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Abstract: This article develops duality principles and numerical results for a large class of non-convex variational
models. The main results are based on fundamental tools of convex analysis, duality theory and calculus of
variations. More specifically the approach is established for a class of non-convex functionals similar as those
found in some models in phase transition. Moreover, we develop a general duality principle for quasi-convex
relaxed formulations for some models in the vectorial calculus of variations. Concerning applications of such
results are presented for a non-linear model of plates and for non-linear elasticity. Finally, in some sections we

present concerning numerical examples and the respective softwares.
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1. Introduction

In this section we establish a dual formulation for a large class of models in non-convex optimiza-
tion. It is worth highlighting the main duality principle is applied to double well models similar as
those found in the phase transition theory.

Such results are based on the works of J.J. Telega and W.R. Bielski [1-4] and on a D.C. optimization
approach developed in Toland [5]. About the other references, details on the Sobolev spaces involved
are found in [6]. Related results on convex analysis and duality theory are addressed in [7-13].

Similar models on the superconductivity physics may be found in [14-16].

At this point we recall that the duality principles are important since the related dual variational
formulations are either convex (in fact concave) or have a large region of convexity around their critical
points. These features are relevant considering that, from a concerning strict convexity, the standard
Newton, Newton type and similar methods are in general convergent. Moreover, the dual variational
formulations are also relevant since in some situations, it is possible to assure the global optimality of
some critical points which satisfy certain specific constraints theoretically established.

Among the main results here developed, we highlight the duality principles for the quasi-convex
formulations in the context of the vectorial calculus of variations. An important example in non-linear
elasticity is addressed along the text in details.

Also, for the applications in physics in the final sections, we believe to have found a path to
connect the quantum approach with a more classical one in a unified framework.

Indeed, we have presented a path to model a great variety of chemical reactions through such a
connection between the atomic and classical worlds.

Finally, in this text we adopt the standard Einstein convention of summing up repeated indices,
unless otherwise indicated.

In order to clarify the notation, here we introduce the definition of topological dual space.

Definition 1.1 (Topological dual spaces). Let U be a Banach space. We shall define its dual topological
space, as the set of all linear continuous functionals defined on U. We suppose such a dual space of U, may be
represented by another Banach space U*, through a bilinear form (-,-)y : U x U* — R (here we are referring
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to standard representations of dual spaces of Sobolev and Lebesgue spaces). Thus, given f : U — R linear and
continuous, we assume the existence of a unique u* € U* such that

fu) = (u,u*)y,Vu € U. ©)
The norm of f, denoted by || f ||+, is defined as

[ fllur = sup{|(w, u*)ul : [[ullu <1} = [[u*|u- (2)
uel

At this point we start to describe the primal and dual variational formulations.

2. A General Duality Principle Non-Convex Optimization

In this section we present a duality principle applicable to a model in phase transition.

This case corresponds to the vectorial one in the calculus of variations.

Let Q) C R" be an open, bounded, connected set with a regular (Lipschitzian) boundary denoted
by 0Q).

Consider a functional | : V — R where

J(u) = F(Vuy,--- ,Vun) + G(ug, - -+ ,un) — (u;, hi) 2,

and where

F(Vuq,---,Vuy) = /Qf(Vul,- -+, Vuy) dx
f: RN*" — R is a three times Fréchet differentiable function not necessarily convex. Moreover,
V={u=(u, - ,uy) € WP RN) : u=uyonaQ},

h=(hy, -, hy) € L2(;RN),and 1 < p < +o0.
We assume there exists & € R such that

a = inf J(u).

ueV

Furthermore, suppose G is Fréchet differentiable but not necessarily convex. A global optimum
point may not be attained for | so that the problem of finding a global minimum for | may not be a
solution.

Anyway, one question remains, how the minimizing sequences behave close the infimum of J.

We intend to use duality theory to approximately solve such a global optimization problem.

Define Vo = Wy (Q; RN) and

Vo(u) ={¢p € Vo : supp¢ C B(u)},

where
B(u) ={x € Q : f(Vu(x)) < f(Vu(x))}.

Moreover, Y1 = Y = L2(Q;RN*M) Y, = Y; = L2(O;RN*M) vy = Y; = L2(Q;RN), so that at
this point we define, F; : Vx Vp =R, G1: V=R, G :V =>R,G3:Vy 2 Rand G : V = R, by

K
Fi(ug) = F(Vur+ Yy, Vuy+ Voy) + 5 /Q Vuj - Vu; d

K
+5 [ Ve Vgy dx ®)


https://doi.org/10.20944/preprints202302.0051.v77

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 27 May 2024 doi:10.20944/preprints202302.0051.v77

3 0f 280
and K
Gi(uy, -+ ,up) = G(uy, -+ ,un) + 71 /Q uj uj dx — <ui,fi>L2,
K3
Ga(Vity, -+, Vun) = 5 [ V-V
K>
Go(Vr, -+ Vgn) = 3 [ Vagy- Ve dx,
and K
1
G4(u1,' e ,HN) = 7 /Qu] u]- dx.
Definenow J; : V x Vj — R,
Ji(u,¢) = F(Vu+ Vo) + G(u) — (u, hz’>L2~
Observe that
hw,¢) = F(u,¢)+Gi(u) = Go(Vu) — G3(V) — Gy(u)
< R(u,@) +Gi(u) = (Vu,21) 12 = (V§, 23)12 — (1, 23) 12
+ sup {(01,21) 12 — Ga(v1)}
v1€Yq
+ sup {(02,23) 12 — G3(v2) }
€Yy
+sup{(u,23) 12 — G4(u)}
uev
= R ¢)+Gi(u) — (Vu,z1)p2 = (V§,23) 12 — (4, 23) 12
+G3(21) + G3(22) + Gy (23)
= h(we,z), (4)
VueV, ¢ cV(u), 25 =(z],25,23) €Y' =Y x Y5 x Y5,
From the general results in [5], we may infer that
inf , = inf (u, ¢, 2%). 5
(u,gb)eer/leo(u)](u 2 (12 €V < Vo (1) XY S, ¢.27) ©)
On the other hand

inf > inf .
L}QV](M) - (u,q))elll;lxvo(u) ]1(14, (P)

From these last two results we may obtain

inf > inf “(u, ¢,z").
L}IQV](M) - (u,¢,z*)€\1/'r>l<VO(u)><Y* ]1 (M 4) z )

Moreover, from standards results on convex analysis, we may have

inf Ji(n,¢,2) = inf {Fi(,6) + Gi(u)
—(Viu,28) 2 — (V4,32 — (0,25) 2
+G3(2f) + G3(23) + Gi (3)}

= sup {-F (0] +21,¢) = Gi (03 +23) = (V§,23) 2

(v3,03)eC*

+G3(21) + G3(22) + Gi(z3) (6)
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where
C*={v" = (v],0v3) € Yy xY5 : —div(v]); + (v3); =0,Vie {1,--- ,N}},
Fi (vl +21,¢) = Sug{@lr —div(z; +07))p2 — B (w,9)},
ue
and
G1(v3 +23) = sup{(u,v3 + z3)1> — G1(u) }.
ueV
Thus, defining
L (¢,2",0") = F{(v] +21,¢) — GI(v3 +23) = (V,23)12 + Gy (27) + G3(23) + Gy (23),
we have got
f > inf ,
inf J(u) 2 oy, Ji(u, ¢)
— : f * 0, *
(1,2 €V x Vi (1) XY Jiw9,27)
— inf { inf 5 (¢,2%,0%) b b 7
zzlgw{;gw{;‘gg Bz >}} 0
Finally, observe that
f
inf J(u)
> inf inf < sup J5(¢,z%, 0"
Z*EY*{(PEV()(H){U*EIS* 2(4) )}}
> su inf (e, z*,0* } (8)
v*elg*{(z*r(l’)GY*XVo(“) 29207

This last variational formulation corresponds to a concave relaxed formulation in v* concerning
the original primal formulation.

3. Another Duality Principle for a Simpler Related Model in Phase Transition with a Respective
Numerical Example

In this section we present another duality principle for a related model in phase transition.

Let Q = [0,1] C R and consider a functional | : V — R where

2/ 2 12 x4 2 /u dx — (i, f) 12,

and where
V={uecW"¥Q) : u(0)=0and u(1) =1/2}

and f € L2(Q).
A global optimum point is not attained for | so that the problem of finding a global minimum for
J has no solution.
Anyway, one question remains, how the minimizing sequences behave close the infimum of J.
We intend to use duality theory to approximately solve such a global optimization problem.
Denoting Vy = W&A(Q), at this point we define, F: V — Rand F; : V x Vj — Rby

)= [ (-1
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and 1
_ / N2 1\2
R g) =5 [ (0 +¢) =17 dx.
Observe that
F > inf F , V.
(u) > 4)13/0 1(u,¢), Yu €

In order to restrict the action of ¢ on the region where the primal functional is non-convex, we
redefine a not relabeled
Vo = {<p eWH(Q) ¢ (¢)2—1<0,in Q}

and define also
F:VxVy— R,

F32V><V0—)R

and
G:VxVy—R
by
1 ! / 1
Bag) = 5 (/' + 9P =12 dx+5 [ wPdx—(uf)2
K "2
F(u,¢) = Fz(u,¢)+§/0(u) dx
Ki N2
) (@) dx 9)
and
K !/
G(u,¢) = E/Q(u)zdx
+% | (9) dx (10)

Denoting Y = Y* = L?(Q) we also define the polar functional G* : Y* x Y* — R by

G (v%v) = sup {(u,0") 2+ (9, 09)12 = G(u, @)}

(M,(P)EVXVO
Observe that
. > . Kok k) * _ * )
Iz G ) = () 4 B(g)

With such results in mind, we define a relaxed primal dual variational formulation for the primal
problem, represented by J; : V x Vp x [Y*]2 — R, where

Ji(u, ¢, 0%, 09) = G*(v", 05) = (u,0%) 12 = ($, 05) 12 + B3 (u, ).

Having defined such a functional, we may obtain numerical results by solving a sequence of
convex auxiliary sub-problems, through the following algorithm (in order to obtain the concerning
critical points, at first we have neglected the constraint (¢')> — 1 < 0 in Q).

1. Set K~ 0.1 and K1 =120.0and 0 < ¢ < 1.
2. Choose (u1,¢1) € V x Vp, such that [|u1][1,00 < 1and [|¢; 100 < 1.
3. Setn = 1.
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4. Calculate (v;;, (v)n) solution of the system of equations:

a]f (unr Pn, 0y, (08)11)

Jou* =0
and
a]‘r(unr()bﬂ/v;;/ (US)H) _ O
v !
that is 3G* (5%, (v))
v, (v
anv* 0 —up =0
wnd 9G* (o3, (@)
o, (0g)n)
v}, Pn =0
so that
«_ 9G(un, Pn)
On = ou
and 2G( )
%\ k u 4
(@) = gy

5. Calculate (141, ¢,+1) by solving the system of equations:

OJF (nt1, Pur1, 05, (V5)n)

ou =0
and . .
a]l (un—i-l/ ¢n+1; (2 (Uo)n) —0
dp
that is
ot aF3(”ngbll/ Pni1) _ 4
and SF
(o) + Slntduit)

6. If max{||un — tty+1]lco, [|Pn+1 — Pnllo} < &, then stop, else set n := n+ 1 and go to item 4.

At this point, we present the corresponding software in MAT-LAB, in finite differences and based
on the one-dimensional version of the generalized method of lines.
Here the software.

T —
1. clear all
m8=300;
d=1/mS§;
K=0.1;
K1=120;
for i=1:m8
uo(i, 1) =i *d/2;
vo(i,1)=i*d/10;
yo(i,1)=sin(i*d*pi)/2;

end;
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k=1;

b12=1.0;

while (b12 > 10~43) and (k < 230000)

k=k+1;

for i=1:m8-1

duo(i,1)=(uo(i+1,1)-uo(i,1))/d;
dvo(i,1)=(vo(i+1,1)-vo(i,1))/d;

end;

m9=zeros(2,2);

m9(1,1)=1;

i=1;

f1=6x(duo(i,1) +dovo(i,1))> - 2;

m80(1,1,i)=-f1-K;

m80(1,2,i)=-1;

m80(2,1,i)=-f1;

m80(2,2,1)=-f1-K1;

y11(1,i) = K* (uo(i +1,1) — 2% uo(i, 1)) /d*> — yo(i, 1);
y11(2,i) = K1 (vo(i +1,1) — 2% vo(i, 1)) /d%;

m12 = 2% m80(:,:,i) — m9 x d?;
mb0(:,;,1)=m80(:,:,i)*inv(m12);

2(:)=inv(m12)*y11(:i)*d?;

for i=2:m8-1

f1=6x(duo(i,1) +dvo(i,1))> — 2;

m80(1,1,i)=-f1-K;

m80(1,2,i)=-f1;

m80(2,1,i)=-1;

m80(2,2,1)=-f1-K1;

y11(1,i) = K* (uo(i +1,1) — 2% uo(i,1) + uo(i — 1,1)) /d*> — yo(i, 1);
y11(2,i) = K1 (vo(i +1,1) — 2% vo(i,1) + vo(i — 1,1)) /d?;
m12 =2+ m80(:,:,i) — m9 x d> — m80(:,:,i) * m50(:,:,i — 1);
mb50(:,:,1)=inv(m12)*m80(:,:,i);

z(:,1) = ino(m12) * (y11(:,i) * d*> + m80(:,:, 1) x z(:,i — 1));
end;

U(1,m8)=1/2;

U(2,m8)=0.0;

for i=1:m8-1

U(:,m8-1)=mb50(:,:,;m8-1)*U(:, m8-i+1)+z(:,;m8-i);

end;

for i=1:m8
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u(i,1)=U(1,1);
v(i,1)=U(2,i);
end;
b12=max(abs(u-uo))
uo=u;

VO=V;
u(m8/2,1)
end;

for i=1:m8
y(i)=i*d;
end;

plot(y,uo)

For the case in which f(x) = 0, we have obtained numerical results for K = 0.1 and K; = 120. For
such a concerning solution 1 obtained, please see Figure 1. For the case in which f(x) = sin(7x)/2,
we have obtained numerical results also for K = 0.1 and K; = 120. For such a concerning solution u
obtained, please see Figure 2.

0.5

0.4 /4

03 r

02r

0.1

-0.1

Figure 1. solution u(x) for the case f(x) = 0.

0.5

0.45 -

0.4

035

03r

0.25

02

0.15

0.1

0.05 -

Figure 2. solution u((x) for the case f(x) = sin(7mx)/2.
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Remark 3.1. Observe that the solutions obtained are approximate critical points. They are not, in a classical
sense, the global solutions for the related optimization problems. Indeed, such solutions reflect the average
behavior of weak cluster points for concerning minimizing sequences.

3.1. A General Proposal for Relaxation

Let QO C R” be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by Q).
Consider a functional | : V — R where

J(u) = F(Vu) + G(u) = (u, fi)r2,

where
V= {u € W1'4(Q;RN) : U =1ugon BQ},

uy € CH,RN),

fi € L2(O;RN), G : V — Ris convex and Fréchet differentiable, and
F(Vu) = /Q F(Vu) dx,

where f : RN*" — R is also Fréchet differentiable.
Assume there exists N € N such that

W, = {y e RN>n . () <f(y)} = Ujile

where for each j € {1,---,N} W; C RN*" js an open connected set such that dW; is regular. We also
suppose
W]-ﬂWk =Q,Vj # k.

Define

A 14/0. ) .
W; = {v]- € Wy (RN ; Vo;(x) € W), ae.in Q}

and define also

W={v=(vy,---,0g) : vj€e Wj¥je{1,---,N}and supp v; N supp vy = @,Vj # k}.

At this point we define
) f(Vu(x) + Voi(x)), if Vu(x) e W;,
h5(u(x),v(x)) - { f(Vu(x)), ! if vu(x) g I/V]h/ (11)
and
H(u) = 1€r‘1Af/ /Qh5(u,v) dx,
where

W, ={veW : Vu(x)+ Voj(x) € W, if Vu(x) € W;, ae.inQ, Vje {1,--- ,N}}.
Moreover, we propose the relaxed functional

Ji(u) = H(u) +G(u) = (u, fi)12.
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Observe that clearly

inf J(u) < inf J(u).

4. A Convex Dual Variational Formulation for a Third Similar Model

In this section we present another duality principle for a third related model in phase transition.
Let QO = [0,1] C R and consider a functional | : V — R where

T(u) = %/Qmin{(u'—l)z, (u'+1)2}dx+%/0u2 dx — (u, )2,

and where
V={uecW?Q) : u0)=0and u(1) = 1/2}

and f € L?(Q).

A global optimum point is not attained for | so that the problem of finding a global minimum for
] has no solution.

Anyway, one question remains, how the minimizing sequences behave close to the infimum of J.

We intend to use the duality theory to solve such a global optimization problem in an appropriate
sense to be specified.

At this point we define, F: V - Rand G : V — R by

F(u) = %/Qmin{(u’—l)z,(u’—i—l)z}dx

_ 1 N /
- 2/0@1) dx /Q|u\dx+1/2
Fy(u')

= (12)
and
1 2
G(u) = E/Qu dx — (u, f)a.
Denoting Y = Y* = L2(Q)) we also define the polar functional Fj : Y* — Rand G* : Y* — Rby
Fi (") = sup{(v,0")2 — Fi(v)}
veY
1 2
= = v* dx—l—/ v*| dx, 13
5 @) dx+ [ o) (13)
and

G ((v")) = sup{—(,v")2 — G(u)}

uev
= %/Q((v*)’ +f)?dx — %v*(l). (14)

Observe this is the scalar case of the calculus of variations, so that from the standard results on
convex analysis, we have

inf J(u) = max {~F{ (¢v") = G*(~(v"))}.

Indeed, from the direct method of the calculus of variations, the maximum for the dual formulation
is attained at some 7* € Y*.
Moreover, the corresponding solution uy € V is obtained from the equation
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_ 9G((0")') _ sy
W ey OIS
Finally, the Euler-Lagrange equations for the dual problem stands for
(v%)" + f' =" = sign(v*) =0, in0), (15)
(v*)(0) + £(0) =0, (v*) (1) + f(1) =1/2,

where sign(v*(x)) = 1if v*(x) > 0, sign(v*(x)) = —1,if v*(x) < 0 and
—1 < sign(v*(x)) <1,

if v*(x) = 0.

We have computed the solutions v* and corresponding solutions 1y € V for the cases in which
f(x) =0and f(x) = sin(mx)/2.

For the solution u((x) for the case in which f(x) = 0, please see Figure 3.

For the solution ug(x) for the case in which f(x) = sin(7tx)/2, please see Figure 4.

0.6

0.5

04

03

021

0.1

Figure 3. solution uy(x) for the case f(x) = 0.

0.6

05

04

03

0.2

0.1

Figure 4. solution u((x) for the case f(x) = sin(7x)/2.
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Remark 4.1. Observe that such solutions g obtained are not the global solutions for the related primal
optimization problems. Indeed, such solutions reflect the average behavior of weak cluster points for concerning
minimizing sequences.

4.1. The Algorithm through Which We Have Obtained the Numerical Results

In this subsection we present the software in MATLAB through which we have obtained the last
numerical results.

This algorithm is for solving the concerning Euler-Lagrange equations for the dual problem, that
is, for solving the equation

(v*)"(0) =0, (v*)' (1) = 1/2. (16)

Here the concerning software in MATLAB. We emphasize to have used the smooth approximation

0"~/ (0%)2 +e1,

where a small value for e; is specified in the next lines.
42424 4 6 6 3 3 3 30 5 5 o e 4 636 5 e S A A A o 2 e e A

{ (") + f/ —o* — sign(v*) =0, inQ,

. clear all

. mg = 800; (number of nodes)
d= 1/1118;

. e1 = 0.00001;

. fori=1:mg

yo(i,1) = 0.01;

Ul W N e

y1(i,1) = sin(wrxi/mg)/2;

end;
6. fori=1:mg—1

dy1(i,1) = (y1(i+1,1) —y1(i, 1)) /d;

end;
7. for k =1 :3000 (we have fixed the number of iterations)

i=1;

hs =1/y/v0(i,1)2 +ey;
myp =1+d?*hsy+d?;
mso(i) = 1/myp;

2(i) = mso (i) * (dy1(i, 1)  d%);
8 fori=2:mg—1

hy =1/\/v0(i, 1)? +e;

mip =2+ hy *d? +d* — m50(i — 1);
mb0(i) = 1/myy;

z(i) = mso(i) * (z(i — 1) + dy1 (i, 1) * d2);
end;

9. v(mg,1) = (d/2+z(mg — 1))/ (1 —mso(mg — 1));
10. fori=1:mg—1

v(mg —1i,1) = msg(mg — i) xv(mg —i+ 1) + z(mg —i);

end;
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11. v(mg/2,1)
12. vo = v;

end;
13. fori=1:mg—1

u(i,1) = (v(i+1,1) —0(i,1))/d + y1(i, 1);

end;

14. fori=1:mg—1
x(i) =ix*d;
end;
plot(x,u(:,1))

B R R R R S R R R T S S

5. An Improvement of the Convexity Conditions for a Non-Convex Related Model through an
Approximate Primal Formulation

In this section we develop an approximate primal dual formulation suitable for a large class of
variational models.

Here, the applications are for the Kirchhoff-Love plate model, which may be found in Ciarlet,
[17].

At this point we start to describe the primal variational formulation.

Let QO C RZbe an open, bounded, connected set which represents the middle surface of a plate
of thickness h. The boundary of (), which is assumed to be regular (Lipschitzian), is denoted by 9.
The vectorial basis related to the cartesian system {x1, x, x3} is denoted by (a,, a3), where « = 1,2 (in
general Greek indices stand for 1 or 2), and where a3 is the vector normal to (), whereas a; and a; are
orthogonal vectors parallel to (). Also, n is the outward normal to the plate surface.

The displacements will be denoted by

ﬁ == {ﬁlx, ﬁ3} == ﬁaa“ ‘|— ﬁ3a3.
The Kirchhoff-Love relations are

ﬁﬂé(x]/xZI x3) = uzx(xlzxZ) - x3w<x11x2),tx

and #13(x1, X2, X3) = w(x1, x2). (17)
Here —h/2 < x3 < h/2 so that we have u = (u,, w) € U where

u

{1 = (o ) € WH(O;R2) x WP2(Q),

ow
ua:w:$:Oon80}
= Wy (R?) x WP (Q).
It is worth emphasizing that the boundary conditions here specified refer to a clamped plate.
We also define the operator A : U — Y x Y, where Y = Y* = L?(Q);R?*?), by

Au) = {y(u),x(u)},

_ Ugp + Upx WaW,p

’Y“ﬂ(u) - 2 + 2 7

Ka/g(u) = —Wap-
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The constitutive relations are given by
Niup(u) = Huprpvau(u), (18)
Ma/i(u) = hupru®ay (u), (19)

where: {Hg,, } and {h,x B = %H,X,; A }, are symmetric positive definite fourth order tensors. From

now on, we denote {Hupry} = {Haprn} " and {aprn} = {Hapru}
Furthermore {N,z} denote the membrane force tensor and {M,g} the moment one. The plate
stored energy, represented by (G o A) : U — R is expressed by

(GoA)w) = 5 [ Nupl0)vap) dx+ 5 [ Map(u)eeg(u) d 0)
and the external work, represented by F : U — R, is given by
F(u) = (w, P)2 + (ua, Pu) 2, (21)

where P, Py, P, € L?(Q) are external loads in the directions a3, a; and a; respectively. The potential
energy, denoted by | : U — R is expressed by:

J(u) = (GoA)(u) = F(u)
Define now J3 : U — R by
Ja(u) = J(u) + J5(w).

where
Kbw K(bw—1/100)

a

In such a case fora = 2.71, K = 185,b = P/|P| in Q) and

U={uecl : ||w|es<00land Pw > 0a.e. in O},

we get
s(w) _ o)  9Js(u)
Jw ow ow
~ a]( ) £ 0(+30), 22)
and
Pla(u) _ *J(w) +3215(u)
w2  ouw? ow?
2
I a] W | o(850). (23)

This new functional J3 has a relevant improvement in the convexity conditions concerning the
previous functional J.

Indeed, we have obtained a gain in positiveness for the second variation a; (2), which has
increased of order O (700 — 1000).
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Moreover the difference between the approximate and exact equation

9J (u)

Jw =0

is of order O(+£3.0) which corresponds to a small perturbation in the original equation for a load of
P = 1500 N /m?, for example. Summarizing, the exact equation may be approximately solved in an
appropriate sense.

5.1. A Duality Principle for the Concerning Quasi-Convex Envelope

In this section, denoting
Vi={p=0¢(xy) e WAHQAXxQGR?) : ¢ =00nQ x 3O},

we define the functional J; : U x V] — R, where

1 1
hd) = Gl{tagh) +Gal{ 3 + ) + guyy + wais )
—(w, P>L2 — <u,x, P,X>Lz. (24)

where

1
Gi({wap}) = 5 /thxﬁ)\yw,aﬁw,/\y dx
and,
1 1

Gy > (u:x,ﬁ + uﬁ,zx) + 4)1x,y/3 + Ew,txw,ﬁ

1 1 1

= 20 /Q /Q Huprp | 5 (tap +upa) + Puyy (%, y) + 5watvp
1 1

X <2(MA,;4 + uA,y) + 4’/\,y,,(x/3/) + 2w,/\w,y> dx dy

We define also

L({ua}, ¢) = inf  Ji(u,¢),

weWZ2(Q)
and
= inf ).
J3({uat) 471ng J2({uat, §)
It is a well known result from the modern Calculus of Variations theory (please, see [18] for details)
that
inf J(u) = inf I3({uq})-
nf J) = inf )
At this point we denote
Yy =Y = Y3 =Y = L2(Q x O;RY)
and

Yo = Y5 = L2(Q x O;R?).
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Observe that

J(u)
1 1
= Gl({w,‘xﬁ}) + Gy ({ E(u,xlﬁ + ulg,,x) + 4)06,%3 + Zw,,xw,ﬁ})
—(w, P)p2 — (ua, Pa) 2
= Gi({wap}) — (Wap Mag) 2 + (Wap, Map) 2

1
+@/Q/Qw,a(x)rQa(x,y) dx dy — (w, P);2
1 1 )
_@/ / W,a(x)rQa(xr]/) dx dy-i-Gz({z(ua,‘B—l-u/g’a)+(Pa,yﬁ+2w,¢xw,ﬁ})
1 *
|Q|//< ”aﬁ+uﬁa)+¢ayﬁ+2wawlg> Uap(x,y) dx dy

1 *
_I_@ /() A) (z(u“/ﬁ + u/gllx) ~|— ¢D‘1yﬁ + zw,aw,ﬁ>/vaﬁ(x/y) dx dy - <utX/ PIX>L2
Usirelf {—((Ua)aﬁl Ma5>L2 =+ Gl((US)txﬁ)}

+wew”< >{< wpr Map L2+|o|// x) Qu(x,y) dx dy — <w,P>L2}

L o)
+ inf {|Q|//< uaﬁ+u’3a)+¢lxy‘3 ;(Uz)a(xry)(UZ)ﬁ(x/y))

(v2,{11a}) EYa x WA (QR?)

v

X3 (xy) dxdy — Gua, Pz + ey @) Quty) dx dy}
> —Gi(M) — m /Q/Q(v“ﬁ) Qu Qp dx dy — m /Q/QH“/“P‘UWUAH dx dy, (25)
Vuel, (M,Q) € C*,v = {v,s} € A" where A* = A7 N A; N B,

A7 = {{oip} €Y7+ (vjp)y, =0, inQ},

* * * 1 *
A2 = {{leﬁ} (S Yl . @ (/Q leﬁ dy)
X

= {{vipt €Y7 {oip(x,y)} is positive definite in O x O f.

+ P, =0, inQ},
B

and

Xa

C*:{(M,Q)GY§XY2* : M“ﬁ,ﬂéﬁ<‘/ﬂQD¢dy> —P=0, inQ}.

(i) = (o}

{Ha‘[%/\y } = {HIX‘B/\‘M }

Also

and

in an appropriate tensor sense.
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Here it is worth highlighting we have denoted,
Gi(M) = sup {{(v3)ap, Map);2 — G1(v3)}
U3€Y3
1 [ —
= 3 /Q hzxﬁ)\yMa,BM/\y dx, (26)
where we recall that
{haprn} = {haprn}
in an appropriate tensorial sense.
Summarizing, defining J* : C* x A* — Rby
* * * 1 %
F(MQ") = ~GiM) g [ [ (075) Qe Qp dxdy
1 T * *
7@/0/01_1"‘/5”0"‘/502‘” dx dy, (27)

we have got

lnf ](M) Z Sup ]*((M/Q)/U*)
et ((M,Q),0*)eC* x A*

Remark 5.1. This last dual functional is concave and such a concerning inequality corresponds a duality
principle for the relaxed primal formulation.

We emphasize such results are extensions and in some sense complement the original duality principles in
the works of Telega and Bielski, [1-3].

Moreover, if ((Mo, Qo),v;) € C* x A* is such that

6] ((Mo, Qo), vp) = 0,

it is a well known result from the Legendre transform proprieties that the corresponding (uo, ¢o) € V x Vi such
that

(WO),zxﬁ = EDC,B/\# (MO)/\]U

and

(08)ap = Hﬂﬁ)\((uo)w 72L (10) 0 N (P0) Ay, ;L (90) N ;(UZO)A(UZO)y>/

(US)rxﬁ,yﬁ =0,

is also such that
5]1 (uOI 4)0) =0

and

J1(uo, o) = J*((Mo, Qo), vp)-

From this and

infJ) = inf hwe)>  sp  J(MQ),0),
ueV (u,p)eVxVy ((M,Q),v*)€C* x A*
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we obtain

= i f
J1 (o, o) (u,fp)lngl Ji(u, )

= sup J¥((M,Q),v")

((M,Q),v*)eC*x A*
= J*((Mo, Qo) vg)
= InfJ(u). (28)

Also, from the modern calculus of variations theory, there exists a sequence {u,} C V such that

uy — ug, weakly in'V,

and
J(un) = J1(uo, ¢0) = inf J(u).
ucV
From this and the Ekeland variational principle, there exists {v,} C V such that
[un = onllv < 1/n,
J(vn) < inf J(u) +1/n,
uev
and
6] (vn) |l < 1/n, ¥n €N,
so that
vy — ug, weakly in'V,
and

J(vn) = J1(uo, ¢o) = 32{/](“)-

Assume now we are dealing with a finite dimensional version of such a model, in a finite elements of finite
differences context, for example.
In such a case we have
v, — ug, strongly in RN

for an appropriate N € N.
From continuity we obtain

8] (vn) — 8] (1) = 0,
J(@n) = ] (uo)-

Summarizing, we have got

J(up) = inf J(u),

ueVv
6] (ug) = 0.

Here we highlight such last results are valid just for this finite-dimensional model version.

6. A Duality Principle for a Related Relaxed Formulation Concerning the Vectorial Approach in
the Calculus of Variations

In this section we develop a duality principle for a related vectorial model in the calculus of
variations.

Let 3 C R” be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 02 =T.

d0i:10.20944/preprints202302.0051.v77
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For 1 < p < 400, consider a functional | : V — R where

J(u) = G(Vu) + F(u) = (u, f)12,

where
V= {u c WLP(Q;]RN) DU =ugon BQ},

ug € CL(Q;RN) and f € L2(Q;RN).
We assume G : Y — Rand F : V — R are Fréchet differentiable and F is also convex.
Also

G(Vu) = /Qg(Vu) dx,

where ¢ : RN*" — R it is supposed to be Fréchet differentiable. Here we have denoted Y =
LP(Q; RN>m),
We define also J; : V x Y7 — R by
I, @) = G1(Vu+ Vy) + F(u) = (u, f)12,

where
Y; = W (Q x O;RY)

and

1
Gi(Vu+Vy¢) = al /Q /Qg(Vu(x) + Vyp(x,y)) dx dy.
Moreover, we define the relaxed functional J : V — R by
= i f
() = inf Ji(9),

where
Vo={¢peY: : ¢(x,y) =0, onQ x 9O}

Now observe that

B(w9) = Gi(Vurt Vi) +F(w) — G f)
- —|10|/Q/Qv*(x,y)~(Vu+Vy4>(x,y))dydx+G1(Vu+Vy4>)
+|10|/Q/Qv*(x,y)-(w+vy¢(x,y))dydx+P(u)—<u,f>Lz
inf{—@/g/ﬂv*(x,y).v(x,y) dydx—l—Gl(v)}

0eYs
(v,¢)ig£xvo{|(1)| /Q /Qv*(x,y) (Vu+Vyp(x,y)) dy dx + F(u) — <u/f>L2}
= i)~ F (diws (i [ m) ) +5)

1 x
+@ o (/Qv (x,y) dy) ® nug drT, (29)

v

+

V(u,¢p) € Vx Vy,v* € A*, where

A*={v"eY; : div,o*(x,y) =0, inO}.
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Here we have denoted

Gj(v*) = sup{@/ﬂ/ﬂv*(x,y) co(x,y) dy dx — Gl(v)},

veEY)
where Y, = LP(Q x O; RN*"), Y5 = L1(Q x (; RN*"), and where

S
P 9

Furthermore, for v* € A*, we have

F* (divx (|;)|/Qv*(x,y) dy) —|—f> - |10| o </Q v*(x,y) dy) ® nug dT

1 *
B <v,¢§1§5w0{_|0| /a /o” (x,y) - (Vu+ Vyp(x,y)) dy dx — F(u) + <u,f>Lz}, (30)

Therefore, denoting J5 : Y5 — R by

J5(v*) = —Gj (v*) — F* (divx (/Q v (x,y) dy) —l—f) + |10| /aa (/Q v*(x,y) dy) ®nug dr,

we have got

inf Jo(u) > sup J5(0%).
uev v*EA*

Finally, we highlight such a dual functional J; is convex (in fact concave).

6.1. An Example in Finite Elasticity
In this section we develop an application of results obtained in the last section to a model in
non-linear elasticity.

Let O C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by o).

Concerning a standard model in non-linear elasticity, consider a functional | : V — R where

J(u)
1 uiitui; 1 U +ui; 1
- 3 /Q Hijg <11211 n zum’ium’j> (211 n Zum,kumll) dx
—(ui, fi) 2 (31)

where f € L>((;R3) and V = Wg’z(Q;R3).

Here {Hijkl} is a fourth-order and positive definite symmetric tensor (in an appropriate standard
sense). Moreover, u = (u1,up,u3) € V is a field of displacements resulting from the f load field action
on the volume comprised by Q).

At this point, we define the functional J; : V x V; — R, where

J1(u, ¢)
1 uij+uji  Piy + Py 1
= 2|Q|/Q/0Hijkl( >t > E(um,i+¢m,yi)(um,j+¢m,y]-)
ug tupg  Pry, TP 1
(B PO 2P 2 s g s+ i) )

—(ui, fi) 2, (32)
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where
Vi={pcW2Qx %R : ¢ =00nQ xo0}.

We define also the quasi-convex envelop of |, denoted by Q; : V — R, as

Qj(u) = inf J1(u,¢).

peV;
It is a well known result from the modern calculus of variations theory (please see [18] for details),
that
f = inf
inf J(u) = inf Q;(u).
Observe now that, denoting Y1 = Y; = L2(Q x O;R%), Yo = Y5 = L?(Q x (;R3), and
uij+uji Py Ty 1
G1< ij . iy T > + z(um/l-—|—4)m’yi>(um,j+47m,yj)>

1 uij+upi Pyt Py 1
= Hip | L~ (i Y (it .

ugl + i Py, TP
><( k1 : Lk | Thy 5 Yk +2(“mk+¢7ﬂyk)(umll+¢m'y1)> dx dy (33)

we have that

J1(u, ¢)

uijtui Py TPy 1
— G1< b > Iy > + Z(Mm,i+¢m,yi)(“m,j+¢m/y/)> — (ui, fi)2

1 uiitup; Py TPy 1
— _!Q|/Q/Q( ”2 L 12 +z(um,l-+4>m,yi)(um,j+¢m,yj))aijdxdy

uiit+up; Py Py 1
+G1( L] 5 ]t + ] 5 + 2<Mm,l‘+(Pm,yi)(um’]'+4)m,yj))

1 uijtuji Pyt Py 1
+|Q|/Q/Q( S ST b ) s+ Piny) ) dy — (g, i)

. 1
> vlglﬁl{_W/(),/()vijUij dxdy—Gl({vij})}
+v;2{/1{_|0/ /(vz)ij Qjj dx dy+|Q|/Q/Q<aij 2((vz)mi(vz)mj)> dx dy}
wij+ i Piy +¢j/]/i> }
dx dy — (u;, f;
u¢ erV1{|Q| / / Ql] < 2 + 2 x dy — (ui, fi) 12
>

_m /Q /Q Hijkl ij Okl dx dy

1 _
~210] /0 /Q ij Qmi Quk dx dy, (34)
V(u,¢) € VxVy,(0,Q) € A*, where A* = AT NA;NAS,

AT ={(0,Q) e i X Y] : 0yy, + Qijy; =0, in QA x O}

AEZ{(U,Q)GY{‘fo : |1|(/Q((Tij) dy) + |(1)|</ (Qu)dy) +fi=0, inQ},

Xj
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A3 ={(0,Q) € Y] x Y] : {0y} is positive definite in O x Q}.

Hence, denoting

* 1 + 1 _
I(U,Q)Z*m/n/ﬂHijkl Tij O dXdy*m/Q/QUij Qmi Qui dx dy,

we have obtained

inf J(u) > sup J(c,Q).
ueV (U’,Q)GA*

Remark 6.1. This last dual functional is concave and such a concerning inequality corresponds a duality
principle for the relaxed primal formulation.

We emphasize again such results are also extensions and in some sense complement the original duality
principles in the works of Telega and Bielski, [1-3].

Moreover, if (09, Qo) € A* is such that

0J* (00, Qo) =0,

it is a well known result from the Legendre transform proprieties that the corresponding (ug, ¢o) € V x Vi such

that

up+ug | Pry T, 1
(00)ij = Hijkl( 2 + 2 % 4+ E(um,k + Pmyi) (Umg + Py, )

and
(Q0)ij = (00)im(v2y)mjs
is also such that
6J1(uo,¢0) =0

and
J1 (o, o) = T* (0, Qo)-
From this and
inf J(u) = inf u,¢) > *(o,Q),
l}lélV]( ) (u,(p)lngVl I ) 2 (;;54*] (@Q)
we obtain
, = inf u,
J1(uo, ¢o) (u,gb)lngVl J1(u, ¢)
= sup J'(0,Q)
(0,Q)eA*
= J"(00,Qo)
= Infj(u). (35)
Also, from the modern calculus of variations theory, there exists a sequence {u,} C V such that
uy — ug, weakly in 'V,
and

J(un) = Ji(uo, o) = inf J(u).
ueVv
From this and the Ekeland variational principle, there exists {v,} C V such that

|un —vully < 1/n,

d0i:10.20944/preprints202302.0051.v77
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J(on) < inf J()+1/n,

and
6] (vn)|lve <1/n, Vn €N,
so that
vy — ug, weakly in 'V,
and

J(0n) = Ji(uo, ¢o) = L}Iel‘f/](”)-

Assume now we are dealing with a finite dimensional version of such a model, in a finite elements of finite
differences context, for example.
In such a case we have
v, — g, strongly in RN

for an appropriate N € N.
From continuity we obtain

6] (on) = 6](uo) = 0,
J(wn) = ] (uo)-

Summarizing, we have got

J(uo) = inf J(u),

ueV
5](1/1()) =0.

Here we highlight such last results are valid just for this finite-dimensional model version.

7. An Exact Convex Dual Variational Formulation for a Non-Convex Primal One

In this section we develop a convex dual variational formulation suitable to compute a critical
point for the corresponding primal one.

Let O C R? be an open, bounded, connected set with a regular (Lipschitzian) boundary denoted
by 0Q).

Consider a functional | : V — R where

J(u) = F(uy, ”y) —u, f)r2,

V =W,*(Q) and f € L2(Q).
Here we denote Y = Y* = L2(Q)) and Y; = Y{ = L[*(Q) x L?(Q)).

Defining
Vlz{uEV : ||u 1,00§K1}
for some appropriate K; > 0, suppose also F is twice Fréchet differentiable and
O°F(uy, uy)
det{ 00107, 70,
Yu € Vj.

Definenow F; : V =+ Rand F, : V — Rby

— € 2 € 2
Fy(ux,uy) = F(uy, uy) + 5 /Q uy dx + 5 /Quy dx,

and . .
Fy ity 1) = E/Qui dx+§/0u§ dx,

d0i:10.20944/preprints202302.0051.v77
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where here we denote dx = dxdx,.
Moreover, we define the respective Legendre transform functionals Fj and F; as
F (0") = (01,07) 2 + (v2,03) 12 — F1(v1,02),
where v1,v, € Y are such that
o — 9fi(01,02)
1 avl !
x 8P1 ('01, "02)
27 75 ’
2
and
F;(0") = (01,01 + fi)2 + (v2,03) 12 — F2(v1,02),
where v1,v, € Y are such that
0F(v1,02)
* —
Ul +f1 - 801 s
of = aPz(Zil, ”02)
2 avz ’
Here f; is any function such that
(fl)x = f, in Q.
Furthermore, we define
J'(0") = —F{@©")+F(@")
1 2 1 2
_ _p;(m)Jri/Q(val) dx+£/0(v§) dx. (36)

Observe that through the target conditions
vl + f1 = ey,

vy = ey,

we may obtain the compatibility condition

(01 + fi)y — (v2)x = 0.

Define now
A* = {v* = (v],v3) € B,(0,0) C Y] : (v] +f1)y —(v3)x =0, in Q},

for some appropriate r > 0 such that [* is convex in B, (0, 0).

Consider the problem of minimizing J* subject to v* € A*.

Assuming r > 0 is large enough so that the restriction in r is not active, at this point we define the
associated Lagrangian

Ji(@ @) =T (") + (¢, (01 + fly — (02)x)12,

where ¢ is an appropriate Lagrange multiplier.
Therefore

R = ~FE)+ o [ @+ AP dxs o [ (02 ax
e, (05 + 1)y - @) @)
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The optimal point in question will be a solution of the corresponding Euler-Lagrange equations
for J;.
From the variation of J{ in v] we obtain

COR) vitf dp

v} € ay (38)
From the variation of ] in v; we obtain
oF (v* 5 0
L G S (39)
vy e Ox
From the variation of ] in ¢ we have
(01 + f)y — (v2)x = 0.
From this last equation, we may obtain u € V such that
vl + f = euy,
and
vy = Elly.
From this and the previous extremal equations indicated we have
aF* *
_ 71 (U ) Uy — 874) = O,
v} ay
and oF; (v) 2
_9nt 9% _
303 Uy + o 0.
so that oF, )
* o Uy — @y, Uy + Px
U1 +f - avl ’
and
. OB (ux — @y uy + 9x)
Uy = .
avz
From this and equation (38) and (39) we have
(%f(v*)) (amv*))
—€ * —¢€ *
] /. vy y
+(UT +f1)x + (Uﬁ)y
= —€lUyy — €Uy + (0] )x + (v3)y + f = 0. (40)
Replacing the expressions of v} and v into this last equation, we have
aFl(ux - Goy,uy‘f‘(/)x) aFl(”x _(I’y/uy+(Px)
_suxx_su]/]/+ < avl >x+ ( avZ )y+f_0’
so that
(aF(”" —Putty ¥ (P")> + (aF(”" — Pty © m) +f=0,inQ. (41)
01 X 00, y

Observe that if
Vip=0
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then there exists # such that u and ¢ are also such that

ux_(l)y:ﬁx

and
uy + ng = uAy.
The boundary conditions for ¢ must be such that 7 € W&’z.
From this and equation (41) we obtain
o] (i) = 0.

Summarizing, we may obtain a solution 7 € W&’z of equation 6] (1) = 0 by minimizing J* on A*.

Finally, observe that clearly [* is convex in an appropriate large ball B, (0,0) for some appropriate
r>0

8. Another Primal Dual Formulation for a Related Model

Let O C R® be an open, bounded and connected set with a regular boundary denoted by 9Q).
Consider the functional | : V — R where

J(u) = %/QVqudx—l—%/Q(uz—[S)zdx
—(u, f)12, (42)

«>0,B>0,7>0,V=W>Q)and f € L*(Q).
Denoting Y = Y* = L?(Q), definenow J; : V x Y* — Rby

Ji(u,v5) = —%/QVM-Vudx—Wz,vS)Lz
K
2 Jo

1 *\2 *
o [ @) dx+p [ o5 ax, (43)

+ (—yV2u+205u — £)? dx + (u, f);2

Define also
AT={ueV :uf>0 ae inQ},

Vo={ueV : |ul|lo <Kz},

and
Vi=WnN AT

for some appropriate K3 > 0 to be specified.
Moreover define
B ={og € Y" : [loglleo < K}

for some appropriate K > 0 to be specified.

Observe that, denoting
¢ = —yV2u+205u — f
we have 5 ( )
o7 i (u, v 1 2
————=" =~ 4+4K
9(vg)? g T
82]1*(11, v5)

32 =V2 - 205 + Ki(—yV? + 27}6)2
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and
I (u,v5)

_ 72 * _
230, =Ki1(2¢ 4+ 2(—yV u +2v5u)) — 2u

so that

det{6?J; (u,v5)}
i (wop) 2 (u,05) <a2]f(u,v;;)>2

o(v})? ou? ouov;

Ki(—yV2+205)% V24205 + dau?
® B o
—4K3¢? — 8K1p(—yV? + 20%)u + 8Ky pu
4Ky (—yV2u + 205 u)u. (44)

Observe now that a critical point ¢ = 0 and (—yV?u + 205u)u = fu > 0in Q.
Therefore, for an appropriate large K; > 0, also at a critical point, we have

det{0?Jf (u,v5)}

2 _ 2 2 *\2
— 4K1fu_5]T(u)+Klw > 0. (45)

Remark 8.1. From this last equation we may observe that J{ has a large region of convexity about any critical
point (ug, 0), that is, there exists a large r > 0 such that | is convex on B, (ug, 03).

