
Article

Confidence Intervals and Regions for Proportions Under Various
Three-Endmember Linear Mixture Models

Mark Berman 1

1 CSIRO Data61, Marsfield NSW 2122, Australia; mark.berman@data61.csiro.au

Abstract: Many papers in recent years have been devoted to estimating the per pixel proportions1

of three broad classes of materials (e.g. photosynthetic vegetation, non-photosynthetic vegetation2

and bare soil) using data from multispectral sensors. Many of these papers use estimation methods3

based on the linear mixture model. Very few of these papers assess the accuracy of their estimators.4

I show how to produce confidence intervals (CIs) and joint confidence regions (JCRs) for the5

proportions associated with various linear mixture models. There are two main models, both of6

which assume that the coefficients in the model are non-negative. The first model assumes that7

the coefficients sum to 1. The second does not, but uses rescaling of the estimated coefficients to8

produce estimated proportions. Three variants of these two models are also analysed. JCRs are9

shown to be particularly informative, because they are typically better at localising the information10

than CIs are. The methodology is illustrated using examples from Landsat Thematic Mapper data11

at 1169 locations across Australia, each of which has associated field observations. There is also12

discussion about the extent to which the methodology can be extended to hyperspectral data.13

Keywords: proportion estimation; linear mixture model; confidence interval; confidence region;14

photosynthetic vegetation; non-photosynthetic vegetation; soil; Landsat Thematic Mapper15

1. Introduction16

There have been many papers in the remote sensing literature in recent years which17

have applied linear mixture models to data from multispectral sensors such as Landsat18

Thematic Mapper (TM) and MODIS to estimate the proportions (often called fractions or19

abundances) of a small number of broad classes. Most of these papers aim to estimate the20

per pixel proportions of three endmembers. Probably the most popular such model is21

for mixtures of photosynthetic vegetation (PV), non-photosynthetic vegetation (NPV)22

and bare soil (BS) [1–12]. In [13], the three endmembers are PV, NPV and snow, while in23

[14], they are shade, vegetation and other landforms (including water, rock and sand).24

In [15], shade is a fourth endmember, added to PV, NPV and BS. In [16], three of25

these endmembers are used, together with NPV-Ash instead of NPV, because they are26

interested in mapping burn severity after fires. Of course, the shade endmember is27

usually not of intrinsic interest, but is included to improve the fitting. So the interest is28

still in the relative proportions of the three primary endmembers.29

Another fairly popular three-endmember model for urban scenes is the vegetation-30

impervious surface-soil (VIS) model [17–22]. All of these papers, except [17], analyse31

various Landsat TM data sets using a linear mixture model.32

Apart from the AutoMCU method [1], which requires endmember “bundles” [23]33

and uses Monte Carlo sampling to estimate confidence intervals (CIs) for each of the34

three proportions, none of the methods used in the literature provides methods for35

assessing the accuracy of their estimators.36

In this paper, I show how to produce CIs and joint confidence regions (JCRs) for the37

proportions associated with five three-endmember linear mixture models with different38

constraints. The requirement that the coefficients in the linear model are proportions39

complicates the model in two ways. First, the coefficients must sum to 1 and second they40
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must all be non-negative. These significantly constrain the solution space, so that even41

with moderately good fits, the CIs of individual proportions (especially of NPV and BS)42

can be quite large, and it can be difficult to interpret them in a meaningful way. The use43

of JCRs for the three proportions overcomes this difficulty.44

I have focussed this paper on three-endmember models for two main reasons.45

First, the significant number of papers focussed on such models (some of which are46

listed above) suggests that such models are of great interest. Second, because the true47

and estimated proportions must sum to 1, they can be easily displayed inside a two-48

dimensional triangle, often in the form of a ternary diagram.49

The results in this paper can be generalised to linear mixture models with more50

than three endmembers. However, the mathematics is more complicated (and will be51

published in a more theoretical journal). In addition, visualisation of the results is difficult52

except possibly for the four-endmember model, where true and estimated proportions53

can be displayed inside a tetrahedron using three dimensional visualisation software.54

For most readers, such displays are not as easy to interpret as are proportions inside55

triangles, and perhaps explains why three-endmember models are much more common56

in the remote sensing literature than models with four or more endmembers.57

Some of the papers mentioned above have a single endmember spectrum represent-58

ing each broad class [2,15,18–21]. This is often called spectral mixture analysis (SMA)59

or linear SMA (LMSA). Typically, the endmembers are obtained from the data set itself.60

Others obtain the endmembers by using suitable indices such as NDVI and the SWIR3261

vegetation index to create a suitable two-dimensional space in which to unmix the data62

[3,4,9–12].63

Some other papers recognise that within broad classes, there is “endmember vari-64

ability” [24]. So they use libraries with multiple examples of pure “spectra” drawn from65

each class. Single spectra are then drawn from each of the classes for use in the linear66

mixture model in such a way that a best fit is achieved according to some criterion. Some67

of these papers use the popular multiple endmember spectral mixture analysis (MESMA)68

software [25] or variants of it [7,14,16,22]. MESMA builds two-, three- and sometimes69

four-endmember models in a stepwise manner (e.g. three-endmember models are built70

upon chosen two-endmember models). Usually “shade” (often zero reflectance in all71

bands [7]) is one of the endmembers included in the model.72

AutoMCU [1,26] (called Monte Carlo SMA by [3]) also chooses one endmember73

from multiple candidates in each class (in their case, PV, NPV or BS). However, rather74

than use the stepwise approach of MESMA, they use Monte Carlo sampling as an75

approximation to investigating all PV/NPV/BS combinations. Typically, they randomly76

select e.g. 50 PV/NPV/BS combinations. For each combination, proportion estimates77

are obtained. For each spectrum, the mean and standard deviation of the 50 proportion78

estimates are used to obtain CIs for the PV, NPV and BS proportions.79

While the theory presented in this paper can easily accommodate linear mixture80

models with a single candidate endmember for each class, it cannot deal directly with81

the case where one out of multiple candidate endmembers is chosen from each class.82

Calculating accurate CIs and JCRs after choosing a best model/subset according to83

some criterion is usually very difficult; see [27] and references therein. In Section 2.3.4, I84

offer an alternative approach, whereby the endmembers in each class are themselves85

modelled as mixtures of the extreme endmembers in that class. I will show how this can86

be done and discuss its advantages and disadvantages.87

In order to construct CIs and JCRs associated with linear mixture models, one needs88

at least one degree of freedom (df) to estimate error variances. For six-band Landsat TM89

data, for instance, this means that the total number of endmembers that can be fitted in90

the model is 6 if the sum-to-one (proportion) constraint is enforced and 5 if the constraint91

is not enforced. These endmembers can consist of several extreme endmembers from92

some of the broad classes, or secondary endmembers (such as shade and/or water), as93

well as the primary endmembers of interest.94
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The research presented here has been motivated by a data set of 1169 six-band95

Landsat TM spectra and associated field measurements collected at 913 sites around96

