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1 Abstract: Mathematical models across the applied sciences often utilize a standard methodological
2 representation called a state variable formulation more commonly referred to as state space form.
3 Recent research in unmanned underwater vehicle motor turbine blade thermal modeling for
4 fatigue-life is generalized here permitting the proposed novel state space from to be applied to
s electrodynamics, motion mechanics, and many other disciplines. Proposed here is a very compact
¢ form inherently representing time variance, with a convenient presentation of dynamic variables
7 applicable to all proper transfer functions, where all the distinct, real poles, zeros and gain of the
s transfer function appear as explicit components in the state space. The resulting manifestation
o simplifies utilization of the state space methods broadly across the applied sciences.

10 Keywords: transfer function; state-space; realization; conversion

u Finite systems of deterministic ordinary nonlinear differential equations may be de-
12 signed to represent forced dissipative hydrodynamic flow. Solutions of these equations
13 can be identified with trajectories in phase space.

14 — Edward Lorenz, Abstract from his landmark paper [1]

15 1. Problem Statement

16 Unmanned underwater vehicle turbine powered charging system and methods
1z were recently presented in [2], while reference [3] introduced a state-space realization
1 used to model temperature modes of turbine discs in order to correlate fatigue-life
10 degradation. Figure 1 from that prequel is included as figure 1 in this manuscript. The
20 full mathematical solution to the general case was found subsequently, and is presented
a1 here in full for the first time in a very compact form to represent dynamic systems
=2 that neatly separates past from future, [4]. Such representation is very often obtained
s through linearization of nonlinear differential equations around a logical initial operating
2« point, [5], and is ubiquitously applicable to power systems [5], robotic manipulators [6]
= and balance control [7], spacecraft [8], small signals [9], process tomography of fluid
26 flows [10], and are foundation to general problems of stability and control [11] so as to
2z become key to the so-called control diagram method. Thus, the method proposed here
2s  has generic applicability beyond unmanned underwater vehicle turbine blades. This
20 research introduces a method to produce state space forms with blatant display of all
30 distinct real poles, zeros, and gain applicable to all proper transfer function ratios of
1 system outputs to inputs.
Consider the single-input-single-output transfer function in pole-zero form;

M
H(S - z)
G(s) = H———kU(s) 1)
H(S —pi)
s
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It is useful to be able to construct a state-space realization such that the numerical
values of the poles, zeros and gain appear explicitly in the matrices of;

x(t) = Ax(t) + Bu(t)
y(t) = Cx(t) + Du(t)

32 A general form of the realization is sought for all proper transfer functions, where
ss  the number of poles N is equal to or great than then number of zeros M.

@

Figure 1. Thermal modes of a turbine disc. Each mode was associated with an element from C in
order build a complete temperature simulation.

34 With this introduction to the problem to be solved, the manuscript proceeds first
s with a brief introduction to the scope of the solution (categorized into four functions
s of interest) and necessary introduction to terminology and nomenclature of the effort.
sz Next, each special case in the scope of the solution is discussed sequentially, developing
s the proposed methodology along the way. Lastly, comparisons are made with canonical
s forms ubiquitously in use. Examples conversions are included in an appendix.

s 2. Overview of Solution

@ We see that each surface is really a pair of surfaces, so that, where they appear to merge,
a2 there are really four surfaces. Continuing this process for another circuit, we see that
a3 there are really eight surfaces etc and we finally conclude that there is an infinite
aa complex of surfaces, each extremely close to one or the other of two merging surfaces.
a5 — Edward Lorenz
a6 An intermediate thought about some surface in state space, while evolving his
a7 prototype model of chaos. [12]

as  2.1. The 4 Main Categories

a9 The Pole-Zero-Difference form is named for the off-diagonal terms in the A matrix.
so Realizations in this form have been found for all proper transfer functions and will be
s presented here. However, the algebra becomes incredibly expansive to prove in the
s2 general case. As such, this paper will explore the solution across a number of cases in
ss  order to build the methodology of the proof. The Appendix provides a list of simple
s« cases for quick reference. Broadly, there are 4 categories of functions of interest, where;

ss 1. there are no zeros, M = 0.

2. the number of zeros is anything up to M < N — 1.
sz 3. the number of zeros is exactly M = N — 1.

4. the number of poles and zeros are equal, M = N.

