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Abstract

One objective of this paper is to investigate bifurcation of solutions of Ornstein-Zernike
equation in liquid state theory for the gas-liquid coexistence region of simple fluids. The
analysis uses a discrete form of the Ornstein-Zernike equation in real space, together
with a closure relation which provides nearly self consistent thermodynamic properties
of fluids governed by interaction potentials like the Lennard-Jones potential. Accurate
asymptotic forms of correlation functions are incorporated in the real space algorithm
so as to mitigate the influence of cutoff length used in the discrete approximations. It is
found that there is no spinodal on the vapor side on a sub-critical isotherm. But there
are fold bifurcation points on the vapor and liquid sides together with a 'no-real-solution-
region’ in between. This is followed by a region of negative compressibility extending
up to the spinodal on the liquid side. The emerging picture is quite similar to that
in the case of the hypernetted-chain-closure. It is also found that complex solutions
connect the physical solutions that exist outside the 'no-real-solution-region’ as well as
in region of negative compressibility. The second objective of the paper, in the light of
bifurcation scenario, is to evolve an interpretation of the coupling-parameter expansion
of correlation functions pertaining to the region of negative compressibility. It is shown
that the expansion provides an accurate description of results of the restricted ensembles,
implied in mean field theories and simulation methods. Bifurcation of singlet density to
inhomogeneous distributions at a spinodal is also established using a simple equation,
which uses the direct correlation function. Thus the paper reestablishes the fact that
restriction to a homogeneous singlet density is the root cause of all inconsistencies found
in the gas-liquid coexistence region.
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1. Introduction

Ornstein-Zernike equation (OZE) and related theoretical developments form the main
theoretical apparatus in liquid state physics; the other being computer simulation meth-
ods [1]. In addition to being an important branch of statistical mechanics, Liquid state
theory is an essential component of models for high-pressure equation of state [2], with
applications in several branches of solid state science and high energy-density physics.
So it is important to have quantitative knowledge about the physical and mathematical
nature of solutions of OZE and associated closure relations. Hence this topic has been
the subject of detailed investigations over the last few decades. While the OZE equation
is a relation defining the direct correlation function ¢(r) in terms of the total correla-
tion functions h(r), a closure relation relating them to inter-particle potential U(r) is
needed. Common examples of these include the Mean spherical approximation (MSA),
Percus-Yevick (PY) closure and hypernetted chain (HNC) closure. There are also some
approaches consisting of adjustable parameters to achieve self consistency, which provide
same results via different routes to thermodynamics [3]. There are also quite accurate,
nearly self-consistent and explicit closures for specific potentials like hard sphere, the
Lennard-Jones (LJ) potential, etc. [4, [5].

A closure relation is solvable (in principle) so as to express ¢(r) in terms of h(r)
explicitly, although this relation could be highly nonlinear. On using this relation, the
OZE reduces to a nonlinear mapping of the form: h = O h for h(r) [6], and its solutions
are simply the fixed-points of O, which acts on functions defined in a suitable metric
space. The specific details of the mapping O will depend on the closure relation and inter-
particle potential. Equally important, changes in fixed-point stability and bifurcation of
solutions, resulting due to variation of parameters like density p and temperature T
occurring in O, will also depend on the discrete approximations to O, and the algorithm
chosen to obtain solutions. For instance, algorithms may use 3D Fourier transforms for
computing convolution integrals or simply employ real-space based methods. This is
an important aspect to be considered when multiplicity and bifurcation of solutions to
nonlinear eigenvalue problems are investigated [7].

As the correlation function h(r) decays for sufficiently large r, it is reasonable to as-
sume that the constraint I = [ h(r) dif < oo is satisfied in physically relevant situations.
In fact, this integral constraint (IC) is a necessary condition for computing all thermo-
dynamic quantifies and structure factor, as fluctuation theorem [1] relates it to reduced
compressibility x as x = 1 + p I. Further, violation of the IC in any part of phase-plane
would generate problems in algorithms using 3D Fourier transforms, as the IC necessary
to ensure the existence of the transforms. However, many algorithms for solving OZE
compute the convolution integral using Fourier transforms [8] [9].

Baxter has derived an alternate formulation of OZE [I0], defined entirely in a finite
range 0 < r < Ry, where Ry is a cutoff length introduced such that ¢(r) = 0 for r > Ry.
The vanishing property of ¢(r) is exactly valid within the PY closure when potential
U(r) =0 for r > Ry. This formulation is derived by imposing the IC mentioned above,
and is also useful even in cases where ¢(r) is negligible for r > Ry. Approaches based on
either Baxter’s formulation [I1] or 3D Fourier transforms [12], have been used extensively
to analyze bifurcation of solutions of OZE. In the latter case, another cutoff length R; is
introduced for use of discrete variables and FFT techniques. Violation of the IC may not
be directly visible with any choice of R;, however large. So it is essential to introduce
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appropriate asymptotic expressions of correlation functions, valid for » > Ry, and their
transforms in the formulation [12]. Furthermore, this 'OZE technique’ is unavoidable to
obtain the correct variation of transforms in the Fourier variable k near its origin [12].

The OZE can also be written in the radial coordinate covering the full half-line 0 <
r < 00, and solved recursively by applying Newton’s method [I3]. The linear Fredholm
integral equations (FIE) of second kind, which result within this approach, are readily
solvable using a proper numerical scheme [I4]. Of course, a discrete representation of
variable r and sufficiently large cutoff length R;, beyond which asymptotic expressions
of functions are to be introduced, are needed in using this approach (see §3). Note
that numerical schemes for FIE are well developed, and there are also ways of reducing
the half-line to finite intervals using appropriate transformations [15]. Adequacy of Ry
can be checked by generating a sequence of solutions (and integral quantities) for an
increasing series of values of Ry. The Converged solutions obtained with this approach
need not satisfy the IC mentioned earlier. Analysis of solutions for the three closures,
obtained with a finite element method (using piecewise linear functions) to solve the FIE
in 0 < r < Ry, together with asymptotic conditions h(r) = ¢(r) = 0 for » > Ry, have
been done quite early [13]. Sensitivity of solutions to the chosen R; is also analyzed
in this extensive work. There are differences in the results for some problems derived
using this real-space method and Fourier transform method (see . This is plausible
because the solutions obtained by the latter belong to a sub-space of the more general
space of functions accounted within the former.

One of the objectives in the present paper is to investigate bifurcation of solutions
of OZE combined with the Martynov-Sarkisov (MS) closure for LJ potential (see §2)).
This closure is chosen as it provides nearly self consistent results for hard sphere and LJ
fluid [4]. A general real-space method, using piecewise quadratic functions for numerical
integration, together with improved asymptotic conditions [16], in lieu of the simple ones
used earlier [13], are employed in the present work (see . This mitigates the ill effects
of chosen value of R; on the solutions obtained. The resulting real-space algorithms is
first verified using an analytical solution [13]. Fold bifurcation points (turning points),
on the vapor as well as liquid sides on any sub-critical isotherm, are first found using
the pseudo arc length (PAL) continuation algorithm [I7, [I8]. A ‘no-real-solution’ region,
unphysical branch of solution, regions of negative compressibility x and spinodal points
are all obtained with the method. Further, bifurcation of solutions to complex domain
is analyzed [19], and the method is generalized to compute complex solutions, wherever
they exist, in the gas-liquid coexistence region (see .

In the light of bifurcation scenario for OZE and MS closure, questions arise regarding
the meaning of ‘solutions’ obtained via the coupling-parameter expansion (CPE) [20].
This approach uses expansion of correlation functions in terms of a parameter intro-
duced in the potential, and provides real solution in the entire gas-liquid coexistence
region [21]. The reference solution corresponds to purely repulsive part of the potential.
Spinodal points, on vapor and liquid sides, are obtained on any sub-critical isotherm with
negative compressibility in between. In that region the IC is violated (see §2), thereby
indicating some inconsistency in the CPE. However, the gas-liquid phase diagrams for
Mie and LJ fluids, obtained via the compressibility route and Maxwell’s construction,
agrees with Monte Carlo simulation data very well. It also agrees very well with results
of an independent method (using thermodynamic conditions) based on free energy com-
puted outside spinodal region [22]. It is now shown (see that data on isotherms
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through the spinodal region agree with those of transition-matrix Monte Carlo method
[23]. Therefore, it is proposed here that results of CPE are similar to those obtained via
the restricted ensemble approach [13]. It is well known that the van der Waals equation
is also derived from considerations of a restricted ensemble [24]. In addition, analysis
of a simple equation for singlet density (see , involving the direct correlation func-
tion, shows that it bifurcates at spinodal points to an inhomogeneous distribution. This
finding explains the inconsistency arising out of negative compressibility obtained in any
method.

Remainder of the paper is organized as follows. Basic equations and formulas used
in the model are given in §2. Newton’s method in real and Fourier spaces, and some
known results on bifurcation, are discussed in §3. Bifurcation of solutions ( using real-
space methods for MS closure ) inside the gas-liquid coexistence region are discussed in @
Discrete approximations of the FIE, arising in Newton’s method, using Nystrém’s method
are discussed in §5, while continuation algorithms form the topic of Generalization
of Newton’s method for complex solutions are covered in §7] The coupling parameter
expansion and its relevance for restricted ensemble approach are given in §8 These
sections (§6, §7, §8 ) also provide numerical results for LJ potential within MS closure.
Finally, §9| summarizes the main conclusions of the present work.

