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Abstract: In this paper, for the Reynolds-averaged Navier-Stokes equations, a self-closed turbulence
model without any adjustable parameter is formulated and a simple model is proposed. The
validation rule for self-closed turbulence model is rigorously derived from the Reynolds-averaged
Navier-Stokes equation. The rule is not effected by turbulence modelling on the Reynolds stresses.
As an application, two dimensional turbulent boundary layers, and plate turbulent boundary layers
have been formulated.
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1. Introduction

Solving the Reynolds-averaged Navier-Stokes (RANS) equations [1,2] to predict turbulent flows
has been a central subject of turbulent modelling, in which a major challenge is turbulence model
aiming to construct a closure for the Reynolds stresses [3-13], In respect of the turbulence modelling, a
myriad of tentative theories, such as zero-equation models, one- or two- equations models (so called N
transport equations), on the the Reynolds stresses, have been proposed and each with its own doctrines
and beliefs [3-6,12,13]. Unfortunately those models include some parameters from data fitting and
even functions appear in the N transport equations due to lack of universal principle [3-6,12,13]. There
is a great need to develop a turbulence model that does not contain any tunable parameters.

2. The Reynolds-averaged Navier-Stokes (RANS) equations

The Navier-Stokes equations of incompressible flows can be expressed as follows:

aa%l +u-(Vu) = ;Vp + vV, 1)

V-u=0. )

where u(x, t) is the flow velocity field, x is the vector of spatial coordinates and  is time, p is constant
mass density, p(x,t) is flow pressure, u is dynamical viscosity, x = x e, are position coordinates, ey is
a base vector, u is flow velocity, V = ek% is a gradient operator, and V2(:) = V - V(3).

Applying the divergence operation to both sides of the momentum equation in Eq.1 and using
the mass conservation V - u = 0 leads to:

Vip=—oV-(u-Vu). @)

Reynolds [1], assuming that turbulent motion already exists, sought to establish a criterion, which
decides whether the turbulent character will increase or diminish, or remain stationary. Reynolds [1]
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proposed decomposing the flow velocity # and pressure p into their respective time-averaged quantities
i1 and p and their respective fluctuating quantities #’ and p’. As such, the Reynolds decompositions are

u(x,t) = a(x)+u(xt), 4)
plxt) = plx)+p'(xt), ()

which convert the four independent unknowns, u and p, into the eight independent unknowns, #, p,
u,and p'.

According to Reynolds [1], the time-averaged velocity and pressure are defined as integration
transformation as follows [2,12,13]:

t+T

a(x) = % [ uta, ©)
t+T

plx) = %/ﬁ p(x,t) dt, (7)

where T is the time period over which the averaging takes place and must be sufficiently large to give
meaningful averages to measure mean values. Naturally, the time-fluctuating velocity is #’ = u — ##(x)
and the time-fluctuating pressure is p’ = p — p(x), both with vanishing time averages, namely, #/ = 0
and p’ = 0, respectively.

The Reynolds decomposition transforms the Navier-Stokes equations into equations for the mean
velocity i, mean pressure p, velocity-fluctuation #’ and fluctuation pressure p’ as follows:

i-(Veia)=—3V.-(pl) +vV2ii+ V-1, 8)
V-i=0, )
Wy +V-(aeu +u @a+u @u')

10
:—EV'(p’I)—i—vVZ’—lV”r, (o)
P P
V.u' =0, (11)
where I = e ® ey is an identity tensor and the Reynolds stress tensor is defined by
0 t+T
T(x) = —pu’ Ru = _T/ (u’ ® u’)dt, (12)
t
and
Vot= oV (0 Ew) = @ (Vo)
p [T (13)

=7/ u - (Veu)dt
anduw' - (Vou) =7 tHTu’ (V@u')dt.