56

58

59 The full solution for the last two categories is shown in summary against other
e canonical forms in Section 4. There is significant overlap between these categories for
e B, C,D matrices, with most of the differences confined to the A matrix.
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o2 2.2. The construction of B, C,D

The matrix B is constructed the same for all categories; as a column vector of length
N such that;
B=[k 0 0 ... 0] 3)

In the singular case where N = 1;
B=k 4)

es Similarly, matrix C is a row vector of length N. For categories 1 and 2;
cC=[0 ... 0 0 1] ®)
for category 3, where M = N — 1;
cC=[1 ..11 1] (6)

and for category 4, where M = N, matrix C is more complicated;

C=[xNi(pi—z) ... TNNa(pi—z) pn—2zN] @)

es This case is covered more fully below.
o5 Finally, matrix D = 0 for categories 1, 2 and 3, and D = k for category 4. The
e example cases below will revisit each of these categories.

oz 2.3. The construction of A
The matrix A is always lower triangular, and constructed by placing the poles (p;
to pn) on the main diagonal of a square matrix. For the first category, the case of no
zeros, 1’s are placed on the subdiagonal;

(p1 0 0 O 07
1 p2 0 0
0 1 p3 O
A=10 0 1 ps ®)
0
L0 0 1 pnl
Where the full state-space would be;
1 0 0 O 0 Kk
1 po 0 O 0
0 1 ps O 0
A Bl_ 1o 0 1 py 0
< n)- - <9>
.0 0
0 0 1 py O
1 0 0O 0 1 o0l
This would represent the transfer function;
1
G(s) = Ni.kll(s) (10)
[16—p)
j=1

es This particular form is already well known, and represents the complete set of functions
e from category 1. It is trivial to prove so not considered further.

For category 2, where the number of poles and zeros is strictly N > M > 0, we first

consider simply M = 1, where the single zero is defined as z;. This is placed in A on the
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second row under the first pole, as the pole-zero difference (p» — z1). Additionally, on
the row below this (the third row, i.e. row number M + 2) place 1’s up until the main

diagonal;
p1 0o 0 O 017
pz — 21 p2 0 0
1 1 pP3 0
A=1] o 0 1 p4 (11)
: ’ 0
L 0 0 1 pnl

For a second zero, z;, the pattern continues, but now there are two columns with
the pole-zero difference (p3 — z2). Again, the row M + 2 will have 1’s up until the main

diagonal;
! 0
p2—21 p2
P3 —2Z2 pP3—22
A= 1 1
L 0

So, for each subsequent zero up to zj,, the rows are constructed as;

p1

p2—21 p2

where the M + 1th row;

Api1 = [pPM+1 — zm

0 0 07
0 0
ps 0O
- 0
0 1 pnd
-]
13
PM+2 (13)
1 pmys
0 1 PN
pMi1—2z2m Pms1 0 ... 0]

This pattern continues for all category 2 cases up to M = N — 2, where the final
realization is mostly the same but with no 0’s left beneath the diagonal;

P1

p2—2z1
p3 — 22

PN-1—2ZM
1

p2
pP3 — 23

p3

PN-1 —2ZM PN-1

1

(14)

1 pNd
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For category 3 where M = N — 1, there is no room for the row of 1’s, so we construct
the A matrix;

P1
P2 —2z1 P2
A= |P3—22 P3—22 P3 (15)
pN—ZM pN—ZM pN

70 And thus the row of 1’s is shifted to C, as shown above. Now, C is effectively row M + 2
= which is an important row to consider when constructing the proof. To construct A for
7 category 4, we follow the same pattern as for category 3 (Equation 15). The difference is
7 then how we must construct C.

7a  2.4. The special case of M = N

75 For the case where there are an equal number of poles and zeros, the matrix D must
7s be nonzero, and in this realization will always be equal to k, as shown above. The size of
7z A will always depend on the number of poles; N x N, which is why it is the same as for
= category 3 (Equation 15).

79 In order to construct matrix C, each element of the row will now be a summation of
s pole-zero differences. Be aware these are slightly different to the pole-zero differences in
a2 A. By way of example, consider the case of N = M = 1;

A B o P1 k
€ o= &

82 For each ith additional pole and zero, C expands by 1 column, and p;—z; is added
ss  to each element. For instance, for N = M = 2;

P1 0 k

A B
[C D] = P2 — 21 P2 0 (17)
p1—z1+p2—20 pp—2 k

es oOr in general, for a function of N poles and zeros;

C=[xN(pi—z) ... LNyNa(pi—z) pn—2zn] (18)

85 The result of this construction is a series of cancellations when trying to convert the
es state-space back into a SISO transfer function.

sz 3. Solving the Laplacian

88 Give me the positions and velocities of all the particles in the universe, and I will

89 predict the future.

