Clamping Force of A Multilayered Cylindrical Clamp with Internal Friction
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Holding an object by clamping force is a fundamental phenomena, layered or laminated archi-
tectures with internal sliding features are essential mechanism in natural and man-made structural
system. In this paper, we combine the layered architecture and clamping mechanism to form a
multilayered clamp and study the clamping force with internal friction. Our investigations show
that the clamping force and energy dissipation are very much depend on the number of layers, its
geometry and elasticity, as well as internal friction. The central goal of studying the multilayered
clamp is not only to predict the clamping force, but also as a representative case to help finding
some clue on the universal behaviours of multilayered architectures with internal friction.
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I. INTRODUCTION

Holding an object by clamping force is a fundamen-
tal process for functional structures in natural and man-
made systems. Examples encompass different applica-
tions, such as medical clips, glass frame, hairband, head-
phone as well as robotic hand (as shown in Fig.1.)

FIG. 1: Some examples of using clamping force.

Everyone may have the experience of holding an egg in
their hand, and in order to prevent the egg from falling,
you must apply enough clamping force, but the clamping
force must also be just right, otherwise the egg will be
crushed. Similarly, if you want to design a robotic hand
to grasp objects that are very easy to break, the control
of the clamping force is very important. Therefore, accu-
rately predicting the clamping force is a problem worth
to be studied.

To have a better strength and a good flexibility, layered
or laminated architectures with internal sliding features
are essential mechanism in natural and man-made struc-
tural system [1, 2]. For example, scaled skins are a very
common structure in both the animal kingdom and en-

gineering applications, such as lizards, fish, leaf springs,
scaled armour, pangolin and books [1-14].

In this paper, we combine the layered architecture
and clamping mechanism to form a multilayered clam-
p and study the multilayered cylindrical clamp with in-
ternal friction. In the deformation of the layered struc-
tures/system, the interactions between layers play a cen-
tral role in controlling the overall mechanical perfor-
mance of the system, in particular the interlayered fric-
tion is crucial to the response of elastic system. As point-
ed by Poincloux et al. [1], it is a great challenging to
predict how the microscopic architecture and interlayer
interactions of a layered mechanical system give rise to a
specific macroscopic constitutive response, especially for
large deformations.

In this paper, In Section 1 first highlight the layered
architectures and its challenges. In Section 2 introduce
assumptions of theory and derive the implicit clamping
force-deformation relation for a multilayered clamp with-
out internal friction. In Section 3, we derive the explic-
it clamping force-deformation relation for a multilayered
clamp without internal friction. In Section 4, we de-
rive the explicit clamping force-deformation relation for
a multilayered clamp with internal friction. In Section
5, we derive energy dissipation during loading-unloading
cycle. In Section 6, some numerical results will be car-
ried for different parameters. Finally, conclusions and
perspectives are proposed.

II. FORMULATIONS AND IMPLICIT
REPRESENTATION OF CLAMPING FORCE
WITHOUT INTERNAL FRICTION

Consider a clamp in Fig.2 whose layout is denot-

].  The clamp length is L and width is W,

ed [h..h

n
top/bottom hardcover thickness are ¢. The clamp has
n layers and each layer thickness is h, hence the clamp
dimensions is L x W x (nh), where nh is total thickness



(height). The Young’s modular and Poisson ratio are F
and v, respectively.

FIG. 2: Multilayers layout with layer thickness h1 = hs... = h.

For investigation of the clamp with interlayer friction,
following assumptions will be adopted: 1. The Kirchhoff
hypothesis is applied; 2. Each layer is inextensible; 3. No
delamination; 4. Interlayers can slide with friction; 5. In
cylindrical bending.

For a multilayers plate with n layers having equal
thickness h, the total bending stiffness is nB for zero
interfacial friction, and n®B for infinite interfacial fric-
tion. What is the bending stiffness of a multilayers with
internal friction ?

nB with zero friction
What? withfinite friction
n3B  with infinite friction

Bending stiffness =

We can estimate that the stiffness of the multilayers must
be bounded by scale of nB and n3B, where the bending

stiffness of a single layer, B = % The problem
is how to quantitatively determine the effective bending
stiffness of the multilayers with internal friction.

The problem of clamping force-deformation is illustrat-

ed in Fig.3.

FIG. 3: Deformation under horizontal clamping force F'. Tan-
gent angle 0 versus arc length s. Z(s,y) = =(s) + n(s)y,
where x(s) = z1(s)e1 + z2(s)ez is a reference inextensible
planar curve of centerline, n(s) is the unit normal vector to
the centerline. The arc length § on the offset curve is given

by d§ = ds\/1+ 2y + y?k? = (1 4+ yk)ds.