2. Equations and formulas of the fluid model

The OZE introduces the short ranged direct correlation function ¢(r) via a convolution
integral involving the total correlation function h(r). For a one-component system of fluid
particles, interacting via spherically symmetric potentials, it is written as

-
/

r) =)+ p [ 7= 7 hio) dr 0

where p is the average number density of particles. This equation needs to be supple-
mented with a closure relation involving h(r), ¢(r) and the pair-potential U(r). There
is no exact analytical expression for closure relation; however, all the basic closures are
generally expressed concisely in terms of a ‘bridge function’ B(r) via the expression [1]

o(r) = exp[=pU(r) + y(r) + B(r] —y(r) =1, (2)

where 371 = (kgT), kp is Boltzmann’s constant and T absolute temperature. Further,
y(r) = h(r) — ¢(r) denotes the indirect correlation function. So different approximate
forms of B(r) generate different closures; for instance, the HNC closure is obtained
with B(r) = 0. The PY closure follows from B(r) = In[l + y(r)] — y(r), which yields
e(r) = (exp[—pU(r)] — 1) (y(r)+1). Note that PY relation also follows from HNC closure
by using the linear approximation exp[y(r)] ~ 1+ y(r). The MSA closure is defined for
potentials with a hard core, and it takes the form ¢(r) = —gU(r) for r > o (the hard
core diameter) together with the hard core condition g(r) =0 for r < 0.
An accurate bridge function applicable to general potentials [4] is

B(r) Vit2w(r)—w(r)-1,
w(r) = y(’l“) - pggﬁUa(T) ) (3)
4
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which generates the Martynov-Sarkisov (MS) closure mentioned in This closure has
been shown to provide accurate thermodynamic properties for hard sphere as well as LJ
potential [4]. The full LJ potential, which will be used throughout this paper, is given
by

U(r) = e|(o/r)™2 = (o/r)] . (4)

where € and ¢ are energy and length parameters, respectively. Note that po? in Eq.
is a dimensionless number-density as o is a length parameter. Further, U,(r) in Eq.(3)
is the pure attractive part of the potential as per the Weeks-Chandler-Andersen (WCA)
prescription [25].

It is important to note that any solution of OZE must satisfy the relation [[h(r) —
c(r)] di = p|[ ¢(r) dF] [[ h(r) d], which follows by integrating it over the infinite space.
Then, the integral condition (IC) I = [h(r) dF < oo, introduced in §1, turns out to
be necessary to deduce an alternate relation for reduced inverse compressibility, viz.,
X' = B 0P/0p = 1—p[c(r) dF, where P is pressure. Therefore, the IC must be
violated in regions in the phase-plane where Y ~! < 0. This is important because there
can be situations where h(r) slowly decays to zero as r — oo, but I does not exist.
Methods which assumes that I exists ( Baxter’s version of OZE or OZE in Fourier space
) can not work reliably in such regions. So an algorithm using Fourier transforms, and a
finite cutoff length R;, may give negative x~! in some region, but those results have to
be suspected [12].

Detailed analysis of the asymptotic variation of the correlation functions show that
h(r) varies for large r as [16]

2 x 1 exp[-r/¢]
h) o~ U + g P 6
Co = 4n [c(r)ydr , Cy=— [ c(r)r®dr,

Jorw- -]

where £ = /pC2/(1 — pCy) is the correlation length. This asymptotic form is valid for
X > 0, the correlation length is also expressed as £ ~ /pX, X! =1—pCy, and the
amplitude A = x/47€? is positive. For the HNC closure, as easily derived from Eq.,
¢(r) varies as

o(r) (HNC)~ —BU(r) + %hQ(r) , (6)

so that it is a short ranged function compared to h(r). For the MS closure (due to the
bridge function), the asymptotic form for ¢(r) is found to be

lr) (MS)~ ~BU() + () @

which decays faster than that in the case of HNC closure. This feature has some con-
sequences in determining the solution in the spinodal region. In the present paper,
asymptotic forms either in Eqs. and @ or via Nystrom’s interpolation formula (see
§5) are used for the range r > R;.
When c¢(r) decays as r~4 for large r, it is necessary that ¢ > 3 for y ! to exist. In these
cases h(r) will decay as r—9/2 for HNC closure. This decay law do ensure the existence of
5
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the integral in Eq., however, the IC will be violated for the range 3 < ¢ < 6. Similar
conclusion follows for MS closure in the range 3 < ¢ < 9. While real-space methods
would provide solutions in such cases, use of Fourier transforms may develop difficulties.

2.1. Known results of bifurcation of solutions

Known results on bifurcation of solutions of OZE, on a sub-critical isotherm in the
two-phase region, may be classified according to PY, HNC and MS closures. This brief
discussion uses pg, and pg to denote densities at spinodal on vapor and liquid sides,
respectively. Similarly, p;, and py are used for the corresponding turning points (fold
bifurcation points).

One clear result is from Baxter’s adhesive hard sphere model [26], which treats a
system of sticky hard spheres within PY closure; the stickiness being modeled by an in-
finitely deep but vanishingly thin attractive square well. Analytical solutions of Baxter’s
version of OZE (which assumes the IC mentioned in §1) show that ps, does not exist.
In fact, there is a py, for which x~! = 0, however, it lies on a solution-branch violating
the IC. Then, the densities between pg, and py cover a ‘no-real-solution’ region. As
density is increased further, another unphysical branch (violating the IC ) follows, which
terminates at pg;. The model has complex solutions within the ‘no-real-solution’ region.
Numerical treatment of the same model (PY closure and Baxter’s OZE), applied to a
truncated LJ potential [11], yields both ps, and py and ‘no-real-solution’ in between.
This work shows that, as in Baxter’s model, x ! is finite at py, as well as py. Methods
using Fourier transforms and PY closure, also come to similar conclusions, either by
incorporating proper asymptotic forms of correlation functions [12] or using large cutoff
length (~ 165 o) [27]. Neither the former work (for hard-core Yukawa potential) nor
the latter (for full LJ potential) report py values. This could be because x~! becomes
negative in the range py < p < pg. The implicit assumptions involved in using Fourier
transforms [12], show that this method should be restricted to regions where y=! > 0,
where the IC is satisfied. Complex solutions have also been found for LJ potential near
Prv [27]. Solutions of OZE and PY closure in real space [13], also show similar results,
i.e., evidence for py, and pg, but no py. In addition, this work also finds density regions
(between py, and pg;) with negative compressibility.

For HNC closure, all approaches find py, and py densities. Locus of these values
(for different T, have been found using Fourier transforms and pseudo arc length (PAL)
continuation algorithm [28]. Here it is also shown that y~! values on the liquid side
are very sensitive to cutoff length R; - a lower value of Ry (~ 20 o) yields pg, but it
is absent with Ry ~ 80 o. Importantly, the densities ps, and ps, are not obtained at
all when proper asymptotic forms are incorporated into Fourier transforms[12]. Similar
results together with complex solutions, near py, and py, are also obtained using Fourier
transforms [27]. But results of real space solutions [13] clearly show the occurrence of
both pairs of densities (psy, p11) and (psy, psr). In addition, regions of negative x 1 are
also obtained [13] - however, pg, is on unphysical branch and py occur in the region
of negative y~!. Thus, for the HNC closure, there are some differences between these
results and those obtained using Fourier transforms, . In fact, results from real space
methods are closer to those of Baxter’s model.

The occurrence of pg, has been shown with several other closures, including the MS
closure [29]. Thus it appears that a turning point on the vapor side of a sub-critical
isotherm is found with all closures as well as methods. Emergence of complex solutions
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near pg,, and occurrence of pg, have also been shown for MS closure using Fourier
transform method. One of the aims in this paper is to investigate bifurcation within MS
closure using real space methods.

3. Newton’s method in real and Fourier spaces

As the indirect correlation function y(r) is more appropriate for numerical approxi-
mations, first Eq.(1) is rewritten in term of y(r) as

o) =p [ el =D [etrr) + o] ar (®)

Newton’s method in real space 0 < r < oo applied to Eqs. and (2), with bridge
function B(r) specified in Eq.(3, is the approach used in this paper. Such an approach
has been applied earlier, however, with PY and HNC closures, for a truncated and shifted
form of the LJ potential [13]. Solutions to another well known non-linear equation in fluid
physics, known as Born-Green-Yvon-Kirkwood (BGKY) equation, is also analyzed in this
reference. This work used the asymptotic conditions h(r) = ¢(r) = 0 for r > Ry, with
largest value Ry = 120. A finite element method, employing piecewise linear functions,
was used to solve the equations in 0 < 7 < R;. A more general algorithm and several
improvements, introduced in the present work, are discussed in this section.