Australia. These have been analysed previously by [8]. The lead author of that paper97

asked me how to construct CIs for his proportion estimators. I will use exploratory98

analyses of the two associated data sets to suggest a suitable linear mixture model,99

consisting of five endmembers (1 PV, 2 NPV and 2 BS) for this data set. Two general100

mixture models will be analysed first (with and without the sum-to-one constraint101

respectively). These will then be specialised to deal with the cases of (i) primary and102

secondary endmembers, and (ii) multiple endmembers in some classes. Finally, I will103

show how to relax some error variance assumptions.104

The paper is structured as follows. Section 2.1 discusses the above-mentioned105

data set and uses some exploratory data analysis to suggest plausible linear mixture106

models for it. Two main linear mixture models are then introduced in Section 2.2. Both107

of them assume that the coefficients in the model are non-negative. The first model108

assumes that the coefficients sum to 1. The second does not, but uses rescaling of the109

estimated coefficients to produce estimated proportions. Some assumptions about the110

error structure are also introduced. In Section 2.3, I show how to construct CIs and JCRs111

for the two main models, plus three variants of them. I do this via two principles, the112

latter of which I call the Intersection Principle. The JCRs for all the models involve the113

intersection of an ellipse and a triangle. This intersection is not easily represented by114

a small number of parameters, which can be used to summarise multispectral image115

data. In Section 2.4, I briefly discuss approximations which require only six parameters,116

and so which can be displayed as two color images. A summary and discussion are117

given in Section 3. This includes a discussion about the extent to which the methodology118

introduced in Section 2.3 can be extended to hyperspectral data.119

2. Materials and Methods120

2.1. A Data Set and Some Exploratory Data Analyses121

2.1.1. The data set122

The data set that I will analyse and that will motivate the more complex models has123

been analysed previously by [8]. It consists of 1169 Landsat TM spectra and associated124

field measurements collected at 913 sites around Australia; see [8, Figure 1]. Details of125

how the field measurements were obtained can be found in [8, Section 2.1]. Field-based126

estimates of PV, NPV and BS proportions over the 1169 sites were obtained. Surface127

reflectance for the six Landsat TM (non-thermal) bands was estimated by averaging128

a 3 × 3 pixel window closely corresponding to the area of each field measurement.129

The differences between the dates of the Landsat TM data and the corresponding field130

measurements had a mean of -0.6 days and a standard deviation of 8.2 days. However,131

these differences were as much as 60 days in some cases. Because of the the temporal132

discrepancies between the field and Landsat data sets, one needs to treat the field-based133

proportion estimates with care. I will call them the nominal proportions and will use134

the information that they provide as an informal guide, rather than treating them as the135

truth.136

In [8] it is assumed that there are unique PV, NPV and BS endmembers. This is an137

unrealistic assumption considering that the samples have been collected across the large138

Australian continent. Unlike the above-mentioned studies which build endmember139

libraries directly from field or image spectra, [8] estimate the three endmembers using140

the nominal proportions and an inverse regression method [28] applied to the model141

(1). Because they have assumed unique PV, NPV and BS endmembers, they model the142

resulting variability by building a non-linear model with 24 predictors; see [8, Section143

II.D.3 and Figure 4] for details.144

It is difficult to interpret the meaning of these 24 predictors. More importantly for145

our purposes, it does not easily lend itself to the construction of CIs and JCRs.146
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2.1.2. Some exploratory data analyses147

The exploratory data analyses will take two simple forms. The first compares148

spectra in the data set with identical nominal proportions. There are in fact eleven pairs149

and one triplet of spectra with identical nominal proportions. Figure 1(a) shows one150

of these pairs, spectra 513 and 678, while Figure 1(b) shows the triplet, spectra 209, 275151

and 489. The common nominal proportions, listed as pPV , pNPV and pBS, are given in152

the captions of the two plots, correct to 3 decimal places (although they are in fact equal153

to 6 decimal places). What stands out in these plots (and many of the other plots of154

pairs of spectra with identical nominal proportions) is that many spectra with the same155

nominal proportions have similar shapes but different average values (i.e. brightnesses156

or albedos). The most obvious explanation for this is a shade component in the model,157

which is often included in the MESMA model. I will discuss ways of modelling shade in158

Section 2.2.159
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(a) Spectra 513 and 678:
pPV = 0.165, pNPV = 0.329, pBS = 0.506.
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(b) Spectra 209, 275 and 489:
pPV = 0.000, pNPV = 0.550, pBS = 0.450.

Figure 1. Five spectra from the data set.

The second form of exploratory data analysis involves an examination of the nomi-160

nally purest spectra in each of the three classes. Figures 2 (a), (b) and (c) show the ten161

nominally purest PV, NPV and BS spectra respectively. The nominal proportions for the162

dominant groundcover type of each of the spectra are shown in the top left hand corner163

of each of the three plots. The purest PV spectra all have their maximum value in band164

4, which easily distinguishes PV spectra from NPV and BS spectra, which both have165

their maximum value in band 5, partly explaining the greater difficulty in discriminating166

between them, especially in mixtures. The nine purest PV spectra are very similar, with167

0.951 ≤ pPV ≤ 0.970. and pBS ≤ 0.002. The tenth purest PV spectrum has pPV = 0.950168

and pBS = 0.044.169

By contrast, the shapes of the ten purest NPV and BS spectra are much more variable,170

especially in bands 1, 2 and 3. For the ten purest NPV spectra, 0.950 ≤ pNPV ≤ 0.997,171

while for the ten purest BS spectra, 0.906 ≤ pBS ≤ 0.960.172

Although none of the thirty spectra are perfectly pure, they are all more than 90%173

pure. The greater variability of the purest NPV and BS spectra suggests that more than174

one endmember is required to model these. For this reason, my final model will use 1175

PV, 2 NPV and 2 BS endmembers.176
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(a) Ten nominally purest PV spectra
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(c) Ten nominally purest BS spectra

Figure 2. Ten nominally purest PV, NPV and BS spectra and their PV proportions.
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2.2. Two Linear Mixture Models and Error Assumptions177

The linear mixture model is usually defined as follows. Let Xi, i = 1, ..., N denote178

the d-dimensional column vector of observations for sample i (out of N). For Landsat179

TM data, d = 6. Often the samples are contiguous spectra in a multispectral (or hyper-180

spectral) image. However, the samples analysed by [8, Figure 1] consist of 1169 spectra181

collected at 913 sites around Australia. Under the linear mixture model, if there are182

M(< N) spectrally distinct materials in the data set, then183

Xi =
M

∑
k=1

pikEk + ϵi, i = 1, . . . , N, (1)

where (i) Ek, k = 1, . . . , M are the pure endmembers; (ii) pik are proportions, and (iii) ϵi184

are error terms. In Sections 2.3.1 and 2.3.2, where there is only one endmember per class,185

M = 3. However, in Sections 2.3.3 to 2.3.5, M > 3. They will then be reduced to three186

endmembers in various ways.187

In most of the above-mentioned papers, because the weights in (1) are interpreted188

as proportions, we have for each i the constraints:189

M

∑
k=1

pik = 1, (2)

and
pik ≥ 0, k = 1, . . . , M. (3)

I will call this the Proportion Linear (PL) model.190

This model is inadequate to model the brightness variations seen in Figures 1 (a)191

and (b). This is often dealt with, in part, by adding a shade endmember, often modelled192

as zero reflectance in all bands, e.g. [7]. If we do this, (1) and (3) still hold, but (2) must193

be replaced by194

M

∑
k=1

pik ≤ 1. (4)

This inequality will hold for all the spectra in a data set without having to enforce it195

if the non-shade endmembers are sufficiently bright. However, this may require some196

manual intervention. Alternatively, quadratic programming methods [29, Chapter 16]197

can be used to enforce the inequality. However, a simpler approach is to multiply the198

deterministic part of the right hand side of (1) by a positive scale factor, γi, i.e.199

Xi = γi

M

∑
k=1

pikEk + ϵi, i = 1, . . . , N. (5)

Equation (5) can be rewritten as

Xi =
M

∑
k=1

βikEk + ϵi, i = 1, . . . , N, (6)

where
βik ≥ 0, k = 1, . . . , M, (7)

γi =
M

∑
k=1

βik, i = 1, . . . , N, (8)

and
pik = βik/γi, k = 1, . . . , M; i = 1, . . . , N. (9)
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Note that the constraint (2) is no longer required. I will therefore call this model the200

Non-Negative Linear (NNL) model.201

The errors in both models are typically a combination of instrumental noise, natural202

variation in spectra representing the same material, and small non-linearities in the203

mixing. Typically, the natural variation dominates the error [23, Introduction]. It is204

common to assume (implicitly or explicitly) that the errors have zero means, and are205

spatially and spectrally uncorrelated with a Gaussian distribution with constant variance206

