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Abstract

In this article key results in general relativity are studied and the dynamics of
quantum fields in curved space-time is r eviewed. It has been shown geometrically how
dark energy breaks strong energy condition. We study tan-hyperbolic inflation for an
open FRWL universe and show that over half and full period scalar field r emains in

it’s initial state.
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1 Introduction

General Relativity is the foundation of modern cosmology which relates the geometric structure
of space-time, a four-dimensional Lorentzian manifold, to the matter and energy contained in it.
Space-time M is a smooth, connected, non-compact, Hausdorff manifold whose tangent space at
each point is isomorphic to Minkowski space-time and has the metric signature (+,--,-) [1]. For
a given distribution of mass, coefficients of the metric tensor g,, and the second-order partial
differential equations of general relativity contain some constraints. The total Hamiltonian H of
the universe vanishes [2]. Einstein’s field equations describe gravitational force as the geometric
property of a space-time manifold. These are non-linear second-order partial differential equations
given by:

G = 87GT, (1)
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where R, = R}y is Ricci tensor, R = R}, is Ricci scalar, the stress-energy tensor is T, , Einstein

tensor is G, = Ry — %ngj and Riemann curvature tensor RZW is:
A A
ng/ = a/trgu - 8Vl_‘g,u + FZAPVCV - Fg)\rua (2)

which describes the curvature in space-time due to the presence of matter and energy. General
relativity sketches the dynamics of large-scale structure of the universe and is one of the two
frontiers of modern physics, the other being quantum mechanics. Quantum mechanics describes
the evolution of quantum states of particles, their interaction, and the existence of anti-particles as
explained by the Dirac equation [3]. In general relativity (diffeomorphism-invariant theory) time
is a coordinate on the space-time manifold whereas, in quantum realm time is a fixed background
parameter that marks quantum evolution. This implies that general relativity and quantum theory
are based on two incompatible notions of time.
General Relativity is a relational theory i.e space-time doesn’t exist unless there are sources in it
and these sources determine dynamics of space-time. Laws of nature must be expressed without
assuming any fixed background geometric structure i.e they must be background independent[4].
Quantum Gravity might provide insights into the early evolutionary phase of our universe. Alan
Guth in his paper [5] addressed following problems:
(1) highly homogeneous state of the universe.
(2) the horizon problem and
(3) the monopole problem. Inflation was the period during the early phase of our universe in which
entire universe grew immensely driven by hypothetical scalar field called inflaton field [6]. Chaotic
inflation even describes the creation of bubble universes. The initial big bang singularity can be
resolved by introducing an initial quantum state of the universe and gives some hint of quantum
gravity when started with the quantization of the most elementary form of space-time called space-
time atom plus puts some light on the dynamics of microscopic degrees of freedom and probability

distribution of nucleating small closed universes [7].

2 General Theory of Relativity

The theory of general relativity demonstrates that the classical gravitational field is a manifestation
of the curvature of space-time. The metric of the Lorentzian manifold determines the length of the

path connecting any two points and is formally stated as:
ds?® = g, datdz” (3)

Here, g,,, is the symmetric covariant tensor of rank two called the metric tensor. A metric tensor
acts as a potential of the gravitational field (due to curvature effect). Riemann curvature tensor,

a function of metric tensor g,, in equation (2) determines the space-time curvature. The equation
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of geodesic in a curved space is:
d2at o dxt dx”
— — — 4
ds? o ds ds )
The detailed proof can be found in [8]. Gravitational dynamics is described by Einstein’s field

equations (1) and there is a reciprocation of energy-momentum between matter and gravitation.

2.1 Einstein-Hilbert Action

Space-time is dynamic and the metric is a dynamical variable in the general theory of relativity.
In this section, we derive Einstein field equations using variational approach with the assumption

that Ricci scalar R completely defines the action. Consider the action of the form [9]:

_ 4
s_/Mcd % (5)

where, L is the Lagrangian density and V is the 4-volume. Let g = det(g,,) for Riemannian man-
ifold with metric signature (+,+,4,+) and volume element d'V = \/§d41‘. For semi-Riemannian

manifold the metric signature is (+,-,-,-) and volume element d*V = \/—gd*z.

S = / L/—gd'z (6)
M
The total Lagrangian density is contributed both by geometry and matter,
L£=L9 4 cm (7)

so is the action
Sp_ gy =8 4 gm (8)

Here,

Sm) —+ / drz/—gLm (9)
M
5(9) :/ d4x\/fg£ (10)
™ 2k

Variation of metric tensor g"” make the terms dg"” and dg’)” vanish on the boundary ¥ of the

manifold M. Variation of the action (9) and (10) w.r.t metric tensor g,, are respectively:

1
58(m) = 3 /M d4ijgTuv59uV 1D

and
1 1
55<9>:/ d*z/— [5R—|—R5 - 12
2% s V=g = V-9 (12)
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From appendix (A.2)

2 5S(m)_2 oL(x) 1

w= =g sgm | ogm 59 (2) L(2)
since,
6(v=9) _ =
5‘9#” - g},l/l/
we know

dR =0 (Ruwg") = Ruo(g") + g" 6 R,

Equation (12) becomes

659 = / d4x\/ |: - ;g,uuR:| dgh” +

1
— / d*z\/=gg" dR,, (13)
2k M

2k

Let us evaluate the second integral of equation (13):

§"OR,, = g g7 [(5gﬂu) (59m),w}

/M d4ﬂfv —gg“”5RW = /M d4x77“"77“>‘ [(59W),cr>\ - (59u>\),va)]

/ d4:m/—gg“”(5RW = / 3z { oA ((59#1,) iy — 0ty (69ur) ,, o (14)
M b ’

Here, n is the outward pointing normal, ¥ is a 3-manifold which covers 4-manifold M and is a

hypersurface embedded in the 4-Lorentzian manifold containing end points of paths of motion.

Theorem 1. (Stokes theorem). Let M be an n-dimensional oriented smooth manifold with boundary

and give boundary X the induced orientation. Then for any w € QP~1(M) we have:

[ o= [

For the detailed proof of the above theorem reader can consult [9, 10].

