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Thermodynamics and the Goldman-Hodgkin-Katz
equation
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Abstract Current physiology attributes the mechanism of membrane potential
generation to transmembrane ion transport, but ion adsorption could just as well
play this fundamental role. The evidence shows that the ion adsorption mecha-
nism accurately reproduces the experimentally measured membrane potential. The
Goldman-Hodgkin-Katz equation (GHK eq.) and the Nernst equation (Nernst eq.)
are the typical mathematical formulas representing the membrane potential in cur-
rent physiology. However, the authors were able to show that the potential formulas
by ion adsorption mechanism give identical results to GHK eq. and Nernst. eq. Our
experimental and theoretical analyses suggest that there is a special relationship
between the membrane potential and the membrane surface charge density, and
this unique equation inevitably leads to the establishment of a GHK eq and/or
a Nernst eq. The authors found that the unique equation is the foundation of
thermodynamics “Boltzmann distribution”. Thus, the GHK eq. and the Nernst
eq. are simply the natural consequence of thermodynamics from the view of the
ion adsorption mechanism.
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1 Introduction

The Goldman-Hodgkin-Katz equation (GHK eq.) has played a central role in elec-
trophysiology to this day [1-5], and can quantitatively and accurately predict a
membrane potential [6-8]. The basis of the GHK equation is the assumption that
continuous transmembrane ion transport governs the characteristics of the mem-
brane potential.

In 2018, new interpretations of GHK eq. were provided by Tamagawa and
Ikeda [9,10]. They measured the potential generated through an impermeable
silver wire coated with AgCl between two electrolyte solutions. One solution was
composed of KCl & K Br, while the other was made up of KCl. Tamagawa and
Tkeda derived the formula for the potential of this system is given by Eq. 1 by
attributing the origin of the potential to ions adsorption. Thus, K; in the Eq. 1
represents the binding constant between an ion (CI™, Br~) and its adsorption
site on the surface of AgCI. Intriguingly enough, the GHK eq., Eq. 2 is identical
to Eq. 1 if the GHK eq. is applicable to this system. Namely, replacing P;, which
represents the permeability constant of separator (AgCl-coated silver wire in this
case) to the mobile ion i, by K; results in Eq. 1. Therefore, Eq. 1 is identical to
Eq. 2 although the assumptions necessary for the use of these two equations are
completely different from each other. Tamagawa and Ikeda emphasized that the
membrane potential must be governed by the ion adsorption as represented by Eq.
1 and questioned the traditionally accepted basis of the GHK eq, namely that the
membrane potential is governed by transmembrane ion transport.

ADS kT Kcz[Cl]R
=——1 1
¢ e ang[Cl]L-i-KBT[BT]L ( )
ek _ kT Pci[Clr
¢ - e In Py [Cl]L —I—PBT[B’F]L (2)

The authors of this paper have recently re-examined the membrane potential
from the point of view of the ion adsorption mechanism and found that there
appears to be an intimate correlation between the potential generated and the
charge density on the separator surface. It seems to lead inevitably to the GHK
eq. and/or the Nernst eq. (the Nernst eq. is the simpler version of the GHK eq.
[6-8]). Namely, the expression of the potential formula identical to GHK eq. and
Nernst eq. is the naturally derived consequence of the analysis of the membrane
potential based on the ion adsorption mechanism.

In this paper, the authors will present the reasons why the GHK eq. and the
Nernst eq. are the natural consequences of the membrane potential generation
mechanism.

2 Previous works
2.1 Potential across the AgCl-coated silver wire

Ton adsorption-based membrane potential generation mechanism was reported by
Tamagawa and Tkeda in 2018 [9,10]. The basis of this mechanism was formed by the
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late Chinese-American physiologist, Gilbert N. Ling. Although he is best known
for his development of the Ag/AgC! electrode, which has been widely used in elec-
trophysiology to this day, his most important achievement was the creation of his
own physiological concept called the Association-Induction Hypothesis (AIH) [11-
14]. However, the AIH is in conflict with the prevailing physiological concept and
has therefore ousted Ling from the scientific community despite his monumental
achievement, the creation and perfection of a practical Ag/AgCl electrode. Only
a handful of research groups have continued to work in this and related fields of
physiology, siding with the ATH. [13-20].