% — Marquis Pierre Simon de Laplace, [13]

01 The problem with finding the general solution to these realizations is that the edge

2 cases don’t always fit neatly into the regular algebraic patterns. It is easier to work
o3 through a number of examples in order to familiarize oneself with the manipulations.
os These following examples will cover cases from Category 2, then 3 and 4. The Appendix
os includes a number of simple solutions for quick reference.
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Consider solving the family of differential equations that come from the state-space
constructed using Equation 13, such that M >> 0,and N >> M.

X1 = p1x1 +ku
¥ = (p2 — z1)x1 + p2x2
¥3 = (p3 — z2)[x1 + 22| + p3x3

pe1 = (Pms1 — zm)[x1 + . Fxm) + Prs1Xm4

. (19)
ipi2 =[x+ ] + pM2Xv
EM+3 = XM+2 T PM+3¥M+3
XN = XN-1 1 PNXN
Yy=2xn
If we take the Laplace transform of each equation, we get;
X1s =p1 X7 +kU
Xps = (p2 — 21>X1 + p2Xo
X3s = (p3 — z2)[ X1 + Xo] + p3X3
Xmi1s = (pm+1 —z2m)[Xa + ... 4 Xu] + pmi1Xmia 20)
Xmi2s = [X1 + ...+ Xypa] + pms2Xmq2
Xm+38 = Xnm2 + Pm+3Xm+3
Xns = Xn-1+ pnXN
Y = Xy
Each equation can then be rearranged to give a specific row by row solution;
X; = ! ku
(s = p1)
x, = (P2 =2)[Xi]
(s = p2)
X, = (P2~ 2)[X1 +X)]
(s —ps3)
X - (pM+1—ZM)[X1+...+XM]
M+1 —
(s = Pmt1) (21)
XM+2 _ [Xl + oo ‘I‘ XM+]]
(s — pm+2)
Xm+2
Xty = 2
T (s pumrs)
N IN-1
(s = pn)

Y = Xy
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We contend that by solving the N + 1 equations we will eventually lead back to
the regular pole-zero form shown in Equation 1. However, to prove this, we should
consider a few simple cases before exploring the full argument, because the patterns are
not straightforward. The following proof will proceed through 6 cases;

e 3.1Casel-2poles, 1 zero

e 3.2 Case2-5poles, 1 zero

* 3.3 Case3-5 poles, 3 zeros

* 3.4 Case4-N poles, M zeros, where M < N — 1
e 3.5 Case5-N poles, M zeros, where M = N — 1
* 3.6 Case 6 - N poles, M zeros, where M = N

3.1. Case 1 - 2 poles, 1 zero

Firstly, let N = 2and M = 1. Because M = N — 1, C = [1 1]. In this case, the family
of 3 equations will be simply;

1
X1 = ku
T p)
X, = (p2 —z1)[X4] (22)
(s = p2)
Y=X+X;
Firstly, substituting X; into Xp;
Xo— —P222) gy (23)

(s = p2)(s — p1)

Then Y can be solved easily by substitution;

(P2 —21) 1
Y = kU + ku (24)
(s =p2)(s = p1) (s =p1)
Cross multiply for a common denominator;
y= o) g, o)y (25)

(s = p2)(s—p1) (s = p2)(s—p1)

Simplify the numerator;

_(pp—z1)+(s—p2)
L P e, R
- (5—21)

= GGy

(26)
(27)

This solution matches the form given in equation 1, and thus works as a proof of
that case. What we would like to show is that the poles in the numerator will disappear
no matter how many equations. We can show that this cancellation will always occur in
the equation for Xr;, (except in the case where M = N — 1, which is shown in Section
3.5, and the case M = N, shown in Section 3.6).
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a2 3.2. Case 2 - 5 poles, 1 zero
Consider a second simple case, where N =5 M =1,thusC=[00001];
X = —ku
(s = p1)
X = (p2 —z1)[X4]
(s = p2)
X; = [X1 + Xo]
(s —ps3) (28)
Xy = _X
(s —pa)
X5 = _ Xy
(s = ps)
Y=X5