Starting with an initial guess solution y(r) (for specified p and T'), and hence ¢(r) from
Egs.(2) and (3), improved approximations ¢(r) + Ac(r) and y(r) + Ay(r) are obtained
using the first order correction term

Ac(r) = [(r) + g(r) B'(r)] Ay(r) (9)

where h(r) = g(r)—1=y(r)+c(r) and B'(r) = 1/4/1 + 2wy — 1 is the derivative of B[y]
with respect to y. The correction term Ay(r) obeys the linear equation

Byr) = p [ [ell7 =) Bylr!) + (2e(17 = 7] + y(I7~ 7 YA dF = s(r) . (10)

where s(r) is the error (or residual ) in Eq.(8) with the starting guess solutions y(r) and
e(r), viz.,

s(r) ==yl +p [ 7= 7)) [elr') + o0")] ar (11)

Substituting Ac(r) from Eq.@ gives the linear Fredholm integral equation (FIE)

Byr) = p [ [ell =) + ar) {26~ 1)+ w17 = 7)) Aglr') a4 s(r) . (12)

where ¢(r) = [h(r) + g(r)B’(r)]. First step in Newton’s method consists of solving this

FEI, and obtaining an improved solution y(r) < y(r) + Ay(r). The process is then

repeated with new y(r) as the guess solution until certain convergence criterion is met.

Usually, these iterations are terminated when a suitable norm ||Ay|| (say, Euclidean) of

Ay(r) is less than a prescribed value (say 107%). This way of implementing Newton’s

method is sufficiently general and is applicable with other closure relations; either B’(r)
7
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is to be changed or an appropriate form of ¢(r) is to be substituted. For instance, in the
case of HNC closure B’(r) = 0 while ¢(r) = (exp[-8U(r)] — 1) for PY closure.

On writing |7 — 7'| = \/r2 + 12 — 2rr'u, where p is the cosine of the angle between
7 and 7', the integral over u in [-1, 1] can be rewritten in r and /. Then the terms in
the kernel of Eq. are given by

'r'+7"
1
noo_
C(r,r") = 57 / c(t) tdt, (13)
[r—r]
) r4r’
o= t)tdt. 14
Vo) = g [ (14
[r—r]
With these explicit definitions, the kernel of the FIE reduces to
K(r,r') =C(r,r") + q(r'){2 C(r,7") + Y(r,7)} . (15)

Using same notations, the error term is given by
s(r) = —y(r) + 47TP/C(T, r){e(r’) +y(r') ' 2 dr' (16)
0
Now the FIE for Ay(r) is concisely expressed as
Ay(r) = 47Tp/IC(r, Y Ay(r') ' 2 dr’ + s(r) (17)
0

which can be solved using standard methods [14]. Quadrature formulas to approximate
the integral, for a specified value of r, and collocation rules form the tools in Nystrom’s
method to reduce a linear FIE to a matrix equation [15].

3.1. Version in Fourier space
If the integral constraint I < oo is valid, it is easy to rewrite Eq.(12) in Fourier space.
On taking Fourier transforms it reduces to

2(k) + (k)T T ek
1= pa(k) [a(r) Ay(n)] + [p77 oek) y(k)] - (18)

Here k is the Fourier variable, and a ’bar’ over the functions indicate their 3D Fourier
transforms [22]. Note that first term on the right of Eq.(12) has appeared as 1 — pé(k) in
the denominators. The integral operator in this equation is defined in terms of Fourier
transform. It is best solved using Krylov space-based methods like CGNR (Conjugate
Gradient to Normal equations to minimize Residual) or GMRES (Generalized Minimum
Residual), because the needed matrix-vector products in these methods can be computed
via two Fourier transform operations [22]. To employ Fast Fourier Transform (FFT)
techniques, first the radial coordinate is truncated to 0 < r < R; with a sufficiently
large value of R;. It is also essential to use asymptotic forms of ¢(r) and y(r), and their
Fourier transforms, to develop a robust algorithm for Method 1 [12]. This method would
develop problems whenever the IC is violated as is the case close to spinodal points (if
they exist), and on nonphysical solution branches where compressibility x is negative.
8
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4. Bifurcation of solutions

Solving the linear FIE given in Eq. and performing subsequent Newton’s iterations
would provide a solution for one set of p and 7', if a suitable starting solution is provided.
However, it is necessary to generate solutions for different values of p on each isotherm,
and on a number of isotherms. Bifurcation or branching of solutions occur at certain
values of p and T whenever new solutions appear. Bifurcation analysis, and continuation
methods for tracing the different branches along p, form a well developed topic. Excellent
books cover all the mathematical and computational aspects of this fascinating field in
nonlinear physics[17, 18]. Applications of these methods for OZE and MS closure in
real space are discussed in §6; this section is devoted to a brief discussion of different
branching scenarios.

Suppose y(r) is a solution of Egs.(1) and (3) corresponding to density p. Then, the
change in the solution Ay(r), due to a specified change Ap in density, satisfies the linear
equation

Bur) = o [ [elF =7 + a2~ ) + o7 - 7D} Ayt i+

_ Ap/c(F— P [elr') +utr)] i = 0. (19)

This equation follows exactly via the the same method elaborated in §3 for Newton’s
method. For simplicity of notation, terms arising due to explicit dependence of ¢(r) on
p are omitted. Once again, ¢(r) = [h(r) + g(r)B’(r)], which corresponds to the solution
at specified p. Note that there is no term s(r) in the equation above, as occurring in
Eq.(12), because y(r) satisfies Egs.(1) and (3). The last equation may be written in
operator form as

(I-L)Ay +ApF =0, (20)

where (I — L) is a linear operator and Ay is the change in solution vector. Further, F is
the operator defining the OZE and 0 a null vector. For a sufficiently small Ap, solution
of Eq.(20) will yield an approximate solution y,(r) = y(r) 4+ Ay(r) for the density p+Ap.
Then, starting with y,(r) as initial guess, Newton’s method can be applied to obtain a
new solution-pair {¥new, Pnew ;- I this way, a set of pairs {yj, p;} can be generated as
points defining a solution-curve. However, in the neighborhoods and at values of p where
(I — L) is singular (called critical points), this approach is bound to fail. In fact, the
singularity of the linear operator (I — L) signals bifurcation of solutions.

Analysis of bifurcation of solutions is usually done together with labeling the solution-
curve using the arc length parameter ¢. Thus, ¢ = 0 corresponds to the initial point
{yo, po} where yg is known, and Eq.(20) is considered as a relation between Ay and Ap.
For evoving the pair {y, p} as functions of ¢, Eq.(20) is modified as

I-L)y +pF=0. (21)

Here y and p denote the components of the tangent vector to solution-curve at £. The
nature of the singularity of the operator (I — L), and the relationship of its null-space to
F decides the type of bifurcation that occurs at that p. These aspects will be covered in
86, using a discrete approximation to operator L in Eq.. However, there is another
type of bifurcation which is considered below.

9
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The operator (I — L) can be split into two parts, and Eq.(21) rewritten as
(I-Li-TLo)y +/F=0. (22)

Here the part (I — Lq)y, for a specified density p and corresponding ¢(r), is defined as

H—Lﬂ9=Mﬂ—p/dW—WDMWMV7 (23)

and Lg denotes the remaining part. Note that La, which contains the function ¢(r’) in
its kernel, arises from the change in ¢(r) induced (via Ay ) due to the change Ap. If
(I-L4) is non-singular, then Eq. can be rewritten as (I—L2)(I-L;)"'z +p F = 0,
where the new vector z is defined as (I — Ly)y = z. Either y or z can be used for the
solution-curve as far as (I — Lq) is non-singular. However, at a value of p = p, where
(I—-L;) is singular, the matrix (I—Lg)(I—L;)~! will diverge, and the associated changes
in solution is termed as ‘singularity induced bifurcation’ [30]. But as (I—Lj —Ls) is non-
singular at ps, the vectors y and hence z are well defined, and these will vary smoothly
across ps. So Newton’s method will yield a solution y(r) at ps, to the original OZE in
Eq.(8). Now, note that the operator involved in Eq.(8) - with the converged function
¢(r) - is the same as (I — Ly). Therefore, y(r) + o ¢(r) is also a solution, where « is
an arbitrary constant and ¢(r) the eigenfunction corresponding to the zero-eigenvalue
of (I — Ly). It is easily verified by direct substitution that the singularity occurs at ps
whenever (1 —4mp,e(k)) = 0, where &(k) is the 3D Fourier transform of ¢(r) [22], and
@(r) = sin(k r)/(k r) is the eigenfunction corresponding to zero-eigenvalue. A real value
of k satisfying these conditions would exist when x=! = 1 — 4mp,c(0) < 0[12]. The
pertinent point to note is that the solution y(r) + « ¢(r) violates the integral condition
(IC), viz., I = [ h(r)dF < co. Thus singularity induced bifurcations generate an infinite
number of solutions, which violates the IC. These will occur for all values of ps for which
X! <0, which is simply the spinodal region on the isotherm.