σ2. I will also assume Gaussian errors, but for most of the paper I will assume that207

Var(ϵij) = σ2
i , j = 1, . . . , d; i = 1, . . . , N, (10)

where ϵi ≡ (ϵi1, ϵi2, . . . , ϵid). This enables different samples to have different acceptable208

goodness-of-fit levels, which will prove useful in Section 2.3.209

While I could assume a more general (sample-dependent) variance-covariance210

structure than (10), the formulae in the paper will be much more complicated. In Section211

2.3.5, I will show how the more general variance-covariance structure can be converted212

to (10).213

Under assumption (10), the maximum likelihood estimators of the weights in both214

models are obtained via least squares (LS) estimation, subject to the constraints (2) and (3)215

for the PL model, and (7) for the NNL model. I will call these the constrained estimators.216

It will also be useful to calculate the coefficients without the non-negativity constraints217

(3) or (7) imposed. It will call these the unconstrained estimators. I will show both the218

constrained and unconstrained estimators for selected examples in Section 2.3 using219

both the PL and NNL models with M = 3, and also the NNL model with M = 5.220

2.3. Confidence Intervals and Joint Confidence Regions for Five Linear Mixture Models221

In all five subsections of this section, when obtaining formulae for CIs and JCRs, I222

will give formulae using a general value of M. I will use specific values of M (e.g. 3 and223

5) only where necessary, and in particular for the examples that I show. In Sections 2.3.1224

and 2.3.2, I will give the formulae for the general PL and NNL models respectively. In225

Section 2.3.3, I will discuss the situation of primary and secondary endmembers, while226

in Section 2.3.4, I will discuss endmember variability [24]. The solutions in these two227

cases can be obtained via minor modifications of the PL and/or NNL models. In Section228

2.3.5, I will discuss the relaxation of the error variance assumption (10).229

In Sections 2.3.1 to 2.3.4, it will usually be unnecessary to include the subscript i230

(the sample number), so for simplicity, I will (mostly) omit it. I will reintroduce it in231

Section 2.3.5.232

2.3.1. The Proportion Linear model233

This is probably the most widely used model. It is also the easiest for illustrating234

two important general principles, which are also applicable to the other models that I235

will analyse.236

It will be instructive to compare two estimators, the unconstrained LS estimators of237

the proportions (i.e. without imposing the non-negativity constraints (3), but imposing238

the sum-to-one constraint (2)) and the constrained LS estimators (i.e. with both constraints239

(2) and (3) imposed).240

The unconstrained LS estimators have been derived by [30, eqn. (11)]. However,241

their formula assumes a general covariance matrix. This simplifies if it is assumed that242

the errors are uncorrelated; see (10). Using a simplified notation, their formula becomes243

p̂u = p̂0 + µF1M, (11)

where p̂T
u ≡ ( p̂1,u, p̂2,u, . . . , p̂M,u), 1M is a vector consisting of M 1’s, E ≡ (E1, E2, . . . , EM),244

F = (ETE)−1, (12)
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µ = (1 − 1T
M p̂0)/δ, (13)

δ = 1T
MF1M (14)

and245

p̂0 = FETY (15)

is the standard LS estimator without either the constraints (2) and (3) imposed.246

It will later be useful to know the covariance matrix of p̂u. In our less general247

situation, [30, eqn. (13)] simplifies to248

Cov( p̂u) = σ2V, (16)

where249

V ≡ F − F1M1T
MF/δ. (17)

It is straightforward to show that the residual sum of squares of the unconstrained fit,250

RSSi,u, is given by:251

RSSu = YT{I − EFET}Y + µ2δ, (18)

and that an unbiased estimator of σ2 is given by [31, eqn. (4.29)]:252

σ̂2 = RSSu/(d − M + 1). (19)

When M = 3 and d = 6, the denominator, the df, is d − M + 1 = 4.253

Unlike the unconstrained solution, the constrained solution, p̂c does not in general254

have an explicit algebraic solution. It can however be easily obtained using quadratic255

programming methods [29, Chapter 16]. Quadratic programming code is now widely256

available. I have used the R package quadprog1. Note that, if all the elements of p̂u are257

non-negative, then both (2) and (3) are satisfied, in which case p̂u = p̂c.258

I will shortly illustrate the first important principle using a sample spectrum from259

the data set. However, in order to do this, I need to remove the brightness variations260

that are apparent in Figures 1(a) and (b). I will do this by dividing each spectrum by its261

mean value, i.e.262

Y ≡ X/X̄, i = 1, . . . , N, (20)

where
X̄ = XT1d/d, (21)

where 1d is a vector of d 1’s. I will call Y the standardised spectrum. It will also be263

convenient to assume that, for each endmember, the mean of its values is also 1, i.e.264

ET
k 1d/d = 1, k = 1, . . . , M. (22)

Then, it is straightforward to show [32, Section 2.1] that, if there is no error in the265

NNL model (6), then the standardised spectra satisfy the PL model (1) with pk ≡266

βk/ ∑M
l=1 βl , k = 1, . . . , M. Therefore, if the errors are not too large, we can approximately267

remove the brightness variations and obtain a model which approximately satisfies (2)268

and (3) by standardising both the spectra and the endmembers.269

In what follows, I will assume M = 3 endmembers. In order to satisfy (22), I will270

use the standardised versions of the nominally purest PV, NPV and BS spectra shown in271

1 https://cran.r-project.org/web/packages/quadprog/quadprog.pdf
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Figure 3. Triangle and plane determined by the standardised purest PV, NPV and BS spectra, and
the constrained and unconstrained solutions for spectrum 1099 projected onto that plane.

Figures 2 (a), (b) and (c) respectively as the three endmembers. I will illustrate the first272

principle using standardised spectrum 1099 in the data set.273

The three endmembers form the vertices of a triangle. Although this triangle lies in274

six-dimensional space, we can project it onto a two-dimensional plane (subspace). The275

projected triangle is shown in Figure 3. For reasons that will shortly become clear, I have276

ensured that the lengths of the two plotting axes are of equal length. In this figure I also277

show the projection of the data (Y) onto the plane determined by the endmembers (the278

blue triangle). This point corresponds to the unconstrained solution. Note that it lies279

outside the triangle. RSSu is just the squared distance between Y and this point. I also280

show the nearest point to the blue triangle on the boundary of the triangle (the green281

square). It corresponds to the constrained solution. By Pythagoras’ theorem, the RSS282

for the constrained fit, RSSc, is just RSSu plus the squared distance between the blue283

triangle and the green square.284

I have also included a broken line between (and beyond) these two points. Because285

the lengths of the two plotting axes are equal, it can be seen that this broken line is286

perpendicular to the edge of the triangle nearest to the blue triangle. An important287

point to note is that all unconstrained solutions lying along the broken line have the same288

corresponding constrained solution. From a “confidence” perspective, if a point lies on289

the broken line but near the triangle, intuitively there must be a reasonable likelihood290

that the “true” point lies inside the triangle. However, if the point lies on the broken291

line but further away from the triangle, intuitively it is more likely that the true point292

actually lies on the edge of the triangle. This plot shows us that, although the constrained293

estimator is the best point estimate consistent with the constraints, it actually throws294

away information. Hence statistical inference should be based on the unconstrained estimator,295

which does not throw away the relevant information. This is the first major principle that this296

model enables us to demonstrate.297

For the time being, I will ignore the non-negativity constraint (3) in considering298

confidence intervals and regions based on the unconstrained estimator. I will start with299

a confidence interval for a single proportion. In what follows, I will use subscripts k (or300

l) to represent any one (or two) of the M materials. Let vkl denote the (k, l)th element of301
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V, given by (17). Then by (16), σ2vkk is the variance of p̂k,u. Hence by standard LS theory302

