatively smaller ρ values. At the same
time upward electric flux through P2 reduces rapidly as
field lines spread out horizontally for even small ρ val-
ues, when the charge location is moved near to the z = 0
plane. As z0 approaches the horizon, almost all of the
flux passes through a small patch of P1 around the z-
axis, towards the horizon and any electric field in regions
above the charge will be reducing considerably.

To get a quantitative idea, from Eq. (33), we find the
electric flux passing through a circle of radius ρ in the
plane P1 at z1, for z1 near the event horizon, i.e. for
z1 → 0, to be 4πeρ2/(z20 +ρ

2). From this we see that the
total electric flux, i.e. 2πe, that would have otherwise
passed through the whole plane P1 for a charge outside
the gravitational field, in the case of a charge stationary
at z0 in the gravitational field, passes through a circle of
radius ρ = z0 at or near the event horizon. Of course,
when z0 is chosen close to the horizon, i.e. z0 → 0,
then the electric flux also passes through a proportionally
smaller circle.

It was earlier shown that in the case of photons, for a
source moving with a velocity v in an inertial frame, half
of the emitted photons lie within a cone of half-opening
angle, given by sin θ = 1/γ, around the direction of mo-
tion of the source. That means from Eq. (19), half of the
photons lie within a circle of radius ρ, on a horizontal
plane at z, given by

ρ = r sin θ =
r

γ
=
z0v

c
. (47)

Now in the inertial frame instantaneously coincident with
A at t = 0, photons approaching the horizon (at z = 0),
were emitted by the source at z → ∞, moving along
−z direction with v → c, thus have trajectories lying
within a circle of radius ρ = z0 in the z = 0 plane, just
like the electric field lines from a charge stationary at
z0 in the gravitational field. This can be also seen from
Fig. 4 (or Fig. 1 for the electric flux), where half the
number of photons lies within θ0 > π/2, implying the
bounding circular photon trajectory θ0 = π/2, that starts

horizontally from the source at z0, with the center of the
circle at ρ0 = 0 and a radius z0, intersecting the z = 0
plane at ρ = z0. If location of the charge or photon
source is close to the event horizon, i.e. z0 → 0, then the
region through which most of the electric flux or photon
trajectories pass through in the z = 0 plane, gets reduced
to smaller and smaller values (Figs. 3a or 5a).

VIII. CONCLUSIONS

From the electromagnetic field of a uniformly acceler-
ated charge in the instantaneous rest frame, and exploit-
ing the strong principle of equivalence, it was shown how
the electrostatic field of a ’supported’ charge bends in a
gravitational field. The gravitational bending of elec-
tric field lines led to the inference of a finite electric
field inside a uniformly charged spherical shell station-
ary in a gravitational field. It was further shown that
the field lines from a freely falling charge in a gravita-
tional field are radial from the instantaneous position of
the freely falling charge, but are bunched toward the hor-
izontal plane, normal to the direction of free fall. It was
also demonstrated that in a gravitational field the elec-
tric field lines always follow the trajectories of photons
that may be emitted initially radially from a source at
the charge position. The electric field lines of a ’sup-
ported’ charge increasingly bend as one goes deeper in
the gravitational field, pointing vertically downward as
one approaches the horizon. It was shown that while
for a freely falling charge there is no change in the total
electric flux through a plane either above and below, on
the other hand for a charge stationary in a gravitational
field, due to the bending of electric field lines, the elec-
tric flux is less through a horizontal plane “above” the
charge than that in a plane “below” the charge, contrary
to what would be expected in the absence of the gravita-
tional field. As the bending of electric field lines becomes
much more severe, for a charge held nearer to the hori-
zon, much more electric flux passes through a narrower
region in the plane “below” and much lesser flux through
a similar region in the plane “above”. The fraction of
photon trajectories crossing a surface, stationary above
or below the source in the gravitational field, is shown to
be exactly similar to the fraction of electric field lines, be-
longing to a charge placed at the photon source location,
intersecting that surface.
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Appendix A: Finite electric field inside a uniformly
charged spherical shell held stationary in a

gravitational field

One interesting consequence of the gravitational bend-
ing of the electrostatic field lines is that an “upward”
force due to bending of electrostatic field lines could
make an electric dipole to float against gravity in a uni-
form gravitational field.31,32 Another consequence could
be the presence of a finite electric field inside a uniformly
charged spherical shell, when held in a gravitational field.

Ordinarily a sphere of radius r0 having a charge Q, dis-
tributed uniformly over its surface and permanently sta-
tionary in an inertial frame, has a simple radial Coulomb
electric field, whose value on the surface, outside the
spherical shell, is

Ec =
Q n

r20
, (A1)

while the field inside the shell is zero. Here n is the
outward radial unit vector at the surface of the sphere.