If you look at the system of equations in Eqs.8,9, 10 and 11, you can easily identify that the
system has eight equations for the eight unknowns that are the mean fields 1, iy, if3, p and fluctuation
fields u), u}, u}, p’. However, the summation of Eq.8 and 10 will cancel out the contribution of the
Reynolds stress tensor, namely V - 7. It means that the systems of equations in Eqs.8,9, 10 and 11 can
not be directly solved without extra information of the Reynolds stress tensor 7. We need to do some
operations on the system of the equations to get rid of the terms containing the Reynolds stress.

3. A self-closed turbulence model

Since the velocity fluctuations in the Reynolds decompositions are rapid varying function respect
to the time ¢, it 1st derivative to the time may not be able to capture its feature, it is natural to think
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about its 2nd derivatives to the time, because differential operation can make the function more
smooth.
Since #(x), p(x), T(x) and u’ - Vu' are the function of space coordinates x, hence their derivatives
with respect to the time equal to zero, namely i; = 0, p+ = 0 and
oT
—=1:=0 14
= (14

From Egs. 10 and 11, we have following equations for the fluctuation fields

1

wy — vV, + =V - (Ip)
t g 0 Pt (15)

=-V-(aou,+u,0a+u,0u +u' ou)}),

The beauty of Eq.15 is that there is no any terms containing the Reynolds stress.

After having Eq.15, let’s us expand the Reynolds stress tensor in Taylor series. Denoting o =
u'(x,t) ® u'(x,t), and applying the product rule of integration, namely [udv = uv — [ovdu, to
integration |, :JFT o(x,¢)d¢, leads to

to+T to+T
/ o*(x,t)dt:/ o (x,)d(t — tg — T)

to to
T2 do 3 d2

(x,t0)+ \t t0+3 T

00 Tn+1 Mo ( x, )
; n+1)! [ ot" }‘t_to'

According to Reynolds [1], the turbulent motion is assumed already exists at t(, the Reynolds stress
tensor is hence expressed as follows

|t to - (16)

0 to+T
T(x) = 7/, o(x,t)dt
0

B > " "(u' @u')
B p,;)(”+1)! [ ot" :|t—t0.

Since the period T must be sufficiently large to give meaningful averages to measure mean values,
hence the series in Eq.17 is divergent. For a sufficient large T, the series summation can’t go to infinite
and must truncated. How to fix the divergence problem ?

The period T can be considered as observable time scale, for a boundary thickness J, mass density
p and viscosity v, by dimensional analysis, then period T can be proposed as follows

(17)

T=E=2 (18)

To have some ideas about this periodic scale, for example, the kinematic viscosity of water at 20° is
about v = 10°m?s~1, and if the length scale of the fluid is & = 0.001, Eq.18 gives the time scale T = 10°
s. As can be seen, the time scale of such a definition is considerable. The time scale in Eq.18 indicates
that, for given viscosity, the length scale ¢ will effect the turbulence.

If the length scale is taken as the longest J,;,x of the problem, there is the maximum time
Timax = 62,4, /v. Chen and Sun proposed a new summation of divergent series by Mébius inversion
[15].According to Chen and Sun [15], for a divergent series in Eq.17 can be expressed as

5max/(5 n n(q, /
~ 0 3 T [8 (u <n®u )} . (19)
= (n+1)! ot _—
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It is easy to see that there is an essential difference between Eq. 17 and Eq. 19. The conventional
summation in Eq. 17 is made up to infinity, however, the modified summation in Eq. 19 is made up to
a finite number [Ty.x / T|. The infinite terms summation leads to divergent, however, the controllable
finite terms of summation bring a convergent, since the number of summation is a function of the ratio
of [Tyuax/ T). This strategy of dealing with the divergent series in Eq. 19 has been successfully used for
studying hypersonic compressible fluid by Renard et al. [16], whose proposed model has benn shown
to be an efficient, accurate, and robust alternative to classic Navier-Stokes methods for the simulation
of compressible flows.

