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1. Main theorem

Let (F,G) ∈ C[x, y]2 be a Jacobian pair, i.e., a pair of polynomials on two variables x, y with a

nonzero constant Jacobian determinant J(F,G) :=
∣∣∣ ∂F∂x∂G
∂x

∂F
∂y
∂G
∂y

∣∣∣ ∈ C 6=0. The corresponding Keller map

σ is defined by σ : C2 → C2, p 7→ (F (p), G(p)) := (F (a, b), G(a, b)) for p = (a, b) ∈ C2. Then the

main result of this paper is the following.

Theorem 1.1. The Keller map σ is injective. In particular, the 2-dimensional Jacobian conjecture

holds, i.e., F,G are generators of C[x, y].

To prove this theorem, we start with any Jacobian pair (F,G) such that the corresponding

Keller map σ is not injective, i.e., there exist p1 = (x1, y1), p2 = (x2, y2) ∈ C2 such that

σ(p1) = σ(p2), p1 6= p2. (1.1)

For convenience, we denote (p1, p2) =
(
(x1, y1), (x2, y2)

)
∈ C2 × C2 ∼= C4, and

V =
{

(p1, p2) =
(
(x1, y1), (x2, y2)

)
∈ C4

∣∣σ(p1) = σ(p2), p1 6= p2

}
. (1.2)

Then V 6= ∅ by assumption (1.1) (note from the proof of Lemma 4.3 that V is in fact a closed

subset of C4). We define the height of (p1, p2) =
(
(x1, y1), (x2, y2)

)
∈ V to be

hp1,p2 = |x1|+ |y1|+ |x2|+ |y2|. (1.3)

Then Theorem 1.1 will be obtained from the following 3 results.

Theorem 1.2. There exists a Jacobian pair, which for convenience is still denoted by (F,G), such

that for (p1, p2) ∈ V , when hp1,p2 →∞, we have |y1|+ |y2| = o(hp1,p2).

We define the projection π1 : V → C2 by

π1 : (p1, p2) 7→ π1(p1, p2) := (x1, x2) for (p1, p2) =
(
(x1, y1), (x2, y2)

)
∈ V . (1.4)

Theorem 1.3. The projection π1 is not surjective.

Theorem 1.4. Fix ξ = (ξ1, ξ2) ∈ C2\π1(V ). We define a continuous function `p1,p2 on V by

`p1,p2 = d
(
π1(p1, p2), ξ

)2
= |x1 − ξ1|2 + |x2 − ξ2|2 for (p1, p2) ∈ V, (1.5)
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where d(α, β) denotes the distance between α and β for α, β ∈ C2. Then for any (p1, p2) ∈ V ,

there exists (q1, q2) =
(
(ẋ1, ẏ1), (ẋ2, ẏ2)

)
∈ V such that

`q1,q2 < `p1,p2 . (1.6)

2. Some preparations

For any ring R, we use R((y)) to denote the ring whose elements have the form
∑∞

i=−∞ aiy
i

with ai ∈ R such that ai = 0 when i� −1. We need some conventions and notations, which, for

easy reference, are listed as follows.

Convention 2.1. (1) For a ∈ C, we write a = are+aimi for some are, aim ∈ R, where i =
√
−1.

If ab appears somewhere, then we always assume b ∈ R, and in case a 6= 0, we interpret ab

as the unique complex number rbebθi by writing a = reθi for some r ∈ R>0, 0 ≤ θ < 2π.

(2) Let P =
∑

i∈Z≥0
piy

α+i = pα
(
1 +

∑∞
i=1 piy

i
)
∈ C[x]((y)) with α ∈ Z, pi ∈ C[x] and p0 = 1.

(i) Let β ∈ Q with αβ ∈ Z. Then we can uniquely define P β to be an element in C[x]((y))

as follows,

P β = yαβ
(

1 +
∞∑
j=1

(
β

j

)( ∞∑
i=1

piy
i
)j)
∈ C[x]((y)), (2.1)

where, we denote the multi-nomial coefficient
(

k
λ1,λ2,...,λi

)
= k(k−1)···(k−(λ1+λ2+···+λi)+1)

λ1!λ2!···λi! .

(ii) For Q1, Q2 ∈ C[x]((y)), we use P (Q1, Q2) and P |(x,y)=(Q1,Q2) to denote the following

element [as long as it is algebraically a well-defined element in C[x]((y)) ],

P (Q1, Q2) = P |(x,y)=(Q1,Q2) =
∑
i
pi(Q1)Qα+i

2 . (2.2)

(iii) If Q1, Q2 ∈ C, we also use (2.2) to denote a well-defined complex number as long as

the series (2.2) converges absolutely.

(iv) Assume α 6= 0. For any Q =
∑

i∈Z≥0
qiy

α1+i ∈ C[x]((y)) with α1 ∈ Z, by comparing

coefficients of yα1+i for i ≥ 0, there exists uniquely bi ∈ C[x] such that

Q =
∞∑
i=0
biP

α1+i
α . (2.3)

We call bi the coefficient of P
α1+i
α in Q, and denote by Coeff(Q,P

α1+i
α ). If Q =∑

i,j qijx
iyj with qij ∈ C, we also denote Coeff(Q, xiyj) = qij .

(3) Let E → 0 be a variable. Sometimes we need to consider elements in C[x]((y)) which may

depend on E. We use O(E)i for i ∈ Q≥0 to denote any element P ∈ C[x]((y)) (or especially

in C) which may depend on E such that P (a, b) converges absolutely and |E−iP (a, b)| < s

for some fixed s, where (a, b) is in some required region.

We also denote a = o(b) if a, b are some variables depending on another variable c→ c0

(for some c0 ∈ C ∪ {∞}) such that limc→c0
a
b = 0.

Let P =
∑

j pjy
j ∈ C[x]((y)), pj ∈ C[x] and (x0, y0) ∈ C2. If z0 =

∑
j |pj(x0)yj0| converges, then

z0 is denoted by A(x0,y0)(P ) [or by A(y0)(P ) if P is independent of x].
2
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Definition 2.2. (1) Let Q =
∑

i qiy
i ∈ C((y)), qi ∈ R≥0, x0 ∈ C. If |pi(x0)| ≤ qi for all

possible i, then we say Q is a controlling function for P on y at point x0, and denote

P Ex0
y Q, or P Ey Q when there is no confusion. In particular if P,Q are independent of

y then we write P Ex0 Q (thus aE b for a, b ∈ C simply means that |a| ≤ b with b ≥ 0).

(2) An element in C((y)) with non-negative coefficients is called a controlling function on y.

(3) If Q = q0y
α +

∑
j>0 qjy

α+j ∈ C((y)) is a controlling function on y with q0 > 0, then we

always use the same symbol with subscripts “ ign ” and “ neg ” to denote the elements

Qign =q−1
0

∑
j>0

qjy
j , Qneg :=q0y

α
(

1−q−1
0

∑
j>0

qjy
j
)

=q0y
α(1−Qign)=2q0y

α−Q. (2.4)

We call Qign the ignored part of Q, and Qneg the negative correspondence of Q [in sense of

(2.6) and (2.7), where a,−k are nonpositive].

Lemma 2.3. (1) If

P = p0y
α +

∑
j>0

pjy
α+j ∈ C[x]((y)), Q = q0y

α +
∑
j>0

qjy
α+j ∈ C((y)), (2.5)

with P Ex0
y Q, x0 ∈ C and |p0(x0)| = q0 ∈ R>0, then for a, b, k ∈ Q with aα, bα, kα ∈ Z,

(a)
∂P

∂y
Ex0
y ± dQ

dy
, (b) P a Ex0

y Qaneg Ey (q0y
α)−bQa+b

neg for a, b ∈ Q−, (2.6)

Qk Ey (q0y
α)2kQ−kneg Ey


(q0y

α)k

1− kQign
if k ∈ Z≥1,

(q0y
α)k
(

1 +
kQign

1−Qign

)
if k ∈ Q≥0 with k < 1.

(2.7)

where (2.6) (a) holds under the condition: either both P, Q are power series of y (in this

case the sign is “ + ” ), or else both are polynomials on y−1 (in this case the sign is “− ” ).

(2) If x0, y0 ∈ C and P1 Ex0
y Q1, P2 Ex0

y Q2, then

A(x0,y0)(P1P2) ≤ A(y0)(Q1)A(y0)(Q2) = Q1(|y0|)Q2(|y0|). (2.8)

Proof. One can see that (2) and (2.6) (a) are obvious, and (2.6) (b), (2.7) are obtained by noting

that for a, b ∈ Q− and i ∈ Z>0, one has

(−1)i
(
a

i

)
=
∣∣∣(a
i

)∣∣∣≤ ∣∣∣(a+ b

i

)∣∣∣=(−1)i
(
a+ b

i

)
,

(
k

i

)
≤
∣∣∣(−k

i

)∣∣∣≤ {ki if k∈Z≥1,

k if 0<k∈Q<1.

This proves the lemma. �

Take, where f̃i ∈ C[x] with f̃1 6= 0,

F̃ = f̃1y +
∞∑
i=2

f̃iy
i ∈ C[x][[y]]. (2.9)

Regarding F̃ as a formal function on y (with parameter x being regarded as fixed), we have the

formal inverse function denoted by yF̃ ∈ C[x, f̃−1
1 ][[F̃ ]] ⊂ C[x][[F̃ ]] such that [cf. (2.3) ]

y = yF̃ (F̃ ) = b1F̃ +
∞∑
i=2

biF̃
i, (2.10)

3
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with bi = Coeff(y, F̃ i) ∈ C[x, f̃−1
1 ] being determined by b1 = f̃−1

1 ∈ C[x, f̃−1
1 ] and (we do not need

to use the following explicit expression of bi, we only want to present that bi’s exist),

bi = −
i−1∑
j=1

bj f̃
j−i
1

j∑̀
=0

(
j

`

) ∑
n∈Z≥0, λ1,λ2,...,λn≥0

λ1+2λ2+···+nλn= i−j

(
`

λ1, λ2, ..., λn

)
f̃−λ1−λ2−···−λn

1 f̃λ2
2 f̃λ3

3 · · · f̃
λn
n , (2.11)

for i ≥ 2, which is obtained by comparing the coefficients of yi in (2.10).

Lemma 2.4. For âi ∈ R≥0 with â1 > 0, let

F̂ = â1y +
∞∑
i=2

âiy
i ∈ C[[y]] and F̂neg = â1y −

∞∑
i=2

âiy
i, (2.12)

be a controlling function on y and its negative correspondence [cf. (2.4) ], and let

y = y neg(F̂neg) = b̂1F̂neg +
∞∑
i=2

b̂iF̂
i
neg, (2.13)

be the formal inverse function of F̂neg, where b̂1 = â−1
1 and b̂i = Coeff(y, F̂

i
neg) ∈ C. Then

(1) y neg(F̂neg) is a controlling function on F̂neg, i.e., for i ≥ 1,

b̂i = Coeff(y, F̂
i
neg) ≥ 0. (2.14)

(2) If F̃ Ex0
y F̂ with F̃ as in (2.9) and |f̃1(x0)| = â1, then

y = yF̃ (F̃ )Ex0

F̃
y neg(F̃ ), i.e., bi Ex0 b̂i, (2.15)

where bi = Coeff(y, F̃ i) is as in (2.10), and biEx0 b̂i means that |bi(x0)| ≤ b̂i. In particular

y Ey y neg(F̂ ), (2.16)

where the right side of “Ey ” is regarded as a function on y by substituting F̂ by (2.12).

Proof. Note that (1) follows from (2) by simply taking F̃ = â1y. Thus we prove (2). We want to

prove, for i ≥ 1,

∂iy

∂F̃ i
Ex0
y

diy

dF̂ i
neg

, (2.17)

where the left-hand side is understood as that we first use (2.10) to regard y as a function on F̃

(with parameter x) and apply ∂i

∂F̃ i
to it, then regard the result as a function on y (and the like for

the right-hand side, which does not contain the parameter x). By (2.6) (a), we have ∂F̃
∂y E

x0
y

dF̂
dy ,

and thus by (2.6) (b), (
∂F̃

∂y

)−1

Ex0
y

((dF̂
dy

)
neg

)−1

=

(
dF̂neg

dy

)−1

,

4
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i.e., ∂y

∂F̃
Ex0
y

dy

dF̂ neg
and (2.17) holds for i = 1. Inductively, by Lemma 2.3,

∂iy

∂F̃ i
=

∂

∂F̃

( ∂i−1y

∂F̃ i−1

)
=

∂

∂y

( ∂i−1y

∂F̃ i−1

)(∂F̃
∂y

)−1

Ex0
y

d

dy

( di−1y

dF̂ i−1
neg

)(dF̂neg

dy

)−1
=

diy

dF̂ i
neg

. (2.18)

This proves (2.17). Using (2.17) and noting from (2.10) and (2.13), we have

bi =
1

i!