However the same uniformly charged spherical shell,
when undergoing a uniform acceleration a, assuming the
radius of the sphere to be small so that ro ≪ c2/a, has a
constant, finite electric field inside the spherical shell, as
well as on the shell, whose value to the lowest order in
ro, is25,26,33,34

Ea = − 2Qa

3roc2
. (A2)

It follows from the strong principle of equivalence that
a sphere with a uniform surface charge density, but sup-
ported in a gravitational field, g0 say, on the surface of
earth, has a constant, finite electric field inside it, as well
as on the surface of the shell

Eg =
2Qg0

3roc2
, (A3)

along the direction of g0 (= −a), the acceleration due
to gravity. Then just outside the surface of a uniformly
charged sphere the electric field is,

E =
Qn

r2o
+

2Qg0

3roc2
. (A4)

Except for the first (Coulomb field) term in Eq. (A4)
which is radial (along n), the electric field given by the
second term, resulting from a bending of electrostatic
field lines due to gravity, is continuous across the sur-
face and is constant, to this order, both in direction
and magnitude, at all points inside as well as on the
charged sphere, and is along g0. The spherical shell,
due to its uniform charge density σ = Q/4πr20, has an
outward repulsive force, 2πσ2 per unit area, on every
surface element,17,28 however due to the spherical sym-
metry, the consequential net self-force on the whole shell

FIG. 7. A schematic representations of the effect of gravity on
the electrostatic field. (a) A sphere, made of a non-conducting
material and having a uniform surface charge density, is sup-
ported in a uniform gravitational field g0. The gravity gives
rise to an electric field Eg, along g0, uniform both inside
the shell and on the spherical surface, that however, adds
to the electric field strength at point B (“under” the sphere)
and subtracts from the electric field at point A (“above” the
sphere). (b) A sphere made of a conducting material and hav-
ing initially a uniform surface charge density, when supported
in a uniform gravitational field, undergoes a redistribution of
the surface charge density, equivalent to a uniform polariza-
tion density P along g0 within the spherical volume, whose
electric field cancels Eg on the conducting surface as well as
inside the shell. The electric field due to the surface charge
density further adds to the electric field strength at point D
(“under” the sphere) and subtracts from the electric field at
point C (“above” the sphere).

becomes zero. On the other hand, due to the second term
in Eq. (A4), there is a finite gravity-induced self-force

Fg =
2Q2g0

3roc2
, (A5)

along g0, on the shell.

1. Spherical shell of a non-conducting material

Figure 7a is a schematic representations of the elec-
tric field of a sphere made of a non-conducting material,
having a uniform distribution of charge over the surface,
supported in a uniform gravitational field. Such gravity-
induced electrostatic field could in principle be a test of
the strong principle of equivalence, though a detection
of such a field inside a finite-sized sphere could be quite
difficult because of the weak nature of this field (∝ g0/c

2)
as compared to the effects of any non-uniformity in the
spherical distribution (whose effects perhaps could par-
tially be eliminated say, by a 180 degree rotation of the
sphere, without disturbing the charge distribution). For
one thing the sphere will necessarily have to be made of
a highly non-conducting material to avoid cancellation
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of the gravity dependent inside-electric fields by a re-
distribution of the conduction electrons. However, from
Eq. (A4), the electric field just “under” the sphere (at
pointB in Fig. 7a) will be stronger than that just “above”
(at point A in Fig. 7a) and also could in principle be an-
other variant of the test of the strong principle of equiva-
lence, though the practical difficulties could be immense,
in this case too.

2. Spherical shell of a conducting material

Figure 7b shows the electric field of a sphere made
of a conducting material, initially with a uniform distri-
bution of charge over the surface. When supported in
a uniform gravitational field, due to gravity, a constant
electric field, Eg, both inside as well as on the spheri-
cal shell would be generated. This in turn would give
rise to a redistribution of the surface charges of the con-
ducting sphere so as to cancel Eg on the conducting sur-
face as well as inside the shell. An excess charge density
σ = −3Eg cos θ/4π over the sphere, θ being the polar
angle with respect to the “up” direction along the z-axis,
gives rise to a uniform electric field −2Qg0/3roc

2, inside
as well as on the spherical conducting surface.17

This excess charge density is equivalent to a uni-
form electric polarization density P = 3Eg/4π along g0,
within the spherical volume, whose electric field not only
cancels Eg on the conducting surface as well as inside
the shell, it further gives rise to an external field whose
strength at the “top” (point C) as well as at the “bottom”
(point D) of the spherical surface (Fig. 7b) will be17

E =
8πP

3
=

4Qg0

3roc2
. (A6)

This will make the field strength “under” the sphere (at
point D in Fig. 7b) even stronger to Ec + 4πP , while
that “above” (at point C in Fig. 7b) will make it still
weaker to Ec−4πP . Even though a low value of g on the
surface of earth might appear to be a deterrent, but a
suitable variant of such an experiment, with a clever de-
sign, might make it a possible test of the strong principle
of equivalence. Some other aspects of the experimental
feasibilities of detecting the gravity-induced forces on a
charged spherical shell, supported in a gravitational field,
can be found in Ref. [35].

