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Abstract: 

A set of programs for the numerical simulation of the diffusion decomposition 
processes was developed by using simulation methods, kinetic and particle 
method. The complex has been validated on the model system Ni-Al by the growth 
of -phase separations. The results on the evolution of the distribution function and 
other characteristics of the ensemble, which in the zero volume fraction approxi-
mation are asymptotically in good agreement with the theory and the experiment, 
have been obtained. The peculiarity of the created program complex is the possibil-
ity of its adaptation to the description of the decomposition of multicomponent 
multiphase systems. 
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Introduction 

 

Diffusion decomposition of supersaturated solid solutions, which consists in 
the nucleation and subsequent growth of new phase precipitates, is the process, 
which leads to formation of heterogeneous structures with definite volume distri-
bution of macro defects in a solid. This phenomenon is widely used in the technol-
ogy of aging alloys for the production of high-strength steels, composite materials, 
heat-resistant alloys based on nickel, aluminum, etc. 

At the same time, decomposition can present a serious danger in deteriora-
tion of material properties due to undesirable growth of various defects (precipita-
tions, pores, etc.) during operation, actually limiting the resource life of the mate-
rial. This, in fact, determines the enormous role that diffusion decomposition pro-
cesses play in the formation and evolution of various structural-sensitive properties 
of solids. Without taking into account the distribution, interaction and kinetics of 
macrodefects it is impossible to give a correct physical picture of the behaviour of 
real materials under external influences and, consequently, it is impossible to pro-
gram scientifically the creation of materials with improved parameters and to opti-
mise their performance characteristics. 
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A consistent theory of diffusion decay at a late stage due to diffusion interac-
tion of macrodefects is constructed in [1,2]. Even approximatedly formulated sys-
tems of equations are very complicated and can be fully analytically solved only 
asymptotically in time, not to mention more rigorous and more complex descrip-
tions. This is especially true for multicomponent disperse systems, which admit an 
analytical description only in a small number of limiting cases. 

In this connection, many physically interesting and practically important 
questions remain outside the limits of analytical research in the theory of diffusion 
decomposition - the study of kinetics of transition of a disperse system to an as-
ymptotic state, construction of state and nonequilibrium diagrams of decay of mul-
ticomponent systems, investigation of cyclic thermomechanical treatment of dis-
perse structures, etc. 

Some of these problems can be successfully solved by numerical simulation 
methods. Despite their great promise, only a small number of works on diffusion 
decomposition have been performed with their help so far [3, 7]. 

The purpose of this work is to develop a set of programs for computers that 
allows one to numerically simulate the processes of diffusion decomposition of su-
persaturated solid solutions. The second section formulates the basic equations of 
the diffusion decomposition theory necessary for modeling and specifies two pos-
sible ways of their numerical solution. The third section describes the calculation 
algorithms and the capabilities of the software package. Finally, the fourth section 
presents the results of simulation of the decomposition process in the Ni-Al system 
and the software validation. 

The peculiarity of the created complex is the possibility to adapt it to the de-
scription of the decomposition of multicomponent multiphase systems, which is 
the next stage of the research cycle. 

 
2. Basic equations 
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Let us consider an ensemble of spherical emanations with radii Ri , dis-

persed in a matrix M The equilibrium concentration cR at the surface of the 

radius Ri extrusions depends substantially on Ri [1] 

c = c + α 
, (1) 

i 

which leads to the flux J R from small emission into the matrix and from the matrix 
to large 

emission 

 

R = D r = Ri , (2) 

2σ V c∞ 

where α = , c∞ is the concentration of the saturated solution. σ - interfacial sur-
face 

kT 
energy, V - volume of the solute atom, D - its diffusion coefficient in the matrix. 