∂iy

∂F̃ i

∣∣∣
F̃=0

=
1

i!

∂iy

∂F̃ i

∣∣∣
y=0
Ex0

1

i!

diy

dF̂ i
neg

∣∣∣
y=0

=
1

i!

diy

dF̂ i
neg

∣∣∣
F̂ neg=0

= b̂i.

This proves (2.15). Since F̃ Ex0
y F̂ and y neg is a controlling function, we have y neg(F̃ )Ex0

y y neg(F̂ ).

This together with (2.15) proves (2.16). �

3. Proof of Theorem 1.2

First we need to reformulate (F,G). If necessary by replacing (F,G) by
(
F +(G+F k)k, G+F k

)
for some k, we may assume 2 ≤ degyG (where degyG denotes the degree of G with respect to the

variable y) and degyG |degyF (i.e.,
degyF

degyG
∈ Z>0). Fix a sufficiently large ` ∈ Z>0. Applying the

following variable change,
(x, y) 7→ (y, y` + x), (3.1)

and rescaling F,G, we can assume, for some m,n ∈ Z>0, fjk, gjk ∈ C with 2 ≤ n and n |m,

(i) F = ym + F1, F1 =
m−1∑
j=0

m−1−j∑
k=0

fjky
jxk, (ii) G = yn +G1, G1 =

n−1∑
j=0

n−1−j∑
k=0

gjky
jxk. (3.2)

Note that degF1 ≤ m− 1, degG1 ≤ n− 1 (where degF1 denotes the total degree of F1).

In the following we consider elements as in the ring C[x]((y−1)). By (3.2), we rewrite F,G as

(i) F = ym
(

1 +
∞∑
i=1
fiy
−i
)
, (ii) G = yn

(
1 +

∞∑
i=1
giy
−i
)

for some fi, gi ∈ C[x] with (3.3)

(iii) degxfi ≤ i− 1 if i ≤ m and fi = 0 if i > m, (iv) degxgi ≤ i− 1 if i ≤ n and gi = 0 if i > n.

Set f0 = g0 = 1, and denote the set A =
n−Z≥0

m . By (3.3), we can write,

G =
∑
α∈A

cαF
α =

∞∑
i=0

cn−i
m
F
n−i
m for some cα ∈ C[x], (3.4)

where as in (2.11), by comparing the coefficients of yn−i, we can inductively determine cn−i
m
∈ C[x]

for i ≥ 0 as follows:

cn−i
m

= gi −
i−1∑
j=1

cn−j
m
f j−i1

j∑̀
=0

(
j

`

) ∑
n∈Z≥0, λ1,λ2,...,λn≥0

λ1+2λ2+···+nλn= i−j

(
`

λ1, λ2, ..., λn

)
f−λ1−λ2−···−λn

1 fλ2
2 fλ3

3 · · · f
λn
n .

Lemma 3.1. We have

(i) cα ∈ C if α > 1−m
m , (ii) c−1 = 0, (iii) degxc−m−j

m
≤ j + 2 if j ∈ Z≥−1. (3.5)

5
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Proof. Taking the Jacobian of F with G, we obtain, where J0 = J(F,G),

(i) J0

(∂F
∂y

)−1
= −

∑
α∈A

dcα
dx

Fα, (ii) G
∂F

∂y
=

∂

∂y

( ∑
−16=α∈A

cαF
α+1

α+ 1

)
+ c−1F

−1∂F

∂y
. (3.6)

We immediately obtain (3.5) (i), (ii). By (3.3) (iii), (iv), we have

degxCoeff(F, ym−j) ≤ j, degxCoeff(G, yn−j) ≤ j for j ∈ Z≥0. (3.7)

Then by (2.1), (2.3), we can prove by induction on j, k ∈ Z≥0,

degxCoeff

((∂F
∂y

)−1
, y1−m−j

)
≤ j, degxCoeff(F

n−j
m , yn−j−k) ≤ k. (3.8)

From this and (3.6) (i), we obtain (3.5) (iii) by induction on j. �

Lemma 3.2. By some reformulation of (F,G), we may assume c 4−m
m
c 3−m

m
6= 0.

Proof. Let a0 ∈ C be chosen later, and we denote, for some f̄jk ∈ C,

(i) F̄ := F (y, y3 + a0y
2 − x) = ym̄

(
1 +

m̄∑
j=1

j−1∑
k=0

f̄jky
−jxk

)
, (ii) Ḡ = G(y, y3 + a0y

2 − x), (3.9)

and we use same symbols with a bar to denote elements associated to the pair (F̄ , Ḡ), in particular,

n̄ = 3n, m̄ = 3m, and the last equality of (3.9) (i) follows from (3.2) (i). Note from (3.9) (i) that

y ∈
∑∞

k=0 C[x]F̄
1−k
m̄ . Thus by (3.5) (iii), we have, for j ∈ Z≥−1,(

c−m−j
m

F
−m−j
m

)∣∣∣
(x,y)=(y,y3+a0y2−x)

∈
( ∞∑
k=0

C[x]F̄
j+2−k
m̄

)
F̄
−m̄−3j
m̄ =

∞∑
k=0

C[x]F̄
2−2j−k−m̄

m̄ . (3.10)

From this and (3.5), we see that the right-hand side of (3.4) is a well-defined element in C[x]((y−1))

when (x, y) is set to (y, y3 +a0y
2−x) (as F̄

n̄−j
m̄ only appears finitely many times for each j ∈ Z>0).

Thus we can set (x, y) to (y, y3 + a0y
2 − x) in (3.4) to obtain [using (3.5) ],

Ḡ =
( ∞∑
j=0

cn−j
m
F
n−j
m

)∣∣∣
(x,y)=(y,y3+a0y2−x)

(3.11)

=
m+n−2∑
j=0

cn−j
m
F̄
n̄−3j
m̄ +

(
c 1−m

m

∣∣∣
(x,y)=(y,y3+a0y2−x)

)
F̄

3−m̄
m̄ +

∞∑
j=1

(
c−m−j

m
F
−m−j
m

)∣∣∣
(x,y)=(y,y3+a0y2−x)

.

Note that the right-hand side of (3.11) can be written as the form
∑∞

j=0 c̄ n̄−j
m̄
F̄
n̄−j
m̄ for some

c̄ n̄−j
m̄
∈ C[x]. One can use (3.10) to see that only the middle term in the right-hand side of (3.11)

can contribute to c̄ 4−m̄
m̄

or c̄ 3−m̄
m̄

. By (3.5) (iii), (3.6) (i), we can write c 1−m
m

= −J0m
−1(x+ a1) for

some a1 ∈ C. Then

c 1−m
m

∣∣∣
(x,y)=(y,y3+a0y2−x)

∈ −J0m
−1
(
F̄

1
m̄ + a1 −

a0

3
+
∞∑
j=1

C[x]F̄
−j
m̄

)
, (3.12)

which with (3.11) gives that c̄ 4−m̄
m̄

= −J0m
−1, c̄ 3−m̄

m̄
= −J0m

−1(a1−a0
3 ) 6= 0 (by choosing a0 6= 3a1).

Thus by replacing (F,G) by (F̄ , Ḡ) [by (3.9) we still have (3.2) after the replacement], we have

the lemma. �
6
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We slightly generalize notions and notations in Definition 2.2. In the rest of this section we

regard all elements as in the ring R := C[x
1
m ]((y−1)).

Definition 3.3. Let R =
∑

i,j rijx
iyj , Q =

∑
i,j qijx

iyj ∈ R with rij ∈ C, qij ∈ R≥0.

(i) If |rij | ≤ qij for all possible i, j, then we say R is controlled by Q with respect to x, y, and

denote REx,y Q.

(ii) For x0, y0 ∈ C, if
∑

i,j |rijxi0y
j
0| converges, then we say the series R with respect to x, y

converges strongly when (x, y) is set to (x0, y0), and denote R|(x,y)=(x0,y0) =
∑

i,j rijx
i
0y
j
0.

Denote t = (1+x
1
m )m−1 ∈ R. By (3.3) (iii), we easily obtain (in the following, sj ∈ R>0 is some

fixed number for all possible j; for instance, we can take s0 =
∑

j,k |fjk|),

F Ex,y ym
(

1 + s0

m∑
j=1

(
ty−1

)j)
Ex,y F , where F = ym

(
1 +

s0ty
−1

1− ty−1

)
. (3.13)

We have F ign = s0ty−1

1−ty−1 [cf. (2.4) ] and by Lemma 2.3, for j ∈ Z≥0,

F±
j
m Ex,y y

±j
(

1− F ign

)− j
m

= y±j
( 1− ty−1

1− (1 + s0)ty−1

) j
m
. (3.14)

Denote w = y−1. We can write [using (3.14) and Lemma 2.3], for some pj ∈ C[x],

(i) P := F−
1
m = w

(
1 +

∞∑
j=1

pjw
j
)
Ex,w

w

(1− F ign)
1
m

Ex,w P , where,

(ii) P :=
w

1− F ign
=

w(1− tw)

1− (1 + s0)tw
= w(1 + P ign) with P ign =

s0tw

1− (1 + s0)tw
. (3.15)

Thus

Pneg = w
(

1− s0tw

1− (1 + s0)tw

)
=
w
(
1− (1 + 2s0)tw

)
1− (1 + s0)tw

. (3.16)

Denote c̃j = c− j
m

= c̃0j + c̃1j with c0j ∈ C, c̃1j ∈ xC[x]. By (3.5) and Lemma 3.2,

(i) c̃1j = 0 for j ≤ m− 2, (ii) c̃m−4c̃m−3 6= 0. (3.17)

Lemma 3.4. We have, for some s1, s2 ∈ R>0, where c̃1j ∈ xR≥0[x] is obtained from c̃1j by

replacing all coefficient Coeff(c̃1j , x
k) by its absolute value,

(i) G = G0 +G1, (ii) G0 :=
∞∑

j=−n
c̃0jP

j Ex,P P
−n
(

1 +
s1P

1− s2P

)
Ex,y P

−n
neg

(
1 +

s1P

1− s2P

)
,

(iii) G1 :=
∞∑

j=−n
c̃1jP

j Ex,P
∞∑

j=m−1
x
dc̃1j

dx
P j Ex,P J0m

−1xPm−1
(

1− s1tP

1− s2tP

)−1
. (3.18)

Proof. Solving w from (3.16) we obtain the formal inverse function of Pneg is,

w=wneg(Pneg) =
1−(1+s0)tPneg−B

2(1+2s0)t
, B=

√
(1−β+tPneg)(1−β−tPneg), (3.19)
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where β± = 3 + 5s0 ± 2(2 + 7s0 + 6s2
0)

1
2 . Noting that

B Ex,Pneg (1− β+tPneg)−
1
2 (1− β−tPneg)−

1
2 Ex,Pneg (1− β+tPneg)−1, (3.20)

we can deduce from (3.19) that wneg(Pneg) Ex,Pneg Pneg

(
1 +

s3tPneg

1−s4tPneg

)
for some s3, s4 ∈ R>0.