Appendix B: Poynting flow for a freely falling charge

From Eq. (16), the radial component of the Poynting
vector for a freely falling charge is zero everywhere

R̂ · S =
c

4π
R̂ · (E×B) = 0 , (B1)

which is consistent with no radiated power going out from
the freely falling charge.

FIG. 8. (a) A schematic representation of the Poynting vec-
tors around the instantaneous position ze of the freely falling
charge in a gravitation field of strength g. The Poynting vec-
tors on a sphere are tangential to the spherical surface with
the overall Poynting flow along the velocity v of the freely
falling charge, representing the convective flow of the self-
fields along with the moving charge. (b) As the charge falls
with a velocity v from its position O1 to O2, its self-fields also
move with it. If we consider two spherical volumes, Σ1 and
Σ2 around the two charge positions, the field energy in the
region of intersection B between the two spheres increases at
the cost of the field energy in the region A, where it decreases.
The Poynting vectors, seen in (a), represent the flow of the
self-field energy from region A to B with the charge movement
from O1 to O2.

There is, however, a finite Poynting flow along v, the
direction of motion of the charge due to its free fall.

Sz =
c

4π
EρBΦ = − v

4π
E2
ρ (B2)

The overall Poynting flow here is directly proportional
to the instantaneous velocity of the charge, along −ẑ di-
rection, and represents the convective flow of the self-
fields along with the freely falling charge (Fig. 8a). As
the charge falls with a velocity v from its position O1 to
O2, its self-fields also move with it (Fig. 8b). If we con-
sider two spherical volumes, Σ1 and Σ2 around the two
charge positions, the field energy in the region of inter-
section B between the two spheres increases at the cost
of the field energy in the region A, where it diminishes.
The Poynting flow seen in Fig. 8a is due to the flow of the
self-field energy from region A to B as the charge moves
from O1 to O2.

Thus, from an explicit computation of Poynting vec-
tors, we have seen that for a freely falling charge, no
electromagnetic power is being radiated away from the
charge. Instead, the net Poynting flow is in the direction
of movement of the charge, indicating a convective flow
of energy in the fields surrounding the moving charge,
essentially a ’downward’ transport of the self-fields along
with the freely falling charge.
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Appendix C: Beaming along a forward direction is
only when considered with respect to the

time-retarded positions of an emitting source

Let a source S of photons be freely falling in the equiv-
alent gravitational field of a comoving accelerated frame
A and that the source S has velocity v due to free fall at
some instant of coordinate time in A. The freely falling
source, by equivalence principle, can be considered to
be at rest in an inertial frame, say I ′, and let the S be
emitting photons isotropically in that frame. Let another
inertial frame, I, be instantaneously coincident with the
comoving accelerated frame A at that instant, for which
we consider the position of the source and its emitted
photons in frame A. Then the frame I ′, along with S, is
moving relative to I with a velocity v along −z direction.
For a relativistic velocity, v ∼ c or γ ≫ 1, photons in I ′

emitted along θ′ = 90◦, with θ′ measured with respect to
the z-axis, will appear in I to be emitted along θ ∼ 1/γ
about the direction of motion of S.27 Accordingly, the
photons emitted with θ′ > 90◦, i.e. one half of all pho-
tons emitted in I ′, will appear in frame I to be moving
in a narrow cone of half opening angle θ ∼ 1/γ around
the −z axis. Figure 9 shows a schematic representation
of this, where lines OL1 and OL2 demark the cone of half
opening angle θ ∼ 1/γ, within which one half of the total
emitted photons lie. The apex of the cone is the corre-
sponding time-retarded position O of the moving source.

During a time interval t, while the photons emitted
at O and moving along OL1 or OL2 cover a distance
r = ct, the source S moving with a relativistic velocity
v ≈ c(1− 1/2γ2), is not lagging far behind the spherical
wavefront at r = ct. Then the distance OP , moved by the
source, ct(1− 1/2γ2) ≈ ct(1− θ2/2) ≈ ct cos θ, indicates
that OPL1 or OPL2 are right angle triangles. Thus the
rim of the cone with respect to the instantaneous position
P of the source S, seems to be in a plane perpendicular
to OP , the direction of motion.