In practical computations, it is very often to keep the divergent series only up to its first two
terms [15]. It seems surprising that in this case the approximation solution is quite accurate with a
reasonably large range of T. As an application, if the Ty4y is defined as T < Tyay < 2T, or in ratio
1 < Tyax /T < 2, which leads to [Tuax/T] = 1, hence the Reynolds stress tensor can be approximated

as follows
—~ ' / _ ﬁﬁ ou' @u')
T(x)=—p[w' ®@u ]t:to TRy [ 5 . (20)
From Eq.20, we have the divergence of the Reynolds stress
Votx)=—p[u - (V® ul)]t:to
e (o - (Veu) (21)
2v ot ity

Using alternative expression V ® u = Vu, and since u’ = 0 at t = t(, hence, the self-closed turbulence
model for the Reynolds-averaged Navier-Stokes equations are proposed as follows

i (Vi) = —;v (pI) +vVa

18 [l (Va)) 22
2 v ot t:to,
V-i=0, (23)
u,/tt—l—ﬂ-Vuft—l—uft-Vﬂ—l—u,’t~Vu’_|_u’.Vuft
24
:—EV-(Ip,’t)+vV2u,’t—1V~r @
Y P
V.-u' =0 (25)

The above system of equations has eight equations for the eight unknowns, namely the mean
velocity i, mean pressure j, velocity-fluctuation #’ and fluctuation pressure p’. It is obvious that there
is no any adjustable constant in the system of the equations. Therefore, we call the system as self-closed
turbulence model of the RANS.
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4. A simple model

One simple model can be made by directly omitting T in Eq.10, we have simpler governing
equations

i (Vi) = —:)V (pI) +vV?i

B lg a[u/ . (Vu’)} (26)
2 v ot t:to’
V-a=0, (27)
W+ V- (a@u +dv @ia+u' @u')
1 ’ 2. (28)
= —;V~(p1)+vV u
V-u' =0. (29)

5. Validation rule of turbulence model

Now the question is how to validate the the self-closed turbulence model. Since there is no
exact solution for any turbulent flows has even been found, for isotropic homogenous turbulence,

—5/3 where Cy is the

Kolmogorov [14] used dimensional method and obtained E(x) = Cye?/3x
Kolmogorov constant, E(x) is turbulence energy density, ¢ is dissipation energy rate and x wave
number. The Kolmogorov —5/3 law is so well established that, as noted by Rogallo and Moin
[4], theoretical or numerical predictions are regarded with skepticism if they fail to reproduce the
Kolmogorov —5/3 law. Its standing is as important as the law of wall [4,5,13]. Let’s us to see whether
the self-closed turbulence model will lead to a self-validation rule.

Although the Kolmogorov —5/3 law was not derived from the the Reynolds-averaged
Navier-Stokes (RANS) but rather from the dimensional arguments, the Kolmogorov —5/3 law is
still the only validation law of turbulence models. The validation laws for real flow turbulence models
have not been developed from the Reynolds-averaged Navier-Stokes (RANS) equations [4,5,13].

Since ## = #’' = 0 on the boundary surfaces of the region oV or at infinity, namely [, V - (# @ #, +
W@+, @u +u @u)dPx = [, (a@u,+ v, @0+, @u' +u @u,) d>x = 0. Hence we have
a validation rule for our turbulence model as follows:

/ (uftt — vV, + :)V . (pfﬂ)) d>x = 0. (30)
14

Obviously, the proposed validation rule in Eq.30 have an advantage, namely the validation
laws do not include the Reynolds stress tensor and successfully bypassed the closure issue for the
Reynolds stresses, which reveals that the validation laws in Eqs.30 will not be effected by turbulence
modelling on the Reynolds stresses, while the Kolmogorov law E(x) = C,e?/3x5/3 is linked with
the diagonal of the Reynolds stresses and will be effected by the stresses models due to the fact that
Jo E(x)dx = Ju' @ o’ = J(u +ult +uf?).

It is worth pointing out that our validation laws are rigorously derived from the
Reynolds-averaged Navier-Stokes equations and applicable to real fluids, while Kolmogorov "-5/3"
law was not derived from the Reynolds-averaged Navier-Stokes equations and supposed to be only
valid for isotropic homogenous turbulence.