With such results in mind, we may easily prove the following theorem.
Theorem 8.2. Assume Ky > max{1, K, K3} and suppose (ug, 03) € V4 x B* is such that
0J7 (ug, 05) = 0.

Under such hypotheses, there exists r > 0 such that J{ is convex in E* = B(uo,9;) N (V4 x B¥),

6] (ug) =0,
and
—J(uo) = Ji(uo, 09) = inf  Ji(u,vp).
(u,0f)E€E*

9. A Third Primal Dual Formulation for a Related Model

Let Q C R3 be an open, bounded and connected set with a regular boundary denoted by 9Q.
Consider the functional | : V — R where

J(u) = %/{)Vu-Vudx—k%/Q(uz—ﬁ)zdx
—(u, )2, (46)

«>0,B>0,7>0,V=W>2Q)and f € [3(Q).
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Denoting Y = Y* = L?(Q), definenow J; : V x Y* x Y* — Rby

* x % _ z . 1 2
Ji(u,v5,07) = Z/QVu Vudx—I—Z/QKu dx
S (01)?
_<M101>L2+§A) (_208+K) dx
1 02 a2
e Jo@ a2 =) dxt

—% /0(276)2 dx—ﬁ/ﬂvé dx, (47)

where ¢ > 0 is a small real constant.
Define also
AT={ueV :uf>0 ae inQ},

Vo={ueV : ||ulls <Kz},

and
Vi=WmnNnAT

for some appropriate K3 > 0 to be specified.
Moreover define
B' = {05 € Y* ¢ [0}l < Ku}

and
D* ={v] € Y" : [jo]| < K5},

for some appropriate real constants K4, K5 > 0 to be specified.

Remark 9.1. Define now
Hy(u,08) = —yV? + 20§ + 4au?

For an appropriate function (or, in a more general fashion, an appropriate bounded operator) M, define
Bf ={vy € B" : 2v5+ M > €1},

for some small parameter g1 > 0.

Moreover, define
E*={ueVy : Via|u| > /|My +yV?2|.

Since for (u, US) € Vi x Bf we have u f > 0, in (), so that for uy, up € Vi we have
sign (uy) = sign (up) in Q,

we may infer that E* is a convex set.
Moreover if (u,v§) € E* x B}, then

Vaalu| > /My + V2|

dau? > My + 'yVZ

so that

and
205+ M1 > &
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so that
Hy(u,08) = —yV? +20) + 4au® > e;.
Such a result we will be used many times in the next sections.
Observe that, defining
9 =05 —a(u?—p)
we may obtain
9%J; (u, v, v5) « «
LV — AV K ——du? -2
du? Ve +1x—|—su Pate
Pliwog o) 1
9(vr)2 205 +K
and
L (n,05,0) _
0udv}
so that
9J; (u,05,0})
det{ 0udvy
2
(o) P (woi05) (9 (,01,05)
9(v7)? Ju? ouov;
2
_ —yV2 4205 —|—4ﬂf‘—+€u2 — 2559
—2v5+K
= H(u,v)). (48)

However, at a critical point, we have ¢ = 0 so that, for a fixed vj € B* we define the non-active
but convex restriction

(C)yy ={ueVi: (9 <e},

for a small parameter ¢ > 0.
From such results, assuming K >> max{K3, K4, K5}, and 0 < ¢ < &1 < 1, we have that

H(u,vy) >0,

forvj € B andu € E* N (Cl)ZS'
With such results in mind, we may easily prove the following theorem.

Theorem 9.2. Suppose (ug, 07,05) € (E*N (Cl);gg) x D* x Bj is such that
05 (uo,93,05) = 0.

Under such hypotheses, we have that
6] (ug) =0

and
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u = inf u
J (uo) ue?cnzg J(u)
= Ji(u0,91,9;)
= inf sup Ji(u,07,05)
(u,v;)e(cl)géxp*{USGE* AP0 }
= sup inf Ji(u,07,05) ¢- (49)

USGB* (u,UT)G(Cl);a x D*

Proof. The proof that
6] (ug) =0
and
J(uo) = Ji (10,91, )
may be easily made similarly as in the previous sections.
Moreover, observe that for K > 0 sufficiently large, we have
aZ * , A*, *
)i (uo. 01, %) _ 0, Voj € B*
9(v5)?

so that this and the other hypotheses, we have also

“(ug,07,05) = inf “(u, 05,04
Ji (uo, 97, 9p) (u,vf)e(cl);*xD*h( /01, 0p)
0

and
Ji (uo, 97,99) = sup Ji (o, 07, p)-
vy EB*
From this, from a standard saddle point theorem and the remaining hypotheses, we may infer
that

J(uo) = Ji(uo,07,9p)

inf { sup Ji(u, vi‘,vS)}

(u,vi‘)G(Cl)gs x D* B

= su inf i (u,08,08) b 50)
USEII;* (u,v{)e(cl);;éxD* 1 1-90
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Moreover, observe that

“(ug, 0%,05) = inf “(u, v, 0
Ji (uo, 97, 9p) (u,vT)E(Cl)Z*XD*h< /01, 0p)
0

z/ Vu~Vudx+5/ u? dx
2 Ja 2 Ja

ok K
+<u2,vo)Lz—E/Qu2 dx

1 A%\ 2 ok
—ﬂ/n(vo) dx ﬁ/ﬂvodx

2(“18) /0(173 —a(u? — ﬁ))2 dx — (u, f) 2

sup {g/QVu-Vu dx + (u?,v})

vpEY*
—%/0(03)2 dx—ﬁ/nvé dx
S ol =802 =) dr = () |

= %/QVqudx—i—%/Q(uz—‘B)zdx
~{u, fhiz, V€ (1) o)

IN

IN

Summarizing, we have got

J(uo) = Ji(uo,07,05) < inf  J(u).
uE(Cl)ZS

From such results, we may infer that

J(up) = inf J(u)

”e(cl),%
= Ji(uo, 07, 0p)

— inf { sup J;(u, vi‘,vé)}

(u,zzi‘)e(Cl);f]6 x D* 5B

*
0,

= sup{ in mu,vr,vm}. 52)

vgeB | (1o1)E€(Cr)5 XD
The proof is complete. [

10. An Algorithm for a Related Model in Shape Optimization

The next two subsections have been previously published by Fabio Silva Botelho and Alexandre
Molter in [8], Chapter 21.

10.1. Introduction

Consider an elastic solid which the volume corresponds to an open, bounded, connected set,
denoted by Q C R3 with a regular (Lipschitzian) boundary denoted by 9Q = To UT; where Ty N T; = @.
Consider also the problem of minimizing the functional | : U x B — R where

X 1 1 "
J(u,t) = 5w, fi) 2 () + 5 i fid 12 r)

d0i:10.20944/preprints202302.0051.v77
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subject to
(Hijp (t)ew (1)) + fi = 0in Q,
(53)
Hijkl(t)ekl(u)nj - fl = 0/ on rt: Vi e {1/ 2/3}

Here n = (19,12, n3) denotes the outward normal to 0Q) and

U = {u=(uy,upuz) € WAHQR3) : u=(0,0,00=00nTp},

B= {t : 3 — [0, 1] measurable : / f(x) dx = t1|0|},
o)

where
0<th <1

and |Q)| denotes the Lebesgue measure of Q.

Moreover u = (uy,up, u3) € W 2(Q; R3) is the field of displacements relating the cartesian system
(0, x1, x2, x3), resulting from the action of the external loads f € L?((Q); R3) and f € L2(T;R3).

We also define the stress tensor {0j;} € Y* =Y = L?((; R¥*3), by

0ij(u) = Hija (t)e (u),

and the strain tensor e : U — L2(Q; R3*3) by

1 .
eij(u) = 5 (wij+uj), Vi j €{1,2,3}.

Finally,
{Hiju(t)} = {tHj, + (1 = ) Hj},

where H corresponds to a strong material and H' to a very soft material, intending to simulate voids
along the solid structure.

The variable ¢ is the design one, which the optimal distribution values along the structure are
intended to minimize its inner work with a volume restriction indicated through the set B.

The duality principle obtained is developed inspired by the works in [1,2]. Similar theoretical
results have been developed in [7], however we believe the proof here presented, which is based on
the min-max theorem is easier to follow (indeed we thank an anonymous referee for his suggestion
about applying the min-max theorem to complete the proof). We highlight throughout this text we
have used the standard Einstein sum convention of repeated indices.

Moreover, details on the Sobolev spaces addressed may be found in [6]. In addition, the primal
variational development of the topology optimization problem has been described in [7].

The main contributions of this work are to present the detailed development, through duality
theory, for such a kind of optimization problems. We emphasize that to avoid the check-board standard
and obtain appropriate robust optimized structures without the use of filters, it is necessary to discretize
more in the load direction, in which the displacements are much larger.

10.2. Mathematical Formulation of the Topology Optimization Problem

Our mathematical topology optimization problem is summarized by the following theorem.

Theorem 10.1. Consider the statements and assumptions indicated in the last section, in particular those
refereing to Q) and the functional | : U x B — R.
Define ] : U x B — Rby

]1(”/t) = _G(e(”)/t) + <ui/fi>L2(Q) + <ui/ﬁ'>L2(rt)/
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where .
Gle(u),t) = 5 [ Hyu(t)ey(w)en(w) dx,
and where
dx = dx1dxdxs.
Define also J* : U — R by
J*(u) = inf{J1(u,t)}
teB
= Inf{—Gle(u), t) + (ui, fi) o) + (i fi) 2y - (54)
Assume there exists ¢y, c1 > 0 such that
Hz(‘)jklzijzkl > C0ZijZij
and
Hiljklzz-]-zkl > c1zijzij, Vz = {z;j} € R3*3, such that z # 0.
Finally, define ] : U x B — R U {+oo} by
J(u,t) = J(u,t) + Ind(u,t),
where
)0 if (u,t) € A%,
Ind(u, t) = { +o00, otherwise, (55)
where A* = A1 N Ay,
Ay ={(u,t) eUxB : (;i(u)),;+ fi=0,inQ, Vie {1,2,3}}
and
Ay ={(ut) €U x B : oz(u)n;— f; =0, on T}, Vi € {1,2,3}}.
Under such hypotheses, there exists (g, tg) € U X B such that
,t = inf St
J (10, to) (u,t)lgLIxB](u )
= sup /(1)
ael
= J*(uo)
f(u(]/ t(])
= inf  G*(o,t)
(to)eBxC*
= G*(O'(Llo),to), (56)
where
G*(o,t) = sup{(vij, 0ij) 120) — G(v, 1)}
veY
1 —
= 3 /Q Hijp (t)0ijon dx, (57)

{Hia(t)} = {Hya(t)} !
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and C* = C1 N Cy, where
C = {0’ cY* : Uij,j+fi =0,inQ), Vie {1,2,3}}
and
C = {0’ ey : oijn; *fi =0,only Vie {1,2,3}}.
Proof. Observe that
it 0D = ot e f>}
= {ueu inf / Hiji (t)eij (u)ex (1) dx
’2 Hl]kl( )ekl( )) +fl>
—(fi, Hijra () ex (u)nj — fi>L2(1"t)}}}
. ) 1
= ?25{225{5251{2/ Hijr (t)eij(u)ex (1) dx
/ Hijp (t)eij () ex (u) dx
+ (i, fi)12(0) + <uirfi>L2(l"t)}}}
= ;gg{ilelg{ /QHijkz(f)eij(ﬁ)ekl(ﬁ) dx
(@, fid 12y + (i, fi) 12ry }}
= inf? inf G* .
gm0} )
Also, from this and the min-max theorem, there exist (1, fg) € U x B such that
inf )y = f t
iyt 1) %Qg{i‘ggfl(“ >}
= sup{lnf J1(u, t)}
uelr L€B
= Ji(uo, to)
= o)
= J"(uo). (59)

Finally, from the extremal necessary condition

9]1(uo, to)

ou =0
we obtain
(Hijw (to)ew (0)) j + fi = 0in Q,
and
Hij(to)ew (uo)nj — fi = 0onTy, Vi € {1,2,3},
so that

—_

Gle(wo)) = 5 {(0)i bz + 5 (0N Frary
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Hence (ug, ty) € A* so that Ind(ug, tp) = 0 and o (up) € C*.
Moreover

J*(uo) = —Gle(uo)) + {(u0)i fi)2(0) + ((40)i fi) 21
= G(e(uo))
G(e(ug)) + Ind(ug, tg)
J (uo, to)
= G"(o(uo), to)- (60)

This completes the proof. [

10.3. About a Concerning Algorithm and Related Numerical Method

For numerically solve this optimization problem in question, we present the following algorithm

1. Sett; =05inQand n = 1.
2. Calculate u, € U such that

J1(tn, tn) = sup J1(u, ty).
ueld

3. Calculate t,,11 € B such that
Ji(un, typ1) = tlgg J1(un, t).

4. If ||tys1 — tulleo < 107% or n > 100 then stop, else set 1 := n + 1 and go to item 2.
We have developed a software in finite differences for solving such a problem.

Here the software.

1. clear all
global Pm8 d w u v Ea Eb Lo d1 z1 m9 dul du2 dv1 dv2 c3
m8=27;
m9=24;
¢3=0.95;
d=1.0/mS8;
d1=0.5/m9;
Ea=210 % 10°; (stronger material)
Eb=1000; (softer material simulating voids)
w=0.30;
P=-42000000;
z1=(m8-1)*(m9-1);
A3=zeros(z1,z1);
for i=1:z1
A3(1,i)=1.0;
end;
b=zeros(z1,1);
1u0=0.000001*ones(z1,1);

ul=ones(z1,1);
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b(1,1)=c3*z1;

for i=1:m9-1

for j=1:m8-1

Lo(i,j)=c3;

end; end;

for i=1:z1

x1(i)=c3*z1;

end;

for i=1:2*m8*m9
x0(i)=0.000;

end;

XW=XO0;

xv=Lo;

for k2=1:24

c3=0.98*c3;

b(1,1)=c3%*z1;

k2

b14=1.0;

k3=0;

while (b14 > 1073?) and (k3 < 5)
k3=k3+1;

b12=1.0;

k=0;

while (b12 > 10~49) and (k < 120)
k=k+1;

k2

k3

k
X=fminunc(’funbeam’,xo);
x0=X;
b12=max(abs(xw-x0));
xw=X;

end;

for i=1:m9-1

for j=1:m8-1

El = Lo(i,j)? * (Ea — Eb);
ex=dul(ij);

ey=dv2(ij);
exy=1/2*(dv1(ij)+du2(i;));

: 27 May 2024
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Sx = E1x (ex +wxey)/(1 —w?);
Sy = E1x (wxex+ey)/(1 —w?);
Sxy=E1/(2*(1+w))*exy;
dc3(i,j)=-(Sx*ex+Sy*ey+2*Sxy*exy);
end;

end;

for i=1:m9-1

for j=1:m8-1
£(j+(i-1)*(m8-1))=dc3 (i)

end;

end;

for k1=1:1

k1

X1=linprog(f,[ ],[ ],A3,b,uo,ul,x1);
x1=X1;

end;

for i=1:m9-1

for j=1:m8-1
Lo(i,)=X1(+(m8-1)*(i-1);

end;

end;

bl4=max(max(abs(Lo-xv)))
xv=Lo;

colormap(gray); imagesc(-Lo); axis equal; axis tight; axis off;pause(le-6)
end;

end;

B R R R ]

Here the auxiliary Function "funbeam’

function S=funbeam(x)
global P m8 d w u v Ea Eb Lo d1 m9 dul du2 dv1 dv2
for i=1:m9
forj=1:m8
u(i)=x(+(m)*(i-1);
v(i,j)=x(M8*m9+(i-1)*m8+j);
end;
end;
for i=1:m9
end;
u(m9-1,1)=0;
v(m9-1,1)=0;
u(m9-1,m8-1)=0;
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v(m9-1,m8-1)=0;

for i=1:m9-1

for j=1:m8-1
dul(i))=(u(ij+1)-u(i})/d;
du2(i,j)=(u(i+1,)-u(i)) /d1;
AV1(j)=(v(i,j+1)v(i)/d;
dv2(i))=(v(i+1))-v(i,)/d1;

end;

end;

S=0;

for i=1:m9-1

for j=1:m8-1

El = Lo(i,j)® * Ea+ (1 — Lo(i,)3) = Eb;
ex=dul(i;);

ey=dv2(ij);
exy=1/2*(dv1(ij)+du2(i;));

Sx =Elx(ex +w=xey)/(1—w?);
Sy = Elx (wxex +ey)/(1 —w?);
Sxy=E1/(2*(1+w))*exy;
5=5+1/2*(Sx*ex+Sy*ey+2*Sxy*exy);
end;

end;
S=5*d*d1-P*v(2,(m8)/3)*d*d1;

33 o e 4 343836 36 36 36 3 3 3 o o S8 3836 3636 3 3 3 3 o o b 3838 36 36 3 3 3 o o o S S S e e e

For a two dimensional beam of dimensions 1m x 0.5m and t; = 0.63 we have obtained the following
results:

1. Case A: For the optimal shape for a clamped beam at left (cantilever) and load P = —4 10°Nj at
(x,y) = (1,0.25), please Figure 5.

2. Case B :For the optimal shape for a simply supported beam at (0,0) and (1,0) and load P =
—410°Nj at (x,y) = (1/3,0.5), please Figure 6.

In the first case the mesh was 28 x 24. In the second one the mesh was 27 x 24

Figure 5. Density t(x,y) for the Case A.
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Figure 6. Density t(x,y) for the Case B.

11. A Duality Principle for a General Vectorial Case in the Calculus of Variations

In this section we develop a duality principle for a general vectorial case in variational optimiza-
tion.

Let O C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 0Q). Let ] : V — R be a functional where

J(u) = G(Vuy,---,Vuy) — (u, f) 2,

where
V = W2 (;RY)

and
f=(fr,- fn) € 2(O;RY).

Here we have denoted u = (u1,--- ,uy) € V and

(, flz = (ui, fi)rz,

so that we may also denote
J(u) = G(Vu) = {u, f) 2.
Assume

G(Vu) = /Qg(Vu) dx

where g : R3N — R is a differentiable function such that

8(y) = +oo
as |y| — co. Moreover, suppose there exists « € R such that

a = inf J(u).

ueV

It is well known that

¢ =

-

= inf{(GoV)" () — (u, )12} (61)
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Under some mild hypotheses, from convexity, we have that
inf {(G o V)™ (u) — (u, f)2}
ueV
= sup {—(Go V) (—divv")} = —(GoV)(f), (62)

v*EA*
where
A*={v* Y =Y = 2(;RN) : divo* + f = 0}.

Now observe that the restriction v = Vu for some u € V is equivalent to the restriction
curl v; =0, in Q)

where v = {v;} = {vi]-}?zl, Vie {1,---,N}, with appropriate boundary conditions, so that with an
appropriate Lagrange multiplier ¢ = {¢;}, we obtain

(GoV)*(—divo*) = sup{(u, —divo*);» — G(Vu)}

ueV

= sup{(Vu,v");2 — G(Vu)}

ueV

< inf {sup{(v, v*) 2 — G(v) + (¢, curl v)Lz}

PEY™ | vey
= inf G*(¢v" 1¢). 63
¢1enY* (v* + curl ¢) (63)

where we have denoted

curl v = {curl v;}

and
curl ¢ = {curl ¢;}.

Joining the pieces, we have got

inf J(u) = inf{G(Vu)—{u, f)12}

ueV
> sup {—G"(v" +curl¢)}, (64)
(v*,p)eA*xY*

where we recall that Y = Y* = L2(Q; R3N).
We emphasize such a dual formulation in (v*, ¢) is convex (in fact concave).

12. A Note on the Galerkin Functional

Let QO C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 0Q).
Consider the functional | : V — R where

_ ) ot 4
Ju) = Z/QW Vudx+4/0u dx
—g /Q W2 dx — (u, f) 2 (65)
_ 1,2
Here V = W'2(Q), 7 >0, & > 0, p > 0.

We denote also
Y =Y* =L%(Q).
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At this point we define
AT={ueV :uf>0inQ}
Vo={ueV : |ul|o <Kz},
for some appropriate real constant K3 > 0 and
Vi=ATNV.
Observe that
J'(u) = =9Vu+aw’ — B f,
so that we define the Galerkin functional J; : V. — R by
Loz -1 2 3 2
Rw) = S @I = 5 [ (~7V2u+au’ = pu— f)? dx.
O
From this, we get
2
J ;L(zu) (—yVu+ au® — Bu — f)éau
+(=yV? + 3au* — )2 (66)

Define now
92 = (—yV?u +au® — pu — f)%

At this point, for an appropriate small real constant £; > 0 and bounded constant operator
M > €1, we set the intended non-active restriction

V3au| > /|My + V2 +B|,

By ={ucVy : V3au| > \/|M; + V2 +B|}.

Observe that since for u € V; we have u f > 0in Q) so that if uy, up € Vj then

and define

sign(uq) = sign(up),in O,

we may infer that B; is a convex set.

Furthermore, if u € By, then
V3alu| > \/|M1 +yVZ2+ B,

3au® > My + 'yVZ + B,

so that

and hence
J(u) = —y V24 3au? — B> M; > ¢ > 0.

For a small parameter £ > 0 we define the intended non-active restriction
$2 <¢ inQ),

and define
By={ueV; : ¢2<¢ inQ}.
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Observe that for « > 0 and B > 0 sufficiently large ¢, is convex in V; (positive definite Hessian)
so that By is a convex set. Assuming 0 < ¢ < €1 < 1, define B3 = By N By, which is a convex set.

Summarizing, if u € B3, then

8?1 (u) > 0.

With such results in mind, we define the following convex optimization problem for finding a
critical point of J.

Minimize 1 1

R(w) = S = 5 [ (=77 +an’ = pu— )2 dx,
2 2 Jo
subject to
u € Bj.

Observe that a critical point uy € B3 of J1, from such a concerning convexity of [; on the convex
set By, is also such that

J(1p) = min J1(u).

UEB;

Finally, we may also define the convex optimization problem of minimizing

Ja(u) = KiJi(u)+J(u)

_ Ko 3_p,_ £)2
= 3 Q( YVu+au® — pu— f)° dx
+1/ Vu‘Vudx—i—g/ ut dx
2 Jo 4 Jo
—g/nuz dx — (u, f)2, (67)

subject to
u € Bs.

Here K; > 0 is a large real constant.

Such a functional J3 is also convex on Bj so that a critical point ug € B3 of | is also a critical point
of [3, and thus

J3(ug) = %132 J3(u).

13. A Note on the Legendre-Galerkin Functional

Let O C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 9Q).
Consider the functional | : V — R where

_ ) o 4
J(u) = Z/QVM Vudx+4/0u dx
—g/nuZ dx — (u, )2 (68)
Here V = Wy2(Q), 7 >0, a >0, § > 0.

We denote also
Y =Y* =L1%(Q)

and i : V=R, F:V—-RandF;:V — Rby

Fi(u)= %/QVu-Vu dx,
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Moreover, we define F, F;, F; : Y* — R by

Fi(o1) = sgg{w,vi‘hz—ﬂ(u)}

1 (0])?
2 Jo —yV2

dx, (69)

F(@3) = sup{(woj): — B(u)}
31 (3)*F°

Sl N v dx, (70)

Fi(v3) = S:€{<u'0§>L2_F3<u)}

- % /Q (0%)? dx. (71)

Observe now that these three last suprema are attained through the equations,

From such results, at a critical point, we obtain the following compatibility conditions

w0l (_)/__
-y V2 B B’

From such relations we have

vo_Y
—y V2 B’
and L3
o)
so that .
v = 7V2(0—3>,
! B
and

Moreover, we define the functional F; : Y* — R, by

Fj(v*) = sup{(u,v] + 03 — v3)2 — (u, f)12}-
ueVv
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Therefore
0 ifo] +ov; —0v3—f=0,inQ
F* ES — 7 1 2 3 7 7 72
3 () { +o00, otherwise. (72)

Hence, a critical point of | corresponds to the solution of the following system of equations

and
v]+v5—v3—f=0,inQ.

From this last equation we may obtain
vp =03 +03+f,

so that the final equations to be solved are

—v;+v§+f+'yvz<vﬁ3) =0

vk 3
vﬁ«x(é’) =0, in (),

*
u:Ui:O, on dQ).

p

With such results in mind, we define the Legendre-Galerkin functional J* : [Y*]2 — R, where

and

with the boundary conditions

2%

2
1 \Y
J (") = 2/()<—v§+v§+f+’yﬁv3> dx

1 *\ 3 2
+2/Q<v;_“<i$3) ) dx. (73)

At this point, defining
=)
2 ‘B 4
we obtain
82]* (’U*) .
9(v3)? '
T (v°) ( 'N2>2 902 (v5)*
L= -1- + +0(9),
3(03)2 B g oW
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From such results we may infer that
et (PLW) _ RP@)PI) (P9
0390} ~ 0(v5)? 9(v3)? 00390}
2
2 *\2
SR A G Vi ROTER) (74)
p P
Observe that a critical point ¢ = 0 so that 62J*(v*) > 0 at a neighborhood of any critical point.
At this point we define
At = {v* = (v3,v3) € [Y*]? : %Sf >0, in Q},

D* = {v* = (v3,0}) € [Y*]? : ||v*]| < K},

for an appropriate real constant K > 0.
Define now E* = AT N D¥,

C; ={v* = (v;,v3) EE* : (pz <e¢ inQ},

for a small real constant ¢ > 0,

2 *\2
cﬁz{v*zwé,v;)eg* : <_1_W+3a<”3) ) Zel},

p g
and
C*=CinG;.

Similarly as done in the previous section, we may prove that C* is a convex set.

Furthermore, for 0 < ¢ < ¢; < 1, we have that J* is convex on C*.

Summarizing, we may define the following convex optimization problem to obtain a critical point
of the primal functional ],

Minimize [*(v3,v3) subject to v* = (v3,v3) € C*.
We call J* the Legendre-Galerkin functional associated to J.
13.1. Numerical Examples
We have obtained numerical solutions for two one-dimensional examples.

1. Fory = 1.0,a = 3.0, = 30.0, f = 10, in Q = [0,1].

For the respective solution please see Figure 7.
2. Fory =0.01,« = 3.0, 4 =300, f =10, in Q = [0,1].

For the respective solution please see Figure 8.
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3.5

Figure 7. Solution u(x) = v}(x)/p for the example 1.

3.5

Figure 8. Solution u(x) = v3(x)/p for the example 2.

14. A General Concave Dual Variational Formulation for Global Optimization

Let Q C R3 be an open, bounded and connected set a regular (Lipschitzian) boundary denoted
by 0Q).
Consider a functional | : V — R where

J(u) =G(u) — (u, f)2, Vu e V.

Here V = W&’Z(Q),f € L2(Q) and we also denote Y = Y* = L2(Q).
Assume there exists & € R such that

a = inf J(u).

ueV
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Furthermore, suppose G is three times Fréchet differentiable and there exists K > 0 such that

9°G(u)
ou?

+K>0VuelV.
Define now J; : V X Y — R where,

Ji(u,0) = Gy(u,v) + F(u),

where %
_ € 2 &’ 2
G1(u,v) = G(v) 2/00 dx—l—z/Q(v u) dx,
and

F(u) = ;/QLF dx — (u, f)a.

Moreover, we define the polar functionals Gi‘ :Y*xV - Rand F*: Y* — R, where

Gi(v*,u) = sup{(v,v");2 —G1(u,0v)}
veY
= —Gg (0" +Ku)+ 5/ u? dx (75)
= % > ), ,
Gy (v* + Ku) = su {(v v*) 2 — G(v) — K v? dx—i—g/ v? dx}
ke _UEI; e 2 Ja 2Ja '
and
F(~0) = sup{—(1,0")2 — F(u)}
uev
— 1 * _ \2
= = /Q (0" — f)? dx. (76)

At this point we define the functional J5 : Y* x V — R by

K
J5 (v*,u) = —Gg (v* + Ku) + E/ u? dx — F*(—o*).
€ Q
With such results in mind we define

Vl = {M eV : ||u||°o < Kg},

and
D* = {'U* € Y* o ||v*||oo S K4}/

for appropriated real constants K3 > 0 and K4 > 0.
Moreover, we define also the penalized functional J5 : Y* x V — R where

2
Ji(0*,u) = J5 (0", u) — % N <U* - Q%iu) + eu) dx.
Finally, we remark that for ¢ > 0 sufficiently small and K; > 0 sufficiently large, J5 is concave in
D* x Vj around a concerning critical point. We recall that a critical point

v*—M+eu:0, in Q.
Ju
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15. A Related Restricted Problem in Phase Transition

In this section we develop a convex (in fact concave) dual variational for a model similar to those
found in phase transition problems.
Let Q) = [0,1] C R. Consider the functional ] : V — R where

) = %/Qmin{(u'—i—l)z,(u’—l)z}dx
+%/Qu2 dx — (u, f) 2
- %/Q(u’)z de— [ ] dx+172
—1—%/0142 dx — (u, f) 2. (77)

Here
V={ucW?Q) : u(0) =0and u(1) = 1/2}.

We also denote V; = W&’z(ﬂ), and Y = Y* = L2(Q).
Furthermore, we define the functionals Gand F : V x V; — R by

1
G’,'zf/’ ’2d—/’ "'dx+1/2,
(u', ") 2Q(u+v) x Q|u+v|x+/

and ,
F(u,v) = 5/0u2 dx — (u, f) 2.

Moreover we define J; : V x V; — R by
J1(u,v) = G(u',v") + F(u,v),
and consider the problem of minimizing J; on the set
A={(u,0) e VxV: (v))) <Ky inQ}.
Already including the Lagrange multiplier ¢ concerning such restrictions, we define

B,2,9) = Ji(1,0) + 5 (6% (0) ~ Ka)yz.

Observe now that

R(wo) = Ji(wo)+ 5@ )~ Ky

+F(u,v)
= W, o] —(v,05) 2 +GW,7)
1
+§<q>2, (v')? = Kp)p2

(', v7) 2 + (0, 03) 12 + F(u,0)

inf  {—(v1,07) 2 — (v2,03) 12 + G1(v1, 02, 9)
(Ul,Uz)GYXY

1
02 02~ Koz |

+ i {0+ (0,03 + F(u,0)}
(u,0)eVxWV;

= —Gi(v},v3,¢) — F*(v},03), V(u,0) € V x Vi, (0],03,9) € [Y*]?, (78)

%

d0i:10.20944/preprints202302.0051.v77
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where .
Gi(w', 0, ¢) = G(u',0') + 5 (¢, (v/)? = Ka) 2.
Also,
GT(UT/UEI(P) = sup {<01/UT>L2 + <01/UT>L2 - Gl (Ullvzr¢)}
(”Dl,”l)z)EYXY
— 1 *\2
= 2/Q(vl) dx
* 1 (Uik _ U;)Z
+/Q|vl|dx+§/07¢2
K[ o
+o [, 97 (79)
where
1 *)/ 2 ok : N s
P (o) = { 3 Jo((0]) + )% dx =0 (1), if (03) =0, in O, )
400, otherwise.

From this we may infer that v = ¢, in (), for some c € R.
Summarizing, denoting v* = (v, v;) = (vj,c), and

J'(0%,¢) = =G{(v",¢) — F*(0")
we have got
inf Ji(u,0) > sup J* (0" ).
(uv)eA (v*,p)EY* xRx Y*
We have developed numerical results by maximizing the dual functional [* for two examples,
namely.
1. Example A: In this case, we consider f(x) = cos(7x)/2, K, = 107%.
For the optimal
uo = (o) + f,
please see Figure 9.
2. Example B: In this case, we consider f(x) = cos(mx)/2, K, = 30.
For the optimal
ug = (o) + f,

please see Figure 10.
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0.5

045 b

04r b

0.35 ]

031 ]

0.25 ]

0.05 ]

Figure 9. Solution u((x) for the example A.

0.5

04r a

031 b

0.2 ]

0.2 b

-0.3 1 b

-0.4r1 b

05 . . . . . . . . .

Figure 10. Solution ug(x) for the example B.

16. One More Dual Variational Formulation

In this section we develop one more dual variational formulation for a related model.
Let O = [0,1] C R and consider the functional | : V — R defined by

2/ 2_1)2dx+ = /u dx — (u, )12,

where
V={ucW4Q) : u(0) =0and u(1) = 1/2}.

We define also the relaxed functional [ : V x Vp — R, already including a concerning restriction
and corresponding non-negative Lagrange multiplier A%, where

Jh(u,0,A) = %/Q((u’-l-v’)z—l)2 clx-l—%/ﬂu2 dx — (u, f) 2 + (A%, (v)? — K) 2.
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where
={veW,*(Q) : (v)*-K<0inQ}.

Observe that
1 1
5 /0((14’ +0)? -1 dx+ /Ouz dx — (u, f)12 + (A2, (02 — K) 2
= (o, (W +0)2 1)+ % /Q((u’ + )2 —1)% dx
+(05, (' +0")? = 1) 2+ (A%, (V) = K)p2 — (', 0}) 12 — (0, 03) 12
1
+ (', v}y 2 + (0, 05) 2 + 3 /Q u? dx — (u, )12

inf{ (e ) + 5 [ ()2 i

inf {(0f, (01 +02)* = 1)1z + (A2 (22) = K) 2 — (01,02 — (02, 08) 12}
(v1,02)€Y XY

1
t it fone + et [ fdr- )

Y

(u,0)eVXVy
= ; (vo) dx—/ vy dx
1 / —02)2
4 Jao UO 2
_1 *\/ 2 _7/ 2 *
5 Q((vl) + f)dx 5 QKA dx + o7 (1)u(l). (81)

Here, we highlight v5 = c € R in (), for some real constant c.
Hence, denoting

% * 1 % *
Ji(v*,A) = —E/Q(vo)zdx—/ﬂvo dx

RN T
4)a o 2Ja  2A2

g e 7 A% i ) -

X

and

B(w,0) = 3 [ (G 4+ =12t 3 [ v, e,

we have obtained

inf  Jo(u,0)} > sup Ji (@ A).
(1,0)eVXVy (v*,A)EA* X [Y*]xRxY*

Finally, for
A" ={vg €Y : vy >ein O}
we emphasize J{ is concave on A* x [Y*] x R x Y*.

Here £ > 0 is a small regularizing real constant.

Remark 16.1. The constraint (v')? — K < 0, in Q) is included to restrict the action of v on the region where
the primal functional is non-convex, through an appropriate constant K > 0.

17. A Model in Superconductivity through an Eigenvalue Approach

In this section we intend to model superconductivity through a two phase eigenvalue approach.
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Let QO = [0,5] C R be a straight wire corresponding to a one-dimensional super-conducting
sample.
Consider the functional | : V x V x R — R where

- n : a1 4
J(u,v,E) = 5 /QVu Vudx + 5 /Q|u| dx

2
—%/ﬂ |u|? dx

+E/ Vv~Vvdx+&/ lo|* dx
2 Ja 2 Jo
2
—w—lz/ lo|? dx
2K35 Ja
E
2(/0(|u|2+|v|2) dme). (83)

Here, in atomic units, my is the total electronic charge, V = W&’Z(Q) and we set a; = 10*
corresponding to higher self-interacting energy which is related to a normal phase. We also set
ap = 107! corresponding to a lower self-interacting energy which is related to a super-conducting
phase and respective super-currents.

Moreover, we set y; = 72 = 1, and initially w = 1.8 which is gradually decreased to w = 1.0.

Furthermore, we define

2
2 _ |ul
= e ep
and
2
2 _ 9]
|¢S| |u|2+ ‘_0'2

where ¢y corresponds to a normal phase and ¢g to a super-conducting one.

At this point we observe that the temperature T = T(x, t) is proportional the frequency w/ (27)
of vibration for the normal phase.

We start the process with w = 1.8 which in atomic units corresponds to a higher temperature and
gradually decreases it to the value w = 1.0

Between w = 1.2 and w = 1.0 the system changes from an almost total normal phase to an almost
total super-conducting phase, as expected.

We highlight that the temperature is proportional to the vibrational kinetics energy

E1(t) _ %/Q |u|28rN(x, t) ] arN(x, t) dx

ot ot
so that for ‘
rn(x, ) = e“'ws(x)
and for a suitable vectorial function ws, we have
T  Ey & w?

so that we may model the decreasing of temperature T through the decreasing of w?.

For w = 1.8, for the corresponding normal phase ¢ and super-conducting phase ¢g, please se
Figures 11 and 12, respectively.

For w = 1.0, for the corresponding normal phase ¢y and super-conducting phase ¢s, please se
Figures 13 and 14, respectively.
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Figure 11. Solution ¢y (x) for the w = 1.8.

x107108

Figure 12. Solution ¢g(x) for the w = 1.8.

%1010

Figure 13. Solution ¢y (x) for the w = 1.0.
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Figure 14. Solution ¢g(x) for the w = 1.0.

Finally, we have set w; /K3 ~ 1 which for large w; corresponds to the super-currents.

18. A Simplified Qualitative Many Body Model for the Hydrogen Nuclear Fusion

In this section we develop a qualitative simple model for the hydrogen nuclear fusion.

Let Q = [0,L]®> C R3 be a box in which is confined a gas comprised by an amount of ionized
deuterium and tritium isotopes of hydrogen.

Though a suitable increasing in temperature, we intend to develop the following nuclear reaction

Deuterium®™ + Tritium® — Helium*™ 4 Neutron (energetic).

We recall that the ionized Deuterium atom comprises a proton and a neutron and the ionized
Tritium atom comprises a proton and two neutrons.

Under certain conditions and at a suitable high temperature the ionized Deuterium and Tritium
atoms react chemically resulting in an ionized Helium atom, comprised by two protons and two
neutrons and resulting also in one more single energetic neutron. We emphasize the higher kinetics
neutron energy level has many potential practical applications, including its conversion in electric
energy.

At this point we denote by mp, mr, mp, and my the masses of the ionized Deuterium, Tritium
and Helium atoms, and the single neutron, respectively.

Therefore, we have the following mass relation

mp +mr = my, + my.

To simplify our analysis, in such a chemical reaction, denoting the total masses of ionized
Deuterium, Tritium, Helium and single Neutrons by (mp)r, (m7)r, (mg,)r and (my)r we assume
there is a real constant ¢ > 0 such that

(mp)r = c¢mp, (mr)r =cmr, (my,)r =cmy,, (MN)T = my.
With such statements and definitions in mind, we define the following functional J, where

J(¢,x) = J(¢D, 91, 1., PN, ¥) = G(VP) + F() + Ec (¢, 1),
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where, in a simplified many body context,

1
6o (x,y)I? = |9y (W) + |¢5(x,y)|2|¢5(y)|2@,

1
r(o9)P = 1970 + (9%, () + 0% o) P P
1
011 9)* = 1025 DI + (108G (o) 085 (o) P) 25 () P

N = PN (x).
Here x,y € Q C R3 refers to the partlcle densities.
Furthermore, we assume 'yp > 0, 'yp > 0, qu > 0, 'le > 0, ’yNZ > 0, 'y > 0, ')/ > 0,
'yN >0, yv >0, andap >0, ar >0, ag, >0, ay >0,apr >0, ag, Ny >0, sothat

D
G(vp) = T

™ (VN) - (Vo) dx d
2 Jo N 4)N Y

Vey) - (V) dy

A

+

,)/T
= [ (V45)- (Vo) dy

T
+ 5 (k) - (Voh,) dx dy
2 [ 1 1
T
+ 122 [ (Vok,) - (Vol,) dx dy
S > [Tk (Vo) dy
')’
+% (V¢ Nl) (V<PN1) dx dy
H,
+ 20 [ (Vlk) - (Vo) dx dy
2 N,
50 [ (Von) - (Vow) dx, ®4)
and,
_ |¢D(x—§1,y &) Plgp(&1,82)
P(¢) / (61/62” dx dy dél déZ
IXT |4’T x*fflr}/ &) P pr (81, 82)]?
— (1,82 dx dy dea déa
tXDT |<PD X — Clly &) lor (81, 8)
— (81,62 b dy G e
“He |¢Hg é‘lly &) 2| ¢n, (81, 62)
= e e dy der dea
tf |4>N 3P lon (@)
/ |x 5 dx dg

JrZIXHEN/ |Pr, (x1 = G1,y — §2) Plon (E)) 2

[(x,y) — (61,82)] dx dy dg; dg, (85)
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and the kinetics energy is expressed by
Edpr) = / (pof> %0 %0 g ay
b [lor 5T 2 a”d xdy
/ |pr, 8;15 : arH“ dx dy
by [ w2 O o dx dy, (56)

where we also assume
iwt
rp = e“"'ws(x,y),
~ plwt
rr & e'“'we(x,y),
so that considering such a vibrational motion, the temperature T is proportional to w?, that is

T « w?.

Therefore, an increasing in T corresponds to a proportional increasing in w?.

Summarizing, we have supposed

1 1
E.(o, x—wZ/ 2 2dx C;+ = 2/ 2 dx Gy,
e(px) = 50" | |gp|”+ I¢r] 1+ 591 | 19| 2
so that we represent the increasing in T through an increasing in w?.
Moreover, we denote by my the mass of a single neutron and by m,, the mass of a single proton.
Thus, denoting also by A1, A, the proportion of non-reacted and reacted masses respectively, we
have the following constraints.

1.

18R dx = my,
2.

[ 188, Gy dx = my,
3.

|10, (o) P dxr = m,
4.

|08 ey P e = m,
5.

I 9 o) P dx = my,
6.

18P dy = Ay cm,
7.

185w dy = Ay om,,
8.

| 1655 dy = 2z (20 my),

Similar constraints are valid corresponding to the charge of a single proton.
We have also the following complementing constraints,
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1.

| ool dx dy = X (mp)r,
2.

| Jor dx dy = A (mo)r,
3.

/Q |pn,|? dx dy = Ao (mpy, )1,
4.

[ on P dx dy = Aa(my)r,
5.

AM+A =1

With such results and statements in mind and simplifying the interacting terms, we re-define the
functional | now denoting it by 1, here already including the Lagrange multipliers concerning the
constraints, where

,),D
h@wEX) = 2 [ (VD) (VD) dy

D

+ 20 [ (VR - (VoR) dx dy
T

L[ (Veh) - (Vah) dy

2 Jo P P

,),T

+20 [ (Vok) - (Vok,) dx dy
,),T

57 | (Voky) - (V) dx dy
W 2 [ (Tesk) - (Vo) dy

’Y

+% (VR - (Vo) dx dy
He,

TN,

+ 2 (VR - (Voxs) dx dy
50 [(Von) - (V) dx

&p 4 ar 4
+52 [ lgol* dx+ 5L [ fgrl* ax
PR
2 [ gn x5 [ Jgnl* dx
~? [ (190l + ¢ ) dx

~a? [ [on P dx+ T, )
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where the functional J4,,, stands for
T = = [ ERs)( [ 108 dr—my ) dy

= (R Delw) ([ 168, ) = ) dy

- /Q<E£2>7<y> (108 o) dx = ) ay

= s (ot ol = ) dy

-/ <Eﬁ;>9<y> (] otk —my ) dy

~(Ep)a( [ 1050 dy— dacm

~(Ena( [ 10702 dy ~ daem, )

~(Ena ([ It ol dy 22 20m, )

~£s( [ 0l dx dy — A (mo)r )

o [ lor ? dx dy = da(onr)r

<7 (] o2 dx dy = dalons )1

s [ lowl? dx dy ~ ra(my) )

—Eg(Ay + Ay —1). (88)

Remark 18.1. In order to obtain consistent results it is necessary to set

((XN, "‘Hg) > (B(D,IXT).

In such a case, a higher temperature corresponding to a large w?, though such a nuclear reaction, will result
in a small Ay and a higher kinetics energy for the neutron field, corresponding to a large w? and A, closer to 1.

19. A More Detailed Mathematical Description of the Hydrogen Nuclear Fusion

In this section we develop in more details another model for the hydrogen nuclear fusion.

Remark 19.1. Denoting by i € C the imaginary unit, in this and in the subsequent sections, for the time-
dependent case we generically define the gradient of a scalar function u(x,t) with domain in R*, denoted by
Vu(x,t),as
Vu(x, t) = (iug(x, 1), e, (%, 1), Uy, (X, 1), they (%, 1)),
so that ;
. 2 2
Vu-Vu [h —i-]; Uy,

Let QO C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by o).
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Here such a set () stands for a control volume in which an ionized gas (plasma) flows. Such a gas
comprises ionized Deuterium and Tritium atoms intended, through a suitable higher temperature, to
chemically react resulting in atoms of Hellion and a field of single energetic Neutrons.

Symbolically such a reaction stands for

Deuterium®™ + Tritium® — Helium*™ + Neutron (energetic).

We recall that the ionized Deuterium atom is comprised by a proton and a neutron and the ionized
Tritium atom is comprised by a proton and two neutrons.

Moreover, the ionized Helium atom is comprised by two protons and two neutrons.

As previously mentioned, resulting from such a chemical reaction up surges also an energetic
neutron which the higher kinetics energy has a great variety of applications, including its conversion
in electric energy.

We highlight the model here presented includes electric and magnetic fields and the corresponding
potential ones.

Denoting by t the time on the interval [0, ], at this point we define the following density functions:

1. For the Deuterium field
oo (e y, 1> =193 (v, ) + |¢5(x/y,t)l2|¢5(y/f)|zr;/
2. For the Tritium field
o1 (e y, 12 = 15 (O + (o, (xy, )P+ [0k, (2, v, ) ) 19 (v, t)lznip,
3. For the Helium field
H, H,

1
pre (3,9, 8) 2 = 195 (0, OF + (g (00 + long (e, D) g (v 6) P
p

4. For the Neutron field
N = ¢n(x, 1),

5. For the electronic field resulting from the ionization
pe = Pe(x,y,1).

Furthermore, we define also the related densities

po(yt) = [ on(xy ) dx,

pr(w.t) = [ 1gr(xy ) dx,
put(0,) = [ 101 ()2 dx,
on(x8) = Ipn (3,02

pe(y,t) = /Q e (x,y,t)|? dx.
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For the chemical reaction in question we consider that one unit of mass of fractional proportion
«p of ionized Deuterium and a7 of ionized Tritium results in one unit of mass of fractional proportion
ap, of ionized Helium and ay of neutrons.