To describe the behavior of a polydisperse ensemble, it is necessary to solve 
the complex diffusion problem 

∂ c 
∂r  

= D ∆ 
c ; 

cr  =Ri 
= cR 

 
(3) 

When solving it one usually passes to description of diffusive growth of one selection 
with average 

concentration c = cr  =∞ away from the selection, determined by the law of conservation of 

dissolved 

matter. The procedure of averaging is considered in detail in [8]. The change of sizes 
is taken into account by solving the continuity equation in the space of sizes of ex-
tractions. Following [1,2], we write in zero approximation the system of equations 

dR 
= V (R) = D (c − c ) = D (∆ − α ) = D ( 1  

−  
1 ) 

 (4а) 

dt R R R R R R 
k 

∂f (R,t) = 
∂t 

4π ∞ 

∂ [V (R) f (R,t)] = 0 
∂R 

3 

 

(4б) 

J 

i 
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t =0 

c + 
3
 ∫ f (R, t) R dR = Q0

 
0 

(4в) 

Her
e 

f (R,t) is the function of emission size distribution at time t , normalized to the 
number of 

emission per unit volume 
∞ 

N (t) = ∫ f (R, t)dR , (4г) 
0 

- total number of atoms of dissolved matter in the system (in the matrix and in the 
excretions); 

0 

∆ = c − c∞ 
- supersatura-
tion; Rk 

= α -- critical radius of excretions. 
∆ 

Supplementing (4) with the initial conditions 

f (R,t) = (R) , (5а) 
0 

f 

Q 
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( ) 

Q 

Q 

c t =0 = c0 
(5б) 

we obtain a closed system of equations. Describing in the accepted approxi-
mations the late stage of diffusion decomposition. 

The growth of macrodefects at this stage, when supersaturation is already 
very small, is essentially determined by the balance of point defects, the number of 
which in the solid solution becomes insufficient to provide simultaneous independ-
ent growth of all elements of the ensemble. A "diffusion interaction" arises between 
the macrodefects, when each macrodefect "feels" the self-consistent diffusion field 
of point defects determined by the whole ensemble. The developing competition 
for a power source leads to the fact that the growth of macrodefects occurs due to 
diffusive mass transfer of matter from smaller-sized macrodefects to larger ones. 

Such an unusual behavior of an ensemble, as shown in the theory [1,2], causes 
the existence of a stable asymptotic state characterized by a universal macrode-
fects size distribution function and a cubic 

growth kinetics of average sizes R3 ≈ t . These conclusions turn out to be true also 
when generalizing the decay theory to much more complex multicomponent dis-
perse systems [9,10]. Numerous experiments [11-14] confirm the correctness of the 
theoretica l notions. 

Note that the system of equations (3) corresponds to an approximation of the zero vol-
ume fraction 

of the discharges ( → 0 , 
0 

 
  

R 〈〈l , where l -the average distance between the discharges). The form 
of 

dR 
equations (4a) and (4b) changes 
at 

0 

≠ 0 . In the first approximation, the 
changes 

at 
dt 0 

≠ 0 are 

obtained in [8]. The algorithm for solving the modified equation (4d), taking into 
account the particle fusion mechanism, is given in (15), and numerical calculations 
are given in [16]. Using equations (4), it is possible to construct computational pro-
cedures for modeling polydisperse ensemble in the accepted approximations. 

Different approaches to the construction of computational models are possi-
ble. One of them is based on the solution of the kinetic equation in partial deriva-
tives (4b). The advantage of the method is the possibility to work with the integral 
characteristics of the ensemble and a high counting speed. However, in this model, 
it is not yet possible to give a consistent procedure for the following approximations 
due to the enormous mathematical difficulties arising in solving the more complex 
kinetic equation. 

Q 
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Another method is the particle method based on the solution of the diffusion 
problem (3) with appropriate boundary conditions. The particle method, allowing 
a more detailed description of an ensemble, in principle allows one to eliminate 
many difficulties related to approximations accepted in the theory, but, unfortu-
nately, technical capabilities of modern computers are insufficient for an exact de-
scription of behavior of an ensemble even of several particles, which forces one to 
introduce again various approximations. 

Despite these limitations, both methods can be useful for solving problems of the dif-
fusion decay 

theory. 

The software package developed by us uses both the kinetic method and the particle 
method, which 

significantly expands the modeling possibilities. 