First, the work of Tamagawa and Ikeda in refs.[9,10] is briefly explained in a
simplified manner as below. They measured the potential across the AgCli-coated
silver wire between two electrolyte solutions, one consisting of KCl & K Br, the
other of KCl, as shown in the Fig. 1. The key to their work is that the AgCl-coated
silver wire they used was non-permeable. However, the experimental potential
data was found to be quantitatively reproducible by the GHK eq. (Eq. 2) using
hypothetical permeability coefficients P;.

KOl & KBr KT

Left phase Fight phas
A

AgClcoated silver wire

Fig. 1 A fundamental facet of the experimental set-up used in the Tamagawa and Tkeda’s
experiment in the ref. [9]. Caution: The illustration represents the essential part of the
installation but does not represent its details exactly or precisely.

Tamagawa and Tkeda studied the characteristics of the experimentally mea-
sured potential in terms of the ion adsorption mechanism. They hypothesized that
Cl™ and Br~ are adsorbed on the surfaces of AgCl-coated silver wire. The sur-
face charge density depends on the amount of adsorbed ions. Figure 2 represents
the expected potential profiles. The characteristics of the left phase potential are
governed by the experimental condition of the left phase only but have nothing
to do with the condition of the right phase. The same applies to the characteris-
tics of the right-hand phase potential. In other words, the potential profiles of the
two phases are determined independently each other. Tamagawa and Tkeda com-
puted the expected potential profile in the left phase by deriving the well-known
Poisson-Boltzmann equation (PB eq.) [21-23]. The expected right phase potential
profile was derived in the same way. Tamagawa and Ikeda successfully derived the
formula of the AgCl surface potential represented by ¢ and gb}%D 5 shown in
Fig. 2. By plugging those ¢2”° and qﬁﬂDS into Eq. 3, Eq. 1 was derived. The
exact process is described in the ref. [9]. As mentioned earlier, Eq. 1 is identical to


https://doi.org/10.20944/preprints202204.0038.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 6 April 2022 d0i:10.20944/preprints202204.0038.v1

4 Hirohisa Tamagawa* et al.

the GHK eq., Eq. 2. As a result, a doubt has arisen as to the validity of the GHK
eq. per se.

-

Fig. 2 Expected potential profiles represented by the dotted and dashed lines

¢"P% = (=¢12"%) — (—or"?) (3)

In the process of deriving Eq 1, Tamagawa and Ikeda developed Egs. 4 and 5 as

detailed in the ref. [9] (see the notation table Table 1). Both give the surface charge

density, o|z=0, of AgCl-coated silver wire surface. Eq. 4 is not a special equation

at all, but it is very common and can be found even in ordinary textbooks. The
Eq. 5 has been derived using ordinary physical chemistry [24].

Olz=0 = 2y/€€0Q oo kT sinh (Beo) (4)

(Kci1Qci + KprQpr)exp(26¢0)
14 (KeiQet + Kb Qpr)exp(2B0)

()

Olz=0 = 06 — €3]

Table 1 Notations

€ relative permittivity of water 80
€0 vacuum permittivity 8.85x 10712/ Fm~1
e elementary charge 1.60x 10~ /C
k Boltzmann constant 1.38x 10723/ m2kgs—2
T temperature 298 /K
Qi bulk phase concentration of ¢ i=Cl™, Br~
Qoo total bulk phase anion concentration Qoo = Qe + QpBr
K; binding constant between ¢ and s K; = [si]/[s][#]|z=0
olz=0 separator surface charge density
b0 AgCl surface potential
Oo AgCl-coated silver wire surface charge density without ion adsorption
s surface adsorption site for the mobile anions ¢ (¢ = Cl—, Br™)
[s]T total ion adsorption site density of the separator surface

B = e/2kT

Tamagawa and Tkeda found that inserting the experimental data of Qoo and
¢o into Eq. 4 resulted in the fact that somehow the surface charge density of the
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AgCl-coated silver wire, o|z=0, is kept almost constant as indicated by Eq. 6.
Therefore, Eq. 5 is held nearly constant, too, as represented by Eq. 7.

