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1. MAIN THEOREM

Let (F,G) € C[z,y]? be a Jacobian pair, i.e., a pair of polynomials on two variables x,y with a

oF OF
bz Oy
oG 909G
or Oy

o is defined by o : C2 — C2%, p — (F(p),G(p)) := (F(a,b),G(a,b)) for p = (a,b) € C2. Then the
main result of this paper is the following.

€ Cg. The corresponding Keller map

nonzero constant Jacobian determinant J(F,G) =

Theorem 1.1. The Keller map o is injective. In particular, the 2-dimensional Jacobian conjecture
holds, i.e., F,G are generators of Clx,y].

To prove this theorem, we start with any Jacobian pair (F,G) such that the corresponding

Keller map o is not injective, i.e., there exist p; = (z1,y1), p2 = (72,%2) € C? such that

o(p1) = o(p2), p1# P2 (1.1)
For convenience, we denote (p1,p2) = ((:cl,yl), (xg,yQ)) €C?xC?=C4 and
V = {(p1,p2) = ((x1,1), (x2,2)) € C*| 0(p1) = o (p2), p1 # p2}- (1.2)

Then V' # () by assumption (1.1) (note from the proof of Lemma 4.3 that V is in fact a closed
subset of C*). We define the height of (p1,p2) = ((z1,41), (z2,92)) € V to be

hprpe = |1] + [y1| + |2 + |y2]. (1.3)
Then Theorem 1.1 will be obtained from the following 3 results.

Theorem 1.2. There exists a Jacobian pair, which for convenience is still denoted by (F,G), such

that for (p1,p2) € V, when hy, ,, — 00, we have |yi| + |y2| = 0(hp, ps)-

We define the projection 71 : V' — C? by
T (p1,p2) — mip1,p2) = (21,32) for (p1,p2) = ((x1,41), (z2,42)) € V. (1.4)
Theorem 1.3. The projection m is not surjective.

Theorem 1.4. Fiz £ = (£1,&) € CP\m (V). We define a continuous function £y, ,, on'V by

Upypo = d(7T1(p1,p2)75)2 = |z1 — & + |v2 — &* for (p1,p2) €V, (1.5)
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where d(a, B) denotes the distance between o and 3 for o, 3 € C2. Then for any (p1,p2) € V,
there exists (q1,q2) = ((41,91), (£2,92)) € V such that

EQLQQ < €p17p2' (16)

2. SOME PREPARATIONS
For any ring R, we use R((y)) to denote the ring whose elements have the form > 5 _ a;y’
with a; € R such that a; = 0 when 7 < —1. We need some conventions and notations, which, for
easy reference, are listed as follows.
Convention 2.1. (1) Fora € C, we write a = aye+aimt for some aye, aim, € R, where ¢ = /—1.
If a® appears somewhere, then we always assume b € R, and in case a # 0, we interpret a®
as the unique complex number r°e??* by writing a = re? for some r € Ryg, 0 < 6 < 27.
(2) Let P =3 ey, piy™ ™ = p*(1+ 72, piy') € Cla)((y)) with a € Z, p; € Clz] and po = 1.

(i) Let 8 € Q with a8 € Z. Then we can uniquely define P? to be an element in C[z]((y))
as follows,

=y (14 5 (0)(Spw)') € ol (21)

. . : le(k—1)-(k—( A1+ Ao +-+Ai)+1
where, we denote the multi-nomial coefficient (A1 )\2]“ N (k=1)-( )\1(,)\1;_,;1“ +HA)F)
3N2yee s\ TA2L i

(ii) For Q1,Q2 € Clz]((y)), we use P(Q1,Q2) and P|(, )~ (Q,,q.) to denote the following

element [as long as it is algebraically a well-defined element in C[z]((y))],

P<Q17Q2) = P‘(w,y)=(Q1,Q2) = Zp’t(Ql) S—H' (2'2)

(iii) If Q1,Q2 € C, we also use (2.2) to denote a well-defined complex number as long as
the series (2.2) converges absolutely.

(iv) Assume o # 0. For any Q@ = 3,5 gyt € Clz]((y)) with oy € Z, by comparing
coefficients of y®1* for i > 0, there exists uniquely b; € C[x] such that

a1 +i

Q= SbP. 2.3)
=0

ay+i

a). Q=

We call b; the coefficient of PQITH in @, and denote by Coe(Q, P
Zi,j qi;x'y’ with ¢;; € C, we also denote Coer(Q, 2'y’) = ¢ij.
(3) Let € — 0 be a variable. Sometimes we need to consider elements in C[z]|((y)) which may
depend on €. We use O(&)" for i € Q> to denote any element P € C[z]((y)) (or especially
in C) which may depend on ¢ such that P(a,b) converges absolutely and |£¢P(a,b)| < s
for some fixed s, where (a,b) is in some required region.
We also denote a = o(b) if a,b are some variables depending on another variable ¢ — ¢
(for some ¢y € CU {oo}) such that lim. ¢, § = 0.

Let P =3, piy’ € Clz]((y)), pj € Clz] and (xo, o) € C%. If 29 = > 1pj(z0)yd| converges, then

zo is denoted by Ay, o) (P) [or by A, (P) if P is independent of x].
2
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Definition 2.2. (1) Let @ = Y, ay" € C((v)), ¢ € Rso, z9 € C. If |pi(x0)| < ¢ for all
possible i, then we say @ is a controlling function for P on y at point xg, and denote
P <0 Q, or P < @ when there is no confusion. In particular if P, @ are independent of
y then we write P <%0 @ (thus a <b for a,b € C simply means that |a| < b with b > 0).
(2) An element in C((y)) with non-negative coefficients is called a controlling function on y.
(3) I Q=qoy* +> ;50 qjy®* € C((y)) is a controlling function on y with go > 0, then we

[43 2

always use the same symbol with subscripts “iz,” and “,e5” to denote the elements
Qign=0; " Z()ijj, Qneg =0y (1—qo_1 ZOijj) =qoy* (1= Qign) =2qoy* — Q. (2.4)
7> 7>

We call Qign the ignored part of Q, and Qneg the negative correspondence of @ [in sense of

(2.6) and (2.7), where a, —k are nonpositive].
Lemma 2.3. (1) If

P = poy” + ZOPJ'?J"”' € Clz]((y), Q=quy™+ Zoqy'y““ € C((w)), (2.5)
7> 7>

with P <17° Q, xo € C and |po(z0)| = qo € Rxo, then for a,b,k € Q with ac, ba, ka € Z,

0P ., ,dQ

(a) 87y —y dy’ (b) pe S@O ﬁeg S]y (qoya)_bQ(rll—ei_gb fOT a,be Q—; (26)

(qoy®)*

oY ) ifk € Zs1,
Q" <, (qy™)*Quk g, { 17k

(2.7)

k ign . .
(qoya)’“(l + &) if k € Qs with k < 1.
1- Qign
where (2.6) (a) holds under the condition: either both P, Q are power series of y (in this
case the sign is “+ 7), or else both are polynomials on y~! (in this case the sign is “— 7).
(2) If zo,y0 € C and Py <50 Q1, Po I° Q2, then
Azo,o) (P1P2) < Agye)(@Q1) Agyo) (Q2) = Q1 (Iyol)Q2(|%ol)- (2.8)

Proof. One can see that (2) and (2.6) (a) are obvious, and (2.6) (b), (2.7) are obtained by noting
that for a,b € Q_ and i € Z~(, one has

T () =i T

This proves the lemma. O
Take, where f; € Clx] with fi #0,

F=fy+ ij fiy' € Cla]lly)- (2.9)

Regarding F as a formal function on y (with parameter x being regarded as fixed), we have the
formal inverse function denoted by yz € Clz, fi ][[F]] C C[][[F]] such that [cf. (2.3)]
y = yp(F) =biF + 3 b F', (2.10)

=2
3
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with b; = Coe(y, F') € Clx, fl_l] being determined by b; = fl_l € Clx, fl_l] and (we do not need

to use the following explicit expression of b;, we only want to present that b;’s exist),

i1 /i , ~ - 3
- J —A1—A2——An FA2 FA An
b= -TefE () xR e
Jj=1 £=0 NEL>0, A1, A2, A0 >0 N1 AZy ooy An
A1+2X2+FnAp=1i—j

for i > 2, which is obtained by comparing the coefficients of y* in (2.10).

Lemma 2.4. For a; € R>g with a1 > 0, let

~

o0 ) ~ [e.e] .

F=ay+ > ay €Clly]] and Fpeg =1y — Y, &y, (2.12)
=2 =2

be a controlling function on y and its negative correspondence [cf. (2.4)], and let

y = yneg(ﬁneg) = Blﬁneg + Z ih‘ﬁ‘neg’ (213)

be the formal inverse function of Fneg, where by = dfl and b; = Coett (Y, ﬁ’;eg) € C. Then
(1) yneg(ﬁ'neg) is a controlling function on Fneg, i.e., fori>1,

~ g

bi = Coctt (Y, Freg) > 0. (2.14)
(2) If F <50 F with F as in (2.9) and |fi(z0)| = a1, then
y=yp(F) Q9L y"&(F), e, b <™ b, (2.15)
where b; = Coeg (Y, F’) is as in (2.10), and b; <I*° b; means that |b;(z0)| < b;. In particular
y Sy yE(F), (2.16)

where the right side of “<, 7 is regarded as a function on y by substituting F by (2.12).