The formulations of this problem is similar to a book
with internal friction [1, 14], whose balance equation can
be applied to current problem. In Fig. 3, if the horizontal
clamping force F' is considered, Sun et al.[14]| derived a
balance equation by using variational principal, % +

4 (k9 — 2Fsinf(s) = 0, where bending moment is
nh
M = %ln ii:’ and curvature is kK = %. Hence, we
2
have the balance equation as follows
nBo”
— Fsinf =0, (1)

and the boundary conditions §(L/2) = 6y and 0'(L/2) =
1/R, where L = 2R®, and the bending stiffness B =
Eh3W
2(1—%)"
The first integral of Eq. 1 is

2B 1
mil—(%ﬁ’ﬁ + Fcosf =0C, (2)
where C' is integration constant and can be determined
by the boundary conditions at s = L/2, namely C =
f—f? @ + F cos

The first integral of Eq. 1 is calculated as follows:

LY R N B
nh21_(%h0/)2 cost = h21_(

+ F cos b,
2R, )?

3)

This can be rewritten as

ds _nh (2O 41— (58 P)(cosfy — cos0)
R 2R 2+ e[l — (22)2](cos by — cos )

A 2
where the small parameter € is e = ££-.

Equation (4) is substituted into the non-elongation

condition foL/ ®ds = R® of the elastomer, where L =
2R®. The non-elongation condition can be written as

9 [L/2
— ds
/00 0 2( % — (22)2](cos y — cos 0) 5)
5 el - ("—12)2]((30890 — cos )
For any parameter € = FT{?‘Q, using symbolic computation

software such as Maple, we can find the exact solution
® = f(0y) of Eq. (5) in terms of elliptic functions. Since
the solution ® = f(6y) takes few pages long, we would
not display it here.

Since we only know the initial opening angle ® and
not the inclination angle 6, of the deformation. The ex-
act solution ® = f(fp) must be inverted to obtain the
analytical expression of the deformation inclination 6y
expressed by the initial opening angle @, i.e., 6y = 0 (P).

Although we obtained the exact solution ® = f(6p), to
the best of the authors’ knowledge, it is almost impos-
sible to obtain the inverse of the exact solution. Thus,
we do not seek an exact solution. For convenience, we
determine whether an approximate treatment is feasible.

Expression (4) is expanded for a small parameter ¢ =

£ g and the first-order approximation is as follows:

% ~d0{ ;[1(;}Z)Q]Q(COSQOCOSH)}+O(€2).

(6)

Expression (6) is substituted into the non-elongation con-
dition fOL/2 ds = R® of the elastomer, where L = 2R®P.



The non-elongation condition can be written as

1 L2
— d
R/O 3
B € nh
= 1— —[1 — (=2)4 0. — o 2)
/0 d&{ n[ (QR) ](cos By cos@)}—FO(e )
(7)
and thus,

€ nh
¢ =0 11-Gg

)??(—sin o +6 cos o) +O (€?) . (8)

Expression (8) is a first-order approximate result derived
naturally by rigorous mathematics.

Based on the deformation in Fig. 3, the horizontal
deformation relationship is

L/2
$(§) —z(0) = /0 cosf(s)ds = Rsin® + A, (9)

where A represents the horizontal displacement driven by
force F. Expression (6) is substituted into (9) to obtain

L
x(a) —xz(0) ® Rsin® + A

nh

~ R/OeU cosf(s)dbf {1 - %[1 - (ﬁ)2]2(c0890 - COSH)} .

(10)
This can be written as

nh

1 A
sin 6y + 5%[1 - (E)Q]Z(Go — sin Oy cos By) = sin +(ﬁ)

Expression (8) is substituted into the above formula to
obtain

nh

. le .
sin 6y + 5;[1 - (ﬁ)z]Q(Qo — sin 0 cos )
. € nh . A
= Sin 00 —+ ﬁ[l — (ﬁ)Q]Q (Sln 00 — 90 COS 90) —+ E
12)

Expanding the both sides to the first-order term of € leads
to

. le nh .
sin 0y + 55[1 — (QR)2]2(90 — sin 6y cos )
A h
= i +sinfy — %[1 - (;L—R)Q]2 (0o cos by — sin bp) cos by.

(13)
We can obtain the following expression for ¢ = FR?/B:

FR? n A
B = e N0 (14)

SE

where K (6y) = [%0 — (% sin 6y — Oy cos ) cos 90]71.