Thus by (2.6), (2.15), we have, for some s1, s2 ∈ R>0 (we can always assume s1 > s3, s2 > s4),

(i) y−1 = w Ex,P w
neg(P )Ex,P P

(
1 +

s3tP

1− s4tP

)
Ex,P P

(
1 +

s1tP

1− s2tP

)
,

(ii) y = w−1 Ex,P P
−1
(

1− s3tP

1− s4tP

)−1
Ex,P P

−1
(

1 +
s1tP

1− s2tP

)
. (3.21)

From this, (3.2) (ii) (with the fact that n|m) and (3.15), we can obtain, for some s5 ∈ R>0,

GEx,P P
−n
(

1 +
s5tP

1− s4tP

)
Ex,y P

−n
neg

(
1 +

s5tP

1− s4tP

)
. (3.22)

From this, (3.4) and definition of G0 in (3.18) (ii), we obtain (note that t|x=0 = 1),

G0 Ex,P P
−n
(

1 +
s5(t|x=0)P

1− s4(t|x=0)P

)
Ex,y P

−n
neg

(
1 +

s5(t|x=0)P

1− s4(t|x=0)P

)
, (3.23)

i.e., we have (3.2) (ii). Note from (3.13) that m−1(∂F∂y )Ex,y ym−1
(
1+s0

∑m−1
j=1

(
ty−1

)j)
, we obtain,

∞∑
j=−n

dc̃1j

dx
P j =

∑
α∈A

dcα
dx

Fα = −J0

(∂F
∂y

)−1
Ex,y J0m

−1y−(m−1)
(

1− s0

m−1∑
j=1

(ty−1)j
)−1

Ex,P J0m
−1y−(m−1)

(
1− s0

m−1∑
j=1

(ty−1)j
)−1∣∣∣

y−1=P (1+
s3tP

1−s4tP
)

Ex,P J0m
−1xPm−1

(
1− s1tP

1− s2tP

)−1
, (3.24)

where the first “Ex,P ” is obtained from (3.21) (i) and the second is obtained by choosing sufficiently

large s1, s2. Now the first “Ex,P ” of (3.18) (iii) is obvious and the second “Ex,P ” is obtained

from (3.24). This proves the lemma. �

Proposition 3.5. There exists s5 ∈ R>0 such that for any (p1, p2) =
(
(x1, y1), (x2, y2)

)
∈ V with

hp1,p2 ≥ s5, we must have

|y1| < h
m
m+1

p1,p2
, |y2| < h

m
m+1

p1,p2
. (3.25)

Proof. Assume conversely that there exists (p1i, p2i) =
(
(x1i, y1i), (x2i, y2i)

)
∈ V for any i ∈ Z>0

satisfying hp1i,p2i ≥ i, such that at least one of the following (i) and (ii) does not hold:

(i) |y1i| < h
m
m+1

p1i,p2i
, (ii) |y2i| < h

m
m+1

p1i,p2i
. (3.26)

Thus we obtain a sequence (p1i, p2i), i = 1, 2, ... Since x1i 6= x2i or y1i 6= y2i for all i, if necessary

by replacing (F,G) by (F̄ , Ḡ) =
(
F (x+αy, y), G(x+αy, y)

)
for some sufficiently small α > 0 (one

can easily observe that all previous results in this section still hold after the replacement) and by

replacing the sequence by a subsequence [if the sequence (p1i, p2i) is replaced by the subsequence

(p1,ij , p2,ij ), then we always have ij ≥ j; thus we still have hp1i,p2i ≥ i after the replacement], we
8
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may assume x1i 6= x2i for all i. Since at least one of the conditions in (3.26) cannot hold for infinite

many i’s, by replacing the sequence by a subsequence, we may assume one of the conditions in

(3.26) does not hold for all i. If necessary by switching p1i and p2i, we can assume (3.26) (i) cannot

hold for all i, i.e.,

|y1i| ≥ h
m
m+1

p1i,p2i
→∞, (3.27)

for all i� 1. We need to use the following notations:

ai ∼ bi, ai ≺ bi, ai � bi, (3.28)

which mean respectively s1 < |aibi | < s2, limi→∞
ai
bi

= 0, |aibi | ≤ s1 for some fixed s1, s2 ∈ R>0. For

k = 1, 2, since |xki| ≤ hp1i,p2i , |yki| ≤ hp1i,p2i , by (3.2) (i), we have

(i) F1(xki, yki) � hm−1
p1i,p2i

≺ h
m2

m+1

p1i,p2i
� |y1i|m, (ii) F (x1i, y1i) ∼ ym1i . (3.29)

Thus,

1 =
F (x2i, y2i)

F (x1i, y1i)
= lim

i→∞

F (x2i, y2i)

F (x2i, y′2i)
= lim

i→∞

ym2i
ym1i

+ F1(x2i,y2i)
ym1i

1 + F1(x2i,y2i)
ym1i

= lim
i→∞

(y2i

y1i

)m
. (3.30)

Therefore, by replacing the sequence by a subsequence, we have

lim
i→∞

y2i

y1i
= ω, where ω is some m-th root of unity. (3.31)

Denote E = h
− 1
m(m+1)

p1i,p2i
→ 0 (when i→∞). Let a ∈ C with |a| ≤ hp1i,p2i . By (3.27), (3.31), we have

tw|(x,y)=(|a|,|yki|) = (1 + |a|
1
m )m−1|yki|−1 � h

m−1
m

p1i,p2i
|y1i|−1 ≤ h

m−1
m
− m
m+1

p1i,p2i
= E for k = 1, 2. (3.32)

To continue the proof of Proposition 3.5, we need the following.

Lemma 3.6. Let k = 1, 2 and a ∈ C with |a| ≤ hp1i,p2i.

(i) In (3.15) (i), the series P with respect to x, y converges strongly when (x, y) is set to (a, yki),

and

Pa,k := P |(x,y)=(a,yki) = y−1
ki

(
1 +O(E)1

)
. (3.33)

(ii) In (3.21) (ii), the series y with respect to x, P converges strongly when (x, P ) is set to

(a, Pa,k), and

Ya,k := y|(x,P )=(a,Pa,k) = yki

(
1 +O(E)1

)
. (3.34)

(iii) In (3.18), the series G with respect to x, P converges strongly when (x, P ) is set to (a, Pa,k),

and

(a) Aa,k,` :=
∞∑
j=`

c̃0jP
j
a,k � P

−`
a,k ∼ y

−`
1k for ` ≥ −n,

(b) Ba,k := G1|(x,y)=(a,yki) � hp1i,p2iy
−(m−1)
ki ≺ y−(m−3)

1i . (3.35)

9
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(iv) The series
(
∂F
∂y

)−1
with respect to x, P converges strongly when (x, P ) is set to (a, Pa,k),

and

m
(∂F
∂y

)−1∣∣∣
(x,P )=(a,Pa,k)

= y
−(m−1)
ki

(
1 +O(E)1

)
. (3.36)

(v) P1 := Px1i,0 = P (x1i, y1i) = P (x2i, y2i) = Px2i,1.

Proof. (i)–(iii) follow from (3.15), (3.21), (3.18), while (iv) can be observed from (3.24). To prove

(v), we have P (x1i, y1i)
−m = F (x1i, y1i) = F (x2i, y2i) = P (x2i, y2i)

−m. Thus P (x2i, y2i) =

ω′P (x1i, y1i) for some m-th root ω′ of unity. Assume there exists j ≤ m− 3 such that c̃j = c̃0j 6= 0

and P (x1i, y1i)
j 6= P (x2i, y2i)

j = ω′jP (x1i, y1i)
j . Let j0 ≤ m − 3 be the minimal such j. Then

|1− ω′j0 | > δ for some fixed δ > 0. By (3.18) and Lemma 3.6 (iii), we have [note that c̃0,j0 ∈ C6=0

is a number independent of i and P (x1i, y1i) ∼ y−1
1i by (3.33) ],

0 = G(x1i, y1i)−G(x2i, y2i)

= c̃0,j0(1− ω′j0)P (x1i, y1i)
j0 +Ax1i,0,j0+1 −Ax2i,1,j0+1 +Bx1i,0 −Bx2i,1 ∼ y

′−j0
1i , (3.37)

which is a contradiction. This proves that ω′j = 1 for all j ≤ m− 3 with c̃j 6= 0. In particular by

(3.17) (ii), ω′m−4 = 1,ω′m−3 = 1, which implies that ω′ = 1. This proves (v) and the lemma. �

Now we denote

F̄ = F (x1i + βix, y), Ḡ = β−1
i G(x1i + βix, y), c̄j = β−1

i c̃j |x=x1i+βix, βi = x2i − x1i. (3.38)

Then F̄ (0, y1i) = F̄ (1, y2i), Ḡ(0, y1i) = Ḡ(1, y2i), and J(F̄ , Ḡ) = J(F,G) = J0. By (3.18) and

Lemma 3.6 (v), we have

0 = Ḡ(0, y1i)− Ḡ(1, y2i) = −
∞∑

j=−n

(
c̄j(1)− c̄j(0)

)
P j1 = −

∞∑
j=−n

∫ 1

0

dc̄j
dx

P j1dx

= −
∫ 1

0

∞∑
j=−n

dc̄j
dx

P j1dx =

∫ 1

0
J0

(∂F̄
∂y

)−1 ∣∣∣
P=P1

dx = J0m
−1y

−(m−1)
1i

(
1 +O(E)1

)
, (3.39)

where the third equality follows from the fact that c̄j ’s are polynomials on x, the fourth follows from

the fact that the series there converges absolutely and uniformly for x∈ [0, 1] :={x ∈ R | 0≤x≤1}
by Lemma 3.6 (note that |x1i + βix| ≤ hp1i,p2i when x ∈ [0, 1]), and the last two equalities can be

observed from (3.24). We obtain a contradiction in (3.39). This proves Proposition 3.5. �

Now Theorem 1.2 follows from Proposition 3.5.

4. Proof of Theorem 1.3

We start the section by assuming conversely Theorem 1.3 is not true, i.e.,

Vξ1,ξ2 :=
{

(p1, p2) =
(
(x1, y1), (x2, y2)

)
∈ V

∣∣ x1 = ξ1, x2 = ξ2

}
6= ∅ for any (ξ1, ξ2) ∈ C2. (4.1)

Proposition 4.1. Assume we have (4.1).
10
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(i) Denote by V0 some connected component of the subset of V such that all its elements

(p1, p2)=
(
(x1, y1), (x2, y2)

)
satisfy (4.2). Then V0 6= ∅.

(a) κ0 ≤ |f1| ≤ |f2| ≤ |f3| ≤ κ1, (b) |f4| ≤ |x1| ≤ |f5|,

(c) |f6| ≤ |x2| ≤ |f7|, (d) `p1,p2 := |f8|+ |x2|+ |x2 + y2| ≥ κ2. (4.2)

Here fi’s are some locally holomorphic functions on x1, x2, y2, and κi ∈ R>0, which will be

chosen such that there exist θi ∈ R>0 satisfying: when conditions (4.2) hold, we have

θ0 ≤ |x1|, |x2| ≤ θ1, |f8|, |x2 + y2| > 0. (4.3)

(ii) For any (p1, p2) ∈ V0, no equality can occur in the first or last inequality of (4.2) (a), or

in any inequality of (4.2) (b) or (c); further, two equalities cannot simultaneously occur in

the second and third inequalities of (4.2) (a).

To prove Proposition 4.1, let us make the following assumption.

Assumption 4.2. Assume Proposition 4.1 is not true.

Lemma 4.3. Assume we have (4.1). The following subset of V is a nonempty compact subset of

C4 for any k1, k2 ∈ R≥0,

Ak1,k2 =
{

(p1, p2) =
(
(x1, y1), (x2, y2)

)
∈ V

∣∣ |x1| = k1, |x2| = k2

}
. (4.4)

Proof. By assumption (4.1), Ak1,k2 is nonempty. Let, for i = 1, 2, ...,

(p1i, p2i) =
(
(x1i, y1i), (x2i, y2i)

)
∈ Ak1,k2 , (4.5)

be a sequence such that hp1i,p2i → ∞. By definition, we have |x1i| = k1, |x2i| = k2. Thus

hp1i,p2i ∼ max{|y1i|, |y2i|}. We see that at least one inequation of (3.25) is violated. Hence Ak1,k2

is bounded. Now assume (4.5) is a sequence converging to some (p1, p2) =
(
(x1, y1), (x2, y2)

)
∈ C4.