5. Discrete approximation to FIE

For developing discrete approximations, the integral over 0 < 7' < oo in Eq.(17) is
truncated at cutoff length R;, and a quadrature scheme (like Trapezoidal or Simpson’s
rule) is applied to approximate the integral for each value of r. Then a collocation
method is used to generate a matrix equation that can be solved for Ay(r) at discrete set
of quadrature points in 0 < 7 < Ry. The kernel K(r,r’) defined in Eq.(I5)) requires ¢(r)
and y(r) in an extended interval 0 < r < 2R; when the solution is sought in 0 < r < R,
. This requirement arises whenever the unknown function, in integral equations in 3D,
depends only on the radial co-ordinate r. Therefore, suitable asymptotic forms for ¢(r)
and y(r) are needed in Ry < r < 2R;. The ‘extreme’ asymptotic forms ¢(r) = 0 and
y(r) = 0 in the last interval would necessitate the choice of a sufficiently large Ry [13].
This problem, together with the efforts in computing the kernel K(r,r’) and solving the
FIE are, perhaps, the drawbacks of the real-space method. So the pioneering work [13]
did not receive proper recognition.

A partial remedy to this problem, implemented in this paper, is to use accurate
asymptotic forms ¢®*(r) and h®*(r) in R; < r < 2R;. Using the current solutions y(r)
and ¢(r), Eq.(5) may be used to compute these asymptotic forms whenever x=1 > 0.
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An alternate approach using Nystrom’s interpolation formula, applicable to more general
situations, is discussed at the end of this section. In developing a method for solving
the FIE, first it is assumed that Ay(r) = 0 for Ry < r < co. Note that Ay(r) and
s(r) vanish (within tolerance) in the entire half-line when Newton’s iterations converge.
Then, Eq.(17) is reduced to a finite interval as

Ry

Ay(r) = 47rp/lC(r, Y Ay(r') ' 2 dr’ 4 s(r) . (24)
0

After determining Ay, and thereafter ¢ + Ac and y + Ay, the asymptotic forms to be
used in the next Newton’s iteration are updated. Thus, although there is lag by one
iteration, the asymptotic forms in Ry < r < 2R; also converge if Newton’s iterations
converge. The real-space method implemented in this paper, with an accurate method
to solve the FIE in a finite interval [14, 15], would provide solutions even when the IC is
violated (see §2).

The Nystrom’s method is commonly employed to transform a FIE to a matrix problem
[14, 15]. In the procedure adapted here, the upper limit R1 is chosen such that R1 = (n x
m)d, where § = o /n. Thus, there are a total of n x m major intervals and N’ =nxm+1
solution-points in the discrete problem. The unknowns Ay, = Ay(r;), where r; = (i—1)d
for 1 < i < N, are the dependent variables. It is assumed that n x m is even and the
integral in Eq., for any value of r, can be approximated using piecewise quadratic
polynomials for any function f(r). In the interval A; =r;_1 <71 < rji1 (j even), f(r)
is expressed as

fr) = fiaLi(r)+ LY (r) + fi LT (r)
LJL(r) = (rj—r)(rj41 — r)/26%
Li'(r) = (r—rj)(rjp —1)/8°,
L?(r) = (r—rj_1)(r— rj)/262 . (25)

Then, introducing certain weight factors W;(r) (which depends on r as explained below
) to account for the volume element (r2dr), Eq.(17) is approximated as

N
Ay(r) = 4mp Z W;(r) K(r,rj) Ay; +s(r) - (26)

In this equation, it is assumed that K(r,7')Ay(r’) is a quadratic polynomial in ' in
Aj. The collocation rule in Nystrom’s method amounts to enforcing this equation at the
discrete set of values {r;}, 1 <14 < N, which reduces it to a matrix equation

I-M)Ay = s. (27)

where Ay and s are N/ dimensional vectors with components Ay; and s(r;). Elements
of the N' x N dimensional matrix M are defined as

Mlvj = 47Tij(2) IC(’I”]_,TJ‘) 5 1 S ] S N,
M;; = 47TpW1(2) K(ri,r), 2<i <N,
My, = drpW " K(riry), 20, j<N. (28)
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where 0; ; denotes Kronecker delta. Two types of weight factors have been introduced
here for reasons explained below. Note that the first row of W;(r;) (for which i = 1)

is denoted as Wj(z) for 1 < 57 < N. The first column of W;(r;) is just the transpose of

its first row. The remaining elements are denoted as W;(r;) = Wj(l) for 2 <14, j <WN.
Components of the source (residual) vector s are given by

N
s1o= ) +dmp Y W) {ers) + ()}
si = —y(rs) +dmp WP e(ri) {e(ry) + y(r)} +
N
+ dmpy WiVC(r ) {elr)) +y(ry)} 2 < i< N (29)

Note that the components s; would approach zero, if Newton’s method converges.
As the integrals C(r1,7") = C(r',r1) = ¢(r'), and similarly Y(r1,7") = Y(r',r1) = y(r')
for 71 = 0, two types of weight factors, Wj(k) (for k = 1,2), are introduced above, viz.,

Tj+1
W;k) = /L;VI(T)der7 j=24,--- N—-1,
Tj—1
Tji+1 Ti+2
W, - / LE(ryrkdr + / LE (r)yrbdr,  j=2,4, N =2,
T Tit1
T2 TN
Wl(k) = /Lé(r)rkdr , ka) = / LE(r)yrkdr . (30)
1 TN -1

These definitions account for the volume element in the integral operator exactly, and
allow to retain Ay, explicitly in the discrete equations. Further, for evaluating the

integrals C(r, ) and Y(r,r"), additional weight factors ng) (for k =1,3) are introduced

as
Tj Tj4+1
§121 = / L (ryrdr Q;l) = / LY (ryrdr, j=2,4,---2(N = 1),
Tj—1 Tj
’r‘j rj+1
Q;Q) = / L;»V[(T)Tdr , Q§2421 = / Lf(r)rdT , J=2,4, 2N —1),
Tj_1 Tj
T Tit1
QY = / LE@ryrdr, QY = / LE(ryrdr | j=2,4,---,2(N =1). (31
Tj—1 Tj

Note that W](k) x 6**+1 and ng) o 82, where the proportionality factors are universal
real numbers. Furthermore, the recursion relations defined as

VE=0, V) = Vi Q0 ey + @ elrg) + Q52 elriia)
12
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= Vi QY elry) + QY elrin) + Q5 elrim)
W=0,V = VY +QW yrio) + QY yiry) + QY y(ris)
Vo o= VW y(r) + QY ylrin) + QY y(rio1), (32)
for j =2,4,---,2(N — 1), allow the integrals C(r;,r;) and Y(r;,7;) to be expressed as

1 . . 1
C(ryry) = m {Viﬂ‘—l - VlifjJrll} o Yriry) = % {sz+j—l - V\yifg#l\} - (33)

Here, ¢ and j vary over 2 < i ,j < N. Then the discrete approximation to the kernel
(ri, r; # 0) reduces to

K(ri,rj) =C(ri,ry) +q(rj){2C(ri,rj) + Y(riri)}, 2<i,j <N . (34)

This method for computing the matrix elements, which relies on recursively defined one-
dimensional arrays, is much faster in comparison to direct evaluation.

In Nystrém’s method, Eq. (known as Nystrom’s interpolation formula) is useful
to determine Ay(r), and thereafter Ac(r) = ¢(r) Ay(r), for arbitrary values of r in the
half-line [14]. In this paper, the interpolation formula is employed for the set {r;}, N +
1 <4 < 2N —1, to update the asymptotic forms as y*s(r;) < y**(r;) + Ay**(r;) and
c*(r;) < c*(r;) + Ac*®(r;). This way of updating the asymptotic forms would work
as far as Newton’s method provides a solution to Eq.(1), even in situations where the
integral condition is violated.

5.1. Checking the algorithm
To check the accuracy of the discrete algorithm, consider the nonlinear integral equa-

tion [13]
e r+r’
W(r) = dmn / f(r')w(r’)r'zdr'# / PO (@) dt . (35)
0 |r—r’|

It is easily verified, by direct substitution, that it has the exact solution ¥(r) =
exp(—ar?/2) when the function f(r) and n are chosen as f(r) = exp(—ar?/2) and
n = (2a/m)3/2. Alternatively, the second integral term can be written as f(|7—7'|) (|7 —
7’|) (see Eq.(13] also), and the solution verified using Fourier transforms. This non-
linear equation is similar to the OZE [13], and may be used to evaluate the dependence
of numerical error on mesh size ¢ in discrete approximation. Application of Newton’s
method, that follows exactly the same steps leading to Eq.(24), yields the linear equation

Ry
AY(r) = 47m/<1>(r, ) AY(r') ' 2 dr’ + w(r) (36)
0

where the kernel and source terms are given by

r4r’

s | Fwtorar, (37)

=]

o(r,r') = 2f(r)
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oo 7‘+1‘
w(r) = r) + 47N /f ') ’er / FO)w(t)t dt . (38)
0 |r |

Here 1 (r) is a guess solution. Its asymptotic form needed in the interval Ry < r < 2Ry,
for computing the integrals in these equations, is taken as the exact solution. The matrix
equation obtained in the discrete version of Eq. is expressed as

I-®)AV = Q, (39)

where the matrix elements and source vector can be computed as done earlier. In fact
the matrix elements ®;; are defined as in Eqs. with KC; j replaced by ®(r;,7;). The
latter is to be computed as done in the case of Eq.. New arrays as defined in Eq.
have to be generated in advance to obtain ®(r;, ;). Similarly, the components of source
vector 2 are defined as in Eq.. Due to the use of exact asymptotic form of ¥ (r), the
error in the discrete approximation arises from the use of quadratic functions only.
Results of computations (with cutoff length R; = 10) for the error e = ||f — 9|/
(infinity-norm) versus mesh size § are plotted (symbols) in Fig.[I] for « = 1 and 0.5.
The broken lines are fits given by e = 0.25 §* and e = 0.06 §* for the two values of a.
As expected, the global error reduction factor (6*) of Simpson’s rule is realized in the

algorithm.