Proof. Note that (1) follows from (2) by simply taking F' = a;y. Thus we prove (2). We want to
prove, for i > 1,

Yy Ay
oOF ~Y dFi.’

neg

(2.17)

where the left-hand side is understood as that we first use (2.10) to regard y as a function on F

(with parameter x) and apply 881;. to it, then regard the result as a function on y (and the like for

the right-hand side, which does not contain the parameter z). By (2.6) (a), we have 28 <50

Oy
and thus by (2.6) (b),
N\ 1 A -1 N -1
i I _ (Ener
8y -Y dy neg dy ’

4

dF
dy’
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ie., gz <0 ddi and (2.17) holds for ¢ = 1. Inductively, by Lemma 2.3,
neg

o' 0 (0! 0 (9 ly\ (OF\-
aﬁl‘/i - ﬁ(aﬁii):%(apz_%)(@) 1
i—1 Ane -1 i
<o cZ/<5ﬁ‘fil> (dzy g) _ di‘fig' (2.18)

This proves (2.17). Using (2.17) and noting from (2.10) and (2.13), we have

10 10
b, — L9 _ 19y

1 dy 1 dy
iV 9Fi | F=0 il 9Fily=0

7! deleg ’y:o 7! dF%eg Freg=0

<%0

o
~

This proves (2.15). Since F <50 F and y ¢ is a controlling function, we have y°%(F) e yres(F.
This together with (2.15) proves (2.16). O

3. PROOF OF THEOREM 1.2

First we need to reformulate (F, G). If necessary by replacing (F, G) by (F+ (G+FMF G+ Fk)
for some k, we may assume 2 < deg,G (where deg, G denotes the degree of GG with respect to the
variable y) and deg, G |deg, I’ (i.e., 3 ¥e € Z~p). Fix a sufficiently large ¢ € Z~¢. Applying the

following variable change,
(z,y) = (v, ' + @), (3.1)

and rescaling F, G, we can assume, for some m,n € Zso, fjk,gjx € C with 2 <n and n|m,

) m—1 m—1—j B n—1n—1—j

() F=y™+F, Fi = Z Z firy?a®, (i) G=y" +G1, G1 = Z Z gyt (3.2)
Note that deg F} < m — 1, deg G; < n — 1 (where deg F denotes the total degree of Fy).

In the following we consider elements as in the ring Clz]((y~1)). By (3.2), we rewrite F, G as

(i) F=y™ (1 + ffiy*i), (i) G = y"(l + igiy*i) for some f;, g; € Clx] with (3.3)
i=1 i=1

(iii) deg, fi <i—1lifi <mand f; =0if i >m, (iv) deg,g; <i—1ifi<mand g =0ifi>n.

n— Z>0

Set fo = go = 1, and denote the set A = . By (3.3), we can write,

G= > c,F'*=>] cni P for some cq € Clz], (3.4)
acA i= m

where as in (2.11), by comparing the coefficients of y"~¢, we can inductively determine cn—i € C[z]
for ¢ > 0 as follows:
j 1 A g
Cu ch Jf Z(e) Z ()\ )\ )\ )fl >\l >\2 )‘nf2)‘2f3)‘3f’én
m =0 NEZL>0, A, 2500, An >0 N1 A2y 205 An
A2 2+ +nAp=1i—j

Lemma 3.1. We have

(i) ca €Cifa>m (i) coy =0, (i) degpeom—y < j+2 if j € Z>_1. (3.5)
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Proof. Taking the Jacobian of F' with GG, we obtain, where Jy

in, = J(F,G),
OF\ -1 dc oF 0 CoFOTt OF
i — =Y —2F°, —_— == < G FT e .
(1) JO<0y> aca dx (i )Gay 5y(1¢aeA a+1 >+C oy (3.6)
We immediately obtain (3.5) (i), (ii). By (3.3) (iii), (iv), we have

degxcoeff (Fa ym—]) < j?

degggcoeff(Ga yn—j> < ] for ] € Z>O
Then by (2.1),(2.3), we can prove by induction on j,k € Z>,

(3.7)
-1 . n—
o, Cuut () 0" 9) <5 degyCoun(F5 7 974) < . (38)
dy
From this and (3.6) (i), we obtain (3.5) (iii) by induction on j

Lemma 3.2. By some reformulation of (F,G), we may assume ca

(i) F :=

4-m C3-—m 7é 0.
Proof. Let ag € C be chosen later, and we denote, for some f;;, € C

_ m j—1 _
F(y,v® + apy® — ) = y™ (1 + Z Z fiky ™z ) (ii) G = G(y, y® + apy® — ), (3.9)
]: k=0
and we use same symbols with a bar to denote elements associated to the pair (F', G), in particular
n = 3n, m = 3m, and the last equality of (3.9) (i) follows from (3.2) (i). Note from (3.9) (i) that
= 1-k
yed> i Clz]F .

Thus by (3.5) (iii), we have, for j € Z>_1,
<c —m— JF77n J)

m

€ 3 Cla] 555
(z,)=(y,y3+a0y?—x) (kgo 2 >

—7m 3]

i [ ]_2 2j—k—m

m

. (3.10)
From this and (3.5), we see that the right-hand side of (3.4) is a well-defined element in C[z]((

in Cla]((y~"))

when (z,y) is set to (y,y° +aoy” —x) (as F"=" only appears finitely many times for each j € Z~0)

Thus we can set (z,y) to (y,y> + apy® — ) in (3.4) to obtain [using (3.5)]
G (§ F";j) (3.11)

— Cn—j m .
j= o (z,y)=(y,y3+aoy?—z)
m+n—2 _ h—3i
- Z Cn— g F m (C 1-m

i (c ey F
(xay):(y7y3+aoy2—w)) Z .

P

(2.9)=(y.y*+aoy?—z)
Note that the right-hand side of (3.11) can be written as the form 3 0Cnzi e
En;‘ x|.

; € C[z]. One can use (3.10) to see that only the middle term in the right-hand side of (3.11)
3—

for some
can contribute to €a_m or és_m. By (3.5) (iii), (3.6) (i), we can write ci-m = —Jom~L(x + a1) for
some a; € C. Then
Cl-m € —Jom™* (Fﬁ ta -2 iC[x]F%> (3.12)
“m (@y)=(y,y3+aoy?—=) 3 4 ’
which with (3.11) gives that a—m = —Jom ™!, €s-m = —Jom ™}
the lemma

(a1—%) # 0 (by choosing ag # 3a1).
Thus by replacing (F,G) by (F,G) [by (3.9) we still have (3.2) after the replacement], we have

O
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We slightly generalize notions and notations in Definition 2.2. In the rest of this section we

regard all elements as in the ring R := (C[asi]((y_l))
Definition 3.3. Let R = Zij ririyl, Q = Zij gija'y’ € R with r;; € C, gi; € Rx.

(i) If |ri;] < gi; for all possible i, j, then we say R is controlled by ) with respect to x,y, and
denote R <, 4 Q.

(ii) For zg,yo € C, if Z” ]rija;f)yg\ converges, then we say the series R with respect to x,y

converges strongly when (z,y) is set to (2o, yo), and denote R|(; )=(zoy0) = Doij rijxéyé.

Denote t = (1 —|—x%)m_l € R. By (3.3) (iii), we easily obtain (in the following, s; € R is some

fixed number for all possible j; for instance, we can take so = >_, ;| fjxl),

1

Fayy™ (1 +s0 S (ty_l)]) <9,y F, where F = ym(1 n %) (3.13)
j=1 -y
We have Fig, = 220 [cf. (2.4)] and by Lemma 2.3, for j € Zsq,
) ) _J . 1— ty_l g
FEE < iJ(l—F ) " iﬂ( )"’. 3.14
—=x,y y gn y 1 _ (1 + so)tyil ( )

Denote w = y~1. We can write [using (3.14) and Lemma 2.3], for some p; € C[z],

o0 .
(i) P:= Fm= w(l + ijwj) Law % <pw P, where,
=1 (1= Fign)m
.. w w(l — tw) . sotw
P .= = = w(1l + Pign th Pigy = ——————. 3.15
(i1 [~ Fp 1= (1t sgyiw T Pisn) with Pign = 37— (3:15)
Thus
sotw w(l - (14 230)tw)
P, = (1 - ) - 3.16
nee = W T T T (1 so)tw 1— (1 + so)tw (3.16)
Denote ¢; = c_; = ¢o; + ¢1; with cg; € C, c1j € .%'(C[l‘] By (3.5) and Lemma 3.2,
(i) ;=0 for j <m—2, (ii) €m—4Gm—3 # 0. (3.17)

Lemma 3.4. We have, for some 81,82 € Rsqg, where Elj € aRs,[x] is obtained from ¢1; by

replacing all coefficient Coeﬂr(élj,xk) by its absolute value,

. .. x ; _ s1P _ s1 P
(i) G=Go+ Gy, (ii) Go:= > cg; P <y p P n<1+1—1732P) fmvyPne%( +17>’

j:—n 1 - SQP
déy; sitP -1
- Pi g, Lipig, pm 1( 7) . 1
(iii) Gy - ]_Z—nq] pJ % 13; . p Jom 'z [~ &iP (3.18)

Proof. Solving w from (3.16) we obtain the formal inverse function of Py is,

1—(14sg)tP
W=w"8(Ppeg) = (2(142)23:% , B= \/ B4tPreg)(1—B_tPreg), (3.19)
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where S =3+ 589 £ 2(2+ 7sg + 63(2))%. Noting that
1 1
B S‘w,Pneg (1 - /3+tPneg)_§(1 - /B—tpneg)_§ S]a:,Pneg (1 - ﬁ—l—tPneg)_l: (320)

we can deduce from (3.19) that w"8(Phreg) <y Py, Pneg(l + %) for some s3, 84 € Ryg.