6. Two dimensional turbulent boundary layers

As an application, let’s us consider a two dimensional turbulent boundary layers. A thin flat
plate is immersed at zero incidence in a uniform stream as shown in Figure 1, which flows with speed
U(x) and is assumed not to be affected by the presence of the plate, except in the boundary layer. The
fluid is supposed unlimited in extent, and the origin of coordinates is taken at the leading edge, with x
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measured downstream along the plate and y perpendicular to it. Assuming that the turbulent flow
is steady with pressure gradient along the x axis. The pressure gradient drives the against the shear
stresses at the wall.

A2R22E

Figure 1. Turbulent boundary layer. y is kinematic viscosity, p is the flow density, J(x) is "boundary
layer thickness". Strictly speaking, 6(x) is not the boundary layer thickness,but rather a scaled measure
of the boundary layer thickness which is equal to the boundary layer thickness up to some numerical
factor.

The unsteady Navier-Stokes equations of the two dimensional boundary layers flow under
gradient are given by

ou %
dx  dy
ou ou ou du d2u

g‘i_ua"—U@:UE—f—vdiyz, (32)

=0, (31)

Introducing the Reynolds velocity decomposition u = ii 4+ u’ and v = 7 + v/, and substituting
them into Eq.31 and Eq.32, then applying the Reynolds average operation and notice #7; = 0, we can
get the mean field equation as follows

il + 0ty = Ul x +vilyy — (v, +0'1t,), (33)

and mean mass conservation
fy+0y,=0, (34)

and fluctuation field equation

Wy Al ' (i + '),y o, + o' (@ +u'),,

! Il Ll (35)
= vy, + (u'ul, +o'u)
as well as fluctuation mass conservation
u,’x + U,’y =0, (36)
The boundary conditions:
y=0:a=0=0,u'=0,0 =0, (37)
y=06(x):a=U(x),u' =09 =0, (38)

Taking into account of the fluctuation mass conservation in Eq.36, the Reynolds turbulent stress,
w'uly +v'ul,, can be rewritten as follows: u'u/, +v'u!y = (W'u) « + (V') y — ' (u/y +0/)) = (W'u') x +
(') y = (W) , + (V') y

7,
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Introducing a mean stream function (x, y) and express the mean velocity components as follows

a=vy, 0=—9, (39)

with the relation in Eq.(41), the mean mass conservation Eq.(34) is satisfied, and the mean momentum
conservation Eq.(33) becomes

YyPy — PaPyy = Ul x +vipyyy — (W'u!y + U'”fy) (40)

Similarly, introducing a mean stream function ¢(x,y) and express the fluctuation velocity
components as follows

u/ = ¢,yr U, = 7¢,XI (41)

the fluctuation mass conservation Eq.(36) is satisfied, and the fluctuation momentum conservation
Eq.(35) becomes

G+ PyPxy — PPy
FPyPay — Pxtbry — PPy — PPy (42)

= V(P,yyy + (u’u,’x + 'U/M,/y)

By using similar transformations proposed by Sun [10,11], we have

Y = U(x)d(x)f(n), (43)

¢ = U(x)o(x)8(n, ), (44)

N= <, T= 5t (45)
5(x)’ 52

Some useful derivatives of function ¢ respect to both x and y, for simplification, we denote
P = g—f and g, = g—f; and so on. Noting the 77y = —70~'6 y and T, = —2767 15, and by the chain
rule for derivatives, we can obtain some useful relations as follows:

P = (Ud)xf —Undxfy,

Yy = uf,n/

Yy = Uxfy — U6 5 f, (46)
Yoy = U fy,
Yy = U fpy,

and

¢ = (Ud)xg — Undrgy —2UTo g 7,

¢y =Ugy,
(P,xy - u,xg’” — Wué_lfs,xglnﬂ _ 2uT§_1(S,xg,;7T,
Py = U™ gy, (47)