L 1 )
[ ¥ ]

1E-5 |k 4 7
§ e=0255"] » #7
i 7 7]

oL a=12» )7 i

1E-6 "7

e X Ve ®
L / 7

1E-7F s 7 3
E ¢ % ]
- 7 /a =05

1E-8 | / @ . .
F s E
.7~ }e=0063

1IE9K 7 -
.4 e

0.01 q 0.1

Figure 1: Euclidean norm of error e in {4 (r;)} versus mesh size § are shown (symbols) for « = 1 and
a = 0.5. Broken lines are fits given by e = 0.256* and e = 0.066* for the two cases.
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6. Continuation algorithms

The discrete set of equations and Newton’s method would provide a solution for
given p and T, if a suitable starting solution is provided. More appropriately, solutions
on an isotherm, starting from p = 0 to an upper limit p,,q. is derived using the pseudo-
arc length (PAL) continuation algorithm. This generates a sequence of solutions {y; ,
p;}, and hence a solution-curve, within the discrete approximation. The PAL algorithm,
employing Fourier transforms to compute convolution integrals is already used to generate
the ‘no-real-solution’ boundary lines for LJ and hard core Yukawa (HCY) potentials
within the HNC closure [28]. This method is likely to fail on or inside the spinodal
region on a sub-critical isotherm because the Fourier transforms of functions do not
exist.

This section is devoted to discussing these methods for OZE and the MS closure
(Egs.(1) and (3)) in real-space. The discrete version of Eq.(20) is expressed as

(I-M)Ay +ApF=0, (40)
where 0 is a A/ dimensional null vector, and the elements of F are given by (see also
Eq.(29))

N
F, = —477/)2 Wj(2)c(rj){c(rj) +y(rj)}; andfor 2<i<N
j=1
N
Fi = —dmp WP e(r){e(r) +y(r)} +dmp Y WiDC(ri,ry){e(r) +y(ry)} . (41)

Jj=2

In the limit Ap — 0, Eq.(40) implies a system of ordinary differential equations (I — M (dy/dp))+
F = 0. Then, Euler’s forward difference scheme implied in Eq.(40), or more accurate
difference schemes can be used to solve the differential equation, with an appropriate ini-
tial condition yq at pg = 0. For a sufficiently small Ap, solution of Eq.(40) will yield an
approximation y, = yo + Ay for the density p; = pg + Ap. Thereafter, starting with y,
as initial guess, Newton’s method can be applied to obtain a new solution-pair {y1, p1}.
In this way, a set of pairs {y;, p;} can be generated as points defining the solution-curve.
Generating a discrete set of solutions {yj, p;} via Eq.(40), and subsequent Newton’s
method, is called the first order continuation method. Incidentally, zeroth order continu-
ation amounts to repeated use of Newton’s method with solution from previous value of
p as the initial guess. First order continuation belongs to the class of ‘predictor-corrector’
methods: solution to Eq.(40) provides the predictor while Newton’s method works as a
corrector.

6.1. PAL algorithm

In the neighborhoods and at values of p where (I — M) is singular (called critical
points), first order (or zeroth order) method will fail and different continuation algorithms
are needed. In these algorithms, the pairs {y;, p;} are considered as points on a curve
in N+ 1 dimensional space, which is labeled by the arc length ¢ (see §4). Thus, £ = 0
corresponds to the known initial point {yq,po}. Assuming that solution-pairs up to ¢,
are already obtained, Eq.(40) is modified as (see Eq.(21))

I-M;)y; +p; Fj=0. (42)
15
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Here y; and p; denote the components of the tangent vector to solution-curve at ¢;.
However, now there are N'+ 1 unknowns in Eq., but the deficiency is removed by
normalizing the tangent vector to unit length as ||y;[|* + 7 = 1, where ||y;|| denotes the
Euclidean norm of yj. A simple way to impose this normalization is to append Eq.(42)
with an additional equation, y;x = 1, which assigns value unity to the k" component of
¥;- Thus Eq.(42) is modified as

<I—e§VIj %j)(é’j)_(?), (43)

where ey is a unit vector with k" component unity, and superscript ¢ denotes transpose of
the column vector. The value of y; k is finally recomputed by imposing the normalization
condition of the tangent vector. The choice of k is somewhat arbitrary; one choice would
be such that |y;_1 k| is largest of all components. This method will not fail even at a
fold bifurcation point, as the enlarged matrix in Eq. is non-singular (see .

To obtain a proper predictor in PAL algorithm, the arc length equation defined as
[|Ay||? + (Ap)? = A¢? is added to Eq.(40) to close the system of N+ 1 equations.
Here ||Ay]| is the Euclidean norm of Ay. Being nonlinear, this relation is not useful
directly. So a linear version of the same (hence the name pseudo arc length), expressed
asy - Ay + pAp = AL, is used in PAL algorithm. This relation follows by replacing
(Ay/Al) and (Ap/Af) with the corresponding derivatives, which is well justified if Af is
sufficiently small. Using their latest values computed via Eq.(43), the system of equations
to be solved in PAL algorithm, for predicting the solution from ¢;, is

(5 (R )= () (44)

This solution readily provides the predictor to next solution pair as yJPH =y;+ A and
p’;H = p;j +Ap. Newton’s method is applied as a corrector, starting with y}ll and pfﬂ,
to this extended system of N'+ 1 equation. The corrector iterations are performed by
solving the equation

( I-Mji1 Fj > ( Ay ) _ < Sj+1 > (45)
y ¢ ) A Al
Yi+1 Pj+1 P
Note that sj1 is now present in the source vector as the predicted (as well as subsequent)
solutions do not lie on the solution-curve. All the matrix elements in Mj, 1, tangent com-
ponents (y} 1 pj+1) and residual vector s;j1q in Eq. are to be updated as iterations
progress using the most recent solutions yji1 < yj+1 + Ay and pjr1  pj+1 + Ap
at arc length £;;,. In a more commonly used version of the PAL algorithm, an addi-
tional condition that the correction vector (Ay, Ap) is orthogonal to the tangent vector
(¥j+1,0j+1) is employed. Correction iterations converge faster as these proceed in or-

thogonal direction to the tangent vector. This makes A¢ = 0 in the source vector and
Newton’s corrector equation reduces to

( I-Mji1 Fj ) ( Ay ) _ ( Sj+1 ) (46)
Y}+1 Pj+1 Ap 0
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6.2. PAL algorithm and singularities

PAL algorithm outlined above will work in situations when (I — M) is singular for a
particular p, but has a simple rank deficiency. Thus its rank is A" — 1, i.e., one less than
the dimension N. In that case its zero-eigenvalue is simple, which means that the null
space is one-dimensional. Now, the rank of the augmented matrix [(I — M)|F] can be
either AV or N'— 1. In the first case, p is called a fold bifurcation point, where as in the
second case it denotes a simple bifurcation point corresponding to either transcritical or
pitchfork bifurcations [18]. For the case of fold bifurcation point (case-1), there can only
be one vector (y, gs) that satisfy the tangent equation

I-M)y +pF=0. (47)

This is so because the rank of augmented matrix is /. Therefore, it is clear that the
expanded matrices in Eq.(43) or @[) can not have a zero-eigenvalue. In this case the PAL
algorithm allows one to move on the solution-curve smoothly. Determinant of (I — M)
will change sign at the fold bifurcation point, and can be monitored to locate the same
[18]. In fact, zeros of linear interpolation polynomials of solutions, constructed with
successive positive and negative values of determinant, provide good approximations to
the fold bifurcation point [18]. The singularity of (I — M) at the fold bifurcation point,
say at ps, implies a consistency condition (for a non-trivial y to exist) that (o; F) has to
be orthogonal to its right eigenvector - same as the eigenvector of (I — M) ). However,
rank N of the the of augmented matrix implies that F can not be expressed as a linear
combination of the columns of (I — M), i.e., there does not exit a non-trivial vector ¢
defined as F = (I — M) c. So the consistency condition is satsfied only when the slope
pr = 0. Using Taylor’s expansion, it is shown that a negative value of second derivative
pf, with respect to £, leads to a fold turning to left at p¢, while a positive value yields a
right-turning fold (see Fig.|2)).