Thus by (2.6), (2.15), we have, for some s1, 52 € Ry (we can always assume s; > S3, S2 > S4),

tP sitP
A neg( py p(l 837) < P(l 17)
(i) y w Ly pw'(P) <y p + 1 — s4tP ==.F + 1— sotP/’
tP N\ -1 sitP
i)y = 9 P (1o ) g (1 3.21
(i) y = w =z,P 1— sytP =P * 1— s9tP ( :

From this, (3.2) (i) (with the fact that n|m) and (3.15), we can obtain, for some s5 € Rx,

_ s5tP _ sstP
. pP "(1 7) <, P "(1 7) 22
G P + 1— s4tP/ — Y~ meg + 1— s4tP (3 )
From this, (3.4) and definition of Gy in (3.18) (ii), we obtain (note that ¢|,—o = 1),
_ 85(t|z=0)P _ 85(t|z=0) P
Go<yp P "(1 —) S ”(1 —) 3.23
0 ZaP T sty p/) = e T T T (f) P (3:23)

i.e., we have (3.2) (ii). Note from (3.13) that m_l(%—i) Loy ¥ (14 80 Z;n:? (ty=1)’), we obtain,

& dcg, (8F -1

délj . -1 1 —(m—1 m—1 s
—Ipi= 3 2R = (=) ey J (m=1)(1 — ty ™1y
j:z_n dx EA da 0 ay> Sy S0 Y ( SOEW ))

m—1 i
Lp.p Jom Ly~ (MY (1 — 50 ). (tyfl)j>
=1

—1_ s3tP
4 1_P(1+ 1—S4tP)

(3.24)

tP N1
0o dyn i (1 S

1— sotP

where the first “ <, p” is obtained from (3.21) (i) and the second is obtained by choosing sufficiently
large s1,s2. Now the first “<, p” of (3.18) (iii) is obvious and the second “<, p” is obtained
from (3.24). This proves the lemma. O

Proposition 3.5. There exists s5 € R~ such that for any (p1,p2) = ((l‘l,yl), (xg,yg)) eV with
hp, po > 85, we must have
T

p1,p2’

ol < B (3.25)

yi| < P12’

Proof. Assume conversely that there exists (p1s, p2;) = ((ajli,yu), (:L‘Qi,ygi)) € V for any i € Z~g
satisfying hy,, p,; > 1, such that at least one of the following (i) and (ii) does not hold:

Z;rll::;?.i’ (ii) |y21| < h;:j:;m (326)

1) lyul <h
Thus we obtain a sequence (p1;, p2i), ¢ = 1,2, ... Since x1; # xo; or y1; # yo; for all i, if necessary
by replacing (F,G) by (F,G) = (F(z+ay,y), G(z +ay,y)) for some sufficiently small a > 0 (one
can easily observe that all previous results in this section still hold after the replacement) and by
replacing the sequence by a subsequence [if the sequence (p1;, p2;) is replaced by the subsequence

(P1,i;,P2,i;), then we always have i; > j; thus we still have hy,, ,,, > 7 after the replacement], we
8
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may assume z1; # xo; for all i. Since at least one of the conditions in (3.26) cannot hold for infinite
many i’s, by replacing the sequence by a subsequence, we may assume one of the conditions in
(3.26) does not hold for all 7. If necessary by switching p1; and p;, we can assume (3.26) (i) cannot
hold for all 7, i.e.,

gl > BT = o, (3.27)

for all ¢ > 1. We need to use the following notations:

a; ~ by, a; <b;, a; < b (3.28)
which mean respectively s1 < |%Z| < 89, lim; oo ‘;—: =0, \‘g—” < s; for some fixed s1, s9 € Ry(. For
k=1,2, since |2pi| < hpy;pois [Ykil < Ppyypois DY (3.2) (i), we have

2

(1) Fr(@isyrs) = hppy, < b0 =2 yul™, () F(@, y) ~ o) (3.29)
Thus,
Yy | Fi(@i,y2i)
L F(x2i,y2) _ i F(xi, y2i) _ i Yt T — lim (%)m (3.30)
F(azli, yli) 1—00 F(.’L‘Qi, y/22) i—oo ] 4 W i—00 \Y1; ' )
1i

Therefore, by replacing the sequence by a subsequence, we have

lim v2 _ w, where w is some m-th root of unity. (3.31)
1—00 Y14

S
Denote £ = h, """ — 0 (when i — 00). Let a € C with |a| < Py pas- By (3.27),(3.31), we have

P1i,P2i
m—1 m—1 m
_ 1 Lym=tp, =1 4 pm Il ™ T ek =1.2. (3.32
tw’(w,y):(la\,lym)—( +‘a’m) ’yk1| = PlinQi’yh’ — "'P1i:p2i =¢fork=1,2. (332)

To continue the proof of Proposition 3.5, we need the following.
Lemma 3.6. Let k = 1,2 and a € C with |a| < hyy, py; -

(i) In (3.15) (i), the series P with respect to x,y converges strongly when (x,y) is set to (a, Yr;),

and
Pa,k = P’(x,y):(a,yki) = y;il (1 + O(S)l) (333)

(ii) In (3.21) (i), the series y with respect to x, P converges strongly when (x,P) is set to
(a7 Pa,k)7 and

Yok = Yl@,P)=(a,Puy) = Yki (1 + 0(6)1>- (3.34)

(iii) In (3.18), the series G with respect to x, P converges strongly when (x, P) is set to (a, Py i),

and

o0
- )
(a) Agpp = Y 0P, = Py ~yy for £>—n,
j=t

—(m—1 —(m—3
(b) Ba,k = Gl’(w,y):(a,yki) = hpli,pziyki( ) = yu( )

9

(3.35)
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(iv) The series (%—5)_1 with respect to x, P converges strongly when (z, P) is set to (a, Py k),

n(5) "

(V) Pr:=Ppy,0 = P(x15,915) = P(x2i,92i) = Prys1-

and

—(m—1) 1
= . 1+0(&)"). 3.36
(CL‘,P)Z(CL,Pa!k) ykl ( ( ) ) ( )

Proof. (i)—-(iii) follow from (3.15), (3.21), (3.18), while (iv) can be observed from (3.24). To prove
(v), we have P(z1;,y1:)”"" = F(21,y1) = F(x2i,y21) = P(w2;,92:)"™. Thus P(x2;,y2i) =
w'P(x1;,y1;) for some m-th root w’ of unity. Assume there exists j < m — 3 such that ¢; = éy; # 0
and P(x14,y15)) # P(22i,y2:) = w7 P(x15,y13)’. Let jo < m — 3 be the minimal such j. Then
|1 —w”0| > § for some fixed § > 0. By (3.18) and Lemma 3.6 (iii), we have [note that ¢ j, € Cg
is a number independent of i and P(z1;,y1;) ~ y;;' by (3.33)],

0 = G(214,911) — G2, y2:)
= &0,jo (1 — W) P15, y1:)" + Awyy0,j0+1 — Awsitjott + Bayio — Busit ~y1"%,  (3.37)
which is a contradiction. This proves that w” =1 for all j < m — 3 with ¢; # 0. In particular by
(3.17) (ii), w™ % = 1,w™=3 = 1, which implies that w’ = 1. This proves (v) and the lemma. [J
Now we denote

F == F(xll + /Bimay)7 G = /Bz_lG(xlz + Bixa y)7 E] - ﬁ;léj’m=x1i+ﬁiru /81 = X2 — T14- (338)

Then F(O,yh) = F(l,ygi), G(O,yh) = G(l,yzi) and J( G) = J(F, G) = J(). By (318) and

Lemma 3.6 (v), we have

. g - j S L de;
j=—n j=—nJ0 X
1 dc] i OF _m1) 1
[ ;n Pidy — / Jo| 8y> ]P:de Jom~ Yy ( FOE"). (339

where the third equality follows from the fact that ¢;’s are polynomials on z, the fourth follows from
the fact that the series there converges absolutely and uniformly for x € [0,1]:={z e R|0<x <1}
by Lemma 3.6 (note that |x1; + Six| < hpy, p,; When x € [0, 1]), and the last two equalities can be
observed from (3.24). We obtain a contradiction in (3.39). This proves Proposition 3.5. O

Now Theorem 1.2 follows from Proposition 3.5.

4. PROOF OF THEOREM 1.3

We start the section by assuming conversely Theorem 1.3 is not true, i.e.,

Vergo = {(p1,p2) = ((z1,11), (x2,92)) €V | 21 =&, 22 = &} # 0 for any (&,&) € C2. (4.1)

Proposition 4.1. Assume we have (4.1).
10
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(i) Denote by Vi some connected component of the subset of V' such that all its elements
(p1,p2) = ((z1,51), (x2,2)) satisfy (4.2). Then Vo # 0.
(&) ko < |fi] < [fo] < [f3] < K1, (b) [fa] < laa] < |f5],
(©) [fol < lwal <|f7l, () Loy py = [fs] + [w2| + |22 + 92| = F2. (4.2)

Here f;’s are some locally holomorphic functions on x1,x2,y2, and k; € Rsqg, which will be

chosen such that there exist 0; € R~ satisfying: when conditions (4.2) hold, we have
Oo < |z1f, |z2] <01,  |fs| w2 +y2 > 0. (4.3)

(ii) For any (p1,p2) € Vb, no equality can occur in the first or last inequality of (4.2) (a), or
in any inequality of (4.2) (b) or (c); further, two equalities cannot simultaneously occur in
the second and third inequalities of (4.2) (a).

To prove Proposition 4.1, let us make the following assumption.
Assumption 4.2. Assume Proposition 4.1 is not true.