Symbolic, this stands for

1:06D+IXT:1XH8+IXN.

Concerning the control volume () in question and related surface control d(), we assume such
a volume has an initial (fot t = 0) amount of ionized Deuterium of (mp ) and an initial amount of
ionized Tritium of (mr)g. The initial amount of ionized Helium and single neutrons are supposed to
be zero.

On the other hand, about the surface control d(), we assume there is a part )y C 9Q) for which is
allowed the entrance and exit of Deuterium and Tritium ionized atoms.

We assume also there is another part d(); C dQ) such that 9021 N 92y = @ for which is allowed
only the exit of ionized Helium atoms and neutrons, but not their entrance.

In 00, is allowed the exit only (not the entrance) of ionized Deuterium and Tritium atoms.

Indeed, we assume the following relations for the masses:

1.
O )r(6) =m0+ [ [ (ou (30) + pu(x, 7)) m s
2.
mp,N(t) = mp, () +my(t),
3.
mp, () = /QpHe(x,t) dx,
4.
my(t) = /QpN(x,t) dx,
5.
oni1)r() = [ pn(x0) dx+ [ [ pn (5, 0puen dr,
6.
(mn)7(t) = /QpN(x,t) dx + /Ot /602 on(x, T)u-ndldr,
7.
(mn)T(t) _ an
(mp,)r(t)  ap,’
so that
anmy,)1(t) = ag, (my)r(t),
8.
(o)) = oo = [[ [ (p(x,m)u-ndS de— ap (i w100,
9.
mr) () = (mrdo— [ [ (pr( e nds de— ar i, )r (),
10.
(me)e(t) =me)+ [ [ (petx ) nds ar,
11.
me(t) = /Qpe(x,t) dx.
12.

— D 2 g, Me T 2 g, Me H, 2 g, Me
me) = [0t e+ [[of e dle o [ 1o o e

Here n denotes the outward normal vectorial fields to the concerning surfaces.
Having clarified such masses relations, we define the functional

J(¢,p,r,u,E A,B)
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where

] = G(Vu) + F(¢) + Ec(¢,r) + FL + F, + B,

andwhereweassumeyp > 0, q/p > 0, 'yN>0 'yN1>O ')/N2>0 'y > 0, 'y > 0, 'y
0,y >0, ve>0andap >0, ar >0, ag, >0, axy >0, apr >0, ocHeN>0 zxee>0 ocHe<Oso
that

6w = [ (TR (va?) dya
I (99R) (VR x dy
75/t"/ (Vo7) - (Vo) dy at
T4 / v / (VL) - (VL) dx dy dt
7N2 / / (VL) - (VL) dx dy dt
72”/ / Vol ) dy dt
(YNl / v / (VL) - (Volk) dx dy dt
7N2 / v / Vo) - (Vol) dx dy dt
A [ [ (Tgn) - (Vgw) dx di

Ye ['f
+7/0 /Q(mpe)-(v(pe) dx dy dt, (89)

and

_ap (¥ [ |¢p(x =&y — & t)Plop (1, &2 )|
F(¢p) = 2 b o (67 = (e1.6)] dx dy dgy dg, dt

ty |¢T(x_é’l,y—Cz,f)|2|4)T(§1r§2/t)|2d dy A& dé- d

/ |(x,y) = (¢1,82)] vy e e it

DCDT tf |(PD x_gl/y_§2/ t)|2|4)T<§1/§2/ t)lz
|(x,y) — (81,82

o5 iy / [P, (x m G ORI @82 OF o g a, at

dx dy &, dE, dt

(x,y) — (1, 82)|
/ff o ( x—|x‘§_t€ t||4’N( O 4 dg dt
+Z sze / / |, (x1 — Clry) C(Zél,)éz')(/!m(cy Al dy &y dZ, dt
lxee |¢e x— gl,y Cz, )| [fe(C1, 82, 1) 2 dx dy d&, dg, dt (90)

y) = (81,62)]

d0i:10.20944/preprints202302.0051.v77
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and the internal kinetics energy is expressed by
b orp or
Ee(pr) = 2/ / gol? 52 SP ax dy at

A e

AL /iﬂxasf«afw

L

s / IR e o % dx dy dt, 91)
Here it is worth highlighting we have approximated the initially discrete set of indices s of

particles as a continuous positive real variable s.
Moreover,

F —i/tchurlA—B |2 dt
1*47_[0 0112 4k,

b
/ / Eing - KP|¢p |2( > dx dy dt
y T2 a T
+/ /Eind‘Kp|4’p| u—i—a— dx dy dt
t
+/f/ Eina - KPM) < )dx d]/ dt
+/ /Emd Ke|gbe|2(u+> dx dy dt, 92)

where K, and K, are appropriate real constants related to the respective charges.
Here u = (11, up, u3) is the fluid velocity field and

rp, rt, r'y,, IN, Ye

are fields of displacements for the corresponding atom fields.

Also A denotes the magnetic potential, By an external magnetic field and B is the total magnetic
field.

Moreover, E;,; is an induced electric field.

Finally,

Cp [ Cr ['r
Bo= P[] Vo Vagrodrdyat+ S [ [ Ve Ve drdy at
CHe t N tr
2o [7 ] Vet Ve drdyat+ 0 [ 000 Vo dx dy d

76 /0 /Q V(x/y)re . V(x,y)l'e dx dy dt, (93)

for appropriate real positive constants Cp Cr, Cq,, Cy, Ce.
Such a functional | is subject to the following constraints:

1. The momentum conservation equation for the fluid motion

ou Ju ap
P( atk + ]axk> =pfk— + Tkj,j + (Fg)k + (Fa)is
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Vk € {1,2,3}.
Here p = pp + pT + pH, + oN + pe is the total density and P is the fluid pressure field.
Furthermore,
du; ouj 2
K y(&x 71‘_ ljzaxk>
vi,j e {1,2,3},
Fe = {(Fe)) = (K09 1+ lgf 2+ Ioli?) + K. [ I v )5
and
Fv = {(Fm)i}
or
- D2 D
= (i (o537
or
T2 T
¢y | (“ + E)t)
or
0|2 He
ot (u %5 ) )
5 ore
+Ke|¢pe|" [ u+ 5 ) ) % B. (94)
2. Mass conservation equation:
9%
5 + div (pu) = 0.
3. Energy equation
pE + Vx(E1) -u+ Ey + P(divu) = aa—? — div q,
where we assume the Fourier law
q= —KVT,
where T = T(x, t) is the scalar field of temperature and Q is a standard heat function.
Also,
~ Py.u4 LoD 9D
¢ AR N TRT
prorr O
MR
OH, aI'He ) arHe
T2 o o
PN OTN 0Ty
2 ot ot
pe Ire Ore
2 ot ot ©5)

where the densities £; and E are defined through the expressions of F(¢) and F, so that

P(¢>)=/Otf/01§1dxdt
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and ,
FQZ/f/Ezdxdt.
0 JO

Here we recall that since rp is highly oscillating in ¢t we approximately have
u-rp~0

in a weak or measure sense. The same remark is valid for the other internal velocity fields.

Moreover,
De  oe de

P=F(p,T),

for an appropriate scalar function F;.
5. Mass relations

(a)
mp(t) = /QpD(x,t) dx,
(b)
mr(t) = /QpT(x,t) dx,
(©)
mpe(t) = /QpHe(x,t) dx,
(d)
() = [ pn(xt) dx,
(e)
me(t) = /Qpe(x,t) dx,
() t
(my,)r(t) = /QPHe(xrf) dx-i—/o /BQ pr, (x, T)u-ndldr,
(8) t
(mn)r(t) = /QPN(x/t) dX—i—/O /an pn(x, T)u - n dldr,
(h)
(mn)r(t) _ an
(mp,)r(t)  an,’
so that
anmp,)r(t) = ap, (my)r(t),
where,
(a) t
(mp,N)1(t) = mp,N(t) +/0 /an (pm,(x,7))u-ndSdrt,
(b)
m,,N(t) = mp, (t) + my(t),
(©)

(mo) (1) = (mp)o— [ [ oy, (D T)) 0 S 4 — (i) (1)
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(d) t
t) = — , -ndSdrt — t),
(mr)(®) = (mr)o = [ [ (pr(e)u-n dS dr—ar(ma, )7 (1)
(e) t
(o)1 (1) :me(t)+/ / (or(x,7))u-n dS dr.
0 Joy,
(f)
/ ¢y (x,1) |2dx—+/ ¢ (x,1) |2dx—+/ |¢ °(x,t) |2dx—
mp
6. Other mass constraints
(a)
68w 0 dx = my,
(b)
|18k, Gy O dx = my,
(©)
|18k, Gy O dx = my,
(d)
/ |(PN1 X, % |2 dx = MmN,
(e)
[ 08 ey O dx = my.
7. For the induced electric field, we must have
1 ’ aI'D
curl E;,,; + - curl (Kp|¢5|2 (u + at)
N or
T2 T
+Kp|¢p| <u+at)
or
|2 H,
+Kp|4’ ;| ( 5 )
d ,
e [ eGP (w0 + 25 dx ) )
10
x(curl A—Bp) — —=(curl A—By) =0, (96)

c ot

where K, and K, are appropriate real constants related to the respective charges.
8. A Maxwell equation:

div B =0,

where
B = By — curl A.

9. Another Maxwell equation:

div B = 4 (K0P + 0] + 1935 ) + K | loe( 0P ),
where the total electric field E stands for

E = E;;;y + Ep,
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and where generically denoting

t
Fig)= [ [ Aot dxdga,

g, { [ 25080 )

axk

we have also

At this point we generically denote

t
(h, ) 12 :/0 /th Iy dx dy dt.

Thus, already including the Lagrange multipliers concerning the restrictions indicated, the
extended functional J3 stands for

J3 = J3(¢,u,r,P,A,B,E, A E)
= G(V¢)+F(¢) +Ec(p,x) +F+E+F
Buk Buk aP
+<Ak,p <at + ujaxj> —pfk+ i (FE)k — (FM)k>

12

d .
+<A4/ (—Ti + div (Pu)> 5 + ]Auxl + ]Auxz + ]Aux3 + ]Aux4/ (97)
L

where,

D . 0
Jauy, = <A5, p—e+Vx(E1)~u+P(divu)——Q+ divq>
l)t at L2

+(Ng, P—F:(0,T)) 2, (98)

]Auxz = <A71mD(t)_/QpD(x/t) dx>L2

(Aqmr(t) = [ pr(t)dx)
(Domin(6) = [ (1) dx)
(M) = [ putxdx)
(Aumet) = [ ool dx)

/Ot Ei2(t)(anmp,)1(t) — ap, (my)r(t)) dt, (99)

—
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ty
Jau, = */0 /0 EQ)s(y,t < 1R (x, v, 1) dme) dy dt
) e ([ o
_/otf/n (Ex )7 ( (/ 9%, (x,y, 1) dx — N> dy dt
_/Otf/o EX)s(y t (/ |ONe (x,y,£) 2 dx —m N> dy dt
_/otf/o EAR (/ s (2 P dx—w) dy dt, (100)

Jaux, = (A1z, curl By
+% curl (Kp|<pr’,3|2 <u + aar;))
+Kp |y 2 (u—i— aartT)
+Rylps, |2< +a§:€>

& /Q e (x,y,t)|? (u(y, 1)+ w dx))

X (curl A —By) — 13( curl A — B0)>

at 2

+<A13, div B>L2
+<A14, divE—4n<K,,(|¢§?|2+ ¢y >+ |¢§];|2) +1<e/Q e (x,, 1) ? dx>>L2. (101)

Here we recall the following definitions and relations:

1. For the Deuterium field
|op (e y, 1)1 = 19 (v, ) F + |<Pz]\31(x,y,f)|2|¢5(l/,f)|2n;/
2. For the Tritium field
lop () = 19, (v, ) + (19K, (x, 3,0 + |9R, (x,y,t)|2)|¢;’3(y,t)|2n;,
3. For the Helium field

1
(. (. D)2 = [y (y, O + (b (o 1P + s (e, £)P) s (v, ) T

4. For the Neutron field
N = ¢n(x, 1),

5. For the electronic field resulting from the ionization

Pe = Pe(x,y, ).

po(ut) = [ eo(xy, O dx,
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Also,

10.

11.

12.

so that
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pr(w,) = [ lgr(xy ) dx,
o (,t) = [ lgn(x,y,0) dx,
on () = lgn(x D,
pelyt) = [ 0e(xy 0 dx.
p = pp + 01+ Pm, + N + e,
s )1(0) =m0+ [ [ (i) + pu(x, 0w m ds
i (6) = g (8) + i (1),
mis (1) = [ pr(x,1) dx
i (f) = /Q on(x, 1) dx,
m0)(0) = (mp)o = [ [ (ool T ndsS de — ap(max)r ()
o)) = (o= [ [ (pr( e n dS T = ar(mi )1 (0),
(mp,)7(t) = /Q pr, (6, 1) dx + /0 t /a o, ore(o 7w n drdr,

(mn) 7 (t) :/QpN(x,t) dx+/0t /msz(x,T)u-ndFdT,

(mn)r(t)  an
(mp)r(t)  am,’

anmy,)r(t) = apg, (my)r(t),
(ne)o(6) = me(t) = [ [ (pclx,mu-nds d,
me(t) = /ng(x,t) dx.

_ D 2 4. Me T 2 4. Me H, 2 5 Me
me(t) = [ 195 (x1) i + JREACD] e + IRGHED! .
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Finally,
E=E; ;+ Ep,

and where generically denoting

F9) = [ fal0,%,) dx e,

g [ 26050 )

axk

we have also

and,

B = By — curl A.

20. A Final Mathematical Description of the Hydrogen Nuclear Fusion

In this section we develop in even more details another model for the hydrogen nuclear fusion.

Let O C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 0Q).

Here such a set () stands for a control volume in which an ionized gas (plasma) flows. Such a gas
comprises ionized Deuterium and Tritium atoms intended, through a suitable higher temperature, to
chemically react resulting in atoms of Helium and a field of single energetic Neutrons.

Symbolically such a reaction stands for

Deuterium®™ + Tritium® — Helium*™ + Neutron (energetic).

We recall that the ionized Deuterium atom is comprised by a proton and a neutron and the ionized
Tritium atom is comprised by a proton and two neutrons.

Moreover, the ionized Helium atom is comprised by two protons and two neutrons.

As previously mentioned, resulting from such a chemical reaction up surges also an energetic
neutron which the higher kinetics energy has a great variety of applications, including its conversion
in electric energy.

We highlight the model here presented includes electric and magnetic fields and the corresponding
potential ones.

Denoting by t the time on the interval [0, ], at this point we define the following density functions:

1. For a single Deuterium atom indexed by s:
(¢ (%3, £,5)[2 = ¢y (v, ,9) > + 9R (x, . ,9) 2|9y (v, t,S)Izr;p,
2. For a single Tritium atom indexed by s:
915y 9 = 197 05) P+ (198, (e £5) P+ 198 (o6 PIF () P
3. For a single Helium atom indexed by s:
1 5,5) 2 = I085 )"+ (s eyt )+ 8 oyt ) 0B it )P

4. For the Neutron field:
(PN - ¢N(X, £ S)/

5. For the electronic field resulting from the ionization

Pe = ¢Pe(x,y,1,5).
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Furthermore, we define also the related densities
Np(t) 2
oo = [ [ 1go(ry, b9 dx ds,
0 (@)
Nr(t) 5
or )= [ [ lorCryts) dxas,
0 (@)
N, (1) )
oy t) = [ [ Ipu oyt )P dx s,
0 (@)
Nn(t)
on(e )= [ len(xts) P ds,

Ne ()
pe(y, t) = /0 /Q e (x,,t,5)|* dx ds.

For the chemical reaction in question we consider that one unit of mass of fractional proportion
«p of ionized Deuterium and at of ionized Tritium results in one unit of mass of fractional proportion
ap, of ionized Helium and & of neutrons.

Symbolically, this stands for

1:DéD+lXT:lXHe+lXN.

Concerning the control volume (2 in question and related surface control d(), we assume such
a volume has an initial (fot t = 0) amount of ionized Deuterium of (mp )y and an initial amount of
ionized Tritium of (mr)g. The initial amount of ionized Helium and single neutrons are supposed to
be zero.

On the other hand, about the surface control d(), we assume there is a part {3y C 9(} for which is
allowed the entrance and exit of Deuterium and Tritium ionized atoms.

We assume also there is another part d(); C dQ) such that 0021 N 90 = @ for which is allowed
only the exit of ionized Helium atoms and neutrons, but not their entrance.

In 9(); is allowed the exit only (not the entrance) of ionized Deuterium and Tritium atoms.

Indeed, we assume the following relations for the masses:

1. ,
(i 1) =m0+ [ [ (ow () +px(x 1)) mas ar,
2.
mu,N(t) = mpy, (t) +mn(t),
3.
mpy,(t) = /QpHe(x,t) dx,
4.
my(t) = /QpN(x,t) dx,
5.
(mp)(®) = (mp)o— [ [ (pp(x1))u-nds dr—ap(mpn)r(t)
6. ,
(o)) = (mr)o = [ [ (pr(x0)u-ndS dr — ar (g, w)r(8),
7.
ni1)r() = [ w0y dx+ [ [ pn(x,0puen dr,
8.

(mn)r(t) = /QPN(xft) dx—l—/ot /anz on(x,T)u - n dldr,
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9.
(mn)T(t) _ an
(mpy)r(t)  ap,
so that
anmp,)1(t) = ap, (mn)7(t),
10. ,
(me)r () = me(t) + [ | (el ))u-nds dr,
11.
:/Qpe(x,t) dx
12.
Np(t) m, Nr(t) m
) = [ LR nesPayasyi s [T 0] ts) P dy ds
N.”
/ / |<p2p y,t,5)* dy ds—p (102)

Here n denotes the outward normal vectorial fields to the concerning surfaces.
Having clarified such masses relations, denoting by Np(t) Nr(t), Ng,(t), Nn(t), N.(t) the
respective indexed number of particles at time ¢, we define the functional

]((P/P/ r/ u/ E/A/ B/ {ND/ NT/ NHe/ NN/ NE})

where

J = G(Vu)+ F(¢) + Ec(¢,xr) + F, + F, + F3+ Fy,

andwhereweassumeyp > 0, 'yp > 0, 'yN>0 'yN > 0, 'yN > 0, 'y > 0, 7 > 0, ’y§;>
0, 7 >0, 7o >0and ap >0, ar >0, IXHE>O any >0,apr >0, OCHN>0 Dce,g>0 lXHe,g<OSO
that

6w = [ [ (wob) - (7R dyas
ST T (90R)- (VoR) dxdy ds
L e (Ve dy dsa

(i [ [ vok) - (Vo) dxay s ar

1T /tf /NT / (VL) - (VgL,) dx dy ds dt

LT /tf /NHem [ (Folt) (Tl dy s

PP s 5o v

7N2 /tf/ et /(V(p pll) dx dy ds dt

+ 7N /0 /0 /Q (Vo) - (Von) dx ds dt
% /0 g /0 Nl /Q (Vo) - (Vo) dx dy ds dt, (103)

and
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F
éf)of A / |¢Dx_M_|fﬁf;s—_i@lﬂ';'?]mgl'52't’sl)'z dx dy 2y dG ds dsy dt
A B R AL ACLU LY
A T ST
/ /NHE /NHE / |¢pn, (x — Cl,y C), S(g—llsgllslq)bfqe(gl,gz,t)|2 dx dy de, g, ds ds, dt
//NN /NN /IfPN €/tfsxs_12;||2|¢N(§'t'51)|z dx dE ds dsy dt
s 1 /|¢He m B OPNEOR e e s

(x,y) — (&1, 62)|

ke [ R0 |4’HeX—Cw—ézrt,s—sl>|2|4>e<él,a52,t,s1>|2
// L 9~ @,0)] e dy ey dey ds dsy i

Déee tr pNe(t) pNe(t) |4)g x_gl'y_@'tfs_51)|2\¢e(§1,§2,t,51)|2
/ / / / [(x,y) — (¢1,82) dx dy dGy dg ds dsy di(104)

and the internal kinetics energy is expressed by
tr [No(t) drp Or
Ec(p,r) = 2/ / / lop|? af D dx dy ds dt

t Nr(t 2 arT arT
2/ / /| o S ST dx dy ds di

b (t zarHe.arHE
AL e e aaya

tr Nn(t) 2 ory aI‘N
2/ / /| W SN dx dy ds dt

t Ne(t)
2/f/ /Ie|zare~%d x dy ds dt, (105)

Moreover,
F = —/tjr | curl A — By||, dt
1 - ] 0 0 4

tr N,
/f/ bl /Emd Kp|¢p |2< BD) dx dy ds dt
tr N or
+/f/ B / Eind~1<p|<p;|2<u+aT> dx dy ds dt
tr Np,(t)
+/f/ 8 /Emd Kylott| ( aHf) dx dy ds dt

N TR K e 9\ yx dy ds d 106
ind e|¢€| u+ p) X ay as t/ ( )
0 0 9] t

where K;, and K, are appropriate real constants related to the respective charges.
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Here u = (u1, up, u3) is the fluid velocity field and

rp, rt, ry,, IN, Ye

are fields of displacements for the corresponding particle fields.

Also A denotes the magnetic potential, By an external magnetic field and B is the total magnetic
field.

Moreover, E;;,; is an induced electric field.
Also,

Cp [t [No(®)
B = /0 /0 /Q Vixy)ID - V(xy)tp dx dy ds dt
% /otf /ONT(t) /Q V()T V (xy)tT dx dy ds dt
+% /otf /oNHE(t) /Q V(xy)TH, = V (xy)TH, dx dy ds dt
+C7N /Otf /ONN(t) /Q Vi) IN * V(xy)tn dx dy ds dt

Ce tr Ne e e g o
7/0 /0 /Qv(’ffy)r“'v(x,y)re X dy ds dt, (107)

for appropriate real positive constants Cp Cr, Cg,, Cy, Ce.

Finally,
€D ty aND(t) BND

t
_+_£7N f aNN( dt n €H, / aNHe(t) gt
2 Jo ot
e ['f (ON(t )\ 2
+ 2 Jo < o5 dt, (108)

where ep, €1, €N, €H,, €. are small real positive constants.
Such a functional | is subject to the following constraints:

1. The momentum conservation equation for the fluid motion

auk auk
p( ot +u ]ax ) _Pfk +Tk]]+(FE)k+(FM)k,

Vk € {1,2,3}.
Here p = pp + pr + pH, + pN + pe is the total density and P is the fluid pressure field.

Furthermore,
du; du;j 2
Tl]_;l(ax] Txi_ ”Zaxk>

vi,j € {1,2,3},

Fp = {(Fe)i} =

Np(t) Nr(t) N, () Ne(t)
(Kp(/o |¢5\2 ds+/0 |¢;|2 ds+/0 |¢g]e|2 ds) +Ke/0 |¢e|2 ds)E,

d0i:10.20944/preprints202302.0051.v77
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and
Fu = {(Fm}
or
_ D)2 9rp
= ( /0 |(pp|<u+ 8t>ds
HONE orr
/0 |¢p| ( +at> ds
He
s [ g (e %5 ) )
Ne()
+K, / 4>e|2< are> ds> x B. (109)
ot
2. Mass conservation equation:
9p _
5 + div (pu) = 0.
3. Energy equation
De R R ) ~0Q .
pﬁ—l—vx(El) ‘u+Ey +P(divu) = a5 div q,
where we assume the Fourier law
q = —KVT,
where T = T(x, t) is the scalar field of temperature and Q is a standard heat function.
Also,
— Py.u4PpD 91D
e N T
PT aI'T aI'T
2 ot ot
PHg aI'He ) arHe
T2 o o
ON aI'N al'N
2 e
Pe % Ore
2 0t ot’ (110)

where the densities £; and E, are defined through the expressions of F(¢) and F, so that

oo
r :/ /Ed dt
(¢) o Frdx
tf N
FQZ/ /Ezdxdt.
0 @)

Here we recall that since rp is highly oscillating in t we approximately have

and

u-rp~0

in a weak or measure sense. The same remark is valid for the other internal velocity fields.
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Moreover,
De oe de

Df ~ or Yian

P=FpT),

for an appropriate scalar function F;.
5. Mass relations

(@)
mp(t) = /QpD(x,t) dx,
(b)
mr(t) = /QpT(x,t) dx,
(©)
mie(t) = [ pn(x,1) dx,
(d)
my(f) = /QpN(x,t) dx,
(e)
me(t) = /Qpe(x,t) dx,
where,
() t
()7 (F) = mp, n(F) + /0 [ (ou(x,7))u-n ds dr,
(b)
mp, N(t) = mpy,(t) +my(t),
(©) t
(mo)(1) = (mo)o — [ [ (oo, ))u-ndS dr—an(m,n)r (D),
(d) t
(o) (®) = (mr)o— [ [ (pr(x)u-ndS dr—ar(mx)r(t),
(e) t
(g, )7 (1) :/QpHe(x,t) dx—i—/o /aQ pr,(x, T)u - n dTdr,
® t
(mn)T(t) = /QPN(x,t) dx+/0 /an pn(x,T)u-n dldr,
(8)
(mn)r(t) _ an
(mp,)r(t)  an,’
so that
anmp,)r(t) = apg,(mn)7(t),
(h)

(me)7(t) = me(t) + /Ot /302 (or(x,T))u-ndSdr.
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(i)

Np(t) M, Nr(t) M,
me(t) = 19w (ot s) [ dy dy ds = + ¢y (y,t,5)|* dy ds—
m 0 (@) m

+/ / |<p (y,t,8)* dy ds— (111)
mp
6. Other mass constraints

(a)

[ 68w ) dx = my,
(b)

| 10F (e 9 dx = my,
(©

| 10k (e, 9 dx = my,
(d)

[ 183 Gyt )P dx = my,
(e)

[ It et dx = my,
(®)

/Q |¢E(x, t,s)|? dx = mpy,
(8)

/Q |¢;(x, t,s)|? dx = mpy,
(h)

/|cp (x,t,5)[> dx = 2'm,,

mp(t) = my Np(t) +my Np(t)
mr(t) = mp Nr(t) + my Nr(t),
mp,(t) = 2my Ny, (t) +2my Ng,(t),
me(t) = me Np(t) 4+ me Ny (t) +2 me Np, (t).

8. For the induced electric field, we must have

curl E;,,; + % curl (Kp /OND(t) |¢E‘2 (u + a(;f) ds
+K, /NT(t) |¢le<u+ a;f) ds
&y [ g8 (e %5 ) s
/ / |pe(x,y,t,5 |2( (y,t) + Brg(pac Y:t) dx) ds)

x (curl A —By) —%%(CUTIA—B()) =0, (112)

where K, and K, are appropriate real constants related to the respective charges.
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9. A Maxwell equation:
div B =0,
where
B =By — curl A.
10. Another Maxwell equation:
Np(t) Nr(t) Np, (t)
divE = 4n(1<,, (/0 5| ds+/0 9 17 ds+/0 |4>§;|2 ds)
Ne(t)
—I—Ke/ /Q |pe(x,y, t,s)|2 dx ds), (113)
0

where the total electric field E stands for
E = Eind + Ep/

and where generically denoting

t
F(¢) =/0f/0f5(¢,x,t§,s) dx dE ds dt,

we have also

E, = {/Qak(q”x’t’g’s) 4z ds}.

axk

At this point we generically denote

t
(h, ) > = /0 /th hy dx dy dt.

Thus, already including the Lagrange multipliers concerning the restrictions indicated, the
extended functional J3 stands for

I3 = ]3(47/ ur, P/ A/ B/ E/ A/ E/ {ND/ NT/ NHE/NN/ NE})
= G(V¢)+F(¢)+E(pr)+H+Eh+FEB+E

auk auk oP
+<Ak,p (at + ”faxj> —ofct P (FE)k — (PM)k>

L2
d .
+<A4/ £ + div (Pu)> ) + ]Auxl + ]Auxz + ]AMX3 + ]Aux4 + IAux5r (114)
L
where,
D - d
]Auxl = A5, p—e+Vx(E1)-u+P( divu)——Q—F divq
Dt at L2

+(Ae, P—F(p,T)) 2 (115)
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wn = (A7) = [ polx) dr)
+(Bgmr(t) = [ prie ) dx)
(Aovma ()= [ oo, )

(Awmy(t) = [ on(t)dx)

(

A, me(t) — /Q pe(x,1) dx>L2

[ Bt @nma)1(0) s Onx) 1) d,

J Auxs _/otf/g 5(y,t,8) < |pR (x, y,t,5) | dx_mN> dy dt

_/Otf/o (EX,)s(y,t,s (/ N, (X, Y.ty |2dx—mN> dy dt
_/Off/Q (Exy)7(y,t,s (/ 9%, (x,,t,5) | dx — N)

/Otf/Q EN1)8 y,t,8 (/ |¢ (x, 1,882 dx — N)
_/Otf/Q(ENz)9 (. t,s (/ |4>N x,y,t,8) dx—mN> dy dt,
_/Otf/n(E;?)(ff@ (/Q |0y (. t,5))? dy—mp) ds dt,
—/otf/Q<EZ><ffs> ([ 9F000,97 da ) ds
_/Off/Q EHe (/ |q> (y,t,5) % dy — 2m,,> ds dt,

Jaux, = (A1, curl Ejy

1 A ND(t) D 2 arD
+E curl <Kp/0 |(Pp | <ll + E)t) ds
N Nr(t) or
+1<p/ |¢,§|2< + atT) ds
N or
+I<p/ |4> |2( aff) ds
N Ne(t) 9 Y, t,
ke [ [t P (ul )+ LI ) )

curlA—BO)>

19
X(CurlA—BO) - EE( )
L

—|—<A13, div B>L2

Np(t) Nr(t) Ny, (t)
+<A14, diVE—47'L’(Kp </0 |¢1173|2 ds—i—/o |¢Z|2 ds—i—/o |

2
KE/Q\¢6| dxds)>L2.

d0i:10.20944/preprints202302.0051.v77
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(116)

(117)

cpgﬂz ds)

(118)
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Jauxs = (A5, mp(t) — (mp Np(t) +my Np(t)))2
+{A16, mr(t) — (mp Nr(t) +my Nr(t))) 2
+(A17, my,(t) — (2mp Np,(t) +2my Np,(t)))2
+<A18/ me(t) - (me ND(t) + me NT(t) + 2 m, NHg (t>)>L2. (119)

Here we recall the following definitions and relations:

1. For the Deuterium field

1
90 (x,y,t,9)1> = @) (v, £,5) [ + [9R (%, v, £,5) P9y (v, 1, 5)[*—,
mp

N

. For the Tritium field

1
pr(x,y,t,9)1> = 19 (v, 1,9) > + (198, (x, v, £,9) > + |98, (x, v, £,5) D) |95 (v, tr5)|2mfp/
3. For the Helium field
1
|pn, (x,y,1,5) 7 = |<Pf,f(yr ts)>+ (108 (., £,8) [+ [oR: (x,y, er)|2)|¢f,f(y, t,s)|2%,

4. For the Neutron field
oN = ¢on(x,t,5),

5. For the electronic field resulting from the ionization

Pe = ¢Pe(x,y,t,5).

1.
Np(f) 2
oo )= [ [ en(xy bR dx ds
0 Q
2.
Nr(t) )
prvt) = [ [ lgr(ry ) axas,
0 O
N, (#) 5
o) = [ [t dx ds,
Nn(t) 5
on(et) = [ lpn(x o) ds,
o= [ [ eyt R dxd
e\Jr = e\Ar Y by S.
pe(y L |y ts)[ dx
Also,
P =pp +pPr+PH, + PN + Pe,
1. ,
(i) () = mi () + [ [ (on.(e,7) +on(x,T)umds dr,
2
2.
m,N(E) = mp, (t) +my (),
3.

mi (t) = [ pn,(x,1) dx,
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4.
mn(t) = [ pn(xt) dx,
5.
00)() =m0~ [ [ (plm)us S de — ap ()1 (1),
6.
(o) (®) = (mr)o— [ [ (pr(x)u-ndS dr—ar(mx)r(0),
7.
on)r(0) = [ ety drs [ [ pu(x o nrd,
8.
(mn)7(t) = /QpN(x,t) dx+/0t /an on(x, T)u-ndldr,
> (mn)T(t) _aN
(mp,)r(t)  an,’
so that
an(mp,)T(t) = ap, (mn)7(t),
10. .
(mﬁﬂﬂzﬂmﬁ)—%l&ﬁ@&nT»uquﬁdn
11.
me(t) = /Qpe(x,t) dx.
12.

- ND(t) D ) me NT(t) T 2 me
met) = [ [Pt dydyds e [T g7 (ts) P dy do e

Np(t) H, 5 M,
Hf et dy ds (120)

Finally,
E=E; ;+ Ep,

and where generically denoting

t
F(¢) = /Of/Qf5(¢,x,t,§,S) dx d¢ ds,

we have also

%:{LWNM%&@%%}

axk

and,
B =By — curl A.

21. A Qualitative Modeling for a General Phase Transition Process

In this section we develop a general qualitative modeling for a phase transition process.

Let O C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 0Q).
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Such a set () is supposed to a be a fixed volume in which an amount of mass of a substance A
with a density function u will develop phase a transition for another phase with corresponding density
function v. The total mass mr is suppose to be kept constant throughout such a process.

We model such transition in phase through a functional | : V x V — R where

- n . a s
J(u,v) = > /QVu Vudx + > /Qu dx
E/Vv-VvdaH—Q/v‘ldx
2 Jo 2 Ja
1 20,2, 2 _E/ 2 2\ g
5 Qw(u +07) dx 2(Q(u +0%)dx —mr ). (121)

Here 47 >0, 92 >0, a1 >0, ap > 0and V = W2(Q).

The phases corresponding to u and v are connected through a Lagrange multiplier E, which
represents the chemical potential of the chemical process in question.

We assume the temperature is directly proportional to the internal kinetics E¢ energy where

/ 2 Jry, . aru
T2 ot at
For a internal vibrational motion, we assume approximately

I, = eiwtw5(x)’
for an appropriate frequency w and vectorial function ws.
Thus, the temperature T = T(x,t) is indeed proportional to w?, that is, symbolically, we may
write

To<E1c><w2.

Therefore, we start with the system with a phase corresponding tou ~ land v ~ 0at w = 1.
Gradually increasing the temperature to a corresponding w = 15, we obtain a transition to a phase
corresponding to # ~ 0 and v ~ 1.

At this point, we also define the index normalized corresponding densities

i uz 02
and
] v u2 UZ :

Finally, we have obtained some numerical results for the following parameters:
Q=[0,1CR,y1=9=1a=01,a =103
1. We start with w = 1 corresponding to ¢, ~ 1 and ¢, ~ 0in Q).

For the corresponding solutions ¢, and ¢, please see Figures 15 and 16, respectively.
2. We end the process with w = 15 corresponding to ¢, ~ 0 and ¢, ~ 1in Q.

For the corresponding solutions ¢, and ¢, please see Figures 17 and 18, respectively.
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Figure 15. Solution ¢ (x) for w = 1.

x10*

0 01 02 03 04 05 06 07 08 09
Figure 16. Solution ¢,(x) for w = 1.

0 01 02 03 04 05 06 07 08 09

Figure 17. Solution ¢, (x) for w = 15.
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Figure 18. Solution ¢, (x) for w = 15.

22. A Mathematical Description of a Hydrogen Molecule in a Quantum Mechanics Context

In this section we develop a mathematical description for a hydrogen molecule.

Let QO C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 0Q.

Observe that a single hydrogen molecule comprises two hydrogen atoms physically linked
through their electrons.

We recall that each hydrogen atom comprises one proton, one neutron and one electron.

Since the electric charge interaction effects are much higher than those related to the respective
masses, in a first analysis we neglect the single neutron densities.

Denoting (x,y,z) € Q x Q x Q and time t € [0, ], generically, for a particle pjy at the atom Ay
in the molecule M;, we define the following general density:

2w (w2 )P0, (0,2, B Pl om, (2, )
mA],kli '

|¢(ijl)T (x,y,2,1)]

Here we have the particle density |¢p,, (x, v,z t) |2 in the atom Ay, with density [, (y,z,t)|? at
the molecule M; with a global density |¢a, (z, £)[?.

Here we have also denoted, Mp the particle mass, 1,4, the mass of atom Ay and my,, the mass
of molecule M, so that we set the following constraints:

1.
S oy (29,2, O dx =y,
2.
| 6ag vz 0 dy = ma,
3.

/Q g, (2, 8)[2 dz = my.

At this point we denote for the atoms A e A; of a hydrogen molecule:

1. me, = m,: mass of electron ¢; in the atom Aj, where j € {1,2}.
2. mp; = my : mass of proton p; in the atom A;, where j € {1,2}.

Therefore, considering the respective indexed densities for the particles in question, we define the
total hydrogen molecule density, denoted by |¢p, (x, v,z t)|* as
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(091 (%, 9,2, ) P19, (v, 2, £) | pma (2, £) 2
mAlmM
N (59,2, 82194, (4,2 1) lgm(z D2
ma,mm
SR ?lga, (v, 2, )P lm(z H)?
mAZmM

19000y, 2 P a .2, ) Ploua (2 ) (122)
ma,mm

b, (x,y, 2, 1)) =

Such system is subject to the following constraints:

1. From the proton p; in the atom A;:

S 0 Geyz, D dx = m,

N

. For the proton p; in the atom Aj:

A |¢pz(x/y/Z, t)|2 dx = mPl

3. For the atom Aj:
S 6a, vz 0 dy = ma,

o~

. For the atom Aj:
S #aslyz 0 dy = ma,

5. For the electrons ey and e, concerning the physical electronic link between the atoms:

[ e,z 0P dxt [ {9,202 dx = 2me.

6. For the total molecular density:
J, lom(z 0P dz = m.

Therefore, already including the Lagrange multipliers, the corresponding variational formulation
for such a system stands for | : V — R, where

](¢iE) = G(ng) + F(¢) + ]Aux(¢/E)‘

Here we denote

(@0 )1 = |99, (2, 5,2, ) Pl (v, 2, 1) Ploma(z, 1)
pj T = s

mAij

2 by, 2 ) Pla; (v, 2,5 Plem(z B
mA].mM

| (¢pe;) 7] , Vje{1,2}

we assume () > 0, Ve > 0, Ya; > 0, ym >0, (p )y > 0, &)y > 0 K(p; )y < 0, Vj, k€ {1,2},
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Yot
G(Vy) = %/Of/n<vqap].)-(vq;pj)dx dy dz dt
Ve [tf
+7]/0 /Q(V(Pej) (V¢e,) dx dy dz dt
VA

5 o (VO4;) - (V) dy dz dt

™ [
+7/O /Q(Vq)M)-(ngM) dz dt (123)

and

F(¢) =
X(pj)r /ff / |07 (x =81y — 82,2 = 83, ) PI(p), (61, 82,83, 1)
2 Jo Ja [(x,y,2) — (1,62, 63)|
% (e))r /ff / ey (X = C1y — 82,2 = 83, ) Plepe )1 (81,82, G, 1) P
2 Jo Ja |(x,y,2) — (61,62,¢3)|
e /tf / [B(p)r (¥ = &1,y — 82,2 = 83, 1) Pl ey, (61,62, 83, 1)
2 o Ja [(x,y,2) — (1,62, 63)|

dx dy dz; A&, d&, dEs dt

+

dx dy dz d¢y d¢p dcs dt

dx dy dz d¢, dép dgs dt
Finally,

T ) = [ [ €00 (om0 dx =y ) dy dz

A
Bz (0 2 e, )P s — 2 )y i
S Enie 0 ([ a2, 0 dy =, )

ty

(En)(8) ( [ 1otz 0 dz mM) . (124)

Remark 22.1. We highlight the two electrons which link the atoms are at same level of energy E,.. Morever, each
atom has its energy level E 4; and the molecule as a whole has also its energy level Epy.

23. A Mathematical Model for the Water Hydrolysis

In this section we develop a modeling for a chemical reaction known as the water hydrolysis.

Let QO C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by Q).

In such a volume () containing a total mass mr of water initially at the temperature 25 C with
pressure 1 atm, we intend to model the following reaction

HO=OH +H"

which as previously mentioned is the well known water hydrolysis.

We highlight H>O stand for a water molecule which subject to an appropriate electric potential is
decomposed into a ionized OH~ molecule and ionized H™ atom.

It is also well known that the water symbol H,O corresponds to a molecule with two hydrogen
(H) atoms and one oxygen (O) atom.
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Moreover, the oxygen atom O has 8 protons, 8 neutrons and 8 electrons whereas the hydrogen
atom H has one proton, one neutron and one electron.

Remark 23.1. Here we have assumed that a unit mass of HyO reacts into a fractional mass ap of OH™ and a
fractional mass ac of H .

Symbolically, we have:
1= aB + &C.

To clarify the notation we set the conventions:

1. H»O molecule generically corresponds to wave function ¢;.
2. OH™ molecule corresponds to wave function ¢;.
3. H' hydrogen atom corresponds to wave function ¢j3.

At this point we define the following densities:

1. For the H>O water density (for charges), denoted by |¢;|?, we have

(1) 4 (v, 2, O ($1)m(z, 1)
(m)ﬁj (m1)m
2 (1) a; (v, 2 ) Pl (P1)m(z B[
(ml)ﬁj (m1)m
’2|(¢?)A( Lz ) Pl(¢1)m(z 1)
(m)‘z (m1)m

+K, Z [(@9)e; (x, 1,2, 1)|? [(9D)a(y, 2 O [(¢1)m(z, 1)

j=1 (M) (m1)m

2
1y z O = Kp Yo (o1 (v w2 1)
j=1

+K€Z| )g XY,z t)

+Kp2| o) (x,9,2,t)

(125)

where (117) 1 is the mass of a single water molecule and generically |(¢ (%Y, 2,1) |? refers to

the hydrogen proton p; at the hydrogen atom A; concerning the H>O molecular density and so
on.

2. For the OH™~ density, denoted by |¢»|2, we have

H 2 2
ey R = Kl @)y, 0P AR D)

+Ke|(921)e, (x, 9,2, 1) 2 [(¢5)ay, 2 ) ($2)m(z, 1)

(m)H (m2)m

LK@ )y (1,2, 12 [(P2M (2 D

(m2)m

+Kp E [(¢5)p;(x,y,2, 1) (@) a2, )P (¢2)m(z 1)

(m)i? (m2)m

+KeZ| ¢2 x y,z,t |2’(47?)14(}/,2,t)|2|(¢2)M(Z,t)|z

(m)‘z (m2)m ’

(126)

where (m5) ) is the mass of a single molecule of OH .
3. For the ionized hydrogen atom have

2
022, = Ky (951 (x 9,1 LA WO,

(m3) A
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where we have denoted (m3) 4 is the mass of a single atom of H.

Here K, > 0 and K, < 0 are appropriate real constants concerning a proton and an electron
charge, respectively.

The system is subject to the following constraints:

1.
1) oy 20 dx = my, Vi € (1,2},
2.
/Q (@), (x,y,2,t)? dx = me, Vj € {1,2},
3.
/Q (@), (x,y,2,t) > dx = my, Vj € {1,8},
4.
1000 (v, 2, 0P dx = me, v € (1,8},
5.
L1820 dx = my,
6.
1@ (2 0 de = me,
7.
1@ (e y,2 ) dx = me,
8.
/Q |(¢§))P/(xryrzr t)|2 dx = my, V] S {1,8},
9.
10906 (xy,2, 0P dx = me, v € (1,8},
10.
108Gz dx = m,
11.
1@, 2,02 dy = mif, ) € (1,2},
12.
169420 dy =,
13.
19540z, dy = m,
14.
16904020 dy = mS,
15.
L 1@ 40,002 dy = m,
16.
L 0@z 0P + (@2 D2 + |(s)m(z OP) dz = mr,
17.

/Q(acl(@)m(zr B> — apl(¢3)m(z H)[?) dz = 0.

Already including the Lagrange multipliers for the constraints, the variational formulation for
such system. denoted by the functional J(¢, E) stands for

J(¢,E) = G(V@) + F(¢) + Fi(@) — Jaux (¢, E),
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where

— ﬁ 3 s H . H
G(Vg) = - ];/0 /OV(qa1 )p, - V(@f)p, dx dy dz dt
e 2 t
+7§ Z/O /Qv(ﬁ)e,-vw{i)e, dx dy dz dt
+2 Z/ V@00 V(g0 v dy dz at
Ye f o 0
+2]Z;/0 /Q V(97 )e; - V(1 )e; dx dy dz dt

ﬁ/tf/ V(p3)p - V(95 )p dx dy dz dt
/ / 4’2 e * 472 )81 dx d]/ dz dt
,)/E OH~ OH~
+7 2/0 /Q V(g3 ey - V(T e, dx dz dt

+'Yp Z/ / @5y, - V(¢S)p, dx dy dz dt
Ye f o 0

+2]§/0 /Q V(93 )e; - V(93 )e; dx dy dz dt
T & [l

+2p/2/0 /()V(fl)?)p-vwg))p dx dy dt

+14 ;/Of/(y(ﬁ)fx,. (gl 4, dy dz di

F220 [0 [ G (40)0- V(D) dy de
T / / V() 4 - V(pH) 4 dy dz dt
7Ao/ / (@5)a- V(¢5)a dy dz dt
+7§41/0 /QV(cpl)M-V((pl)Mdzdt

+ 12 /tf/ V(ga)u - V(o) dz dt
e / / (¢3)a - V(3)a dy at.