[31, eqn. (4.54)],303

( p̂k,u − pk)/(σ̂
√

vkk) (23)

has a t distribution with d − M + 1 df, and hence (ignoring the non-negativity constraint304

(3)) a 100(1 − α)% CI for pk is given by305

p̂k,u ± td−M+1,α/2/(σ̂
√

vkk), (24)

where td−M+1,α/2 is the upper 100(α/2) percentage point of the t distribution with306

d − M + 1 df.307

The interpretation of the CI is that it will include the true proportion, on average,308

100(1 − α)% of the time. However, the fact that the true proportion must lie in [0, 1]309

is additional information which does not invalidate this fact; it just helps us to reduce310

the size of the CI, without altering the fact that the true proportion lies in the CI, on average,311

100(1 − α)% of the time. So the constrained CI is just the intersection of the unconstrained CI312

with [0, 1]. This is the second major principle, which I call the Intersection Principle, to be313

introduced in this subsection. This principle has been used previously in [33, Section 7.2]314

when deriving confidence intervals for linear combinations of non-negative parameters.315

However, to my knowledge, it has not been used previously for proportion estimation.316

Figure 4 (a) shows the nominal, constrained and unconstrained fits for spectrum317

1099 using the standardised versions of the nominally purest PV, NPV and BS spectra318

shown in Figures 2 (a), (b) and (c) respectively as the M = 3 endmembers. The corre-319

sponding PV, NPV and BS proportions are shown in the legend, while the corresponding320

95% confidence intervals (based on (24) and the intersection principle) are given in321

the caption. There are a number of things to note. First, the constrained fit is fairly322

good (it will get better as the model becomes more sophisticated). Second, the nominal323

fit is much poorer because the nominal PV and NPV proportions are respectively sig-324

nificantly higher and lower than the corresponding constrained estimates. Third, the325

unconstrained fit is poorer still.326
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Figure 4. Nominal, constrained and unconstrained fits and 95% JCR for PV and NPV estimates for
spectrum 1099 under the three-endmember PL model. 95% CIs for PV, NPV and BS proportions:
(0.13, 0.32), (0.60, 1.00), (0.00, 0.18). In (b), the constrained joint CR is just the intersection of the
ellipse and the triangle. An elliptical approximation to this region is shown in cyan.
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Let us look more closely at the CIs given in the caption for Figure 4 (a), which are327

(0.13, 0.32), (0.60, 1.00) and (0.00, 0.18) for the PV, NPV and BS proportions respectively.328

While the lengths of the PV and BS CIs are not too large, the length of the NPV CI is329

much larger. It is difficult to see how the three CIs fit together, in particular within the330

sum-to-one constraint (2).331

The way to deal with this is to consider a joint CR for any two of the proportions;332

in fact this is a JCR for all three proportions because of the sum-to-one constraint. Let333

pT
kl ≡ (pk, pl) denote the vector of any two proportions k and l, let p̂kl,u denote the334

corresponding vector of the unconstrained estimators of these two proportions, and let335

Vkl denote the submatrix consisting of rows and columns k and l of V (given by (17)).336

Then the JCR for the two proportions based on their unconstrained estimators is an337

ellipse given by [31, eqn. 4.60]338

( p̂kl,u − pkl)
TV−1

kl ( p̂kl,u − pkl)/(2σ̂2) ≤ F2,d−M+1,α, (25)

where Fν1,ν2,α is the upper 100α percentage point of the F distribution with ν1 and ν2 df.339

It is straightforward to show that (25) is invariant to any linear transformation of the340

data, and so because of the sum-to-one constraint (2), it doesn’t matter which two (out341

of three) proportion estimates are chosen.342

Despite appearances to the contrary, (25) is an extension of (24). Because the latter343

equation is symmetric, we can rearrange some terms and square it to obtain344

( p̂k,u − pk)
2/(σ̂2vkk) ≤ F1,d−M+1,α, (26)

noting that t2
d−M+1,α/2 = F1,d−M+1,α, and so the extension is apparent.345

Figure 4 (b) shows the nominal, constrained and unconstrained PV and NPV346

estimates for spectrum 1099, the 95% joint confidence ellipse for the true PV and NPV347

values based on (25) and the triangle determined by the constraints (2) and (3). I will348

call this the feasible triangle. By the intersection principle, the constrained JCR is just349

the intersection of the ellipse and the triangle. Although the ellipse is quite large, its350

intersection with the triangle is much smaller, and enables us to reconcile the CIs for351

the individual proportions in a coherent and interpretable way. (I also show an ellipse352

which approximates the JCR in cyan. I will briefly discuss this approximation in Section353

2.4.)354

2.3.2. The Non-Negative Linear model355

In this subsection, I assume the model (6), and construct CIs and JCRs for the pk’s,356

defined by (9), based on suitable estimators of them. These will use the two principles357

that were introduced in the previous subsection, namely the principle that statistical358

inference should be based on the unconstrained estimator and the intersection principle.359

First some standard LS theory is required. The unconstrained LS estimators of the360

coefficients in (6) are given by361

β̂ = FETX. (27)

where β̂T ≡ (β̂1, β̂2, . . . , β̂M). From (8) and (9), the unconstrained proportion estimates362

are then given by363

p̂u = β̂/γ̂, (28)

where

γ̂ = β̂T1M =
M

∑
k=1

β̂k. (29)

Again using standard LS theory, the covariance matrix of β̂ is given by364

Cov(β̂) = σ2F, (30)

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 24 January 2023                   doi:10.20944/preprints202301.0423.v1

https://doi.org/10.20944/preprints202301.0423.v1


and the unbiased estimator of σ2 is now given by365

σ̂2 = XT{I − EFET}X/(d − M). (31)

In what follows, it will be convenient to split the vector p̂u into its M separate entries:366

p̂k,u = β̂k/γ̂, k = 1, . . . , M. (32)

Note that each of the M estimators in (32) is the ratio of two random variables. When367

the errors have a Gaussian distribution, the general solution for the CI of a ratio is given368

by [34]. In Appendix A, I use this theory to derive the 100(1 − α)% CI for pk under the369

NNL model, which is370

( p̂k,u − g1Ck/Vγ ± F
1
2

1,d−M,α(σ̂/γ̂)
√

∆k)/(1 − g1), (33)

where371

∆k = Vk − 2p̂k,uCk + p̂2
k,uVγ − g1(Vk − C2

k /Vγ), (34)

p̂k,u is given by (32), g1 is given by372

g1 = F1,d−M,ασ̂2Vγ/γ̂2, (35)

and373

Vk = fkk, Ck = fT
k 1M, Vγ = δ, (36)

where δ is given by (14), fk is the kth row (or column) of F, given by (12), and fkl is the374

(k, l)th element of F. It will be useful later to note that Vk and Vγ are proportional to the375

variances of the numerator and denominator in (32) respectively (see also (30)), while Ck376

is proportional to their covariance.377

There are a number of things to note about the CI (33). First, it is not centred on p̂k,u,378

but on p̂k,u − g1Ck/Vγ. This is because the ratio estimator p̂k,u is a biased estimator of pk.379

Second, for the CI to be a “valid” CI, ∆k in (34) needs to be positive so that its square380

root in (33) is real. It is straightforward to show that, if381

g1 < 1, (37)

then ∆k > 0. Details will not be given here. This is fortuitous, because if (37) holds, then382

the denominator in (33) is positive. It turns out that (37) is satisfied by all 1169 spectra in383

the data set.384

The quantity g1 is a useful relative goodness of fit measure. Excluding the first term385

on the right hand side of (35), the quantity σ̂2Vγ/γ̂2 is the estimated variance of γ̂ divided386

by γ̂2 (making it scale invariant). γ̂ is the denominator in p̂k,u. So when the variance of387

the denominator is relatively large, the CI can become “invalid” (although that hasn’t388

happened with any of the spectra in the data set being considered).389

Analogous to Figure 4 (a) under the PL model, Figure 5 (a) shows the nominal,390

constrained and unconstrained fits for spectrum 1099 under the NNL model. As in the391

previous subsection, I will use the nominally purest PV, NPV and BS spectra shown392

in Figures 2 (a), (b) and (c) respectively as the three endmembers. However, unlike393

in the previous subsection, I will not standardise any of the endmember spectra. As394

previously, the constrained solution can be found using quadratic programming methods395