Lemma 4.3. Assume we have (4.1). The following subset of V is a nonempty compact subset of
C* for any ki1, ks € Rxg,

Ak = {(p1,p2) = ((z1,31), (w2, 92)) €V | |w1| = Ky, |w2| = k2 }. (4.4)
Proof. By assumption (4.1), A, k, is nonempty. Let, for i = 1,2, ...,

(p1i, p2i) = (105 Y13), (%2, Y2i)) € Aky ko (4.5)

be a sequence such that hyp,, ., — co. By definition, we have |z1;| = ki, |x2;| = k2. Thus
hpripe: ~ max{|yiil,|y2i|}. We see that at least one inequation of (3.25) is violated. Hence Ay, 1,
is bounded. Now assume (4.5) is a sequence converging to some (p1,p2) = ((xl, Y1), (z2, yg)) e Ch
Then o(p1) = o(p2) and |z1| = k1, |22| = k2. We must have p; # pa (otherwise the local bijectivity
of o does not hold at the point p1), i.e., (p1,p2) € Ak, k,, and so Ay, j, is a closed set in ct 0O

By Lemma 4.3, the following is a well-defined function on k1, k2 € R>,
Vi ks = m5‘X{|3«"2 + y2| | (p1,p2) = ((:81,1/1)7 (932,y2)) € Akl,kQ}. (4.6)

Lemma 4.4. Assume we have (4.1). The Yy ky 1S @ strictly increasing function on ki € Rxo

when ko € R>q is fized, i.e.,

Vitky > Vi ki >k >0, ko > 0. (4.7)

Proof. For any kj > 0, let
B = max{Vy, 4, |0 < k1 <k}
= max{ |22 + y2| | (p1,p2) = ((z1, 1), (x2,92)) € V, 0 < |an| < Ky, |wo| = ko }.  (4.8)

Assume conversely that there exists k1 < k] with k; > 0,7y ke ks = 5. We use the local bijectivity

of Keller maps to obtain a contradiction. Let

(1, p2) = ((F1,91), (T2, 52)) €V with |21 = k1, |To| = ko, |T2+ 72| = 5. (4.9)
1


https://doi.org/10.20944/preprints202212.0171.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 9 December 2022 d0i:10.20944/preprints202212.0171.v1

Set (and define G, Gy similarly),

Fy = F(# + x5 +v), Fy = F(iy +z, 92 + ). (4.10)
Denote

C~L1 = Coeﬁ(pl’$ly0)a 51 = Coeﬁ"(ﬁlvxoyl)’ a= Coeﬁ(ﬁb:xlyo)a B = Coeﬁ(ﬁb:xoyl)' (411)

We use ¢&,di,é d to denote the corresponding elements for G1,Gs. Then A; = (gl 21) and
1 1
A= (% 2*) are invertible 2 x 2 matrices such that det A1 = det A = J(F,G). For the purpose of

proving Lemma 4.4, we can replace (F,G) by (F, G)Al_l, then A; becomes Ay = I (the 2 x 2

“—_"

identity matrix), and AAI1 becomes the new A. Then we can write |[here means equal

modulo terms with degrees > 3]
Fi = x + pra® + faxy + B3y, Fy = ax + by + a12% + dozy + aszy?,
G = Y+ a2 4 agxy + asy?, Gy =éx + cZy + ayx? + aszy + asy?, (4.12)

for some @;, &, Bi € C, where, by subtracting F} (resp., C?,) by the constant ap = F(Z1,91) [resp.,
ag = G(Z1,71)], we have assumed F;, G; do not contain constant terms.

Let £ > 0 be a parameter such that £ — 0. For any s,t,u,v € C, denote
q1 = (B1,91) = (1 + 8E,G1 +t€), g2 = (L2,92) = (T2 + u&, 2 + vE). (4.13)

The local bijectivity of Keller maps says that for any u,v € C (cf. Remark 4.5), there exist s,t € C
such that (q1,q2) € V, where (s,t) is uniquely determined from (u,v) by the equation

(Fl(ss, te), G1(se, tg)) = (F2(u5, vE), Ga(ué, vg)). (4.14)

Remark 4.5. When considering the local bijectivity of Keller maps, we always assume u,v € C
are bounded by some fixed s € R+ (independent of £) and assume € > 0 is as small as we wish.

In fact we can easily use (4.12) to solve s up to O(&)! as follows,
s=s1+0(&), 51 = au + bu. (4.15)
It is straightforward to see that we can choose suitable u, v such that
(i) |2 = |Z2 + ue| = |Zo| = ko, (i) |d2 + go| = T2 4+ G2 + (u+v)E] > [T2 + G| = 8. (4.16)

Since |z1] = k1 < k], we automatically have |i1]| < k] [as € < 1, cf. (4.13)]. This means that we
can choose (q1,q2) € V with |21 < K], |T2] = ko, but |Z2 + §2| > 3, which is a contradiction with
the definition of § in (4.8). This proves the lemma. O

Lemma 4.6. Assume we have (4.1) and Assumption 4.2. The Vi .k 18 @ weakly increasing function

on ko € Rsg when k1 € Ryq is fized, i.e.,

Vs ko Z%ﬂ,ké if k1 >0, kg > kIQ > 0. (4.17)

12


https://doi.org/10.20944/preprints202212.0171.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 9 December 2022 d0i:10.20944/preprints202212.0171.v1

Proof. Assume 7, ;. < Vi, for some k; > 0, ko > k) > 0. Take k > 1. We can choose

sufficiently small 6 € Ry( (independent of k) satisfying (the following holds when § = 0 and
k — oo, thus also holds when § > 0 is sufficiently small)

Q= (kglké)afykl,kg + (ky +’7k1,k§)k_4 > Yy ey T (K2 +’7k1,k2)k_4- (4.18)

We define Vj to be some connected component of the subset of V' consisting of elements (p1,p2) =
((z1,91), (2,y2)) satisfying,

k+1

() 1< (kYo ])® < koo ™ < (kM )7 <k, (b) K73 < | < K2,

(c) k2 <faa| <K%, (d) (kg '|zal)’ w2 + 2| + (|22] + 22 + g )k ~* > (4.19)
Remark 4.7. Note that when we define (4.19), k is simply some fixed positive real number. When

we say k > 1, it means that we may need to choose sufficiently large k such that the system (4.19)
can satisfy our requirement. This will also apply to some similar situations later.

Then we can rewrite (4.19) as the form in (4.2), and we have (4.3) [if 22 +y2 = 0 then (4.19) (d)
shows that |z > ak® ~ k' by (3.28) and by noting that a > (k3 'k5)*Yy, s > (k3 "k5)™Yy, 4, 0,

a contradiction with (4.19) (c¢)]. Denote £} := (kgk:'{l)k_lkl > ki. By definition, there exists,
(1, P2) = ((#1,91), (T2, 92)) €V with [E1] = K], |E2] = kb, |&2+ J2] =V (4.20)

Noting that 7y Kk > Ve by Lemma 4.4, one can verify

1< okl = (k731 ])% = Kol ™" < (koky )™ = (k7Y ) < k,
(k' |Z20) 2 + gol + (|F2] + 22 + G2k~ = (ky 'k0) Yy gy + Ry + Vg )k > (4:21)

ie., (4.19) (a),(d) hold for (p1,p2). Thus we can choose V to be the connected component such
that (p1,pa) € Vo by (4.19), (4.20), i.e., Vo # 0.

Let (p1,p2) € Vo. In (4.19) (a), assume the equality occurs in the first inequality, or two equalities
simultaneously occur in the second and third inequalities. Then we obtain that |z2| = ko, |z1| = k1
(and thus |z2 + y2| <Yy, 1,)- By (4.19) (d), we have

Viwks + (k2 Ve, )6 = (k3 Haa)) w2 + 2| + (22| + 22 + y2 )™ > o, (4.22)

which is a contradiction with (4.18). Assume the equality occurs in the last inequality of (4.19) (a),
e, |z1| = kik®1 ~ 1. Then by the second and third inequalities of (4.19) (a), ke|ze|™! =
(ki Har JEAOTOR™DY ok ie., 29| ~ k~' < 1. Then by (4.19) (d), |za + yo| = |20 ~ k° = 1,
and thus |ya| ~ |22 4+ y2| = k°. We obtain that hy, ,, ~ |yo| if [y2| > |y1] or hpypy ~ || if
ly2| < |y1]. In any case we obtain a contradiction with Theorem 1.2.

By (4.19) (a), we easily see that no equality can hold in any inequality of (4.19) (b),(c). This
shows that Proposition 4.1 holds, a contradiction with Assumption4.2. This proves the lemma. [
Lemma 4.8. Assume we have (4.1) and Assumption 4.2. For any § € R>q, k, k1, k2 € Rso with

1
k>1,0 <5, wehaveYprsp pry < KV k) ks
13
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Proof. Assume the result is not true, then by choosing ¢’ with § < §' < % and by Lemma 4.4, we
may assume Yo' g, gy > VilHoky ik = E’}/kth for some k, k1, ko € Rsg with & > 1. Take k > 1.

As in the proof of the previous lemma, we can choose sufficiently small 6; € Rsg with d; < ¢’
satisfying,

1 6 _
0y (k2 7Yy )k (4.23)

We define Vj to be some connected component of the subset of V' consisting of elements (p1,p2) =

((xl Y1), (xZ ) yQ)) satisfying,

= (kk2) ™Yo o + Bk Y, i )R > ey

_ 146 —k—3 _ _ 14+6"+k~3 /4 =3 _
(a) 1< (ky fza]) <kt ] < (R o) T T < RMTERT D (b) k78 < | < K,

|x2 + yo|

(c) k72 <|zo| <K, (d) E

+ (o] + w2 + 92k~ > o (4.24)

Then we can rewrite the above as the form in (4.2), and we have (4.3) (as in the proof of the

previous lemma). Further, by definition, there exists
(B1,02) = ((&1,91), (F2,72)) € V with 1] = B ky, |Zo| = kka, [£2 + 2| =Vgresr - (4:25)

One can verify that (4.24) holds for (p1,p2). Thus we can choose V) such that (p1,p2) € Vb, i.e.,
Vo # 0.

Let (p1,p2) € Vo. In (4.24) (a), if the equality occurs in the first inequality, or two equalities
simultaneously occur in the second and third inequalities, then we obtain that |z2| = ke, |z1| = k1,
but by (4.24) (d) and the definition of 7y} , , we have

|22 + y2|

(1+61) _
by Uy (R Y )k > T + (o] + |22 + 12k~ > @, (4.26)

which is a contradiction with (4.23). If the equality occurs in the last inequality of (4.24) (a), then

one obtans that e~ ] ~ K147, Note from (3.25) that iy, (e fal} = 127, b

+8")m

by (4.24) (d), we have |zo41ys2| = |z2|"t% ~ k10 and thus |ys| ~ |zo+ya| = k > kR~ h

m+1
p1,p2’

a contradiction with (3.25). By (4.24) (a), we easily see that no equality can hold in any inequality
of (4.24) (b), (c¢). This shows that Proposition 4.1 holds, a contradiction with Assumption 4.2. 0J

Lemma 4.9. Assume we have (4.1) and Assumption 4.2. For any ki, ks € R-q, we have Viey ks >
ko.