Ol|z=0 ~ const. (6)

(Kci1Qci + KrQBr)exp(28¢0)
1+ (KciQci + KprQpr)exp(26¢0)

const. ~ o, — €3]

(7)

Solving Eq. 7 with respect to ¢o gives Eq.8. Applying Eq. 8 to the left-hand
phase of the experimental system in Fig. 2 gives the Eq. 9. The same applies to
the right-hand phase.

b g In A
0 e  KciQci+ KprQpr

A = const. (8)

ADS kT A
= —¢o(L(eft) phase) ~ ———1n
¢L ¢0( ( ) p ) e KClQél +KBT‘Q%T

(9)

By incorporating Eq. 9 into Eq. 3, we obtain ¢*P% as given by Eq. 10 (identical
to Eq. 1). Therefore, the analysis based on ioni adsorption gives a potential formula
identical to the GHK eq.

ADS _ ,ADS ADS
@ =¢L = — QR

~ (_kgln A ) — <—k£1n A >
e KaQ& + KprQk, e  KaQE + Kp-QE,
_KT KaQd
€ KClQél + KBTQ%T

[Brr=0 (10)

Considering the procedure described so far, the key to obtaining Eq. 10 is the
experimental finding Eq. 6. In other words, Eq. 4 is constant. It can be simplified
to Eq. 11.

v/ Qoo sinh (Bego) ~ const. (11)

Before continuing the discussion on Eq. 11, the authors wish to move on to the
next step described in the next section and then return to Eq. 11 in the section 3.
Keys for the establishment of GHK eq. and Nernst eq.
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2.2 Potential across the lithium glass
2.2.1 Derivation of the potential formula

The authors carried out the other measurement of the potential across the lithium
glass between two electrolyte solutions using the same set-up illustrated in Fig 3.
The AgCl-ted silver wire was replaced by the lithium glass plate (LICGCTMPW-
01, OHARA INC., Kanagawa, Japan), and the left-hand solution was a LiCl
solution while the right-hand solution was a KCI solution. The potential mea-
surement was performed by varying the concentration of LiCl while maintaining
the concentration of KCI.

LiCl KCT
Left phase Right phas
F )
lithium glass

Fig. 3 The experimental setup for measuring the potential generated across the lithium glass
between the left LiCl solution and the right KCI solution

Figure 4 shows the experimentally measured potential profiles. This experi-
mental result indicates that the potential is sensitive to the amount of Li* but
indifferent to K CI since the 100-fold difference in [KC!] in the right phase caused
almost no change in potential. It means that LiCl potential is indifferent to KCI
quantity. The authors assumed that the potential profile could be approximated
by the dashed and dotted curves shown in Fig. 5. The potential measured by the
authors corresponds to VADPS ip Fig. 5. The important thing about this potential
profile is that the potential profile of the right phase represented by the dotted
line is flat. Thus, the potential of the right surface of the lithium glass va?® is
practically zero. Therefore, the experimentally measured potential VAP can be
considered as the potential of the left surface of the lithium glass viP%. It is
represented by Eq.12. Consequently, the surface potentials of the lithium glass in
contact with the LiCl solution of concentration Q- are abstracted in Table 2.

'UéDS — VADS (12)

The authors hypothesized that LiT is adsorbed on the left surface of the lithium
glass and then attempted to theoretically derive the formula for the left surface
potential of the lithium glass using essentially the same manner described in the
previous section. Eq. 13 was obtained. The derivation process is described in Ap-
pendix A.
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Fig. 4 Potential across the lithium glass against the left phase [LiT] O: when [KC] in

the right phase is 0.0001M X: when [KCI] in the right phase is 0.01M
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Fig. 5 Expected potential profiles represented by the dotted (Left phase potential profile)
and dashed (Right phase potential profile) lines

Table 2 Surface potential of lithium glass

Qoo]L1 / M ¢Of2 / \
0.00001 0.0182
0.0001 0.0484
0.001 0.1022
0.01 0.1588
0.1 0.2166
1.0 0.2784

1 Bulk phase concentration of Lit in the left phase of setup illustrated in Fig. 5
2 ¢ corresponds to vaS in Fig. 5 under the condition given by Eq. 12.