Then σ(p1) = σ(p2) and |x1| = k1, |x2| = k2. We must have p1 6= p2 (otherwise the local bijectivity

of σ does not hold at the point p1), i.e., (p1, p2) ∈ Ak1,k2 , and so Ak1,k2 is a closed set in C4. �

By Lemma 4.3, the following is a well-defined function on k1, k2 ∈ R≥0,

γk1,k2
= max

{
|x2 + y2|

∣∣ (p1, p2) =
(
(x1, y1), (x2, y2)

)
∈ Ak1,k2

}
. (4.6)

Lemma 4.4. Assume we have (4.1). The γk1,k2
is a strictly increasing function on k1 ∈ R≥0

when k2 ∈ R≥0 is fixed, i.e.,

γk′1,k2
>γk1,k2

if k′1 > k1 ≥ 0, k2 ≥ 0. (4.7)

Proof. For any k′1 > 0, let

β = max{γk1,k2
| 0 ≤ k1 ≤ k′1}

= max
{
|x2 + y2|

∣∣ (p1, p2) =
(
(x1, y1), (x2, y2)

)
∈ V, 0 ≤ |x1| ≤ k′1, |x2| = k2

}
. (4.8)

Assume conversely that there exists k1 < k′1 with k1 ≥ 0, γk1,k2
= β. We use the local bijectivity

of Keller maps to obtain a contradiction. Let

(p̃1, p̃2) =
(
(x̃1, ỹ1), (x̃2, ỹ2)

)
∈ V with |x̃1| = k1, |x̃2| = k2, |x̃2 + ỹ2| = β. (4.9)
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Set (and define G̃1, G̃2 similarly),

F̃1 = F (x̃1 + x, ỹ1 + y), F̃2 = F (x̃2 + x, ỹ2 + y). (4.10)

Denote

ã1 = Coeff(F̃1, x
1y0), b̃1 = Coeff(F̃1, x

0y1), ã = Coeff(F̃2, x
1y0), b̃ = Coeff(F̃2, x

0y1). (4.11)

We use c̃1, d̃1, c̃, d̃ to denote the corresponding elements for G̃1, G̃2. Then A1 = (ã1

b̃1

c̃1
d̃1

) and

A = (ã
b̃
c̃
d̃
) are invertible 2 × 2 matrices such that detA1 = detA = J(F,G). For the purpose of

proving Lemma 4.4, we can replace (F,G) by (F,G)A−1
1 , then A1 becomes A1 = I2 (the 2 × 2

identity matrix), and AA−1
1 becomes the new A. Then we can write [here “≡ ” means equal

modulo terms with degrees ≥ 3 ]

F̃1 ≡ x+ β̃1x
2 + β̃2xy + β̃3y

2, F̃2 ≡ ãx+ b̃y + α̃1x
2 + α̃2xy + α̃3y

2,

G̃1 ≡ y + ã1x
2 + ã2xy + ã3y

2, G̃2 ≡ c̃x+ d̃y + ã4x
2 + ã5xy + ã6y

2, (4.12)

for some ãi, α̃i, β̃i ∈ C, where, by subtracting F̃i (resp., G̃i) by the constant αF = F (x̃1, ỹ1) [resp.,

αG = G(x̃1, ỹ1) ], we have assumed F̃i, G̃i do not contain constant terms.

Let E > 0 be a parameter such that E → 0. For any s, t, u, v ∈ C, denote

q1 := (ẋ1, ẏ1) = (x̃1 + sE, ỹ1 + tE), q2 := (ẋ2, ẏ2) = (x̃2 + uE, ỹ2 + vE). (4.13)

The local bijectivity of Keller maps says that for any u, v ∈ C (cf. Remark 4.5), there exist s, t ∈ C
such that (q1, q2) ∈ V , where (s, t) is uniquely determined from (u, v) by the equation(

F̃1(sE, tE), G̃1(sE, tE)
)

=
(
F̃2(uE, vE), G̃2(uE, vE)

)
. (4.14)

Remark 4.5. When considering the local bijectivity of Keller maps, we always assume u, v ∈ C
are bounded by some fixed s ∈ R>0 (independent of E) and assume E > 0 is as small as we wish.

In fact we can easily use (4.12) to solve s up to O(E)1 as follows,

s = s1 +O(E)1, s1 = ãu+ b̃v. (4.15)

It is straightforward to see that we can choose suitable u, v such that

(i) |ẋ2| = |x̃2 + uE| = |x̃2| = k2, (ii) |ẋ2 + ẏ2| = |x̃2 + ỹ2 + (u+ v)E| > |x̃2 + ỹ2| = β. (4.16)

Since |x1| = k1 < k′1, we automatically have |ẋ1| < k′1 [as E � 1, cf. (4.13) ]. This means that we

can choose (q1, q2) ∈ V with |ẋ1| < k′1, |ẋ2| = k2, but |ẋ2 + ẏ2| > β, which is a contradiction with

the definition of β in (4.8). This proves the lemma. �

Lemma 4.6. Assume we have (4.1) and Assumption 4.2. Theγk1,k2
is a weakly increasing function

on k2 ∈ R>0 when k1 ∈ R>0 is fixed, i.e.,

γk1,k2
≥γk1,k′2

if k1 > 0, k2 > k′2 > 0. (4.17)
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Proof. Assume γk1,k2
< γk1,k′2

for some k1 > 0, k2 > k′2 > 0. Take k � 1. We can choose

sufficiently small δ ∈ R>0 (independent of k) satisfying (the following holds when δ = 0 and

k →∞, thus also holds when δ > 0 is sufficiently small)

α := (k−1
2 k′2)δγk1,k′2

+ (k′2 +γk1,k′2
)k−4 >γk1,k2

+ (k2 +γk1,k2
)k−4. (4.18)

We define V0 to be some connected component of the subset of V consisting of elements (p1, p2) =(
(x1, y1), (x2, y2)

)
satisfying,

(a) 1 ≤
(
k−1

1 |x1|
)k ≤ k2|x2|−1 ≤

(
k−1

1 |x1|
)k+1 ≤ k , (b) k−3 ≤ |x1| ≤ k3,

(c) k−3 ≤ |x2| ≤ k3, (d) (k−1
2 |x2|)δ|x2 + y2|+ (|x2|+ |x2 + y2|)k−4 ≥ α. (4.19)

Remark 4.7. Note that when we define (4.19), k is simply some fixed positive real number. When

we say k � 1, it means that we may need to choose sufficiently large k such that the system (4.19)

can satisfy our requirement. This will also apply to some similar situations later.

Then we can rewrite (4.19) as the form in (4.2), and we have (4.3) [if x2 +y2 = 0 then (4.19) (d)

shows that |x2| ≥ αk4 ∼ k4 by (3.28) and by noting that α > (k−1
2 k′2)δγk1,k′2

> (k−1
2 k′2)δγk1,k2

≥ 0,

a contradiction with (4.19) (c) ]. Denote k′1 := (k2k
′−1
2 )k

−1
k1 > k1. By definition, there exists,

(p̌1, p̌2) =
(
(x̌1, y̌1), (x̌2, y̌2)

)
∈ V with |x̌1| = k′1, |x̌2| = k′2, |x̌2 + y̌2| =γk′1,k′2 . (4.20)

Noting that γk′1,k′2 >γk1,k′2
by Lemma 4.4, one can verify

1 < k2k
′−1
2 = (k−1

1 |x̌1|)k = k2|x̌2|−1 < (k2k
′−1
2 )1+k−1

= (k−1
1 |x̌1|)k+1 < k ,

(k−1
2 |x̌2|)δ|x̌2 + y̌2|+ (|x̌2|+ |x̌2 + y̌2|)k−4 = (k−1

2 k′2)δγk′1,k′2 + (k′2 +γk′1,k′2)k−4 > α, (4.21)

i.e., (4.19) (a), (d) hold for (p̌1, p̌2). Thus we can choose V0 to be the connected component such

that (p̌1, p̌2) ∈ V0 by (4.19), (4.20), i.e., V0 6= ∅.
Let (p1, p2) ∈ V0. In (4.19) (a), assume the equality occurs in the first inequality, or two equalities

simultaneously occur in the second and third inequalities. Then we obtain that |x2| = k2, |x1| = k1

(and thus |x2 + y2| ≤γk1,k2
). By (4.19) (d), we have

γk1,k2
+ (k2 +γk1,k2

)k−4 ≥ (k−1
2 |x2|)δ|x2 + y2|+ (|x2|+ |x2 + y2|)k−4 ≥ α, (4.22)

which is a contradiction with (4.18). Assume the equality occurs in the last inequality of (4.19) (a),

i.e., |x1| = k1k
1

k+1 ∼ 1. Then by the second and third inequalities of (4.19) (a), k2|x2|−1 =

(k−1
1 |x1|)k(1+O(k−1)1) ∼ k , i.e., |x2| ∼ k−1 ≺ 1. Then by (4.19) (d), |x2 + y2| � |x2|−δ ∼ k δ � 1,

and thus |y2| ∼ |x2 + y2| � k δ. We obtain that hp1,p2 ∼ |y2| if |y2| ≥ |y1| or hp1,p2 ∼ |y1| if

|y2| < |y1|. In any case we obtain a contradiction with Theorem 1.2.

By (4.19) (a), we easily see that no equality can hold in any inequality of (4.19) (b), (c). This

shows that Proposition 4.1 holds, a contradiction with Assumption 4.2. This proves the lemma. �

Lemma 4.8. Assume we have (4.1) and Assumption 4.2. For any δ ∈ R≥0, k, k1, k2 ∈ R>0 with

k > 1, δ < 1
m , we have γk1+δk1,kk2

< kγk1,k2
.
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Proof. Assume the result is not true, then by choosing δ′ with δ < δ′ < 1
m and by Lemma 4.4, we

may assume γ k̄1+δ′k1,k̄k2
>γ k̄1+δk1,k̄k2

≥ k̄γk1,k2
for some k̄, k1, k2 ∈ R>0 with k̄ > 1. Take k � 1.

As in the proof of the previous lemma, we can choose sufficiently small δ1 ∈ R>0 with δ1 < δ′

satisfying,

α := (k̄k2)−(1+δ1)γ k̄1+δ′k1,k̄k2
+ (k̄k2 +γ k̄1+δ′k1,k̄k2

)k−4 > k
−(1+δ1)
2 γk1,k2

+ (k2 +γk1,k2
)k−4. (4.23)

We define V0 to be some connected component of the subset of V consisting of elements (p1, p2) =(
(x1, y1), (x2, y2)

)
satisfying,

(a) 1 ≤
(
k−1

2 |x2|
)1+δ′−k−3

≤ k−1
1 |x1| ≤

(
k−1

2 |x2|
)1+δ′+k−3

≤ k1+δ′+k−3

, (b) k−3 ≤ |x1| ≤ k3,

(c) k−3 ≤ |x2| ≤ k3, (d)
|x2 + y2|
|x2|1+δ2

+ (|x2|+ |x2 + y2|)k−4 ≥ α. (4.24)

Then we can rewrite the above as the form in (4.2), and we have (4.3) (as in the proof of the

previous lemma). Further, by definition, there exists

(p̌1, p̌2) =
(
(x̌1, y̌1), (x̌2, y̌2)

)
∈ V with |x̌1| = k̄1+δ′k1, |x̌2| = k̄k2, |x̌2 + y̌2| =γ k̄1+δ′k1,k̄k2

. (4.25)

One can verify that (4.24) holds for (p̌1, p̌2). Thus we can choose V0 such that (p̌1, p̌2) ∈ V0, i.e.,

V0 6= ∅.
Let (p1, p2) ∈ V0. In (4.24) (a), if the equality occurs in the first inequality, or two equalities

simultaneously occur in the second and third inequalities, then we obtain that |x2| = k2, |x1| = k1,

but by (4.24) (d) and the definition of γk1,k2
, we have

k
−(1+δ1)
2 γk1,k2

+ (k2 +γk1,k2
)k−4 ≥ |x2 + y2|

|x2|1+δ1
+ (|x2|+ |x2 + y2|)k−4 ≥ α, (4.26)

which is a contradiction with (4.23). If the equality occurs in the last inequality of (4.24) (a), then

one obtains that |x2| ∼ k , |x1| ∼ k1+δ′ . Note from (3.25) that hp1,p2 ∼ max{|x1|, |x2|} ∼ k1+δ′ , but

by (4.24) (d), we have |x2+y2| � |x2|1+δ1 ∼ k1+δ1 , and thus |y2| ∼ |x2+y2| � k � k
(1+δ′)m

1+m ∼ h
m
m+1

p1,p2
,

a contradiction with (3.25). By (4.24) (a), we easily see that no equality can hold in any inequality

of (4.24) (b), (c). This shows that Proposition 4.1 holds, a contradiction with Assumption 4.2. �

Lemma 4.9. Assume we have (4.1) and Assumption 4.2. For any k1, k2 ∈ R>0, we have γk1,k2
>

k2.