2
Dyyy = U™ &y,
Py = Uvéfzg,ﬂ,.

Thus the mean velocity components become

=
|

Ufy, (48)
0=—[(Ud)f — U175,xf,,7] . (49)


https://doi.org/10.20944/preprints202210.0427.v2

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 13 December 2023

8 of 10
and the fluctuation velocity components become
u' =Ugy, (50)
v = — [(Ud) xg — Unbxgy —2UT 8] - (51)
Substituting Eqs.46 into Eq.40, we have
Fap =+ af fy + BL = (f0)°] )
= B(&)* — a8y + YT(8<&mn — &n&n)s
Substituting Eqs.47 into Eq.42, we have
&y + (88 + f&mn +8&F )
~ Bl(g.y)* +2f 8] 53)
=&y + T8 (f + &)y — &y (f + &)1
= B(&n)* + a8y — YT(8&nn — &)
. . 2 2
where the coefficients are o« = %‘%‘5, B= ‘57 ’%, and y = % %.

If the coefficient «, f and v were constants, the Eq.52 is solvable because it will get rid of the
variable x. Following from the relation % = (2a — B)v, its integration leads to 6*U = (2a — B)vx,
Cance]ing out 62 by ﬁ = % %, we have dﬁu = (20"8_/3) d?x, hence when ‘B 75 2w, the general solution of
this equation is of the form:

U(x) = Cx™, (54)

[y @e=px))?

s = |v| 2] 55)
where the exponent m = % In the same way, we have d‘;(u = (B + v)v, leads to a relation
20 — B = B+ v, namely ¢y = 2(a — B). It implies that v is constant if both « and  were constants.

With the boundary layer thickness é(x), we can estimate the period T = % = (zﬁzf))x =

M%ﬂxl’m, general speaking, the period is the function of time. For example, plate boundary layer,

U=Uy,a=1B=0henceT = l%

Considering that, the Reynolds turbulent stress, —(g,,)? + ag8,;; — 17(8,:& 4y — &48<y), is
independent of time, in order to eliminate it in Eq.57, we can take the partial derivative of both sides
of Eq.57 with respect to dimensionless time 7, noting f (1), = 0, and obtain the equation as follows:

Sy + (88ny) v + a(f& e + 82 fum)
—2B(gn + fu)8ur
=8 + Y8 (f + &)y — &y (f +8) 4]
+ 7 g (f + &) — §en(f + 8),17],7'

(56)

The equations Eq.52 and Eq.56 together proper inial boundary conditions form a governing
equation of the turbulent boundary layers.
Regarding the computational strategy of Eq.52 and Eq.56, the algorithm is proposed in the table 1

do0i:10.20944/preprints202210.0427.v2
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Table 1. Computational algorithm

Process To find Equations

Step 0 Setgp =0

Stepl  fo  F(0fy) =0
Step 2 81 G(81,fo) =0
Step 3 fi F(g1,1) =0

Noting: F(g, f) = Fomn + of fopy + Bl1— (fﬂ)z] = /3(8,17)2 —aggyy + 'Ym/
G f) = gupr + a(88u)x + a(f&uyyr + &xfun) — 2B(&y + fu)8ur = Sopr + Y8 + )y — &on(f + &)yl +
T [g,r(f +8) .y — 81y (f"‘g),r]],T

7. Somple model and plate turbulent boundary layers

A simpler model can be proposed in Eq.57, omitting —B(g,;)? + 488,71 — YT(&,&yy — &n&wn).
hence we have

Sy + (88 ny + f&uy + &F )
- ,3[(8,17)2 + Zf,ﬂgﬂ?] (57)
=gy T8 (f + &)y — &on (f +8) 4l

For plate boundary layers in an uniform flow with velocity U = Uy constant. Wehavea =1, =
0,y=2andT = é—’(‘) The governing equations of the plate boundary layers are

Lo + ffom = =88 +27(88mn — §n8n), (58)

Sy + (f +8)8uy + 8f
= g1y + 278 (f + &)y — &y (f + &) 4l

The system of equations Eq.58 and Eq.59 can be solved by iterative approach:
Step 0: set go =0
Step 1: to find Blasius solution fg ,,; + fofo;; =0
Step 2: to find g1 by equation g1,y + (fo +81)81,yy + 810 = 81,0y +27(81,(fo + 81).yn — 81,0y (fo +
81)1]
Step 3: to find f; by equation fi ., + f1f1yy = — 8181,y + 27T(81,c81,57 — §1,481,t)

(59)

8. Conclusions

By introducing a period of time scale, and applying the product rule of integration and divergent
series truncated summation, the Reynolds stresses have been expressed in an explicit form, a self-closed
turbulence model for the Reynolds-averaged Navier-Stokes equations has been successfully formulated.
The proposed self-closed turbulence model does not contain any adjustable parameter. The validation
rule for the self-closed model is derived rigorously.