 
3. Algorithms of calculations. 

 

3.1 Кинетический метод. 
 

В силу достаточной гладкости функции 
распределения 

 
 

f (R,t) во всей области определения 

уравнение непрерывности (4б) может быть решено с помощью конечно-
разностных схем. Нами использован метод Лакса-Вендроффа [17], 
обеспечивающий хорошую сходимость и устойчивость при правильном 
выборе сетки. 

Пусть функция распределения в t1 момент времени определена в области  

0〈R 〈Rk . 

Покроем данную область сеткой с n узлами и рассмотрим значения функции 
распределения в узлах этой сетки. 
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Пусть функция распределения в t 1 момент времени определена в 
области 0〈R〈R k. Покроем данную область сеткой с n узлами и рассмотрим 
значения функции распределения в узлах этой сетки. 

 

 

t j + ∆t  • f ′ 
 f •  • f 

1 2 

 
t j  • 

 

 • 
j−1 j 

  ∆t / 2 

• 

 

 

j+1 

 

Рис. 1. 
Схема метода Лакса-Вендроффа 

Метод  Лакса-Вендроффа  является  двухступенчатым.  Для  

вычисления  значений f ′ 
( 0〈 j〈n ) используются значения функции распределения в трех точках 
сетки предыдущего временного слоя: , и . Вначале вычисляются 
значения функции распределения в 

j −1 j j +1 

двух промежуточных 
точках 

p1 
= (Rj−1 + Rj) / 2 и p2 

= (Rj + Rj +1) / 2 в момент времени 

t j + ∆t / 2 , затем, используя вычисленные значения

 в промежуточных точках, уже непосредственно 

вычисляется f ′ . 
Используются замены уравнения (4б) следующими 
разностными схемами: а) на промежуточном слое 

f + f 
−  j −1 j 

1 2 
∆t / 2 

V (Rj) f 
+ j 

− V (R 
h 

j −1) f  j −1 = 0 

 

f + f 

j 

p 

f f 

f 

f 
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p 
f f 

2 1 

f f 
p 2 2 

j 

−  j +1 j 

2 2 
∆t / 2 

+ 
V (R 

j +1) f  
j +1 

h 

− V (Rj) f  
j = 0 

откуда 
j −1 j ∆t [ ] + 

f = + 
2h 

V (Rj) f 
j 
− V (Rj −1) f  

j −1 
(6а) 

j +1 j ∆t [ ] + 

f = + 
2h 

V (Rj +1) f j +1 
− V (Rj) f j

 (6б) 

б) на слое t1 + ∆t 

f ′ − f V (Rj + h 
2) f 

j + − V (Rj − h 
2) f 

2 

p2 = 0 

  

∆t h 

p 

p 
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n 

n 

j 
f 

n 

f n 

отку
да 

f n 
V (Rn) − f n− 

V (Rn−1) 

f ′ = − 1 ∆t 
h (7) 

для всех 0〈 j〈n . 
В [17 доказано, что данный метод имеет точность порядка h 2 и устойчив 

при выборе шага по времени, удовлетворяющего условию 

∆t 
2h ≤

 1[V
 . 

max 

Метод Лакса-Вендроффа позволяет вычислять значения функции 
распределения, исходя из уравнения (7), на следующем временном слое для 
всех точек сетки в области определения f , кроме 

граничной. Если на левой 
границе при 

r = 0 , = 0 , то 
изменение 

0 

f (Rk ) следует оговорить 

отдельно. Используем уравнение (4а) и учтем, что 
при малых  h 

V (Rk ) практически не 

изменяется. В этом случае 
значения 

f n 
V (Rn) − 

f ′ (t1 + ∆t) будем вычислять по формуле 
f n− 

V (Rn−1) 

f ′ = − 1 ∆t 
h 

(8) 

Кроме вычисления значения функции распределения в крайней правой 
точке сетки, необходимо учитывать, что с каждым шагом времени меняется 
правая граница определения функции распределения. Поэтому программа 
постоянно следит за изменением расстояния крайней правой точки области 
определения функции распределения от крайней правой точки сетки за 

каждый временной 
интервал 

∆t . Если после очередного шага по времени это расстояние 

превышает величину шага сетки h , то изменяется количество узлов сетки, т.е. 
область определения функции и тем самым, n , используемые в уравнениях 
(6) – (8). Выбор шага по времени зависит (обратно пропорционально) от 
максимальной скорости изменения радиуса выделений. Максимальных 

f 

] 
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j 

j 

значений скорость роста достигает при малых радиусах. Поэтому для 
ускорения счета реализована следующая процедура. 