Because the rank of augmented matrix (which has A + 1columns ) is N’ — 1 for the
case of simple bifurcations (case-2), there can be two independent vectors (X, 5*), for
k = 1,2, that satisfy the equation (I — M) ¥ + p*¥ F = 0. In fact, these two tangent
vectors can be determined [17, 18], thereby making it possible to trace both branches
passing through the bifurcation point. Applications of these ideas are discussed below
(see §7.2, £8.2).

The methods described above is now applied to LJ potential with MS closure. Results
obtained for the isotherm corresponding to reduced temperature T* = kT /e = 1.15 are
shown in Fig. 2. Mesh size § = 0.050 and cutoff length R; = 200 leading to N =
401 are used in the discrete approximations. Proper asymptotic forms for y(r) and
c(r), as explained in §5, also are employed. Inverse compressibility x~1 = B(0P/dp)
and determinant A (I — M) of the Jacobian matrix are plotted versus reduced density
p* = po3. This isotherm is well in the sub-critical region as the critical temperature
is T} = 1.316. Fold bifurcation points, corresponding to A = 0, occur at p* = 0.1339
and 0.3797 on the vapor and liquid sides, respectively. Similarly, spinodal points at
which x =1 = 0, are found at p* = 0.1327 and 0.4584, on the two sides. The difference
between the two types of densities is very small on the vapor side, although the fold
bifurcation point is larger than the spinodal point. The solution-branch for p* < 0.1339
is unphysical because ! increases with density. So it may be concluded that the
spinodal at p* = 0.1327 is not on a physical branch. The fold bifurcation and spinodal
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are well separated on the liquid side, and x~! < 0 between them. While there is a unique
solution branch for densities higher than the spinodal (on the liquid side), two branches
are found for densities lower than the same on vapor side. These results are quite similar
to those found via real-space approach for HNC closure [13]. However, computations
employing Fourier transforms did not find density-regions where x~! is negative [27].
Similar results are found for other isotherms corresponding to 7% = 1.25, 1 and 0.9.

T'=1.15

D (I-M) x 10”
—_—

4

0.2 * 0.4 0.6

Figure 2: Inverse compressibility x =1 = B(0P/8p) versus p* = po? along isotherm for T* = kgT/e =
1.15, in the vapor side ( curve 1) and liquid side (curve 2) for LJ potential. Determinant A (I — M) of
the Jacobian matrix on vapor and liquid sides are shown in curves 3 and 4, respectively. While x~!
vanish at p* = 0.1327 and 0.4584, fold bifurcation points (where determinant vanish) are at p* = 0.1339
and 0.3797 (see text in §6.2).

7. Generalization for complex solutions

Complex solutions to OZE and PY closure, inside the two-phase region, were orig-
inally found for hard spheres with stickiness [26], and LJ potential [11]. While these
investigations employed Baxter’s version of OZE, similar results were also found by gen-
eralizing the Fourier transform method to the complex domain [3I]. More recently,
complex solutions are found for LJ potential with HNC [32] as well as several other
closures [27]. All these results may be thought of as bifurcation from real to complex
branches of solutions [19]. Most interestingly, bifurcation analysis to complex domain
connects difference branches of real solutions, which appear as disconnected branches if
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restricted to real valued functions [19]. In this section, the real-space method to OZE
and MS closure is generalized to the complex domain.

If ¢(r) and y(r) are generalized as ¢(r) = cr(r) + 2 ¢;(r) and y(r) = yr(r) + 2 yr(r),
where the subscripts R and I denote the real and imaginary parts, respectively, then
Eq.(8) will yield separate equations for the real and imaginary components. Alternatively,
the linear Fredholm integral equation in Eq.(24), can be generalized as

R,y

Aygr(r) = 47Tp/ [ICR(T, ) Aygr(r') — K (r, r’)AyI(r/)]T/ 2dr’ + sr(r),
ORI

Ayr(r) = 47rp/ [’C[(T, ) Aygr(r') + Kg(r, r')AyI(r’)}r' 2dr' 4 sp(r),  (48)
0

where the kernels Kr(r, ") and K;(r,r’) are given by

(
Kr(r,r)y = Cgr(r,7") +qr(r") Pr(r,r") —qr(r") Pr(r,r"),
Ki(r,v)y = Ci(r,7")+q(r") Pr(r,r") + qr(r") Pr(r,r’) . (49)

For simplifying equations, Pz(r,r’) = {2Cz(r,r") + Yz(r,7’)} is introduced, where,
Cz(r,r") and Yz(r,r’) ( subscript Z denotes either R or I) are redefinition of Eqs.(13)
and (14) employing cz(r) and yz(r). Therefore, they can be computed as in the case of
real solutions. Similarly, qz(r) = [hz(r) + gz (r)B%(r)] provides the real and imaginary
components, where it is assumed that the bridge function is defined with the real part
yr(r). Asymptotic forms of these functions in Ry < r < 2R; are needed in computing
the kernels given above. Residual terms sg(r) and s;(r) are found to be

Ry
SR(T) - —ZJR(’/’) + 47Tp/ {CR(Ta T/) pR(T,) - CI(T, T/) p](T/)] r 2dr' ,
21
si(r) = —yi(r) + 47Tp/ {CR(Ty pr(r') + Cr(r, r’)pR(r’)}r’ 2ar" (50)

0

where pz (') = {cz(r') + yz(r')}. Discrete form of Eq.(48) is obtained following the
same procedures and formulas used for the case of real solutions. There are no additional
complications, although the dimension of the matrix equation to be solved is doubled to
2N. Nevertheless, some of the formulas are listed for completeness in next section.

7.1. Discrete form for complexr solutions
For complex solutions, it is straightforward to generalize Nystrom’s interpolation
formulas in Eq.(26) as

N
Aygr(r) = 47rpZWj(7“) [ICR(T, rj) Ayr; — Ki(r,75) ijj} + sr(r),

N
Ayr(r) = 47rpZWj(T) [IC](’I", ;) Ayr; + Kr(r,r;) ijj} + s7(r) . (51)
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Application of the collocation rule readily yields the matrix equation

(N2 e

M] I-— MR Ay] St ’
Elements of the matrices M are defined exactly as in Eq.( 28) with Kz (r;,7;) (where Z
denotes either R or I) in place of K(r;,7;). Computation of matrix elements also proceeds
exactly as in the case of real solutions, however, additional arrays, like in {V]‘:} and {VJy}
(see Eq.( 32) ), need to be generated with real and imaginary components {cz(r;)} and
{yz(r;)}. The known vectors sg and sy are also computed using expressions analogous
to those in Eq.(29).

Nystrém’s interpolation formulas in Eq.(51)) are useful to determine Ay%*(r), for
arbitrary values of r along the half-line [0, 00), as in the case of real solutions. Thereafter
Ac%P(r) are readily computed using Ac%®(r) = qz(r) Ay%’(r). These are employed for
the set of ordinates {r;} in the range N+ 1 < i < 2N — 1 to update the asymptotic
forms to y3°(r;) < y%° (r;) + Ay%(r;) and ¢%(r;) < ¢ (r;) + Acg(r;). Continuation of
solutions for different values of p is obtained using the same PAL algorithm, generalizing
Eq.(43) to get tangent vector, Eq.(44) for predictor and Eq. for corrector iterations.
Of course, the starting point is p = 0 and it is necessary to employ 2 A dimensional
matrices throughout.

7.2. Complex bifurcation

The method outlined above, is along the well known procedure to look for complex
solutions to non-linear equations [19]. The imaginary components of the solutions are
automatically generated, as discussed below, on continuing the solution along the arc
length - it is found unnecessary to tweak the OZE by adding an imaginary term [32, 27].
For the complex solution, the tangent equation in Eq.@ still applies, but the matrix
M, and vectors y and F are taken as complex vectors (with subscripts R and I denoting
real and imaginary parts, respectively). This equation, together with its derivative with
respect to £, are written as

I-M)y +pF = 0,
I-M)y —Myyy —(M,-Fy)yp+pF = 0. (53)

Here My, Fy and M, denote derivatives with components of y and p, respectively. Note
that My is a complex matrix of dimension (N x 2A/) and y y, which denotes a direct
product, is a 2N/ dimensional vector. Explicit expressions for these are easily derived
using Eqs.(28) and , after generalizing them to complex solutions. As explained
earlier (with reference to Eq., the explicit dependence of ¢(r), and hence of F, on p is
omitted, which explains absence of the F, p p term. Also, § and j are second derivatives
with arc length ¢. At the fold bifurcation point ps, the identities M; = My, = F; =0
and py = 0 hold, although y and ¥ can still be complex vectors. So at density py, Eq.
reduce to

I-Mg)y = 0, (54)
I-Mg)¥y My, vy +pfFr = 0, (55)

20


https://doi.org/10.20944/preprints202206.0407.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 29 June 2022 d0i:10.20944/preprints202206.0407.v1

Now, Eq. shows that y = 6 f where f is the (real) eigenvector corresponding to
zero-eigenvalue of (I — Mpg) and 6 an arbitrary (complex) constant. The corresponding
eigenvector of (I — Mg)! is denoted by g. On substituting for y, and pre-multiplying
with gt, Eq.(55) yields

0> (8" My, ff) —j; (8" Fgr)=0, (56)

This equation shows that 8 is purely real (fr) or purely imaginary (f;). The former
case yields py = 0%(A/B), where A and B are defined appropriately. This provides the
real-branches at p; found earlier in §6.2. The latter case gives j; = —6%(A/B), which
shows the emergence of imaginary branches at py.