Proof. Assume the result is not true, then by choosing k] € Rso with k] < ki, by Lemma 4.4,

we can assume Yy g < ko for some k7, ko > 0. Then « := ’yk kz < 1. By Lemma 4.8, we have
f)/k}k‘ll,kkz < kryk‘ll,ka = kk:QOé fOI“ all k >> 1 Let
(p1,p2) €V with |.C81| = kkii, |.T2| = kko, |:132 + y2| :f}/kkll,kk'Q < kksa. (427)

Then as in the proof of the previous lemma, we have hy, ,, ~ k, but then
|y2] > |.%'2‘ — ‘1'2 + yg‘ > (1 — a)kkg > h;;; (4.28)

which is a contradiction with (3.25). O
14
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Now we fix sufficiently large k& > 1. Take
(p1,72) = ((Z1,51), (T2, 92)) € Apr  with [Z1] = [Z2| =k, |Z2 + 72| =Ver >k, (429
where the inequality follows from Lemma 4.9. Similar to (4.10) (but not exactly), we define
Fy=F(z(1+2),5 +y), By =F(z2(1+2), 52+ y), (4.30)

and define G, G2 similarly [thus the matrices A;, A defined after (4.11) now have determinants
det Ay = 71 J(F,G) # 0, det A = ZoJ(F,G) # 0, and again by replacing (F;, G;) by (Fi,Gi)Afl
for i = 0,1, we can assume A; = I3]. Similar to (4.12), we can write [from now on, we only need
the linear parts of Fj, G; ]|,

Tox +y
To+ 72’
G, =y, Gy = cx + dy, (4.32)

F =z, Fy = —agz + by, (4.31)

where we have written the linear part of F5 as above simply for later convenience, we emphasis
that ag, by, depend on k (of course other coefficients also depend on k) and are in fact non-negative
as shown in the next lemma. We define q1, g2 accordingly [similar to, but a slightly different from,
(4.13), simply due to the different definitions in (4.30) and (4.10); we emphasis that the choice of
& depend on k: in general the larger k is, the smaller &; but in any case once k is chosen we can

always choose sufficiently small &, cf. also Remark 4.5],
g = (T, 91) = (Z1(1+56), 51 + 1), @2 := (¥2,92) = (T2(1 + ué), G2 + v€). (4.33)
In particular, by (4.31) we have as in (4.15),

ToU + v

s = —apu + by, +0(&)L. (4.34)

T2 + Y2

Lemma 4.10. Assume we have (4.1) and Assumption 4.2. We have ay > 0, by > 0.

Proof. Assume agim # 0 or agre < 0 or bgim # 0 or bgre < 0 [cf. Convention 2.1 (1)]. Then from
(4.34) one can easily choose u,v [with uiy # 0, ure < 0, (52“+”)im £ 0, (w)re > 0 such that

Z2+Y2 To+Y2
either (agu)re > 0 or (bk(%))re < 0, and so sy < 0] satisfying [cf. (4.33) and (4.34)],
0< k= ’(i‘1|:k‘1+85|<k, 0<ky:= |j;2|:k]1+u£|<k,
. . Tou + v
9 + o] = ‘1+<, ,>5‘> : 435
22 + 92| =V %2+ U2 Vi (4.35)

ie., 0 < ki <k and 0 < ky < k with Yker o > |Zo + go| > Vi ks @ contradiction with Lemmas 4.4
and 4.6. Thus a > 0 and b > 0. Il

Lemma 4.11. Assume we have (4.1) and Assumption 4.2. For any fived N € R~q, let &' € Ry
be such that &' > In(k)™" (where In(-) is the natural logarithmic function), we have k < Yy, <
(1+ )k

Proof. By (3.25), we have hy, 5, ~ k. Ify; ;. > (1 + ")k, then,

(92| > |72 + G| — 72| > 'k > (k)N - kT~ RS (4.36)
15
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a contradiction with (3.25). O

Lemma 4.12. Assume we have (4.1) and Assumption 4.2. For any fixred § € Rso with § < %, we
have by, > 14+ 0 + ay, for all k> 0.

Proof. Assume the lemma does not hold, then we can choose sufficiently small §; > 0 (which can

depend on k) such that
(1+01)b <146 — 01+ ag. (4.37)

Let £ > k. We define 1} to be some connected component of the subset of V' consisting of elements

(p1,p2) = ((x1,41), (w2,2)) satisfying ,
(1) 1< (B aa)) 0 <k V| < (K Ywal) 0 <, (i) 070 < | < 4

’Y;}Jﬂa + 42|

(i) 74 < |ao| < 04, (iv)
(k_1’x2|)1+51

+ (|z2| + |22 + o) > 1 + €2 (4.38)

Then we have (4.2) and (4.3).

Remark 4.13. Recall from statements inside the bracket before (4.33) and Remark 4.5 that when
k is fixed, & can be fixed, and we can assume & < £~f. We emphasis that & used in (4.38) is the

same as that used in the local bijectivity of Keller maps in (4.33). There is no problem in doing
so since we only use the local bijectivity of Keller maps to show that V; is nonempty [in (4.38),

l, k, & are simply some chosen (and fixed) positive real numbers, cf. Remark 4.7].

Let (p1,p2) € Vo. In (4.38) (i), if the equality occurs in the first inequality, or two equalities
simultaneously occur in the second and third inequalities, then |z2| = |z1| = k, but by (4.38) (iv),
|z2 + y2| > Vp g, & contradiction with the definition of 7y, .. If the equality occurs in the last
inequality of (4.38) (i), then we obtain that |z2| ~ £, |z1] < €', but by (4.38) (iv), |z2 + 32| =
0101 = |2g|. Thus |yo| ~ |22 + y2| = €101, Again by (3.25), we have hy, ,, ~ max{|z1], |z2|} =<
O+ < M < |y2|mT+1, a contradiction with (3.25). By (4.38) (i), we easily see that no equality
can hold in any inequality of (4.38) (ii), (iii). This shows that Proposition 4.1 (ii) holds.

Next, we choose suitable u, v such that (4.38) (i), (iv) hold for (g1, ¢2) [defined in (4.33)], i.e.,

() 1 < |14 ue" 0007 < |1 4 sg| < |1+ ugMH0 < 0119,
Tau+v

‘1 + ii-l—?bg

|1+ ugli+o

(ii) +0()? > 14 €% (4.39)

We take u,v € C such that

. 14+6-6
w—1, TUAU_ G FIFOTON g s 145—6 40, (4.40)
To + U2 by,

where the last equation is obtained from (4.34). Then by comparing the coefficients of £, one
can easily see that all inequalities in (4.39) (i) are strict inequalities. Further, the coefficient of &!
in the left hand-side of (4.39) (ii) is %4;5—51 — (1 +61) > 0 by (4.37). Thus we can choose V}

such that (q1,q2) € Vo, i.e., Vy # 0. This shows that Proposition 4.1 holds, a contradiction with

Assumption 4.2. This proves the lemma. O
16
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Lemma 4.14. Assume we have (4.1) and Assumption 4.2. For any fixed 6 € Rsg, we have
(1—6%)b, <1+ ay for all k> 1.

Proof. Define Vy to be some connected component of the subset of V' consisting of elements

(p1,p2) = ((ﬂfl,y1), (xg,yg)) satisfying,

_ -3 _7.-3

(1) (1= )7 < (kY )' ™ < kMo < (B Yaa))' ™% <1, () B2 < o] < K

VilT2 + 2l

_ —6°
(k)

We have (4.2) and (4.3). Let (p1,p2) € Vo. If the equality occurs in the first inequality of (4.41) (i),
then we obtain that |xa| = (1 — §%)k, |z1| < k, and by (4.41) (iv), Lemma 4.11, we have

(iil) k2 < |zo) < K2, (iv) + (|z2| + |22 + y2|)e® > 1 + €2 (4.41)

|2 +y2| > (1 — 55)1*‘55%6’,c > (1 — 0%+ 510+ 0(6)15>k > |2l (4.42)

As before, we obtain that |ya| > |22 + y2| — |22| ~ |22 + 12| = k = kil ~ hﬁ, a contradiction
with (3.25). If two equalities simultaneously occur in the second and third inequalities of (4.41) (i),
or the equality occurs in the last inequality, then |z2| = |z1] = k, but by (4.41) (iv), [z2+y2| >V 4
a contradiction with definition (4.6). By (4.41) (i), we easily see that no equality can hold in any
inequality of (4.41) (ii), (iii). Hence Proposition 4.1 (ii) holds.