1. Область определения функции распределения разбивается на две подобласти. Критерии 
разбиения могут быть различны, например, заданное количество точек сетки в первой подобласти 
или заданный процент вещества в ней. Пусть в этом случае граничной точкой между подобластями 

является точка m (т.е. первая область определена в 
точках Rj , 

j = 1..... m , а вторая – в точках 

Rj , j = m... n ). 

2. Вычисляется V max и ∆ t2 для второй области и соответственно новые значения  f 
′ , 

j = m,...n −1. 

3. Вычисляется V 
 

max 

и 

 
t1 для первой области, коэффициент 

кратности 

M = 
∆ t2 и 
∆ t 

производится M раз итерационный процесс по 

вычислению  f ′ , 

1 

j = 1,...m по уравнениям (6)- 

(8). 

Использование такого алгоритма позволяет в 8-20 раз ускорить процесс 
моделирования. 

 

 

3.1 Kinetic method. 

∆ 
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p 

f 

f f 

p 

f 

Due to sufficient smoothness of the distribu-
tion function 

f (R,t) in the entire domain of 

determination, the continuity equation (4b) can be solved using finite-difference 
schemes. We have used the Lax-Wendroff method [17], which ensures good con-
vergence and stability if the grid is chosen correctly. 

Let the distribution function at a point in time be de-
fined in the domain 

0〈R 〈Rk . Let us cover 

this region with a grid with nodes and consider the values of the distribution func-
tion in the nodes of this grid. 

Let the distribution function at time t1 be defined in the region k. Let us cover 
the given region with a grid with nodes and consider the values of the distribution 
function in the nodes of this grid. 

 

 

 

t j + ∆t  • f ′ 
 f •  • f 

1 2 

 
t j  • 

 

 • 
j−1 j 

  ∆t / 2 

• 

 

 

j+1 

Fig. 1. The scheme of the Lax-Wendroff 
method 

The Lax-Wendroff method is a two-step method. To calculate 

the values  f ′ 

 

( 0〈 j〈n 

 

 
), the 

values of the distribution function at the three grid points of the previous time 
layer are used , 

j −1 

and .  First, we calculate the values of the distribution function at two 
intermediate points 

j j +1 

j 

j 

f f 
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j 

p 
f f 

2 1 

p1 
= (Rj−1 + Rj) / 2 and  p2 

= (Rj + Rj +1) / 2 at the point in 

time 

t j + ∆t / 2 , then using the 

calculated values at the intermediate points we directly 

calculate f ′ . We use the following difference 

schemes to replace equation (4b): 
(a) on the intermediate layer 

 

f + f 
−   j −1 j 

1 2 
∆t / 2 

V (Rj) f 
+ j 

− V (R 
h 

j −1) f  j −1 = 0 

 

f + f 
−  j +1 j 

2 2 
∆t / 2 + 

V (R j +1) f 
 

j +1 

h 

− V (Rj) f  
j = 0 

 

where 
j −1 j ∆t [ ] + 

f = + 
2h 

V (Rj) f 
j 
− V (Rj −1) f  

j −1 
(6а) 

p 

p 

f 

f 
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[V ] 

n 

f f 
p 2 2 

j 

j 
f 

n 

j +1 j ∆t [ ] + 

f = + 
2h 

V (Rj +1) f j +1 
− V (Rj) f j

 (6б) 

b) on the 
layer 

t1 + ∆t 

f ′ − f V (Rj + h 
2) f 

j + − V (Rj − h 
2) f 

2 

p2 = 0 

  