Actually, even for a non-relativistic motion, a photon
emitted along θ′ = 90◦ in I ′, will appear in I, to be emit-
ted along θ, given by the aberration formula (Eq. (21)),
cos θ = −v/c or sin θ = 1/γ. The source has thus moved
a distance, vt = ct cos θ, and the cone rim accordingly,
represented by points L1 or L2, and enclosing half of
the total number of photons, lies in the horizontal plane
passing through the ‘present’ position P of the source on
the z-axis (Fig. 9). With increasing t, as the wavefront
moves forward with r = ct, the source too moves a dis-
tance vt = ct cos θ, with the rim of the cone and point P
always in the same horizontal plane, as seen in Fig. 5b.
Thus in frame I, photons going along sin θ = 1/γ with
respect to the retarded-time position O of the source will
be moving in a horizontal plane (perpendicular to the
z-axis) passing through the instantaneous position P of
the source. It should be noted that here we are con-
sidering the situation in frame I, in which the source is
moving with a velocity v and the photon flux, emitted
from the time-retarded position O of the source, is dis-

FIG. 9. A schematic representation of the angular distri-
bution of the photon flux with respect to the time-retarded
position O of the source S, moving ’downward’ with a rel-
ativistic velocity v = 0.995c and the corresponding Lorentz
factor γ = 10. One half of the total number of photons lies
within a cone of half opening angle θ ∼ 1/γ, about the direc-
tion of motion of the source. During the time interval t, while
a photon from the retarded-time position O moving along θ,
arrives at L1 on the wavefront r = ct, the source S meanwhile
moves a distance vt = ct(1−1/2γ2) ≈ ct(1−θ′2/2) ≈ ct cos θ,
from O to P . Therefore OP = OL1 cos θ, implying OPL1 is
a right angle triangle. With respect to instantaneous position
P of the source S, the rim of the cone of the half opening
angle θ ∼ 1/γ thus lies in a horizontal plane, perpendicular
to the direction of motion.

tributed about the horizontal plane passing through P ,
the instantaneous ’present’ position of the source.

However, it still remains to be demonstrated that the
photons would be increasingly bunched around the hor-
izontal plane, as the velocity of the freely falling source
approaches c, the velocity of light (Fig. 5b). Consider
a photon emitted along a rod extending radially at a
fixed orientation, say along θ′ with respect to the z′-
axis, in I ′. Since the photon trajectory following the rod
orientation is a physical occurrence that cannot change
from one frame to another, the photon trajectory in frame
I too should be along the corresponding orientation of
the rod in that frame. However, the rod, being station-
ary in frame I ′, is in motion in frame I and the mov-
ing rod length along the direction of motion, i.e., its z-
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component, should undergo a Lorentz contraction by a
factor γ. Accordingly, the rod orientation in frame I, as
well as in A that has I as its instantaneously coincident
inertial frame, will be given by tan θ = γ tan θ′. There-
fore, with higher and higher γ for the increasing velocity
of the freely falling source S, the rod as well as the photon
trajectory in frame A will be increasingly tipped toward
the horizontal plane, which is at 90◦ to the z-axis.

More formally, Eq. (20) gives the Lorentz transforma-
tion from I ′ to I for the photon movement between two
events, say E1 and E2. But the difference now is that the
source S, instead of being stationary in the gravitational
field, is freely falling. However, it is stationary in the
co-falling inertial frame I ′ and with respect to I, which
is instantaneously coincident with A, moves a distance
OP = v∆t along −z direction, during the time interval
∆t. Then the photon, as seen in I with respect to the
‘present’ position P of the source S, is located at

∆z1 = ∆z + v∆t

= γ(∆z′ − v∆t′) + vγ(∆t′ − v∆z′/c2)

= ∆z′/γ , (C1)

which yields

tan θ = ∆ρ/∆z1 = γ∆ρ′/∆z′ = γ tan θ′ . (C2)

Thus a photon emitted along angle θ′ in frame I ′ will
appear to be moving along angle θ (given by Eq. (C2))
with respect to the ‘present’ position of the freely falling
source in I as well as in A.

To summarize, photons from a freely falling source,
emitted in the horizontal plane (perpendicular to the di-
rection of motion) in the rest frame I ′ of the source,
will be moving in the horizontal plane in I also. How-
ever, the emitted photons having an isotropic distribu-
tion about the source position in frame I ′, when con-
sidered in frame I with respect to the time-retarded po-
sition of the emitting source, will be beamed within a
narrow angle ∼ 1/γ around the forward direction of mo-
tion of the source, nonetheless would be bunched in a
narrow angle ∼ 1/γ about the horizontal plane through
the present position of the source. Then carrying over
these results to the comoving accelerated frame A, hav-
ing I as its instantaneously coincident inertial frame, and
further extending them to observers in the gravitational
field, using the equivalence principle, photons trajecto-
ries from a freely falling source in a gravitational field,
radial from the instantaneous position of the freely falling
source, are bunched toward the horizontal plane, normal
to the direction of free fall, as seen in Fig. 5b.
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