Here vy > 0, 7 > O,’YIIZ{ > O,,’Yg >0,vm, >0,vm, >0,74, >0.
Moreover,

F(¢)

i / 1 (x — &1,y — &2,z — &3, 1) 12|91 (81, &2, &3, 1) 2
I(x/yfz) - (ClICZICS)‘
or |go(x = &,y — G,z — &3, t) Pl (81,82, 83, 1) 2
/ i) dx dy dz dx, dxy dxs dt

” |93 X*CL — &, 0)Pl¢s (1, &, 1)
/ (6, 1,2) — (€1,62,3)] dx dy dz dxy dxz dt

0623 b \4’2 x—51,]/—Cz,Z—Cs,f)|2|¢3(é’1,é’3,f)|2
|(x,y,z) - (61162163”

where a1 > 0, ap > 0, a3 > 0 and a3 > 0.

dx dy dz dxq dxo dx3 dt

dx dy dz dxq dxp dxs dt
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Furthermore,

t
A@) = [ [ vy znnl+ il + ) dx dy dz (127)

where V = V(x,y, z,t) is an electric potential originated from an external electric field E applied on Q.
Finally,

]Aux(¢/E)
2t H H 2

- ):1/0 /Q(El)pj(y,z,t)(/QK(pl )i (%,9,2,8)] dxfmp) dy dz dt
j=

2 ot

+Z/Of/Q(E1)g(y,z,t) (/Q\(qul)ej(x,y,z,t)\z dx—me) dy dz dt
=1
2

+Z/Otf/0(ﬁl)g(y,z,t) (/Q|(¢?)pj(x,y,z,t)\2dxfmp) dy dz dt
=8
2t

+]§/Of/Q(E1)€Oj(y,z,t)(/Q |(4)1O)ej(x,y,z,t)|2 dx—me) dy dz dt

s [ [ @0 (10860 dx—m, ) ay dz a
+,'>is /Otf /()(E2)g(yfzf ) (/Q (@), (x,y,2,t) 2 dx — m,,) dy dz dt

2 ot
‘Ll S €292 0( [ 1692 (02,0 = me) dy dz

w7 [ @ s (160500 ) dya

+Jg [ @00 ([ 100!tz dy - nlf ) dzar

[0 L ESE ( [0@03eznR dy-ng) dz

[ [ ([ @ wz0r dy - ) dzan

s [ [ ERen( [ 1080207 dr-nQ) dzar

[ @to( [ (0107 - nif) a

+ [ED O (0m e + L gea(a O + 1 ) d = )

+ [ €0 [ acligan(z 0 = waligah(z0P) dz) ar 129)

24. A Mathematical Model for the Austenite and Martensite Phase Transition

In this section we consider a phase transition of a solid solution of v — Fe (v — iron) and carbon
with a 0.75/100 proportion of carbon, known as austenite, initially at a temperature above and close
to 723 C and rapidly cooled to a temperature of about 25 C, developing a phase transition which
generates a solid solution of @ — Fe (¢ — iron) and carbon known as martensite.

Let O C R3 be an open, bounded and connected set with a regular boundary denoted by 9Q
which contains an amount of austenite at 723 C and which, as previously mentioned, is rapidly cooled
to a temperature 25 C on a time interval [0, 7], resulting a phase known as martensite.

We recall the  — Fe of austenite phase presents a multi-faced cubic crystalline structure in a
micro-structure with carbon atoms.
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On the other hand, a — F, structure of the martensite phase has a CCC cubic centralized crystalline

structure in a micro-structure with carbon atoms.
At this point, we also recall that the F, (iron) atom has 26 protons, 26 electrons and 30 neutrons.
On the other hand a Carboni, atom has 6 protons and this same number of electrons and neutrons.

Here we define the density function ¢y, representing the Austenite phase, where:

1
|1 (x, y,2,1)] ZW (. y,zP1eL vz ) Ple] (2,8 P—
(mA)

1
+2 |pe. " (x,y, 2, )Pl y,z,t)|2\¢¥(z,t)|2(m7)2
A

1
+E|¢” R Rl
A

Y0y (02 1P a0, 2 OIS 2, (mlc)z
A

j=1

6
+ Y 1@D)e (6 y,2, ) P1(@F) aly 2, 1) P97 (2, 1) 1c 5
j=1 (m7y)
6
+ 3 1@5)n (0w, 2, P19 4 (y,z,t)|2|4>f(z,t)|2(mlc)2. (129)
A

j=1

Similarly, we define the density function for the Martensite phase, which is denoted by ¢, where:

1
92(x,,2, )2 Dw ey, 2 )Ploh " (.2, 1) Pl (2, 0) > s
(mA)
1
+Z|¢"‘ Fe(x,y,2, ) Plo% F (r, 2, ) Plo] (2. ) P
(mA)
1
+ZI4>"‘ Fe(x,y,2, ) Plo% (y, 2, ) Pl (2, )P s
(mA)
6 1
+ Y1)y (0 y 2 P19 4y, 2 1) Pl (2, 6) P —¢ 5
=1 (mA)
6 1
+) |(4>§)e,~(x,y,z,t)|2|(4>§)A(y,z,t>|2|4>§(z, HPP—=
j=1 (mA)
6 1
+ 315N (x,y,2, ) P1(95) 4 (ylzft>|2|¢>§(z,t)|2w- (130)
j=1 A

For the CFC v — F, (y — iron) corresponding to the Austenite phase, such density functions are

subject to the following constraints:
Defining

C’Y = {(81,0,0), (0,82,0), (0,0,83), D g S {+1,—1}, V] S {1,2,3}},

(Co1 ={(e1,e2,83), : ¢ € {+1,-1}, Vj € {1,2,3}},

and
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(C7)2 = {(81182/0)/ (81/0183)/ (0182183)/ : S]' S {+11_1}/ v] S {1/2/3}}/

we must have

’Y Fe (]// 21 + t‘3152/ Zy + 82521 23 + S3‘521 t) 4)7 Fe (]// 21 + g1(521 Zy + g2521 Z3 + g352/ t)/

Ve, & € Cy, where 6, € R™ is a small real parameter related to v — F, crystalline structure dimensions.
We must have also,

oh Fe(y, 21 + €162, 20 + €202, 23 + €362, 1) = N Fe(y, 21 4+ 818,, 20 + 820, 23 + 836, t),
Ve, & € (C,)1 and,

(05) a(y, 21 + €102, 22 + €202, 23 + €302, 1) = (P¥) A (Y, 21 + €102, 20 + 8202, 23 + E302, t),

Ve, & € (Czy)z.
For the CCC a — F, (« — iron) corresponding to the Austenite phase, such density functions are
subject to the following constraints:
Defining
Cy = {(81,82, €3), HE:ES {+1, *1}, V] € {1,2,3}},

(Ca)1 = {(e1,€2,€3), : €1, &2 € {+1,—1} and &5 = 0},

(Ca)2 ={(e1,€2,€3), : €4 =ex =0and ez € {+1,—1}},
we must have

oy i (y,21 + €102, 20 + €205, 23 + €305, 1) = oy i (y,21 + 8102, 20 + 8202, 23 + 8305, 1),

Ve, & € C,, where 8, € R is a small real parameter related to @ — F, crystalline structure dimensions.
We must have also,

(0S)a(y, 21 + €162, 22 + €282, 23 + €362, 1) = (S) A (Y, 21 + €182, 20 + 8262, 23 + 8382, 1),

Ve,g G (Ca)] U (ClX)Z‘
The other constraints for the densities are given by:

1. For the Austenite phase:

(a)

/ oy (%2, 8)|7 dx = my, Vj € {1,26},
(b)

188 Gz, P dx = me, ) € {1,26},
©

18 ez P dx = my, v € {1,30}
(d)

|18k " Gy z P dx = m,
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(e)

@0 (5,2, dx = my, ¥ € (1,6},
(®)

1) (2 0P dx = me, ¥ € {1,6),
(8)

1@ (2, 0P dx = my, ¥ € (1,6},
)

@0z 02 dx = mS,

2. For the Martensite phase:

(a)
o |¢Zj_Ff(x,y,z, t)|2 dx =myp, Vj € {1,26},
(b)
/ |4>2‘]’Fe (x,,2,1)|? dx = m,, Vj € {1,26},
(c)
/Q |¢§‘V;FE (x,y,z,t)* dx = my, Vj € {1,30},
(d)
/Q |4>f§(5 (x,y,2,t))* dx = m",
(e)
/Q [(95)p,(x,y,2,t)* dx = my, Vj € {1,6},
()
16 (2,0 dx = me, ¥ € {1,6),
(8)
/0 (@SN (x,,2, 1) ? dx = my, Vj € {1,6},
(h)

@)y, z, b dx = m.

3. For the total F, (iron) mass,

|t 0Raz+ [ 163 0R dz = (i),
4. For the total Carbon mass
| 9SG 0P dz+ [ 195z, 0 dz = (me)r.
Q Q
At this point we define the functional | which models such a pahse transition in question, where

J(9,E) = G(V$) + F(¢) + Fi() + Jaux (¢, E)

where
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26 ’\'Y Fe ¢
/ 7_Fe ’)/_Pe
G(v¢) = / /QV(PP]' .V(ij dx dy dz dt
j:1
2 47F i ; ,
+Z 62 / Vol Ve dx dy dzdt
/ VR T VN dx dy dz dt
Aoc Fe s
/ / ‘P“ Fe V(P;]._Fe dx dy dz dt
2% a—F
+Z% /f/ Ve, F qu;fﬂ dx dy dz dt
30 zx tr
Z Nz / / 4’6K f V¢?\§Fe dx dy dz dt
j=
71t . -
2 7] (9ol .z Vel w2 0) dy dz at
-
ﬂ?A/O / (V¢S (2, 1) Vol " (y,2,1)) dy dz dt
6 75 t c .
+]212[) /QV((Pl )Pj'v<¢1 )pj dx d]/ dz dt
° 4§ [t c
+.27/0 /QV(‘Pl) V(¢T)e; dx dy dz dt
j=1
S 4% [t c c
+];2/0 /Qv((Pl)NJ'V(‘Pl)Nj dx dy dz dt
+27/0 /Qv(ﬁbz) (fpz)-dXdydzdt
=1
° qe [t
+27/0 /QV(%) V(95)e; dx dy dz dt
=1
6 95 [t c c
+ 27/0 /Qv(‘P2)Nj 'V(qbz)Nj dx dy dz dt
j=1
Y9 [ y
+ 2 [V [ (V6614 V(95 )dydzdt+ [ (S50 Vg0
T i Y ty
+7/0 /Q( ( 1)~V(<p1))dzdt—|— / () - V() dz dt
5 [t
+7/0 /Q(V(%) V(gS)) dz dt + L / / ) V(¢5)) dz dt (131)

Also,
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F(¢)
tf/ |1 (x 51,}/|(x§;,§) _C?éi)|é{2||<§;)(|€'1,f§2, Sl . dy dz dg, d&, des di
ff/ |2 (x 51,]/|(x§;/§) _gig)g‘é’;)("ﬁ’gz’ 63, t)l dx dy dz d¢y d dC3 dt,

B =- [ [ @E00nE0R + g0 dz

Finally, Jaux = ]Aux1 + ]Auxz + ]Auxg, + ]AuX4 + ]Aux5/ where
26 t
Jawe, = Z/f/ EW F“ (v, z,t) (/ |<p7 Fe (x,y,2,t)[2 dx—mp) dy dz dt
j=1
26 t
-l-Z/Of/QE%_ y,zt(/ |<p xy,zt|2dx—me)dydzdt
j=1
30 ty _F _F
+Z/o /QEX,]_ (y,z,t)(/Q |¢le (x,y,z,t)|2dxme) dy dz dt
E ,Z,b) (x,y,2,t) 2dx—m dy dz dt
oy 4’ y p) oy
t
+Z/f/ Eg~ F(y,z,t) (/ e, E(x,y,2,t) \defme) dy dz dt
j=1
30 t
-I—E/f/E“Py,zt(/ |47 F(x,y,2,t)? dx—mN>dydzdt

t
+/f/E7 Fey, 1) (/ 9% (y,2, 1) dy — mA)dzdt
t
+/f/E“ F (y,t (/ 9% y,zt dy—m‘jﬁ‘)dzdt (132)

Jaux, = 2/ /(E1 pi (Y2, 1) ( |(¢5)p, (x,y,2,1) 2 dxfmp) dy dz dt
t

Z/ / ES)e; (y,2,1)
=1
26 ty
Z/ / E1 y,zt
j=1
26 ty
2/ /(E2 pi (Y, 2, t)
j=1
26 ty
Z/ / E2 o y,zt
=1
26 ty
Z/ /(E2 (y,z,t) ( (SN (%, 1,2, 1) |2 dxme) dy dz dt
j=1

/Otf/Q(Ef)A(y,t)UQ|(4>1C)A(y,z,t)|2 dy_mg) dz dt

[ a0 ([ 1640z 0R ay—nS) dza 1)

( [(@F)e (%, 2, 1) dx—me) dy dz dt
| (Pl x v,z t)l dx—mN) dde dt
(16050 ez 0 dx =y ) ay az

| ¢5) (XY, 2, t)? dx—me> dy dz dt
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and,

T, = [ EPO( [ (01G0P + l03 0P dz — (e ) e
+ [ B0 ([ 105G 0P + 105 GNP dz— (e ) (134

]Aux4

ty
= + ) / /E”%Zt)(%; “(y,21 + €102, 20 + €20, 23 + €30;, 1)

g, E€Cy

— % (v, 21 + 810220 + B0z, 23 + £302, 1)) dy dz dt

tr
Z / / E y,z f) qu (y,21 +€10z,22 + €207, 23 + €30, 1)

<l>7 Fe (y, 21 + 102,22 + 20, 23 + 8302, 1)) dy dz dt

s i
+ Z /0 [ B 2 0@ a1 10222+ €2t 25+ €302,
SE

—(¢7 ) (y,zl+€152,Zz+ézcsz,Z3+égcsz,t)) dy dz dt

+ Z / /E”y,zt (@4 (v, 21 + €162, 22 + €262, 23 + €302, 1)

g, EG
—¢ T (y,zl + 81622 + 826,23 + 8302, 1)) dy dz dt
tf N . R .
+ Z / / E;’S(y,z,t)((cpZC)A(y,zl + €102, 22 + €202, 23 + €302, )
6 26(Cu)1U(Cu)2 70 79

—(95) Ay, 21 + E162, 20 + €282, 23 + 8302, 1)) dy dz dt. (135)

Finally, for a field of displacements u = (111, uy, u3) resulting from the action of a external load
field f = (f1, f2, f3) and temperature variations, we define

]Aux5
- %/Off /()(Al(x, £ Hi ((eii(1) — eji(w)) (e () — ey (w)))
+Ma(z, ) Hi ((e3(1) — () (e (u) — E%(w)))) dx dt

t
,%/Of/ﬂp(x,t)ut(x,t) 'ut(X,t) dx dt
—(ui, fi) 12/ .

1 ou; au]
eij(u) = 5 <ax] + axi>’

o1z = [ 19100,z 0 dx dy,

where

p2(z,t) = /Q (p2(x,y,2,1)|* dx dy,

p(z,t) = p1(z,t) + p2(z, t),
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and

_ p1(zt)
Mz b = pl(zrt; +p2(z,t)

B p2(z,t)
Ao(z,t) = p1(z,t) + pa(z,t)°

Remark 24.1. The system temperature is supposed to be directly proportional to w(z, t)?, which in this model is
a known function obtained experimentally. Finally, the strain tensors {e}](w)} and {elzj(w)} refer to austenite
and martensite phases, respectively. Such tensors also depend on the temperature and must be also obtained
experimentally.

25. A Note on Classical Free Fields through a Variational Perspective

This section is strongly based on the first chapter of the book [20], by N.N. Bogoliubov and D.V.
Shirkov.

Therefore, the credit for this section is of these mentioned authors. This section is a kind of review
of such a book chapter indicated. In fact, what we have done is simply to open more and clarify
some calculations, specially about the first variation of the functional L, in order to improve their
understanding.

Let O = Q) x [0, T] C R* where O C R3 is a bounded, open and connected set with a regular
boundary denoted by 9Q).

Consider the Lagrangian density L : RN x RN*" — R and an action A : V — R where

Au) = /QL(u,Vu) dx,

V = Wy (Q;RN).
We denote

and au,
0x; = (i)
Assume u € V is such that
OL(u,Vu) =
so that

oL uVu u, Vu)

i;(a(u)xk> =0,inQ, Vie {1,---,N}.

We define a change of variables
(") = xx + Oy,

where x; = (xg, x1, X2, x3) and xo = f (here ¢ denotes time).
Also

gk =0, ifj £k goo=—1and g11 = g0 = g33 = 1, {¢/} = {g}
N .
oxp = Z X;-‘s w!,

where |¢| < 1 denotes a small real parameter.
We define also

where
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and

Observe that

Sui(x) = ui(x) —ui(x)

= uj(x') —uj(x) + ui(x) — u;(x), (137)

so that

— dui(x) - () ~ ()
3 pie ! — i i)
=1

k=1

5xk

J

N & oui(x)
= ol — Rt A 2
]; pije w k; ™ dx 4+ O(e%). (138)

Summarizing, we have got

du;(x) =¢ (i (q)ijwj - i ab;—)ka)X]Kw]>> + O(?).

j=1

Define now
A, g1, 92,6) = [ Liu(x+ega(x) +e1(x)] det] (x) dx.

where we have generically denoted
Llu] = L(u, Vu),

L{u(x + e@a(x)) +e@q1(x)] = L(u(x 4+ e@a(x)) + ep1(x), Vu(x + e@a(x)) + eVer(x)),

x'
J(x) = {a—xj(}
0

_ { xﬁg(}(qsh(?f))}

and

[<3)

(139)

{(Sjk + s—a(q)azii(x) }

From such a last definition we have

det](x) = 1+8i a((pazﬂ-l—(’)(sz).
k=1 Yk

that
o 3 det J(x) " 3(ga)elx)
detj(x)) 3 Ae2hlx),

o¢ = Xy
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At this point we define
d, .
A(u, 91, 92) = %(A(u, ®1,92,€)) |e=0,
so that
aL (u, Vu)
(w,1,92) = / ( ( 1)i
Q 1=
", /OL(u, Vu)
+ 1 (S o )
4 auz P2)k
Z 5uz axk >+ Y Llu] axk )dx. (140)
From this and
oL(u,Vu) d (0L(u,Vu)\ . .
R Ty <3Mxk =0,inQ, Vie{1,---,N},
we obtain
N n d JL[u
(SA(Z,{, ?1, 4)2) = Zlkzl(/n TXk <a(ul[)3]ck (4’1)k)> dx
i=1k=
= d(L[u](92)k)
+k:21 /Q T d (141)
In particular, for
N
(p2)k = ) Xjw!
j=1
and
j aul k j
(p1)i = Y | pijw —Za Xiw |,
j=1
we obtain
SA(u, 91, ¢2)
Nz d (oLu] [ ou;(x)
= — i Xiw/ dx
ng_zi/n<dxk <a(ui)k ]; ¢Z] IZ ax, /
n OL[u] X*w
+k_21/0 dxk X
N[ d (& oLl (X " dui(x)
— £ Xl
]; k;(/n dxy (lzl 9(u; )k ]; Vi 1:21 dx
+L[u]x}<wf) dx)). (142)
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so that

V{w'} € C2(;RN).
In particular, for

Yij =
and
k_ sk

we obtain the Energy-Momentum tensor T,i, where

PT‘\.

% f( | 9ui s ’> ~ L[uok,

i—11=1 axl

25.1. The Angular-Momentum Tensor

In this subsection we define the following change of variables

Xp=xp+ Y ¢ e Wk

m#£k

where

With such relations in mind, we set

Sxp = xp—xx

= ¢ Z Y- w™ (g xigh — " xmgf)-

=1m<lI

We define also,
ui(x") = u;(x) + ou;(x)

where
n
Z Z Ye wh!.
I=1j,p<l
Moreover, we define
n .
_ ]
lpi(mn) = ]; Ai(mn)’
where ) )
j ] 5]
Aj(pr) = 8ipd] — 8i%-

Hence,
n

Viom) = 1 ALy 17 () = it () = Gtk ().

]_

For the general variation, we define again

Al 91, 92,¢) = [ Llu(x+epa(x)) + 1 (x)] det] (x) dx

d0i:10.20944/preprints202302.0051.v77
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(143)
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where we have generically denoted
L{u] = L(u, Vu),

Liu(x +e@pa(x)) +ep1(x)] = L(u(x + epa(x)) + €1 (x), Vu(x + e@a(x)) + eVei(x)),

ox’
J(x) = {ﬁ}
3(x; +

9(¢2);(x)
= {or 200 (144)
and p
§A(ur §911 (PZ) - %(A(u/ (Plr (PZr €))|£:0,
Moreover, we set
(p2)p! = w™ (§"x,8%, — g™ xw0}),
and
Ju; = uj(x) — ui(x).
Thus,
dui(x) = ug(x) — ui(x)
= wi(x') = uj(x) + uj(x) — u;(x), (145)
so that
ui(x) = ui(x) — u;(x)
= Sui(x) — (ui(x") — uj(x))
" ou;(x)
Sui(x) — k; i oxi + O(%)
- = 0 i m mm
= ou(x)=Y Y ) Lg (x>sw LM 8%, — ™M x,0F) + O(€2)
I=1m<ik=1 9%
n .
= (£ T A - £ T E 2t i) 4 00,
I=1jk<l =1m<lk=
With such results in mind, we define
(e = Y 4 i(k1) uj (x)w™
k<l
_ Z §k mm 5k
g x — 8" xpudy) ). (146)

Similarly as in the previous section, we may obtain


https://doi.org/10.20944/preprints202302.0051.v77

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 27 May 2024 doi:10.20944/preprints202302.0051.v77

101 of 280
5A(u’ ?1, 4’2)
_ dA(y, €01,(P2,e)|
B de &=
Y o d ( oL|[u] |
= -— (A u;i(x) + 5P _ lg”x (Sp) m) "
l—zlj,m<lk—z1121/0 dxy a(“i)xk i(l,m) %] p) 5 ;

Thus,
A(M q)l q)z) = i Z/ L(Mklwml) dx
S /oda T
where
M - % OL[u] (Af u‘_%gmmx +3”igzle>
- H m
" Sz oui)y WM ox pon
+L[u) (8" x105 + 8" xmY), (148)
so that
M, = (g’"mmez" *g”XzT")
- Z ¥ ot ()
= 1]<la zUm Uj
= Ly +Se (149)
where
Ly = (8" xnTf — "', T),)
and

Z Z (u {(zm)”j(x)-

i=1j<l

The tensor {L¥ } is said to be the Orbital angular momentum tensor and {S* ;} is said to be Spin
one.
25.2. A Note on the Solution of the Klein-Gordon Equation

For QO = R*, ;) = R?® and denoting as usual by i € C the imaginary unit, consider the Klein-

Gordon equation in distributional sense

2u

3 2
=5 Z—Z—mu—O in ),
ot 10

where u € V = W12(Q).
Defining the Fourier transform of u, by

1 —ip-x
¢(p) = W/Oe Pu(x) dx,
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in the momenta space, the last equation is equivalent to
R 2
po— ) pi—m” |¢(p) =0, inQ,
j=1
where we have denoted p = (po, p1, P2, P3) € R%, and x = (xg, x1, %2, x3) € R4
Observe that a general solution for this last equation is given by the wave function
5 2 v oo 2
$(p) =0\ ps— Y p; —m* |9(p),
j=1
where ¢ € W12(Q).
Indeed,
2 v oo 25 2 v oo 2 2 v oo 2
po— Y pi—m*|p(p) = |p5—dopi—m* || p5— Y pi—m*|o(p)
j=1 j=1 j=1
= 0,inQ. (150)
Here, we recall that generically for the Dirac delta function §(t), we have
0, ift #0,
= 151
0= a0 s

Observe that, for the scalar case in the previous section, we have

2
3
21 =Y (?) + m*u.

=0\ 9%
Also, from
o%u o%u 5
=+ ) - —mu=0,inQ,
o o asz
we get
2
ou\? 3 Ju
— — — | dx mz/uzdx:,
so that

L) -y

From such results, we may infer that

2
/Toodx = /(81{) dx
Q Q\ dt

3 2
= 2/ <8u> dx+m2/ u?® dx. (152)
: O ax] (@)
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On the other hand,

mﬂw><éfpﬁw0ew“dﬂ>dx
p) d(p) /26“”*V*xdx> dp dp’

p) (') 6(p+p')) dp dp’

(153)
Thus, denoting p = (p1, p2, p3), dp = dp1 dp, dps, and
po(p) = Zm+W
j=1
we may infer that
!/ T gy = 444544;/ fi F+m* ) (p) (—p))d
o) YT 2 o j:lpj ") e
= [ (nem) (- - n2) op) o(—p)) d
(271_)3/2 0 lp] Po ]le] P p p
1
= 72 o, (P02 0(p0(9). ) 9(—polp). ) dp (154
Summarizing we have got
1
o = o, (pol# 9(po(p). ) 9(~polp). ~p)) p
P
ot || 2"

(155)
so that

/Toodx: u :
(@] at LZ

may be expressed as a kind of average expectance of p3 related to the function ¢(p)
25.3. A Note on the Dirac Equation

In this subsection we denote

3 ..
A=) gL L,

j=0
where

.9
T
ig ax;’ Vi€ {0,1,2,3}.


https://doi.org/10.20944/preprints202302.0051.v77

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 27 May 2024 doi:10.20944/preprints202302.0051.v77

104 of 280

We recall that the relativistic Klein-Gordon equation may be written as

(A2 —m?)u =0, in Q) =R,

Moreover, for 4 x 4 matrices ’yk indicated in the subsequent lines, we may obtain

3 ) 3 )
=0 9% =0 9%

Dii = A2 — m2

u,

where

and
Dl] = O, ifl # j, VZ,] S {0/ 11213}'

Here
u = (up, uy, uy, u3)T cV = W1’2(Q; (C4).

In such a case the fundamental Dirac equation stands for

3 .9
i i— | —m|lu=0€eR* inQ.
(55)
j=0 ]

Summarizing, if (1o, uy, up, u3)T € V is a solution of this last Dirac equation, then ug, 11, up, us3
are four solutions of the Klein-Gordon equation.

In the momentum configuration space, through the Fourier transform proprieties, the Dirac
equation stands for

(p+m)i(p) =0, inR?,

where

3 .. .
p=7.8"piv.
=

Observe that
i(p) = 6(p +mju(p)
corresponds to a general solution of the Dirac equation.

Indeed,
(p+m)ii(p) = (p+m)d(p+mu(p) =0 € R, in Q.

On the other hand
3
a(p) = 5(17% =Y. pi- mz) u(p)
=1

correspond to four solutions of the Klein-Gordon equation.
At this point, we assume such a 71 (p) corresponds to a solution of the Dirac equation as well.
Furthermore, here we recall that (please see the first chapter of the book [20], by N.N. Bogoliubov
and D.V. Shirkov for details):

10 0 0
01 0 0
0
_ 1
Y 00 -1 0 ([ (156)
00 0 -1
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0 0 01
0 0 10
1 _
1 0 00
0 00 —i
0 0 i 0
2
=Y 0 io o ( (158)
i 00 0
0 01 0
0 00 —1
3 _
7Y -100 o0 (159)
0 10 0
and
0 0 —i 0
0 0 0 —i
5
_ 1
v i 0 0 0 (160)
0 —i 0 0

where we also denote
aj =", Vje{1,2,3},
0j = iy, Vjie{1,2,3},
and
B=1"

On the other hand, a variational formulation for the Dirac equation corresponds to the functional
A :V — R where

A(u) = % OL(u,Vu) dx,
where
3 Ju du 5
L(u,Vu) =i Z (u*'y]ax — g'y]u —m-u'u,
j=0 ] ]
where here

u = (ug,uy, up,uz)T € WH(Q; CH).

From such statements and definitions, similarly as in the previous sections (please see [20] for
details), we may obtain

1 Ju Ju*
Tkl:in w kou ou g
Zg u78x1 axl’yu'

and
Sk,lm - _ aL(”f V”)Au,lmu _ u*Au*,lm aL(”/vu)
Oty Oily, !
where .
Au,lm — iaml
2 7
Au*,lm _ io.lm

2 4
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and where . y
m_ 1 ="
o' = 5 ,
so that .
kim _ * k Im _ _Im,k
5 - 41/1 (IY (% oy )M.
Thus,
Sk dx
Q
= i <u*(’)/k(71m—0‘lm’yk)u) dx
Q
- Z 27'( /(// pr ¢ lm_Ulm'Yk)ﬁ(Pl)eipl'x) dpdp’) dx
1
= 2@ o Jo () OF = "5+ p)a(y)) dp dp
1 1l A
- ZW/Q(MW’” )i p)) dp
1
= 4@ny;4(wmw%m—’mk < Zp] > m>dp
1 5) 7 k Im lm k ~ ~ n
- ZZE?F?WELA; (#(po(p), ) P)u(=po(p),~p)) dp, (161)
1
where

po(p) = Zm+W
j=1

Summarizing, we have got

/QS"'I”‘ dx:4(2;)3/2/0 (u(po( ), P) (YF ™ — MY u(—po(p), ﬁ)) dap,

where Ql = R3, ﬁ = (Pl, P2, p3) and dﬁ = dpl dpz dpg

26. A Note on Quantum Field Operators

This section is strongly based on the chapter 3, page 53 of the book [21], by G.B. Folland.

Therefore, here we have done a kind of review of these pages of such a book chapter indicated.
In fact, we have simply opened more and clarified some calculations, in order to improve their
understanding.

Let O = Q) x [0, T] C R* where Q) C R3 is a open, bounded and connected set with a regular
boundary denoted 90).

Define V = W2(Q) and

Vo = Wy (Q).

Consider an operator H : V; = Vo N W?2(Q) — Y where in a distributional sense,

aZ 2 2
H(u) = T + Vou — m“u,
and where

Y =Y* =L%(Q).
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Suppose there exists operators B; : Y — Y and By : Y — Y such that
By By (1) = H(u) + %u
and ,
ByBi(u) = H(u) — Sl Yu e V.
Assume also ¢y € V; is such that
¢oll2 =1,
and Bi¢p = 0.
Now define ]
B
= 200) v,
vkt
Observe that
[B1By] = B1By — BaBy = I
We shall prove by induction that
[By, BY) = kB5~!, vk € N. (162)
Indeed, fork =1
[By,By] = I; = 1BY,
so that (162) holds for k = 1.
Suppose now (162) holds for k € N, so that
[By, BY] = kB5 L.
In order to complete the induction, it suffices to prove that (162) holds for k + 1.
Observe that
[B1,B5™'] = (BiB5" —BSTIBy)
= (Bi1B3)By — B3"'By
= (B5B;+kBy 1)B, — By !By
= B3(BiBy) +kB5 — BS"'B,
= B5(ByBi+ 1) + kB — BS'By
= BS™1B; + BS +kB5 — BXT1B,
= (k+1)BS. (163)

Thus, the induction is complete, so that
[By, B§] = kB5~!, vk € N.

Moreover, we recall that
Bigpo =10,
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so that
Bk(P()
B — B, 22
= o5
(BB + KBS gy
V!
/1)
V!
_ ke
vk
= Vi1, VkeN. (164)
Summarizing, we have got
Bigy = \/%(Pk_l, vk € N.
Now, we shall prove that
Bagpy = vk+ 1¢y1, vk € N.
Observe that
BS g0 = ey (k+1)!
B, (B5¢o)
= (Bag) VK. (165)
Summarizing, we have got
(Ba) V! = ¢yt (1/ (k+ 1)1,
so that
(Bag) = Vk + 1¢ppy1, Yk € N.
Finally, from such results, we may infer that
BiBagr = Bi(Vk+1¢p;1)
= Vk+ 1B
= Vk+1vVk+1¢y
= (k+1)¢y, Vk € N. (166)
Similarly,
BBy = Bo(Vkeyp 1)
= VB 1
= ViV
= k. (167)

Therefore we have got

1 1
H ¢y = B1Bagpy — %‘Pk = (k+ 1) — 7P = (k+ E)‘sz
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that is

H(Pk = <k+ ;)4’1{/ Vk € N.

Thus, for each k € N, k + } is an eigenvalue of H with corresponding eigenvector ¢.

26.1. An Application Concerning the Harmonic Oscillator Operator in Quantum Mechanics

In this section we have the aim of representing the relativistic Klein-Gordon equation through the
creation and annihilation operations related to the harmonic oscillator in quantum mechanics.

Consider first the one-dimensional Hamiltonian, corresponding to the harmonic oscillator, namely

a2
2m dx? 27

which through an appropriate re-scale results into the following related Hamiltonian Hy, where
1/ 4
Hy = 5 <_dx2 +x >
Define now the operators
1 d
Bl —A— \/E(X‘i_&ix)/
and

.1 d

Iy I
Hy = BBy — 22 = BBy + 4,
0 152 = 21+2
so that

Clearly,

[A, A*] = [By, B2] = B1By — BBy = I,

Similarly, as in the previous sections, by induction, we may obtain

[By, B§] = kB5™!, vk € N.
For

2

_ _x=
o= 1/4e=% ,
we define

1
¢ = ﬁBlzcgbo, Vk € N.

Also from the previous section, we may obtain

By = A = Vk + 1¢p11,

Bigy = Ay = \/E‘Pk—l/ vk € N.

BBy = A*A4)k = k(Pk,
and

ByBagy = AA* P = (k+1)¢x, Vk € NU{0}.
so that

Hopy = (k+1/2)¢y, Yk € N.
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Here we recall that
Bigg = Agy = 0,
and

o2 = 1.

In reference [21], page 54 it is proven that such a sequence {¢y} is an ortho-normal basis for
L%(R).
Finally, observe that for R* we may define

1 d
(B1); = Aj = <+x->,
] ] \@ ax], ]

and
(B )-—A*—L —i—l-x- Vje€{0,1,2,3}
2 ] ] - \/i ax] IN K ] r L&y .
Here generically,
X = (XQ,X1,Xz,X3) € R4.
Observe that clearly
9 V2
T _VTA. — AF
ax]' 2 ( / ]),
and
V2

led = 7(A1+A;), V] € {0,1,2,3}.

Denoting x¢ = t where t stands for time, consider the relativistic Klein-Gordon equation,

of2

3
AN g—f m*p = 0.

From the previous results, we may represent such an equation by

1 . 31
We highlight from the previous results we know the action of A; and A]”-F on an appropriate basis

of L2(IR*) obtained though an appropriate tensorial product of the bases

{{¢r(xj)}, forje {0,1,2,3}}.

We shall call the operators A;ﬁ and A; as the creation and annihilation operators concerning the
original harmonic operator in quantum mechanics.
{ To jl}lstify such a nomenclature, we recall that A7¢o(x;) = ¢1(x;) and Ajpo(x;) = 0, Vj €
0,1,2,3}.

27. A Dual Variational Formulation for a Related Model

In this section we develop a concave dual variational formulation for a Ginzburg-Landau type
equation.

Let QO C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 0Q2.
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Consider a functional | : V — R defined by
J(u) = z/ Vu-Vudx
2 Jo
+5 [ =B ax— (. f)p (168)
wherey > 0,0 >0,>0, f € L2(Q), and
V=W, (Q).
We also denote Y = Y* = L2(Q)).
Define now
Vi={ueV : |ul|o <Kz},
for some appropriate K3 > 0and, J; : VXY = Rby
£ _ Ky 2 . 2
Ji(u,vp) = J(u) + = Q(*’Yv U+ 20qu — f)° dx,
where
1
K= ———
4 aK3 +¢
for some small parameter 0 < ¢ < 1.
Observe that
* _ Y 2k
J(u,v5) = E/QVM-Vu dx + (u”,vy) 12
K
~|—71 /Q(—qu +205u — )% dx — (u, f) 2
o
—(205) 2 +5 [ (2= p) ax
. Y 2 %
> A .
> ug\‘gl{z /QVu Vudx + (u,vg) 12
K
+71 /Q(—'yV2u +20fu — f)? dx — <M,f>Lz}
+inf —(v,v5)12 + E/ (v — B)? dx
veY r¥0/12 2 Ja
= —F(v) - G*(vp)
= J*(v}),VYu eV, v €Y, (169)

where we have denoted

F*(vh) = sup {—(u?,v5) 1 — F(u,05)},
uevy

K
F(u,v5) = %/QVu-Vu dx+71/0(7'yvzu+20§§uff)2 dx — (u, )2,

and

Go) =5 [ (0—p)dx,

G"(vp) sup{(v,v5)12 — G(v)}

veY

. % /Q (08)? dx + B /Q 05 dx. (170)
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Observe that SE(u, 1)
u,v
Tzo = —yV2 420§ + Ky (—V? + 20)?,
so that we define
B* = {vj € Y* : —yV% 420} + K (—V?+205)% > 0}.
With such assumptions and definitions in mind, we may prove the following theorem:
Theorem 27.1. For [*(v}) = —F*(vj) — G*(v{), suppose 0 € B* is such that
61 (25) = 0.
Let uy € Y be such that
aH(uo, ”UAE;)
70—,
ou
where
H(u,05) = F(u,05) + (12,05 12
Suppose
ug € Vi.
Under such hypotheses,
F*(0) = H(uo, %),
6] (uo) =0,
and
J(uo) = J1(uo,%p)
= 1 f Hx
inf (1, %9)
= sup J*(vp)
vpEY*
= T (%5). (171)

Proof. The proof that

is immediate from 9y € B*.
Moreover, the proof that

6] (uo) =0,
and
J(uo) = J1(uo,05) = J"(0g)

may be done similarly as in the previous sections.
Observe that

J*(w5) = =F(vg) = G*(v) = inf {H(u,75) = G*(v)},

so that J* is concave in v as the infimum of a family of concave functionals in vj.
From this and 6]*(9;) = 0 we get

J*(9g) = sup J"(vp)-

¥
viEY*
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Furthermore observe that

)

J(uo) = Ji(uo
Ji(u,

~— O%

0
a

IN

5) + (2, 03)12 — G*(%5)
05) + sup {(u2,05);2 = G*(%5) |

vHEY*

F(u,d
u,?

F(

IN

F(u,05) + G(u?)
J1(u,93), Yu € V. (172)

Hence
J(uo) = J1(ug, 9y) = inf J1(u,dp).
uevy

Joining the pieces, we have got

J(uo) = Ji(uo,95)

frg 1 f 5k
Jnf i (u, )

= sup J*(vp)

¥
VoEY*

= J(%). (173)

The proof is complete. [

28. The Generalized Method of Lines Applied to Fourth Order Differential Equations
In this sections we develop an application of the generalized method of lines to a fourth order

equation.
We start by addressing the following ordinary differential equation (ode):
. d*u(x)

dx*

—f=0,in[0,1],

with the boundary conditions
u(0) =u'(0) =0

and
u(l)=4'(1) =0.

In terms of linear elasticity, such a boundary conditions corresponds to a bi-clamped beam.
In a finite difference context, this last equation corresponds to

Upqo — AUy +6Uy —4uy 1+ Uuy_p
s( L n d4” i & —fn=0Vne{l,---N-2},

where N is the number of nodesand d = 1/N.
Considering that, from the boundary conditions, u_1 = 1y = 0, for n = 1 we get

d4
6u —4uy +usz = flT,

so that
Uy = aqup + b1M3 + C1,
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where .
d
ay :2/3, bl —1/6al’ldC1 = f16_8
Similarly, for n = 2, we obtain
d4
—4uq + 6uy —4usz +uy = sz
Hence, replacing the value of 11 previously obtained in this last equation, we have
d4
—4(ayup + byuz +c1) + 6uy — 4uz +uy = sz,
so that
up = apuz + boug + c3,
where defining mq; = (6 — 4a7), we have also
4b, + 4
ag=—-,
my2
1
bz -
mi2
1 d*
Cy) = —<f2— +4C1).
mip 3
Now reasoning inductively, for n, having
Up_1 = Ay_1Un + bn—l”n—i—l +Cn—1,
and
Up—2 = Ay Uy 1+ by 2up +cy2
we obtain
Up—2 = ap—2 (an—lun + b1ty + Cn—l) + by_ouy +cp_,
so that from this and
fud?
Upyo — 4Uyy1 + 606Uy — 44Uy 1+ Uy = p_
we obtain
Ap—2 (an—lun + b1ty + Cn—l) +by_ouy +cp2
d4
—4(ayqun + by qUp1 +Ccu1) + 06Uy — 4y + Uy = fng , (174)
so that

Uy = Apllp 1 + byl +Cp

where defining
myp = (ay—2(ay-1) + b2 —4a, 1 +6)

we obtain

1
=——(a,_7b,_1—4b,_1—4
an le(an 20p-1 n—1 )
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and
1

= —— (ﬂn—zcn—1 +op2—4cy1 —
my2

Za)

€

Summarizing, we have got
Uy = AUy g1 + bpityyo + ¢,V € {1,-N —2}.
Observe now that from the boundary conditions,
uy_1 =un =0.
From these last two equations, we may obtain
UN—-2 = CNp»s

and
UN_3 = AN—3UN—2 + DN_3UN_1 + CN_3,

and so on up to obtaining
Uy = aqup + biuz + c1.

The problem is then solved.

28.1. A numerical example

We develop a numerical example considering

e=1,
and
f=1,in[0,1].
Thus, we have solved the equation
d*u(x) .
EW —f = 0, m [0,1],

with the boundary conditions
u(0) =u'(0) =0

and

In a finite differences context, we have used N = 100 nodes and d = 1/N.
For a solution u(x), please see Figure 19.
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%1078

251

051

Figure 19. Solution u(x) for the example B.

In the next lines, we present the concerning software in MAT-LAB
FEEEEEE—
1. clear all
m8=100;
d=1/mS§;
el=1.0;
for i=1:m8
f(i,1)=1.0;
end;
a(1)=2/3;
b(1)=-1/6;
c(1)=f(1,1)*d*/(6el);
m12=(6-4*a(1));
a(2)=(4*b(1)+4)/m12;
b(2)=-1/m12;
c(2)=1/m12*(4*c(1)+£(2,1)*d*/el);
for i=3:m8-2
m12=(a(i-2)*a(i-1)+b(i-2)-4*a(i-1)+6);
a(i)=-1/m12*(a(i-2)*b(i-1)-4*b(i-1)-4);
b(i)=-1/m12;
c(i)=1/m12*(f(i,1)*d* /el-c(i-2)-a(i-2)*c(i-1)+4*c(i-1));
end;
u(ms§,1)=0;
u(ms8-1,1)=0;

for i=2:m8-1;
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u(m8-i,1)=a(m8-i)*u(m8-i+1,1)+b(m8-i)*u(m8-i+2,1)+c(m8-i);
end;

for i=1:m8

x(i)=i*d;

end;

plot(x,u)

29. A Note on Hyper-Finite Differences for the Generalized Method of Lines

In this section we develop an application of the hyper finite differences method through an
approximation of the generalized method of lines.

Consider the equation

(175)

—er(x) +au® —Bu—f=0, inQ=][0,1],
u(0) =0, u(1) = 0

As e > 0is small, in order to decrease the error concerning the approximations used we propose
to divide the domain () = [0, 1] into Nj sub-intervals of same measure. Thus we define

X = N£1’ Vk € {0,1,'-' ,Nl}.

For each sub-interval Iy = [x;_1,x;] we are going to obtain an approximate solution of the
equation in question with the general boundary conditions

u((k—1)/Ny) = Ulk— 1],

and
u(k/Nyp) = U[k].
Denoting such a solution by
{uli K]}
where
X; = k-1 +id
1 N] 7
and
1
~ mg Ny

where myg is the fixed number of nodes in each interval I.
Observe that in a finite differences context, linearizing it about a initial solution {ug[i, k] }, the
equation in question stands for:

i LA = 2”0[;' KL uli = VKD | s fi, 20 K] — 20ufi, K

—Buli,k| — fli,k] =0, Vie {1,--- ,mg — 1}. (176)
In particular, for i = 1, we obtain

(K =2 K 0K |, ks, ) — 201, K

—PBu[l,k] — f[1,k] =0, (177)
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so that
ull, k] = a[l,kjul2,k]+b[1,kJu[0,k] + c[1,k]T[1, k]
+e[1,k] + E[1,K], (178)
where
a[l,k] =1/2,
b[1,k] =1/2,
Lkl =1/2,
42
e[l k] = f[1,k] 5
T[1,k] = (—3aug[1, k]*uli, k] + 2auo[1, k> — pu[l, k])d;,
and
E,[1,k] =0.
Now reasoning inductively, having
uli—1,k] = a[i—1,kluli, k] +b[i —1,k]u[0,k] 4+ c[i — 1, k|T[i — 1, k]
+eli — 1,k + E/[i — 1,k], (179)
and
i+ LK 2”0[;' KA uli = LK) | o, kPuli K] — 20u0fi,
—pBuli, k] — fli,k] =0, (180)
so that )
(uli+ 1K)~ 2ufi, k] +uli — LK) + Tl K + £ K =0,
where, )
Tli, k] = (=3l k2uli, K| + 2acuoli, K> + Buli, k])d?
we obtain
uli,k] = ali,kluli, k] + b[i, k]u[0,k] + c[i, k] T[i, k]
+eli, k] + E,[i, k], (181)
where,
ali, k] = (2 —ali—1,k))7,
bli, k] = ali, k|b[i —1,k],
cli, k] = ali, k] (c[i — 1,k + 1),
eli, k] = ali, k| (e[i -1kl + f[l'Tk]dz),
and

E,Ji,k] = ali, K|(E[i — 1,K]) + c[i, k] (T[i — 1, k] — T[i, k).
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Observe that in particular for i = mg — 1, we have u[m8, k] = U[k] and u[0, k] = U[k — 1], so that
from above, neglecting E,[1, k], we also obtain

u[mg —1,k| =~ a[mg — 1ulmg, k| + b[mg — 1, k]u[0, k]
+clmg —1,k|T[m8 — 1, k] (u[ms, k], u[0, k]) + e[mg — 1, k]|
— Hoy (UK, ULk~ 1)). (182)

Similarly, for i = m8 — 2 we may obtain

ulmg —2,k| ~ ajmg — 2Ju[mg — 1,k| + b[mg — 2, k|u[0, k|
+c[mg — 2,k]T[m8 — 2, k] (u[mg — 1,k], u[0,k]) + e[mg — 2, k]
= Hug2(U[K, Uk —1]), (183)

and so on, up to finding
ull,k] = Hy(U[k], Uk —1]), Yk e {1,--- , N1 }.
At this point we connect the sub-intervals by setting
upo] = U[Ny] = 0
and obtaining {U[1],- - - , U[N; — 1]}, by solving the equations

. (u[mg —1,k] — Zg[k] +ullk+1]) + Baug[m8, k|2U[k] — 2auy[m8, k|*

—BU[K] — f[mg,k] =0, Yk € {1,--- , Ny — 1} (184)

Having obtained {U[k], Yk € {1,---,N; —1}} we may obtain the solution {u[i,k]} where
ief{0,---,mg}andk € {1,---,Ny}.