Proof. Assume the result is not true, then by choosing k′1 ∈ R>0 with k′1 < k1, by Lemma 4.4,

we can assume γk′1,k2
< k2 for some k′1, k2 > 0. Then α :=

γk′1,k2

k2
< 1. By Lemma 4.8, we have

γkk′1,kk2
< kγk′1,k2

= kk2α for all k � 1. Let

(p1, p2) ∈ V with |x1| = kk′1, |x2| = kk2, |x2 + y2| =γkk′1,kk2
< kk2α. (4.27)

Then as in the proof of the previous lemma, we have hp1,p2 ∼ k , but then

|y2| ≥ |x2| − |x2 + y2| > (1− α)kk2 > h
m
m+1

p1,p2
, (4.28)

which is a contradiction with (3.25). �
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Now we fix sufficiently large k � 1. Take

(p̄1, p̄2) =
(
(x̄1, ȳ1), (x̄2, ȳ2)

)
∈ Ak ,k with |x̄1| = |x̄2| = k , |x̄2 + ȳ2| =γk ,k > k , (4.29)

where the inequality follows from Lemma 4.9. Similar to (4.10) (but not exactly), we define

F1 = F
(
x̄1(1 + x), ȳ1 + y

)
, F2 = F

(
x̄2(1 + x), ȳ2 + y

)
, (4.30)

and define G1, G2 similarly [thus the matrices A1, A defined after (4.11) now have determinants

detA1 = x̄1J(F,G) 6= 0, detA = x̄2J(F,G) 6= 0, and again by replacing (Fi, Gi) by (Fi, Gi)A
−1
1

for i = 0, 1, we can assume A1 = I2]. Similar to (4.12), we can write [from now on, we only need

the linear parts of Fi, Gi ],

F1 ≡ x, F2 ≡ −akx+ bk
x̄2x+ y

x̄2 + ȳ2
, (4.31)

G1 ≡ y, G2 ≡ cx+ dy, (4.32)

where we have written the linear part of F2 as above simply for later convenience, we emphasis

that ak , bk depend on k (of course other coefficients also depend on k) and are in fact non-negative

as shown in the next lemma. We define q1, q2 accordingly [similar to, but a slightly different from,

(4.13), simply due to the different definitions in (4.30) and (4.10); we emphasis that the choice of

E depend on k : in general the larger k is, the smaller E; but in any case once k is chosen we can

always choose sufficiently small E, cf. also Remark 4.5],

q1 := (ẋ1, ẏ1) =
(
x̄1(1 + sE), ȳ1 + tE

)
, q2 := (ẋ2, ẏ2) =

(
x̄2(1 + uE), ȳ2 + vE

)
. (4.33)

In particular, by (4.31) we have as in (4.15),

s = −aku+ bk
x̄2u+ v

x̄2 + ȳ2
+O(E)1. (4.34)

Lemma 4.10. Assume we have (4.1) and Assumption 4.2. We have ak ≥ 0, bk ≥ 0.

Proof. Assume ak im 6= 0 or ak re < 0 or bk im 6= 0 or bk re < 0 [cf. Convention 2.1 (1) ]. Then from

(4.34) one can easily choose u, v [with uim 6= 0, ure < 0,
(
x̄2u+v
x̄2+ȳ2

)
im
6= 0,

(
x̄2u+v
x̄2+ȳ2

)
re
> 0 such that

either (aku)re > 0 or
(
bk
(
x̄2u+v
x̄2+ȳ2

))
re
< 0, and so sre < 0] satisfying [cf. (4.33) and (4.34) ],

0 < k1 := |ẋ1| = k |1 + sE| < k , 0 < k2 := |ẋ2| = k |1 + uE| < k ,

|ẋ2 + ẏ2| =γk ,k

∣∣∣1 +
( x̄2u+ v

x̄2 + ȳ2

)
E
∣∣∣ >γk ,k , (4.35)

i.e., 0 < k1 < k and 0 < k2 < k with γk1,k2
≥ |ẋ2 + ẏ2| >γk ,k , a contradiction with Lemmas 4.4

and 4.6. Thus ak ≥ 0 and bk ≥ 0. �

Lemma 4.11. Assume we have (4.1) and Assumption 4.2. For any fixed N ∈ R>0, let δ′ ∈ R>0

be such that δ′ > ln(k)−N (where ln(·) is the natural logarithmic function), we have k < γk,k <

(1 + δ′)k.

Proof. By (3.25), we have hp̄1,p̄2 ∼ k . If γk ,k ≥ (1 + δ′)k , then,

|ȳ2| ≥ |x̄2 + ȳ2| − |x̄2| ≥ δ′k ≥ ln(k)−Nk � k
m
m+1 ∼ h

m
m+1

p̄1,p̄2
, (4.36)
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a contradiction with (3.25). �

Lemma 4.12. Assume we have (4.1) and Assumption 4.2. For any fixed δ ∈ R>0 with δ < 1
m , we

have bk ≥ 1 + δ + ak for all k > 0.

Proof. Assume the lemma does not hold, then we can choose sufficiently small δ1 > 0 (which can

depend on k) such that
(1 + δ1)bk < 1 + δ − δ1 + ak . (4.37)

Let `� k . We define V0 to be some connected component of the subset of V consisting of elements

(p1, p2) =
(
(x1, y1), (x2, y2)

)
satisfying ,

(i) 1 ≤
(
k−1|x2|

)1+δ−δ1−`−3

≤ k−1|x1| ≤
(
k−1|x2|

)1+δ ≤ `1+δ, (ii) `−4 ≤ |x1| ≤ `4,

(iii) `−4 ≤ |x2| ≤ `4, (iv)
γ−1

k ,k |x2 + y2|(
k−1|x2|

)1+δ1
+ (|x2|+ |x2 + y2|)E3 ≥ 1 + E2. (4.38)

Then we have (4.2) and (4.3).

Remark 4.13. Recall from statements inside the bracket before (4.33) and Remark 4.5 that when

k is fixed, E can be fixed, and we can assume E < `−`. We emphasis that E used in (4.38) is the

same as that used in the local bijectivity of Keller maps in (4.33). There is no problem in doing

so since we only use the local bijectivity of Keller maps to show that V1 is nonempty [in (4.38),

`, k , E are simply some chosen (and fixed) positive real numbers, cf. Remark 4.7 ].

Let (p1, p2) ∈ V0. In (4.38) (i), if the equality occurs in the first inequality, or two equalities

simultaneously occur in the second and third inequalities, then |x2| = |x1| = k , but by (4.38) (iv),

|x2 + y2| > γk ,k , a contradiction with the definition of γk ,k . If the equality occurs in the last

inequality of (4.38) (i), then we obtain that |x2| ∼ `, |x1| � `1+δ, but by (4.38) (iv), |x2 + y2| �
`1+δ1 � |x2|. Thus |y2| ∼ |x2 + y2| � `1+δ1 . Again by (3.25), we have hp1,p2 ∼ max{|x1|, |x2|} �

`1+δ ≺ `1+ 1
m ≺ |y2|

m+1
m , a contradiction with (3.25). By (4.38) (i), we easily see that no equality

can hold in any inequality of (4.38) (ii), (iii). This shows that Proposition 4.1 (ii) holds.

Next, we choose suitable u, v such that (4.38) (i), (iv) hold for (q1, q2) [defined in (4.33) ], i.e.,

(i) 1 ≤ |1 + uE|1+δ−δ1−`−3 ≤ |1 + sE| ≤ |1 + uE|1+δ ≤ `1+δ,

(ii)

∣∣∣1 + x̄2u+v
x̄2+ȳ2

E
∣∣∣

|1 + uE|1+δ1
+O(E)3 ≥ 1 + E2. (4.39)

We take u, v ∈ C such that

u = 1,
x̄2u+ v

x̄2 + ȳ2
=
ak + 1 + δ − δ1

bk
, then s = 1 + δ − δ1 +O(E)1, (4.40)

where the last equation is obtained from (4.34). Then by comparing the coefficients of E1, one

can easily see that all inequalities in (4.39) (i) are strict inequalities. Further, the coefficient of E1

in the left hand-side of (4.39) (ii) is ak+1+δ−δ1
bk

− (1 + δ1) > 0 by (4.37). Thus we can choose V0

such that (q1, q2) ∈ V0, i.e., V0 6= ∅. This shows that Proposition 4.1 holds, a contradiction with

Assumption 4.2. This proves the lemma. �
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Lemma 4.14. Assume we have (4.1) and Assumption 4.2. For any fixed δ ∈ R>0, we have

(1− δ5)bk ≤ 1 + ak for all k� 1.

Proof. Define V0 to be some connected component of the subset of V consisting of elements

(p1, p2) =
(
(x1, y1), (x2, y2)

)
satisfying,

(i) (1− δ5)1+k−3

≤
(
k−1|x2|

)1+k−3

≤ k−1|x1| ≤
(
k−1|x2|

)1−k−3

≤ 1, (ii) k−2 ≤ |x1| ≤ k2,

(iii) k−2 ≤ |x2| ≤ k2, (iv)
γ−1

k ,k |x2 + y2|(
k−1|x2|

)1−δ5 + (|x2|+ |x2 + y2|)E3 ≥ 1 + E2. (4.41)

We have (4.2) and (4.3). Let (p1, p2) ∈ V0. If the equality occurs in the first inequality of (4.41) (i),

then we obtain that |x2| = (1− δ5)k , |x1| ≤ k , and by (4.41) (iv), Lemma 4.11, we have

|x2 + y2| > (1− δ5)1−δ5
γk ,k >

(
1− δ5 + δ10 +O(δ)15

)
k > |x2|. (4.42)

As before, we obtain that |y2| ≥ |x2 + y2| − |x2| ∼ |x2 + y2| � k � k
m
m+1 ∼ h

m
m+1

p1,p2
, a contradiction

with (3.25). If two equalities simultaneously occur in the second and third inequalities of (4.41) (i),

or the equality occurs in the last inequality, then |x2| = |x1| = k , but by (4.41) (iv), |x2+y2| >γk ,k ,

a contradiction with definition (4.6). By (4.41) (i), we easily see that no equality can hold in any

inequality of (4.41) (ii), (iii). Hence Proposition 4.1 (ii) holds.

Next, we choose suitable u, v such that (4.41) (i), (iv) hold for (q1, q2), i.e.,

(i) (1− δ5)1+k−3

≤ |1 + uE|1+k−3

≤ |1 + sE| ≤ |1 + uE|1−k
−3

≤ 1,

(ii)

∣∣∣1 + x̄2u+v
x̄2+ȳ2

E
∣∣∣

|1 + uE|1−δ5 +O(E)3 ≥ 1 + E2. (4.43)

Take u, v ∈ C such that [the last equation is obtained from (4.34) ],

u = −1,
x̄2u+ v

x̄2 + ȳ2
= −1 + ak

bk
, and s = −1 +O(E)1. (4.44)

By comparing the coefficients of E1, we see that all inequalities in (4.43) (i) are strict inequalities.

Further, the coefficient of E1 in the left hand-side of (4.43) (ii) is 1− δ5− 1+ak
bk

, which is positive if

the assertion of the lemma is not true; in this case, we can choose V0 such that (q1, q2) ∈ V0, i.e.,

V0 6= ∅, and we obtain a contradiction with Assumption 4.2. This proves the lemma. �

Assume we have (4.1) and Assumption 4.2. The above two lemmas show that ak ≥ 1−δ4(1+δ)
δ4 .