[29, Chapter 16]. For bands 1, 2 and 3, the constrained fit under the NNL model is a little396

worse than the constrained fit under the PL model. However, it is much better for bands397

4, 5 and 6. On the other hand the unconstrained fit under the NNL model is clearly398

far superior to its counterpart under the PL model. This example clearly illustrates the399

advantage of fitting the NNL model, rather than standardising the spectra first and then400

fitting the PL model.401
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Figure 5. Nominal, constrained and unconstrained fits and 95% JCR for PV and NPV estimates for
spectrum 1099 under the three-endmember NNL model. 95% CIs for PV, NPV and BS proportions:
(0.17, 0.46), (0.39, 1.00), (0.00, 0.27). In (b), the constrained joint CR is just the intersection of the
ellipse and the triangle. An elliptical approximation to this region is shown in cyan.

Although the unconstrained fit under the NNL model is visually much better than402

its counterpart under the PL model, the 95% CIs are somewhat longer; see the captions403

for Figures 4 and 5 for details. Although this is perhaps disappointing, it is probably404

more realistic.405

I now turn to a JCR for any two proportions under the NNL model. As in Section406

2.3.2, this is actually a JCR for all three proportions because of the sum-to-one constraint.407

I believe what follows to be original. In Appendix B, I will give an outline of the derivation408

of the JCR. However, I will give a more detailed derivation in a separate publication.409

Let p̂T
kl,u ≡ ( p̂k,u, p̂l,u) now denote a vector of two unconstrained estimators of the410

form (32) of pT
kl ≡ (pk, pl). The JCR based on these unconstrained estimators is based411

on an inequality involving a quadratic form. As pointed out previously, p̂k,u is a biased412

estimator of pk. A consequence of this is that the quadratic form is not centred on413

p̂kl,u. Let Fkl denote the submatrix consisting of rows and columns k and l of F, and let414

CT
kl = (Ck, Cl), where Ck is given by (36). Let415

q = pkl − Ckl/Vγ, q̂ = p̂kl,u − Ckl/Vγ. (38)

In its most succinct form, the 100(1 − α)% JCR based on the unconstrained estimator416

p̂kl,u is given by those values of pkl satisfying417

qTAq + bTq + c < 0, (39)

where418

A = {(1 − g2) + q̂TBq̂}B − Bq̂q̂TB, (40)

bT = −2q̂TB, (41)

c = q̂TBq̂ − g2, (42)

where419
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B = Vγ(Fkl − CklCT
kl/Vγ)

−1, (43)

and420

g2 = 2F2,d−M,ασ̂2Vγ/γ̂2. (44)

Compare (44) with (35). It can be shown that, if421

g2 < 1, (45)

then (39) is the interior of an ellipse. A proof will be published elsewhere. Compare (45)422

with (37). We have423

g2/g1 = 2F2,d−M,α/F1,d−M,α. (46)

For the data considered in this paper d = 6. When M = 3 and α = 0.05, g2/g1 = 1.89,424

so that the inequality (45) is more stringent that the inequality (37). Nevertheless, all425

1169 spectra satisfy the inequality (45).426

Figure 5 (b) shows the nominal, constrained and unconstrained PV and NPV427

estimates for spectrum 1099, the 95% joint confidence ellipse for the true PV and NPV428

values for the NNL model (based on (39)), the center of the ellipse and the feasible429

triangle. The X and Y ranges of the figure are the same as those for Figure 4 (b) (using the430

PL model), which allows for a direct comparison between the two. There are a number of431

things to note. First, while under the PL model the axes of the ellipse are approximately432

parallel to the X and Y axes, under the NNL model the ellipse is tilted. Second, the latter433

ellipse is somewhat shorter and fatter than the former. Third, p̂PV,u has increased from434

0.227 to 0.325. Together, these three facts mean that the nominal proportions are now435

inside the confidence ellipse (and the JCR), where they weren’t previously. Also note the436

small difference between the center of the ellipse and the unconstrained estimator, due437

to the bias of the latter.438

2.3.3. Primary and secondary endmembers439

As previously, I assume that there are M endmembers, of which L are “primary”440

endmembers and M − L are “secondary” endmembers. Without loss of generality, I441

will assume that the primary endmembers are the first L endmembers. An obvious442

example of this is where PV, NPV and BS are the primary endmembers, and (non-zero)443

shade and/or water are the secondary endmembers. In this case, we are interested in444

constructing CIs and JCRs for the relative proportions of the primary endmembers. The445

estimators of the relative proportions are just the estimators of the original proportions,446

divided by the sum of the original estimated proportions of the primary endmembers447

only. Hence they are ratios, as are the estimated (original) proportions under the NNL448

model (see (28)), and so only small adaptations of the NNL theory are required, whether449

one uses the PL or NNL model to begin with. Noting the comments after (36), all that450

is needed is to obtain new formulae for Vk, Ck and Vγ. The CI for the unconstrained451

estimators is then given by (33), while the JCR is given by (39).452

Under the PL model, the relevant covariance matrix is given by (16). where V is453

given by (17). Let VL,L denote the submatrix of V corresponding to its first L rows and454

L columns (corresponding to the L primary endmembers), and let vk,L denote row k of455

VL,L. Then the relevant entries in (33) and (39) under the PL model are:456

Vk = vkk, Ck = vT
k,L1L, Vγ = 1T

L VL,L1L, (47)

where vkk is the kth diagonal entry of V (as previously defined) and 1L is a vector of L1’s.457

Under the NNL model, the unconstrained relative estimated proportions are given458

by459

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 24 January 2023                   doi:10.20944/preprints202301.0423.v1

https://doi.org/10.20944/preprints202301.0423.v1


p̂k,u/
L

∑
l=1

p̂l,u = β̂k/
L

∑
l=1

β̂l , (48)

by (32). The relevant covariance matrix is then given by (30), where F is given by (12).460

Let FL,L denote the submatrix of F corresponding to its first L rows and L columns, and461

let fk,L denote row k of FL,L. Then the relevant entries in (33) and (39) under the NNL462

model are:463

Vk = fkk, Ck = fT
k,L1L, Vγ = 1T

L FL,L1L, (49)

where fkk is the kth diagonal entry of F (as previously defined).464

I don’t give an example of CIs and JCRs for relative proportions of primary endmem-465

bers here, because the data set analysed in this paper doesn’t provide any secondary466

endmembers. However, I have included it because (i) it is a topic of some interest (e.g.467

[14–16], and (ii) the relevant theory is a relatively simple extension of the NNL model.468