The next step is to replace {ug|i, k] } by {u[i, k]} and then to repeat the process until an appropriate
convergence criterion is satisfied.

The problem is then approximately solved.

We have obtained numerical results for e = 0.001, f =1, on ), Ny = 10, mg = 100 and « = f = 1.

For the related software in MATHEMATICA we have obtained U[1],--- ,U[9],

Here the software and results:

I ——
1. Clear[u, U, z, N1];
m8 = 100;
N1 =10;
d=1/m8/N1;
el =0.001;
For[k=1,k < N1+1, k++,
For[i=0,i <m8 + 1, i++,
uol[i, k] = 1.01]];

A=10;
B=1.0;
a[11=1.0/2;

b[1]1=1.0/2;
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c[1]=1/2.0;

e[1] = d?/e1/2.0;

For[i=2,i < mS8, i++,

alil=1/(.0-ali-1]);

b[i] = b[i - 1]*a[il;

c[i] = a[i]*(c[i - 1] + 1.0);

eli] = ali] * (e[i — 1] +d?/el);

I;

For[kl =1, k1 < 10, k1++,

Print[k1];

Clear[U, z];

For[k=1,k < N1+1, k++,

u[0, k] = U[k - 1];

u[ms8, k] = U[k];

For[i=1,i < m8,i++,

z=a[m8 -i]*u[m8-i+ 1, k] + blm8 - i]*u[0, k] +
c[m8 - i]*(-3*A*uo[m8 - i + 1, k]**u[m8 -i + 1, k] +
2*A*uo[m8 -i+ 1, k]® + B*u[m8 -i + 1, k])*d? /el +
e[m8 -1i];

u[mS8 - i, k] = Expand[z]]];

U[0] = 0.0;

U[N1] =0.0;

S=0;

For[k =1,k < N1, k++,

S =S+ (el*(-u[m8 - 1, k] + 2*U[K] - u[1, k + 1])/d? +
3*A*U[k]*uo[m8, k]? - 2*A*uo[m8, k]° - B*U[K] - 1)?];
Sol = NMinimize[S, U[1], U[2], U[3], U[4], U[5], Ul6], U[7], U[8], U[9]];
For[k =1, k < N1, k++,

wi[k] = U[K] Sol[[2, K]II;

For[k =1, k < N1, k++,

ULk] = w4[K]];

For[k =1,k < N1+ 1, k++,

For[i=0,i < m8 + 1, i++,

uoli, k] = ufi, k]]I;

Print[U[5]]];

For[k =0,k < N1 + 1, k++,

Print["U[", k, "]=", U[Kk]I]

U[0]=0.

U[1]=1.27567
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U[2]=1.32297
U[3]=1.32466
U[4]=1.32472
U[5]=1.32472
U[6]=1.32472
U[7]=1.32472
U[8]=1.32472
U[9]=1.32471
U[10]=0.

B Rt

Remark 29.1. Observe that along the domain we have obtained approximately the constant value u = 1.32472.
This is expected since ¢ = 0.001 is small and such a value u is approximately the solution of equation

aud —Pu—1=0.

30. Applications to the Optimal Shape Design for a Beam Model

In this section, we present a numerical procedure for the shape optimization concerning the
Bernoulli beam model.

Let ) = [0,1] C R corresponds to the horizontal axis of a straight beam with rectangular cross
section b x h(x), that is, the beam has a variable thickness h(x) distributed along such a horizontal
axis x, where x € [0,1].

Define now

V ={wecW>(Q) : w(0)=w(1) =0},

which corresponds to a simply supported beam.
Consider the problem of minimizing in V x B the functional

J(w, h) = % /Q H(x)wee ()2 dx

subject to
(H(x)wa(x))xx - P(x) - 0, in Q,
where ( )3
h(x)°b
H(x) o E,

h(x) is variable beam thickness, A(x) = bh(x) corresponds to a rectangular cross section perpendicular
to the x axis, and E is the young elasticity model.
Also, we define

1
B= {h : [0,1] — R measurable : h,;, < h(x) < hyqayx and / h(x) < cohmux},
0

where 0 < ¢y < 1 and

C'={weV : (Hx)wx(x))xx — P(x) =0, in Q}.
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Observe that
(w,h)ig(f:*xB](w’h)
= i dnt s
- 325{22€{£2fv{ [ HOwe )2 dx — (@, (H (w1~ P(x>>Lz}}}
_ ggg{;g{_;/ﬂf{(x)ng dx + <w,P>L2}}
- nt{me {2 ot oo} s
where

D*={M€EY* : My —P=0,inQ, and M(0) = M(1) = 0}.

Summarizing, we have got

. . 1 M?
inf  J(wh)= inf = / ——dx .
(w,h)€C* x B (MmeD*xB | 2 Jao H(x)
In order to obtain numerical results, we suggest the following primal dual procedure:
1. Setn =1and
hu(x) = colmax.

2. Calculate w;, € V solution of equation

(Hn(x)(wn)xx)xx = P(x),

where
_ Ebhy(x)®

Hn(x) 12

3. Calculate h,,,1(x) € B such that
J* (M, hyy1) = inf J*(My, h),
heB
where

M, =H, (wn)xx/

2 QH(x) ’

4. Setn := n + 1 and go to step 2 until an appropriate convergence criterion is satisfied.

J* (M, h)

We have developed numerical results for ¢y = 0.65, E = 210 107, b = 0.1 m, P(x) =36 102 N,
Hpin = 0.072 m and Hyay = 0.18 m.
We have also defined

where
04 <t(x) <1, ae inQ.

For the optimal solution w = w(x), please see Figure 20.
For a corresponding optimal solution t = ¢(x), please see Figure 21.

d0i:10.20944/preprints202302.0051.v77
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Figure 20. Optimal solution w(x) for a simply supported beam.
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Figure 21. Optimal shape solution ¢(x) for a simply supported beam.
Remark 30.1. For such a simply-supported beam model, for the numerical solution of equation
(H(x)wxx)xx =P,

with the boundary conditions
w(0) =w(1) =w"(0) =w"(1) =0

firstly we have solved the equation
Uyx — P =0

with the boundary conditions

Subsequently, we have solved the equation

H(x)wyy = v


https://doi.org/10.20944/preprints202302.0051.v77

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 27 May 2024 doi:10.20944/preprints202302.0051.v77

124 of 280

with the boundary conditions
w(0) =w(1) =0.

Here we present the software developed in MAT-LAB.

3 o 438 38 38 36 6 36 3 3 S S S 3%

1. clear all
global m8 d d2wo H el ho h1 xo b5
m8=100;
d=1.0/mS;
b5=0.1;
e1=210%107;
ho=0.18;
A=zeros(m8-1,m8-1);
for i=1:m8-1
A(1,i)=1.0;
x0(i,1)=0.55;
x3(i,1)=0.55;
end;
Ib=0.4*ones(m8-1,1);
ub=ones(m8-1,1);
b=zeros(m8-1,1);
b(1,1)=0.65*(m8-1);
for i=1:m8
£(i,1)=1.0;
LG4,1)=1/2;
P(i,1)=36.0*10%
end;
i=1;
m12=2;
m50(i)=1/m12;
z(1)=1/m50(0)*(-P(i,1)*d?);
for i=2:m8-1
m12=2-m50(i-1);
mb50(i)=1/m12;
z(1)=m50(i)*(-P(i,1)*d?+z(i-1));
end;
v(m8,1)=0;
for i=1:m8-1
v(m8-i,1)=m50(m8-i)*v(m8-i+1,1)+z(m8-i);

end;


https://doi.org/10.20944/preprints202302.0051.v77

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 27 May 2024 doi:10.20944/preprints202302.0051.v77

125 of 280

k=1;

b12=1.0;

while (b12 >107%) and (k < 10)
k

k=k+1;

for i=1:m8-1

H(i,1)=b5*L(i, 1) * ho3/12*e1;
f13,1)=v(i,1)/H(G,1);

end;

i=1;

m12=2;

m70(i)=1/m12;
z1(1)=m70(i)*(-f1(1,1)*d?);

for i=2:m8-1

m12=2-m70(i-1);

m70(i)=1/m12;
z1(i)=m70(i)*(-f1(i,1)*d>+z1(i-1));
end;

w(m8,1)=0;

for i=1:m8-1
w(m8-i,1)=m70(m8-i)*w(m8-i+1,1)+z1(m8-i);
end;
d2wo(1,1)=(-2*w(1,1)+w(2,1))/d?;
for i=2:m8-1
d2wo(i,1)=(w(i+1,1)-2*w(i,1)+w(i-1,1)) /d%;
end;

ko=1;

b14=1.0;

while (b14 > 107%) and (k9 < 120)
k9

k9=k9+1;
X=fmincon(’beamNov2023",x0,A,b,[ ], [ ]Ib,ub);
bl4=max(abs(x0-X))

X0=X;

end;

b12=max(abs(x0-x3))

x3=xo0;

for i=1:m8-1

L(@,1)=xo(i,1);
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end;

end;

3 4 38 38 6 e e S S

With the auxiliary function "beamNov2023":

33 o o 8 3% 3438 36 36 36 3 3 3 S o o 4 % K

1. function S=beamNov2023(x)
global m8 d d2wo H el ho h1 xo b5
S=0;
for i=1:m8-1
S=S+1/(x(i,1)%)/ho®/b5/e1*(H(i,1)*d2wo (i, 1))?*12;

end;

34 434 34 8 3 3 N S S A A 43 AN AN

We develop numerical results also for
V =Wy (Q) = {w € W*2(Q) such that w(0) = w(1) = w'(0) = w'(1) = 0}.

Such boundary conditions corresponds to bi-clamped beam. The remaining data is equal to the
previous example

For the optimal solution w = w(x), please see Figure 25.

For a corresponding optimal solution t = t(x), please see Figure 23.

%10
T

181 ]

081 b

06 ]

Figure 22. Optimal solution w(x) for a bi-clamped beam.
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Figure 23. Optimal shape solution ¢(x) for a bi-clamped beam.

Remark 30.2. For such a bi-clamped beam model, for the numerical solution of equation
(H(x)wxx)xx =P,

with the boundary conditions

firstly we have solved the equation

with the boundary conditions

Subsequently, we solved the equation
H(x)wyy =v+ax+b

with the boundary conditions

obtaining a,b € R such that the boundary conditions
w'(0) =w'(1) =0

are also satisfied.
Here we present the software developed in MAT-LAB.

B R R R

1. clear all
global m8 d d2wo H el ho hl xo b5
m8=100;
d=1.0/m§;
b5=0.1;
e1=210*107;
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ho=0.18;
A=zeros(m8-1,m8-1);

for i=1:m8-1

A(1,i)=1.0;

x0(i,1)=0.55;

x3(i,1)=0.55;

end;

Ib=0.4*ones(m8-1,1);
ub=ones(m8-1,1);
b=zeros(m8-1,1);
b(1,1)=0.65*(m8-1);

for i=1:m8

£(i,1)=1.0;

L(G,1)=1/2;

P(i,1)=36.0*10%;

end;

i=1;

m12=2;

m50(i)=1/m12;
z(i)=1/m50()*(-P(i,1)*d?);

for i=2:m8-1

m12=2-m50(i-1);
m50(i)=1/m12;
z(i)=m50(1)*(-P(i,1)*d%+z(i-1));
end;

v(m8,1)=0;

for i=1:m8-1
v(m8-i,1)=m50(m8-i)*v(m8-i+1,1)+z(m8-i);
end;

k=1;

b12=1.0;

while (b12 > 107*) and (k < 10)
k

k=k+1;

for i=1:m8-1

H(i,1)=b5*L(i, 1) * ho3/12%e1;
f13,1)=v(i,1)/H(G,1);
f2(i,1)=i*d /H(i,1);
£3(1,1)=1/H(,1);
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end;

i=1;

m12=2;

m70(i)=1/m12;

21(i)=m70(i)*(-f1(i,1)*d?);
22(i)=m70(i)*(-f2(i,1)*d?);
23(i)=m70(i)*(-f3(i,1)*d?);

for i=2:m8-1

m12=2-m70(i-1);

m70(i)=1/m12;
z1(i)=m70(i)*(-f1(i,1)*d>+z1(i-1));
72(i)=m70(i)*(-f2(i,1)*d?+2z2(i-1));
z3(i)=m70(i)*(-f3(i,1)*d>+z3(i-1));

end;

w1(ms8,1)=0;

w2(ms8,1)=0;

w3(ms8,1)=0;

for i=1:m8-1
w1l(m8-i,1)=m70(m8-i)*w1l(m8-i+1,1)+z1(m8-i);
w2(m8-i,1)=m70(m8-i)*w2(m8-i+1,1)+z2(m8-i);
w3(m8-i,1)=m70(m8-i)*w3(m8-i+1,1)+z3(m8-i);
end;

m3(1,1)=w2(1,1);

m3(1,2)=w3(1,1);

m3(2,1)=w2(m8-1,1);

m3(2,2)=w3(m8-1,1);

h3(1,1)=-w1(1,1);

h3(2,1)=-w1(m8-1,1);

h5(:,1)=inv(m3)*h3;

for i=1:m8
wo(i,1)=w1(i,1)+h5(1,1)*w2(i,1)+h5(2,1)*w3(i,1);
end;

d2wo(1,1)=(-2*wo(1,1)+wo(2,1))/d?;

for i=2:m8-1
d2wo(i,1)=(wo(i+1,1)-2*wo(i,1)+wo(i-1,1)) /d?;
end;

ko=1;

b14=1.0;

while (b14 > 10~%) and (k9 < 120)
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k9

k9=k9+1;
X=fmincon(’beamNov2023",x0,A,b,[ ], [ ]Ib,ub);
bl4=max(abs(x0-X))
x0=X;

end;
b12=max(abs(x0-x3))
x3=xo0;

for i=1:m8-1
L@,1)=xo0(i,1);

end;

end;

Remark 30.3. About the numerical results obtained for these two beam models, a final word of caution is
necessary.

Indeed, the full convergence in such cases is hard to obtain so that we have obtained just approximations of
critical points with the functionals close to their optimal values. It is also worth emphasizing we have fixed the
number of iterations so that the solutions and shapes obtained are just approximate ones.

31. Applications to the Optimal Shape Design for a Plate Model

In this section, we present a numerical procedure for the shape optimization concerning a thin
plate model.
Let QO = [0,1] x [0,1] C R? corresponds to the middle surface of a thin plate with a variable
thickness h(x, y).
Define now
V={weW>»?Q) : w=00ndQ},

which corresponds to a simply supported plate.
Consider the problem of minimizing in V x B the functional

Jawh) = 5 [ HGxw) (T )?

subject to
V2[(H(x,y)VZe(x,y)] - P(x,y) =0, in ),

where

3
Hxy) = "W /1),

h = h(x,y) is variable plate thickness, E is the young elasticity model and ws = 0.3.
Also, we define

B= {h : Q3 — Rmeasurable : hy;, < h(x,y) < hpyax and / h(x,y) < cohmax},
Q

where 0 < ¢p < 1 and

C*={weV : V?H(x,y)V?w(x,y))] - P(x,y) =0, inQ}.

d0i:10.20944/preprints202302.0051.v77
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Observe that

inf h
(w,h)lgC*xB](w’ )

= inf{ inf ](w,h)}

heB weC*

= inf

heB wev weV

sup inf {3 [ #00,0) (72 o, 9) 2 e = (0, V2 {H (5, 9) V()] ~ P(x,ymz}}}

_ inf{sup{—;/QH(x,y)[VZdJ(x,y)]z dx+(zb,P>Lz}}
{

1 M?
inf f/ dx b L 186
MeD*{z o A(xy) }} (18
where
D*={MecY* VZM—P=0,inQ, and M =0, on Q}.

Summarizing, we have got
1 12
inf  J(w,h) = _ inf { / M dx}.
(w,h)€C* x B (mpyepxB 2 Ja H(x,y)
In order to obtain numerical results, we suggest the following primal dual procedure:

1. Setn =1and
hy(x) = cohmax-

2. Calculate w;, € V solution of equation

V2(Hu(x,y)Vwn(x,y)) = P(x,y),
where Eluy ()
n\X
Hu(x,y) = 20— wl)

3. Calculate h,, 11 € B such that
J*(My, hyyq) = inf J*(My, h),
heB

where
M, = Hn(x,]/)v2 Wy,

. 1 M?

4. Setn :=n+ 1 and go to step 2 until an appropriate convergence criterion is satisfied.

We have developed numerical results for ¢y = 0.75, E = 200 10°, P(x,y) = 2 10*> N, hy;, =
0.45 % (0.12) 7 and Tiyay = 0.12 .
We have also defined

h(xr y) = t(x, y)hmaXr
where

045 < t(x,y) <1, ae. in Q.

For the optimal solution w = w(x, y), please see Figure 24.
For a corresponding optimal solution t = ¢(x, y), please see Figure 25.
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%107

Figure 24. Optimal solution w(x, y) for a simply supported plate.

Figure 25. Optimal shape solution ¢(x, y) for a simply supported plate.

Remark 31.1. For such a simply-supported plate model, for the numerical solution of equation
V2[H(x,y)V? w(x,y)] = P,

with the boundary conditions

w = 0ondQ),
firstly we have solved the equation

V0 —P=0
with the boundary conditions

v = 0o0n Q).

Subsequently, we have solved the equation

H(x,y)Vw(x,y) = v(x,y)
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with the boundary conditions
w = 0on o0

Here we present the software developed in MAT-LAB.

e e 38 38 36 36 3 3 3 3 o o S KK

1. clear all
global m8 d d2xwo d2ywo H el ho xo b5
m8=40;
d=1.0/mS;
w5=0.3;
e1=200*10°/(1 — w5?);
ho=0.12;
A=zeros((m8 — 1), (m8 — 1)?);
for i=1:(m8 — 1)?
A(1,)=1.0;
x0(i,1)=0.55;
x3(i,1)=0.55;
end;
1b=0.45*ones((m8 — 1)2,1);
ub=ones((m8 — 1)2,1);
b=zeros((m8 — 1)2,1);
b(1,1)=0.75*(m8 — 1)?;
for i=1:(m8-1)
for j=1:m8-1
£(1,j,1)=1.0;
L@,j,1)=1/2;
P(i,j,1)=2*10%; end;
end;
for i=1:m8
wo(:,i)=0.001*ones(m8-1,1);
end;
m2=zeros(m8-1,m8-1);
for i=2:m8-2
m2(i,i)=-2.0;
m2(i,i-1)=1.0;
m2(i,i+1)=1.0;
end;
m2(1,1)=-2.0;
m2(1,2)=1.0;
m2(m8-1,m8-1)=-2.0;
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m2(m8-1,m8-2)=1.0;

Id=eye(m8-1);

i=1;

m12=2*Id-m2*d? / d?%; m50(::,i)=inv(m12);
2(:,)=m50(,;,i)*(-P(:,4,1)*d?);

for i=2:m8-1

m12=2*I1d-m2*d? /d*>-m50(:,:,i-1);
m>50(:,:,i)=inv(m12);
2(:,)=m50(;,;i)*(-P(:4,1)*d*+2(:,i-1));
end; v(:,m8)=zeros(m8-1,1);

for i=1:m8-1

v(:,m8-1)=m50(:,;, m8-i)*v(;,;m8-i+1)+z(:, m8-i);
end;

k=1;

b12=1.0;

while (12 > 107%) and (k < 12)

k

k=k+1;

for i=1:m8-1

for j=1:m8-1

H(,i,1)=L(j,i,1) x ho®/12%1;
f1G,4,1)=v(j,1)/H(ji,1);

end;

end;

i=1;

m12=2*d-m2*d? /d?;
m70(:,:,i)=inv(m12);
21(:4)=m70(:,:i)*(-f1(:,i,1)*d?);

for i=2:m8-1

m12=2*Id-m2*d? /d?>-m70(:,:,i-1);
m70(:,:;,i)=inv(m12);
z1(:,1)=m70(:,:,i)*(-f1(:,,1)*d?+21(:,i-1));
end;

w(:,m8)=zeros(m8-1,1);

for i=1:m8-1
w(:,m8-1)=m70(:,:; m8-1)*w(:, m8-i+1)+z1(:,m8-i);
end;
d2xwo(;,1)=(-2*w(:,1)+w(:,2))/d?%;

for i=2:m8-1
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d2xwo(:, i) =(W(:,i+1)-2*w(: i) +w(:,i-1))/d?;
end;

for i=1:m8-1
d2ywo(:,i)=m2*w(:,i)/ d?;

end;

k9=1; b14=1.0;

while (b14 > 107%) and (k9 < 30)
k9

k9=k9+1;
X=fmincon(’beamNov2023A3’,x0,Ab,[ |, [ ] Ib,ub);
b14=max(abs(xo0-X))

X0=X;

end;

b12=max(max(abs(w-wo0)))
wo=w;

x3=x0;

for i=1:m8-1

for j=1:m8-1

L(ji, 1)=x0((i-1)*(m8-1)+j,1);

end;

end;

end;

for i=1:m8-1

x8(i,1)=i*d;

end;

mesh(x8,x8,L);

B R R A S X

With the auxiliary function "beamNov2023A3’, where

R R R R R S R R X

1. function S=beamNov2023A3(x)
global m8 d d2xwo d2ywo H el ho xo b5

S=0;

for i=1:m8-1

for j=1:m8-1
X1(j,1)=x((m8-1)*(i-1)4j,1);
end;

end;

for i=1:m8-1
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for j=1:m8-1
S=S+1/((x1(j,1))3)/ho®/el * (H(j,i,1))? * (d2xwo(j, i) + d2ywo(j,i))? * 12;
end;

end;

b R R R k]

Remark 31.2. About the numerical results obtained for this plate model, a final word of caution is necessary.

Indeed, the full convergence in such a case is hard to obtain so that we have obtained just approximations
of critical points with the functional close to its optimal value. It is also worth emphasizing we have fixed the
number of iterations so that the solution and shape obtained are just approximate ones.

32. A Note on the First Maxwell Equation of Electromagnetism

Let O C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 9€);.

Suppose E : Q) — R3 is an electric field of C! class in Q.

Let Q) C ) be also an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by S = 9().

Observe that there exists a scalar field V : (3 — R such that

V2V = divE, in Q,
and
VV.n=0, onS=90.

Here n denotes the normal outward field to S.
Observe also that
V2V = divVV = div E,

so that defining
h=VV —E,

we have that
divh =0, in Q.

Hence, from such results and the divergence Theorem, we get

/E-ndS - /(VV)~nde/h-ndS
S S S

— /Q divh dV = 0. (187)

Summarizing, we have got

/E~ndS:0.
S

Consider now a charge g localized at the center of a sphere (), of radius R > 0 and boundary
Sy = 0.
The electric field on the sphere surface generated by g is given by

1 qo
4meq R? 2

E, =

where nj is the normal outward field to S,.

d0i:10.20944/preprints202302.0051.v77


https://doi.org/10.20944/preprints202302.0051.v77

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 27 May 2024

137 of 280

Clearly

1 q0 2 q0
B npdSy = — 10 (anR?) = 10,
/sz 2712092 47ty RZ( mR%) )

Consider again the set (2 but now with a charge g localized at a point x inside the interior of (),
which is denoted by Q°.

At first the electric field E generated by g is not of C! class on Q).

However, there exists R > 0 such that

Br(x) c Q=0

Define Q3 = Q \ Br(x).
Therefore, E is of C! class on Q.
Denoting the boundary of ()3 by S3, from the previous results, we may infer that

E'l‘lngZO,
S3

so that

E-ndS; = /E-nde/ E-ndS,
S aBR(X)

- /E-nds—‘LO
S €0

= 0. (188)

/E-ndS:q—O
S €0

Assume now on () we have a density of charges p(x).
For a small volume AV consider a punctual charge g localized in x € ) such that

S3

Therefore, we have got

a0 ~ p(x)AV

Denoting by AE the electric field generated by g, from the previous results we may infer that

/AE-nds _ o, p)AV
S €0 €0

Such an equation in its differential form, stands for:

pix) dv.

/dE-ndS:
S €0

Integrating in (2 we may obtain

/SE-ndS _ //dE-ndVdS

_ [P 4y (189)
O &

so that

/EndS P

Q €

d0i:10.20944/preprints202302.0051.v77
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From this and the Divergence Theorem, we have

/E-ndS:/ divEdV:/ PO v
S Q Q €

Summarizing, we have got

/ divEdV:/ PO v
O Q €

This is the integral form of the first Maxwell equation of electromagnetism.

For this last equation, the set (3 C () is rather arbitrary so that for () as a ball of small radius
r > 0 with center at a point x € ()1, from the Mean Value Theorem fot integrals and letting r — 0t, we
obtain

divE=2, in0;.
€0

This last equation stands for the differential form of the first Maxwell equation of electromag-
netism.

Remark 32.1. Summarizing, in this section we have formally obtained a mathematical deduction of the first
Maxwell equation of electromagnetism.

33. A Note on Relaxation for a General Model in the Vectorial Calculus of Variations

Let O C R" be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 9().
Consider a function g : RN*" — R twice differentiable and such that

g(y) — +o0, as |y[ — +oo.

Define a functional G : V — R by

G(Vu) = %/Qg(Vu) dx,

where
V = {WR2(;RY) : u=uyonadQ}.

Moreover, for f € L?(Q; RN), define also

J(u) = G(Vu) — (u, f) 2.
We assume there exists & € R such that

a = inf J(u).

ueV

Observe that from the convex analysis basic theory, we have that

a = inf J(u)
ueV
- o

= inf{(GoV)*(u) — (u, f) 2} (190)

ueV
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On the other hand

(GoV)™(u)

IN

H(u)

- it AG 1-1)G
o ety EVR) + (1= )G(Vo)}

G(Vu), (191)

IN

where
B(u,A) ={(v,w) € V : Aw+ (1—A)v=u}.

From such results, we may infer that
inf J**(u) = inf {H(u) = (u, f)12} = inf J(u).
Furthermore, observe that
AVw+ (1-A)Vo = Vu,
so that

Vo = Vu+A(Vo—Vuw)
= Vu+AVyg, (192)

where¢p =v—w € W&’Z(Q; RN) so that
V¢ =Vov—-Vu,
and
Vw = Vv - Vé¢.
Therefore,
Vw=Vo—-V¢=Vu+AVp—-V¢=Vu—(1-A)Ve.
Replacing such results into the expression of H, we have
H(u) = inf AG(Vu—(1-A)Vep) + (1 -A)G(Vu+AVe)},
(W)=, inf JAG(Vu— (1= 1))+ (1= G(Tu-+AV4))
where
Vo = Wy (O, RN).

Joining the pieces, we have got

I = W

= ulg‘f/{H(u) —(u, f)r2}

= ety AC(VH = (A=) VE) + (1= NG(Vut +AVY) = {u, f 12}

This last functional corresponds to a relaxation for the original non-convex functional.
The note is complete.

33.1. Some Related Numerical Results

In this subsection we present numerical results for an one-dimensional model and related relaxed
formulation.
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For Q) = [0,1] C R, consider the functional | : V — R where

2/ —1 dx+ = /u— de,

V={ucW?Q) : u(0)=0and u(1) = 1/2},

fey=y*=1%2Q).
Based on the results of the previous section, denoting V) = W§'2(Q), we define the following
relaxed functional J; : [0,1] X V x Vj — R, where

Jihng) = 5 [ (= (0= 202 =12 dx+ 202 [ (A9~ 17 w3 [ (= R dx

Indeed, we have developed an algorithm for minimizing the following regularized functional
I [0,1] xVxVy—R, where

(A g) = h(hug)+ 5 [ ()2 dx

for a small parameter e3 > 0.
For the case in which f(x) = sin(7tx) /2, for the optimal solution u, please see Figure 26.
For the case in which f(x) = cos(7tx)/2, for the optimal solution u, please see Figure 27.
For the case in which f(x) = 0, for the optimal solution u, please see Figure 28.

0.5
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Figure 26. Optimal solution u(x) for the case f(x) = sin(7mx)/2.
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Figure 27. Optimal solution u(x) for the case f(x) = cos(7mx)/2.


https://doi.org/10.20944/preprints202302.0051.v77

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 27 May 2024 doi:10.20944/preprints202302.0051.v77

141 of 280

0.5

0.45 -

0.4

035

03

0.25

02

0151

0.1r

0.05

Figure 28. Optimal solution u(x) for the case f(x) = 0.

We highlight to obtain the solution for this last case which f = 0 is harder. A good solution was
possible only using
Xp = 0

as the initial solution concerning the iterative process.
Here we present the software in MAT-LAB developed.

1. clear all
global m8 d u e3
m8=100;
d=1/mS§;
€3=0.0005;
for i=1:2*m8+1
x0(i,1)=0.36;
end;
b12=1.0;
k=1;
while (b12 > 1077) and (k < 60)
k
k=k+1;
X=fminunc(’funDecember2023’,xo0);
b12=max(abs(x0-X))
X0=X;
u(m8/2)
end;
for i=1:m8
x(i,1)=i*d;
end;

plot(x,u);
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With the main function "funDecember2023"
334 3 34 o 3 o 3 S o S o S e S e S

1. function S=funDecember2023(x)
global m8 d u e3
for i=1:m8
u(i,1)=x(,1);
v(i,1)=x(i+m8,1);
yo(i,1)=sin(pi*i*d)/2;
end;
L=(1+sin(x(2*m8+1,1)))/2;
u(msg,1)=1/2;
v(m8,1)=0.0;
du(1,1)=u(1,1)/d;
dv(1,1)=v(1,1)/d;
for i=2:m8
du(i,1)=(u(i,1)-u(i-1,1))/d;
dv(i,1)=(v(i,1)-v(i-1,1))/d;
end;
d2u(1,1)=(-2*u(1,1)+u(2,1))/d?;
for i=2:m8-1
d2u(i,1)=(u(i-1,1)-2*u(i,1)+u(i+1,1))/d?;
end;
S=0;
for i=1:m8
S=S+1/2% L ((du(i,1) — (1 — L) *dv(i,1))?> — 1);
S=S+1/2% (1 — L) * ((du(i,1) + L * do(i,1))?> — 1)%;
S=S+(u(i,1) — yo(i,1))%
end;
for i=1:m8-1
S=S+e3*d2u(i,1)%;
end;

34434 34 A A

33.2. A Related Duality Principle and Concerning Convex Dual Formulation

With the notation and statements of the previous sections in mind, consider the functionals
J:V—=TRandJ3:[0,1] x V x Vj — R where

J(u) = G(Vu) +%/Qu-udx— (1, )12,
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and
BAw¢) = AG(Vu—(1—A)Ve)+ (1—N)G(Vu+AVe)
+ [ = @=09) (e = (1= 2)g) dx
+(1;/\)/Q(u+)\¢)-(u+)\¢)dx
A= (U= A )z = (1= D)+ A9, (193)

Here we have denoted
V={ueW?RY) : u=uyonoQ =S},

Vo = Wy (O, RY),
Y =Y* = L2(O; RN
and
Y, = Y = L2(O;RN).

Observe that

ok < i .
] (u) < o v J3(Au, )

Moreover,

BAu,¢) = —(Vu—(1—A)Ve, 052 +AG(Vu — (1—A)Ve)
—(Vu—(1-A)Vp,v3)12+ (1 —A)G(Vu+AVe)

(= (=N +y [ (1= A)p) - (a— (- A)g) dx

~futag v + LY [ 4+ 29) - (u-+ 29) dx

+H(Vu—(1-=A)Ve,v7) 2+ (Vu— (1= A)V,v7) 2
+u—(1—-A)p,v3)12+ (u+Ap,vy) ;2
“AMu— 1=, flrz — (1 =A)(u+ A, f) 2. (194)

Therefore,

Bdug) = inf{~(or,00)12 +AG(o1))

+vizréfy{—<02,v§>y +(1=A)G(v2)}

+int {—toa 03}z + 3 [ (00)- (e2)

v3€Y)

+ inf {—(%UZ)LZ + ; A /0(04) +(v4) dx}

U4€Y,

+ (u,¢)ig\f/xvo{<vu — 1=V, v7) 2 +(Vu—(1—-A)V¢,0])12

+u—(1—A)p,v3)12 + (u+ Ap,v)) 12
“AMu—(1=N¢, flrz = (1 =A)(u+Ap, )2}
= 0 (F) -a-ne ()
—F3(v3,A) — F(vg, A)
+/S(UT)ijnj(”0)i d5+/5(03)ijnj(uo)id5,
YA€ (0,1),uecV, ¢ € V,v* € A%, (195)
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where
G*(v") = sup{(v,0") ;2 — G(v)},

veY

A
E(v5,A) = sup{(vg,v§>Lz—2/Qv3.v3dx}

v3€Y]

1 * *
= o5 ) vvidx, (196)

1-A
Ff(vj,A) = sup{(m,vZ)Lz—( 7 )/01;4-04613(}

U4EY1
1 *
= — ok dx. 197
2(17)\)/00471436 (197)

Furthermore, A* = A} N A5 where
A = {v" = (v],03,03,03) € [Y'JP x [{]? : —div (07); — div (03); + (03); + (v})i — fi = 0, in Q},
and

A; = {v* = (o], 05,03,05) € VPP x []* -

—(=14A) div (0]); — Adiv (03); + (=14 A)(03); + A(v]); =0, in Q}.  (198)

Summarizing, we have got

inf Au,
(A,uzp)e(lg,ll)xVxVo]?)( M 4))
v} v
> inf {-AG* (L) —(1-M)G"( -2
= s (e (3) - 0-ve ()
~F 03,0 = 03,0 + [ @Dyl ds+ [ @3mGa)ids) . a9

Remark 33.1. We highlight this last dual function in v* is convex (in fact concave) on the convex set A*.

33.3. A Numerical Example
For Q) = [0,1] C R consider a functional | : V — R where

J(u) = %/Qmin{(u’(x)—1)2,(u’(x)+1)2} dx+%/0(u—f)2 dx
- %/Q(u’)2 dx—/0|u'|dx—i—%/o(u—f)2 dx, (200)

where
V={ueW"2Q) : u(0)=0and u(1) =1/2},

Y=Y"=L?(Q)and f €.
DefineG:Y — Rand F: V — Rby

G(u') = %/Q(u’)2 dx—/Q |u'| dx,


https://doi.org/10.20944/preprints202302.0051.v77

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 27 May 2024 doi:10.20944/preprints202302.0051.v77

145 of 280
and 1
F(u) = E/Qu2 dax,
respectively.
Denoting Vp = W&’Z(Q), define also J1 : V x Vp x (0,1) — Rby
(g A) = AG( — (1= A)g)) + (1— NG +A¢)
+AF(u— (1= A)p) + (1 —A)F(u + Ag)
—(u, f) 2. (201)
Observe that
(AG)"(v1) = SuI;{<v1,vi‘>Lz —AG(01)}
v €
* v*
ety
1
= /Q (0%)? dx + /Q 0% dx, (202)
(1=2)G) (vp) = Su};{@z/?fﬁhz —(1=A)G(v2)}
U E
* v*
- 0-ne (25
— 1 *\2 *
= m/ﬂ(?}z) dx+/(_)|02| dx, (203)
(AF)*(v3) = SUI;{<03,U§>L2 — AF(03)}
v3E
_ a5
- (%)
S IR (204)
and
(T=A)F)*(vz) = SUEI;{<U4IUZ>L2 —(1=A)F(vg)}
* U*
- 0-or ()
1 *
= m/ﬂ(vél)z dx. (205)

Denoting v* = (v, ,v}) € [Y*]4, define J* : [Y*]* x (0,1) — Rby

ol (Du(1) + 03 (1)u(1). (206)
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Similarly as in the previous section, we may obtain

inf J(u) > inf *(0*,A) 5,
o 1) 2 Ag?o,n{;gg*f < >}
where A* = A] N A3,

Al ={o" eY" : (v]) + (v3) —v3 —vi+ f=0,inQ},

and
Ay ={(0",A) € [Y % (0,1) : —(1—=A)(¥}) +A(v5) + (1 —A)v5 —Av; =0, inQ}.
From such expressions of A} and A5 we may obtain
v3 = (v]) + Af,
and

i = (03) + (1= A)f.
Replacing such expressions for v3 and v} into the expression of [*, and from now and on denoting
v* = (v},v3) € [Y*]2, we may obtain J; : [Y*]? x (0,1] — R where

* [,k _ _i *\2 o *
@0 = =55 [@)?dr— [ fof] dx

e @3 e il d

~or (@) + AR dx

1

37y o (@) + (1= 1)) dx

+o7(Du(1) +o5(1)u(1). (207)

Consequently, we have got

inf J(u) > sup { inf ]{‘(U*,)\)}.

uevVv U*E[Y*]z )LG(O,])

In order to obtain numerical results we have designed the following algorithm:

1. Setn =1and A, =1/2.
2. Calculate (v*), € [Y*]? such that

Ji((0*)n, An) = sup  Ji(v*, An).
U*E[Y*]Z

3. Calculate A, 1 € (0,1) such that

R (@A) = inf JE(0")0, ).

4. Setn :=n+ 1 and go to item (2) until the satisfaction of an appropriate convergence criterion.

We have developed numerical results for the following cases

f(x) =sin(mx)/2,


https://doi.org/10.20944/preprints202302.0051.v77

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 27 May 2024 doi:10.20944/preprints202302.0051.v77

147 of 280

f(x) = cos(mx)/2,

flx) =0.
Observe that for the optimal point we have

vz=u—(1-2A)¢,

and
vy =u—+ A,

so that
u=Av3+(1—A)vj.

For the optimal solution uy(x) found for the cases (1), (2) and (3), please see the Figures 29, 30
and 31, respectively.

0.5

0.45

0.4

0.35

03

0.25

02

0.15

01

0.05 -

Figure 29. Optimal solution ug(x) for the case f(x) = sin(7x)/2.
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Figure 30. Optimal solution u(x) for the case f(x) = cos(mx)/2.
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Figure 31. Optimal solution ug(x) for the case f(x) = 0.

Here we present the concerning software in MAT-LAB.
R —
1. clear all
global m8 d L vl v2 v3 v4 yo dvl dv2 el
m8=140;
d=1/mS§;
€1=0.0001;
L=1/2;
for i=1:2*m8
x0(i,1)=0.01;
end;
for i=1:m8
yo(i,1)=sin(pi*i*d)/2;
end;
x1=1/2;
k=1;
b12=1;
while (512 > 107*) and (k < 100)
k
k=k+1;
X1=fminunc(’funFeb24’ xo);
b12=max(abs(X1-x0))
xo0=X1;
X2=fminunc(’funFeb24A’,x1);
x1=X2;
L=(sin(x1)+1)/2;
L

end;
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u(ms§,1)=1/2;

for i=1:m8-1
u(i,1)=L*v3(i,1)+(1-L)*v4(i,1);
end;

for i=1:m8

x(i,1)=i*d;

end;

plot(x,u);

Here the auxiliary function "funFeb24"

R R R R R R R R R R R R R R R

1. function S=funFeb24(x)
global m8 d L v1 v2 v3 v4 yo dvl dv2 el
for i=1:m8

v1(3i,1)=x(,1);
v2(i,1)=x(m8+i,1);

end;

for i=1:m8-1
dv1(i,1)=(v1(i+1,1)-v1(,1))/d;
dv2(i,1)=(v2(i+1,1)-v2(i,1)) /d;
end;

S=0;

for i=1:m8

: 27 May 2024

S=S+1/2/sqrt(L? + el) x v1(i,1)? + sqrt(v1(i, 1)? + el);

S=S+1/2/sqrt((1 — L)% +el) * v2(i,1)% + sqrt(v2(i, 1) + el);

end;

for i=1:m8-1
v3(i,1)=dv1(i,1)+L*yo(i,1);
v4(i,1)=dv2(i,1)-(L-1)*yo(i,1);

d0i:10.20944/preprints202302.0051.v77
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S=S+1/2/sqrt(L? +el) x v3(i,1)> +1/2/sqrt((1 — L)? + e1) * v4(i,1)?;

end;
S=S-(v1(m8,1)+v2(m8,1))/d/2;

B R R R R R X R T X ]

Finally, the auxiliary function "funFeb24A"

1. function S1=funFeb24A(y)
global m8 d L vl v2 v3 v4 yo el
L=(sin(y)+1)/2;

for i=1:m8-1
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dv1(i,1)=(v13i+1,1)-v1(i,1))/d;
dv2(i,1)=(v2(i+1,1)-v2(i,1))/d;

end;

S=0;

for i=1:m8

S=S+1/2/sqrt(L? + el) x v1(i,1)? + sqrt(v1(i, 1)? + el);
S=S+1/2/sqrt((1 — L)% +el) * v2(i,1)% + sqrt(v2(i, 1) + el);
end;

for i=1:m8-1

v3(i,1)=dv1(i,1)+L*yo(i,1);

v4(i,1)=dv2(i,1)-(L-1)*yo(i,1);

d0i:10.20944/preprints202302.0051.v77
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S=S+1/2/sqrt(L? +el) x v3(i,1)> +1/2/sqrt((1 — L)? +e1) * v4(i,1)?;

end;
S=S-(v1(m8,1)+v2(m8,1))/d/2;
S1=-S;

Bt R R R

34. One More Note on Relaxation for a General Model in the Vectorial Calculus of Variations

Let 3 C R” be an open, bounded and connected set with a regular (Lipschitzian) boundary

denoted by 9Q).
Consider a function g : RN*" — R twice differentiable and such that

<(y) — +oo, as |y| — +oo.

Define a functional G : V — R by

1
G(Vu) = 5 /Qg(Vu) dx,
where
V= {W"2(;RN) : u=uyonoQ}.

Moreover, for f € L2(Cy;RN), define also

We assume there exists & € R such that

&= inf J(u).

Observe that from the convex analysis basic theory, we have that

a = inf J(u)
ue?

= inf " (u)

= inf{(Go V)" (u) - (u, f)2}.

ueV

(208)
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On the other hand
(GoV)™(u) < H(u)
m
= f G(V
()\,(vl,-..,vmlﬂeBxBl u,A {; U] }
< G(Vu), (209)
where
m
B = {/\: (A, -+, Am) €R™ A >0, Vj€e {1,---,m}, and ZAj = 1},
j=1
and
m
By(u, M) = {v = (v, ,om) € [VI" ) Ajpj = u}.
j=1
From such results, we may infer that
inf J**(u) = inf {H(u) = (u, f)2} = inf J(u).
Furthermore, observe that
m
Z/\JVU] =Vu
j=1
and
m—1
j=1
so that
m—1
VUm = Vu-— Z )\](VU] — va)
j=1
m—1
= Vu+ ) AVg;, (210)
j=1

where ¢; = —v; + vy € WS'Z(Q; RN) so that

V(P] = —VU]‘ + Vou,

and
Vo, = Voj+ Ve, Vi€ {1, m}.
Therefore,
m—1
Vo; = Vo, — V¢; = Vu + kzl ANV — V.

Replacing such results into the expression of H, we have

m—1 m—1 m—1
H(u) = inf { Y AG (w + Y V- mp,-) + AnG (W +) Akwpk) }
j=1 k=1

(A@)EBx(Vp)m~1 k=1
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where we recall that
Vo = Wy (U RY).

Joining the pieces, we have got

inf J(u) = inf J*"(u)

ueV ueV
= inf{H(w) ~ (u,f)12)

m—1 m—1
= inf { Z )LjG (Vu + Z MV — ng])
=1 k=1

(u,AP)EVXBx (Vy)m—1

+AmG (Vu + f: Angbk)
k=1
—(u, f)2}-

This last functional corresponds to a relaxation for the original non-convex functional.
The note is complete.