Next, we choose suitable u, v such that (4.41) (i), (iv) hold for (q1,¢2), i.e

(1) (1= ) < |1 +ug) ™ < |1 +se| < L +uetF <1,

‘1 4 xgu—l-v
$2+y2

Take u,v € C such that [the last equation is obtained from (4.34)],

T 1
w=—1, D2UFU_ZT% 4 s=—140() (4.44)
To + Yo bk

By comparing the coefficients of £!, we see that all inequalities in (4.43) (i) are strict inequalities.
Further, the coefficient of £! in the left hand-side of (4.43) (ii) is 1 — &° — Ha’“ , which is positive if

the assertion of the lemma is not true; in this case, we can choose V such that (q1,92) € Vo, ie.,

Vo # (), and we obtain a contradiction with Assumption 4.2. This proves the lemma. O

4
Assume we have (4.1) and Assumption 4.2. The above two lemmas show that ay > %&Hé).

Since 0 is arbitrarily sufficiently small number, we see that aj (thus also bg) is unbounded, i.e.,

lim a = lim by =00, and lim Ik _ 1. (4.45)
k—oo k—o0 k—oco by,

Proof of Proposition 4.1. Assume conversely we have Assumption 4.2. Then we have (4.1) and
Assumption 4.2. We first fix some choices of positive numbers satisfying,

<=8 <=6 <lb:=06< =0 < k<l (4.46)
17
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For instance, it is enough to take ¢y = 100, ¢; = Ego, ly = E‘ef, l = 652, k = ((s5)" (where s5
satisfies Proposition 3.5) and £ < k%, For any (p1,p2) = ((#1,91), (z2,y2)) € V, we denote [recall
from (4.29), (4.45) that |z:] = [22| = k, [Z2 + 2| =Yy 4, and ag > 0],

T2 T2+ Y2

¢ 4
X = Xo=—=, Z= X1 =((1 X = lobp, — L0 . 4.4
1= 2= 3 Tt o (14 aoe)X1)", ao = Lobg — £o0 >0 (4.47)

We now define V; to be some connected component of the subset of V' consisting of elements
(p1,p2) = ((zl, Y1), (22, yg)) satisfying the following [we suggest that readers do not need to check
details at this moment — we will explain everything when our arguments are carried on step by
step so that all will become clear; throughout the section, some multi-valued functions may appear;
for instance, By defined in (4.48) (v) is a multi-valued function on X;, X, Z; from our arguments
below one can see that locally there always exists a unique choice of each multi-valued function

satisfying (4.48), therefore globally there exists a unique choice of each multi-valued function by

the fact that all Bs, Bs, Bs are locally holomorphic functions on X 1, Xo, Z],

539

() 1< By 3% < By < [Bi ¥ < 6%, (i) (1-8)|B| % < [Ky| < o,

380

(iii) (1 0)|B1|3 < |Xa| < o, (iv) By:=|B3B, (e |+ (Jwa] + |22+ ya])€* > 1+ &2,

z(30+%) + 30 -5 X2B%)

(v) By = :
X1+52+5 X B
1 x4
9 _ X Xe 124250 — 5OZ EQB 0 _go+3 X, Z%+

Then (4.48) can be rewritten as the form in (4.2). Now we divide the proof of Proposition 4.1 into
three lemmas.

Lemma 4.15. When conditions (4.48) hold, we have the following [in particular, we have (4.3)],

349

_ 5. 3%
1) X1 <X =1+ 06)!, (2 Z=Xs+0(5)?2  (3) Bl :=|BsB, ® 51 % |>1,

> 20363 (1 6, 1 62
(4) By = XX 00 (S04 D)+ S (- D)REBIY) + 000)2,

(5) By = ! LOGR, (6) By= —— +0(5)".

9 _ X1X2+250 50B 5 éo—‘rg X1X2

(7) A=0)|B[™ < |Xa| <lo,  (8) (1—8)|Bi|® < [Xa| < o,

A(1-/1-(1-%)a
(9)),21: 1( 1 (EQ 4) 2)

, where

20341 02—2

(10) A; = Y 1x20 +‘503219 L (11) Ay = Y2x, 2000 prag2i=2 19y y = Xi (4.49)

2
Proof. By (4.47), (4.48) (i), (ii), we obtain (4.49) (1). To prove (4.49) (2), for the sake of convenience

to state our arguments, we regard k as a variable and take k > ¢ [which means that other elements
18
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in (4.46) are regarded as fixed and we choose k to be sufficiently larger than ¢, cf. Remark 4.13; in
this sense, 1 ~p lo ~p €1 ~p lo ~p £ <p k <p €1 here to avoid confusion, we use the subscript
“k” to indicate that k is regarded as a variable]. Then |By| ~j |Ba| ~¢ 1 and |X1| <g 1 ~p |X2|
by (4.48) (1), (iii), (4.49) (1). By (4.29), (4.47), we have |z1| = k|X1| <) k|X2| = |z2| ~% k. Thus
by (3.25), we must have

hpypo ~k max{|z1], [za|} ~& K, |Y2| <k Ppyps, |2+ 2| ~i T2~k K. (4.50)

Write z9 = (22 + y2)(1 + p2) for some pg € C, then by (3.25),

m

m—+1

s kT2 2] (4.51)

(w2 + y2)pa| = |r2 — (22 + y2)| = |y2| < h

Le., py =<k |xo +y2\_m#+1 ~k k~m < §2. Thus lua] = O(6)%. Similarly, we can write Zo =
(T2 + 72)(1 + fig) with |fia] = O(5)? (cf. Lemma 4.11). Hence

_ (z3'22)Z (4 m)Z ,
R N e R T 2(1+006)?).

which with (4.48) (iii) gives (4.49) (2). By (4.29), (4.47), and (4.48) (iii), (4.49) (4), we see that
(|zo| + |72 + 12|)€® < €2, which with (4.48) (iv) implies (4.49) (3). By (4.48) (i)-(iii), (4.49) (2), we
have

a®toO =1 4 06!, a(l + 0(5)1) =a+0(5)! forall ae Ay or a~! € Ay, where

= 1 02 1 02, ~ 2 ~ 4 B, s
Ay = {Xl,Xg,Z,Bl,Bg, Bg,<§(1+50)+§( —EO)XfoZO),Q—XlXQH%O %pp ‘”8}.

Thus we have (4.49) (4)—(6) by (4.48) (v)—(vii). To prove (4.49) (7), (8), this time we regard f2 =
52_1 as a variable (then 1 ~y, fo ~p, {1 <p, lo =g, £ =g, k <, EL). We have |By| ~y, |Ba| ~¢, 1
by (4.48) (). Then | X1, |Xs|,|Bs| =¢, 1 by the first inequalities of (4.48) (ii), (iii) and (4.49) (3).
Thus | X1| ~g, 1 ~,. |Xa| by (4.49) (6). In particular we have the last inequalities of (4.49) (7), (8).

Now assume (1 —6)|B1|~% > |X;|. Then by (4.48) (i), | X,| = (1 —0)|B1|~%. By (4.49) (3), (6),
and the fact that |B1| > 1, we can obtain the following from (4.49) (4),

1 2\ 1 AV 2) 5
(2<1+2> +5(1-F)IKBEP) +00)
350 2

2
<(1- 5)—1+53+53|Bl|—1—42)(—1+5§+63)+(2—5§—53)(—%0+§+T) (1+ ( _ 1~|—520)5+O(5)2> + 0(5)2

1+6§+5§B—2+5§+53

1< ‘B;l)?; ;

2
< (1 + ( - %0 + 0(50)3)5 + 0(5)2> |By| 100" 4 O(5)>

2
<1+ ( - %0 + 0(50)3)5 +0(5)?% < 1, (4.52)
19
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a contradiction. This proves (4.49) (7). Next assume (1 — §)|Bi|%™3 > |X5|. Then |X3| =
(1 — 6)|By|%~3 by (4.48) (iii). By (4.48) (i), (4.49) (3), (5), (6), we obtain
2 < Bl + X B 00 < | 1 1 X o
<14(1— 5)1+25075§|Bl’—§+§+%+(1+2éo753)(5073)+§40+§ +0(5)?
<1 (14 (= 14 0(80)") 8+ O(6)2) | By |~ F8+060* 4 0(5)?
<24 (— 1+0(50)1)5+0(5)2 <2, (4.53)

which is again a contradiction. This proves (4.49) (8). Finally, if we regard (4.48) (v) as an equation

on X1, then there are two solutions for X, one is stated as in (4.49) (9). We prove as follows that
the other solution does not satisfy our requirement: note that locally there is only one choice of

X 1, thus globally there is only one choice of X, since Vb is connected; in Lemma 4.17, we will show
that we can choose (g1, ¢2) € Vj such that (4.49) (9) holds; thus it holds globally. O

Lemma 4.16. Proposition 4.1 (ii) holds.

Proof. Now let (p1,p2) € Vi. First assume in (4.48) (i), the equality occurs in the first inequality,

or two equalities simultaneously occur in the second and third inequalities. Then |B;| = |Bs| =1

and |Bs| > 1 by (4.49) (3). We have |X1| > 14+ O(0)!, |Xa| > 1+ O(6)! by (4.49) (7), (8). Thus
by (4.49) (3), (6), we obtain

lal =1+ 0(5)" for a€ Ay = {X),Xo,Z := 2X, "T07%) p.1. (4.54)
By (4.48) (vi), (vii), we obtain [where (4.55) (ii) is obtained from (4.55) (iii)],

~ 2 2 52
() | X)) = |By ' X0 278 < |X50 27871, (ii) |Z] < | Xt HOGD)?

~ 2 _ 54 ﬁ_ 3 2 _s4

By (4.48) (v), we obtain (for convenience, we denote @1 = |X1|, @2 = |Xs|, z = |Z|, b = |Bs|;

since b > 1 we have the strict inequality),

1 By 1 5 1 6B, 1 62
—13-2 0 0 2 R —1 0 0 2
1<zzi'b (5(1 +5) +50- E)ml) < Bi = za] <§(1 +5) +50- 5):31). (4.56)
We claim
() z1 < 2267% if z2>1, or (ii) z1 < 220°% if 2z < 1. (4.57)

20y +(5(5)

Say z > 1 and =1 > 2z Noting that S is a strictly decreasing function on x; when other

variables are fixed and when all variables satisfy (4.54) (since %kwhz):(l,l) = —% < 0 and

0 < § < dp), we obtain from (4.56),

1 52 1 52 21955
1<p < = By 1= 2B (D (14 D) 4 S (1 - D)0 4.
<61—61z1:z2£%+68 Ba Z 2( +2)+2( 2)2 ( 58)
Noting that (s is a strictly decreasing on z (as %Lz:l = —% < 0), we obtain that z < 1, a
contradiction with the assumption. This proves (4.57) (i). Similarly, we have (4.57) (ii) if z < 1.
20
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. . . > —203(1463+63)+0(60)°
This shows that in general we have z; < 226100%0)° je  |X)| < |Z%3+O(50)5X2 0(1+05+0)+O (%) |.