Using Theorem (1) and equation(14) we get:

/ d*z\/—gg" 6 Ry = 0 (15)
M

Equation (13) reduces to

1 1
(9 — = 4 /Z _
oS\ = o /Md T/ —g [RW

ZQWR} 59" (16)
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Hence, total variation of the Einstein-Hilbert action is:

1 1
8Sp_i :/ d*z/—g [Qk (R;w — 2ng>] ogh + — / d*z\/= T 09 (17)
M

The Principle of least action demands 5‘§QEWH = 0 and equation (17) reduces to:

1

1 1
a7 v 5 v 7Tl/:
o <Ru 2Rgu>—|—2 uw =0

1
R,uu - §ng/ = _kTuu (18)

Equation (18) is the Einstein’s field equation. This is the gravitational equation which is non-linear
partial differential equation, essentially hyperbolic and diffeomorphism invariant. In [11] author
show how reasonable it is to determine the solution based on initial data on a spacelike hypersurface
Y (Cauchy problem). In locally inertial coordinate exchange of energy and momentum between

matter and geometry vanishes but it holds globally.

2.2 Bianchi Identity

The Bianchi identity is important in determining the metric when the form of curvature tensor
is given. It expresses the symmetry property of Riemannian curvature tensor [12]. In covariant

language, we write the Bianchi identity as:
R,ul/a')\;e + R/LV}\O;O‘ + R,uu@o';)\ =0 (19)

choose locally inertial co-ordinate where I't, = 0 holds.

[Rllju/\;@ + Rllj)\O;u + Rlljeu;)\ gl»\ =0 (20)
and metricity condition implies
R, ;0 + gV)\Ru)\G o g Rupe AT =0 (22)
Since Rimemann curvature tensor is:
a;w =0, 8,,1‘" + I“’/\I‘ I"’)\I‘ (23)

we obtain following relations due to the symmetry properties of Riemann curvature tensor

RV\ +RY +RY

Ave
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Further;
VARM _ V)\R,u
g g = —9 g

VA pi VA i _
R;9 -9 R)\Gv;u -9 RV,LLG;)\ =0

Ry — 2R}, =0
1
[Rf,‘ - 5{,‘R] =0 (24)
2 K
1
[R‘W - 2gﬂ”R] =0 (25)
1 v
Ru — 59wR| =0 (26)

Equations (24), (25), and (26) are the components of Einstein tensor. It follows naturally that the
Einstein tensor G*¥ has zero divergence and the conservation law given in the appendix (A.3) also
follows from these equations. Cosmological models have been studied based on the idea of spatial
homogeneity which means the existence of a group of isometries with spacelike generators [13]. One
of the simplest solution of Einstein field equations is perfect fluid filled Friedmann Universe. We
can extend the results obtained in section (2.2) for a perfect fluid space-time which is shear-free
and vorticity-free to get spatial uniformity of physical variables such as pressure, density, etc. Weyl
postulated that the world lines of particles form a 3-bundle of non-intersecting geodesics which
are orthogonal to spacelike hypersurfaces i.e matter defines it’s own natural co-ordinates. Here we

consider a centrally symmetric gravitational field.

2.3 The Friedmann Universe

Space-time with homogeneous and isotropic spatial sections has the metric which is maximally

symmetric called the Robertson-Walker metric of the form [14]:

dr?

2 _ 2 2
dS —dt —a(t) 1—7]{,‘07“2

+ 7% (d6* + sin® 0d¢?) (27)

(—g)} = 7“2.\/1_1Wsin0a(t)3 (28)

where (t,r,60,¢) are comoving coordinates, a(t) is the cosmic scale factor and k, is the spatial

curvature. Following [12, 14] we derive the dynamical equations describing the evolution of the

scale factor a(t) which follow from the Einstein field equations. For detailed proof, the reader can
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refer to [15]. The non-zero components of the Ricci tensor for this highly symmetric metric are:

The Ricci scalar is:
a  a®  k
R=6|—-4+—+ - (29)
a a a

The 0-0 component of the equation (1) gives the Friedmann equation :

a*+k, 8wGp

30
while i-i component gives
2d+d2+k° 87G (31)
2o LM gr
a a? a? b

Here, p and p are the density and pressure of the fluid filling the universe with stress-energy-
momentum tensor of the form T} = diag(p, —p, —p, —p). We know conservation law implies 75" =

0. The equation for acceleration is

i _ A4AnG(p+3p)
a 3

It implies that the universe had point singularity at a finite time in the past.

(32)

2.4 The de Sitter spacetime

In an empty de-Sitter spacetime the only source present is the positive cosmological constant and
the stress-energy-momentum tensor has the form T} = —pd}, and possesses high degree of symmetry
[12]. Einstein’s equation becomes:

GH = —kpdt (33)

Here the solutions will be simple inflationary solutions. The Einstein field equation are:

a+ k2
a?

3 —-A=0

The equation involving acceleration becomes:

i a’+k, A
=0 34
a+ 2a? 2 (34)

We deduce the following result:
a? — wa® = —k, (35)
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Here, w? = % and K is the curvature of the universe.

cosh(wt), ko, =+1
a(t) = exp(wt), ko,=0
sinh(wt), k, = —1
For a closed universe, k, = +1, the universe has a minimum size at ¢ = 0 which is not a point. The
universe bounces and doesn’t reach a point singularity. For the universe with k, = 0 the singularity
is reached in infinite time and for open universe k, = —1 has coordinate singularity. De Sitter
spacetime is not kleinian and is geodesically complete in the future.
Other solutions of Einstein field equations include scwarzschild metric, kerr metric, vaidya metric
(for the geometry outside a star which is emitting a great deal of radiation). P.C Vaidya derived the
Stress tensor for the mixture of radiation emiited which follow non static radiating distribution in
[16]. It is known that a closed (k, = +1) de Sitter spacetime is singularity free but FRWL universe
filled with pressure less dust and radiation is singular.
The weak energy condition (WEC)

If the stress-energy-momentum tensor obeys the inequality
T i, >0 (36)

then conditionally energy-momentum tensor obeys weak energy condition for all time-like vectors
u”. Here the energy density being positive and is satisfied by most fluids including vacuum fluid
[17].

The Strong Energy Condition (SEC)

If the stress-energy-momentum tensor obeys the inequality
Hv Lo
TH uu, > §Tg Uy Uy (37)

then the energy-momentum tensor obeys strong energy condition for all time-like vectors u*. It
implies that spacetime has positive curvature for time-like vector i.e R*“u,u, > 0 and if this is
satisfied then all geodesics will converge at some point and in some cosmological models this is
the initial big bang singularity. Raychaudhuri showed in [18] by simply introducing anisotropy
to isotropic cosmological models will not solve the problems in standard cosmology for example
cosmological singularity and to solve the initial singularity problem Raychaudhuri introduced spin
and shear to the isotropic universe. One key ingredient has been gravitational instanton when it
comes to initial singularity. For locally isotropic expansion the space is locally isotropic in the
absence of spin. Let © be the expansion scalar, then for non-rotating shear free universe we get
the inequality .
O < —592
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Dividing by 62 gives

On integration from 79 to 7 yields

<

+ =(1—10) (39)

For an expanding universe, we have at 7 = 73 and time like geodesics must have passed through
initial singularity. If the matter obeys strong energy conditions and the universe is expanding then
the condition for all past-directed geodesics to end at the singularity is: expansion scalar © = 3%
and an FRWL universe is expanding at ¢, and © > 0 on Cauchy hypersurface. Thus any small
perturbation on an expanding FRWL universe following equation (37) will be singular [12, 15].

e (40)

H is Hubble constant and a(t) is scale factor. But this is only sufficient condition not a necessary
condition. Equation (40) sets a lower bound on the value of hubble’s constant and digressing on

equation of state p = pw implies w > —% for an expanding FRWL universe.