2.3.4. Endmember variability469

This section is primarily motivated by the data set described in Section 2.1. In470

particular, note that in Figure 1(b), spectrum 275 is somewhat different in shape to the471

other two spectra, even though all three have the same nominal proportions. This is an472

indication that a model with unique PV, NPV and BS endmembers (such as (1) or (6)) is473

inadequate to model such variation.474

A common approach to this endmember variability problem [24] is to use libraries475

with multiple examples of pure “spectra” drawn from each class. Single spectra are476

then drawn from each of the classes for use in the linear mixture model in such a way477

that a best fit is achieved according to some criterion (e.g. MESMA). Unfortunately, the478

approach presented in this paper is not easy to combine with this approach; see [27] and479

references therein.480

I offer an alternative approach which can be useful in some circumstances. The idea481

is to model the endmembers in each class as linear mixtures of the extreme endmembers482

in that class. I will discuss how one might find these extreme endmembers shortly, but483

for the time being, let us assume that we have found them. Let L now denote the number484

of broad classes. Within broad class j, j = 1, . . . , L, assume that there are nj extreme485

endmembers. Then the total number of exteme endmembers is M = ∑L
j=1 nj. In order to486

be able to estimate the error, we require M ≤ d under the PL model and M < d under487

the NNL model, which is a significant limitation of the approach for small d.488

Let Cj denote the indices k (between 1 and M) belonging to broad class j, j = 1, . . . , L.489

Either the PL model or the NNL model is first fitted using all M extreme endmembers,490

and then the proportions of each broad class are modelled as:491

p∗j = ∑
k∈Cj

pk, j = 1, . . . , L. (50)

There is an analogous formula for the unconstrained estimators of these parameters,492

p̂∗j , based on (11) for the PL model, and (28) for the NNL model. Equation (50) can be493

written in matrix notation. Let pT = (p1, . . . , pM) denote the vector of notionally true494

proportions of the M extreme endmembers, and let p∗T = (p∗1 , . . . , p∗L) denote the L495

broad class proportions. Let H denote an L × M matrix, with entry hj,k in row j and496

column k given by497

hj,k = 1, k ∈ Cj, (51)

= 0, otherwise.

Then the matrix version of (50) is498
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p∗ = Hp, (52)

with analogous formulae for the estimated unconstrained proportions, p̂∗u, under both the499

PL and NNL models.500

For the PL model, it follows from (16) that501

Cov( p̂∗u) ≡ σ2V∗ = σ2HVHT , (53)

where V is given by (17). Then the formulae given for CIs and JCRs under the PL model502

in Section 2.3.1 apply with V everywhere replaced by V∗. Note however that the formula503

for σ̂2 (19) remains unchanged.504

For the NNL model, the relevant quantity is β̂∗ = Hβ̂, where β̂ is given by (27). It505

follows from (30) that506

Cov(β̂∗) ≡ σ2F∗ = σ2HFHT , (54)

where F is given by (12). Then the formulae given for CIs and JCRs under the NNL507

model in Section 2.3.2 apply with F everywhere replaced by F∗. However, note that σ̂2 is508

still given by (31); F∗ does not replace F in this equation.509

Although the above approach has limitations when d is small, its advantage is510

that it can often model the variety of endmembers within a broad class in a continuous511

way. The usual approach relies on having enough endmembers in each broad class to512

represent all the variability among mixtures in the data set under consideration. This513

may not always be the case.514

I now show how to apply the above theory to the data set discussed in Section515

2.2 using the NNL model. Because d = 6, there can be at most M = 5 endmembers.516

The greater variability of the purest NPV and BS spectra in the data set (see Figures517

2 (a), (b) and (c)) suggests that the model should use 1 PV, 2 NPV and 2 BS endmem-518

bers. It is not easy to find extreme endmembers in the latter two broad classes using519

automated methods. Fortunately, there are two significant subsets of the data set where520

the nominal proportion of one of the broad classes is < 0.01 (i.e. that class is almost521

absent): 181 spectra (15.5% of the total) have pPV < 0.01, while 110 spectra (9.4%) have522

pBS < 0.01. Plots of the first few PCs of the standardised spectra of these two subsets523

make it relatively easy to identify suitable candidates for the extreme endmembers524

for all three broad classes. Details of the procedure will not be given here. The five525

(unstandardised) endmembers found using this procedure are shown in Figure 6. Their526

nominal proportions are shown in the legend. While one each of the PV, NPV and BS527

endmembers has a nominal proportion which is either the highest or second highest528

nominal proportion in its broad class, the other NPV and BS endmembers have much529

lower nominal proportions, each a little over 0.90.530

Figure 7 (a) shows the nominal, constrained and unconstrained fits for spectrum531

1099 under the five-endmember NNL model. Compare this with the corresponding fits532

under the three-endmember NNL model in Figure 5 (a). While the constrained fit hasn’t533

changed much (with the three proportions changing marginally from (0.325, 0.675, 0)534

to (0.320, 0.680, 0)), the unconstrained fit is now almost visually perfect (with the three535

proportions changing from (0.325, 0.883, -0.208) to (0.400, 0.609, -0.009)). This in turn536

means that σ̂ is very small, which in turn means that the 95% CIs are also very small. In537

fact, it is so small, that the unconstrained CI for BS does not intersect [0, 1]. If pBS = 0,538

one would expect this to happen about 2.5% of the time; another 2.5% of the time, the539

CI will intersect [0, 1] but exclude 0. There are two ways of dealing with this. First, one540

can reduce α (and hence expand the CI) until the CI intersects [0, 1]. Alternatively, we541

just set the CI to the nearest value in [0, 1], i.e. [0, 0], which is what I have written in the542

caption of Figure 7.543

This problem is reflected in the 95% JCR, which is shown in Figure 7 (b). The confi-544

dence ellipse is slightly outside the triangle determined by the constraints. Nevertheless,545
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Figure 6. Endmembers used in the five endmember NNL model. Their nominal proportions are
shown in the legend.

the plot gives us a good idea of where the true proportions are likely to be with a high546

level of confidence. More generally, the use of the five-endmember NNL model has547

considerably improved the fit over that produced by the three-endmember NNL model,548

at least for this spectrum.549
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Figure 7. Nominal, constrained and unconstrained fits and 95% JCR for PV and NPV estimates for
spectrum 1099 under the five-endmember NNL model. 95% CIs for PV, NPV and BS proportions:
(0.400, 0.400), (0.608, 0.609), (0.00, 0.00). In (b), the constrained joint CR is just the intersection of
the ellipse and the triangle. An elliptical approximation to this region is shown in cyan.

I have chosen spectrum 1099 as the exemplar for a number of reasons: (i) the550

unconstrained estimator lies outside the triangle determined by the constraints under551

all three models examined, (ii) the unconstrained fit under the five-endmember NNL552
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model is significantly better than the fit under the three-endmember NNL model, and553

(iii) under the five-endmember NNL model the 95% CI and JCR do not intersect [0, 1]554

and the feasible triangle respectively.555

Unfortunately, there is a downside to the use of the five-endmember NNL model.556

Whereas all 1169 spectra satisfy the inequalities (37) and (45) (which are sufficient to557

ensure valid (unconstrained) CIs and JCRs) for the three-endmember NNL model, only558

1101 and 926 of the spectra satisfy these inequalities respectively for the five-endmember559

NNL model. At first sight, this may be appear contradictory, because one would expect a560

better fit of the five-endmember model than for the three-endmember model. Indeed for561

1093 of the 1169 spectra (93.5%), σ̂2, defined by (31), is smaller for the five-endmember562

model than it is for the three-endmember model. The reason that it is not 100% is563

partly because the endmembers in the three-endmember model are not a subset of564

the endmembers in the five-endmember model, but more importantly because the565

denominator in (31) (the df) is reduced from 3 to 1, so the five-endmember numerator566

needs to be considerably smaller than the three-endmember numerator to counteract this.567

In addition, note that in the definitions of g1 and g2 ((35) and (44) respectively), there are568

a number of factors, apart from σ̂2, that will change between the two models, in particular569

the factor Fl,d−M,α, where l = 1 or 2 for g1 and g2 respectively. These factors are much570

higher when d − M = 1 than when d − M = 3. For instance, F1,1,0.05/F1,3,0.05 = 15.9,571

while F2,1,0.05/F2,3,0.05 = 20.9. So the other factors in g1 and g2 have a lot of work to do572

when the df is reduced from 3 to 1.573

In the next section, I show how this problem can be ameliorated somewhat.574

2.3.5. Relaxing the assumption (10)575

In this section, it will be convenient to reintroduce the subscript i to represent576

spectrum i.577

Up to this point, I have assumed that the errors in each band of any spectrum have578

the same variance and are uncorrelated; see (10). An examination of the ten purest PV,579