Since δ is arbitrarily sufficiently small number, we see that ak (thus also bk ) is unbounded, i.e.,

lim
k→∞

ak = lim
k→∞

bk =∞, and lim
k→∞

ak
bk

= 1. (4.45)

Proof of Proposition 4.1. Assume conversely we have Assumption 4.2. Then we have (4.1) and

Assumption 4.2. We first fix some choices of positive numbers satisfying,

1 � `0 := δ−1
0 � `1 := δ−1

1 � `2 := δ−1
2 � ` := δ−1 � k � E−1. (4.46)

17
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For instance, it is enough to take `0 = 1010, `1 = ``00 , `2 = ``11 , ` = ``22 , k = (`s5)` (where s5

satisfies Proposition 3.5) and E < k−k . For any (p1, p2) =
(
(x1, y1), (x2, y2)

)
∈ V , we denote [recall

from (4.29), (4.45) that |x̄1| = |x̄2| = k , |x̄2 + ȳ2| =γk ,k , and α0 > 0],

X1 =
x1

x̄1
, X2 =

x2

x̄2
, Z =

x2 + y2

x̄2 + ȳ2
, X̃1 =

(
(1 + α0E)X1

)`
, α0 = `0bk − `40δ > 0. (4.47)

We now define V1 to be some connected component of the subset of V consisting of elements

(p1, p2) =
(
(x1, y1), (x2, y2)

)
satisfying the following [we suggest that readers do not need to check

details at this moment — we will explain everything when our arguments are carried on step by

step so that all will become clear; throughout the section, some multi-valued functions may appear;

for instance, B2 defined in (4.48) (v) is a multi-valued function on X̃1, X2, Z; from our arguments

below one can see that locally there always exists a unique choice of each multi-valued function

satisfying (4.48), therefore globally there exists a unique choice of each multi-valued function by

the fact that all B2, B2, B3 are locally holomorphic functions on X̃1, X2, Z],

(i) 1 ≤ |B1|
5δ0
8
−3δ2

0 ≤ |B2| ≤ |B1|
5δ0
8 ≤ `

5δ0
8

1 , (ii) (1− δ)|B1|−`
2
0 ≤ |X̃1| ≤ `2,

(iii) (1− δ)|B1|`0−3 ≤ |X2| ≤ `2, (iv) B′3 := |B3B
− `

2
0
2

+ 5
8

+
3δ0
8

1 |+ (|x2|+ |x2 + y2|)E3 ≥ 1 + E2,

(v) B1 =
Z
(

1
2

(
1 +

δ2
0
2

)
+ 1

2

(
1− δ2

0
2

)
X̃2

1B
2`20
1

)
X

1+δ2
0+δ3

0
2 X̃1B2

3

,

(vi) B2 =
1

2− X̃1X
`20+2+2δ0−δ4

0
2 Z−`

2
0B

`20
2
−`0+ 3

8
1

, (vii) B3 =
X
`20
2

X̃1Z`
2
0+1

. (4.48)

Then (4.48) can be rewritten as the form in (4.2). Now we divide the proof of Proposition 4.1 into

three lemmas.

Lemma 4.15. When conditions (4.48) hold, we have the following [in particular, we have (4.3) ],

(1) |X1| < |X̃1|δ = 1 +O(δ)1, (2) Z = X2 +O(δ)2, (3) B′′3 := |B3B
− `

2
0
2

+ 5
8

+
3δ0
8

1 | > 1,

(4) B1 = X̃1X
2−δ2

0−δ3
0

2

(1

2

(
1 +

δ2
0

2

)
+

1

2

(
1− δ2

0

2

)
X̃2

1B
2`20
1

)
+O(δ)2,

(5) B2 =
1

2− X̃1X
2+2δ0−δ4

0
2 B

`20
2
−`0+ 3

8
1

+O(δ)2, (6) B3 =
1

X̃1X2

+O(δ)2,

(7) (1− δ)|B1|−`
2
0 < |X̃1| < `2, (8) (1− δ)|B1|`0−3 < |X2| < `2,

(9) X̃1 =
A1

(
1−

√
1−

(
1− δ4

0
4

)
A2

)
1− δ2

0
2

, where

(10) A1 = Y −1X
δ2
0+δ3

0
2 B2

3B
−2`20+1
1 , (11) A2 = Y 2X

−2(δ2
0+δ3

0)
2 B−4

3 B
2`20−2
1 , (12) Y =

Z

X2
. (4.49)

Proof. By (4.47), (4.48) (i), (ii), we obtain (4.49) (1). To prove (4.49) (2), for the sake of convenience

to state our arguments, we regard k as a variable and take k � ` [which means that other elements
18
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in (4.46) are regarded as fixed and we choose k to be sufficiently larger than `, cf. Remark 4.13; in

this sense, 1 ∼k `0 ∼k `1 ∼k `2 ∼k ` ≺k k ≺k E−1; here to avoid confusion, we use the subscript

“ k ” to indicate that k is regarded as a variable]. Then |B2| ∼k |B2| ∼k 1 and |X1| �k 1 ∼k |X2|
by (4.48) (i), (iii), (4.49) (1). By (4.29), (4.47), we have |x1| = k |X1| �k k |X2| = |x2| ∼k k . Thus

by (3.25), we must have

hp1,p2 ∼k max{|x1|, |x2|} ∼k k , |y2| ≺k hp1,p2 , |x2 + y2| ∼k |x2| ∼k k . (4.50)

Write x2 = (x2 + y2)(1 + µ2) for some µ2 ∈ C, then by (3.25),

|(x2 + y2)µ2| = |x2 − (x2 + y2)| = |y2| < h
m
m+1

p1,p2
∼k |x2 + y2|

m
m+1 , (4.51)

i.e., µ2 �k |x2 + y2|−
1

m+1 ∼k k−
1

m+1 � δ2. Thus |µ2| = O(δ)2. Similarly, we can write x̄2 =

(x̄2 + ȳ2)(1 + µ̄2) with |µ̄2| = O(δ)2 (cf. Lemma 4.11). Hence

X2 =
(x̄−1

2 x2)Z

(x̄2 + ȳ2)−1(x2 + y2)
=

(1 + µ2)Z

1 + µ̄2
= Z

(
1 +O(δ)2

)
,

which with (4.48) (iii) gives (4.49) (2). By (4.29), (4.47), and (4.48) (iii), (4.49) (4), we see that

(|x2|+ |x2 + y2|)E3 < E2, which with (4.48) (iv) implies (4.49) (3). By (4.48) (i)–(iii), (4.49) (2), we

have

a0+O(δ)1
= 1 +O(δ)1, a

(
1 +O(δ)1

)
= a+O(δ)1 for all a ∈ A0 or a−1 ∈ A0, where

A0 :=
{
X̃1, X2, Z,B1, B2, B3,

(1

2

(
1+

δ2
0

2

)
+

1

2

(
1− δ2

0

2

)
X̃2

1B
2`20
1

)
, 2−X̃1X

2+2δ0−δ4
0

2 B
`20
2
−`0+ 3

8
1

}
.

Thus we have (4.49) (4)–(6) by (4.48) (v)–(vii). To prove (4.49) (7), (8), this time we regard `2 =

δ−1
2 as a variable (then 1 ∼`2 `0 ∼`2 `1 ≺`2 `2 ≺`2 ` ≺`2 k ≺`2 E−1). We have |B1| ∼`2 |B2| ∼`2 1

by (4.48) (i). Then |X̃1|, |X2|, |B3| �`2 1 by the first inequalities of (4.48) (ii), (iii) and (4.49) (3).

Thus |X̃1| ∼`2 1 ∼`2, |X2| by (4.49) (6). In particular we have the last inequalities of (4.49) (7), (8).

Now assume (1− δ)|B1|−`
2
0 ≥ |X̃1|. Then by (4.48) (ii), |X̃1| = (1− δ)|B1|−`

2
0 . By (4.49) (3), (6),

and the fact that |B1| ≥ 1, we can obtain the following from (4.49) (4),

1 ≤
∣∣∣B−1

1 X̃
−1+δ2

0+δ3
0

1 B
−2+δ2

0+δ3
0

3

∣∣∣(1

2

(
1 +

δ2
0

2

)
+

1

2

(
1− δ2

0

2

)∣∣X̃1B
`20
1

∣∣2)+O(δ)2

≤ (1− δ)−1+δ2
0+δ3

0 |B1|−1−`20(−1+δ2
0+δ3

0)+(2−δ2
0−δ3

0)(− `
2
0
2

+ 5
8

+
3δ0
8

)

(
1+
(
− 1+

δ2
0

2

)
δ+O(δ)2

)
+O(δ)2

≤
(

1 +
(
− δ2

0

2
+O(δ0)3

)
δ +O(δ)2

)
|B1|−

1
4

+O(δ0)1
+O(δ)2

≤ 1 +
(
− δ2

0

2
+O(δ0)3

)
δ +O(δ)2 < 1, (4.52)
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a contradiction. This proves (4.49) (7). Next assume (1 − δ)|B1|`0−3 ≥ |X2|. Then |X2| =

(1− δ)|B1|`0−3 by (4.48) (iii). By (4.48) (i), (4.49) (3), (5), (6), we obtain

2 ≤ |B2|−1 + |X̃1X
2+2δ0−δ4

0
2 B

`20
2
−`0+ 3

8
1 |+O(δ)2 ≤ |B1|−

5δ0
8

+3δ2
0 + |B−1

3 X
1+2δ0−δ4

0
2 B

`20
2
−`0+ 3

8
1 |+O(δ)2

≤ 1 + (1− δ)1+2δ0−δ4
0 |B1|−

`20
2

+ 5
8

+
3δ0
8

+(1+2δ0−δ4
0)(`0−3)+

`20
2
−`0+ 3

8 +O(δ)2

≤ 1 +
(

1 +
(
− 1 +O(δ0)1

)
δ +O(δ)2

)
|B1|−

45
8
δ0+O(δ0)2

+O(δ)2

≤ 2 +
(
− 1 +O(δ0)1

)
δ +O(δ)2 < 2, (4.53)

which is again a contradiction. This proves (4.49) (8). Finally, if we regard (4.48) (v) as an equation

on X̃1, then there are two solutions for X̃1, one is stated as in (4.49) (9). We prove as follows that

the other solution does not satisfy our requirement: note that locally there is only one choice of

X̃1, thus globally there is only one choice of X̃1 since V0 is connected; in Lemma 4.17, we will show

that we can choose (q1, q2) ∈ V0 such that (4.49) (9) holds; thus it holds globally. �

Lemma 4.16. Proposition 4.1 (ii) holds.

Proof. Now let (p1, p2) ∈ V1. First assume in (4.48) (i), the equality occurs in the first inequality,

or two equalities simultaneously occur in the second and third inequalities. Then |B1| = |B2| = 1

and |B3| > 1 by (4.49) (3). We have |X̃1| ≥ 1 + O(δ)1, |X2| ≥ 1 + O(δ)1 by (4.49) (7), (8). Thus

by (4.49) (3), (6), we obtain

|a| = 1 +O(δ)1 for a ∈ A1 :=
{
X̃1, X2, Z̃ := ZX

−(1+δ2
0+δ3

0)
2 , B3

}
. (4.54)

By (4.48) (vi), (vii), we obtain [where (4.55) (ii) is obtained from (4.55) (iii) ],

(i) |X̃1| = |B−1
3 X

`20
2 Z

−`20−1| < |X`20
2 Z

−`20−1|, (ii) |Z| < |X2|1+
δ20
2

+O(δ0)3
,

(iii) 1 = 2−|B2|−1≤ |2−B−1
2 |= |X̃1X

`20+2+2δ0−δ4
0

2 Z−`
2
0B

`20
2
−`0+ 3

8
1 |< |X2`20+2+2δ0−δ4

0
2 Z−2`20−1|. (4.55)

By (4.48) (v), we obtain (for convenience, we denote x 1 = |X̃1|, x 2 = |X2|, z = |Z̃|, b = |B3|;
since b > 1 we have the strict inequality),

1 ≤ zx−1
1 b−2

(1

2

(
1 +

δ2
0

2

)
+

1

2

(
1− δ2

0

2

)
x 2

1

)
< β1 := zx−1

1

(1

2

(
1 +

δ2
0

2

)
+

1

2

(
1− δ2

0

2

)
x 2

1

)
. (4.56)

We claim

(i) x 1 < z 2`20+δ5
0 if z ≥ 1, or (ii) x 1 < z 2`20−δ5

0 if z < 1. (4.57)

Say z ≥ 1 and x 1 ≥ z 2`0+δ5
0 . Noting that β1 is a strictly decreasing function on x 1 when other

variables are fixed and when all variables satisfy (4.54) (since ∂β1

∂x1
|(x1,z )=(1,1) = − δ2

0
2 < 0 and

0 < δ � δ0), we obtain from (4.56),

1 < β1 ≤ β1

∣∣∣
x1=z 2`20+δ50

= β2 := z−2`20+1−δ5
0

(1

2

(
1 +

δ2
0

2

)
+

1

2

(
1− δ2

0

2

)
z 4`20+2δ5

0

)
. (4.58)

Noting that β2 is a strictly decreasing on z (as dβ2

dz |z=1 = − δ7
0
2 < 0), we obtain that z < 1, a

contradiction with the assumption. This proves (4.57) (i). Similarly, we have (4.57) (ii) if z < 1.
20
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This shows that in general we have x 1 < z 2`20+O(δ0)5
, i.e., |X̃1| < |Z2`20+O(δ0)5

X
−2`20(1+δ2

0+δ3
0)+O(δ0)5

2 |.