2.5 Lagrangian Formulation

The author in [17] considers (3 + 1) split of the space-time M with the three-dimensional spatial
sections. This is the ADM formalism. Let each hypersurface be denoted by ¥, labeled by time

parameter t, is space-like. Foliation of manifold M implies:
M=R x Zt (41)

Let the metric on X; be h;; induced by the metric tensor g, of Lorentzian manifold. Spatial
hypersurface 3; evolves dynamically and is governed by time variation of the spatial metric tensor

hij. ¥V X¢ 3 a time-like unit normal vector field n we can split the time vector t as:
t = Nn* + N* (42)

where N is tangent to ¥; and orthogonal to n*. Lapse function is N, N’ is shift vector and with
freedom to choose time vector t the shift vector and lapse can be arbitrary, this is gauge freedom
in GR and reflect it’s general covariance.

The components of metric g,,, can be calculated as:

g =t-t=—N?4+ NN (43)
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a=t-e = N'hj=N; (44)
9ij = @i~ e = hij (45)

Instead of considering the metric components g, as variables, we take the set of variables
(N, Ny, hij). Determinant of metric tensor g,, in terms of h;; is /—g = N Vh and time derivative

1S:

J J

Let u be a vector field with special case u = n, covariant derivative of the vector u is:
Ny = Up = Ky

Extrinsic curvature can now be defined as:

1
Ky = —(eaVgn)hihl) = 5L (47)

and
K,, = %Khu,, +ow (48)

where K = § = K},, 0 is expansion scalar. We know the vector field n is normal and non-rotating
because we assumed the spatial surface X; to be smooth everywhere and this plane of simultaneity
doesn’t contain any discontinuity.

The covariant derivative of e, on the hypersurface ¥; is given by:
Vues = h§hiVaes (49)
Equation (46) can be further expanded as
by = £ihij = N Lnhij + £5hij = 2NK,, +V,N, + V,N,

We know Einstein-Hilbert action for pure gravity and cosmological constant A (i.e contribution due

the geometry of space-time) is

(R —2A)\/—gd*x (50)

Sp_g=——
E TN Y

The Ricci scalar in terms of new variables can be written as
R =2(Entn” — Ry,ntn”) (51)
Theorem 2. (Theorema Egregium). Gauss curvature is preserved by local isometries.

Intrinsic geometry of surfaces describes those properties which remain invariant through isome-

10
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tries, or through maps preserving the first fundamental form [19]. Scalar Gauss relation, which
relates extrinsic curvature to intrinsic curvature of surface ¥, generalizes Theorema Egregium.

Twice contracted Gauss’ equation [20] gives
B’ = S(R— KK, + K
wntn? = §(R — i + K°) (52)
where R is the Ricci scalar of the hyper-surface ;. The second term in the equation (51) can be

expanded using the Riemann tensor as:

R,,ntn” = R, nF'n"R,n*n" = K? - Kinij — Vu(n*Van®) + V,(n*Vant)

pov

Last two terms of the above equation yields boundary terms to the action integral (50) and these

terms can be omitted from the Lagrangian. The Lagrangian density thus becomes
Lo =(R—20)y—g (53)
can be written further in the following form:
Lo = NVh[R+ KYK;j — K? — 2A] (54)

Extrinsic curvature is given by

1

Ri=an

(hij — ViN; — V;N;) (55)

Hence, the variation of Einstein-Hilbert action with respect to the variables yields Einstein’s field
equations (N, N; , h;j).

2.6 Hamiltonian Formulation
Finstein-Hilbert action is:

1

Sp-H == 167G

/ V=g [R(g) +2A (56)
M

R(g) is Ricci scalar and A the cosmological constant, ricci scalar R involves second derivative when

a compact manifold with the boundary ¥ is considered. In [21] authors stated following theorem:
Theorem 3. Compact Lorentzian manifold of constant curvature is complete.

In non flat case, X(c), the universal space, itself is not geodesically connected. It is easy to
show that M is itself X (c¢) and is achieved by analysing the dynamics of holonomy group. But this
theorm fails for locally homogenous Lorentz manifold modeled on (G, X), G acts trasitively on X

and preserves the metric but not necessarily with constant curvature.

11
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In [14] author adds the boundary term in equation (56) and the action takes the form:

1
S=8Sp-nu+-—= | dzvVhK 57
E-H+ 837G Js avh (57)
where K = TI“(K”) s h = det(hij)
Consider the set of dynamical variables (NN, N;, h;j). The line element S3 is:

ds? = a?(t) [dx?® + sin? x (d§? + sin? 0d¢?)] (58)

We know:
hij = —gij +nin; (59)

The Hamiltonian formulation of general theory of relativity requires (3+1) split of the metric i.e
foliation of 4-dimensional Lorentzian spacetime by hypersurface of constant time z° and these
hypersurfaces ¥; and ;4 are the leaves of the space-time manifold. The proper distance between
the points is dr = Ndt. These co-planar points are shifted to nearby points because of the shift
vector, also responsible for distortion of hypersurfaces. For our closed universe example the normal

vector n* takes us between concentric S3. The proper distance between these points is:
ds? = g, datdx” (60)

After foliation of the space-time manifold by hypersurfaces 3; the metric on this 4-manifold can
be partioned into 3-dimensional metric whose components are simply 3 x 3 submatrix of g. This

matrix contains only spatial parts and is induced by g,,. It can be partitioned as:

g 9gj
Juv = ( * 7t > (61)
git  hij

Using equation (61) in (60) we get the line element in the following form:
ds® = (Ndt)* — hij(N'dt + da*)(N7dt + da?) (62)

Variation with respect to the variables (N, IV; , h;;) immediately yields the constants of motion
and this fact becomes more apparent in the Hamiltonian formulation of GR [17]. We know total
lagrangian density coincides with the lagrangian density for pure gravity L¢ in an otherwise empty
universe. Hamiltonian formulation is not space-time covariant.
The canonical momenta
i = 956 _ Rk — i) (63)
j

12
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The conjugate momenta ITV and IT* vanishes identically i.e

HNEM—.Gzo
N

Hi5%20 (64)
N;

h;j is the only dynamical variable due to gauge freedom and N and N; are the Lagrange-multipliers.
Choice of the Lapse function N, tells how close two subsequent hyper-surfaces ¥; and ¥, 4 are in
time, which is a generator of time evolution. In similar manner, the vector N; is a generator of the
co-ordinate transformations for the hyper-surfaces ;.