There are still N + 1 equations. However, this time note that the last equation to
introduce a new zero term is equation M + 1, and the summation of previous substitu-
tions is in equation for Xy, (i.e. the equation for X3). The square brackets of this term
will be the same as the final solution in Equation 27 (Section 3.1), and therefore;

B 1 (s — 1)
R ey e Ty
X
I 29)
__X
X5 (s —ps)
Y = Xs

It is trivial to do the substitutions for each line and show that the final solution is

— (S—Zl)
Y = (s_pS)(s—p4)(s_p3)(s_p2)(s_pl)ku (30)

Which can be written as;

Y = 5(5_721) kU (31)
[T (s — pi)
113 Once again the solution is in the target form of equation 1. It can also be observed

ue that increasing the number of poles, and thus the number of equations, through N will
us  not make the final substitution any more complicated. Thus, we need to ensure that the
¢ first M + 2 equations can produce the correct numerator for the final solution.

-
=
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ur 3.3. Case 3 - 5 poles, 3 zeros

Consider the third example case in order to note the pattern of the development of
the numerator of Xy.5. Consider N =5, M =3,thusC=[00001];

1
BT
_(p2—=z1)
2=
_ (p3—20)
X3 = G—pa) (X1 + Xo] 32)
Xy = M[xl + X5 + X3
(s —p4)
X5 = $[Xl + X5 + X3 + X4
(s —ps)
Y = Xs

Taking what we know from previous examples, X, simplifies to;

__ (p—=m)
X = e (33)

We know [X; + X»] from Equation 27, thus X3;

_ (p3—22)

(s —2z1)
(s—p3) [(s )G - pl)ku] (34)

__(pmm)s—z) 4y, 35
G—p2)(s— PG — Pa) )
Consider Xy;

~ (pa—z3) 1
% =00 < ey

(p2 —21)

(s—p2)(s— Pl)ku+ (36)
(p3 —2z2)(5 — 1)

e G

Create the common denominator of the square brackets;

~ (ps—z3) (s —p3)(s — p2)
M= [(S o | A L
(s —p3)(p2 —z1)
(s —p3)(s—p2)(s—p1) KU+ 67
(p3 —22)(s — 21)
e o]

Factorize;

(pa — 23)
X, =P %) g - — o)+
I G- ) g [(S p)s =) (38)

(s = p3)(p2 —21) + (p3 — 22)(s —21)|
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Simplifying the square brackets is trivial, but we are interested in establishing a
pattern to solve the general case. Consider that there are three terms within the square
brackets. Notice that only the first two contain combinations of p,. We can eliminate
that first. Start by expanding only the brackets that contain py;

[(s=pa)s— (s = pa)pa+ (s = pa)p2 — (s — pa)za+

(39)
(p3 —22)(s — 21)]
All of the p, terms cancel, and the remaining (s — p3) terms can factorize;
(5= pa)(s —21) + (pa—22) (s — 1)) (40)

Repeating the process by expanded the brackets containing p3, cancelling, and
refactorising, the square brackets reduce to;

{(S —22)(s — Zl)] (41)
And therefore; ( \( \( )
Pa —23)(S —22)(S — 21
Xy = ku 42)
! T, G- py)

In this case, we are most interested in the equation for X5, which is the X4
equation. If we write in out in full, finding the common denominator of the square
brackets as we did above, we get;

(43)

From this step, we can simplify the square brackets by expanding, cancelling, and
refactorising as we did in Equations 39 and 40. This would give us the final solution in

the form;
3 .
y = a5 =20) (522 1y (44)
Il (s = pi)
110 More importantly,we can observe that finally a pattern is emerging for finding a

120 general equation for X 0.
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121 3.4. Case 4 - N poles, M zeros, where M < N — 1
Using equation 43 as a base, we can generalise the equation for X4 to;
Kku M+1
Xnez =—grms— % | [ (= pi)+
252 (s - py) | e
M+1
(p2—z1) [T (s —pi)+
i=3
M+1
(p3 —z2) H (s =pi)-(s —z1)+
i=4 (45)
M+1 2
(pa—z3) [[(s—pi) T](s—z)+...+
i=5 i=1