254 5
Using this in the first inequality of (4.55) (iii) gives that 1 < ]ZZE)*O(‘;O)SXQ £9=00+0(%) |. Thus

| X5 < |Z|*t0060)° Then (4.55) (iii) gives that 1 < |Z|*TO@)" je. &k := |Z] > 1 and ky :=
_§+000)° _ N )

1Xo| < |Z|BH6H000° < |Z| = k. Further ky = |X3| < [X1)® < [XQZ-G1P < |27 <1

by (4.49) (1), (4.55) (). By (4.29), (4.47), we see that |xo| = kok < kk, |z1| = k1k < k < kk,

|72 + y2| = kY45 We obtain [where the first two inequalities follow from Lemmas 4.4 and 4.6,

while the second from definition (4.6)],

Veksk > Vierik = Ve lfeal = 102+ 920 = K g (4.59)

which is a contradiction with Lemma 4.8.
Next assume in (4.48) (i), the equality occurs in the last inequality, i.e., | B1| = ¢;. By the second

0+0(80)?

and third inequalities of (4.48) (i), we have |By| = ¢, o >¢, 1, which with (4.49) (5) implies

X, X200 g F0+060)" | = | X, X200 ‘503 2 0TS o 1 (4.60)

The above together with (4.49) (3), (6) shows

02 2 3
(i) | X 200700 = | Xy x50 ‘5032 O R By~ R0t o, By D)
2 —s2-53
~ _§2_¢3 _ B » 1-03-sd
(i) an = By Ky X2 = B (%) - X B By )\1+2ao o
P e _1_(ﬁ_€0+§) 1-62 53
= [By| T By e <, (4.61)

Equ. (4.61) (ii) with (4.49) (4) implies that we must have ay := |)~(%Bf£g| —¢, 1 and oo ~p, 1.

Thus
Thus we can easily obtain from (4.60), (4.62),
N 34 14+0(80)* p i 14+0(8p)?!
(D) [ X1| ~vgy B8 (OO (i) [Xo| gy [By|w (O, (4.63)
From this and (4.49) (2), (6), (11), (12), we have
o 1 202(140(50)! ]
Ay, [REXSHOO RO,y =G0t L, (4.64)
Thus we can expand a3z :=1—14/1 — (1 — ?)Ag as a power series of Ay to obtain
1 5
s (1 - —>A2 +O(Ag)% ~y, Ag. (4.65)

Then by (4.49) (6), (9)—(12), (4.63), we have

o 0(80)! 15— _ O _2%0
K1l ~ty [ ArAg] gy [XOHOO) BBt o [X2HO 281 By 0RO (4.66)

which is a contradiction with (4.63) (i).
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Finally by (4.49) (7), (8), we see that no equality can occur in any inequality of (4.48) (ii), (iii).
This proves that Proposition 4.1 (ii) holds. O

Lemma 4.17. Vj # ().

Proof. We choose suitable u,v such that (4.48) holds for (q1,¢2). Note from (4.29), (4.47) that
setting (p1,p2) to (q1,q2) implies that X7, X, yo are set to 1+ s&, 1 +u&, g + v€ respectively. We
take u,v € C such that,

(i) u =0, (ii) v := — = —{, (iii) s = 51 + O(6)! with s; = —loby,  (4.67)

where (4.67) (iii) is obtained from (4.34). Thus we obtain from (4.47) that X; = 1 + 3¢ + O(£)?2

with § = ¢(ap + s1) = —£§ and Z = MJ;‘;—W =1+ v€. Then we see from (4.48) (vii) that
Bs =1+ c3& + 0(6)? with ¢g = f3u — § — ((3 + 1) = £§ + £3 + £y. We can uniquely choose Bj of
the form By = 1 + ¢1€ + O(€)? such that (4.48) (v) holds, where c; is determined from (4.48) (v)
as follows,

1 2
c1=0— (140 +6)u—35—2c3+ 5( — %0)(2§+ 20%¢y), (4.68)

02(4+480—352+653)

2302 . We see from (4.48) (vi) that By = 1+ c2€ + O(€)* with

and we solve that ¢; =

2
co =58+ (L2 4+2+ 20— 63)u — 2o + (%0 — Lo + g)cl = %0 - % + O(dp)*. (4.69)

Then one can easily observe that both sides of (4.49) (9) are elements of the form 1+ O(€)! [thus
(4.49) (9) holds for (q1,¢2)]. Now we obtain (note that ¢; = 263 + 26 + 5 + 659 + % +0(80)?),

50, 5¢ 19
0 < (?0 —358)61 = TO — Z +O(50)1 < 2

55001 . 560 5 1
e =4 T TO00). (470)

We see that all inequalities in (4.48) (i) are strict inequalities. Obviously, all inequalities in

(4.48) (ii), (iii) are strict inequalities. Further, the coefficient of €' in B} is

Z 5 368 7
chC3+(—50+§+?°)c1:ﬁ+0(50)1>0, (4.71)

i.e., the inequality in (4.48) (iv) is a strict inequality. Hence (q1, ¢2) € Vb, i.e., Vi # 0. O
Now Proposition 4.1 follows from Lemmas 4.16 and 4.17. U

Proposition 4.18. Assume we have (4.1). For any (p1,p2) € Vo, there exists (q1,q2) = ((&1, 1), (d2,92)) €
Vo such that
ququ > €p17p2' (472)

Proof. Let (p1,p2) = ((z1,41), (x2,52)) € Vo, ie., (4.2) holds. Note that (4.3) implies that
x1,x2,x2 + y2 # 0. Similar to (4.10) and (4.30), we define

Fi=F(z1(1+2),y1+y), Fo=F(z(l4+2),y+y), (4.73)
and define G1, G similarly. Define g1, g2 accordingly [similar to (4.13) and (4.33)],

g = (@1,91) = (21(1+ 58), 91 + &), g2 1= (42,92) = (v2(1 + u), yo + v€). (4.74)
22
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As in (4.15) and (4.34), we have [here we write the linear part of Fy as ax + b?f;y, cf. (4.31)],

s=s51+0(), si=au+b (4.75)

If no equality occurs in any inequality of (4.2) (a), then we only need to consider (4.72), which can
be regarded as a special case below. Thus by Proposition 4.1 (ii), we may assume that the equality

occurs in the second or third inequality of (4.2) (a). In any case, the two inequations we need to

consider can be always stated as the following, for some &;, B; € C, Ky, Ky € Rsg, where v = %
is regarded as a new variable,
(i) C1 = |1+ (Gru + G20)é + (Fr1u® + Bouv + B307)e?| — 1+ O(€) > 0,
(i) Oy := K} [1 + (G3u + 640)€ + (Bau® + Bsuv + Bv?)E2| + |1 + ug|
+ Kh|1 + 0| — (K] + 14 Kh) + O0(£)® > 0. (4.76)

First assume &1 # 0. We can take u = —d;ldgf} + (B19% + Baw)e for some B;, w € C with wye > 0
so that C has the form,
=14+ we —1+0(&)3 = wee? +0(£)% > 0, (4.77)
i.e., (4.76) (i) holds. Then (4.76) (ii) becomes the following, for some &; € C,
Co = k|1 + asv€ + (60”4 drw)e?| + |1 + asve + (Ggd® + drow)e?|
+ Kh|1 + €| — (K] + 14 Kh) + 0(£)% > 0. (4.78)
By comparing the coefficients of £!, we immediately obtain that if ¢y := K}ds + dag + K # 0, we
can always choose v € C with (co0)re > 0 to satisfy (4.78). Thus assume ¢y = 0. Then C5 in (4.78)

becomes an O(&)? element. One can compute [observe that &g, &7, &g, @19 do not contribute to
the left-hand side of (4.79)],

B = COEff(CQ? ) + Coeff(027 )
1 - - Ky \2  kh(Ky + 14 Kh)
=5 (Hl(/ﬁ + 1)a§ + wy (k] + 1)(a5re + 7 j 1) 2 ;,1 — 2 ) > 0. (4.79)

Thus we can choose © with 92, being sufficiently larger than 2 if Coer(C%, v%62) > 0 or with v
being sufficiently larger than 92, if Coe(C%, v2,€2) > 0, to guarantee that (4.78) holds (when w is
fixed). This proves Theorem 4.18 for the case that &; # 0.
Assume &; = 0. By symmetry, we may also assume &g = 0. Then we have one of the following,
(i) C1=0, or (i) C1 =1+ g(u,v)e"| -1+ 0, (4.80)
for some nonzero homogeneous polynomial g(u,v) of u,v of degree k € Z>9 [assume we have
(4.80) (ii) as (4.76) (i) holds trivially for case (4.80) (i)]. In case ¢ := kjas+1 # 0 [see (4.76) (ii) ],
we can solve the problem as follows: First take v = au for some o € C with g(u,au) # 0 [in
this case g(u, au) = b'uF for some v € C0] and with || being sufficiently small, then we choose
u € C with (c1u)re > 0 so that (4.76) (ii) holds [since |« is sufficiently small (say we choose o with
0 < || < |e1]), our choice of u with (cju)re > 0 can guarantee that (4.76) (ii) holds], and further

(b'uF)re > 0 (this can be done since k > 2). If ¢y := K}ay + k) # 0, we can solve the problem

symmetrically.
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Assume ¢ = ¢g = 0. One can compute,

kh+1
0065(027 u?e€2) +COGH(CQ, u?m£2) = ;T,l >0,
/ AW
Coeff(c2al_)1?e52)+coeff(c2v27i2m52):(/4;1—;:/2)/{2 >0. (481)
1