Although we theoretically propose a self-closed turbulence model, its correctness are still to be
validated.

Acknowledgments: This work was supported by Xi’an University of Architecture and Technology (Grant No.
002/2040221134)

References

1. O.Reynolds, On the dynamical theory of incompressible viscous fluids and the determination of the criterion,
Phil. Trans. Royal Soc. London. 186, 123-164(1895). https:/ /doi.org/10.1098 /rsta.1895.0004
2. H.S.Lamb, Hydrodynamics (6th ed). Cambdridge: Cambdridge University Press (1993).


https://doi.org/10.20944/preprints202210.0427.v2

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 13 December 2023 do0i:10.20944/preprints202210.0427.v2

10 of 10

3. Chou PY. On velocity correlations and the solutions of the equations of turbulent fluctuation. Q Appl Math
1945; 111(1):38-54.

4. R.S.Rogallo and P. Moin, Numerical simulation of turbulent flows, Annual Review of Fluid Mechanics, 16:
99-137(1984).

5. B.E.Launder and D. B. Spalding, Mathematical Models of Turbulence. Academic Press, Landon (1972).

6. B. H. Sun, Thirty years of turbulence study in China. Applied Math Mech, 40(2):193-214(2019).
https://doi.org/10.1007 /s10483-019-2427-9

7. B. H. Sun, Revisiting the Reynolds-averaged Navier-Stokes equations, Open Phys. 19, 853 (2021).

8. B.H. Sun, Similarity solutions of Prandtl mixing length modelled two dimensional turbulent boundary layer
equations, TAML, 12 (2022) 100338.

9. B.H. Sun, Turbulent Poiseuille flow modeling by modified Prandtl-van Driest mixing length, Acta Mech. Sin.,
Vol. 39, 322066(2023)

10. B.H. Sun, Exact similarity solutions of unsteady laminar boundary layer flows, Preprints 2023, 2023092117.
https://doi.org/10.20944 / preprints202309.2117.v2

11. B. H. Sun, Solitonlike Coherent Structure Is a Universal Motion Form of Viscous Fluid. Preprints 2023,
2023100784. https:/ /doi.org/10.20944 / preprints202310.0784.v4

12. H. Tennekes and J. L. Lumley, A First Course of Turbulence. The MIT Press, Cambridge (1972).

13. D. C. Wilcox, Turbulence Modeling for CFD. 3rd ed., DCW Industries, California, 124-128 (2006).

14. A. N. Kolmogorov, Local Structure of turbulence in incompressible viscous fluid for very large Reynolds
number, Doklady AN. SSSR, 30:299-303(1941).

15. N.X. Chen and B.H. Sun, Note on divergence of the Chapman-Enskog expansion for solving Boltzmann
equation, Chin. Phys. Lett. 34 (2017) 020502.

16. E Renard, T.L. Feng, ].F. Boussugea and P. Sagaut, Improved compressible hybrid lattice Boltzmann method
on standard lattice for subsonic and supersonic flows, Computers and Fluids, 219 (2021) 104867.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those
of the individual author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and /or the editor(s)
disclaim responsibility for any injury to people or property resulting from any ideas, methods, instructions or
products referred to in the content.


https://doi.org/10.20944/preprints202210.0427.v2

	Introduction
	The Reynolds-averaged Navier-Stokes (RANS) equations 
	A self-closed turbulence model
	A simple model
	Validation rule of turbulence model
	Two dimensional turbulent boundary layers
	Somple model and plate turbulent boundary layers
	Conclusions
	References