M-2

(Pm —zm-1)(8 — Pm+1)- H s —z;)
i=1

M-1

(pPm+1 —2zMm) H §—2z }

i=1

We can simplify the square brackets using the techniques used in Equations 39 and
40 above. As an example, consider just the first two terms;

M+1 M+1

[ TTG=p)+(p2—2) [[(s=p)+...] (46)

i=2 i=3

And rearrange the first term to show (s — py) explicitly;

M+1 M+1
[s=p2) TTGs—p)+ 2=z [T Gs—p)+-.| 47)
i=3 i=3
Expand the brackets containing p»;
M+1 M+1
[5) TTs=pi) = (p2) [T (s = p)+
=3 =3 (48)
M+1 M+1
(p2) [TG=pi) = (1) [TG—p)+..]
i=3 i=3
All the terms with p;, cancel, and the rest of the terms can be factorized;
M+1
{H(s—pi).(s—zl)—l—...} (49)
i=3

If we factor out the term (s — p3), and consider one more term from within the
continuation, we get;

(50)
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This is similar to what we see in Equation 47, and thus we can repeat the steps
leading up all the way to the final two;

M-1 M-

[(5 —pmsr) [T (s —2z) + (pmra —zm) [T (5 —z } (51)

i=1 i=1

H

Which expands and reduces to
M
[1(s—2) (52)

i=1

Finally, consider the full equation for X »;

Hj'\il (s —z)
Xz = == kg (53)
1252 — py)
Further terms, such that;
HM 1(s —2)
Xntyz = —p=be 2 gy
H]MJFZ (s—p ])
Xm+2
X = ——"
M (5= pmrs)
(54)
XN-1
XN= ——+
(s —pN)
Y = XN
or, in the case that M = N — 2, then;
Y = Xmp2 = Xy (55)
Either way, the solution is trivially;
M _ .
Y = M kU(S) (56)
H] 1 (S - pl)

122 3.5. Case 5 - N poles, M zeros, where M = N — 1

For category 3 functions, the procedure is slightly different from the above but
follows much the same logic. Consider that we solve all but the final 2 equations in the
Laplace system of equations;

_ (v —zn1)
Xy = =) (X1 +Xo+...+ XN_1] 57

Y =[X; +Xo+ ...+ Xy]
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Following the patterns we explored previously; the solution to this set of equations

is;
ku N
— = [[I6—p)+
H]Nzl(S—Pj) {g Z
N
(Pz—Zl)H(S—Pi>
i=3
N
(p3—z) [[(s —pi).(s — =)+
i=4
N ) (58)
(pa—z3) | [(s=pi) Hs—zl +...+
i=5 i=1

N-3

(PN-1—2N-2)(s — pN)- H (s —z)+
i=1

Z
N

(pN —2zN-1) (S—Zi)}

i

I
—

There is one less term in the denominator then previously expected, because there
is no denominator for Y. The square brackets simply reduce down to;

Ku N-1

. — —z 59
g " L1 30) >
Which is equivalent to
[T (s — z)
7“1 60
H “1(s—pi) ©) 0

123 3.6. Case 6 - N poles, M zeros, where M = N

The final case, adds a level of complexity to the algebraic operations, but the result
is very similar. Again, consider all but the final 2 equations in the Laplace system of
equations as above, but before we have inserted the correct formulation of C and D;

_ (pn—2zn—1)
XN = (S— pN) [Xl +X2+...—|—XN,1] 61)

= [C1X1 +CXp+...+ CNXN] + DU

124 The formula for Y is similar to Case 5, but with a single additional term D =k. Start
15 by rearranging the D to the front, and substituting in all the components of C (also note,
126 for clarity, more elements are shown and the C terms are in angle brackets “()”);

N

= kU + X1< i(p Zi)> + X2< ;(Pz‘ - Zz‘)>+
X3< i(p > + X4< Z(Pz > +...t (62)

XN—1< i_gil(i?i - Zi)> + XN<PN - ZN)>

do0i:10.20944/preprints202202.0348.v1
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Now substitute in the solutions for all Xj, recognise there is a common factor kU,
and multiply through to create the common denominator; ¥ =