Exactly similar analysis can be done for the spinodal point starting with the discrete
version of the tangent equation in Eq.(22). Its complex version and derivative with ¢ are
expressible exactly as in Eq.(53), although with minor differences. Now, M denotes the
discrete version of operator L, and F also contains an additional term arising out of the
operator Lg in Eq.(22). Again, all the matrices and vectors (except y ) are real at the
spinodal density ps, however, ps # 0. Thus, the equations to be analyzed at p, are given
by

I-Mg)y +psFr = 0, (57)
(I_MR)y_Mij’y_(MRp—FyR)}.’ﬁs‘FﬁsFR = 0. (58)

Note the presence of extra terms, in comparison to those in Egs.(54) and (55), because
ps # 0. Now, the crucial point is that (g - Fr) = 0, because the solution y exists,
although (I — Mp) is singular at ps. Then, the general solution of Eq. is expressed
asy = 0 f + v, where 6 is a (complex) constant and v is a particular solution. This
solution is chosen such that (g* - v) = 0, as any component of it along f is absorbed in
0f. Now, the steps leading to Eq. can be repeated to obtain the quadratic equation
A0? + 2BO + C = 0, where the constants A, B and C are readily defined. In case
the discriminant B%2 — AC' < 0, the resulting (complex) 6 will show the emergence of
complex solutions at the spinodal point. Thus, two sets of complex solutions may occur
in the two-phase region; one originating at the fold bifurcation point and the other at
the spinodal point. The second may be absent in specific cases, as in the case of Baxter’s
model [26].

The algorithm described above is applied to LJ potential. Mesh size § = 0.050 and
cutoff length Ry = 120, which yields N' = 241, are used. Asymptotic forms for real and
imaginary parts of y(r) and c(r) are also used, as explained earlier in Computations
started at p = 0 and the complex solutions are generated automatically by the algorithm.
Complex solutions y(r) and ¢(r) lead to complex values for thermodynamic quantities.
Values of inverse compressibility x~! = 8(0P/9dp) against p* = po?, along isotherm for
T* = kpT/e = 1.15, are shown in Fig. Imaginary part (red curve 1) is identically zero
outside the spinodal region, while the real part (blue curve 2 ) connects the spinodal
points on vapor and liquid sides. Symbols, marked as 3 and 4 in the figure, show x~*
versus p* from purely real solution branches discussed in Fig.2. Importantly, the complex
solutions are seen to cover the entire spinodal region, as clearly evident on the liquid side.
It is possible that there is another complex branch connecting the fold bifurcation points,
however, but this was not found in the results. Special procedures to trace a complex
branch at the fold on liquid side may be necessary for this. Comparison of x~! (on
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real branches) in these figures also shows that all its variations are retained either with
Rl =12 or R1 = 20.
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Figure 3: Complex inverse compressibility x !

= BAP/dp versus p* = po> along isotherm for T*
kpT/e = 1.15. Real part ( red curve 2) and imaginary part (blue curve 1) connect fold bifurcation
points on vapor and liquid sides. Symbols (marked as 3 and 4 ) show x !

vs p* from purely real solution
branches (see Fig. 2). Note that the complex solutions cover the entire spinodal region (see text in §7.2).
8. Coupling parameter expansion

The coupling parameter expansion (CPE) starts with splitting the potential as U (r, \) =
Uo(r) + AU, (r), where Uy(r) and U,(r) are, respectively, purely repulsive and attractive
components, as per WCA prescription [25]. The coupling parameter A tunes the strength
of the attractive potential; A = 0 corresponds to the reference part while A = 1 provides
the full potential. Now, all correlation functions also are considered as functions of A.
In CPE, these functions are assumed to be analytic around A = 0, and expanded as

Taylor’s series in A about the respective functions corresponding to their reference parts
[21]. Thus, the function y(r, ) is expanded as

y(r,\) = Z %)\”yn(r) . (59)
n=0
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Here y,,(r) denotes the n'" derivative (0 < n < oo) of y(r,\) at A = 0; yo(r) being the
total correlation function for reference potential. Other correlation functions, ¢(r, A) and
h(r, A), are also represented via such series expansions. The main assumption in CPE is
that these expansions converge over the entire range 0 < A\ < 1, and the contributions
from the attractive part of potential are adequately accounted via the derivatives like
yn (7). Truncation of the series at zeroth order (n = 0) yields the first order perturba-
tion theory [1]. But the general formulation of CPE can incorporate quite higher order
derivatives, however, by taking recourse to the OZE [22].

Using the binomial expansion of derivatives of product of two functions, the n'" derive
of Eq.(8) is readily found to be

i) = p [ eal)ollF =) + o7 7)) +
+ o7 =D [ear!) +9a ()] dF + ur) (60)

n—1
i) = 0 [ 3 € (7= D [en () ()] 7 m 21,
m=1

where {C/"} are the binomial coefficients. Similarly, the closure relation in Eq.(2) is
differentiated n times to obtain

ca(r) = [ho(r) + go(r) Bo(r)] yn(r) + wa(r) , n>1 (61)
wn(r) = —9o BUA(S’I’L 1+ gOB;: +
n—1
+ Z Cgl_l [BUA(Snfm, 1+ Yn—m + anm] [ym + Cm} , = 1 )
m=1

where B((r) is derivative of B[y] computed at yo (see Eq.(9)). The derivative of bridge
function, with respect to A, are expressed as B,, = B{ y, + B} (n > 1), so that B}
contains only derivatives of y(r) of order less than n. The derivatives B} for the MS
closure are obtained via recursion relations [21, 22]

n—2
By = —Bip*AUsbn1—(1+By) Y Cr'Omi1Onym, n>1,
m=0
On = (I+Byyn+B,,n>1 (62)

The summation term contributes only for n > 2; so this recursion equation provides B}
explicitly at all orders. Now, substitution of the above expression for ¢,(r) in Eq.
gives the linear equation

i) = o [ [eoll7= 7D+ a0(r") {2e0ll7 = 7D + 9017 = 7D unl0") a7+
+ su(r), n2=1,
sulr) = anlr) [ [2e07 = 7)) + 9017 = 7] un(r) & m 21, (63)

where qo(r) = [ho(r) + go(r)Bj(r)]. Note that the kernel of the above FIE is similar to
that in Eq.(12), and so can be re-expressed as in Eq.( 15). Computation of correlation
23
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functions yo(r) and ¢o(r) for the reference system (on any isotherm) is readily done using
Newton’s method and first order continuation. No singularities are encountered for the
reference system as it is purely repulsive. The FIE is easily converted into a matrix
equation like (I — My) yn = sp using Nystrom’s method elaborated in §5. The source
vector sy, contains only derivatives of order less than n, and the matrix to be inverted is
same at all orders.

The derivatives y,, (r) and ¢, (r) are short ranged functions, just like yo(r) and co(r),
and so their Fourier transforms exist even in the coexistence region. Therefore, it is
not necessary to continue in real-space; the convolution integrals in Eq.( [63) are easily
computed in Fourier space. Taking Fourier transforms yields

1= pco(k) 1= pco(k)

This equation is identical to that obtained earlier [21, 22]. Further, it is quite similar
to Eq., which represents Newton’s method in Fourier space. However, the factor
(1—pép) in the denominators will never become zero as it refers to the reference system.
The operator involved in Eq. is the Fourier transform integral, and so this equation
is easily solved via Krylov space methods [21]. For applications, A is set to 1 in Eq.,
and the series is terminated at a suitable order. All results obtained below use 7" order
expansion [22], thus keeps terms up to n < 6.

Two independent methods for computing thermodynamic quantities, one via the free
energy route and the other using the compressibility route, were used to obtain the phase
diagram of LJ fluid [22]. Both approaches agree very well each other, and with results
derived from simulation data [33]. The former method does not need data in the spinodal
region for computing the phase diagram; it imposes equality of pressure and chemical
potential of the gaseous and liquid phases. But the latter uses integration of inverse
compressibility (x~! = 30P/0p along p, starting from p = 0. Because it is computed as
1 — p [ ¢(r)dF), negative values of y~* - signaling slow decay of ¢(r) - are obtained along
any isotherm in the sub-critical region, which is discussed next.

Gn(k) = p (@) g () + (k)] + (64)

8.1. Negative compressibility

Convergence of the CPE was analyzed in detail earlier [22]. There it is shown that
the series truncated at 7" order, which retain terms up to n < 6, converge to well defined
functions in the super-critical as well as sub-critical regions for LJ fluid. However, the
integral constraint I = [ h(r) dF < oo is violated in regions where X! have negative
values (see §2). Suppose yeq(r) and ¢, (r) are solutions (presumably converged) obtained
via the CPE. Then, the starting Eq.(8) shows that y,(r) = ye(r) + @ ¢(r) is also a
solution where ¢(r) satisfies the homogeneous equation ¢(r)—p [ ce, (|7—7|) ¢(r')di” = 0,
and « an arbitrary constant. In fact, ¢(r) is the eigenfunction corresponding to zero-
eigenvalue of the integral operator in OZE, with a given function ¢(r). It was argued
in §4 that such functions do exist whenever x~! is negative. Equally important, the
spatial integrals of ¢(r) and y,(r) do not exist. Thus CPE indicates an infinite number
of solutions, which violate the integral constraint in the spinodal region.