¢o(L(eft) phase) ~ N + g In QL = o1"° (13)

If the left and right solutions of the setup in Fig. 3 are solutions of LiCl as
shown in Fig. 6, the right surface potential of lithium glass is given by the Eq.
14. Then the potential across the lithium glass can be given by Eq. 15, resulting
in Eq. 16 by using Egs. 13 and 14. Eq. 16 is the same expression as the Nernst
eq. [6-8,11,24]. Thus, the equation widely used in physiology, the Nernst eq., is
derived using the ion adsorption mechanism. Nernst eq. can be regarded as the
simplest version of GHK eq. [6-8].

¢o(R(ight) phase) ~ N + k?T InQE = opPs (14)
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frosten 1

lithinm glass

Fig. 6 Experimental set-up when using lithium glass and two LiC! solutions.

405 = (075 - (~apP) (15)
QADS _ —kTThl (8%) (E QSNe'rnst) (16)

The author checked experimentally whether the potential across the lithium
glass occurring between two LiC'l solutions could be reproduced using Eq. 16 in
the next section.

2.2.2 Verification of the potential formula

Prior to proceeding with the verification of Eq. 16, the authors experimentally
measured the potential between two LiCl solutions separated by a lithium glass
using the setup shown in Fig. 6. The concentration of L¢Cl in the left phase was
varied from 0.00001M to 1M while the concentration of LiCl in the right phase
was maintained at 0.0001M. The results are shown in Table 3 as #EXF Then, the
author computed the potential using Eq. 15. The experimental surface potential
data presented in Table 2 are inserted into Eq. 15, resulting in the data presented in
the third column of Table 3. Thus, the results of the Eq. 15 are in good agreement
with the directly measured potential generated through the lithium glass given by
SFXP In addition, the author has computed using Eq. 16. Plugging the bulk phase
ionic concentration data Q% (0.00001M ~ 1M) and QX (= 0.0001M) into Eq. 16
gives the computed potential &V shown in the fourth column of Table 3.
@Nermst ig also in the quite good agreement with #FXF and $APS . pFXP ADS
and #V°""t are summarized in Fig. 7. So, #AP% is derived by the ion adsorption
mechanism and it can reproduce the experimental data of #¥XF. Furthermore,
the expression of formula $P9 can lead to the expression of & ¢""t Therefore,
the ion adsorption mechanism is reliable enough as a mechanism for generating
the membrane potential. It must be worthy enough to investigate the reason for
the establishment of Eq. 16.

The key for reaching Eqs. 14 ~ 16 is Eq. A.20 in Appendix A. Eq. A.20 can
be further arranged into Eq. 17.
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Table 3 Potential across the lithium glass

Qoo / M @EXPTl @ADS‘]Q / Vv @Ne'r‘nst‘]‘B / Vv
0.00001 0.027 0.030 0.059
0.0001 0.007 0.000 0.000
0.001 -0.048 -0.054 -0.059
0.01 -0.102 -0.110 -0.118
0.1 -0.163 -0.168 -0.177
1.0 -0.231 -0.230 -0.237

1 $EXP s experimentally measured potential generated across the lithium glass intervening

two KCI solutions where the Right phase LiCl concentration is maintained constant 0.0001
M

2 $ADS §s computed by plugging the experimental surface potential shown in Table 2 into
both LHS and RHS of Eq. 15
3 gNernst s computed by plugging the experimental bulk phase [Lit] data into Eq. 16

0.1

0.0 F ]

ential /Y
)

01 | 8
Z-02 f £

03 L L L L
5 4 3 2 14 o0
logo[Li7]

Fig. 7 ¢FXP (), ¢4PS (@) and $NVe"t (X) against the Left phase log;[LiT]

\/éi sinh(B¢o) ~ const. 17

3 Keys for the establishment of GHK eq. and Nernst eq.

3.1 The key equation from the view of ion adsorption mechanism

Eq. 17 is a key to reach the Nernst type equation of Eq. 16. Eq.11 presented pre-
viously is also the key equation to reach the GHK type equation of Eq.10. The
two equations Eq. 10 and 17 are very similar. Egs. 10 and 17 suggest that the
surface potential ¢o is generated in such a way that either Eqgs. 10 or 17 hold,
although the authors have not elucidated why (but the authors will show our view
to this in the next section 3.2. The ground for the key equation). Conversely, either
10 or 17 must hold for the establishment of GHK and/or Nernst type equations
as long as the mechanism of generation of the membrane potential is attributed
to the ion adsorption phenomenon. So, the ion adsorption mechanism may truly
play the fundamental role for generating the membrane potential though the cur-
rent physiology attributes the generation mechanism of membrane potential to
the transmembrane ion transport. Eq. 10 is for the system involving the anion
adsorption while Eq. 17 is for the system the cation adsorption is involved. Hence,
both equations must be unified as a single equation Eq. 18.
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Qoo “/?sinh(Bpo) = const. z; = valency of the adsorbed ion (18)