=2 Nz:l N

<pz—zl>11<s—pi><§<pl z) )+
N o

(pa =) T T = po-(s =21 Y.(ri- zi) )+ (63)
;] 2 - N

(s =) [16=p) 1j1<s—zl><§<pl—zl>>+ +
- B N-3 B N

(-1 =an-2)e=pw)- [T =2)( X (hi=z))+

N-2

(PN —2N-1 H 5=z <PN—ZN>}

i=1

127 The order of algebraic operations to eliminate all the p terms inside the square
126 brackets is similar to above, with one additional step after each operation. From the first
120 two terms we can expand all the p; to;

(T =p) = ()L —pi)+

= =
:12 L=

(p1) 72(5 —pi) — (z1) 72(5 - pi)+ (64)
N N
IT6e=p{ (=2

130 This reduces to

N
[ s—z1) | [(s—pi)+
i=2 (65)

N N
[ (Xfi=2) |
i=2 i=2
131 This represents the new first and second terms of the square brackets. Eliminating

p2 is done in two steps, as does the rest of the p terms. Consider the second and third
133 term of the square brackets, with (s — p,) brought to the front ;

1

w
N

N N

[ (s—p2) T I( S—Pi)< Z(Pi—zi)>+

i=3 =2

(p2 —21) ﬁS—PZ <% i—zl-)>...]

i=3 i=2

(66)
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We can expand the foremost brackets for p,, which then cancel, and these terms
simplify to;
N N
{ (s —2z1) s—pl<2 i—zi)>...} (67)
i=3

i i=2

And now we can compare this with the first term

=

[(S_Zl) (s — pi)+
= (68)
N N
(s—z) 16— p){ Lpi—z))... ]
i=3 i=2
Expand for the remaining p, terms, and z, terms in the angle brackets;
N N
(&) s =20 (s = p) = (p2)(s —20) [ T(s = pi)+
i=3 i=3
N N
(p2)(s =z0) [ I(s = pi) = (z2) (s = z) [ T(s = pi)+ (69)
i=3 i=3
N N
(s—z) 16— p){ Llpi—z))..]
i=3 i=3
All the p; can now be eliminated;
2 N
[T16 =116 -+
i=1 i=3 (70)
N N
(s—z) 16— p){ Llpi—z))... ]
i=3 i=3
134 This two step pattern of eliminating p terms can be repeated until all of them are

135 eliminated, resulting in the square brackets equal to;

N

I16-2)] 71)

i=1
And thus it is finally found that

N (g_ 5.
y = Hials =20 4y (72)
I12 (s —pj)
13 4. Comparison with other Canonical Forms
137 In most fields, a canonical form specifies a unique representation for every object, while
138 a normal form simply specifies its form, without the requirement of uniqueness.
130 — Georgi E. Shilov [14]

10 4.1. Category 3. SISO Transfer Functions with n poles and n — 1 zeros
Y(s)  bys" i 4bygs+by
U(s)  s"+as"1+...+a,_15+ay
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0 1 0 0 0

141 A= 0 0 1 0 B = 0
0 0 0 1 0

—a, —a,_1 —ap, —m 1

C=[by by by by D = [0]

0 0 0 —ay by
1 0 0 | bn,1
142 A= B =
0 1 0 - by
0 01 —aq by
cC=1[0 00 1] D = [0]

Y(s)  bys" 4. 4b, 15+ by
U(s)  (s—p1)(s—p2)(s—pn)
1 ) n
= + +
(s—p1)  (s—p2) (s —pn)
p1 O 0 0 o
0 p2 0 0 14
A=|: B=| :
0 0 pn—1 O Tn—1
0 O 0 Pn n
c=[1 1 1 1] D = [0]

Controllable Canonical Form:

Observable Canonical Form:

Diagonal Canonical Form: Factorize denominator, compute partial fractions;

Pole-Zero Difference Form: Factorize the numerator and denominator;

do0i:10.20944/preprints202202.0348.v1

Y(s) _ (s—z1)(s —22)-(s — Zp—1)
Us)  (s—p1)(s—p2)..(s = pn)
p1 0 0 0 k
144 AZl P2 0 0 0
A= | D Az p3 0 B=|:
: 0
An,n—l An,n—l An,n—l Pn 0
cC=[111 1] D = [0]

where Aij = Pi —Zj

4.2. Category 4. SISO Transfer Functions with n poles and n zeros

145

Y(s)  bos"+bys" M+ ...+ by_15+ by
U(s)  s"+as"1+...4a,_15+ay
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Controllable Canonical Form:
0 1 0 0 0
146 A= 0 0 1 0 B=|p
0 0 . 0 1 0
—a, —a,_1 ... —ap —d 1
C= [(bn — anbo) (bn—l — an_lbo) e (bz — leb()) (b1 — albo)] D= [bo]