Using this in the first inequality of (4.55) (iii) gives that 1 < |Z`20+O(δ0)5
X
−`20−δ4

0+O(δ0)5

2 |. Thus

|X2| < |Z|1+O(δ0)5
. Then (4.55) (iii) gives that 1 < |Z|1+O(δ0)1

, i.e., k := |Z| > 1 and k2 :=

|X2| < |Z|
`20+O(δ0)5

`20+δ40+O(δ0)5 < |Z| = k. Further k1 := |X1| < |X̃1|δ < |X
`20
2 Z

−`20−1|δ < |Z−1|δ < 1

by (4.49) (1), (4.55) (i). By (4.29), (4.47), we see that |x2| = k2k < kk , |x1| = k1k < k < kk ,

|x2 + y2| = kγk ,k . We obtain [where the first two inequalities follow from Lemmas 4.4 and 4.6,

while the second from definition (4.6) ],

γkk ,kk >γ |x1|,kk ≥γ |x1|,|x2| ≥ |x2 + y2| = kγk ,k , (4.59)

which is a contradiction with Lemma 4.8.

Next assume in (4.48) (i), the equality occurs in the last inequality, i.e., |B1| = `1. By the second

and third inequalities of (4.48) (i), we have |B2| = `
5δ0
8

+O(δ0)2

1 �`1 1, which with (4.49) (5) implies

|X̃1X
2+O(δ0)1

2 B
`20
2

(1+O(δ0)1)

1 | = |X̃1X
2+2δ0−δ4

0
2 B

`20
2
−`0+ 3

8
1 | ∼`1 1. (4.60)

The above together with (4.49) (3), (6) shows

(i) |X2|1+2δ0−δ4
0 = |X̃1X

2+2δ0−δ4
0

2 B
`20
2
−`0+ 3

8
1 | · |X̃1X2|−1 · |B1|−(

`20
2
−`0+ 3

8
) ∼`1 |B3B

−(
`20
2
−`0+ 3

8
)

1 |,

(ii) α1 := |B−1
1 X̃1X

2−δ2
0−δ3

0
2 | = |B−1

1 (X̃1X2)| · |X1−δ2
0−δ3

0
2 | ∼`1 |B

−1
1 B−1

3 | · |B3B
−(

`20
2
−`0+ 3

8
)

1 |
1−δ20−δ

3
0

1+2δ0−δ40

= |B3|
−1+

1−δ20−δ
3
0

1+2δ0−δ40 · |B1|
−1−(

`20
2
−`0+ 3

8
)

1−δ20−δ
3
0

1+2δ0−δ40 ≺`1 1. (4.61)

Equ. (4.61) (ii) with (4.49) (4) implies that we must have α2 := |X̃2
1B

2`20
1 | �`1 1 and α1α2 ∼`1 1.

Thus

|X̃3
1X

2+O(δ0)1

2 B
2`20(1+O(δ0)1)
1 | = |X̃3

1X
2−δ2

0−δ3
0

2 B
2`20−1
1 | = α1α2 ∼`1 1. (4.62)

Thus we can easily obtain from (4.60), (4.62),

(i) |X̃1| ∼`1 |B1|−
3`20
4

(1+O(δ0)1), (ii) |X2| ∼`1 |B1|
`20
8

(1+O(δ0)1). (4.63)

From this and (4.49) (2), (6), (11), (12), we have

|A2| ∼`1 |X̃4
1X

4+O(δ0)1

2 B
2`20(1+O(δ0)1)
1 | ∼`1 |B1|−

`20
2

(1+O(δ0)1) ≺`1 1. (4.64)

Thus we can expand α3 := 1−
√

1−
(
1− δ4

0
4

)
A2 as a power series of A2 to obtain

α3 =
1

2

(
1− δ4

0

4

)
A2 +O(A2)2 ∼`1 A2. (4.65)

Then by (4.49) (6), (9)–(12), (4.63), we have

|X̃1| ∼`1 |A1A2| ∼`1 |X
0+O(δ0)1

2 B−2
3 B−1

1 | ∼`1 |X
2+O(δ0)1

2 X̃2
1B
−1
1 | ∼`1 |B1|−

5`20
4

(1+O(δ0)1), (4.66)

which is a contradiction with (4.63) (i).
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Finally by (4.49) (7), (8), we see that no equality can occur in any inequality of (4.48) (ii), (iii).

This proves that Proposition 4.1 (ii) holds. �

Lemma 4.17. V0 6= ∅.

Proof. We choose suitable u, v such that (4.48) holds for (q1, q2). Note from (4.29), (4.47) that

setting (p1, p2) to (q1, q2) implies that X1, X2, y2 are set to 1 + sE, 1 +uE, ȳ2 + vE respectively. We

take u, v ∈ C such that,

(i) u = 0, (ii) v̄ :=
x̄2u+ v

x̄2 + ȳ2
= −`0, (iii) s = s1 +O(E)1 with s1 = −`0bk , (4.67)

where (4.67) (iii) is obtained from (4.34). Thus we obtain from (4.47) that X̃1 = 1 + s̃E + O(E)2

with s̃ = `(α0 + s1) = −`40 and Z = x̄2(1+uE)+ȳ2+vE
x̄2+ȳ2

= 1 + v̄E. Then we see from (4.48) (vii) that

B3 = 1 + c3E +O(E)2 with c3 = `20u− s̃− (`20 + 1)v̄ = `40 + `30 + `0. We can uniquely choose B1 of

the form B1 = 1 + c1E + O(E)2 such that (4.48) (v) holds, where c1 is determined from (4.48) (v)

as follows,

c1 = v̄ − (1 + δ2
0 + δ3

0)u− s̃− 2c3 +
1

2

(
1− δ2

0

2

)
(2s̃+ 2`20c1), (4.68)

and we solve that c1 =
`20(4+4δ0−δ2

0+6δ3
0)

2−3δ2
0

. We see from (4.48) (vi) that B2 = 1 + c2E +O(E)2 with

c2 = s̃+ (`20 + 2 + 2δ0 − δ4
0)u− `20v̄ +

(`20
2
− `0 +

3

8

)
c1 =

5`0
4
− 51

16
+O(δ0)1. (4.69)

Then one can easily observe that both sides of (4.49) (9) are elements of the form 1 +O(E)1 [thus

(4.49) (9) holds for (q1, q2) ]. Now we obtain (note that c1 = 2`20 + 2`0 + 5
2 + 6δ0 +

15δ2
0

4 +O(δ0)3 ),

0 <
(5δ0

8
− 3δ2

0

)
c1 =

5`0
4
− 19

4
+O(δ0)1 < c2 <

5δ0c1

8
=

5`0
4

+
5

4
+O(δ0)1. (4.70)

We see that all inequalities in (4.48) (i) are strict inequalities. Obviously, all inequalities in

(4.48) (ii), (iii) are strict inequalities. Further, the coefficient of E1 in B′3 is

c′3 = c3 +
(
− `20

2
+

5

8
+

3δ0

8

)
c1 =

7

16
+O(δ0)1 > 0, (4.71)

i.e., the inequality in (4.48) (iv) is a strict inequality. Hence (q1, q2) ∈ V0, i.e., V0 6= ∅. �

Now Proposition 4.1 follows from Lemmas 4.16 and 4.17. �

Proposition 4.18. Assume we have (4.1). For any (p1, p2) ∈ V0, there exists (q1, q2) =
(
(ẋ1, ẏ1), (ẋ2, ẏ2)

)
∈

V0 such that

`q1,q2 > `p1,p2 . (4.72)

Proof. Let (p1, p2) =
(
(x1, y1), (x2, y2)

)
∈ V0, i.e., (4.2) holds. Note that (4.3) implies that

x1, x2, x2 + y2 6= 0. Similar to (4.10) and (4.30), we define

F1 = F
(
x1(1 + x), y1 + y

)
, F2 = F

(
x2(1 + x), y2 + y

)
, (4.73)

and define G1, G2 similarly. Define q1, q2 accordingly [similar to (4.13) and (4.33) ],

q1 := (ẋ1, ẏ1) =
(
x1(1 + sE), y1 + tE

)
, q2 := (ẋ2, ẏ2) =

(
x2(1 + uE), y2 + vE

)
. (4.74)
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As in (4.15) and (4.34), we have [here we write the linear part of F2 as ax+ bx2x+y
x2+y2

, cf. (4.31) ],

s = s1 +O(E)1, s1 = au+ b
x2u+ v

x2 + y2
. (4.75)

If no equality occurs in any inequality of (4.2) (a), then we only need to consider (4.72), which can

be regarded as a special case below. Thus by Proposition 4.1 (ii), we may assume that the equality

occurs in the second or third inequality of (4.2) (a). In any case, the two inequations we need to

consider can be always stated as the following, for some α̃i, β̃i ∈ C, κ′1, κ
′
2 ∈ R>0, where v̄ = x2u+v

x2+y2

is regarded as a new variable,

(i) C1 :=
∣∣1 + (α̃1u+ α̃2v̄)E + (β̃1u

2 + β̃2uv̄ + β̃3v̄
2)E2

∣∣− 1 +O(E)3 ≥ 0,

(ii)C2 := κ′1
∣∣1 + (α̃3u+ α̃4v̄)E + (β̃4u

2 + β̃5uv̄ + β̃6v̄
2)E2

∣∣+ |1 + uE|

+ κ′2|1 + v̄E| − (κ′1 + 1 + κ′2) +O(E)3 > 0. (4.76)

First assume α̃1 6= 0. We can take u = −α̃−1
1 α̃2v̄+ (β1v̄

2 + β2w)E for some βi, w ∈ C with wre > 0

so that C1 has the form,

C1 = |1 + wE2| − 1 +O(E)3 = wreE
2 +O(E)3 > 0, (4.77)

i.e., (4.76) (i) holds. Then (4.76) (ii) becomes the following, for some α̃i ∈ C,

C2 = κ′1
∣∣1 + α̃5v̄E + (α̃6v̄

2 + α̃7w)E2
∣∣+
∣∣1 + α̃8v̄E + (α̃9v̄

2 + α̃10w)E2
∣∣

+ κ′2|1 + v̄E| − (κ′1 + 1 + κ′2) +O(E)3 > 0. (4.78)

By comparing the coefficients of E1, we immediately obtain that if c0 := κ′1α̃5 + α̃8 + κ′2 6= 0, we

can always choose v̄ ∈ C with (c0v̄)re > 0 to satisfy (4.78). Thus assume c0 = 0. Then C2 in (4.78)

becomes an O(E)2 element. One can compute [observe that α̃6, α̃7, α̃9, α̃10 do not contribute to

the left-hand side of (4.79) ],

β̃ := Coeff(C2, v̄
2
reE

2) + Coeff(C2, v̄
2
imE2)

=
1

2

(
κ′1(κ′1 + 1)α̃2

5 im + κ′1(κ′1 + 1)
(
α̃5 re +

κ′2
κ′1 + 1

)2
+
κ′2(κ′1 + 1 + κ′2)

κ′1 + 1

)
> 0. (4.79)

Thus we can choose v̄ with v̄2
re being sufficiently larger than v̄2

im if Coeff(C ′2, v̄
2
reE

2) > 0 or with v̄2
im

being sufficiently larger than v̄2
re if Coeff(C ′2, v

2
imE2) > 0, to guarantee that (4.78) holds (when w is

fixed). This proves Theorem 4.18 for the case that α̃1 6= 0.