The ion adsorption mechanism seems to lead inevitably to the GHK eq. If this
is really the case, then the GHK eq. and the Nernst eq. in biology are only the
natural consequence of the emergence of ions from the ion adsorption mechanism.

3.2 The ground for the key equation

Eq. 18 is scrutinized here. When z; is +1, Eq. 17 is derived from Eq. 18. Eq.
17 is originally the RHS of Eq. A.19 in Appendix A. Since the experimental
observations validate Eqgs. A.20 and A.21, Eq. 20 is attained.

RHS of Eq. A.19 =2, 265’” sinh(Bgo) (19)

Solving Eq. 20 with respect to ¢o leads to Eq. 21. Following the procedure
described in the section 2.2.1. Verification of the potential formula using Eq. 21,
the Nernst eq. of Eq. 22 is derived.

2ee kT

0 exp(B¢o) ~ const. (20)
oo ~ N + k?T In Qoo (= Egs. 13 and 14) (21)

ADS KT Q%
b =- In <Q§o>(—Eq. 16) (22)

Now, the authors will analyze Eq. 16. Eq. 16 is Nernst eq., and it is fully
validated as one of fundamental equations in physical chemistry [24]. Therefore,
Eq. 22 has be scientifically valid apart from the work described in this paper. So,
let’s forget the discussion so far made and let’s focus on the Nernst eq. from the
clean slate.

Eq. 16 can be transformed in to Eq. 23 by introducing Vi, and Vg defined by
Eq. 24. LHS of Eq. 23 is identical to RHS of Eq. 23, and at the same time the
LHS is governed only by the physical quantity of the Left phase of the system in
question, while the RHS is governed by the physical quantity of the Right phase
only. Hence, both sides of Eq. 23 leads to Eq. 25. If V? is redenoted by “ 7515st
7 (j = L,R) and “const” of Eq. 25 is redenoted by “—N”, Eqgs. 26 and 27 are
derived.

vEs L) = vi+ Mk (23)
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PS5 — vt _yy (24)

vi 4 kg In(QL) =v~%+ k?T In(QR) = const. (25)

iP5 (= -vE) = N+ k) (26)

#4P5(= v = N+ @k (27)

Eqgs. 26 and 27 are Eqgs. 13 and 14, respectively. So, Eqgs. 13 and 14 are in fact the
natural consequences derived from the widely-known Nernst eq. Therefore, there
is nothing strange in the ion adsorption mechanism as the cause of membrane
potential generation. Further, these two equations can be rearranged into Eq. 28.

kT

#175 =n + M o)
. eN\ _ pi @)%\
— o (-7 ) =@k (— Y

RHS of Eq. 28 means the ion distribution obeying Boltzmann distribution.
Therefore, LHS represents the ion concentration at the position where the poten-
tial is @3-4[)5. Moreover, LHS “should” be the ion concentration at the position
where the potential is @fD 37 otherwise, Eq. 28 cannot have the thermodynamical
meaning. Eq. 28 is derived from the well-known thermodynamical equation, Nernst
eq. of Eq. 22. Therefore, the LHS should be interpreted as the ion concentration
at the position where the potential is @fDS.

Eq. 11 could be interpreted thermodynamically in the same way as Eq. 17 is in-
terpreted in this section (see Appendix B, too), and it could lead to one equation
which is identical to GHK eq. like Eq. 1. So, both GHK eq. and Nersnt eq. must be
merely another mathematical expressions of Boltzmann distribution of ions which
are derivable by attributing the membrane potential generation mechanism to the
ion adsorption rather than to the transmembrane ion transport.