Observable Canonical Form:

0O ... 00 —ay b, — anby
1 0 0 —ay by—1—an_1bo
147 A= .. E E B = :
0 1 0 -—a by — azbo
0 01 —m by — a1bg
C= [0 00 1 ] D= [bo]

Diagonal Canonical Form: Factorize denominator, compute partial fractions;

Y(s)  bos" + bys" 14+ b, 15+ by
Uf(s) (s = p1)(s = p2)--(s — pn)

41 &) n
— by + ¥+
T -p)  (5-p2) (s —pn)

P1 0o ... 0 0 1
0 p2 0 0 13
A= : . B= .
0 0 Pn—1 O Tn—1
0 0 ... 0 pa n
c=[11 .. 1 1] D = [by]

Pole-Zero Difference Form: Factorize the numerator and denominator;

Y(s) (s—z1)(s—2z2)(s—2zn) P
U(s) (s =p1)(s = pa)(s = pn)

pl 0 0 0 k

Ay 0 ... 0 0
A= | A Az P3 0 B=|:

: - 0

Apn1 BDun1 BDun-1 .- Pn 0

C=[(ZL i) (i) oo (Bucin-1+Dum) (Buwn)] D= [K]

where Aij = Pi —Zj

1s0 5. Discussion

151 Mathematicians seem to have no difficulty in creating new concepts faster than the old
152 ones become well understood.
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153 — Edward Lorenz
154 Acceptance Speech for the 1991 Kyoto Prize, “A scientist by choice’. On
155 kyotoprize.org website. [15]
156 We propose a method to construct a state-space realization such that the numerical

17 values of the poles, zeros and gain appear explicitly in the standard state space matrices,
1ss  and designate it Pole-Zero-Difference form, where the name stems from the off-diagonal
10 terms in the A matrix of the standard state space form. Realizations in this form have
1o been found for all proper transfer functions and will be presented here. We demonstrated
11 that by solving the N + 1 equations we will eventually lead back to the regular pole-zero
12 form. Poles, zeros and gain may now be easily extracted an applied broadly to systems
s across the applied sciences expressed in state space form.
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20 APPENDIX

220 Here the reader can find examples of the conversion for some simple cases, as a
2z quick reference tool.

222 1.  Transfer Function with 1 Pole, 0 Zeros

< o =[7 )

2.  Transfer Function with 1 Pole, 1 Zero

AB_ P1 k
CD_pl—Zlk

3.  Transfer Function with 2 Poles 0 Zeros

Y(s) _ 1 P
U(s)  (s—p1)(s—p2)
A B P1 0 k
col )

4. Transfer Function with 2 Poles 1 Zero
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< o)-

Transfer Function with 2 Poles 2 Zeros

P 0 &k
pp—z1 p2 O

1 1 0

Y(s) _ (S—Zl)(S—Zz)k

Us) (s—p1)(s—p2)

{A B}__ [ ) plz ; g]
C D - 2 T 41 2
Y2 (pi—z) pr—z2 Kk

Transfer Function with 3 Poles 0 Zeros

Y(s) 1 P
U(s)  (s—p1)(s—p2)(s—ps)
rn 0 0 k
A B] |1 pp 00
C D" |0 1 p3 O
0O 0 1 O
Transfer Function with 3 Poles 1 Zeros
Y(s) (-z)
U(s)  (s—p1)(s—p2)(s—p3)
P1 0 0 k
A B _|p2—z1 p2 0 0
CD 1 1 p3 0
0 0o 1 0
Transfer Function with 3 Poles 2 Zeros
Y(s) _  (s—z1)(s—2)
U@s) (s—p1)(s—p2)(s—ps)
P1 0 0 k
{A B]: P2 — 21 P2 0 0
Cc D p3—2z2 p3—2z2 ps O
1 1 1 0

Transfer Function with 3 Poles 3 Zeros

Y(s) (s—zl)(s—zz)(s—z_o,)k
U(s)  (s—p1)(s—p2)(s—ps)

p1 0 0
[A B] _ p2— 21 P2 0
C D p3— 22 ps — 22 p3

Y a(pi—z) Yio(pi—z) p3—zs

~ o o=
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