It has been argued [13] that Monte Carlo simulations [34] and mean field theories
of fluids [24] can be constructed within a restricted ensemble approach. Here the total
volume occupied by the system is divided into a large number of cells, and the num-
ber of particles in each cell is restricted to be in a specified range. This restricts the
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range of allowed statistical (number)fluctuations within the system, thereby making it
possible to connect vapor and liquid branches (through the spinodal region) on a sub-
critical isotherm. Recent simulations using the transition-matrix Mote Carlo (TMMC)
clearly show the emergence of van der Waals loops in pressure versus volume curves in
the spinodal region [23]. So it seems appropriate to relate the results of CPE to those
of restricted ensemble approach. However, CPE does not fix the range of allowed fluc-
tuations arbitrarily, as is the practice in simulations. The correlation functions of the
reference system automatically fixes the range of fluctuations - like in other mean field
theories. Solutions to OZE incorporates fluctuations at all ranges, although approxi-
mately [13]. The fold bifurcation points (on vapor and liquid sides) and ‘no-real-solution
regions’ between them, obtained via Newton’s method (see §6), seem to be a consequence
of these very long range fluctuations. In fact, real-space method applied to OZE with
lower cutoff length (R; = 6 o), although within the PY closure [35], do not show fold
bifurcation points; it yields connected isotherms (with van der Waals loops) between
vapor and liquid branches.

1.0

Figure 4: Comparison of 3Po3 versus p* = po> obtained using CPE (lines) and TMMC simulations
(symbols) on different isotherms, labeled with T* = kgT/e. The blue and red lines are obtained via the
free energy and compressibility routes, respectively. Both set of results show the van der Waals loops in
the spinodal region (see text in §8.1).

To check the accuracy of CPE, reduced pressure SPo? versus reduced density p* =
po is compared in Fig. for different isotherms labeled with T* = kgT/e, with TMMC
25
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simulation data for 7% = 0.8,1.0,1.2,1.35,1.5 . As critical temperature (T = (1.326)
obtained in CPE [22] compare well with that from simulations (77 = 1.316) [33], it
may be concluded that CPE provides excellent results in the super-critical region ( see
isotherms for 1.35,1.5). In the spinodal region, the agreement is quite good, except
for for T* = 0.8. Pressure computed via free energy route (blue curves) agree better
with data. The differences between CPE results obtained via free energy (blue curves)
and compressibility (red curves) routes are indicative of the lack of exact thermodynamic
consistency of the MS closure. These results support the view that CPE provides accurate
results within the restricted ensemble approach.

8.2. Non-uniform singlet density

Finally, there is an issue within CPE because x~! computed via c(r) and g(r) will

not match in the spinodal region, because the former is negative. As argued below, this
is due to the inherent drawback of using a spatially uniform density in that region. It
is shown next that the singlet density p bifurcates to a non-uniform distribution when
x~! = 0. A starting point to show the emergence of this bifurcation is the equation for
non-uniform singlet density p(7) in a fluid [36]

[l + (7] = p / (7= 7)) 9(F') i’ (65)

where ¢(7) = [p(¥) —p]/p, and c(r) is the direct correlation function obtained within CPE
or any other mean field theories. Being the correlation function in an isotrotic fluid, it
depends only on the radial coordinate r. Here p denotes the mean density used in OZE,
CPE, mean field theories, etc. Clearly, uniform density corresponding to the solution
Y(7) = 0 of Eq. for all p. What is to be checked is the emergence of bifurcation
to a solution 1 (7) # 0 at a spinodal point (see §7.2). For this analysis, ¥ () and p are
considered as functions of the arc length parameter £, used for labeling a solution-curve.
The slopes 1 and p, with respect to arc length ¢, along the solution-curve, satisfy the
equation .

m#’*PﬁZ/J*P(EJFEp)w:Oa (66)
where the operator £ is defined as £y = [ ¢(|7—7'|) ¢(7") dF’. The dependence of ¢(r)
on p is incorporated in £,. Differentiating once more with ¢ yields

1 . . 1 .. . .
m¢—ﬂﬁ¢—ﬂ(£+£p)¢—m¢w—2P(£+£p)¢+ﬂ(£p+£pp)1/)=07 (67)

where L, accounts for second derivative of ¢(r) with p. Suppose p; is a density where
bifurcation occurs from % (7) = 0 solution. At that point (pp, 0) on the solution-curve,
these equations reduce to

QL - Pbﬁw = 0 ’
(=L = [+ 25 (L+ L,) 0] = 0. (68)
The first equation shows that v (7) = ag(7) is a solution where ¢(7) is the eigenfunction

of (I — ppL) corresponding to zero-eigenvalue, and « an arbitrary constant. By direct
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substitution it is verified that ¢(7") = exp(tky - 7) is a non-trivial eigenfunction, provided
1 — py é(ky) = 0, where ¢(kp) is the 3D Fourier transform of ¢(7), and k; the (radial)
Fourier variable. For a non-trivial solution 1/1 in the second equation, the terms in the
square bract must be orthogonal to ¢(7) as (I — ppL) in the singular. This condition
provides a quadratic equitation for «, viz.,

o? 51%,0 +a pp (p;l — Cp, (kb)) =0, (69)

where 0y, o denotes Kronecker delta, and ¢,, (k;) is the density-derivative ¢(ky) at pp .
This equation shows that o = 0 is always a solution, which corresponds to uniform density
distribution t(r) = 0. However, there is a non-trivial solution o = —g, (p;* — (0))
where ps is the density corresponding to the spinodal points. Note that ¢/(0) = —pgz —
,0;1 Xp_,,l where the subscript p, denotes density-derivative at p,. Thus the singlet density
bifurcates to a non-uniform distribution at the spinodal points. Although the linear part
(I — ppL) is singular at non-zero ky, i.e. inside the spinodal region, the bifurcation occurs
only at the spinodal points.

For illustrative purposes, consider p close to ps. Then ¥(7) << 1, and so In[1 + ()]
in Eq.(65) may be replaced with (7). Further, assuming that ¢(7) varies slowly with 7,
so that ¢ (7") is approximated by Taylor’s series, Eq.(65) reduces to

3pCoV? —[1—p Col Y(F=0, (70)

where the constants Cy and Cy are the same as in Eq.(5). When x=! = [1 — p Cp] is
negative, i.e., p within the spinodal region, Eq., together with (say) periodic bound-
ary conditions, will yield oscillatory solutions. Numerical treatment of Eq.(65) will be
necessary to establish the occurence of non-trivial ¢(7) in the entire spinodal region.

9. Summary

One of the objectives in this paper is to investigate bifurcation of solutions of OZE
and MS closure, applied to full LJ potential, in the gas-liquid co-existence region. This
closure yields nearly self consistent results in most part of the phase plane except for low
sub-critical temperatures. The method adopted is based on a discrete approximation of
OZE in real space. The error reduction factor of algorithm scales as ~ §%, where § is
the mesh size. This is different from the more conventional approach in Fourier space
because Fourier transform of OZE does not exist on spinodal points and regions showing
negative compressibility. Accurate asymptotic forms of correlation functions, which are
essential for the real-space method, are incorporated so that the results are much less
sensitive to cutoff length (R;) used in the method.

Main findings on bifurcation of solutions are as follows: (i) Spinodal point on the
vapor side does not exist on any sub-critical isotherm, although there is a density on an
unphysical solution-branch where inverse compressibility vanishes. (ii) Fold bifurcation
points exist on vapor and liquid sides of the isotherm, with a ‘no-real-solution’ region in
between. (iii) Spinodal point exists on the liquid branch at a density larger than that of
the fold bifurcation point on that side. (iv) In addition, solution-branches (violating the
integral condition) with negative compressibility are found on vapor and liquid sides. (v)
Complex solutions continuously connect the physical solution-branches (see Fig.3). First
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four observations are quite similar to that found earlier, using real-space methods, for
HNC closure [13]. In addition, it is shown that there are an infinite number of solutions
in the spinodal region, which may also be seen as ‘singularity-induced’ bifurcation points.

The second objective in the paper is to relate results of CPE, in gas-liquid co-existence
region, with those of restricted ensemble approach. This possibility is corroborated
by displaying excellent agreement of pressure-density isotherms with simulation data,
where both set of results show emergence of van der Waals loops in the sub-critical
region. It is also argued that OZE supports an infinite number of solutions (violating
the integral constraint) whenever inverse compressibility is non-positive. Analysis of a
simple equation for singlet density distribution shows that it bifurcates to a spatially
inhomogeneous distribution between the spinodal points. Perhaps, this point is the
root cause of all inconsistencies (negative compressibility, van der Waals loops, ‘no-real-
solution’ region, etc.) in approaches to OZE in the spinodal region.
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