Let the Hamiltonian be

HG:/ Hgd4£8 (65)
M

Here, H¢ is the Hamiltonian density given by
He = hiy 19 — L (66)
Inserting L¢ in equation (65) from (54), we get
He = NVh [QA ~R+nt <Hinij - ;H2>] — Ni2VhV; (h_%Hj’)

When .
Vh [QA —R+h! (H”’Hij - 2112)} =0 (67)

and

2hV; (h—%nﬁ) ~0 (68)

When equations (67) (68) are equal to zero then these become twice contracted Gauss’ theorema
egregium and the contracted Codazzi equation for a vacuum spacetime with a cosmological con-
stant.and The equation (67) is called the Hamiltonian constraint and (68) is called momentum
constraint .In this formalism time is arbitrary and choice of time is unphysical gauge freedom.
These constraints hint towards profound problem of time. In Quantum theory of gravity, space-
time is dynamical and problem of time will eventually pop up and has to be resolved. Vacuum

Einstein’s equation:

. 0Hg 1 1 —
i = 0 ( / hij T — £G> (70)
(5hij M

The equations (67), (68), (69) and (70) are equivalent to vacuum Einstein’s equations with a

cosmological constant A.

13
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2.7 Canonical Formulation

Action due to the presence of matter is:
sm) — / LMty (71)
M

Energy momentum tensor involving action term is given by

2 g9
v =9 6g;w

The total Lagrangian density being the sum of Lagrangian density due to the geometry and the

T =

(72)

matter and energy fields [12],given by:
L£=L9 4 cm (73)
Lagrangian density of an electromagnetic field (EM field) is:
1 uw
Lrp_ym = _1 V—gF F;u/ (74)

Here, F),, is the Electromagnetic tensor [22]. The Lagrangian that leads to Klein-Gordon equation

in a space filled with complex quantized field ® is Lx_¢ [23] given by:
1
Lr-c=—5vV=g [VuOV'®+ m*®?| (75)

Equations of motion can be derived using the same procedure as in vacuum case except we need
to add matter degress of freedom. If the lagrangian density contains only a single matter field &,

then the canonically conjugate momentum is:

oL
e =L (76)
)
Similarly the Hamiltonian density for the matter and geometry is
Hr = hiIT7 +1I° — Lo (77)
The total Hamiltonian density will be the sum:
Hr=NYr + NiT% (78)
where is a sum of contributions from pure gravity (geometry) and the matter
Yr=Yqg+Yn T:="T4+ 710 (79)

14
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There are even more complicated theories for which the total Hamiltonian is not purely the
direct sum of individual Hamiltonians. However, total Hamiltonian will always be a constraint due

to diffeomorphism invariance of the theory.

Tr=0,T%=0 (80)

3 Quantum Field Dynamics

In this section we will review some key results in quantum field theory and use it in the context of
curved spacetime. The application of quantum mechanics to dynamics of fields, particles as exci-
tation of such underlying fields, is Quantum field theory. The action functional S[y] is relativistic
invariant which means Lagrangian method in classical mechanics can be supplemented to relativis-
tic fields [24]. Schrodinger equation is the non-relativistic, linear second order partial differential
equation which describes the evolution of a quantum system w.r.t to background time parameter.

On relativistic treatment one obtains the Klein-Gordon equation which has the following form:
(O+ m?) ®(r,t) =0 (81)

Here, O is the de-Alembertian operator 00 = V? — g—; which is relativistically invariant and &
transforms like a scalar. Here, ®(r,t) is the amplitude function describing klein-gordon particle
with spin-0 and is a scalar field. This equation can also be formed in case of curved space-time.In
[23, 24, 25] authors derived the solution using variable separation method in terms of spherical polar
coordinates, for spacetime with no torsion. These fields have infinite degress of freedom, described
by the amplitude function which can be expanded in terms of orthonormal set of functions wug(r

and the coefficients C(t) which represent field coordinates.

O(r,t) =Y Cr(t)up(r) (82)
P

The Lagrangian density, £ (®, ® ,, P, t), is the function of field variables and the action integral,
functional of field variable, in a certain domain of space-time V is: S[®] = [, Ld*z. In field
theoretic description as well lagrangian density

L must satisfy Euler-Lagrange equation of the following form:

oL oL
7 =% ) = =

with conjugate momentum density II(r and the Hamiltonian density H(r) are:

o

I(r) = %
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H(r) =(r)d - L (85)

In quantum field theory the field variables ® and II are field operators and satisfy certain commu-
tation relation or anticommutation relation between them. This prescription of algebraic relation
are known as second quantization and give rise to field quanta [24, 26]. We have the following
algebraic relations:

[@(r,t),II(x',¢)] = ihd(r — ')

[®(r,t),®(r',t)]_ =0
[M(r,¢),I(r', 1)) =0

These are applicable to boson fields whereas fermion fields satisfy following anticommutation rela-
tions.

[®(r, 1), 1I(r', t)] . = ihd(r — 1)
[®(r,1),(r",t)] =0

[H(r,t),H(r',t)}+ =0

3.1 Relativistic Fields

In general relativity we study the dynamics of relativistic fields like: Klein-Gordon field (scalar
field), Dirac field (spinor field) etc. Here we will focus on the solution of Klein-Gordon equation
and in next section we study Klein-Gordon field in curved space-time manifold and look for it’s
possible application. These fields are Lorentz covariant. Since the Euler-Lagrange equation (83)

gives the equations of motions of field, if we sum up in all repeated indices then we have:
oL oL
= 0, —— =0 86
0P g "9(0,9) (86)

Let us find the second rank tensor whose components yield the momentum and energy density of

the underlying field. Given the lagrangian density £ (®,0,®,z,) we know:

oL oL
D,L = a“'can + 300, + 0u(0,®) + 0,L (87)

Using Euler-Lagrange equation in (87) we get:

oL oL
Dl = By 550 + 55 0u(0) + DL

On rearrangement we get:

oL
Dy m@u¢ - Céuy = —8u£ (88)
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The term in in the square bracket is the second rank tensor, stress-energy-momentum tensor, 7}, .

oL
Tw=———-—L6 89
224 a(ayq)) 22 ( )
We have conditions when there is no explict dependence on covariant vector z, i.e 9,£ = 0 and

such fields are free fields i.e without any source and sink [24, 27]. For free fields we get

E D,T,=0
We can verify
oL
0= (90)

This is the energy density similar to Hamiltonian density H. The other components can be written
as:

Tio = v —1110;®
With momentum density P; = I19;®. On further enquiry we get;
These are the defining features of free field. Next we discuss Klein-Gordon equation as in equation

(81).