If g(u,v) does not depend on @ [i.e., g(u,v) = b'uF for some o' € Co), then we can first choose
u € C to satisfy that g(u,?)r > 0 then choose v € C with 92, being sufficiently larger than z7i2m
if Coef(Ca, 92.62) > 0 or with 92 being sufficiently larger than 92, if Coer(C2,v2,6%) > 0, to
guarantee that Coe(C2,£2) > 0, i.e., (4.76) (ii) holds. Thus assume g(u, ) depends on v. We set
v = au with a,u € C being determined later such that || is sufficiently small. Then (4.80) (ii)
and (4.76) (ii) become the following, for some &;; € C, and some non-constant polynomial go(c)
of a [where the term —143/1_1(1 + a)ué in Cy is obtained by the assumption that ¢; = ca = 0, i.e.,

~ -1 = /=1
a3 = —Ky , Q4 = —KHK] |,

(i) C1 = [1 + go(a)ube®| — 1+ 0(e)* > 0,
(i) Co =k} |1 — /6/171(1+/1'2a)u8—|—6411u25‘ + |1+ ug|+ Kh| 1+ aug| — (k) +14k5) +0(€)> > 0. (4.82)
One can compute,

/6 = Coeff(027 u?eSZ) + Coeff(027 ui2m€2)
1
= 5 ((f@’gare + 1) + khad, (K] + Kh) + a2kl Ky + n’1> > 0. (4.83)
We can always choose u € C with u2, being sufficiently larger than ui?m if Coeft (Ca, u2,E%) > 0 or with
u?_ being sufficiently larger than uZ, if Coer(Ca,uZ %) > 0, to guarantee that Coe(Ca, E?) > 0,
i.e., (4.82) (ii) holds; and further (go(a)u*)ye > 0 by some suitable choose of a € C [when |a] is
sufficiently small, one can guarantee that the choice of a does not affect the inequality in (4.82) (ii)
by noting that when |a] is sufficiently small, 8 defined in (4.83) is bigger than a positive number
which is independent of «], i.e., (4.82) (i) holds. This proves Proposition 4.18. O

As in the proof of Lemma 4.3, Vj is a compact subset of C*. Then Proposition 4.18 gives a
contradiction, which shows that (4.1) does not hold, i.e., we have Theorem 1.3.

5. PROOFS OF THEOREMS 1.4 AND 1.1

To proof Theorem 1.4, as in (4.9) and (4.30), take (p1,p2) = ((z1,71), (z2,92)) € V and set
(and define G, G similarly)

Fy =F(x1 + a1z,91 + ), Fy = F(xa+ asz,y2 +y), where (5.1)
. 1 lf T :fl, o 1 lf T2 :gg,
1= { T — & else, @2 = T9 — & else. (5-2)

Define ¢1, g2 accordingly [cf. (4.13) and (4.33)],

q1 = (21, 91) = (@1 + ausE, g1 + L), g2 = (&2,92) = (¥2 + agué, Y2 + vE). (5.3)
24


https://doi.org/10.20944/preprints202212.0171.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 9 December 2022

Then we have as in (4.15) and (4.75),
s =au+ bv + O(&)! for some a,b € C with (a,b) # (0,0). (5.4)

Note that (331,35'2) ?é (fl,fg). First suppose i 75 517 ) 7& 62 (then a1 =T — 51, Q9 = T — fg) In
this case, by (1.5), (1.6), we need to choose u, v such that,

Cy = i1 + s&* + Bol1 + ugl* — (B1 + fB2) <0, (5.5)

where B = |z1 — &) > 0, B2 = |zg — &|? > 0. Using (5.4) in (5.5), we immediately see (by
comparing the coefficients of £!) that if b # 0 or a # —Blﬁgl, then we have a solution for (5.5).

Thus assume
b=0, a=—FB7" € Ry. (5.6)

Similar to (4.12), we can write (note that d # 0),

(i) F1=Zaiyi+$<1+zfliyi>+"', Fz:Zbiz"+am(1+2&zi)+---,

i>2 i>1 i>2 i>1
({)Gi=y+ Y cy+azdcdy+-, Go=z+ > diz" +a > dz'+-, z=cx+dy, (5.7)
i>2 i>1 i>2 i>1

for some a;, a;, b;, B,;, ¢, ¢, d;, d, € C, and where we regard Fy, G as polynomials on z,z and we
omit terms with z-degree > 2.

Lemma 5.1. There exists some i > 2 such that (a;,¢;) # (bi,d;).
Proof. Otherwise by (5.1), (5.7), we obtain (and the like for G),
_ _ _ -1 :

F(mlvyl + k) - Fl}(x,y):(o,k) = F2|(m,z):(0,k) - F(l’z,?ﬂ +d k)v Le., (58)

o(p1) = o(pa) with p1 == (21,91) = (v1,91 + k), P2 := (&2,9) = (v2,y2 +d k),
for all k > 1. Since p; # p2, we have p; # pp when k > 1, i.e., (p1,p2) € V. Then hy, 5, ~ k and
|G2| ~ k >~ hﬁ , a contradiction with (3.25). O

1,P2
Lemma 5.2. Let ig > 2 be the minimal number satisfying Lemma 5.1. We can assume
(1) a; = 0, 1= 2, ...,Zio, (11) bz == 0, 1= 2, ...,Qio, (111) C; = di, 1= 2, ...,io - 1, Cig 75 dio- (59)

Proof. By replacing F; by F; + 2122)2 lG; for some f; € C and j = 1,2 (observe that g is still
the minimal number satisfying Lemma 5.1 after the replacement by considering either ¢;, # d;,
or ¢, = diy, @i, # biy), thanks to the term y in G;, we can then suppose (5.9) (i) holds. Assume
br, # 0 for some k < 2iy. Take minimal such k > 2. Setting [noting from (5.7) that this amounts

to setting © = ué = ue¥, z = we in Fy, Go, and setting = s€, y = t€ in Fy, G, and letting
Fy = F», G1 = G5 to solve s, t],

u =gk, v=d (w— cu), (5.10)

and regarding u,w as new variables, by (5.7) (i), we have

ol gy (b awe) = (bw® +a) ¥+ O ()M = Fy (se, te) = O()F+! + s¢ (1 —|—O(t€)1> +O(s6)2. (5.11)
25
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This shows that we have s& = O(£)* and the right-hand side of (5.11) becomes s& + O(&)F+1.
Hence,

s = (bpw® + an)eF~1 + O()F. (5.12)
Using this, (5.6) and the first equation of (5.10) in (5.5), we obtain by choosing @ = 0 and w € C
with (bpw®)re < 0,
2
Co := B1|L+ (=B " Bait + bpw™)eX + O(€)* | + Bo|l + uc®|> — (B1 + Ba)
= 261 (bpw®)ee® + O(£)F L < 0.

This proves Theorem 1.4. Therefore, we can assume (5.9) (ii) holds. Then we have (5.9) (iii) by
Lemma 5.1. 0

Lemma 5.3. We have a; = b; for1 <i<ig—2 and kg := 310,1 — Gjg—1 = to(ciy — diy) # 0.
Proof. For 1 <1i <1iy—1, by (5.7) we have,

ai+ > (+Daj—icjy1 + (i + 1)ciqr = Coet (J(F1, G1),2%") =0,

1<j<i
. . Coet (J(Fy, Ga), 2%
bi+ S (G + Dbjidjir + (i 4 1)digy = oot (J(F2, G2). %) _ (5.13)
1<j<i ad
Induction on i for 1 < i < iy, we obtain the lemma by (5.9) (iii). O
Now we set,
u = uie™ v=d Hw— cu), (5.14)

for u; € Rzo. Asin (5.11), one can see that s€¢ = O(&). Thus by (5.7) (ii), we have

20 . . 0 . .
Gr(s€, te) =te+ Y ci(te) +0(8)° ™ = Gal (4 oy =(uyizio we) = WE+ Y di(we)' + O(£) . (5.15)
=2 =2

Hence t& = w& + O(€)™. Using this and (5.7) (i), we obtain,

i0—1

Fy(s€,t€) = s& (1 + > di(tg)i) + 0(g)*0
= . t9—1, ) 9
= I](3,2) = (urigio we) = AUILE™ <1 + 231 bi(w5)2> + O(&)*°, (5.16)

which with Lemma 5.3 gives that s&¢ = auyi€® (1 + kyw~te®0=l) + O(€)?0. Thus Cy defined in
(5.5) becomes,

. . . .12 .
C() = ,31 1-— 5261_1u1i510(1 + lem_lf)m_l) + 0(5)210 + ,32|1 + U1i510’2 — 51 — ,32

= QBgul(leiO_l)imE%O_l + 0(5)%0, (5.17)
which is negative if we choose u; = 1 and w € C with (k1w !)i, < 0. This proves Theorem 1.4
in case 81 > 0, B2 > 0.

Now if 71 = & (then x5 # &), then the first term of Cy becomes [s¢€]? = O(€)? and we can

easily choose any u with u,e < 0 to satisfy that Cy < 0. Similarly, if 9 = & (then 1 # &), then
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the second term of Cp becomes |ug|? = O(€)? and we can easily choose u with (au), < 0 (in case
a # 0) or v with (bv);e < 0 (in case b # 0) to satisfy that Cp < 0. This proves Theorem 1.4.

Now we can prove Theorem 1.1 as follows. The second assertion of Theorem 1.1 follows from
[8, 24]. To prove the first statement, assume conversely that there exists a Jacobian pair (F,G) €
Clx, y)? satisfying (3.2) such that (1.1) holds. Then we have Theorems 1.2-1.4. Fix any (p1,p2) € V
and define Vi = {(p1,p2) € V| 4p, po < €5, p,}- By (1.5), as in the proof of Lemma 4.3, V; is a

compact nonempty subset of C*. Then (1.6) gives a contradiction. This proves Theorem 1.1.
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