∆t h 
 

when
ce 

f n 
V (Rn) − f n− 

V (Rn−1) 

f ′ = − 1 ∆t 
h (7) 

for all 0〈 j〈n . 
It is proved in [17] that this method has accuracy of order h 2 and is stable 

when a time step satisfying the condition 

∆t 
2h ≤

 1 . 

max 

 

The Lax-Wendroff method makes it possible to calculate the values of the 
distribution function, based on equation (7), on the next time layer for all grid 
points in the domain of determination f , except 

for the boundary one. If on the left 
boundary at 

r = 0 , = 0 , the change 
h 

0 

V (Rk ) f (Rk ) should 

be specified separately. Let us use equation (4a) and take into account 
that at small ones h 

V (Rk ) it 

practically does not change. In this case the values f ′ (t1 + ∆t) will be calculated by formula 

f ′ = f 
− 

f n 
V (Rn) − f n− 

V (Rn−1) ∆t  (8) 
 1  

n n h 

f 

p 
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In addition to calculating the distribution function value at the rightmost 
point of the grid, you should also take into account that the right boundary of the 
distribution function definition changes with every time step. Therefore the pro-
gram continuously monitors the change in the distance of the rightmost 

point of the distribution function definition from the rightmost point of the grid 
for each time interval 

∆t . 

If, after the next time step, this distance exceeds the value of the grid step h , then 
the number of grid nodes, i.e., the area of the function definition and thus , used in 
equations (6) - (8), changes. The choice of the time step depends (inversely) on the 
maximum rate of change in the radius of separation. The growth rate reaches its 
maximum values at small radii. Therefore, the following procedure is implemented 
to speed up the counting. 

1. The area where the distribution function is defined is divided into two subareas. Partitioning criteria 
can be different, for example, a given number of grid points in the first subregion or a given percentage of 
substance in it. Suppose in this case that the boundary point between subareas is a point m 

(i.e., the first region is defined 
at Rj , 

j = m... n ). 

j = 1.....m , , , and the second region is defined at Rj , 

2. Calculate V max and 

j = m,...n −1. 

∆ t2 for the second region and correspondingly new values of f 
′ 

j 
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j 

i 

{ } 

 
3. The multiplicity coefficient 

M = 
∆ t2 is 

calculated 
∆ t1 

 

 

ma

x 

 
an
d 

t1 for the first region as well, 

and an iterative process of calculating f ′ , j = 1,...m by equations (6)-(8) is 

performed M once. The use of such an algorithm allows speeding up the 
modeling process by a factor of 8 to 20. 

 

3.2. Particle method. 

 

3.2. Particle method. 

 

Choose a large enough vol-
ume element 

 

∆W in the matrix M and divide it by a cubic lattice into 
→ 

Ni cells of size L〈〈R . In the center of each cell we place a graduation with radius Ri = Ri (r ,t) 
( r i -radius-vector of the center of i -one selection in the chosen coordinate system, Using 
Monte 

Carlo method, the selections are thrown into the cells from the given 
initial distribution  f 

, so that 
0 

normalization (4g) is performed. To eliminate the ordering effect, the coordinates 
of the centers are randomized, but so that the selection does not go beyond the cell 
and the distance between the selections in neighboring cells l significantly exceeds 

their radii (( l 〉〉R ). This choice makes it possible to further adapt the program to 
the solution of the diffusion problem in the non-zero volume fraction approxima-
tion 

(the approximation of the selections R ~ l ). 

Since the kinetic method operates with equations (4) obtained in the self-con-
sistent diffusion field approximation, the same approximation (4a, 4c) is used for 
the particle method to compare the simulation results of both methods. 

By discretization of equations (4a), (4c) we have to calculate the ensemble state  Rn+1 

at (N+1) 
step  

t 
Rn+1 = Rn + 

V ∆ 
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n +1 

∫V (R )dt , 

i i i 
tn 

whe
re 

V (Ri) in the accepted approximations is given by equation (4a) or refined by a 
more 

rigorous solution of the diffusion problem (3). 