4 Conclusion

This work suggests that the GHK eq. and the Nersnt eq., which are widely used
in current physiology for quantitative analysis of the membrane potential, can be
derived even by attributing the mechanism of membrane potential generation to
ion adsorption, although current physiology attributes the generation of the mem-
brane potential to the occurrence of continuous transmembrane ion transport.
The authors found that there appears to be a a particular relationship between
the surface potential of the separator and its surface charge density, as given by
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the Eq. 18, and the Eq. 18 leads inevitably to the establishment of the GHK eq.
and the Nernst eq. Although Eq. 18 might be established simply by coincidence,
the authors theoretically and thermodynamically suggest that GHK eq. and the
Nersnt eq. could be merely another mathematical expressions of Boltzmann dis-
tribution which a re derivable by viewing the membrane potential as an electrical
consequence of ion adsorption.

Declaration of COI: The author states that there is no conflict of interest.
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Appendix A

Assuming that an s represents an adsorption site on the lithium glass surface for a
Li*, the chemical equilibrium represented by the Eq. A.1 is derived. By denoting
the binding constant between s and Li* by Kp;, Eq. A.2 is obtained by the law
of mass action.

Lit + s = sLit (A1)
T (4.2)
7 Bl = |

Figure A.1 shows the configuration illustrated in Fig. 3 with the coordinate sys-
tem. In the left-hand phase of Fig. A.1, the ion concentrations are given by Egs.
A.3 and A4, respectively, under the condition Eq. A.5 where Qr; and Q¢ repre-
sent the bulk phase concentration of K™ and Cl™, respectively, and ¢ represents
the potential. Eqs. A.3 and A.4 merely represent the ion Boltzmann distribution.
Namely, they are so called Poisson-Boltzmann equation (PB eq.) [24].

fdh

LiCl KCT

ad

Fig. A.1 The experimental setup illustrated in Fig. 3 with the coordinate system


https://doi.org/10.20944/preprints202204.0038.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 6 April 2022 d0i:10.20944/preprints202204.0038.v1

14 Hirohisa Tamagawa* et al.
[Li*] = Qs exp(—28¢) (A.3)

[C17] = Qcrexp(4+286) (A.4)

$»—0 (z— +o0) (A.5)

Owing to the bulk phase electroneutrality, Eq. A.6 is derived by introducing
Qoo- Eqgs. A.7 and A.8 are derived using Eqs. A.3 and A.4 by introducing [Li™]|z=0
= Qs [Cl7]|a=0 = Q¢ and ¢lz=0 = do.

Qri = Qci(= Q) (A.6)
[Li"]|o=0 = Q2: = Qoo exp(—2B0) (A7)
[C17]|a=0 = Q1 = Qooexp(+2Bg0) (A.8)

Given that the solution charge density p in the left phase is represented by Eq.
A.9, PB eq. for the experimental system in Fig. 3 is given by Eq. A.10.

p = eQoolexp(—26¢) — exp(+259)] (A.9)

2
D02 O ep(—286) — exp(+269)] (A.10)

dx? €€o €€o

Egs. 5 and 11 are the boundary conditions for the potential.

% -0 (z— +00) (A.11)

Using the electroneutrality for the entire left phase, Eq. A.12 holds where o|y=0
represents the charge density of lithium glass left surface.

—+ oo
Ole=0 +/ pdx (A.12)
0

Eq. A.12 with respect to o|z=0 using Egs. A.10 and A.11, Eq. A.13 is obtained.

Olz=0 = 21/2€€,Qoc kT sinh(B¢o) (A.13)
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The total surface adsorption site density on the left surface of lithium glass is
given by Eq. A.14.

[s]7 = [s] + [sLiT] (A.14)
Eq. A.15 is derived using Eqgs. A.2 and A.14.

_ Kri[slr[Li*]]a=o

Lit] = Al
] = Y R ialZi¥ oo (A.15)
Eq. A.15 can be further arranged into Eq. A.16 using Eq. A.17.
[SLiJr] _ KLl[S]TQLz _ KLl[S]TQOO eXp( 2ﬁ¢0) (A16)

14+ KQY, 14 KriQooexp(—2B¢0)
0|z=0 can be represented by Eq. 17 and which should be same as Eq. A.13.

eK1i[s]7 Qoo exp(—2B¢0)
14+ K1:Qoc exp(—26¢0)

Owing to Egs. A.13 and A.17, Eq. A.18 is derived, and it can be arranged into
Eq. A.19.