Assume α̃1 = 0. By symmetry, we may also assume α̃2 = 0. Then we have one of the following,

(i) C1 = 0, or (ii) C1 = |1 + g(u, v̄)Ek| − 1 +O(E)k+1, (4.80)

for some nonzero homogeneous polynomial g(u, v̄) of u, v̄ of degree k ∈ Z≥2 [assume we have

(4.80) (ii) as (4.76) (i) holds trivially for case (4.80) (i) ]. In case c1 := κ′1α̃3 + 1 6= 0 [see (4.76) (ii) ],

we can solve the problem as follows: First take v̄ = αu for some α ∈ C with g(u, αu) 6= 0 [in

this case g(u, αu) = b′uk for some b′ ∈ C 6=0] and with |α| being sufficiently small, then we choose

u ∈ C with (c1u)re > 0 so that (4.76) (ii) holds [since |α| is sufficiently small (say we choose α with

0 < |α| � |c1|), our choice of u with (c1u)re > 0 can guarantee that (4.76) (ii) holds], and further

(b′uk)re > 0 (this can be done since k ≥ 2). If c2 := κ′1α̃4 + κ′2 6= 0, we can solve the problem

symmetrically.
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Assume c1 = c2 = 0. One can compute,

Coeff(C2, u
2
reE

2)+Coeff(C2, u
2
imE2)=

κ′1+1

2κ′1
>0,

Coeff(C2, v̄
2
reE

2)+Coeff(C2, v̄
2
imE2)=

(κ′1+κ′2)κ′2
2κ′1

>0. (4.81)

If g(u, v̄) does not depend on v̄ [i.e., g(u, v̄) = b′uk for some b′ ∈ C 6=0], then we can first choose

u ∈ C to satisfy that g(u, v̄)re > 0 then choose v̄ ∈ C with v̄2
re being sufficiently larger than v̄2

im

if Coeff(C2, v̄
2
reE

2) > 0 or with v̄2
im being sufficiently larger than v̄2

re if Coeff(C2, v̄
2
imE2) > 0, to

guarantee that Coeff(C2, E2) > 0, i.e., (4.76) (ii) holds. Thus assume g(u, v̄) depends on v̄. We set

v̄ = αu with α, u ∈ C being determined later such that |α| is sufficiently small. Then (4.80) (ii)

and (4.76) (ii) become the following, for some α̃11 ∈ C, and some non-constant polynomial g0(α)

of α [where the term −κ′−1
1 (1 + α)uE in C2 is obtained by the assumption that c1 = c2 = 0, i.e.,

α̃3 = −κ′−1
1 , α̃4 = −κ′2κ

′−1
1 ],

(i) C1 = |1 + g0(α)ukEk| − 1 +O(E)k+1 ≥ 0,

(ii)C2 =κ′1
∣∣1−κ′−1

1 (1+κ′2α)uE+α̃11u
2E
∣∣+ |1+uE|+κ′2|1+αuE|−(κ′1 +1+κ′2)+O(E)3>0. (4.82)

One can compute,

β := Coeff(C2, u
2
reE

2) + Coeff(C2, u
2
imE2)

=
1

2κ′1

(
(κ′2αre + 1)2 + κ′2α

2
im(κ′1 + κ′2) + α2

reκ
′
1κ
′
2 + κ′1

)
> 0. (4.83)

We can always choose u ∈ C with u2
re being sufficiently larger than u2

im if Coeff(C2, u
2
reE

2) > 0 or with

u2
im being sufficiently larger than u2

re if Coeff(C2, u
2
imE2) > 0, to guarantee that Coeff(C2, E2) > 0,

i.e., (4.82) (ii) holds; and further (g0(α)uk)re > 0 by some suitable choose of α ∈ C [when |α| is

sufficiently small, one can guarantee that the choice of α does not affect the inequality in (4.82) (ii)

by noting that when |α| is sufficiently small, β defined in (4.83) is bigger than a positive number

which is independent of α ], i.e., (4.82) (i) holds. This proves Proposition 4.18. �

As in the proof of Lemma 4.3, V0 is a compact subset of C4. Then Proposition 4.18 gives a

contradiction, which shows that (4.1) does not hold, i.e., we have Theorem 1.3.

5. Proofs of Theorems 1.4 and 1.1

To proof Theorem 1.4, as in (4.9) and (4.30), take (p1, p2) =
(
(x1, y1), (x2, y2)

)
∈ V and set

(and define G1, G2 similarly)

F1 = F (x1 + α1x, y1 + y), F2 = F (x2 + α2x, y2 + y), where (5.1)

α1 =

{
1 if x1 = ξ1,

x1 − ξ1 else,
α2 =

{
1 if x2 = ξ2,

x2 − ξ2 else.
(5.2)

Define q1, q2 accordingly [cf. (4.13) and (4.33) ],

q1 := (ẋ1, ẏ1) = (x1 + α1sE, y1 + tE), q2 := (ẋ2, ẏ2) = (x2 + α2uE, y2 + vE). (5.3)
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Then we have as in (4.15) and (4.75),

s = au+ bv +O(E)1 for some a, b ∈ C with (a, b) 6= (0, 0). (5.4)

Note that (x1, x2) 6= (ξ1, ξ2). First suppose x1 6= ξ1, x2 6= ξ2 (then α1 = x1 − ξ1, α2 = x2 − ξ2). In

this case, by (1.5), (1.6), we need to choose u, v such that,

C1 := β1|1 + sE|2 + β2|1 + uE|2 − (β1 + β2) < 0, (5.5)

where β1 = |x1 − ξ1|2 > 0, β2 = |x2 − ξ2|2 > 0. Using (5.4) in (5.5), we immediately see (by

comparing the coefficients of E1) that if b 6= 0 or a 6= −β1β
−1
2 , then we have a solution for (5.5).

Thus assume

b = 0, a = −β2β
−1
1 ∈ R 6=0. (5.6)

Similar to (4.12), we can write (note that d 6= 0),

(i) F1 =
∑
i≥2

aiy
i + x

(
1 +

∑
i≥1

âiy
i
)

+ · · · , F2 =
∑
i≥2

biz
i + ax

(
1 +

∑
i≥1

b̂iz
i
)

+ · · · ,

(ii)G1 = y +
∑
i≥2

ciy
i + x

∑
i≥1

c′iy
i + · · · , G2 = z +

∑
i≥2

diz
i + x

∑
i≥1

d′iz
i + · · · , z = cx+ dy, (5.7)

for some ai, âi, bi, b̂i, ci, c
′
i, di, d

′
i ∈ C, and where we regard F2, G2 as polynomials on x, z and we

omit terms with x-degree ≥ 2.

Lemma 5.1. There exists some i ≥ 2 such that (ai, ci) 6= (bi, di).

Proof. Otherwise by (5.1), (5.7), we obtain (and the like for G),

F (x1, y1 + k) = F1

∣∣
(x,y)=(0,k)

= F2

∣∣
(x,z)=(0,k)

= F (x2, y2 + d−1k), i.e., (5.8)

σ(p̂1) = σ(p̂2) with p̂1 := (x̂1, ŷ1) = (x1, y1 + k), p̂2 := (x̂2, ŷ2) = (x2, y2 + d−1k),

for all k � 1. Since p1 6= p2, we have p̂1 6= p̂2 when k � 1, i.e., (p̂1, p̂2) ∈ V . Then hp̂1,p̂2 ∼ k and

|ŷ2| ∼ k � h
m
m+1

p̂1,p̂2
, a contradiction with (3.25). �

Lemma 5.2. Let i0 ≥ 2 be the minimal number satisfying Lemma 5.1. We can assume

(i) ai = 0, i = 2, ..., 2i0, (ii) bi = 0, i = 2, ..., 2i0, (iii) ci = di, i = 2, ..., i0 − 1, ci0 6= di0 . (5.9)

Proof. By replacing Fj by Fj +
∑2i0

i=2 βiG
i
j for some βi ∈ C and j = 1, 2 (observe that i0 is still

the minimal number satisfying Lemma 5.1 after the replacement by considering either ci0 6= di0
or ci0 = di0 , ai0 6= bi0), thanks to the term y in G1, we can then suppose (5.9) (i) holds. Assume

bk 6= 0 for some k ≤ 2i0. Take minimal such k ≥ 2. Setting [noting from (5.7) that this amounts

to setting x = uE = ǔEk, z = wE in F2, G2, and setting x = sE, y = tE in F1, G1, and letting

F1 = F2, G1 = G2 to solve s, t],

u = ǔEk−1, v = d−1(w − cu), (5.10)

and regarding ǔ, w as new variables, by (5.7) (i), we have

F2|(x,z)=(ǔEk,wE) = (bkw
k+aǔ)Ek+O(E)k+1 =F1(sE, tE) =O(E)k+1 +sE

(
1+O(tE)1

)
+O(sE)2. (5.11)
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This shows that we have sE = O(E)k and the right-hand side of (5.11) becomes sE + O(E)k+1.

Hence,

s = (bkw
k + aǔ)Ek−1 +O(E)k. (5.12)

Using this, (5.6) and the first equation of (5.10) in (5.5), we obtain by choosing ǔ = 0 and w ∈ C
with (bkw

k)re < 0,

C0 := β1

∣∣∣1 + (−β−1
1 β2ǔ+ bkw

k)Ek +O(E)k+1
∣∣∣2 + β2|1 + ǔEk|2 − (β1 + β2)

= 2β1(bkw
k)reE

k +O(E)k+1 < 0.

This proves Theorem 1.4. Therefore, we can assume (5.9) (ii) holds. Then we have (5.9) (iii) by

Lemma 5.1. �

Lemma 5.3. We have âi = b̂i for 1 ≤ i ≤ i0 − 2 and κ0 := b̂i0−1 − âi0−1 = i0(ci0 − di0) 6= 0.

Proof. For 1 ≤ i ≤ i0 − 1, by (5.7) we have,

âi +
∑

1≤j<i
(j + 1)âj−icj+1 + (i+ 1)ci+1 = Coeff

(
J(F1, G1), x0yi

)
= 0,

b̂i +
∑

1≤j<i
(j + 1)b̂j−idj+1 + (i+ 1)di+1 =

Coeff

(
J(F2, G2), x0yi

)
ad

= 0. (5.13)

Induction on i for 1 ≤ i ≤ i0, we obtain the lemma by (5.9) (iii). �

Now we set,

u = u1iE
i0−1, v = d−1(w − cu), (5.14)

for u1 ∈ R 6=0. As in (5.11), one can see that sE = O(E)i0 . Thus by (5.7) (ii), we have

G1(sE, tE) = tE+
i0∑
i=2
ci(tE)i+O(E)i0+1 =G2|(x,z)=(u1iEi0 ,wE) =wE+

i0∑
i=2
di(wE)i +O(E)i0+1. (5.15)

Hence tE = wE +O(E)i0 . Using this and (5.7) (i), we obtain,

F1(sE, tE) = sE
(

1 +
i0−1∑
i=1

âi(tE)i
)

+O(E)2i0

= F2|(x,z)=(u1iEi0 ,wE) = au1iE
i0
(

1 +
i0−1∑
i=1

b̂i(wE)i
)

+O(E)2i0 , (5.16)

which with Lemma 5.3 gives that sE = au1iEi0(1 + κ1w
i0−1Ei0−1) + O(E)2i0 . Thus C0 defined in

(5.5) becomes,

C0 = β1

∣∣∣1− β2β
−1
1 u1iE

i0(1 + κ1w
i0−1Ei0−1) +O(E)2i0

∣∣∣2 + β2|1 + u1iE
i0 |2 − β1 − β2

= 2β2u1(κ1w
i0−1)imE2i0−1 +O(E)2i0 , (5.17)

which is negative if we choose u1 = 1 and w ∈ C with (κ1w
i0−1)im < 0. This proves Theorem 1.4

in case β1 > 0, β2 > 0.

Now if x1 = ξ1 (then x2 6= ξ2), then the first term of C0 becomes |sE|2 = O(E)2 and we can

easily choose any u with ure < 0 to satisfy that C0 < 0. Similarly, if x2 = ξ2 (then x1 6= ξ1), then
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the second term of C0 becomes |uE|2 = O(E)2 and we can easily choose u with (au)re < 0 (in case

a 6= 0) or v with (bv)re < 0 (in case b 6= 0) to satisfy that C0 < 0. This proves Theorem 1.4.

Now we can prove Theorem 1.1 as follows. The second assertion of Theorem 1.1 follows from

[8, 24]. To prove the first statement, assume conversely that there exists a Jacobian pair (F,G) ∈
C[x, y]2 satisfying (3.2) such that (1.1) holds. Then we have Theorems 1.2–1.4. Fix any (p̄1, p̄2) ∈ V
and define V1 = {(p1, p2) ∈ V | `p1,p2 ≤ `p̄1,p̄2}. By (1.5), as in the proof of Lemma 4.3, V1 is a

compact nonempty subset of C4. Then (1.6) gives a contradiction. This proves Theorem 1.1.
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l. Soc. Sci. Lett.  Lódź 39 (1989), no. 11, 6 pp.

[10] M. Chamberland, G. Meisters, A mountain pass to the Jacobian conjecture, Canad. Math. Bull. 41

(1998), 442–451.

[11] J. Dixmier, Sur les algebres de Weyl, Bull. Soc. Math. France 96 (1968), 209–242.
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