NPV and BS spectra (Figures 2 (a), (b) and (c) respectively) suggests that perhaps there580

is greater variability in bands 1, 2 and 3 than in bands 4, 5 and 6. So perhaps we should581

relax the assumption (10). Although I will do this shortly, for the sake of completeness, I582

will generalise (10) to583

Cov(ϵi) = σ2
i Ω, i = 1, . . . , N, (55)

where Ω is assumed known, but σi is assumed unknown. It is straightforward to convert584

any of the three models considered so far with the assumption (55) into the analogous585

model with the assumption (10). This is done via an eigendecomposition of Ω:586

Ω = QTΛQ, (56)

where587

QTQ = I. (57)

Here Λ is the diagonal matrix of eigenvalues of Ω (which I will assume are all positive),588

and the columns of Q are its eigenvectors. Let589

Zi = Λ−1/2QXi. (58)

It follows easily from (56) and (57) that Zi satisfies (10). So the theory of the previous590

three subsections will apply if we first transform Xi to Zi via (58).591

In principle, with a large enough library of pure spectra, it should be possible to592

estimate Ω and to then use the transformation (58); see for instance [22].593

This is not the case with the data set discussed in Section 2.2. However, some594

progress is possible if one is prepared to assume that Ω is diagonal, i.e. the errors in595
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different bands are uncorrelated. (Note that in this case Q = I and Λ = Ω.) I will call596

this the variable error variance model, and the model (10) the constant error variance597

model. Denote the diagonal entries of Ω by ω1, ω2, . . . , ωd. For the five-endmember598

NNL model, how might one estimate these? A relatively simple, if crude, method is as599

follows. For spectrum i, consider the vector of residuals obtained from the constant error600

variance model ρi = (ρi1, ρi2, . . . , ρid), given by601

ρi = Xi − Eβ̂i, (59)

where β̂i is given by (27). If we square ρij, each should on average be approximately602

proportional to ωj. However, brighter spectra will tend to have larger residuals than603

darker spectra, so we should divide ρ2
ij by γ̂2

i , given by (29), and then average this604

statistic over all the fitted spectra in the data set, i.e.605

ωj =
N

∑
i=1

ρ2
ij/γ̂2

i , j = 1, . . . , d. (60)

I have done this for the five endmember model and all 1164 non-endmember spectra.606

The values of ω1/2
j (×10−5) (the actual divisors of each entry of Xi) are: 271, 368, 147,607

12.5, 4.1, 16.1. As expected, these are much larger for bands 1, 2 and 3 than they are for608

bands 4, 5 and 6.609

When these values are used to produce Zi, instead of Xi (equation (58)), the number610

of spectra satisfying (37) increases from 1101 (94.2%) to 1169 (100%), while the number611

of spectra satisfying (44) increases from 926 (79.2%) to 1148 (98.2%).612

For spectrum 1099, the unconstrained estimators for the variable error variance model613

are the same as they are for the constant error variance model (to three decimal places):614

(0.400, 0.609, -0.009), while the constrained estimators change a little from (0.320, 0.680,615

0.000) to (0.285, 0.715, 0.000). The CI and JCR (based on the unconstrained estimators)616

are also very similar to those shown in Figures 7 (a) and (b) respectively, so they are617

not shown here. Instead, I show the analogous figures for spectrum 77 in Figures 8618

(a) and (b). This is the spectrum with the largest value of g2 less than 1 (0.995). Both619

the unconstrained and constrained estimators fit the spectrum quite well, except in620

band 2, the green (chlorophyll) band. This raises three issues. First, the green peak in621

Figure 8 (a) is much higher than the corresponding peaks of the ten purest PV spectra622

in the data set; see Figure 2 (a). So they are not sufficiently representative of “very623

green” PV spectra. The second issue is that, even were such samples present in the624

dataset, we would need both “green” and “very green” endmembers, but then df =625

0, and so it would be impossible to generate CIs and JCRs. The third issue is that the626

nominal fit is much poorer, raising doubts about the accuracy of the nominal proportions.627

Unfortunately, because of the (relatively) poor fit in band 2, the individual 95% CIs for628

the three proportions are each [0, 1], which is totally uninformative. However, the JCR629

(shown in Figure 8 (b)) is much more informative. The confidence ellipse is long and630

narrow, so I have only shown the plot in the vicinity of the feasible triangle. It intersects631

with a relatively small part of the triangle, and so localises the JCR considerably. This632

example is a very good demonstration of the value of the JCR over the individual CIs.633

2.4. Application to Multispectral Image Data634

The intersection of an ellipse and a triangle cannot be represented algebraically.635

This is a drawback if one has multispectral image data. Such data are themselves usually636

summarised by a smaller number of images (e.g. NDVI images) for ease of interpretation.637

It would therefore be useful if the JCR (which, as can be seen in various examples above,638

is much more informative than three separate CIs) could be approximated by a small639

number of parameters which can be displayed as color images.640

The basic idea presented in this section is to approximate the JCR itself by an ellipse.641

I will differentiate the “approximating” ellipse from the ellipse intersecting the feasible642
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Figure 8. Nominal, constrained and unconstrained fits and 95% JCR for PV and NPV estimates for
spectrum 77 under the five-endmember NNL model. 95% CIs for PV, NPV and BS proportions: [0,
1], [0, 1], [0, 1]. In (b), the constrained joint CR is just the intersection of the ellipse and the triangle.
An elliptical approximation to this region is shown in cyan.

triangle by calling the latter the “unconstrained” ellipse. Examples of the approximating643

ellipse are shown (in cyan) in Figures 4 (b), 5 (b), 7 (b) and 8 (b).644

Although the idea is easy to explain, there are a number of different ways in which645

an ellipse can (or cannot) intersect a triangle, and it can be tedious to implement them646

all. The vast majority of examples fall into one of five categories. Three of these categories647

have been illustrated in this paper. Figures 4 (b) and 5 (b) exemplify the category648

where the unconstrained ellipse intersects the boundary of the triangle in two places649

and has one end inside and one end outside the triangle. Figure 7 (b) exemplifies the650

category where the unconstrained ellipse does not intersect the triangle at all. Figure651

8 (b) exemplifies the category where the unconstrained ellipse intersects the boundary652

of the triangle in four places. The two other main categories are: (i) the unconstrained653

ellipse lies entirely inside the feasible triangle, and (ii) one edge of the unconstrained654

ellipse intersects the boundary of the triangle in two places (on two different sides), but655

both ends are outside the triangle. Typically, this happens near a corner of the feasible656

triangle.657

An example of this category is shown in [35, Section 5.1]. I have also found rare658

pathological examples in the data set discussed in this paper, as well as two other data659

sets. One of these pathological examples is also shown in [35, Section 5.1].660

As the examples shown in this paper illustrate, the approximating ellipse usually661

provides a reasonable approximation to the intersection of the unconstrained ellipse and662

the feasible triangle.663

Once the major and minor axis lengths and the orientation of the approximating664

ellipse have been calculated at each pixel, they can be displayed as a colour image, as665

can three proportion estimates, either the constrained estimates or the centres of the666

approximating ellipse. There is extensive discussion about this issue in [35, Section 5.2].667

Various issues are illustrated with the aid of two small image data sets.668

3. Discussion and Conclusions669

In this paper, I have demonstrated how to construct valid CIs and JCRs for propor-670

tions for several versions of the three-endmember linear mixture model. I have focussed671

on the three-endmember model, because there are many papers in the remote sensing672
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literature which use it, especially for multispectral data, and also because JCRs for such673

models are easy to visualise, because the problem is essentially two dimensional.674