3.2 Klein-Gordon Field

Klein-Gordon equations desribe particles of spin 0 like m mesons and K mesons. Real fields
correspond to uncharged particle fields and complex fields correspond to charged particle fields
[23, 24, 27]. While interpreting Klein-Gordon equation in relativistic quantum mechanics we run
into trouble because of the occurrence of negative states. But this can be solved by quantizing the

Klein-Gordon field, with lagrangian density of the form:
_ 1 o, ®OH 252
L=—5 (0,90"® + m*®?)

The Euler-Lagrange equation gives:

oL oL
%—%:aua(auq)) =0 (92)
we have: ac
oL _ 252
95 m*®
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or )
929
2(0,8) ~ On

Substitute in Euler-Lagrange equation gives the KG equation as:
(O 4 m?)®(r,t) =0 (93)

®(r,t) is the Klein-Gordon field, tensor field, representing matter field of particles with spin-0.
Following [23, 24, 27, 28] and using proper fourier decomposition of the scalar field, we obtain the

solution of equation (93), also satisfied by normalized plane wave solution of real K-G equation:
(04 m?)ug(r,t) =0 (94)

in terms of quantization volume V and w,% = k% +m? is:

o L1
ule ) = T o

When we express the solution ®(r,t) interms of operators then the field®(r,t) also becomes field

exp(iwit — ik.r) (95)

operator. The field operator satisfying the real KG field equation is:

1 1 . . N .
&(r,t) = 77 zk: T a(t) exp(—ik.r) + & (t) exp(ik.r)] (96)

Since ®(r,t) is real scalar field and represents an assembly of spin-0 particles. We write ®(r,¢) as

the sum of ®*(r,¢) and ®~ (r,t) which respectively carries annihilation operator ay(t) and creation

operator a;.

O(r,t) = & (r,t) + @ (r,t) (97)

We apply the transformation of the form

b 1 3
\/Vzk:%(zw)i/dk

to make transition from discrete values of k to continuous value i.e transition from fourier space of

discrete functions to fourier space of continuous functions. Fourier modes for kg > 0:

Sty = —— [ LE ) exp(—ikr)

)= —= | 57— —ik.
(271')% V2wy

. 1 d3k

O(r,t) = —= a," (t) exp(—ik.r)

(2m)z J V2w
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Canonical momentum density ®(r,¢) is:

I(r,t) = = ®(r, 1) (98)

in operator formalism developed for KG field canonical momentum density operator becomes

e t) = —— [ L (i) [an(t) explikr) — it (£) exp(—ik.r)] (99)
T em)i ) V2w «

Similarly, field operator <i>(r, t) becomes:

b, t) = — o [ L (1) explikr) + (1) exp(—ikar)] (100)
’ (27?)% V2w k

For t = 0, inverse fourier transform of equations (99) and (100), which gives creation operator and
annihilation operator in the following form:
1 43k

it = 0) = ot | vaa exp(—ik.r) [wy®(r) + iTI(r)] (101)

Gt (t = 0) = 1 d®r
W= o0t Ve

The field variables ®(r,¢) and Pi(r,t) satisfy commutation relation as stated in previous section.

exp(ik.r) [wi®(r) — iIl(r] (102)

The creation d; and annihilation Gz operators satisfy the following commutation relations:

[ax, 5] = b

G, axe] - = [a),8,5] =0

Thus, above relation implies quantization of real KG field.

3.3 Quantum Fields in Curved Space-time

General relativity studies about gravitational influence of matter on curved space-time, the propa-
gation of particles and waves on this curved manifold [29]. KG field is real scalar field and is used
to model physical phenomena occurring is cosmological scales which include density and pressure
perturbations leading to particle creation in a dynamic universe, blackhole evaporation etc. Fol-
lowing [9, 23, 29, 30] we consider the lagrangian density £® for the scalar field ® which takes the

form:

1
L = 3 (90, 20,® — {RD? — m?* 2] (103)
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Then the action for the scalar field ® takes the form
S = /d4x£¢\/—g (104)

Variation of this action w.r.t metric tensor of the space-time manifold is:

65® = % /M d*z/=g [69" 0,20,® — ESRP* — g, LT 5gM ] (105)
Here, R is the Ricci scalar defined as
R=g¢""R,,
Variation of this term is:
dR = g"0R., + Ry 09" (106)
We have;
9" SRy = g™ [5 (an,y) 5 (rfwﬁ) +o (rﬁa gy) ) (rgargy)} (107)

In locally inertial co-ordinate we havel,, = 0 and we know g, » = 0. But Taylor’s expansion

of g, shows second and higher order derivatives are non-zero. FZG’V % 0 and Ffw,@ # 0. Hence

equation (107) becomes

G"OR,, = g [5rz9,,, _ 61“;9“,79} (108)
Simplifying this equation results in the following form:
9" ORu = g " [(59W),ga - (59ue),au} (109)

From this equation, we see that the variation of Ricci tensor R, can also be evaluated. We evaluate

the second term of the equation (105):
/ d4x\/—g(SR<I>2 = / d4x\/—g [Rw,dg“” — <g‘jeg“,,6g’;'g — 9" 9.6 5909)} b2
M M ’
Using generalized Stokes Theorem we get:
/ d*z/—g <5gaa> P2 = / dzv/—g (5g"9> 1, &% — / d4x\/—g<I>2yég‘f,9
M o b 7 M T
Which simplifies into:
/M d*z\/—g (59"0> . % = /M d4x\/—g<1>?gyég°9 (110)
o o6 : . A .
v
The terms 6g°” and dg%’ vanish on the hypersurface ¥ with the vector 7, being components of

the vector which is normal to ¥ and implies endpoints of the curve in four-dimensional manifold

M to lie on the hypersurface ¥ [12, 30]. The further analysis makes our digression simpler and we
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introduce the de-Alembertian operator [ acting on the square of the tensor field ®2.
/ A a7/ =g9u97° (69") 4o ©° = / d*a\/=g9,, 056" (111)
M ’ M