Ole=o = e[sLit] = (A.17)

eK1;[s]7Qoo exp(—28¢0)
1+ K1iQoo exp(—2B¢0)

eKri[s]T exp(—28¢o) 2eeokT .
=2 sinh A.19
1+ KriQoo exp(—28¢0) Qo (B¢0) ( )
Experimentally given [LiT]|z=0 (= Qoo) and the experimentally measured sur-
face potentials of the lithium glass surface are summarized in Table 2. Plugging
these experimental data into the RHS of Eq. A.19, Eq. A.19 was found to be
constant as given by Eq. A.20.

24/ 2ZOkT sinh(B¢o) = M ~ const. (A.20)

As long as Qoo is greater than 0.00001M, Eq. A.21 is valid. It can be easily
confirmed by plugging the experimental data ¢ into Eq. A.21.

= 2¢/2€€6Q oo kT sinh(Beo) (A.18)

—

sinh(Bgo) ~ w (A.21)

Solving Eq. A.20 using Eq. A.21 with respect to ¢o results in Eq. A.21.

¢o = N + %7T Iny/Qo N = const. (A.22)

Eq. A.22 is rewritten as Eq. A.23 here.

kT

$o(L(eft) phase) ~ N + “—In QL = &77% (A.23)
e
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Appendix B

When z; = -1, the key equation Eq. 18 turns into Eq. 11. Eq. 11 is originally Eq.
4. Eq. 4 was experimentally found to be constant regardless Qc. Then, it leads
Eq. 8. Eq. 8. turns into Eq. B.1.

(KciQci + KprQBr) exp(28¢o) ~ A (B.1)

Eq. B.1 could be be split into two terms as given by Eq. B.2 by introducing
Eq. B.3. Therefore, Eq. B.1 may be interpreted as Eq. B.4.

(KciQct + KprQpr) exp(28¢o) ~ A
= KciQcirexp(26¢0) + KprQprexp(26¢0) ~ Aci + Apr  (B.2)

A= Aci+ Apr (B.3)

KiQieXp(25¢o)NAi T = Cl_,B’I”— (B.4)

Eq. B.4 can be arranged into Eq. B.5. If A; can be defined by Eq. B.6, Eq.
B.5 becomes Eq. B.7 and shows us its clear thermodynamical meaning. Eq. B.7
says that Eq. B.5 is the product of the binding constant K, and the concentration
of ion i at the given position where the potential at the point is ¢o9. And the au-
thors believe Eq. B.7 “should” hold, otherwise, Eq. B.4 loses the thermodynamical
meaning. Therefore, LHS of Eq. B.1 is merely the linear combination of Eq. B.8
which represents the Boltzmann disrtribution of mobile ions.

KiQi ~ Aqi exp(—2B¢o) (B.5)
Ai = KiQimo (B.6)

KiQi ~ KiQico exp(—28¢0) (B.7)
Qi ~ Qioo exp(—2B¢0) (B.8)

Now, let’s forget so far discussed in Appendix B and let’s focus on Eq. 2. By
introducing Eq. B.9, Eq. 2 can be arranged into Eq. B.10.

K = v, —wy (B.9)
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kT
U — ? h’l(Pcz[Cl]L + PBT[BT']L)
— W — ’%T In(Pet[Cllg + Py [Brlr) (where [Brlr =0 M)  (B.10)
Since LHS and RHS of Eq. B.10 are independent each other, both of them
should be constant. Hence, Eq. B.11 is derived.
(Pci[Cl]j + Par[Br];) exp(—28¥;) = B B = const. (j =L,R) (B.11)

If P;, ¥; and B can be redefined by Egs. B.12, B.13 and B.14, respectively, it
means that Eq. B.1 can be derived from the GHK eq., though Eq. B.1 is originally
Eq. 8 which is founded on the ion adsorption mechanism [9,10].

U = —¢; (Regard ¢o of Eq. B.1 as ¢j) (B'13)
B=A (B.14)

So, even from the GHK eq. per se, we can reach Eq. B.11 which is same as
Eq. B.1. And Eq. B.1 is originally Eq. 18 which is founded on the ion adsorption
mechanism. Furthermore, it comes from the Boltzmann distribution of mobile ions.
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