Using the first-order Euler method for approximation of integrals, which con-
sists in replacing the integrand function on the segment by the value of this function 
at the moment, determining the supersaturation from the equation of balance of 
matter (4c), we can fully determine the state of the ensemble at the (n+1) step. For 
the numerical stability of this difference scheme, the time step at each time layer 
must satisfy the condition 2(Rn)2/D. The accuracy of such a scheme is of the order 
of . 

Applying an implicit Euler method the essence of which consists in the re-
placement of the integrand function by the half-sum of its values at (n} and (n+1) 
steps we can increase the accuracy of calculation Rin+1 up to (t )2 . 

Moreover, the stability of this scheme is absolute and does not depend on the 
choice of step. Some difficulties in this method are related to the fact that Rin+1 at 
(n+1} steps should be determined from an implicit equation, which leads to an in-
crease in counting time. 

An even higher accuracy (of the order of ( t)4) can be achieved using the 
Runge-Kut method, in which the function value is approximated by a four-point 
polynomial of the fourth power. The scheme also has high numerical stability. Its 
disadvantages are the same as those of the implicit scheme. 

The program provides for the use of all three computational schemes. For suf-
ficiently large selections, we select the maximum time step close to the stability 
boundary and use the first-order Euler scheme. For small separations, the accuracy 
of the separations and stability are improved by switching to 
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an implicit scheme. Finally, calculations for the smallest separations are performed 
by the Runge-Kutta method. 

At any time step, the evolution of histograms, central moments (mean size, 
dispersion, asymmetry, kurtosis), as well as total number of particles, oversatura-
tion, and volume fraction of extractions can be visualized if necessary, which are 
compared with the corresponding theoretical asymptotic values using matstatistics 
methods. 

 

4. Results 
 

The initial data correspond-
ing to the 

 
Ni − Al system in which the - γ ′ phase - Ni 3 Al evolution 

grows during annealing were chosen for modeling. This system is convenient as 
an object of modeling, first, because the γ ′ -phase emission in Ni can be repre-
sented as one-component emission, which allows 

us to compare the results of modeling with the theory [1,2], and second, this 
system has been studied in detail experimentally [18,19]. 

A normal distribution and a rectangular step are chosen as the initial distribu-
tion function for testing the program. 

The initial data used for the simulation are as follows: 

c∞ = 12,0747·10-2 

c = 12,039·10-2 
D = 1,81·10-12 см2/c 
σ = 12,0747·10-2 эрг/см2. 

The initial emission number is 105 in the simulated volume, which corre-
sponds to the emission density in the experiments [18] with which the comparison 
was made. 

Figure 2-6 shows the simulation results of both kinetic and particle methods, 
which are in good agreement with each other. Over time, as can be seen in Fig. 2, 
the original distribution function transforms, approaching more and more as-
ymptotically in time to the universal distribution function ( P(u) ( u = R/Rk) 
predicted by theory [1,2]. Not only qualitative but also quantitative agreement with 
the theory is found in the asymptotic behavior of the other ensemble characteristics 
( R 3 ~ t , ∆ ~ t -1/3, N ~ t -1) (Figs. 3-6). 
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Fig. 3. The transformation of the distribution function in comparison with the 
universal distribution function (R/Rk), predicted by the theory. 

 

Fig. 4. Kinetics Ravg)3= f(t). 
 

 

 

Fig. 5. Evolution of saturation ∆ ~ t -1/3. 
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Fig. 6. Залежність N -1( t ). 
 

These results are in good agreement with experimental data [18,19]. 

 
5. Conclusions 

 

1. We have developed a set of programs for the numerical simulation of the processes of diffusion 
decomposition of disperse systems, including two methods of simulation: the kinetic method and the particle 
method. 

2. Numerical experiments on the growth of the precipitates in a model system 
carried out . 

Ni − Al have been 

3. The results on the evolution of the distribution function and other characteristics of the ensemble 
are obtained which asymptotically agree with the theory and the experiment in the zero volume fraction 
approximation. 

4. Diffusion decay modeling by the kinetic and particle method yields well consistent results. 
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