Where, 0 ®? = 909‘1);209 and equation reduces into the following simpler form:
/M d*z\/—gdR®* = /M d*zy/=g [Ruw®® + @2, — g, 097 59" (112)
The energy-momentum tensor component Tl‘fy of scalar field ¢ takes the form:
Ty, = 0,20, — £ [Ruw® + @2, — 9,0 09%] — %g,w [0°®0,® — (¢R +m?) &7
From equation (105) the variation term takes the form:
55% = — /M d'z/=g [0+ R+ m?] 260 (113)

Variation of matter field ® on the hypersurface > always vanishes. Hence employing the variation
of the form (6®)y, = 0 we get:

59%

0D(z,t)
P (a,t")

— _/M d*zy/—g [0+ ER +m?) @(x)(w(x,,t,) (114)

Since this variation of action has to be minimal for all other laws to hold in curved space-time and
least action principle implies:
[O+€ER+m?] (x,t) =0 (115)

This is the Klein-Gordon equation in curved space-time. £ is the coupling constant and takes value

&= é for conformal coupling scalar field. The KG equation for scalar field which is massless and

minimally coupled takes the form:

[D + ?] O(x,t) =0 (116)

Further if we define Ricci scalar R interms of Ricci tensor RY such that Ricci scalar takes the form
of a diagonal matrix then:
O+ EREOL) D(a, 1) = 0 (117)

Where 4}, is the kroneckar delta whose value is zero for pu # v.

O® = 473 (118)

The potential V(®) = A®* is that of self-interacting scalar field and this may also be an inflaton
field (in some model of inflation) which caused rapid expansion of our universe in the very early

phase. This expansion also called the inflationary period made our universe flat and caused all
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the magnetic monopoles to vanish [6]. We can generalise equation(118) into the following form
involving Potential V(®):
O+ m?] & =V'(®) (119)

Here V/(®)= -(R®. Occurrence of the potential term in curved space-time makes the KG equation
non-linear, presence of Ricci scalar describing curved space-time generates the potential due to a
system in gravitational field background. Presence of scalar field in gravitating background gives
rise to phenomena of particle creation in an evolving universe [29]. Generally we treat the potential
term as small perturbation of real KG field and such perturbations may give rise to kinks or domain
walls. Recent discovery suggests that dark energy is accelerating cosmic expansion and breaks the
strong energy condition [31].

In string theory dynamics unstable D branes have associated tachyonic scalar field responsible for
exponential expansion of the early universe and is a promising candidate as source of dark energy
[32]. Let p be the density function, M and A be the sub-manifolds of Lorentzian Manifold M with
atlases Arjand Ay respectively. Let p: M — N be the mapping of class C" at p e M, if 3 a chart
(V,y) from Apn with p(p) € V and a chart (U, z) from Ay with p e U s.t p(U) C V and y 0 p o

7! is of class C”. Here p represents energy density of dark energy and all the partial derivatives

92 i
II(Ox;)i ()
Such partial derivatives of the function p doesn’t exist up to order r and are discontinuous thus,
breaking the strong energy condition. Instead of matter being gravitated towards matter, they

L are not continuous

move away from each other resulting an expanding universe. Here p and p~
[10, 30, 33]. Scalar fields are displaced the minimum value of potential and leads to different forms
of energy which evolve dynamically and such dynamics in the early universe is determined by the
form of their potential and Hubble expansion [34]. Scalar field plays significant role in explaining
the observed cosmic dynamics, dark energy, inflaton field driven inflation. Consider the Lagrangian
density of the form

1
L=c gV, eV,

and stress-energy-momentum tensor of the form

1
Ty = eV, OV, 0 — e§gWg"TVU<I>VT<I>
Here, € = +1 for canonical scalar field and € = —1 for Phantom scalar field. Quintessence scalar

field is also the canonical scalar field with potential. In an expanding FRLW universe (coupled
with scalar field ®) [35, 36], with the coupled equations of the form:

k
G + KV .V, P = £, VOBV, P (120)
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satisfying the conservation equation V, 7)) = 0. Here k is the Einstein constant.

For massive scalar field we have:
k o 252
Gu +kV, 0.V, 0 = §gw,[v D.V,P + m=d7] (121)
For conventional big bang cosmology with k, = 0, t = 0 scalar field takes the general form as:
d(t) = (constant).sgn(cl).lnﬁ‘ (122)

For massive, differentiable scalar field ®(x) satisfying g*(..).V, ®.V, ® < 0 in D C R*. Then,
the 4 x 4 energy-momentum-stress tensor matrix [T, (x)] has the Segre characteristic [(1,1,1),1]

in D C R* i.e if we take the orthonormal components

Tiay(8) (o) = t(a)(p)

at o e D C R

The Lorentz invariant eigen values of the matrix [t(a)(ﬁ)] have more concise physical meaning.

_ o (@)
det[t()(s) — M) = 0 & det[d ™DVt 5 — A6

&) =0 (123)

Here, the matrix [d(o‘)(V)tm(ﬂ)] need not be symmetric and has real invariant eigenvalues.

Xy 00 0
0 Ag 0 0 (124)
0 0 XAy O
0 0 0 -y

We have, )\(1) = )\(2) = )\(3) and )\(1) 75 - )\(4)
whose Segre characteristic is [(1, 1, 1), 1]. But this Segre characteristic may change from domain

to domain if there is the presence of exotic matter. Given initial inequality,

0

dah

9" (). V8.V, 8 < 0= VI, — # O(x).

1
Ty (-)-V'@ = S [V7O.V, @ — m?.%(.)].gu(..). VFP

for x e D C R*. The four real, invariant eigen values are:

1
Am = A =A@ = 5 [V 2V, P 4+ m e’ (125)

1
Aw) = 5[V70.V,® — m>®?] (126)

These equations imply that 7, () is algebraically compatible to FLRW metric.
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4 Tachyonic scalar field and Inflation

In string theory, the classical tachyon effective action implies that around the minimum of the po-
tential there is no open strings excitation and the tachyon potential asymptotically evolves towards
the minimum instead of oscillating around the minimum i.e any small perturbation in the field
causes it to roll down towards the minimum [37]. The relativistic lagrangian density for tachyonic

scalar field [29, 35, 36] gives the effective action as:

1
S=——— \/—gd4xR—|—/ V—gd*zLigen (127)
167I'G M M
Liach = —V((I))\/l - g"0,90,P (128)
The energy-momentum tensor is:
8ﬁtach
B = "D — g" Lige 129
o) * I e (129)
Energy density and pressure reads as:
V(P
o= (2) (130)
\/1 - g"0,90,P
P =-V(®)\/1-g"9,99,® (131)