The CIs and JCRs are based on two principles. The first is the principle that675

they should be based on the unconstrained estimator (i.e. ignoring the non-negativity676

constraint (3)) because the constrained estimator throws away important information677

about the variability of the estimator; see Figure 3. I call the second principle the678

Intersection Principle. Because of the constraints (2) and (3), CIs don’t always provide679

very useful information. JCRs can often overcome this issue; see for instance Figures 4680

(a) and (b), 5 (a) and (b), and 8 (a) and (b) (and the captions of these figures).681

The first model that I analysed (in Section 2.3.1), the PL model, assumes that the682

coefficients in the model are proportions. However, unless the spectra in the data set683

discussed in Section 2.1 are first standardised, this model doesn’t fit the spectra very684

well because of brightness variations in spectra with the same nominal PV/NPV/BS685

proportions; see Figures 1(a) and 1(b). In order to overcome this problem, I introduced686

and analysed (in Section 2.3.2) the NNL model (6), in which the coefficients are still687

constrained to be non-negative, but they are no longer constrained to sum to 1. The pro-688

portions are then estimated via ratio estimators. CIs for such estimators have previously689

been derived by [34]. I have extended this theory to provide JCRs under this model. A690

more detailed analysis will be published elsewhere. Unfortunately, when inequalities691

(37) and (45) aren’t satisfied, the CIs and JCRs are respectively no longer valid. This692

happens when the unconstrained estimator is not sufficiently well fitted. For both the693

PL and NNL models, it is assumed (for simplicity) that the error variance is the same in694

all bands; see (10).695

In the following three subsections, I analysed three variants of these two funda-696

mental models. In Section 2.3.3, I considered the case where there are three primary697

endmembers and some secondary endmembers (i.e. of lesser interest), while in Section698

2.3.4, I demonstrated how in some cases endmember variability can be modelled under699

either the PL or NNL framework. I exemplified this using an NNL model with 1 PV, 2700

NPV and 2 BS endmembers. In Section 2.3.5, I showed how to relax the assumption (10).701

Returning to the inequalities (37) and (45) for the NNL model, the issue is essentially702

a df (= d − M) problem. For the three-member NNL model (with df = 3), all 1169 spectra703

in the exemplar data set satisfy both inequalities when using a basic three-endmember704

model (in Section 2.3.2). However, when using the five-endmember model (with df =705

1, in Section 2.3.4), not all the spectra satisfy the inequalities, although the situation is706

improved somewhat in Section 2.3.5 by using a more suitable error covariance structure.707

Of course, this problem could be overcome by using a sensor with additional bands.708

An obvious sensor is MODIS (at least the seven bands with 500 m resolution or better).709

However, airborne hyperspectral sensors such as AVIRIS and HyMap (with 224 and 126710

bands respectively) provide much greater redundancy in modelling and hence degrees711

of freedom! In such a case, the chances of the inequalities (37) and (45) being satisfied712

are greatly increased; see the discussion at the end of Section 2.3.4.713

Hyperspectral sensors also (potentially) provide an opportunity to examine JCRs714

for more than three materials, even when some of these materials are considered to be715

variants within the same endmember class, using the theory presented in Sections 2.3.4716

and 2.3.5. However, there are two issues to address here. First, there is the visualisation717

issue. When there are four (possibly broad) classes, because of the sum-to-one constraint718

(2), the JCR will need to be displayed in 3D, which is possible because of the ready719

availability these days of 3D visualisation software. Visualising JCRs for more than four720

materials is more difficult. However, there is a more fundamental issue: is the necessary721

theory available to obtain JCRs for more than three materials? For the PL model, it is722

straightforward to generalise (25) provided M ≤ d. No such theory has been published723

for the NNL model for more than three materials. However, using fairly sophisticated724

matrix algebra, I have been able to generalise (39) provided M < d. I will publish the725

relevant theory elsewhere.726
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Returning to the multispectral case, the JCR is just the intersection of the uncon-727

strained ellipse and the feasible triangle (when they intersect). This intersection cannot728

be represented algebraically, which presents difficulties when summarising the infor-729

mation in multispectral image data. So in Section 2.4, I discussed how to approximate730

the intersection by another ellipse. The parameters of the approximating ellipse can be731

summarised by two colour images, one representing the center of the approximating732

ellipse, and the other the orientation and major and minor axis lengths of the ellipse.733
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The following abbreviations are used in this manuscript:740

741

BS Bare soil
CI Confidence interval
JCR Joint confidence region
LS Least squares
MESMA Multiple endmember spectral mixture analysis
NNL Non-negative linear
NPV Non-photosynthetic vegetation
PL Proportion linear
PV Photosynthetic vegetation
TM Thematic Mapper
VIS Vegetation-impervious surface-soil

742

Appendix A. Outline of derivation of (33)743

Following [34], consider the quantity744

rk = β̂k − pkγ̂, (A1)

where β̂k is component k of β̂, given by (27), and γ̂ is given by (29). It follows from745

standard LS theory that E(β̂k) = βk, and hence from (29) and (8) that E(γ̂) = γ. It then746

follows from (9) and (A1) that747

E(rk) = 0. (A2)

We next need to calculate the variance of rk. it follows from (30) and (A1) that748

Var(rk) ≡ σ2wkk = σ2(Vk − 2pkCk + p2
kVγ), (A3)

where Vk, Ck and Vγ are given by (36).749

From standard statistical theory,750

tk ≡ (β̂k − pkγ̂)/{σ̂(Vk − 2pkCk + p2
kVγ)

1
2 } (A4)

has a t distribution with d − M df, where σ̂2 is given by (31). Equivalently,751

S1,k ≡ (β̂k − pkγ̂)2/{σ̂2(Vk − 2pkCk + p2
kVγ)} (A5)

has an F distribution with 1 and d − M df. Hence, with probability 1 − α,752

S1,k ≤ F1,d−M,α, (A6)

where Fν1,ν2,α is the upper 100α percentage point of the F distribution with ν1 and ν2 df.753
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This inequality provides the means of deriving a CI for the unknown parameter pk.754

However, the problem is non-standard because pk occurs in both the numerator and755

denominator in (A5). Fortunately, both the numerator and denominator are quadratic in756

pk. So we can substitute the right hand side of (A5) into the left hand side of (A6), and757

multiply both sides by the denominator to obtain a quadratic inequality in pk. This can758

be solved by standard means to obtain the bounds of the CI, which are given by (33).759

Appendix B. Outline of derivation of (39)760

The derivation generalises the approach taken in Appendix A. Let Rkl = (rk, rl),761

where rk and rl are given by (A1) and let σ2Wkl denote the covariance matrix of Rkl762

(details of Wkl will be given shortly). Then generalising the statistic (A5)763

S2,kl ≡ RT
klW

−1
kl Rkl/(2σ̂2) (A7)

has an F distribition with 2 and d − M df, where σ̂2 is given by (31). Hence, with764

probability 1 − α,765

S2,kl ≤ F2,d−M,α. (A8)

Let wkl denote the (k, l)th element of Wkl . wkk (and hence wll) are given by (A3),766

while from (A1), wkl is given by767

wkl = Vkl − pkCl − plCk + pk plVγ, (A9)

where Vγ and Ck (and hence Cl) are given by (36), and768

Vkl = fkl , (A10)

the (k, l)th element of F, given by (12). Using a standard formula for the inverse of a769

2 × 2 matrix,770

W−1
kl =

(
wll −wkl
−wkl wkk

)
/(wkkwll − w2

kl). (A11)

After substituting (A11) into (A7), and then substituting (A7) into (A8), multiplying both771

sides of the inequality by the denominator on the left hand side, and using (A3) and772

(A9), one obtains a quadratic inequality. Its most succinct form is given by (39).773
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