III. EXPLICIT REPRESENTATION OF
CLAMPING FORCE - DEFORMATION
RELATION WITHOUT INTERNAL FRICTION

Although we have obtained the relation in Eq.14, how-
ever, the clamping force - deformation relation is not an
explicit format of opening angle ®. To resolve the prob-
lem, we need to find the inversion of the derived rela-
tion in Eq.8, namely ® ~ 6y — £[1 — (22)%]?(—sinfp +
6o cosBp). Unfortunately, it is impossible to find its ex-
act inversion. Based on success of [15, 16|, a fair good
approximate inversion can be obtained as follows

~ - S (Mg —
b~ @ n[l (2R)](s1n<1> ® cos D). (15)

Substituting Eq.15 into Eq.14 and expanding to the 1st
order of ¢, and leads to

FR? n A
B = - (%)2]2 EK((I))’ (16)

where K(®) = [ — (£sin® — ® cos @) cos <I>]_1. Eq.16
is the clamping force - deformation relation for the mul-
tilayered open clamp without internal friction.

IV. EXPLICIT REPRESENTATION OF
CLAMPING FORCE - DEFORMATION
RELATION WITH INTERNAL FRICTION

To include the effect of internal friction, the dissipa-
tion analysis must be done, which has been studied by
Poincloux [1], who obtained effective bending stiffness

Kiin = nB (1 + 3’2‘Zh), where p is friction coefficient,

the + sign for loading (from the natural state to deformed
state) and — sign for unloading (from deformed state to
the natural state). Replace nB by K1, and will produce

FiR2:n L+ 3u8 A
B - (3R R

K(®), (17)

where K(®) = [ — (£sin® — ® cos @) cos @]_1. Eq.17
is the clamping force - deformation relation for the mul-
tilayered open clamp with internal friction.

For a single layer clamp n = 1 without friction p = 0,
and overall slender, nh/(2R) < 1, the expression in

Eq.17 will be reduced to, FT{# = K(@)%, which is the

result obtained by Yoshida and Wada [15] for elastic cir-
cular snap fit.

V. ENERGY DISSIPATION DURING
LOADING-UNLOADING CYCLE

The expression of F' for loading and unloading in Eq.
17 yields the following prediction for the energy dissipat-



ed during one cycle:

A A
D:/ F+dA—/ F~dA
0 0

_ 3ubBh 1 nA\?
T2 RL 1 (2h)p (R) Koy (1§

nh
2R
For given opening angle ®, the energy dissipation D is
proportional to the n2, which reveals a simple mechanism
where the energy dissipated per cycle can be made to vary

by a large amount; this could be harnessed to design new
classes of low-cost and efficient damping devices.

VI. NUMERICAL SIMULATIONS

For numerical validation, we consider the surface of
an acrylic cylinder with radius R = 10 ~ 23[mm)]
with a thin oriented polypropylene sheet of thickness
h = 0.00143[m] to ensure uniform frictional interactions
with the shell, with friction coefficient p = 0.52, length
L = 0.11[m], width W = 0.03[m], the Young modulus
E = 2.4 x 10°[N/m?], the Passion ratio v = 0.44 and
single layer bending stiffness B = ER3W/[12(1 — v?)] =
0.021757 x 10~ 4[Nm?].

FR? [1 _

The dimensionless clamping force P = 5%

(%)2]2/[1 + %M%h] of Eq. 17 is depicted in Fig.4, which

shows that the P is decreased with the increase of the
opening angle.

FIG. 4: P — & profile, where the dimensionless parameter
3 n n
P= EE1 - (80))2 /14 St

If we set the opening angle ® = 2.3, the clamping force-
deformation ration F'/A is increasing with the increasing
with the number of layers n, which is depicted in Fig.5.
If we set the number of layers n = 20, the clamping
force-deformation ration F/A is linear proportional to
the friction coefficient p, which is depicted in Fig.6. The
F/A — u profile is a straight line. If we set the number
of layers n = 20, the clamping force-deformation ration
F/A is deceasing with the increasing of radius R, which
is depicted in Fig.7.
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FIG. 5: F/A—n profile, for case of the opening angle & = 2.3.
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FIG. 6: F/A — p profile, for the case of layers number n = 20.
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FIG. 7: F/A— R profile, for the case of layers number n = 20.

VII. CONCLUSIONS AND PERSPECTIVES

We studied the clamping force of the multilayer clamp
and derived the expression of the clamping force and en-
ergy dissipation when considering friction, and the results
showed that the number of layers, friction coefficient and
radius all have an impact on the clamping force. When
considering internal friction, the energy dissipation with-
in per loading-unloading cycle can be made to vary by
a considerable amount. The study here helps to under-
stand the mechanical interactions behavior in between of
geometry, friction and elasticity.
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