The equation of motion for tachyonic scalar field ® in a universe with spatial homogeneity reads

as:

V(@)

G
1_®2+35<I>+ V(®) =0 (132)
If scalar field @ is gravitationally coupled to perfect fluid then we can furnish Raychaudhuri equation
as: )
gz —? p+3p+ V(D)1 — b)) 2.6% — 2(1 — $2)2] (133)

For p = p = 0 consider a special class of tachyonic inflationary phase. The coupled equations for

FRW metric gives field equations in the following form:

. .2
. +k
KV (®).(1— d?)2 =22 4 & T % 134
(@).(1 - %) =2° + (134)
-2
_ . 2 _l . a/ + ko
KV (®).(1— $?)77 = 3[ = ] (135)
We take the case for tan-hyperbolic inflation for k, = -1.
a(t) = tanh(t) (136)
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Employing equations (134) and (135) we get:

. 2
b — \/it“”h(t) (137)
3 /2 — tanh?(t)
If the scalar field evolves from ®, to ® in time 0 to ¢ then:
cosh(2t) + 3.sech(t).In [v/2cosh(t) + \/cosh(2t) + 3]

d— D, = TR —In(2+v?2) (138)

Taylor’s expansion at t = 0 for the potential function gives:

®—d,=In(2+2)+ fzijé +0(th (139)

The integral over half and full period are zero:

i tanht
——dt =0 140
/0 V2 — tanh?t (140)

2 tanht
—dt =0 141
/0 V2~ tani?i (141)
Some definite integral for real values of t:
T tanh(t)
0 /2 —tanh?(t)
2T tanh(t)
0 2 — tanh?(t)

The scalar field potential has the form:

dt = 2.2639 (142)

dt = 5.40182 (143)

V(®) = —?”1]{_@2 (144)

We calculate some definite integrals in the argand plane:

i3 tanh(t)

0 /2 —tanh?(t)

T tanh(t)
0 /2 — tanh?(t)

In the contour ¢ scalar field follows Cauchy Theorem i.e ® is an analytic function.

- D, = dt = —0.881374 (145)

d— P, = dt = —0.222895 (146)

jqfcb(t)dt =0 (147)
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5 Quantum Gravity

Theorem 4. A globally hyperbolic spacetime which satisfy the strong energy conditions and expan-

sion scalar satisfying certain boundary conditions on the 3-geometry, is singular.

At this singular state of infinite density all laws of general relativity breaks down and a quan-
tum prescription for gravity is required. But singularity theorem due to Hawking and Penrose does
not apply to Minkowski space-time, Einstein universe, de Sitter and 2-dimensional Anti-de Sitter
space-time [38]. Quantum nature of geometry comes into light through the canonical quantization
of the Hamiltonian formalism of general relativity. Canonical Quantization procedure sets a frame-
work for constructing Klein-Gordon equation whose solution is the wavefunction of the universe, a
wavefunction which governs both the matter fields and space-time geometry. Third quantization
is another aspect of quantum cosmology. Universes complete with second-quantized fields can be
created and destroyed by the operation of third-quantized operators [14]. Superspace is the space
whose every point represents the hypersurface 3 with the spatial metrics h;; and each point of this
space corresponds to certain spatial metric. Quantization of structureless, homogeneous hunk of
space as the first approximation of space-time atom is the starting point for Quantum cosmology
[39].Quantum cosmology is an attempt to quantize the gravitational degrees of freedom. When
extended to quantum realm trajectories are transformed into wave packets which gives probability
of finding the universe in any quantum state. These quantum states are vectors in their respective
tangent space [25, 40]. Universes are like quantum foams in superspace which may pop in and out of
existence due to the action of some third quantized operators. In quantum cosmology the question
of quantum decoherence comes into play when one considers the shift from quantum physics to
classical physics [41].

The wavefunction W[h;;,®,X] in equation is the wavefunction of the universe, defined in the
abstract space of all possible three metrics of cauchy surfaces i.e defined in 3; modulo diffeomor-
phism, called the superspace. In case of infinite dimensional superspace infinitely many solutions

exist [42] and this wavefunction is the function of three-metric h;; i.e
U = Ulh]
then quantum dynamics is supplied by the functional integral of the form:
Wiy, 5] = N | dg(a)exp (iSp-1) Lo (148)

Sp_p is the classical gravitational action with a cosmological constant and the functional is defined
over the space spanned by the spatial metric h;;, which also satisfies appropriate conditions to define
the state [43]. According to the sum over histories formulation, the universe evolves from, say state
A to state B following every possible path. What remains to be analysed is the initial quantum

conditions from which the universe evolved. The no boundary proposal formulated in terms of
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Euclidean path integral attempts to answer this question. Purely imaginary second fundamental
form of the hypersurface ¥; can be specified to ensure that our universe is Lorentzian and shades
light on quantum nucleation of such spacetimes [44]. Third Quantization procedure can be applied

in superspace parallel to second quantization for fields that propagate in the space-time manifold.

5.1 Paths Towards Quantum Gravity

Rosenfeld first applied quantum field theory for gravitating fields and noticed technical difficulties
to quantize gravity the earliest application was the computation of photons’ gravitational self-
energy using perturbation theory of lowest order [45]. Let ®(x,t)be matter field configuration, h;;
be the three metrics on the hypersurface ¥ then the probability amplitude of such a universe is
described by the functional W[h;;,®(x,t), £], which lives in an infinite dimensional superspace and

is the solution to Wheeler-DeWitt equation(source free):
Hg|W) =0 (149)

and in the presence of source
T|¥) =0 (150)

Here,|¥) is the physical vacuum state, and 7:[g, T are the third-quantized operators acting on the
physical vacuum state. In equation (149) there is no time dependence and is equal to zero due to
diffeomorphism invariance. But a consistent and unambiguous approach has not been yet known.
The wheeler-DeWitt equation has an endlessly wide variety of solutions because it is a second-order
hyperbolic functional differential equation.