34.1. A Related Duality Principle and Concerning Convex Dual Formulation

With the notation and statements of the previous sections in mind, consider the functionals
J:V—=TRand J3:BxV x[V]" — R where

J(u) = G(Vu) +%/Qu-udx— (1, f) 12,

and
m m—1
(Au,¢) = Y AG (w + Y My — V¢j>
j=1 k=1

m—1
+AnG <w + ) Angbk)

k=1

m=1 ). m—1 m—1

_|_ZJ/ u+2/\k¢k—V¢j . u+2/\k<pk—V¢j dx
i=1 2 Ja k=1 k=1
()\m) m—1 m—1

+5 /Q <u + k; /\k¢k> : (u + k:Zl Ak¢k> dx
m—1 m—1

- ):1 Aj<u+ k}: M —4>j,f>
j= =1

J L2

m—1
—(Am)<u +), )‘k¢k/f> : (211)
k=1

2
Here we have denoted
V={uecW2RY) : u=uyonoQ =S},
Vo = Wy (O, RN),
Y =Y* = L2(O; RN

and
Y, = Y = L2(Q;RN).
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Observe that
ok < i Au, ).
I () < gyein J3(A,u, 9)
Moreover,
m—1 m—1
]3()L/ u, (P) = - Z <vu + Z /\kV(Pk - V(P]’ (UT)]>
j=1 k=1

m—1

j=1

m—1
—<Vu+ Z )\kV(Pk/ (UT)m> +/\mG<
L2

k=

< + Z Adx — @), (7)3) >
L2

[\1 \

-
Il
—

-1

2

< k‘Pk/ (03)m >
k=1 12

3

/ (u + Z Ak¢k> (u +m§ Ak¢k> dx
:i < "+ Z AeVe — Vo, (07); >

+< u+ Z MV, (UT)m>
k=1 12
m—1 m—1
+) <M + ) M — ¢, (U§)]’>
L2

=1

m—1
+<u + k; Me@rs (U§)m> —(u, 2

L2

m—1
+ ) AG <w+ Y MV — vq;j)
k=1
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m—1
Vu+ ) AkV¢k>

k=1

A m—1
?]/ <u+ Z /\k<pk—4>]> . <u+ Y Ak¢k—¢j> dx
k=1

(212)
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Therefore,

m—1
Js(Au,¢) > inf {Z(—<(vl)jr(v’{)j>Lz+/\jG((01)j))}

1
+ inf { {(©)m, () m) 2 + AmG((01)m) }

(01)m€Y

m—1 ;
+ inf { Z <—<(Z)3)j, (03)j)12 + % /0(03)]‘ “(v3); dx)}

vzelY]m-1 j=1

+ o nt (@ @) + 3 [ (wa) (e2)

(v3)meEY

m—1 m—1
inf Vu+ MV — i, (v]);
YEV x (Vo) 1{]Z‘i< k; KV Pk = s (1), "

(
< u+ Z MV r, (07 )m >
2
Z <u+ i Ve — ¢j,v§>
— 12

<”+ Z/\kfl’kr (03)m > — (u, >L2}
L2
_ EAG*C;)])_AMG*((Z:\%”)

=1 ]

.

3
-

= Y (B)j ((03)j, A7) = (B3)u((03)m, Am)

=

+k_21/5((v;)k)ij”j(uo)i ds,

VAEBucV, ¢pc (V)" Lo c A, (213)

—

where
G*(0") = sup{(v,0") ;2 — G(v)},

veY

(F5); ((v3)j,Aj) = sup <(03)jr(v§)j>L2_ﬁ (v3)j - (v3); dx
2 Jao

U3€Y1

- = / 03)} - (03)] dx, ¥j € {1, m}. (214)

Furthermore, A* = A} N A(A) where
A = {U* = (o1,03) € [YT]" < [Y7]" - i(di" ((@1))i + ((©3);)i) = fi =0, in Q}
j=
and
A0 = {v" = (o1,03) € Y] x [yq]"
Ak Z div ((v7););i — div (7)) — Ak Y_((03))i + ((03)k)i =0,

j=1 j=1
inQ, vke {1,---,m—1}, Vie {1,--- ,N}}. (215)
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Summarizing, we have got
inf A,
(A,u¢)eslxr}/x(v0)mfl Ja(A.9)
. u (01);
> inf< sup ¢ — ) AG*
/\EB{U*GE*{ ]; / ( A]
m m
~ L E(@)A) + X [ (@i (wo) ds}}. @16
j=1 k=1

Remark 34.1. We highlight this last dual function in v* is convex (in fact concave) on the convex set A*.

35. A General Convex Primal Dual Formulation with a Restriction for an Originally Non-Convex
Primal One

Let O C R3 be an open bounded and connected set with a regular (Lipschitzian) boundary
denoted by 0Q).

Consider the functional | : V — R where

J(u) = %/QVqudx—i—%/Q(uz—[S)zdx
—(u, f)r2, (217)

wherea > 0,8 > 0,7 >0,V = W,*(Q) and Y = Y* = [*(Q).
Define F; : V - Rand K, : V x Y* — Rby

_ ) 5/ 2 dx —
Fi(u) = Z/QW Vudx+ 5 | b dx—{u f)r,
and

F (u v*) = —<u2 U*> 2+5/ uz dx

2 Y0 Y0/ L 2 Q

1 *\2 *
ton /Q(vo) dx+ﬁ/000 dx. (218)

Define also F} : Y* — Rand F; : Y* x Y* — R by

F*(v7) = sup{(u,v7);2 — F(u)}
uevVv
_ 1l (oS
2 Jo V2R 219)
and
Fy(v1,09) = sup{—(u,07)2 — F(u,vg)}
ueVv
_ 1 (997
o 2 Ja2v5—K
1 *\2 *
~% /Q(UO) dx ,B/Qvo dx. (220)

if vy € B*, where
B* ={v5 € Y" : [lvglle < K/2},
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for some appropriate K > 0 to be specified.
At this point we define
Vo={ueV : |ulo <Kz},
At={ueV :uf>0inQ},
Vi=Wn A+,
D* ={v] € Y" : ||[v]]leo < 5/4K},
for appropriate K3 > 0 to be specified, and J{ : D* x B* — R by
Ji(v1,95) = —Fi (v1) + F5 (01, 9p).
Moreover, we define J; : V1 x D* x B* — Rby
K
J2(u,01,05) = Ji(o1,05) + %Hvi‘ — (=yV2+K)ul3
1
+———||of — (—20% + K)ull3 221
100(1(%” 1 — (=205 + K)ull3 (221)
Observe that 5
0°J5 (u, vy, v 1 1 1
9(v7) —yV24+K 205—-K 5aK35
&J5 (u, 07, v5) 2 2 1
— 227100 = Ky (= V2 + K)o —— (—20% + K)?,
ou2 1( Y + ) +506K:,2)( UO+ )
and 2 )
0°J5 (u, 03, v 5 1
— " = —Ky(— K) — —(—2v5 + K).
Now we set Ky, K, K3 such that
Ki > max{K,K3,1,a,8,v,1/a,1/v,1/B},
K> max{Ks,1,a,8,v,1/a,1/v,1/B},
and K3 =~ 3.

From such results and constant choices, we may obtain

2
. . 82]*(11,0*,'0*)82]*(1/1,0*,0*) 62]*<M,U*,U*)
det{‘sbzz,vﬂz(uzvlrvo)} = za(vis)lz . 2 auzl 0~ zauaz}{ 0

Ki(=yV? +20%)? K
SaK3

in V] x D* x B*. (222)
Define now

—yV2+205)?

( 2 o
% * % . B * 1Y
C = {UO S Y* 50(K§ +2( ’yV +200) > Kld ,
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where we assume that ¢y > 0 is such that if vj € C*, then
det{aglvf J5 (u,05,05)} >0, in B* N C*.

Finally, we also suppose the concerning constants are such that B* N C* is convex.
With such statements, definitions and results in mind, we may prove the following theorem.

Theorem 35.1. Let (ug,97,9;) € Vi x D* x (B* N C*) be such that

813 (10, %, 0%) = 0.

Under such hypotheses,
8] (up) =0,
and
_ Kl 2 ok 2
J(uo) = J(uo) + 7” — yV?ug + 205ug — f|I3
K
= inf {](u) + —1|| — yV2u 4+ 204u —f|§}
u€V1 2
= su inf T35 (u, 05, 0
USEE*{(LL,UT)GVlXD* 2( 1 0)}
= J3(uo,97,95). (223)

Proof. The proof that
6] (uo) = —yV?ug +284ug — f =0
and
J(uo) = J5 (o, 1, %p),

may be done similarly as in the previous sections and will not be repeated.
Furthermore, since
5]; (1/{0, ﬁiﬁ/ UAS) =0,
vy € B* x C* and J; is concave in vj on V; x D* x B*, we have
J2(uo,07,95) =~ inf  Jy(u,07,%),
(u,v5)€Vy xD*
and
% L N 3 ol Ak *
J3 (10,07, 09) = sup J;(uo, 7, 0p)-
vy €B*

From such results and the Saddle Point Theorem we may infer that

K .
Juo) = J(uo) + | = 1V + 285m0 — f13

sup { inf J5 (u, 07, US)}
(u,03

USEB* )eVy xD*

= Ja(uo, 07, 9). (224)

Finally, from evident convexity,
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_ Ky 2 P 2
J(uo) = J(uo) + = Il = vV7uo + 20510 — fl2
. K -
= inf {10+ 1 =7 VPu+ 255 — £1B). (225)
ueVy 2
Joining the pieces, we have got
_ Ki 2 g 2
J(uo) = J(uo) + I = vV7uo + 20510 — fl2
o Ky 2 sk ]2
— i {10+ B - 09+ 20 113
= su inf T35 (u, 05, v
USEE*{(M,UT)E‘GXD* 2( 1 0)}
= J5(up,07,05). (226)

The proof is complete.
O

36. A General Convex Dual Formulation for an Originally Non-Convex Primal One

In this section we develop a convex dual formulation for an originally non-convex primal formu-

lation.
Let QO C R3 be an open bounded and connected set with a regular (Lipschitzian) boundary
denoted by o).
Consider the functional | : V — R where
_ . ® 2 a2
J(u) = Z/QVu Vudx—l—z/o(u B)- dx
—(u, )12, (227)

where & > 0,8> 0,7 >0,V = Wy?(Q) and Y = Y* = [2(Q).
At the moment, fix a matrix K; > 0 and K > 0 to be specified.
Define F; : V- R, K :V - Rand F5: V xY* = R, by

Fi(u) = %/QVL{-Vudx—f—g/Quzdx
—(u, f12, (228)
i K 2

F(u) = Z/QVu-Vudx—l-E/Qu dax, (229)

* * 1 * *
F(u,v5) = —(u2,00>Lz +K/Qu2 dx—f—ﬂ/ﬂ(vo)z dx—i—,B/QvO dx + (u, f)a.

Define also F{ : Y* — Rand F; : Y* — R,

F(vi) = sup{(u,07)2 — Fi(u)}
uev
1 (v})?
2/0—'2’V2+K x’ (230)
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Fy(vz) = sup{(u,03);2 — Fa(u)}
ueV
1 ()
= = | —2L__ dx, 231
2 /g -3V2+K @0
At this point we also define
B' = {05 € Y* ¢ [lojlle < K/2},
Vz = {U eV : ||1/l||oo < K3}1
At={ueV :uf>0inQ},
Vi=WnN AT,
D*={v" € Y" : ||v"]e < 5/4K},
for an appropriate K3 > 0 to be specified.
Furthermore, we define F; : D* x D* x B* — R by
F5(v1,03,09) = sup{—(u, 01 +03)12 = F3(u,0)}
ucV
* ¥ £\2
S Gl el DR
2Ja  2v5-2K
1
~% /Q(vé)2 dx — /3/003 dx. (232)
Moreover, we define J; : D* x D* x B* — R by
Ji (w01, 05) = —Fy (v1) = Fa(03) + F5 (v, 03, 05)
and J; : D* x D* x B* — R by
J2(v1,02,09) = Ji(v7,02,0)
Ky
to Q(v{ —v3) dx
2
K? v} vi+05—f
— - dx. 233
2 Q<—“21v2+1< —205+2K ) (233)
Now observe that
21*(v* v v* 2
J5 (03,03, 05) _ 1 e 1 B 1 B 1
d(v])? -IV2+K —-IV2+K 2K-—20] —2K 4205’
and )
9°J5 (v}, v3,v5) _ 1 LK K2 B 1
3(v3)? —IV2+K T (F2Kt 2052 2K+ 205
and
1 1)
0%J; (v3,v5,03) 5 (—%VZ—&-K 2K—203> 1
———=—"=-K; - K

v} 9v; 2K — 20 - 2K +205
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We set K1 > K,
K> Kj,

and K3 &~ v/3. Moreover, after a re-scale if necessary, we assume « = 0.15.
From such results and constant choices, with the help of the software MATHEMATICA, we may
obtain

2
82]*(0*1 Z)*,’U*) 82]* (U*,U*, Z)*) 82]*(0*, U*,’()*)
det{ﬁ;rvﬂf(vfﬂ’;,vé)} 2\V1,92,Y% 2 (01,05,09) 5 (v3,03,0§

d(v7)? u? ouov;

O(ZKl((—7V2 +203)? + 4(—7 V2 +2v3))). (234)

Define now
H(v}) = 2((—yV? 4 204)2 + 4(—yV? +203)),

Observe that we may obtain ¢y > 0 such that if v§ € (C* x B*), then
det{s2, ,.J3 (05,03, 95)} > 0,

where
C*={v5€Y" : H(vy) > coly}.

Furthermore, we assume K > 0 and ¢y > 0 are such that C* N B* is convex.
With such statements, definitions and results in mind, we may prove the following theorem.

Theorem 36.1. Let (05,05,95) € D* x D* x (B* N C*) be such that

513 (6%, 95,05) = 0.

Under such hypotheses,
5](110) =0,
and
J (uo)
= su inf J5(v5,035,05)
USEE*{(UT,UE)ED*XD* 2371772770 }
= J2(1,93,%)- (235)
Proof. The proof that
J(uo) =0,

—yV2uy +205ug — f =0,
and
J(uo) = J2 (01,3, %),
may be done similarly as in the previous sections and will not be repeated.
Furthermore, since
613 (01,03, 85) = 0,

vy € B*NC* and J; is concave in vj on D x D* x B*, we have
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X (oak Ak oAk : * * * Ak
J2 (01, 930) = (01 v;)lgg*xp* J2 (01,03, 0p),
and
J2(01,93,%5) = sup J5 (91,03, 0p)-
vy €B*
From such results and the Saddle Point Theorem we may infer that
J(wo) = J2(01,03, 9
= su inf > (v],03,75
90 o HOE S

The proof is complete.
O

37. A Note on the Special Relativistic Physics
Consider in R3 two observers O and O’ and related referential Cartesian frames O(x,y,z) and
O'(x,y/,2') respectively.
Suppose a particle moves from a point (xg, Yo, zg) to a point (xg + Ax, yo + Ay, zo + Az) related to
O(x,y,z) on a time interval At.
Denote
L = Ax* + Ay? + AZ?,

and I, = At.
In a Newtonian physics context, we have

I = A2 + Ay? + A2 = AX + Ay + A2,

and
L =At=AYl,

that is, I and I, remain invariant.

However, through experiments in higher energy physics, it was discovered that in fact is Is which
remains invariant (this had been previously proposed in the Einstein special relativity theory in 1905),
where

I = —A? + Ax* + Ay* + A2,
so that

AR 4 A2 4 AP 4 A2 = — A A+ Ay 4 AR =,

for any pair of observers O and O’. Here ¢ denotes the speed of light, and in the case in which v,7' < ¢

we have the Newtonian approximation
At =~ At.

From the expression of I3 we obtain

2 NG N Ax'? N Ay”? N Az?
A2 A2 A2 Af2
ZAE A Ay AZ?

= arTar Tar T ar

(237)
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Thus,
_szﬂz Aﬂz%_Ay2+_Aiz At'?
At A2 AP AP? ) AP
AxZ A2 A2
_ 2 Y
so that

2 (Ax2 Ay A2
(At’)z_ ¢ (At2+A§ +At2)

At C2 _ AX/Z + Aylz + AZ’Z
NN N

WY _ 1o
ot 1_(”')2.

2

Letting At, At' — 0, we obtain

In particular for constant v and v = 0 we have

AYN? v?

(m) =l-=
2

A =1 Tt
C

Consider now that O is at rest and O’ has a constant velocity

so that

ve

where {e1, e, €3} is the canonical basis for R3 related to O.

Consider O(x,y,z) and O'(x, v, z) such that the axis x’ coincide with the axis x, axis i’ is parallel
to axis y and axis z’ is parallel to z.

Since v is constant, we have

_ Ax
At
and
=0
Assuming x(0) = 0, and the initial time t = 0, we have Ax = x, and At = t so that
2
r v
t 1-— sz t,
so that
o _ Lvt)
¢ — 1_722 t= <t 622 ,
-5 iz
and thus
(-%)
t = vy
2
-z

On the other hand we have v/ = 0.
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We may easily check that the solution

lead us to v/ = 0.

Indeed,
AX'\[1-% Ay

At At

so that, considering that v is constant, we obtain

dx’ —d(xbi;vt) B g v
dtr 2 2 2
VimE ims ieE
that is,
dx’
= oo
dt
Thus,
d<x’ — Z—;)
dr -
so that
)

for some constant ¢; € R so that

X' =0y,
for some ¢, € R.
Therefore i
=2 .
dt’

Summarizing, for the Newton mechanics we have

t =t
X =x—ut,
/
y =y
and
7=z

163 of 280

On the other hand, for the special relativity context, we have the following Lorentz relations

t—%)

/_( c

t_—ﬁ'
T2

x — ot
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and
Z =z
37.1. The Kinetics Energy for the Special Relativity Context
Consider the motion of a particle system described by the position field
r:Qx[0,T] — RY,
where Q C R3, [0, T] is a time interval and
r(x,y,z,t) = (ct, X1(x,y,2,1), Xa(x,y,2,1), X3(x,,2,1)).
In my understanding, this is the special relativity theory context.
The related density field is denoted by
p:Qx[0,T] - R,
where
p(x,y,2,t) = molgp(x,y, 2 1),
my is total system mass at rest, and ¢ : Q) x [0, T] — C is a wave function such that
/ p(x,y,2, 1) dx = 1, Vt € [0, T).
Q
The Kinetics energy differential is given by
Jor or
dEC — 7dm g * g,
where
o d (0% 0% 0K\ (90X 0% X
ot ot  \' ot ot ot "ot ot ot
X1 \* |, (0X2\?, [9X3)?
- _2 a1 222 723
- 2+ (5) (%) (%)
24+ (239)
where ) ) )
vz = & _|_ % _|_ aﬁ
ot ot ot ) -
Moreover, "
dm = 702|4)(x,y, z,t)|? dxdydz,
J1i-2
c
so that
dE. = Az(c2 —0?)|¢(x,y,z,t)|* dxdydz
Ji-z
= mpcv/ 2 —v2|¢p|? dxdydz. (240)
Thus,

Ec(t) = / dE. = / mocy/ 2 — v2|¢|* dxdydz.
0 0
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In particular for a constant v (not varying in (x, y, z, t)), we obtain

Ec(t) = mgcV/ ¢ — 02.

Hence if v < ¢, we have
Ec(t) = mq c?.

This is the most famous Einstein equation previously published in his article of 1905.

37.2. The Kinetics Energy for the General Relativity Context
In a general relativity theory context, the motion of a particle system will be specified by a field

(ron):Qx[0,T] — R*

where
(roi)(x,t) = (ct, X1(id(x, 1)), Xo(8(x, 1)), X3(1(x, 1))
where
a(x,t) = (ug(t), ur(x, t), uz(x,t), uz(x,t)),
uo(t) =1,

x=(x1,x2,x3) €QC RS,

and t € [0, T], where [0, T] is a time interval.
The corresponding density is represented by

(poi): QA x[0,T] - RT,

where
(pot)(x,t) = molp(a(x, 1)),

my is total system mass at rest and ¢ : Q) x [0, T| — C is a complex wave function such that
/Q lp(i(x, 1)) > /—g| det{n(x,t)}| dx = 1,Vt € [0, T]

dx = dxq dx; dxs,

o
g]_au]-

where

Sik = 8j "8 Vj, k€ {0,1,2,3}.

and g = det{gj}.
Now observe that

or duj  Ir Juy

or or _ Jrduj Ir
FTRET: du; ot auy ot
o o owan
au]' Jduy ot dt
9u; du (241)

= 8k ot
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Observe that % .
or or _ Mok 2 2
ot ot Sk ar - C T
Moreover, the Kinetics energy differential is given by
Jdr Or
dEC = —dm g . §,
where o
dmzi a(x,t))[*y/—g| det{n (x,t)}| dx,
Vi—-a
C
so that the total Kinetics energy is expressed by
T
Eo= [ [ decat,
0 JO
that is,
E = / / (2 — o) |p(a(x, 1) 2 /—g| det{d’ (x,)}| dxdt
\/ CZ
= / /mocx/cz—vz|4>( a(x,t))[>\/—g| det{n (x,t)}| dxdt
0 JO
ou;j
_ / / moc\| gk at] aa”;" (x, 1)) 2/—g| det{i (x,t)}| dxdt. (242)

Summarizing, for the general relativity theory context

T du a”k N 2 N
EC—/O /Qmoc —8jk=, at F |p(d(x,t))|°\/—g| det{n’ (x, ) }| dxdt.

38. About an Energy Term Related to the Manifold Curvature Variation

In this section we consider a particle system motion represented by a field
r:Q— R*

of C? class where here Q = Q) x [0, T], ) C R3 is an open, bounded and connected set, and [0, T] is a
time interval.
More specifically, point-wise we denote

r(u) = (ct,X1(u), Xa(u), X3(u)),

where 1y = t, and u = (ug, u1, up, uz) € Q.
Now, define

=
]
and
Sik = 8j " 8k Vi k€{0,1,2,3}.
Moreover
{"y = {gu} ",
and

g = det{gj}.
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We assume

or(u) .
{ E forj e {0,1,2,3}}

]

is a basis for R, Yu € Q.
At this point we define the Christofel symbols, denoted by F}k, by

1 lp{agkp 9jp _ 98jk

I _
T = 28 duj  dup iy

2 }/ v]/k/l E {0,1,2,3}

Theorem 38.1. Considering these last previous statements and definitions, we have that

0’r(u) _ or(u)

au'auk - jk a”l ’ \V/],k € {011/2/3}/ Yu e Q.
]

Proof. Fixu € Qand j, k,m € {0,1,2,3}.
Observe that

1
1—‘é'kglm = Egmlglp {

_ ;5;{%+88m_agfk}

gy  9gjp  9Igjk
- + ——Jr _ _—J
ou; dup  duy

ou; dup  dup
_ 1) 98w , 9gjm _ 8k
2| du; oup  Ouy
_ 1] 0 (or(u) dr(u) _’_i or(w) odr(u)) 0 (odr(u) dr(u)
2| 0uj\ dup  Ouy dup \ ouj  Ouy dup \ Ouj  Ouy
1 0%r(u) or(u) L 0%r(u) _or(u)
2 aukauj aum aumauj auk

9’r(u) _or(u) 0’r(u) or(u)

oujou  Ouy  duydur  Ju;

B 0’r(u) or(u) 0°r(u) _ ar(u)}

umou;  Juy Qumduy  ou;

2

0%r(u) or(u)
oujou Oy

_ 1 { 0°r(u) or(u) n 0°r(u) or(u) }

2 oujoug iy Jujoug iy

(243)

Summarizing, we have got

; or(u) or(u)

0’r(u) or(u)
—1! _

aujauk. Oy

Since

]

or(u) .
{ S forj e {0,1,2,3}},
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is a basis for R*, we may infer that
0%r(w) _ y or(u)
EETS =T au; , Vj,ke€{0,1,2,3}, Vu € Q.
The proof is complete.
O
38.1. The Energy Term Related to Curvature Variation
We define such an energy term, denoted by E,, as
]k Ip 9 (u) /_—
¢.x 2 / ouj <¢ ouy au, a 8u g du,
where du = dujduydusduy.
Here ¢ : () — C is a complex wave function representing the scalar density field.
Now observe that
] or(u d or(u
i (¢ ) ()
j k U Up
_ [ 9¢ 9r(u) L 9’r(u) (99" 0r(u) pe 0’r(u)
~ \Quj duy u 0y ou; dup ou;du
_ 0¢ 0¢* ,%r(u)  0%r(u)
N ﬁau-g"ﬁ 9] oujouy O dup
9p* 9%r(u) or(u)
(Paul ou; auk dup
. 0¢ r(u) Ir(u)
e duj ouduy  Juy
9¢ 9¢* 2
= ﬁ au‘ gkp + |¢'| r]r?(r'?p 8mo
L D g+ 9750 9 Ty g (244)

From such results, we may infer that
1 i« 0P dP*
= = I/ e S/
Eq(¢r I’) 2 Ag au] auk 8 du

+1 jk Slp g4 s | |2 “od

3 g 8" Uy Ly &rs 1917 /=g du
jkl

2/ r! < ¢au>\ﬁdu (245)

39. A Note on the Definition of Temperature
The main results in this section may be found in similar form in the book [16], page 261.
Consider a system with N = Z]N:Ol N; and suppose each set of N; particles has a set of C; possible

states.
Therefore, the number of states of such N]- particles is given by
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where we have considered simple permutations as equivalent states.
Define

S] = ln(AF]-),

and define the system entropy, denoted by S, as

No
S=A <Z S]-> ,
j=1
where A > 0 is a normalizing constant.

Thus,
@, ()Y
_ ]
SAj_§11n< NI )

]
so that

No
S=A (Z(N]- In(Cj) — ln(Nj!))>.

j=1

If N is large enough, we have the following approximation

In particular for C; = 1, Vj € {1,---, Np} we obtain
No No
j=1 j=1
At this point we define the following local density Nj where

. 2
S - BEDE

p(x, )]>

where

No
()P =Y 19j(x, 1) %
j=1

Here, ¢; : ) — C denotes the wave function of the particles corresponding to the system part N;.
The final definition of Entropy is given by

No
S(x,t)=A (Z Si(x, t))
j=1
where

Sj(x, t) = —Nj(x, t) ln(N]-(x, t))

i)l | (x, )2
= AP N1n< oo N ) (246)

Here we highlight the position field for each particle system part N; is given by

ti(x,t) = x+1i(x, 1),
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where 1; is related to the internal energy, that is, related to the atomic/electronic vibrational motion
linked with the concept of temperature, as specified in the next lines.
The total kinetics energy is given by

1 Mo ori(x,t) ori(x,t)
E(x,t)=—2) m ,|¢‘(x,t)|2 ] Bl .
2]; Pil™ ot ot

At this point, we define the scalar field of temperature, denoted by T(x, t), such as symbolically

s 1
0E  T(x,t)
More specifically, we define
No %
T(x,t) = TS]’
=1 9¢;

so that

1 NO ) E)r]-(x,t) ar]-(x,t)
e L e

T(x,t) =
0 AN g (0PN g
o7 M\ Tep

39.1. A Note on Basic Thermodynamics

Consider a solid Q) C R? where such a Q) is an open, bounded and connected set with a regular
(Lipschitzian) boundary denoted by 9.

Denoting by [0, T] a time interval, consider a particle system where the field of displacements is
given by

tj(x,t) = r(x,t) +u(x, t) + (r3)i(x, t),

where r : O x [0,T] — R is a macroscopic displacement field, u : QO x [0,T] — R is the elastic
displacement field and (r3); : Q x [0, T] — R denotes the displacement field related to the atomic and
electronic vibration motion concerning the concept of temperature, as specified in the previous section.
In particular for the case in which
r(x, t) =x,

we define the heat functional, denoted by W, as

1T du(x,t) du(x,t)
0 L e 0

T
—/ /F u dx df
0 Q

1 /T
"2 /0 /Q Hjjpeij(u)ey (u) dx dt

1M T ,0(13);(x, 1) 9(r3)j(x, 1)
+2]§/0 /(2mp,|¢j(x,f)| S dxdt, (247)

where

No
pxt) = Z;mpjlij(x,f)lz
j=
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is the point wise total density,
1 /T
2 /o /Q Hjjrreij(u)ey (u) dx dt

is a standard elastic inner energy for small displacements u, F(x, t) is the resulting field of external
forces acting point wise on (), and for the term

1Y T ,0(r3);(x, 1) 9(r3);(x,t)
221/0 [ ooy e PSR SRS v ar

we are refereing to the definitions and notations of the previous section.
At this point we denote

1M T ,0(r3)(x, 1) A(13)j(x, 1)

and

1T du(x,t) du(x,t)
Er = E/o /Qp(x,t) ST dx dt

ot
T
—/ /F u dx dt
0 O

1 /T
+§ A /Q Hi]'klez-j (u)eg(u) dx dt. (248)
Hence W = E7 + E;;, and from the previous section we may generically denote
0 Eiy =TS,

Therefore
OW = SEr + 0E;;, = 6ET + T 6S.

For a standard reversible process we must have § Er = 0.
so that
O0W =TéS.

For a general case in which other types of internal energy (such as E; indicated in the previous
sections and even E;;,) are partially and irreversibly converted into a ET type of energy, in which

dEr #0,

we may have
0 W < TéS.

Remark 39.1. Indeed, in general the vibrational motion related to E;, is of relativistic nature so that in fact we
would need to consider

1 T 2 |, 9m)i(x,t) 9(r3);(x,t)
Ezn_z];/o /()mpj0|¢](x,t)| \/c - —gj dx dt.

40. A Formal Proof of Castigliano Theorem

In this section we present the mathematical formalism of a result in elasticity theory known as the
Castigliano’s Theorem.
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Let QO C R3 be an open, bounded and connected set with a regular (Lipischitzian) boundary

denoted by Q).
In a context of linear elasticity, consider the functional | : V' — R where

](u) = Ein — uzrfz Zu 1]/
u = (uy,uz,u3) € We?(GR3) =V, f = (f1, fo, f5) € LA((GR?), Y = Y* = [2((;R?), and

PjeR, Vie{1,2,3}, je{1,--- ,N}

for some N € N.
Here we have denoted

1
Ein =5 /()Hijkleij(u)ekl(u) dx,

aul Ju;
e;i — .
Moreover H;jy is a fourth order positive definite and constant tensor.
Observe that the variation of | in u; give us the following Euler-Lagrange equation

(Hl]klekl Z x] —0 in Q. (249)

Symbolically such a system stands for

() _ i
u; 0,vi e {1,2,3},

so that N
O(Ein — (ui fi) 12 — Ljtq ui(x)) Pyj)
aui
We denote u € V solution of (249) by u = u(f, P), so that multiplying the concerning extremal
equation by u; and integrating by parts, we get

=0, Vie{1,2,3}. (250)

Hy(u(f,P), f,P) = 2Ein(u(f,P)) = (ui(f, P), fi) 12 Zu xj, f, P)Pj

= 0, VfeY', PeRN (251)
Therefore .
7p; (i (u(£,P).£,P)) =0,
so that
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that is
dE;, n a(Ein - <uirfi>L2 - Z] 1U ( ])Pij) ouy
dpz‘]' auk ! api]'
) N
~5p. (ui, fiy 12 + Y ui(x)) P
ij j=1
= 0. (252)
From this and (249) we obtain
dE;
dPl: — ui(xj) =0,
so that
_dE;, 4 [1
) = ot = g (5, Hawes 0l P)eutu(£, ) ),
Vie{1,2,3},Vje{l,--- N}
With such results in mind, we have proven the following theorem.
Theorem 40.1 (Castigliano). Considering the notations and definitions in this section, we have
dE; d (1
) = o = g (5, Hawes u(f,PYeutu(s, P) ),
Vie {1,2,3},Vje{1,---,N}.
40.1. A Generalization of Castigliano Theorem
In this subsection we present a more general version of the Castigliano theorem.
Considering the context of last section, we recall that
N
Hi(u(f,P),f,P) = 2Ep(u(f,P))— (ui(f,P), fiy;2 — Y ui(xj, f, P)P;
j=1
= 0,VfeY*, PcRN, (253)

Therefore, for x; € Q) such that
xi £ xj, Vi € {1, N},

we have

d
<dﬂ(H1(”(f' P),f, P)),(S(xk)>L2 —0,

so that

2( 37 Euu(F, P30 )

N
<dfz << (fP fl L2+Z ]'fp 1]> )5(xk>>L2

= 0, (254)
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that is
d
<dfl_(Ein(u(f,P))),é(xk)>L2
N NI RN AT LS
e\ Y T A
d N
‘<f << AfoP) iz~ E”f<xffffp>Pff>'5X<xk>>
j=1 2
- ¢ (255)

From such results, we may obtain

(T EnF, P00 ) = ((3), 80} 1z =0,

so that

(7 Enlulf P O(x) ) =) =0,

2

that is

o) = (a7, P00 )

Vi€ {1,2,3}, Vx; € Qsuch that x; # xj, Vj € {1,--- ,N}.
With such results in mind, we have proven the following theorem.

Theorem 40.2 (The Generalized Castigliano Theorem). Considering the notations and definitions in this
section, we have

w(se) = (3 Enlu(F D)2
Vi€ {1,2,3}, Vxi € Qsuch that x; # xj, Vj € {1,--- ,N}.

40.2. The Virtual Work Principle

Considering the definitions, results and statements of the previous section and subsection, we
may easily prove the following theorem.

Theorem 40.3 (The virtual work principle). Let x; € Q) such that x; # x;,Vj € {1,--- ,N}.
For a virtual constant load Py, € R on x; at the direction of uy(x;), define now J : V.— R where
N
J(u) = Ein — (ui, fi) 2 — Y, ui(x) Pyj — Puage(x7).

j=1

Under such hypotheses,

) - (B

Vk € {1,2,3}, Vx; € Q) such that x; # xj, Vj € {1,---,N}.

Proof. The proof is exactly the same as in the Castigliano Theorem in the previous section except by
setting the virtual load Py = 0 in the end of this calculation and will not be repeated. O
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41. A Convex Dual Formulation for an Originally Non-Convex Primal Dual One

In this section we develop a convex dual variational formulation suitable for an originally non-
convex primal dual one.

Let Q C R3 be an open bounded and connected set with a regular (Lipschitzian) boundary
denoted by 0Q).

Consider the functional | : V — R where

J(u) = %/QVL{-Vudx—i—g/Q(uz—/S)zdx
—(u, 12, (256)

wherea > 0,8 > 0,7 >0,V = W,*(Q) and Y = Y* = [>(Q).
Define the functionals F; : VX Y* X Y* 2 R, H: VX Y*xY* 5 Rand F: VxY*xY* >R

by
* % 1 * * K 2 K *\2 2
Fy(u,v],v5) = A + 2v5u + S+ E(UO) dx,
2 K K *\2 2
F(u,v1,v5) 2/ v] +9V U u +§(Uo) + f
and )
F3(u,v7,v5) 2/ o — a(u —[3)) dx,
respectively.
Definealso J1 : V x Y* x Y* — Rby
(1,93, 95) = Fi (1,5, 08) + Ea(u1, 07, 05) + Ba(u, 01, 03).
Observe that
h(u,01,08) = Fi(uoi,08) + Ea(u,0,05) + By(u, 03, 05)
= —(v1,03)12 — (v, V)2 — (u,05) 2 + F1(u, 07, vp)
—(v1,06) 12 — (05, 07) 12 — (w, 08) 12 + F2 (1, 0, 1)
—(05,09) 12 — (u,v70) 12 + F3(u, 07, )
+(07,03) 12 + (v, V)2 + (1, 05) 2
+(01,v6) 12 + (v, v7) 12 + (1, 08) 2
(v9,v9) 12 + (1, v7p) 2
> inf ({07, 08) 2 — (05,05) 12 — (,08) 12 + Fy (1,07, 05))
(u,05,05)EVXY*xY*
inf {—(v1,06) 12 — (vg, v7) 12 — (u,vg) 2 + F2(u, 07, vp) }
(u,05,05) EVXY* X Y*
inf ~ {—(vg,v9)2 — (u,v]0) 2 + F3(u,07,vp) }
(u,05)EVXY*
+ inf vy, 030 (08,05 2 + (u, vk
ot gy L0500 06502 (082
+(01, V) 12 + (v, 07) 12 + (u,vg) 2
(09,09) 12 + (u,070) 12}
> —F (03,05, 08) — E5 (v}, 05,03) — F§ (03, v}0), V0" € A" N B, (257)
where

AT =A]NA;NA;S,
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A; = {v* = (v},v}, 0%, 05,05, 05,05, 05) € [Y*]® : 0f+0v;=0,inQ},
As={o* € [Y']® : v +05+05=0,inQ},
Ay ={v" € [Y*]® : v} +0} +0},=0,inQ},
B*={v* c [Y']® : v} >¢ v} >¢ v5 < —¢ inQ}
for an appropriate real constant 0 < ¢ < 1.
Moreover, for v* € B*, we have
K (63,03, 05)
= sup {(v1,03) 12 + (0, 01) 12 + (4, 05) 12 — Fi(u, 07, 05)}
(1,07,05)€EVXY*xY*
_ / —4viot + K((v5)? + (0v%)?) i
0 2(—4+ K2)v3
1 2
+5 /Q(vﬁ) dx, (258)
F; (0,05,05)
= sup {(01,96) 12 + (05, 07) 12 + (u, v5) 12 — Fa(u, 01, 05) }
(u,07,05)EVXY* X Y*
_ [ (T 2 03
Q 2K
1
5 [ dx— [ fop dx 259
> @2 dx— [ fo; (259)
F3 (05, v39)
= sup {(vg,09)12 + (w,070) 12 — Fa(w,07,09)}
(u,05)eV xY*
(UTO)Z 1 *\2
= [ YAl gy x - . 2
/Q s T /Q(zxﬁvg)dx+2/o(vg) dx (260)

Here we define J* : [Y*]® — R by
J' (@) = —F (v3,93,05) — F5 (05,07, 05) — F5 (09, v79)-
It is worth highlighting we have got

inf Ji(u,0f,08) > sup J*(0%).
(,0%,05)EVXY* X Y* (1,25, %) v*eA*I?wB* @)

Finally, we also emphasize that J* is convex (in fact concave) in the convex set A* N B* so that we
have obtained a convex dual formulation for an originally non-convex primal dual one.

42. A Convex Dual Variational Formulation for a Burger’s Type Equation

Let Q) =[0,1] CR.
Consider the Burger’s type equation

{ Viyy —U Uy =0, in(), (261)

u(0) =1, u(l) =0.

Here v > 01is a real constant.
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Define the Galerkin type functional | : V' — R where

1
J() = 5 /Q(vuxx —uuy)? dx,
and
V={uecW?Q) : u(0) =1, and u(1) = 0}.
Denoting Y = Y* = [2(Q)), define F; : Vx Y* - Rand F, : V x Y* — Rby

Fi(u,07) 2/ Vilyy — uux+vl+Ku +Ku) dx,

and
Fy(u,07) 2/ (v} + Ku? + Ku?)? dx,

respectively. Here K > 0 is an appropriate large real constant.
Definealso J; : V x Y* — R by

Ji(u,v7) = F(u,07) + F(u,07),
Observe that

Ji(wor) = FR(uo7)+ F(u,07)
0] + Vi, Ug) 12 — (4,03) 12 — (ux, 03) 12 + F1 (u,07)
07)12 — (u,05) 12 — (1x, V) 2 + Fa(u, 07)
+ Vi, vg) 2 + (1, 03) 12 + (Ux, 03) 2
01,07) 12 + (u,05) 12 + (U, Vg) 12

{—<01/U4>L2 — (02,03)12 — (v3,03) 2 +F1(01,02/U3)}

v
+(v
JF

=
=
(
(

*
1
*
1
*
1
*
1

v

inf
(01,02,03)6 [Y]S

inf {—<01,U;>L2 — <02,ZJ;>L2 - <U3,TJ§>L2 + Fz(Ul,Uz,U:;)}
(U],Uz,U3)€[Y]3

+ inf  {(v] + vitxx, U3 )12 + (U, 03) 12 + (Ux, U3)12
(u,0})eVxY*

U
+o1,07) 12 + 1, 05) 12 + (x, 06) 12}
= —F(v},v3,03) — F5 (07,05, 05)
+v(v3)x(0)up(0), V(u,0]) € V x Y*, Yo* € A*N B, (262)
where
A* = {v* = (v},03,05,0%,05,05) € [Y*]° 2 v(v))xx +05 — (v5)r =0, in Q},
B*={v* € [Y*]® : v} >0, v5 >0, vj +v5 =0, in Qand v}(0) = v}(1) = 0}.

Moreover, denoting

- 1
Fi(v1,v0,03) = 5 /Q(vl — vyU3 + Kv% + Kv%)2 dx,

and
Fi(v1,03,03) = 2/ U1 +K02+Kv3) dx,

for v* € B*, we have
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K (v3,93,v5)

= sup  {(v1,v3) 12 + (02,03) 12 + (03,03) 12 — F1(01,02,03) }
(U],vz,v3)€[Y]3

_ 1 (20303 +2K((v3)* + (v3)*)) Lo

= @) /Q 5 dx+§/0(v4) dx, (263)
B (v,0%,0)

= sup  {(01,07) 12 + (v2,08) 12 + (v3,05) 12 — Fa(01,02,03) }
('01,'02,‘03)6[1/]3
1o (v8)? 1op(@)? 1 2

= — dx+ — dx+ > [ (v5)?dx. 264
WK Jo o5 T Jo o x+2/()(v7) * (264

Here we define J* : [Y*]® — R by
J*(0%) = —F (v}, 03,03) — 5 (07,05, 05) + v(03)(0)uo(0).
It is worth highlighting we have got

inf u,vy) >  su *(0").
(u,07)eVxY* I 1) B v*eA*l?WB*] ( )

Finally, we also emphasize that J* is convex (in fact concave) in the convex set A* N B* so that we
have obtained a convex dual formulation for an originally non-convex primal dual one.

Remark 42.1. The conditions which define B* must be replaced by those concerning the reqularized set
Bf = {v* € [Y*]® : v} > vs >¢ v + 05 =3¢ in Qand v}(0) = vj(1) = ¢}

for an appropriate real constant 0 < e < 1. Therefore, through B, we may define an approximate dual
formulation so that will be particularly interested in the system behaviour as

e— 0.

43. A Convex Dual Variational Formulation for an Approximate Navier-Stokes System

Let O C R? be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by o) = S.
Consider the approximate incompressible and time independent Navier-Stokes system, where

VWU —uuy — v uy — Py =0,
szv—uvx—vvy—Pyzo,

265
V2P 4+ u,% + vﬁ +2uyvy =0, in O, (265)
u=1uy v=uvg P=D, on o) =S.
Here v > 0 is a real constant. Moreover, n denotes the outward normal field to Q) = S.
Define the Galerkin type functional | : V — R, where
_ 1 2. _ _ 2
J(u,0,P) = 3 /Q(VV U—uty—vuy —Py)*dx
1
t3 ./O(VVZ’U —uvy—vov, — P)?dx
1
+5 /Q(VZP +ud+ vﬁ +2uy0,)? dx, (266)

and
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V={u=(u,0P) e W2(,R?) : u=uy, v=uvyand P = Py on dQ}.