The wheeler-DeWitt equation is rather complicated because it is defined in an infinite dimen-
sional manifold. Some insights can be developed about the character of the solution of equation
(149) when restricted to a submanifold of the superspace i.e by reducing infinite (matter and grav-
itational) degrees of freedom to finite one [46]. Unique boundary conditions have been proposed
which include (i) Tunneling proposal by Alexander Vilenkin [47], in which the de Sitter universe
is created out of nothing due to quantum tunneling. Nothing means the absence of space, matter,
and time. Vilenkin proposes that the universe, which is spatially closed with the total Hamiltonian
equal to zero, was created out of nothing. (ii) No boundary proposal by S.W Hawking, in [48]
Hawking stated that he and J.Hartle suggested path integral on a spatially closed universe with
positive definite metric determined the quantum state of an evolving universe and the boundary
condition implies that the universe has no boundary i.e 9(0M) = 0. The universe evolved quantum
mechanically from a 4-dimensional Euclidean manifold to (3+1) Lorentzian manifold which is de-
scribed in terms of euclidean path integral, in the case of a closed universe with no initial boundary
[49].

Quantum fluctuations of the isotropic and homogeneous universe probably avoid space-time

singularity which is only possible if these are quantum conformal fluctuations corresponding to
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classical singular cosmological solution. Evolution of the universe can be viewed as a space-time

manifold undergoing geometric flow, for eg. Ricci flow [50].

OGuv
ot

— R, (151)

which describes variation of metric tensor w.r.t time variable t, R, is Ricci curvature tensor.
Authors in [51, 52, 53] applied Ricci flow to study the dynamics of space-time, smoothing out of
small irregularities, early universe inhomogeneities and the flow of action. Covariant, Canonical,
path integral formalism, string theory, twistor theory, etc are the candidate theory of Quantum
Gravity. The unrestricted minisuperspace models can be used to resolve big bang singularity using
many different approaches. General covariance determines possible space-time structure [54]. For
the quantum description of General relativity split the gravitational field described by complete

space-time metric g, into a fixed background described by 7,, and a dynamical field given by:

hul/ = Guv — Nuv (152)

It is convenient to quantize hy, because of it’s symmetry and simplicity[55]. In the canonical
approach, field variables in classical equations are replaced by operators on some Hilbert space but
this doesn’t seem appropriate in the case of gravity because Einstein’s equations are non-polynomial
in the metric,

Hamiltonian is constructed and a family of space-like surface is introduced [56].

Using Einstein’s field equation (in natural units)
G = 8nGTy, (153)

where G, describes geometry of space-time, which is purely classical and T},, is stress-energy-
momentum tensor which has an associated quantum operator. Quantum mechanically: This eigen-
value equation doesn’t make sense because components of T;w do not obey commutation rules. The
expectation value is:

<é;w> = 8”<‘IJ‘T#V“I’> (154)

leads to semi-classical gravity [57]. Several problems with semi-classical gravity have been identified
in literature. One of the strain is that 7}, is function of classical geometric field g,, and is relates
[E

This approach towards Quantum gravity is based on the foliation of the Lorentzian manifold
by orthogonal space-like surfaces. John Archibald Wheeler first suggested quantization of general
relativity based on the Feynman approach and Charles Misner introduced [58] in the following

form:

ih
/ e e-H d(history) (155)
M
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Other include string theory in which strings (vibrating in seven-dimensional hyperspace) are the

building blocks of all forms of matter and radiation in the universe[59].

5.2 Need for Quantum Gravity

The singularity theorem due to Hawking and Penrose imply that for a globally hyperbolic space-
time following strong energy condition with non-compact hypersurface is singular [38]. According
to the conventional big bang model, space-time and all forms of matter in the universe arose from
a singular state of infinite density. To explain singularities that are visible (naked singularity) and
not visible (the singularity of a black hole) from future null infinity we need a quantum theory of

gravity.

6 Conclusion

We calculated values of scalar field for imaginary and real time interval. For half and full period
in the argand plane time derivative of field strength was 0. For ¢ = 0 to i§ and 3i7 values were
equal to -0.881374. For half and full period field stength remained at it’s initial value i.e field is
unperturbed. But for some values other than above field strength falls below the initial value and
for others field strengths. Thus, scalar field behaves dynamically for tan-hyperbolic inflation in an

open universe and is responsible for evolution of quantum state of the universe.
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A Supplemental Derivation

A.1 Relationship between Jacobian and the Metric

The metric tensor for arbitrary curvilinear coordinates on a flat spacetime is given by [8].

oz 0z
Juv = w@naﬁ (156)
Equation (156) implies matrix form as given below:
g=JnJ (157)

where J7 is the transpose of the Jacobian matrix J. Taking the determinant on both sides we
get
gl = || (158)

Here,

In| =

o o O

o O = O
o = O O
_ o O O

Here J is the Jacobian matrix and it follows
V=

A.2 Energy-Momentum tensor for physical fields

In curved spacetime, lagrangian density depends upon g,, because role of non-canonical form of
metric tensor is important.

The action for physical field in curved spacetime is:

S = / V—gd'zL (159)
M
variation of action w.r.t g,, is:
oL O/—g
68 = [ d'z|v- 59" 1
S /M T [ g@g“” + L g g (160)

0v/—g = v JImw ;gg’wég‘“’
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a\/ —9g _ —V —99uv
oghv 2
we get,
oL gul
— Ao/ B 2%
08 /M d*z/—g [agl“’ 5 ] og (161)

Applying co-ordinate transformation in equation(161):

) L)L) 64— )

68 = /M d*z/—g [

Using the property of Dirac delta function:

/ diaf(2)04(z — o) = f(a') (162)
M
We get, S

T = = o (163)

A.3 Conservation Law

The result obtained in this section is an example of Noether’s theorem which relates conservation
laws to basic continuous symmetry of the system. Following the assumptions made in [30] and

varying the action due to matter:

58(m) — 1

/ d*a/—gT" 89, (164)
2 Jm

Transformed metric tensor is:

oz’ 9’8
o /
gulj('x) - ga,@(l' ) ot Oxrv

On further simplification and using the properties of kronecker delta d,,:

glﬂ/(x) - g:uz(xe) + Npw + Mo (165)

We get following results using the methods in [30]:

=09 = Ny + Mo (166)

Equation (164) reduces to the following form;

1
55 = 5 [ /=g s+ 1) (167)

580 = /M d*a/=gTH" 1, (168)
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Since T = T"* is the symmetry property of stress-energy-momentum tensor. The action S is

covariant and (7,)s = 0 Further;
580 = /E Ba/—gTH n,i, — /M d*z/—gT! (169)
By the principle of least action §S(™) = 0 = T%"n, = 0 we obtain our required results:
" =0 (170)

This is the law of conservation of energy and momentum, obeys general covariance and it holds
globally.

We can deduce the following result using the conservation principle, which shows there is an ex-
change of energy-momentum between matter and gravitation. But it vanishes in locally inertial

co-ordinate. .

=00 [V = Tl T (171)
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