Denoting Y = Y* = [2(Q), define F; : VXY* - R, K :VxY* - R F:VxY — R,
Fi:VxY >R E:VxY —wRand F: V xY* = Rby

1
F(u,v5) = 3 /n(vvzu — 1ty — 0ty — Py + Ku? + Ku? + Ko? + Ku§ + v%y)? dx,
Fy(u,vgy) = 5 / (W20 —uvy—0 vy — Py + Ku® 4 Kv? 4 Ko* + Kv + 052 dx,
F3(u,v7) = 2/ (V2P 412 +v +2uva+Ku +Kv + Ko? +Ku + v%g)? dx,
1
Fy(u,v3)) = 3 / (Ku? + Ku? 4 Ko? + Ku2 + v%)? dx,

F5(u,vg) = /(Ku + Ko? + Kv? +KU + v3)? dx,
and

Fs(u,v7) 2/(Ku +KU + K2 +Ku +v3)% dx,

respectively. Here K > 0 is an appropriate large real constant.
Define also J; : V x [Y*]> — R by

J1(w, 05,060, v79) = Fi(u,0v5) + F2(u,v5)
+F3(u,v7) + Fa(u,v5)
+F5(u,vg0) + Fo(u, v70)- (267)
Observe that
J1(w, 05,060, v7) = Fi(u,05) + Fa(u,vg)

+F5(u,v79) + Fy(u, v5)

+Fs5(u,vgy) + Fo(u, vy5p)
= —(vh+vViu~— Py, v7) 2 — (u,03) 12 — (U, 03) 2

—(0,03) 12 — (uy, 05) 12 + Fi (u,05))

—(vg0 +vV?0 = Py, 0g) 12 — (1,07) 12 — (0x, 05) 2
—(0,05) 12 — (vy, V5o) 12 + F2(w, v50)
— (059 + V2P, v}y) 2 — (1, 01) 12 — (0, 03) 12
—(0x, v1g) 12 — Uy, 015) 12 + F3(w,v7)
—(v50, V16) 12 — (W, Vi7) 12 — (U, Vig) 2
—(v,019) 12 = (uy, v30) 2 + Fa(u, v59)
—(v50, 031) 12 — (1, 032) 12 — (Ux, V33) 12
—(0,034) 2 = (vy, 035) 12 + Fs5(u, vp)
—(v70,V36) 12 — (Ux, V37) 12 — (0y, V3g) 12
—{vx, v39) 12 — {1y, v30) 12 + Fo(u,v7)
(vs
(
(
(
(
(
(
(
(
(
(
(

o UV — Py, vf) 2+ (1,03) 2 + (iy, 03) 2

+

+(0,v4) 12 + (uy, 05) 12

Vo + V0 — Py, v) 12 + (4,05) 12 + (0, 08) 12

+ o+

0,95) 12 + {0y, v1o) 12

0 + V2P, vi1) 2 — (i, 015) 12 — (0, 013) 12
0, 0lg) 2 + (y, 0]5) 2

50, 016) 12 + {1, 017) 12 + (ux, Vig) 12
0,079) 12 + (uy, V30) 2

060, 031) 12 + (1, U3) 12 + (v, 033) 12
0,034) 12 + (0, 035) 2

070, 036) 12 + Uz, U37) 12 + (vy, Ug) 12

T
T
+
+
+
+
+
+(0x,029) 12 + {1y, v30) 2. (268)
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From such a result, we obtain
J1(u, 03, v50, v79)
> inf ~ {—(01,07)12 — (v2,v3) 2 — (v3,03) 12
(v, v5)€[Y]5
—(04,93) 12 — (vs,03) 12 + Fi(v1, -+, vs)}
inf  {—(ve,vg) 12 — (v7,07) 12 — (08, 08) 2
(06, v10)€[Y]®
—(v9,03) 12 — (010, V1g) 12 + Fa(v6, - - -, 010)}
in {=(v11,071) 12 — (v12, 012) 12 — (v13, 013) 12
(011, v15) €[Y]?
—(014,v14) 12 — (015, V35) 12 + F3(011, - -, v15) }
in {—(v16,vi6) 12 — (v17,017) 12 — (v18, Vig) 12
(016, v20) €[Y]?
—(019,v19) 12 — (020,v39) 12 + Fa(v16, - - ,v20) }
(021,--311;1;)6[)(]5{_(021,v§1>L2 — (022, 032) 12 — (v23,V23) 2
—(024,034) 12 — (025,035) 12 + F5(v21, -+, v25) }
i {— (26, v36) 12 — (v27,037) 12 — (v28, U38) 12
(v26,+ v30) €[Y]?
— (029, 030) 12 — (030, v50) 12 + Fo(v26, -+, v30) }
+ inf {0 + vV?u — Py, 0}) 12 + (,05) 2 + (ux, 03) 2
(w,030,080,079) €V X [Y]?
+(v,v3) 12 + (uy, v5) 12
— {0ty +vV20 — Py, vg) 2+ (u,05) 12 4 (vx, v8) 12
+(v,v5) 12 + (vy, 07p) 12
+(v50 + V2P, 051 )2 + (1x, 03) 12 + (0, 073) 12
+(0x, i4) 12 + (y, 015) 12
+(050, V16) 12 + (4, V17) 12 + Uz, V1g) 12
+(v, 079) 12 + (uy, 030) 12
+(060, V31) 12 + (U, V3) 12 + (0, U33) 12
+(0,034) 12 + vy, U35) 12
+(070, V26) 12 + (Ux, Va7) 12 + (0y, V2g) 12
+(vx, 039) 2 + {1y, 030) 2}
= —F(v], - ,05) = F(vg, - ,v5p) — B (011, -+, vi5)
—Fj (vig, -+, 050) — F5 (031, -+ ,035) — Fg (v36, -+, 050)
+ /m (Vi -n) dS + v /aQ 00(VoE - n) dS + /aQ Py(Vol - n) dS, (269)

if v* = (vj,---,05) € A" NB*, where A* = A} N A; N A3,

A} = {o* e Y vV + o) — (v5)x — (03),
07 — (v12)x — (V14)y + 017
—(vig)x — (v30)y — V3 — (v39)y =0, in Q}, (270)
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* * *130 .k 2% (%) %
A = {o" e [Y']” : vp+vViug — (vg)x — V5
—(v10)y — (v15)x + V19 — (033)x
+034 — (v35)y — (v28)y — (v39)x =0, in Q}, (271)
Ay = {0 e Y 1 (v])x+ (08)y + Vi =0, inQ}, (272)
B* = {v'e [Y*]30 1 0]+ 0] =0, vg +v5 =0, v]; +05 =0,
UT 20; 02201 viklzor
vl >0, v37 >0, v3g >0, in O,
v] =vg =v}; =0, on o0} (273)

Moreover, denoting

- 1
Fi(oy,--- ,0s) = 5 /Q(vl — 003 — V405 + K0} + Ko} + Kof + Ko?)? dx,

- 1
B(vs, - ,v10) = 2 /0(06 — UyUg — U9U1( + Kv% + Kv§ + Kv% + KU%O)Z dx,

N 1
F3 (011, s, 015) = E /Q(Ull + U%Z + U%g + 20147]15 + KU%Z + KU%::, + KU%4 + KU%S)Z dx,

- 1
Fy(v16,- -+ ,v20) = 5 /0(016 + Koi; + Kuig + Kvjg + Kvgy)? dx,
- 1
F5(va1,- -+ ,v25) = 2 /Q(Uzl + Kv3, + Kvgs + Kuj, + Kvgs)® dx,

- 1
Fo(va6, -+ ,v30) = 5 /0(7726 + Kuva, + Kudg + Kvdg + Kvgy)? dx,

we have

F (0, ,035)
= sup  {(v1,01) 12 + (02,03) 2 + (03,03) 2
(v1,v5)€[Y]5
(v4,93) 12 + (v5,05) 12 — F1(v1, -+, 05)}
1 / 20505 + 2050% + 2K((05)% + (05)? + (v])% + (0v%)?) i
2(4K2—1) Ja ;

Y1
1 *\2
+3 [ @) dx @)
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5 (vg, -+, v1p)
= sup {(vs,v5) 12 + (v7,07) 12 + (v8,08) 2
(-06/"'f7110)€[y]5
(v9,v5) 12 + (v10, V10) 12 — 15“2(06, e, 010) )
B 1 / 20508 + 20505, + 21(((0?)2 + (v§)2 + (03)2 + (0{0)2) "
- 2(4K2—-1) Jo v}
1
+5 /Q (0)? dx (275)
F?T(Uflf' “+,U]s5)
= sup {(v11,011) 12 + (v12,01) 12 + (V13,013) 12
(v11,+ v15) €[Y]S
<Ul4/ UT4>L2 + <Ul5/ UTS>L2 - F3<'011, e ,U]5>}
_ 1 / (—1+K)((v5,)? + (v53)%) + K(v54)? — 205,035 4 K(v5)? dx
 4(K2-1) Ja v},
1
+5 /Q(v’{l)2 dx+ (276)
FI(UT@' “,U30)
= sup {(v16,v16) 12 + (v17,017) 12 + (v18, Vg) 12
(-016/' o /UZO)E [Y]S
(Ul9/ UT9>L2 + <020/ Z);0>L2 - ?2(015/ e 1020)}
_ 1 / ((v3)* + (v1)* + (©59)? + (050))
4K Jo 01‘6
1
+5 [ @i dx, @77)
ﬁs*(vﬁv‘ “,U35)
= sup  {(v21,031)12 + (v22,05p) 12 + (023, V33) 12
(021, v25)EY]?
(v24,054) 12 + (025, 035) 12 — F5 (021, - -+, v25) }
_ i/ ((v3)* + (035)* + (v3)* + (v35)%) dx
4K Jo vjl
41 / (v%)? dx (278)
2 Q 21 4

ﬁék(v%r“' ,V30)

= sup  {(v26,036) 12 + (027, V37) 12 + (V28, V3g) 12
(026, v30) €[Y]®

(v29,v39) 12 + (v30,030) 12 — F6 (025, -, v30) }
_ i/ ((v37) + (035)* + (v39) + (v39)%) dx
4K Jo U3

1 «
+§ /0(026)2 dx. (279)
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Here we define J* : [Y*]*Y — R by

(") = —F (v, ,05) = F (v, ,v5p) — F5 (071, - ,vi5)
—FI(UT(,/' "+, U3) —Fg(vélz' "+, U35) —Fé*(?’;s/‘ “+,030)

Voi-n)ds+v [ oo(Vog-n)dS+ [ R(Voi-m)ds, (80
—H//aQuo( vi-n)dS+v ano( ve -n) dS+ o 0(Vvi; - n) (280)
It is worth highlighting we have got

inf J1(uw,v50,v0,v70) = sup J*(0%).
(u/v;()/vg(]/v;())evx [YP v*e A*NB*
Finally, we also emphasize that J* is convex (in fact concave) in the convex set A* N B* so that we
have obtained a convex dual formulation for an originally non-convex primal dual one.

Remark 43.1. Here we highlight the conditions which define B* must be appropriately reqularized through a
small parameter
0<ex,

similarly as we have done in the previous section.

44. A D.C. Type Dual Variational Formulation for a Burger’s Type Equation

In this section we shall write a primal Galerkin type variational formulation for a Burger’s type
equation as a difference of two convex functionals (the so called D.C. approach) and establish a related
convex dual variational formulation.

LetQ =[0,1] C R.

Consider the Burger’s type equation

{ Viuyy —U Uy =0, inQ), (281)
u(0) =1, u(1) = 0.

Here v > 0 is a real constant.
Define a Galerkin type functional | : V — R, where

J(u) = %/Q(vuxx —u ux)2 dx,

and
V={uecW?Q) : u0)=1, and u(1) = 0}.
Denoting Y = Y* = L?(Q), define F,F, : V x Y* — Rand F3,F; : V — Rby
1 K K
Fi(u,v5)) = 5 /Q(vuxx — u Uy + viy + Ku? + Ku2)? dx + 71 /Quz dx + 71 /Qui dx,
1 K K
Fy(u,v8)) = 5 /Q(vg‘o + Ku? + Ku2)? dx + > /Quz dx + > /Qui dax,
Ky [ o Ky / 2
Fy(u) = -1 el
3(u) Z/Qu dx+2 qudx
and

K K
F4(u):71/0u2dx+71/0u§dx,

respectively.
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Here K, K; > 0 are appropriate large real constants such that
Ki > K.

Definealso J; : V x Y* — R by

J1(u,050) = Fi(u,v50) + F2(u,v50) — F3(u) — Fa(u),

Observe that

inf J1(u,v%)) =0,
(u,v5,)EV XY™ ( 50)

so that, denoting

- 1
F1(7J1,02,U3) = 5/(1(01—0203—1-1(0%4-1(0%)2 dx+—/ 02 dx—i——/ U3 dx,

E>(vg,v5,06) = 2/ (v + Kvg + Kov2)? dx—l——/ v4) dx—i——/ v5)? dx,

- K K
Bz =5 [@Par+ 3 [ @)

we have

0<i(u,v5) = F(u,05)+ F2(u,05) — F3(u) — F(u)
= - uIZT'>L — (ux, 23) 12 + Fi (1, v50)
”x/ZDLZ +F2(” 50)
u)
u)
1, 50)
1, 50)

+ sup {(z1,2])p2 + (22,25) 2 — B3(z1,22) }
(z1.22)€Y

sup {(z3,23)12 + (24,21) 12 — ﬁ4(z3,Z4)}
(Z3,Z4)€Y

= {7 )2 — (ux23)12 + Fi (1, 05)
—(u,23) 12 = (1, 23) 12 + Fa(u, 050)
VB (z1,25) + B (z5,23), Yu eV, (- ,2;) € [V~ (282)

Uyx,2y

—{
+ (ux,22) 12

12+ (ux, 23) 12 P4
— (ux,23)

IN
|

Ux,Z5)12 +F

/\/\/-\/-\

—(u,z3) 2 — (ux,z3) 2 + B2

From such results, similarly as obtained in [5], we may infer that
0= inf u,vs
(u,vgo)GVth( 50)

inf  {—(u,z7,) 12 — (ux,23) 12 + Fi (1, 05)
(u,v8,)EVXY

—(u,z3) 12 — (Ux, 23) 2 + Fa(u,050) }
+E5(23,25) + Ff(23,23), V25 = (zf,- -+ ,z}) € [Y*]4. (283)

IN
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On the other hand, observe that

—(u,27, )12 — (ux, 23) 12

—(Vitxx + V50,07 )12 — (1, 03) 12 — (ux, 03) 12 + F1 (1, v50)
—(u,z3) 12 — (Ux, 23) 12

—(v50, V)12 — (,03) 12 — (ux, v5) 12 + F2 (1, v59)

+ (Vitxx + 050,01 ) 2 + (1, 02) 12 + (1, 03) 2
+(050, V) 12 + (4, V3) 12 + (U, U5) 2

inf o, o
e e 2l

—(01,01) 12 = (v2,03) 12 — (03,03) 12 + F1(01,02,03) }

+ inf {—(”04,2 > 2 — <”05,Z*> 2
(03,0506 €[Y° o e

_<v6r Ug) 2 — (va,03) 12 — (U5,05) 12 + Fy(v4,v5,06) }

inf  {(vitxx + 050, 07) 12 + (4, 03) 12 + (tx, 03) 2
(u Vi) EV XY
+(v50,vg) 12 + (4,01 ) 12 + (Ux, U5) 2}

*

= —F(v],05,03,2,25) — F5 (0,03, 0§, 23, 23) — v(07)x(0)u(0), (284)

v

if v* = (vj,---,v) € A* N B*, where
A* = AT N A3
A7 = {0 € Y*]° & v(0])xx + 05 — (03)x + 05 — (03)x =0, In Q},
={v* € [Y*]® : vi +vi =0, v} >0, v; >0, inQ},
and
B* = {v* € [Y*]® : v} (0) = vi(1) = 0}.

At this point we recall that

F (v1,v3,v3,21,23)
= sup  {(v2,2]) 2 + (03, 23) 12

(v1,02,03)€[Y]

+(01,97) 12 + (02, 93) 12 + (v3,05) 12 — F1 (01,02, 03) }
_ K )t (e n)?

2 Jo (2Kv; +Kp)? - (07)2

+/ (01)?((v3 4+ 27)(v5 + 2z3) + K(v3 + 27)? + K(v3 + 23)?) "
(2Kvt + Kq)? — (v5)?

+% /Q (01)? dx, (285)

F (v3,v3,0¢,23,23)
= sup  {(v4,23)12 + (v5,25) 12
(v4,05,06)€[Y]3
+(ve, V)2 + <v4, V)12 + (s, 08) 12 — Fa(vs,05,06) }

_ (v +25)* + (v§ + 2;)? /
= 2/ ko)) T2 %)* dx, (286)
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F(z1,23) =  sup  {(z1,7)p2 +(21,2]) 12 — F3(21,22)}
(21,22)€[Y]?
= L/(z*)2 dx+L (z3)? dx (287)
2Ky Jo' ! 2Ky Ja 2 ’
and
Fi(z3,2z3) =  sup {(z3,23)12 + (24,2})12 — Fa(23,24)}
(23124)E[Y]2
- e dx+ — [ (z)? dx (288)
T 2Ky Ja'\? 2K Ja' 4 :

Moreover, for K; > 0 sufficiently large, up to a restriction for the dual variables related to a ball of
radius proportional to Kj, from the standard results on convex analysis and duality theory, we have

(u,vgglerxY{7<u’ZT’>L2 — (ux,23) 2
—(Vitxx + 050,07 )12 — (4,03, ) 12 — (tx, 03) 12 + F1 (1, 059)
—(u,z3) 12 — (ux,23) 2
—(v50, V)12 — (1,03, )12 — (tx, 05) 12 + F2 (1, 050) }
= sup {—F(v],03,952],23) — F5 (v}, 05,06, 23, 24) — v(07)«(0)u(0)}. (289)
v*€A*NB*

Consequently, from such results and (283) we have got

0= inf , U3
(u,v;;?EVth (u 050)

< infl sup {—F(o},03,0821,25) — (el 08,00, 75, 23) — v(e))x(0)u(0))
ZTEY" | preA* B
+E5(27,25) + Fi (23,21) }- (290)

Therefore, defining J* : [Y*]1* — R by

J'(",z") = —F'(v],03,03,2],23) — F*(v},05,05,25,2;) — v(v1)x(0)u(0)

+E(21,23) + Fi (%3, %), (291)
we have got

0= inf Ji(u,05) < inf sup J*(v*,z%)p.
(u,03))EV XY ze[Y*]* | prcA*NB*
Finally, we also emphasize that J* is concave in v* on the convex set A* N B* and convex in z*, so
that, after the supremum evaluation in v*, we have obtained a final convex dual formulation in z* for
an originally non-convex primal dual one.

45. A Convex Dual Formulation for the Rank-One Approximation of a Non-Convex Primal One

In this section, we develop a convex dual formulation for an approximate rank-one primal
formulation found in some vectorial phase transition models.

Let O C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 9Q).

Define a functional | : V — R by
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2
J(u) = %/Q <0‘ijkl <gz; - ﬁz’j) <E;1;;; - ﬁkl)) dx — (u;, fi) 2,

where {a;j; } is a a fourth order constant positive definite and symmetric tensor, {B;;} € R3N, f =
(fu fa f3) € L2(Q;RN) and
V =W, (;RN).

From now and on we denote Y = Y* = L2(Q) and

Yl — Yl* _ [Y]3N+N+3+1.

Definealso F; : Y] = R, K : Y| — Rand F3 : [Y]N*3+1 - Rby

Fl(wlgl 17/050)
1 2 2 2 d
= E/Q(“ijkl(wij — Bij) (wi — Brr) + K|E|= + Kly| +v50) X, (292)
N 3 K 2
By (w,&m,050) = Y, Y = / (wij — &inj + KIG > + Ky > + 050) dx,
i—j= 2 /a
and K )
_ K 2 2
Bs(&m,0m) = 5 [ (KIEP+KlyP +ox) " dx,
respectively.
Here K, Ky > 0 are real constants such that K1 > K > 1.
Moreover, define
]1(”1 w, é’r 17/ 050)
= _<'§i77j/ (UT)ij>L2 +h (wr &, Z750)
+Fx(w, &, 1,vs0) + F3(¢, 17, v50)
ou; , .,
+<al (Ul)z’j> — (ui, fi) 2- (293)
Xj 2
L
Observe that
Ji(u,w,&,n,0s50)
> inf —(&mi, ()Y 12 + Fi(w, &, 1,0
> (é,rz)e[Y]3+N{ {Ginj, (01)ij) 12 + Fu(w, &, 11, vs0)
+F(w, ¢, 1,vs0) + F3(&, 77, 050) }
. aui *
+L}2€{ <8x]' (771)1]>L2 - <”zzfz>L2}
= —Fy(v7), Vo1 € A7, (294)
where
Fy(i) = sup  {{&Gmj (v7)ij) 12 — Fi(w, &, 1,0s50) — Fa(w, &, 1, 050) — F3(&, 17, vs0) }
(Eme[YPHN
and

At ={v; € Y'PN ¢ (v]);;+ fi=0,Vie{l,--- ,N}, inQ}.
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On the other hand

W
= —(Ginj, (v7)ij) 2 + Fi(w, &, 1,0s0)
+F(w, ¢, 1,0s0) + F3(&, 17, 050)
= —(Cmj, (UT)ij>L2 — (wij, (w7)ij) 2 — (Cir (03)i) 12
—(nj, (v3)j) 12 — (vso, vy) 2 + Fi(w, &, 7, vs0)
—(wij, (w3)ij) 12 — (Gir (v5)i) 12
—(11j, (v6)j) 12 — (vs0,v7) 12 + F2(w, &, 17, 050)
—(Gi, (vg)i) 12 — (1j, (v9)) 2
—(vso, Ulo>L2 + Fs(w, &, 1, vs0)
(w; l]>L2 +(Gi, (v2)i) 12
(nj, )2 + (vs0,01) 2
(w; 1]>L2 +(Gi, (05)i) 12
(n; )12 + (vs0,07) 12
(Ci )2 + (1, (v3)) 12 + (vs0, V1p) 2 (295)

S

=

~

—~

g

N %
\/\/\/\/\/

Thus,

1%
> (wCryirvl5fo)€Y1{_<§ﬂ7jl (Ui)i]’ — <ZUZ‘]‘, (wf)i])Lz — <€i/ (U;>i>L2
—(nj, (v3)j) 12 — (vs0,v3) 12 + Fi(w, &, 1,050) }

f —{w:: N (E .
+(w,r;",171,1;}50)eY1{ <w11r(w2)1]>L2 (Cis (03)i) 12

=1}, (v6)j)12 = (vs0,07) 12 + Fa(w, ¢, 77, 050) }
+ inf A= (v8)i) 12 — (1, (v5) )12

(&m,0s0)€[Y]PHNH
- <050/ Z)1<0> L2 + F3 (wr C! 77/ Z)50)}

+ inf {<wij/ (w7)ij) 12 + (Gi, (03)i) 2
w,¢,1,050) €Y

_|_

(
(mj, (v3); >L2 + (vs0, 03 )12
<w1]/ (w2)1]>L2 +(Gi, (05)i) 12
(mj, (v6);)

<

+ +

1j, (06)j) 12 + (vs0,07) 12
Gir (08)i) 12 + (1), (v9) ) 12 + (vs0, V1g) 2 }
= Ff (wy,v1,05.03,v}) — F5 (w3, v3, 05, 07) — F5 (v§, 05, v5),
V(w*,v*) € A, (296)

_.|_

where w* = (w},w}) € [Y]*N =3,

12N+9 _
v* = (v}, 03,03,04,05,0¢,07,05,05,07p) € Y] =5,

Ay = {(w",0") €Yy x Y5 ¢ (w])ij+ (w3);;=0,Vie{l, - ,N}, Vj€{1,2,3},inQ,
(v3)i+ (v3)i+ (vg); =0, Vie {1,--- ,N}, inQ),
(03);+ (v5); + (v5); =0, Vj € {1,2,3}, in Q,
v + v+ 0], =0, inQ}, (297)
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A5 ={(w",v") €Yy xY5 : 0] € AT},
and
A* = A5 N A;.
Furthermore,
F (w7, 01,03, 03,0})

= sup  {(Ginj, (01)ij) 2 + (wij, (w7 )ij) 12 + (Giv (03)i) 12
(wrélq/USO)Eyl

+(nj, (03)j) 12 + (050, v3) 12 = Fi(w, &, 1, 050) }, (298)

B * * * *
Fy (wy,v35,v6,07)

= sup  {{(wij, (w3)ij) 2 + (G, (v5)i) 12
(w,¢,11,050) €Y1

+(11j, (08)j)12 + (v50,03) 12 — F2(w, &, 1, 050) }, (299)

F3 (vg, v5, vip)
= sup {(8i, (08)i) 12 + (mj, (vg) )12
(8,050 €[YPHNFT
+(vs0, v10) 12 — F3(¢, 11, 050) }- (300)
Denoting
J*(w*,v*) = —F (w],0],03,03,0}) — E5 (w], 03,08, 07) — F5 (05,05, v7p),
we have got

i f > i f 7 7 7 7
1}2‘/ ](u) - (u,w,g,ij,lvr;())EVxYl h(u w6 T 050)

> sup J*(w*,v"). (301)
(w*,v*)eA*

Finally, we emphasize [* is a convex (in fact concave) functional.

46. Duality for a General Relaxed Primal Variational Formulation

Let QO C R3 be an open, bounded and connected set with a regular boundary denoted by 9.
Consider a functional | : V — R where

](u):%/{)Vu-Vudx%—%/Q(uz—ﬁ)zdx—<u,f>Lz,

where V = Wp?(Q), 7 >0,a >0,>0,Y =Y*=L12(Q),Y; = Y; = L2((;R?),and f € [2(Q).
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We define the associated relaxed functional J; : V x V x (0,1), by
Jwed) = 5[ (Vu—(1-2)V9) (Vu—(1-2)Vg) dx
+w / (Vi + AV§) - (Vi + AV§) dx
P (= =g = g s B [ (g ag)? - 2
—7\ (u—(1- )¢f>L2—(1—/\)<u+/\¢f> (302)

Moreover, we define, F; : VXV x (0,1) 2 R, K: VxVx(0,1) 2R, F:VxVx(01) =R,
F:VxVx(0,1) =R FE:VxVx(0,1) -R,and F:V xV x(0,1) —» R, by
Ay
Rg,A) = 5 [ (Tu=(1-2)V)- (Tu=(1-1)Vg) dx

(1

E(u,¢,A) = ;A)'Y/Q(VuJFAV(p) -(Vu+ AV¢) dx

R, )—A;‘ [ (= (=292~ pP

Fy(u, ¢, \) = (u+Ap)* — B)? dx

Fs(u,¢,A) = =A{u = (1= A)g, f)12,
Fs(u, ¢, A) = =(1 = M) (u+A¢, f) 2,

respectively.
Observe that

Ji(u,p,u) = F(u,¢,A)+F(u,¢,A)
F3(u,¢,A) + Fy(u, ¢, A)
Fs(u,¢,A) + Fe(u, ¢, A), (303)

Thus,
Ji(u,p,u) > Fi(u,¢, /\)+F2(u ¢,A)
H((u = (1=2)$)* = B,v3) 12
+<(”+)\4’) — B oy)p2
Fs(u, ¢, A) + Fe(u, ¢, A)
F3(u, ¢, A) + Fa(u, ¢, A)
+ vlgréfy{—<v3, v3) 12 + F5(v3,A)}

+ inf {—<ZJ4, UZ>L2 + F4("04, A)} (304)
v€Y

where

B(v3,A) = > /v3dx

Fy(vg,A) = a —2)\)0‘ /Q vj dx,
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Therefore, defining £ : Y* x (0,1) - Rand F} : Y* x (0,1) — Rby
Fi(v5,A) = sup{(03.03);> — F3(v3, )
v3€Y
b / (03)? dx (305)
T 20A Jo ? ’
and
F{(vi,A) = sup{(vs.03);» — Fa(vs, )
v€Y
-t / (0%)? dx (306)
T 20(1—A) Jo ¥
we may also infer that
jl(u,gb,)\) > Z711‘lf {<’01,’01>L2+Fl(’01,}\)}
1€
+ inf {(vp,05) 2 + Ea(va, M)}
mEY]
+ inf { (vs, div v]) 2 —i—/ — B)v3 dx —/\(05,f>Lz}
v5€Y
+ inf { (ve, div v3) 2 —i—/ —B)v; dx —(1— A)<U6,f>Lz}
v6€EY
—F(v3,7) — F{ (v, A)
= —F () - F(3,A)
—F5 (01,03, A) = Fg (03,03, A)
F3 (03, A) — Fy (v}, M), (307)
if v* = (v],---,v;) € A" where,
A* = {o* € [Y{]* x [Y*]* : v§ > 0and v >0, in Q},
1(v1, A :—/ v1 - 071 dX,
2 (v, A =—/ vy - Uy dX,
(05,03, 1) = [ (03— B)os dx = Afos, f)rz,
Fo(os,03, 1) = [ (02— Boj dx — (1= 1) (w6, )12,
and
Fi(vi,A) = sup {{01,0]);2 — Fi(v,A)}
vleY1
= L/ v -0y dx (308)
- 2,)/)\ 0 1 1 ’
Fi(v3,A) = sup {(02,03);2 — Fa(v2, M)}
Z)zEYl
1

= m /Q [ %) dx, (309)
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F5(v],03,A) = sup{(v5,0])12 — F5(vs,03,A)}
v5€Y
B (div (divo] +Af)° Af)?
= 5 / = dx + B / o5 dx, (310)
and
Fs(v3,03,A) = sup{(vs,v7)12 — Fs(ve, v, A)}
v6€Y
17 (divep+ (-2 *
- /Q o dx + B /Q o} dx. (311)

Denoting, as above indicated, v* = (v},v5,0v3,v) € [Y{]? x [Y*]2, we define J* : [Y{]? x [Y*]?
(0,1) = Rby

J5(v*,A) = —Ff(v],A) = E(v3, M)
- 5*(016, U;r/\) - Fg(v;/UZ' /\)
~F(035,4) - F{ (v}, ), (312)

Observe that we have got

. .
L}IEl\f/]< ) = (M,¢,)\)€1\I/l>f<v><[0,l] ]l(ur(Pr/\)
> inf (0%, A) p. 1
= e Y

46.1. A Numerical Example

We have obtained numerical results for v = 0.1, « = 3.0, B = 5.0 and f = 10, in ), for the special
case in which ) = [0,1] C R.
Such results have been performed through the following algorithm:

1. Setn=1and A, = 1/2.
2. Calculate v;;, € A* such that

J* (03, An) = sup J*(0%, An),

v*EA*
3. Calculate A, 11 € (0,1) such that

T (v}, Apit1) = )\eh(})f,l) J* (05, A),

4. Setn :=n+ 1 and go to step 2 until the satisfaction of an appropriate convergence criterion.

Here, we recall that for the optimal points

divoy +Af
and .
d1vvz+(*1—/\)f:u+}\¢,
20y
so that div ot 11 div o Lo
u:)x( 1vvl*+ f>+(l—)\)( 1vvz+£ — )f>
203 2v;

For such a corresponding optimal u( please see Figure 32.

d0i:10.20944/preprints202302.0051.v77
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For the solution u; of the primal problem obtained through the generalized method of lines,
please see Figure 33.

25

Figure 32. Optimal solution u(x) through the concerning dual formulation.

25

Figure 33. Optimal solution u1 (x) through the concerning primal formulation.

We may observe the solutions 1y and u; are qualitatively similar, as expected.
Here we present the software developed to perform such numerical results.

bR
1. clear all
globalm8d LA3AByouveldvldv2dv3v5v6v3v4avlv2K5e5L11L213
m8=100;
d=1/m§;
e1=0.00001;
e5=0.001;
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K5=10000.0;

A3=0.1;

A=3.0;

B=5.0;

for i=1:m8

uo(i,1)=5;

yo(i,1)=10.0;

end;

L=1/2;

for k=1:50

k

i=1;

m12=2+4 6% A xuo(i,1)?> xd*/ A3 — 2% A x B/ A3 % d°;
m50(i)=1/m12;

2(i)=m50(i) * (yo(i,1) * d?/ A3 + 4 x A x uo(i,1)% x d*/ A3);
for i=2:m8-1

m12=2 + 6 x A xuo(i,1)>*d*/ A3 —2x Ax B/ A3 xd*> — m50(i — 1);
m50(i)=1/m12;

2(1)=m50(i) * (yo(i,1) x d®/ A3 + 4% Axuo(i,1)3 xd>/ A3+ z(i — 1));
end;

w(m8,1)=0;

for i=1:m8-1
w(m8-i,1)=m50(m8-i)*w(m8-i+1)+z(m8-i);

end;

uo=w;

uo(m8/2,1)

end;

for i=1:4*m8

x0(i,1)=3.0;

end;

fori=1:1

x1(4,1)=1/2;

end;

for k1=1:10

k1

k=1;

b12=1.0;

while (12 > 107%) && (k < 50)

k
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k=k+1;

X=fminunc(’funFeb30LG’,x0);
b12=max(abs(x0-X))

x0=X;

end;

X1=fminunc('funFeb31LG’ x1);

x1=X1;

end;

u(m8,1)=0;

for i=1:m8

x(i,1)=i*d;

end;

plot(x,u);

PR ———
With the auxiliary function "funFeb30LG", where
1. function S=funFeb30LG(x)

globalm8dLA3 AByouveldv2dvldv3v3v4dv5vovlv2K5e5L1L2L3
for i=1:m8

v1(i,1)=x(i,1);

v2(i,1)=x(m8+i,1);

v3(i,1)=x(2*m8+i,1);

v4(i,1)=x(3*m8+i,1);

end; for i=1:m8-1

dv1(i,1)=(v1(i+1,1)-v1(i,1))/d;
dv2(i,1)=(v2(i+1,1)-v2(i,1))/d;

end;

S=0;

for i=1:m8-1

S=S+(yo(i,1)? % L2 +2xyo(i,1) * Lx dvl(i, 1) + dvl(i,1)® + 4 % Bx v3(i,1)*) / (4 x v3(i, 1)?);

S=S+(yo(i,1)% % (1 — L)?> + 2% yo(i, 1) * (1 — L) * dv2(i,1) + dv2(i,1)> + 4 x B v4(i,1)*)/ (4 *
v4(i,1)?);

S=S+v1(i,1)?/sqrt(L? + 1) /2/ A3 +v2(i,1)?/sqrt((1 — L)* +e1)/2/ A3;
S=S+v3(i,1)*/2/sqrt(L? +e1)/ A+ v4(i,1)*/2/sqrt((1 — L)?> +el) / A;
end;

for i=1:m8-1

u(i,1)=L * (yo(i,1) * L + dv1(i, 1))/ (v3(i, 1)?) /2;

u(i,1)=u(i,1)+(1 — L) * (1 — L) *yo(i,1) + dv2(i, 1)) /2/ (v4(i, 1)?);

end;
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FEERI————
Finally, we present the auxiliary function "funFeb31LG"
1. function S1=funFeb31LG(x)
globalm8d LL1L21L3 A3 AByouveldv2dvldv3v5v6v3v4vlv2K5ed
L=(sin(x(1,1))+1)/2;
for i=1:m8-1
dv1(i,1)=(v1({i+1,1)-v1(i,1))/d;
dv2(i,1)=(v2(i+1,1)-v2(i,1))/d;
end;
S=0;
for i=1:m8-1
S=S+(yo(i,1)? x L2 + 2% yo(i,1) * L x dvl(i, 1) + dol(i,1)? + 4 x B*x03(i,1)*)/ (4 x v3(i,1)?);
S=S+(yo(i,1)>* (1 — L)> + 2% yo(i,1) * (1 — L) * dv2(i,1) + dv2(i,1)> + 4 * B x v4(i,1)*) /(4 *
v4(i,1)%);
S=S+v1(i,1)?/sqrt(L? + 1) /2/ A3+ v2(i,1)*/sqrt((1 — L)? + e1) /2/ A3;
S=S+v3(i,1)*/2/sqrt(L? +e1)/ A+ v4(i, 1)*/2/sqrt((1 — L)?> +el) / A;
end;

S1=-S;

b R R R R R R R 2 2

Remark 46.1. Observe that the functional [* is convex in A* however, the restrictions vy > 0 and vy > 0
in Q) may cause a difference between the solution obtained through |* and the solution got through the primal
formulation |, a so-called duality gap.

Anyway, through such a relaxation process, utilizing the dual functional [* we may still obtain a good
qualitative approximation of the global optimal point for the primal formulation J.

Indeed, such a global solution obtained through the dual functional J* may be an excellent initial solution
for obtaining a more accurate one through the standard Newton Method, for example.

47. A Global Existence Result for a Model in Non-Linear Elasticity

Let QO C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 02 = S.
Define a functional | : V — R by

J(u) = %/QHijkl'Yij(u)'Ykl(”) dx — (uj, fi) 12,

where N ,
Ui~ U
’Yij(u) = % + Eum,ium,jr

V={ueW2R? : u=1dyonS; CoOl.
We also denote Y = Y* = L2((;R3), so that f = (f1, fo, f3) € Y.

Here {Hijkl} is a fourth order constant, positive definite and symmetric tensor.
With such assumptions and statements in mind, we may prove the following theorem.

d0i:10.20944/preprints202302.0051.v77
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Theorem 47.1. Assume {Hyj } is such that

J(u) = +oo.

[[ufly—o0

Under such hypothesis, there exists ug € V such that

J(1p) = min J(u).

ueVv

Proof. From the hypotheses, there exists « € R such that

a = inf J(u).

ueV

Let {u,} C V be a sequence such that

1
a < J(uy) <a+E,Vn cN.

d0i:10.20944/preprints202302.0051.v77

197 of 280

Suppose, to obtain contradiction, there exists a subsequence {n;} C N, such that

[t v = co.
From the hypotheses, we have
J(uy,) = +oo, as k — co.

This contradicts

kh_{](r)lo (tn,) = € R.

From such results we may infer that there exists K > 0 such that

Hun”V S Kr Vn S N

Consequently, from this, the Sobolev Embedding and Rellich Kondrashov theorems, there exists

uy € VN L®(Q;R3) for which, up to a not relabelled subsequence, we have

uy — g, weakly in W1'4(Q; R3),

Uy — 1y, strongly in L*(QQ),

un — up, strongly in L*(Q); R3).

Let ¢ € C(Q)).
Thus,

2t — (0)les| |2

9
ax]- 1

IN

— 0, asn — oo.

(314)
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Since ¢ € C®(Q) is arbitrary and C(Q) is dense in L*(Q) we may infer that
O(un)i _ 9(uo)i "
- Kly in L*(Q)
ax; ax; weakly in L*(Q),
Vi,j e {1,2,3}.
Define W = L*(Q) with the norm
[ollw = sup{(v, ¢)r2, ¢ € CZ(Q), [ pll12 < 1}
We may easily verify that
(un)i _, 9(uo)i ,
ox] — ax; strongly in W,
vi,j e {1,2,3}.
Thus,
{ 9(un)i }
ax]'
is a Cauchy sequence in W.
Hence, for each n € N there exists n;, € N such that m,[ > ny, then
O(um)i  9(up)i 1
dx ox; k2"
where 11, may be taken as an increasing subsequence in N.
In particular, we have got
a(unk+1)i _ a(”nk)i l
ax]' ax] K2
W
Define now
g = a(”m)z + l_i a(uﬂk+1)i . a(unk)i
ax]' =1 ax] ax]
and
g= a(unl)z + i a(unk+])i a(unk)i
ax]‘ =1 ax] ax]
Observe that
9 (tuny )i (| O )i 9(un,)i
Iglw < || S+ - ‘
ax]- w k=1 ax] ax] W
A(tn,) 201
< o S W
ax]- w k=1 k2
< +oo. (315)

From such results we may infer that g(x) € R, a.e. in Q.
Moreover, since an absolutely convergent series is also convergent, we may infer that

a(“n;)i _ a(unl)i n 1_21 a(”ﬂkﬂ)i _ a(unk)z‘ N hi]_’ ae. inQ,
ax] ax] =1 ax] ax]

for some h;; € L*(Q), Vi,j € {1,2,3}.
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From such results, we have
9t )i — hjj, a.e.in Q)
ax]‘
e ) dlu)
Up )i 9\Uo)i T4
ax; ax; weakly in L*(Q)),
so that 5
M = hjj, a.e. in Q.
ax]-
Consequently, we have got
9tn)i — a(uo)i, a.e. in Q.
an ax]-
Now fix i,j,m € {1,2,3}.
Observe that from the Cauchy-Schwarz inequality, we have
2
/ 9(tp )m O(tn,)m p
x
O ax] E)x]
2
31ty ) || || @ (1t )
- ox; 4 ax]
< K, VIeN (316)

for some appropriate real constant K; > 0.
Therefore, up to a not relabeled subsequence there exists vy € L?(Q) such that

Ot )m O(ttm )m vy, weakly in L2(Q),

axl’ ax]’
Since
Oty )i Oty )m N 9(10)m a(MO)m, a.e. in ),
axi ax]- axi axf
we obtain 3(140)m 9(uo)
o HO m MO m :
v = E ax, , a.e in (),
so that

O )m O(n )m (1) m 9(tho)m

axi ax] axi ax]

, weakly in L2(Q2),

Vi, j,m e {1,2,3}.
Therefore, from such results we may infer that

Yij(un,) = 7ij(uo), weakly in L*(Q),Vi,j € {1,2,3}.
Moreover, since ] is convex in {7;;} we finally obtain
a = liminf J(u,,) > J(ug),
l—00

so that
J(up) = min J(u).

ueV
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The proof is complete.
O

48. A Note on a General Relaxation Procedure for the Vectorial Case in the Calculus of Variation

Let O C R" be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 0Q). Consider a continuous and bounded below functional F : V — R where

V={ucW2RY) : u=uyonoQ}.
Define H; : V — R by
Hi(u) = inf{A1F(v1) + (1 —A1)F(wq1); 0< A <1, v, wy €V, Mop 4+ (1 — A)wy = u}.
Observe that as it has been shown in a previous section, we have
F**(u) < Hy(u) < F(u), Vu e V.
Moreover, also as indicated in a previous section, we may obtain

Hi(u) = (4)1’)‘1)1?50”0,”{/\11‘"(” —(1=M)¢1) + (1= A)F(u+ A1)},

where V) = W&’z(ﬂ; RN).
Reasoning inductively, having Hy : V — R, define Hy 1 : V — R by

Hiyi(u) = inf{Agp 1 Hi(041) + (1= Agpr) He(wi1) 5
0 < Agp1 <1, Opg1, Wi €V, App10pga + (1= Apgr)Wiegq = ul (317)
Thus

Hyiq(u) = inf Mt He(u = (1= Agp) Prsr) + (1= Aggr ) Hie (4 + A1 Prern) )
(Prs1, k1) EVO X [0,1]

Observe that
F*™(u) < Hyyq(u) < Hg(u) < F(u), Vk € N.

Define Hy : V — R by

Ho(u) = kginoo Hy(u) = 1321£1 Hy(u), Vu e V.

Suppose, to obtain contradiction, that Hy is not convex.
Hence, there exists #i € V such that

(Ho)1(#1) < Ho(1),
where
(H0)1(u) = inf{AlHo(Ul) + (1 — /\1)H0(ZU1) ; 0< A <1, v,w €V, Ao + (1 — /\1)ZU1 = u}.

This contradicts

Ho(u) = kEToo Hy(u) = ;2}{1 Hy(u), Vu e V.
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Therefore Hj is convex on V so that from this and
F**(u) < Ho(u) < F(u), Vvu e V

we may infer that
Ho(u) = F™(u), Yvu € V.

49. A Note on Another General Relaxation Procedure for the Vectorial Case in the Calculus of
Variation

Let QO C R” be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by dQ2. Consider a continuous and bounded below functional F : V — R where

V={ueW2O;RY) : u=uyonaQ}.

Fix k € N.
Define (Hy )y : V — Rby

(Hy)g(u) = inf ZiA]F(v]) :0<A;<landv; €V, Vje {1, k},
]:
k k
2/\]- =1land 2/\]-0]- = u}. (318)
=1 =1
Observe that

F(u) < (Hi)ga (u) < (Hyi(u) < F(u), Vu e V.
Define H, : V — R by

Ha(u) = lim (Hy)g(u) = inf{(Hn)x(u)}, Yu € V.

Reasoning inductively, having H, : V — R, we may obtain (Hy,)x : V — Rby

(Hm)x(u) = inf{

k

k
)\]Hm(?)]) : OSA]'SlaI’IdeEV, V]E {1,--',k},
i=1

J

k
Aj=T1and Z/\jvj = u}. (319)
= =

Observe that
F*(u) < (Hm)k1(u) < (Hm)i(u) < F(u), Vu € V.

Now we define
Hypia (1) = lim (o )e() = Inf{ (Hu)i(u)}, Vs € V,

vYm e N.
Therefore, we have obtained a sequence {H,, : V — R} such that

F*™*(u) < Hyi1(u) < Hy(u) < F(u), Vu e V.
Thus, we may define H : V — R by

HO(u) = Jim Hy, (1) = nirég{Hm(u)}, Yu e V.
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Suppose, to obtain contradiction, that H : V — R is not convex on V.
Hence, there exists il € V such that

(H%)1(2) < H(a),
where
(Ho)l(u) = inf{/\1H0(vl) + (1 — Al)HO(wl) :0< A <1, 0,w; €V, Ajvg + (1 — )L1)w1 = u},

YuelV.
This contradicts
0\ _ 1 .
H(u) = lim Hp(u) = inf {Hn(u)}, Vu € V.

Therefore, HY is convex on V so that from this and
F*(u) < H(u) < F(u), Yu €V,

we may infer that
HO(u) = F**(u), Vu € V.

50. A Proximal Relaxed General Approach also Suitable for the Vectorial Case in the Calculus of
Variations

Let QO = [0,1] C R and consider a proximal relaxed functional J; : V x V) x [0,1] x Y* — R

where
hm,9,0,2%) = 2/ N2 —1)2d
“/Q« A~ 1) d
2/ w— )P dx+ = /u—
—/ (u—f dx+R Q(z*)zdx, (320)
where

V={ucW?Q) : u(0)=0and u(1) = 1/2},

= WpA(Q), and Y = Y* = [2(Q).
In order to obtain a critical point of such a proximal relaxed primal formulation, we propose the
following algorithm:

1. Setn =1,e =10"*and z}, = 0.
2. Calculate (uy, ¢, Ay) € V x V x [0,1] such that

7 /A 7 . - i f 7 /A/ . .
Ji (st P, Ansz) (u,zp,/\)egleox[O,l} N 9,4, 22)

3. Calculate zj; 11 € Y* such that
]1(”71/ ¢nr /\Ter:H»]) = Z*u;lf/* Il(“nr gbnr/\an*)l

so that indeed,
Zyy1 = K(un — f).

4. If ||z¢ z|leo < €, then stop. Otherwise set n := n + 1 and go to item 2.

n+l
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We have obtained numerical results for K = 100 and
f(x) = sin(mx) /2.

For the optimal solution u(x) obtained, please see Figure 34.

0.6

Figure 34. Optimal solution u(x) for the case f(x) = sin(mx)/2.

At this point we present the software in MAT-LAB we have developed to obtain such numerical
results.

AR AAAAAAAA
1. clear all

globalm8duvyoel Kz

m8=100;

d=1/mS§;

€1=0.0005;

K=100.0;

for i=1:m8

yo(i,1)=sin(pi*i*d)/2;

z(1,1)=0;

end;

for i=1:2*m8+1

x0(i,1)=0.3;

x1(31,1)=0.3;

end;

k1=1;

b14=1.0;

while (b14 > 107%) && (k1 < 11)

k1
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k1=k1+1;

k=1;

b12=1.0;

while (b12 > 1074) && (k < 16)
k

k=k+1;
X=fminunc(’funMarch24PhaseT’,xo0);
b12=max(abs(X-x0))

x0=X;

u(m8/2,1)

end;

bl4=max(abs(x1-x0));
z=K*(u-yo);

x1=xo;

u(m8/2,1)

end;

for i=1:m8

x(i,1)=i*d;

end;

plot(x,u)
Here the auxiliary function "funMarch24PhaseT"
IR —

1. function S=funMarch24PhaseT(x)

globalm8duvLyoel Kz

for i=1:m8

u(i,1)=x(,1);

v(i,1)=x(i+mS8,1);

end;

L=(sin(x(2*m8+1,1))+1)/2;
u(ms,1)=1/2;

v(m8,1)=0.0;

du(1,1)=u(1,1)/d;
dv(1,1)=v(1,1)/d;

for i=2:m8
du(i,1)=(u(i,1)-u(i-1,1))/d;
dv(i,1)=(v(i,1)-v(i-1,1))/d;

end;

d2u(1,)=(=2 % u(1,1) + u(2,1))/d%
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for i=2:m8-1

d2u(i,)=(u(i+1,1) — 2% u(i,1) +u(i —1,1))/d%
end;

S=0;

for i=1:m8

S=S+Lx ((du(i,1) — (1 — L) xdv(i,1))> — 1)%/2;
S=S+(1— L) * ((du(i,1) + L xdv(i,1))? — 1)?/2;
S=S+(u(i,1) — yo(i,1))?/2;

S=S+K * (u(i,1) —yo(i,1))?/2 — z(i,1) * (u(i,1) — yo(i,1));
end;

for i=1:m8-1

S=S+el * d2u(i, 1)?;

end;

B R R R R X 2

51. Another Proximal Relaxed General Approach also Suitable for the Vectorial case in the
Calculus of Variations

Let QO = [0,1] C R and consider a proximal relaxed functional J; : V x [Vp]® x B x Y* — R where

Ji(u, ¢, A,2") = (4 A0t + Ao+ Aags — 91)° — 1) dx
72 / w Ml A Aoy 4 Az — ¢h)? —1)% dx
73 / '+ My + Aoy + Ash — ¢3)° —1)% dx

74/ (' + M), + Aoy + Asgh)? — 1)? dx

7/(u— dx+2/u—

. . . *)2
/ (u dx+2K (z*)* dx, (321)

where
V={uecW?Q) : u0)=0and u(1) =1/2},

Vo =W,2(Q), Y = Y* = [3(Q), f € L*(Q) and
4
B = {)L_ (/\1,"',)\4) €R4 : /\] >0, V]G {1,"' ,4}and 21/\]—1}
=

In order to obtain a critical point of such a proximal relaxed primal formulation, we propose the
following algorithm:

1. Setn =1,e =10"*and z}, = 0.
2. Calculate (uy, ¢n, Ay) € V x [Vo]® x B such that

7 /A ’ ") = i f 7 //\'/ ; .
]1(“71 $n, An Zn) (u,zp,/\)eglx[VoPXBh(u ¢ Zn)
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3. Calculate z; | € Y* such that
]1 (ul’ll (P}’l/ /\}’l/ ZZ+]) = Z*ilellf/* ]1 (u}’l/ 47}’[/ /\}’l/ Z* )/

so that indeed,
Zyiq = K(un — f).

4. If ||z; .1 — 23|l < & then stop. Otherwise set n := n + 1 and go to item 2.

We have obtained numerical results for K = 100 and

f(x) =0.0.

For the optimal solution u#(x) obtained, please see Figure 35.

0.5

04r b

031 b

01 F 1

0.1 . . . . . . . . .

Figure 35. Optimal solution u(x) for the case f(x) = 0.

At this point we present the software in MAT-LAB we have developed to obtain such numerical
results.

1. clear all
globalm8duvyoel Kz
m8=100;
d=1/ms§;
e1=0.0007;

K=100.0;

for i=1:m8
yo(i,1)=0.0*sin(pi*i*d)/2;
z(i,1)=0;

end;

for i=1:4*m8+3
x0(i,1)=0.3;
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x1(i,1)=0.3;

end;

k1=1;

b14=1.0;

while (b14 > 107%) && (k1 < 11)
k1

k1=k1+1;

k=1;

b12=1.0;

while (b12 > 107%) && (k < 16)
k

k=k+1;
X=fminunc(’funMarch24PhaseTC’,x0);
b12=max(abs(X-x0))

X0=X;

u(m8/2,1)

end;

bl4=max(abs(x1-x0));
z=K*(u-yo);

x1=xo;

u(m8/2,1)

end;

for i=1:m8

x(i,1)=i*d;

end;

plot(x,u)

3 o o e 83836 36 36 36 36 3 3 3 o o e 63836 36 36 36 3 3 3 3 o 4 34 3% 6 e e K

With the auxiliary function "funMarch24PhaseTC"

bR R R R R R

1. function S=funMarch24PhaseTC(x)
globalm8duvLyoel Kz

for i=1:m8

u(i,1)=x(1,1);

v(i,1)=x(i+m8,1);

v1(i,1)=x(i+2*mS8,1);
v2(i,1)=x(i+3*mS8,1);

end;

L1=(sin(x(4*m8+1,1))+1)/2;
L2=min((sin(x(4*m8+2,1))+1)/2,1-L1);
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L3=min((sin(x(4*m8+3,1))+1)/2,1-L1-L2);
L4=1-L1-L2-L3;
u(m8,1)=1/2;

v(m8,1)=0.0;

v1(m8,1)=0.0;

v2(m8,1)=0.0;
du(1,1)=u(1,1)/d;
dv(1,1)=v(1,1)/d;
dv1(1,1)=v1(1,1)/d;
dv2(1,1)=v2(1,1)/d;

for i=2:m8
du(i,1)=(u(i,1)-u(i-1,1))/d;
dv(i,1)=(v(i,1)-v(i-1,1))/d;
dv1(i,1)=(v1(i,1)-v1(i-1,1))/d;
dv2(i,1)=(v2(i,1)-v2(i-1,1)) /d;

end;

d2u(l,D)=(-2*u(1,1) +u(2,1))/d%

for i=2:m8-1

d2u(i,V)=(u(i+1,1) — 2% u(i,1) +u(i—1,1))/d>

end;

S=0;

for i=1:m8

S=S+L1* ((du(i,1) + L1 xdo(i,1) + L2 x dvl(i,1) + L3 x dv2(i, 1) — dv(i,1))? — 1)2/2;
S=S+L2  ((du(i, 1) + L1 x do(i,1) + L2 x do1(i,1) + L3 x dv2(i,1) — dvl(i,1))? — 1)?/2;
S=S+L3 * ((du(i,1) + L1 x do(i,1) + L2 * do1(i,1) + L3 x dv2(i, 1) — dv2(i,1))? — 1)?/2;
S=S+L4  ((du(i,1) + L1 x do(i,1) + L2 x do1(i, 1) + L3 * dv2(i, 1)) — 1)?/2;

S=S+(u(i,1) — yo(i,1))?/2;

S=S+K * (u(i,1) —yo(i,1))?/2 — z(i,1) * (u(i,1) — yo(i,1));
end;

for i=1:m8-1

S=S+el * d2u(i, 1)

end;

B R R S R R R X R X X

52. A Dual Variational Formulation for a Non-Convex Primal One

Let O C R? be an open, bounded and connected set with a regular boundary denoted by 9Q).
Consider the functional | : V — R where

J(u) = %/QVu-Vudx

+5 |2 =B dx— (). (322)


https://doi.org/10.20944/preprints202302.0051.v77

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 27 May 2024 doi:10.20944/preprints202302.0051.v77

209 of 280

Here V = Wy?(Q),a >0,>0,7>0,and f € [>(Q) =Y = Y*.
Denoting Y7 = Y; = L*((;R3), define F; : Y] > R, 5 : VxY — Rand F3: Y — Rby

F(Vu) = %/QVu -Vu dx,

B (u,v) = g/ﬂ(uz—ﬁ)z dx+IE</Qu2 dx — (u, f)r2,

and K
F(u) = 5 /Quz dx.

Definealso, F; : Y; - R, F: Y] x Y*xY* - Rand F3: Y* — R, by

Fi(v]) = sup{(v1,07)2 — Fi(01)}
Z11€Y1
1

*(2
- v dx, 323

E(vy,96,2") = sup {—(Vu,v])2+ (1,2%) 2
(up)eVxY

+(v,v5) 12 — F2(u,0) }

1 [ (divo]+z*+ f)? 1 )
= —_ ~ o d
2/0 Wtk T /Q%) g

; /Q o dx, (324)

if v; € B*, where
B* ={vj € Y" : ||20§]l < K/2}.

Moreover,

F5(z") = sup{(u,z")12 — B(u)}

ueV

1 *\2
= _— . 2
ZK/Q(Z )2 dx (325)
At this point we define J* : Y X B* x Y* — R by
Ji (01, 05,2%) = —F{ (01) = F3 (0], 95,2") + F5 (27).

Assume (97,95,2%) € Y{ x B* x Y* is such that
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Observe that
—F (v7) = B3 (v], 05, 2%) + 5 (27)
—(Vu, 01) 2 + B (V)
K

+H(Vu, 1) 2 + (U2, 05) 2 + > /Q u? dx

1 Ak Ak
—ﬂ/()vodx ,B/Qvodx

5% 1 s%\2

(0 f)r2 = (0,2 2+ o [ (212 dx

* 1 * *
Fi(Vu) + sup {<u2’UO>L2_£/(IUO dx—ﬁ/nvo dx}

vpEY*

K ~ 1 R
_<“/f>L2+§/QM2 dx—<u,Z*)Lz+ﬁ/Q(z*)2 dx

= B(Vu)+5 [ (2B dr—(u o

+5/ u—z de
2 Jo K

s\ 2
= ](u)+§/0<u—%> dx, Vu e V. (326)

S~
*
—
(o
—%
N
D>
O *
<
N>
*
SN—
|

IN

IN

Define now ug € V by

up =

~| v

From this and (326) we have

K
*A*,A*IA* < inf _/ _ Zd )
(01,95,2) < inf {160+ 5 [ (0= ) d
Furthermore, from the variation of J* in v} we obtain

ot div o} +2* + f
-1 — 1 = )=y,
+v( 265 + K

so that

D

div oy + 2"+ f
A v/ 1
1= < 20; + K >

From the variation of [* in z*, we get

g (divei+2 i f\ o
K 205 + K B

so that

up =

2* [ divo; +2°+f
K 205 + K '

From the variation of [* in v;, we obtain

05 _(divﬁf%—ﬁ*—i—f
a

2
—0
205 + K ) +F

so that
55 = (i — ).
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Joining the pieces, we have also
01 = vV,
Z= Kuo,
so that from this and
div 9] + 2" + f = (205 + K)uy,
we obtain
YV2uy + Kug + f = oc(u% — B)2ug + Kuy,
so that
—yV2uy + a(uf — B)2ug— f =0,
that is,
6] (up) = 0.
Finally, from the Legendre transform proprieties, we also obtain
Fy(01) = (Vuo, 97)12 — Fi(Viuo),
132(131,136,2*) = <Vu(),'01>L2+<MQ 2% >L
+(0,95) 12 — F2(u0,0) (327)
and
F; (Z*) = <1/l0, 2*>L2 - Fg(uo).
Therefore
J(07,95,2%) = —F(0]) - F5 (01,05, 27) + E(27)
= Fi(Vug) + Fx(uo,0) — F3(uo)
= J(uo). (328)
Observe now that from 6] (ug) = 0, for K > 0 sufficiently large, we have
J(ug) = mf{ / (u —up) dx}
Joining the pieces we have got
J(ug) = 1nf{ 2/ u—up) dx}
= J'(01,%,2). (329)

We have obtained numerical results for the case A, where y = 0.1, « = 3.0, =5.0, f (x) =10.0
and K = 120.

For the optimal solution u(x), where

(01%)' +2" + f

ux) = 35 Ak

4

please see Figure 36.
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25

051

Figure 36. Optimal solution u(x) for the case A.

Here we present the software in MATLAB through which we have obtained such results.
I ———
1. clear all
globalm8 d yozl Kel dvldv2v3v4vliv2A A3BLu
m8=100;
d=1/mS§;
A3=0.1;
A=3.0;
B=5.0;
K=120;
e1=0.0007;
for i=1:m8
yo(i,1)=10.0;
z1(1,1)=0.0;
end;
L=1/2;
for i=1:2*m8
x0(i,1)=3.0;
end;
for k1=1:30
k1
k=1;
b12=1.0;
while (b12 > 107%) && (k < 15)
k
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k=k+1;
X=fminunc(’funMarch24L.GA7’,xo0);
b12=max(abs(X-x0))
x0=X;
u(m8/2,1)
end;
for i=1:m8-1
z1(1,1)=K*(dv1(i,1)+z1(i,1)+yo(i,1)) / (2*v2(i,1)+K);
end;
end;
for i=1:m8
x(i,1)=i*d;
end;
plot(x,u);
SR ———

With the auxiliary function "funMarch24LGA7"
RN ————————

1. function S=funMarch24L.GA7(x)
globalm8dyozl z2Keldvldv2v3v4vliv2AA3BLu
for i=1:m8

v1(i,1)=x(i,1);

v2(i,1)=x(i+mS8,1);

end;

for i=1:m8-1

dv1(i,1)=(v1({i+1,1)-v1(i,1))/d;

end;

S=0;

for i=1:m8-1

d0i:10.20944/preprints202302.0051.v77
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S=S+v1(i,1)?/2/ A3 +1/2  (dv1(i, 1) + z1(i,1) + yo(i,1))?/ (2 * v2(i, 1) + K);

S=S+v2(i,1) * B+ v2(i,1)2/2/ A;

end;

for i=1:m8-1

u(i,1)=(dv1(i,1)+z13,1)+yo(i,1)) /(2*v2(i,1)+K);
end;

u(ms8,1)=0;

bR R R R R R T R
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53. A Convex Dual Variational Formulation for a Relaxed Non-Convex Primal One
Let ) = [0,1] C R and consider a functional | : V — R where
_ _ 2
2/ 1) dx+2/ u dx,
where
V={ucW?Q) : u(0) =0and u(1) = 1/2}.
Denoting Vy = W&’z(Q), we define J1 : V x V x [0,1] — R where
L, g A) = f/ W — (1= )¢ —1)% dx
+7A)/ (v +2¢")? — 1) dx+1/ (u— f)? dx. (330)
2 Q 2 Ja
Observe that
A
g A) = =0 = A= 0¢)? = 1,05)+ 5 [ (0 = (1= 1)) = 1)? dx
1-A
—((u' +A¢")? -1, v4>L2+( 5 )/((u’+A4>’)2—1)2 dx
H(( = (1=2)¢")? = 1,03) 2 — (' — (1= N)¢,0}) 2
(' +A¢")? =1, 05) 2 — (U +A¢,03) 2
+( = (1=2A)¢",07) 12 + (u' + AP, 03) 12
1 2
5 /Q (u— f)? dx. (331)

Therefore

]1(11,4),/\) > inf {—(Z)3,U§>Lz + %/ (7;3)2 dx}

v3€Y

7\)
inf ) /
+ vtréY{ <'U4 U4 12 + }

1nf{ <U3,01>L2+< —1 U3>L2

bt {0,012+ (8~ 1,03,
b (=0 61— A e3) )
+%/ (1 — f)? dx+v{(1)u(1)+v;(1)u(1)}
— 2/\/ 7)3 11—)\) /Q(vi)z dx

Y f/ d
/003 x Qv4 x
*\2 *\2

—/ (vli dx—/ (022 dx

o 405 o 4v

1 *
5 | (@) +ary? dx_,/ ~A)f) dx
J*(v],v5,0v3,05,A), (332)
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V(u,¢,A) € V x Vo x [0,1], V(v],03,05,0;) € [Y*]> x B*, where
B* = {(v3,v;) € Y*xY* : v3>0andv; >0, inQ},
and
J (03,035,035, 05, A) = —l/ (v%)? dx——1 /(v*)2 dx
17Y2,93,V4, 27 Jo 3 2(1—)\) a 4
—/Qvﬁdx—/Qdex
—/ —(UQZ dx—/ —<U;22 dx
o 4o a 4v}
1 N 1 .
=5 L@ +apar—3 (@) +a-nptax 60)

From such results, we may infer that

inf Ji(u,¢,A) > inf sup J*(v3,v3,03,03,A)
(M) EV X Vo x[0,1] AED0A]) (o,03,08,03) [Y] B+ 4

We have developed numerical results for the cases f(x) = sin(7x)/2 and f(x) =0
For the corresponding optimal solution u(x) for the case f(x) = sin(7tx)/2, please see Figure 37.
For the corresponding optimal solution u(x) for the case f(x) = 0, please see Figure 38.

0.6

Figure 37. Optimal solution u(x) for the case f(x) = sin(7mx)/2.

0.6

051

0.4

03

02

0.1r

-0.1

Figure 38. Optimal solution u(x) for the case f(x) = 0.
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Here we present the software in MATLAB through which we have obtained such numerical
results.

1. clear all
globalm8 d you L vl v2v3 v4 dvl dv2 K dzl zl el
m8=100;
d=1/mS§;
K=1.0;
€1=0.0007;
L=1/2;
for i=1:m8
yo(i,1)=0.0*sin(pi*i*d)/2;
end;
for i=1:4*mS8
x0(i,1)=0.8;
end;
x1(1,1)=1/2;
for k1=1:12
k1
k=1;
b12=1.0;
while (12 > 107%) && (k < 15)
k
k=k+1;
X=fminunc('funMarch24A18’,x0);
b12=max(abs(X-x0))
u(m8/2,1)
X0=X;
end;
X1=fminunc(’funMarch24A19’,x1);
x1=X1;
u(m8/2,1)
end;
for i=1:m8
x(i,1)=i*d;
end;
plot(x,u);

With the auxiliary functions "funMarch24A18" and "funMarch24A19":

bR R R R R R
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1. function S=funMarch24A18(x)
globalm8dyouel viv2v3vddvldv2L
for i=1:m8
v1(3i,1)=x(,1);
v2(i,1)=x(i+m8,1);
v3(i,1)=x(i+2*mS8,1);
v4(i,1)=x(i+3*m8,1);
end;
for i=1:m8-1
dv1(i,1)=(v1(i+1,1)-v1(,1))/d;
dv2(i,1)=(v2(i+1,1)-v2(i,1))/d;
end;
S=0;
for i=1:m8-1
S=S+(v1(i,1))?/(2%v3(i,1)%) /2 +v3(i,1)*/2/ (L +e1) + v3(i,1)> + (dv1(i, 1) + L yo(i,1))? /2 +
v1(i,1)2/2/(L +el);
S=S+(v2(i,1))2/ (2 % v4(i,1)?) /2 + v4(i,1)*/2/((1 — L) +el) + v4(i, 1)?;
S=S+(dv2(i,1) + (1 — L) *yo(i,1))?/2 + v2(i,1)2/2/((1 — L) + el);
end;
S=S-v1(mS8,1)/2/d-v2(m8,1)/2/d;
for i=1:m8-1
u(i,1)=L*(dv1(i,1)+L*yo(i,1))+(1-L)*(dv2(i,1)+(1-L)*yo(i,1));
end;

u(m8,1)=1/2;

34 434 34 34 3 3 3 3 3 S S e A 34 3 A3

1. function S1=funMarch24A19(x)
globalm8dyoel vliv2v3v4ddvldv2Lu
L=(sin(x(1,1))+1)/2;

S=0;
for i=1:m8-1

S=S+(v1(i,1))?/(2%v3(i,1)?) /2 +v3(i,1)*/2/ (L +e1) + v3(i,1)? + (dv1(i, 1) + Lxyo(i,1))? /2 +
v1(i,1)2/2/(L + el);

S=S+(v2(i,1))2/ (2 % v4(i,1)?) /2 + v4(i,1)*/2/((1 — L) + el) + v4(i, 1)?
S=S+ (dv2(i,1) + (1 — L) *yo(i,1))2/2 + v2(i,1)?/2/((1 — L) +el);
end;

S=S-v1(m8,1)/2/d-v2(m8,1)/2/d;

S1=-S;

B R R R R S ]
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54. A Dual Variational Formulation for the Shape Optimization of a Beam Model

Let Q) C [0,1] C R be the horizontal axis of a straight beam with a variable thickness H(x).
Consider the problem of minimizing a relaxed functional J : V x [0,1] x B — R, where

AEy b

](wr/\/LlrLZ) = T QE( (

1) —
+(172ﬁ/ %(H(LlHAHl(Lz)) W dx, (334)

(1= A)Hi (L)) w2, dx

subject to

xXx

(AEol”zw(Ll) - /\)Hl(Lz))3wxx)

xXx

+ ((1 _ /\)Eo%(H(Ll) + AHl(Lz))3wxx> _p

=0, inQ. (335)

Here
H(x) = Ly(x)ho,

Hy(x) = La(x)ho,

ho = 0.2m, b = 0.15m, Eg = 107 Pa, P = 400N.
Also, for a simply supported beam,

V ={we W>(Q) : w(0) = we(0) = w(1) = wye(1) =0},

B = {(Ll,Lz) : ) — R? measurable : 03<L; <1,

—07<1,<07 inQ, / Ly (x) dx = 0.61 and / Ly(x) dx = 0}. (336)
(@) (@]

Moreover, we define Y = Y* = L2(Q)), and
A = {w)\Ll,Lz)EVx[Ol]xB
(AEO P -(1- A)Hl(Lz))3wxx>

XX

+ ((1 — A)Eo%(H(Ll) + AHl(Lz))%xx)xx -p

=0, inQ}. (337)
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Observe that
inf ALy, L
(w,A,Ll?,Lz)EA](w/ L1, L)
= (A,Llszl?Ef[O,l}xB{Zlég{ inf {](w A, Ll,Lz)
b
< (AEO 12 (H(Ll) o (1 - /\)Hl (LZ))3wxx)
b
*(“‘”E%z(H(Ll)+AH1<L2>>3wxx) _p> }}}
xx 12
_ : _ (AEy [ b ) L,
B (A/Ll,Lzl?Ef[O,l]XB{ZS@E{;{JJI;{/{ 2 /le(H(Ll) (1 A)Hl(Lz)) w?, dx
1-MNEy [ b
+Q/ o (H(Ly) + AHy (Ly) P, dx
< (AEO Ll)_(l_/\)Hl(Lz))wax)
b
+<(1_A)E012(H(L1)+)LH1(L2))3wxx> —P> }}}
xx 12
= i _AE [ b o
; (A/Llszl?Ef[O,l]xB{zlég{ 2 /le(H(Ll) (1 )\)Hl(L2)) wxx dx
1-ANEy [ b
SR 2) / 13 (H(L1) + AH (L) *@%, dx + (@ P>L2}}
i i (M;)?
izl ”XB{(Ml ﬁz)ec"{”"fob/ 2 == A
1 (My)?
A Eob/lZ/ H(Ly) + AFh (L2))? dx}}' (339)

where
C* = {(Ml,Mz) EY " xY* : (Ml)xx + (M2>xx +P=0,in Q}

We have obtained numerical results through the following algorithm. It is worth highlighting the
convergence criterion in this software slightly differs from the one in the algorithm.

1. Setn =1,e=10"*and (L), =1/2, (Lp), = 0.1, A, = 1/2.
2. Calculate w, € V such that

(ABogg () = (= ) ((L2)n)P )

xXx

b
+ ((1 — An)Eo 5 (H((L1)n) + AHl((Lz)n>>3(wn)xx> —-P
xXx
=0, inQ, (339)
3. Calculate A,+1 € [0,1] such that

](wi’l/ Aus, (Ll)n/ (Lz)n) = /\éli})fl] ]((wnr)L (Ll)ﬂ/ (LZ)n>-

4. Calculate ((L1)n+1, (L2)y+1) € B such that

J*((M1)u, (M2)n, Apg1s (L1)ng1s (L2)pg1) = inf J*((My)n, (M2)n, Ausa, L1, L2),
(L1,Ly)€B
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where b
(Ml)n = _An+1EOE(H((L1)n) - (1 - )LnJrl)(LZ)n)s(wn)xxr
(MZ)H = _(1 - /\n+1)EO%(H((L1)n) + /\n-i-l(Lz)n)S(wn)xxr
and
* 1 (My)?
J" (M, Ma) 2AEgb/12 /Q (H(L) - (1 - AP
1 (Mp)? d 340
+2(1 —A)Egb/12 Ja (H(L1) + AHi(L2))3 . (340
5. If

(L) nr1, (L2)ns1) = (La)n, (L2)nlleo <&

then stop, otherwise n := n 41 and go to item 2.

We have obtained numerical results for a case A with the constant values above specified.
For the optimal solution L;(x), please see Figure 39.

0.8

0.75

0.7

0.65

06

0.55

051

0.45

0.4

0.35

0.3

Figure 39. Optimal solution L (x) for the case A.

Here we present the software in MATLAB through which we have obtained such results.
B R R R R

1. clear all
global m8 d you L1 L2 ho Eo BL H H1 Ho Hol
m8=100;
d=1/mS§;
P=400;
Eo=107;
for i=1:m8 yo(i,1)=P; end;
ho=0.20;
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B=0.15;

for i=1:m8
L1G,1)=1/2;
L2(1,1)=0.3;
uo(i,1)=0.1;
Ho(i,1)=L1(i,1)*ho;
Ho1(i,1)=0.1*L2(i,1)*ho;
end;

L=1/2;

for i=1:m8
H(i,1)=L13,1)*ho;
H1(i,1)=L2(i,1)*ho;
end;

for i=1:2*m8
x0(i,1)=0.3;

end;

x1(1,1)=1/2;
A=zeros(2*m8,2*m8);
for i=1:m8
A(1,)=1.0;
A(2,i+m8)=1.0;
end;
b=zeros(2*m8§,1);
b(1,1)=m8*0.61;
for i=1:m8
Ib(i,1)=0.3;
Ib(i+m8,1)=-0.7;
end;

for i=1:m8
ub(i,1)=1;
ub(i+m8,1)=0.7;
end;

i=1;

ml12=2;
m50(i)=1/m12;
2()=m50(i) % (—yo(i, 1)  d);
for i=2:m8-1
m12=2-m50(i-1);
m50(i)=1/m12;
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2(1)=m50(i) * (—yo(i,1) d*> +z(i — 1));
end;

v(m8,1)=0;

for i=1:m8-1
v(m8-i,1)=m50(m8-i)*v(m8-i+1,1)+z(m8-i);
end;

kl=1;

b14=1.0;

while (b14 > 107%) && (k1 < 15)

k1

k1=k1+1;

for i=1:m8

y1(i,1)=0(i,1)/(Eo* L+ B/12% (H(i,1) — (1 — L) * H1(i,1))® + Eo * (1 — L) * B/12 % (H(i,1) +
L H1(i,1))3%);

end;

i=1;

ml2=2;

m60(i)=1/m12;

z1(1)=m60(i) * (—y1(i, 1) * d?);

for i=2:m8-1

m12=2-m60(i-1);

m60(i)=1/m12;

21(1)=m60(i) * (—y1(i,1) * d> + z1(i — 1));
end;

u(ms,1)=0;

for i=1:m8-1
u(ms8-i,1)=m60(m8-i)*u(m8-i+1)+z1(m8-i);
end;

k=1;

b12=1.0;

while (b12 > 107%) && (k < 100)

k

k=k+1;
X=fmincon('funMarch2024Beam1’,xo,[ ],[ ],A,b,Ib,ub);
b12=abs(max(xo-X))

xX0=X;

L1(m8/2,1)

end;

Ho=H;
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Hol=HI;
X1=fminunc(’funMarch2024Beam?2’,x1);
x1=X1;

bl4=max(abs(u-uo))

uo=u;

end;

for i=1:m8

x(i,1)=i*d;

end;

plot(x,L1);

e 434 38 38 36 36 3 3 3 o o K S S e

With the auxiliary function "funMarch2024Beam1"

1. function S1=funMarch2024Beam1(x)
global m8 d you L1 L2 ho Eo B L Ho Hol
for i=1:m8
L13,1)=x(,1);
L2(i,1)=x(i+m8,1);
end;
d2u(1,D)=(-2*u(1,1) +u(2,1))/d%
for i=2:m8-1
d2u(i,V)=(u(i +1,1) — 2% u(i,1) + u(i —1,1)) /d>;
end;
for i=1:m8
H(i,1)=L1(@,1)*ho;
H1(,1)=L2(i,1)*ho;
end;
S=0;
for i=1:m8-1
S=S+L % (Eo* B/12x (Ho(i,1) — (1 — L) * Ho1(i,1))3 x d2u(i,1))?/(Eo * B/12 (H(i,1) — (1 —
L)« H1(i,1))%);
S=S+(1— L) * (Eo* B/12 % (Ho(i,1) + L * Ho1(i,1))3 % d2u(i,1))?/(Eo * B/12 % (H(i,1) + L
H1(i,1))%);

end;

S1=S;

e 4 4 38 38 36 36 3 3 3 3 oo A A 34 36 3 AN NN K

And the auxiliary function "funMarch2024Beam?2"

R R R R R R R R R R R S R R R R R R R R R R ]
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1. function S=funMarch2024Beam2(x)
global m8 d you L1 L2 ho Eo B L Ho Hol
L=(sin(x(1,1))+1)/2;
d2u(1,1)=(—2*u(1,1) +u(2,1))/d%
for i=2:m8-1
d2u(i,V)=(u(i +1,1) — 2% u(i,1) + u(i —1,1)) /d>;
end; for i=1:m8
H(i,1)=L1@,1)*ho;
H1(3i,1)=L2(i,1)*ho;
end;
S=0;
for i=1:m8-1
S=S+L* Eo* B/12x (H(i,1) — (1 — L) * H1(i,1))® * d2u(i, 1)?;
S=S+(1—L)* Eo*B/12* (H(i,1) + L+ H1(i,1))3 x d2u(i,1)%

end;

34 43434 34 KA A A K KK KKK

55. A Dual Variational Formulation for a Relaxed Primal Formulation Related to a Shape
Optimization Model in Elasticity

Let O C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by o).
Consider the problem of minimizing a relaxed functional J : V x [0,1] x B — R where

A M) = 5 [ Hiah As(x), Aa() e (e (u) i,

subject to
(Hijrr (A, A1(x), A2 (x))e (w)) ; + fi = 0, in Q, Vi{1,2,3}.

Here for simplicity V = Wy?((;R?), Y = Y* = [2((;R%), v; = Y; = L2((4;R*3), and
f € L2(O;R3).
Also, u = (uq,up,u3) € V denotes the field of displacements resulting from the action of f,

{eij(w)} = {;(”z}j + ”Jzi)}f vi,je{1,2,3},

and E, < E(A, A, A2) < Eg, Eq > Ep > 0, where Aq(x) = 1 corresponds to the presence of a stronger
material with Young modulus E, at the point x € Q). Moreover, A1(x) = 0 corresponds to the presence
of a much weaker material with elasticity model E;, simulating a void space at the point x € (). On
the other hand, A and A;(x) are a real parameter and a function related to the relaxation process for
the minimization of | in Aq.

Furthermore,

E(AA1(x),A2(x)) = Al(A1(x) = (1= A)Aa(x))PEq + (1 — (A1 (x) — (1 — A)A2(x)))>Ep]
(1= A)[(A1(x) + A2 (x))3Ea + (1 — (A1(x) + AA2(x)))PE),  (341)

Hijia (A, A1 (x), A2(x)) = E(A, A1(x), A2(x)) Ajjia,
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where
Aijr = A6ij0 + i(6ixdj1 + 6idjx),
Vi, j k1€ {1,2,3}.
Here {4;;} is the Kronecker delta and A >0, i > 0 are appropriate real constants.
At this point we define
B = {()\1,/\2) : ) — R? measurable : 0 < Aq(x) <1,
—08 < As(x) <08, inQ, / M (x) dx = ¢oVol(Q / Aa(x } (342)
and
A = {(u,AA,A2) €V x[0,1] xB :
(Hiji (A, A1, A2)e(w)) j+ fi =0, in Q, Vi € {1,2,3}}. (343)
Observe that
inf ](u A, Al,/\z)
(u/\/\1 /\2
= f A AL A Ai, (Hiig (A, A1, A i+ fi
ol e[Ol]XB{MGV ng (1, A, A1, Ag) + (i, (Hijrr (A, A1, Az e () +fl>L2}}}
= f f / Higg(A, Ar, A dx
(A, /\;ne[[) 1]><B{uev 1}2‘/ 1]kl 1 2)61]( )ekl( )
(s, (Hija (A, A, AaJesa (W) + fi) 2 b b
= Hiig (A, A, A dx + (1,
(AL, /\2 6[01]><B{uev / z;kl 1 2)31](u)ekl( ) X <u1 f1> }}
= Hii (A, Aq, A d 344
(AA1A2) e[Ol]xB{aeC*{ / Hijia(A, A1, A2)0rytlg x}} (344)
where

{Hijrr (A, A1, A2)} = {Hijra (A, A1, A2)} !
in an appropriate tensor sense and
C* = {0’ = {0'1']'} S Yl* D 0ijj +fl =0,inQ, Vi e {1,2,3}}

We have obtained numerical results concerning the optimal shape of a two-dimensional beam
though the following algorithm:

1. Setn=1,e=10"% A, = 1/2, (A)n(x) = 1/2, (A2)n(x) = 0.
2. Calculate u,; € V such that

(Hijkl()\n/ ()\1)11; (Az)n)ekl(un)),]' +fi =0,inQ), Vi {1, 2,3}.
3. Calculate A, ;1 € [0,1] such that
J(@n, Aps, (AM)n, 0) = éf[lfl {J(un, A, (A1)n,0)}.
4. Calculate ((A1)n+1, (A2)n+1) € B such that
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_](un/)\nﬂz (/\1);1+1r (AZ)VH-Z) = inf {—](un, An+1/)\1//\2)}'
(/\1//\2)63

6. If || (A1)n+1 — (M)nlleo < g, then stop. Otherwise n := n + 1 and go to item 2.

We developed numerical results for a two-dimensional beam, in a two-dimensional elasticity
context for two cases, namely, case A and case B.

For the case A we consider a two-dimensional beam of dimensions 1m x 0.5m, clamped at x = 0
and with a vertical load of P = —42000000 (4) 500j applied to the point (xg,yo) = (1, 0.25).

For the case B, we consider a a two-dimensional beam of dimensions 1m x 0.5m, simply supported
at (x,y) = (0,0) and (x,y) = (1,0), with a vertical load P = —42000000 500j applied to the point
(Xo, yo) = (1/3, 0.5).

Denoting u = (u,v), for both cases we define the strain tensor as

e(u) = (ex(w), ey (w), exy(u))’,
where ey (u) = uy, ey(u) = vy, and
ey (u) = %(uy +0x).

We also set E;, = 205 10° P, and E;, =300 P, v = 0.33 and ¢y = 0.6091 for both the cases.
Moreover the stress tensor ¢ is given by

o= H(e(u)),
where
1 v 0
p= E A11<x>’2)‘2(x)) v1ooo0 (345)
Y 00 a-v)

For the optimal shape obtained through A; for the case A, please see Figure 40.
For the optimal shape obtained through A; for the case B, please see Figure 41.

Figure 40. Optimal shape A1 (x,y) for the beam of case A.
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Figure 41. Optimal shape A1 (x,y) for the beam of case B.

Here we present the software through which we have obtained such results, in a finite differences
context for the case B.

We highlight the convergence criterion in the software is a little different from the one in the
algorithm above described.

S oS 34 4 3 S K KKK F

1. clear all
global Pm8 d w Ea Eb Lo d1 z1 m9 dul du2dvldv2c3LolLuv
m8=24;
m9=22;
c3=0.95;
d=1.0/mS;
d1=0.50/m9;
Ea=410 * 10° * 500;
Eb=300;
w=0.30;
P=-42000000%*500;
z1=(m8-1)*(m9-1);
A3=zeros(2*z1,2*z1);
for i=1:z1
A3(1,i)=1.0;
A3(2,i+z1)=1.0;
end;
L=1/2;
b=zeros(2*z1,1);
b(1,1)=c3*z1;
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fori=1:z1
uo(i,1)=0.0;
uo(i+z1,1)=-0.80;
end;

fori=1:z1
ul(i,1)=1.0;
ul(i+z1,1)=0.80;
end;

for i=1:m9-1

for j=1:m8-1
Lo(i,j)=c3;
Lo1(i,j)=0.1*c3;
end;

end;

for i=1:z1*2
x1(i,1)=c3*z1;
end;
x3(1,1)=1/2;

for i=1:4*m8*m9
x0(i,1)=0.000;
end;

XW=XO0;

xv=Lo;

for k2=1:22
c3=0.98*c3;
b(1,1)=c3%*z1;

k2

b14=1.0;

k3=0;

while (b14 > 1073°) && (k3 < 5)
k3=k3+1;
b12=1.0;

k=0;

while (b12 > 10740) && (k < 120)
k=k+1;

k2

k3

k

X=fminunc(’funbeamMarch24’,x0); xo=X;
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b12=max(abs(xw-x0))

xw=X;

end;

X1=fminunc(’funbeamMarch24A1’,x3);

x3=X1;

for i=1:m9-1

for j=1:m8-1

E1=3* L ((Lo(i,j) — (1 — L) % Lo1(i,j))?> * Ea — (1 — (Lo(i,j) — (1 — L) * Lo1(i,j)))? * Eb);
E1=E1+3 % (1 — L) * ((Lo(i,j) + L * Lo1(i,j))?> * Ea — (1 — (Lo(i,j) + L * Lo1(i, )))? * Eb);

E2=3*Lx* (Lo(i,j) — (1—L) % Lo1(i,j))?>* Ea* (—(1—L)) — (1 — (Lo(i,j) — (1 — L) * Lo1(i, j)))?
Ebx (—(1—1L));

E2=E2+3 % (1 — L) * ((Lo(i,j) + L+ Lo1(i,j))?> * Ea* L — (1 — (Lo(i,j) + L * Lo1(i,j)))?> * Eb * L);
ex=dul(ij);

ey=dv2(ij);

exy=1/2*(dv1(ij)+du2(i;));

Sx1=E1 x (ex + w*ey)/ (1 — w?);
Syl=E1x (wxex +ey)/(1 — w?);
Sxyl=E1/ (2% (1 +w)) * exy;

Sx2=E2 * (ex + w x ey) /(1 — w?);
Sy2=E2 * (w * ex +ey)/ (1 — w?);
Sxy2=E2/ (2% (1+w)) * exy;
dc31(ij)=-(Sx1*ex+Sy1l*ey+2*Sxy1*exy);
dc32(ij)=-(S5x2*ex+Sy2*ey+2*Sxy2*exy);
end;

end;

for i=1:m9-1

for j=1:m8-1

£(+(i-1)*(m8-1))=dc31(i,j);
£((m9-1)*(m8-1)+j+(i-1)*(m8-1))=dc32(i,j);
end;

end;

for k1=1:1

k1

X1=linprog(f,[ 1,[ 1,A3,b,uo,ul,x1);
x1=X1;

end;

for i=1:z1

x1(i+z1,1)=0;

end;


https://doi.org/10.20944/preprints202302.0051.v77

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 27 May 2024 doi:10.20944/preprints202302.0051.v77

230 of 280

for i=1:m9-1

for j=1:m8-1

Lo(i j)=X1(+(m8-1)*(-1));
Lo1(i,j)=X1((m8-1)*(m9-1)+j+(m8-1)*(i-1))*0.0;

end;

end;

bl4=max(max(abs(Lo-xv)))

xv=Lo;

colormap(gray); imagesc(-Lo); axis equal; axis tight; axis off;pause(le-6)
end;

end;
With the auxiliary function "funbeamMarch24"
RIS —

1. function S=funbeamMarch24(x)

global Pm8 d w u v Ea Eb Lo d1 m9 dul du2 dvl dv2 Lol L
for i=1:m9

for j=1:m8

u(i)=x(+m8)*(-1));

v(1,j)=x(M8* mI9+(i-1)*m8+j);

end;

end;

u(m9-1,1)=0; v(m9-1,1)=0; u(m9-1,m8-1)=0; v(m9-1,m8-1)=0;
for i=1:m9-1

for j=1:m8-1

dul(i)=(u(ij+1)-u(i,j)/d;

du2(i j)=(u(i+1)-u(ij)/d1;

dv1(L)=(v(ij+1)-v(i})/d;

dv2(i))=(v(i+1))-v(i})/dL;

end;

end;

S=0;

for i=1:m9-1

for j=1:m8-1

El=L* ((Lo(i,j) — (1 — L) * Lo1(i,j))®> * Ea + (1 — (Lo(i,j) — (1 — L) * Lo1(i, j)))®  Eb);
E2=(1—L) = ((Lo(i,j) + L = Lo1(i,j))® * Ea + (1 — (Lo(i,j) + L = Lo1(i, j)))® * Eb);
ex=dul(ij);

ey=dv2(ij);

exy=1/2*(dv1(ij)+du2(i;));
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Sx=(E1+ E2) * (ex + wx*ey) /(1 — w?);
Sy=(E1+ E2) * (w*ex +ey) /(1 — w?);
Sxy=(E1+ E2)/ (2% (1 +w)) * exy;
S=5+1/2*(Sx*ex+Sy*ey+2*Sxy*exy);
end;

end;

S=S*d*d1-P*v(2,(m8)/3)*d*d1;

And the auxiliary function "funbeamMarch24A1"

1. function S1=funbeamMarch24A1(x)
global Pm8 d w u v Ea Eb Lo d1 m9 dul du2 dvl dv2 L Lol
L=(sin(x(1,1))+1)/2;
for i=1:m9-1
for j=1:m8-1
dul(i))=(u(ij+1)-u(i,j)/d;
du2(i,j)=(u(i+1,j)-u(i;))/d1;
Av1(ij)=(v(ij+1)-v(i))/d;
dv2(i,j)=(v(i+1,j)-v(ij))/d1;
end;
end;
S=0;
for i=1:m9-1
for j=1:m8-1
E1=Lx ((Lo(i,j) — (1 — L) * Lo1(i,))® * Ea + (1 — (Lo(i,j) — (1 — L) x Lo1(i, j)))? * Eb);
E2=(1— L) * ((Lo(i,j) + L * Lo1(i,))® * Ea + (1 — (Lo(i,j) + L * Lo1(i,})))® * Eb);
ex=dul(ij);
ey=dv2(i,);
exy=1/2*(dv1(ij)+du2(i;));
Sx=(E1+ E2) * (ex + w xey) /(1 — w?);
Sy=(E1+ E2) * (w x ex +ey) /(1 — w?);
Sxy=(E1+ E2)/ (2% (1 +w)) x exy;
S=5+1/2*(Sx*ex+Sy*ey+2*Sxy*exy);
end;
end;
S1=S;

b R R R R R Rttt
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56. An Existence Result for a General Parabolic Non-Linear Equation

Let ) C R™ be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by o).
Consider the parabolic non-linear equation

?Tt :€V2“+8(“)+2?:1gj(u)%’j +f, inQx(0,7),
u(x,0) = i, in O, (346)
u=0, onoQ) x [0, T].

Heree > 0, f € L([0, T], W2(Q)) N L*(Q x [0, T]), flg € H () N L®(QY), where t denotes time
and [0, T] is a time interval.

Also g : R — Rand g; : R — R are continuous functions neither necessarily linear nor
convex, Vj € {1,--- ,m}.

We assume there exist K33 > 0 and K7 > 0 such that

K33
0o X ———75,
Iglle < i

7

K
Ijle < -1

Vie{l,.--,n}
At this point, we recall that fixing v > 0,

(Is =7V ™1 L2(Q) = Hy(Q)
is a bounded and linear operator, so that for each h € L?(Q) there exists a unique u € H}(Q) such that
(Ij —yV*)u = h.

In such a case we denote
u=(Is—oV*)'n,
so that
lullz0 < (I =2V Ikl

Moreover, fixing N € N and defining

T
Aty = —,
NTN

in a partial finite differences context, discretizing in ¢ consider the approximate equation system

u —u 1 .
%N” = eV, + g(un) + Zgj(un)(un)xj + fu, inQ,
j=1
vne{0,1,---,N—1}.
From such a system, for n = 0, we obtain
5 m
Uy — g = eV (ul)AtN +g(ﬁ0)AtN + Z g]‘(ﬁo)(ﬁo)x].AtN + foAtn.
j=1

Hence

up = (I — e(V?)Aty) ™ (ﬁo +g(1o) Aty + igj(ﬁo)(ﬁo)xjAtN +f0AtN) ,
=
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so that
lutlliz20
< (I —e(VA)atn) !
m
x| lolloza + Ig(@0)lozadtn + Y l18j(#0) (H0)x loza Atn + [ follo20ltn |- (347)
i=1
Observe that there exists Ky > 0 such that || f || 0 x[o,7] < K2 so that
Hfi’l 1,2,Q0 S K36/ Vn € {O/]-/' o /N - 1}/
for some appropriate Kzg > 0.
From such results and the hypotheses, we may infer that
lurllp0 < (L — e(V2)AtN) " (o ll1 2,0 + KasAtn + Ky lldio|l0,0AtN + KasAty)
< 1y —e(VA)atn) I (loll1p0 + Killfoll1 2,0t + K3Aty), (348)
where
K3 = K33 + K3e,
so that
lluilliz0 < ailioll1,20 + a2,
where
a1 = ||(I; — e(V) Aty) 7H|(1 + Ky Aty),
and
wy = [|(Ig — e(V?)Aty) "1 [|K3Aty.
In fact, generically we may similarly obtain
luntill12,0 < @rllunlli20 + a2,
vne{0,1,--- ,N—1}.
From such a result, inductively we may obtain
‘ j—1
[uill120 < (@) [[do]120 + ) afas.
k=0
In particular for j = N, we get
[unll1,2,0
N Nk
< (a)Vaolhon + Y afar
k=0
N — oy
= (1) [[Aolhp0+ T
N
T\ ! T\N
= I —e(V?)— 14K — 7
‘ <d e(V )N) ( + 1N) ll4oll1,2,0
1-— Dé{\]
. (349)
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Observe that
‘ <1d—g(vz)£)l N(1+K1£)N
< (D)
— KT as N — . (350)
Also,
’lizle
[CROSDN
I1T— ]
K34
= 11— ay]
'1—” I —e(V2) L H 1+K1N)‘
= Ks
N 17‘ (Idfs(VZ)%)_l‘ (1+K1%)
K
B %-( (ld—z-:(vZ)IE)g1 —1+1)(¥+K1)
B K
- %—( (I,i—e(vz)%)*1 3—1) (¥+K1)—¥—K1
- ;
e T @ -5 ([l )
K
" e ) 5o (o T
_ K
kot ([ o (o) | 1) (3¥) (=) 1)k
K
oG T ) e T
K
- K1+(|\Id||— NH —1) (3 (H(Id—g(vz)%>’1u_1)K1
K
G Nu><¥> (i s
K
) 1”||(evv22n (H IdS&W) 5) 1H’1)Kl
o Ks as N — oo, (351)

Ky = [[e(V2)lll”
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From such results we may infer that

(1—aN)ay NN
Loy g ,
1—0q = +061)1_a1
so that
lim sup (1—af)a (1+eMT)Ks
Now | 1—a1 | = |[Kg—[[eV2]||’

From these results, denoting now more generically u, = ul) joining the pieces, we have got

. N R (1 +€K1T)K3
Nosoo T K = (e

Consequently, we may infer that there exists K4 > 0 such that

[uN 120 < Ky, Vi€ {0,1,--- ,N},VN € N.
Define now

o) = ) (4 1= 3 ) e () (3 =),

ift € [nAtyn, (n+1)Aty], Y(x,t) € Q x [0, T].
Observe that
ué\’(x, f) = unN(x), ift =nAty, Yne {0,1,--- ,N},

and
quy (x,t) g~y
ot - Aty
= €V ul’l+1 +g +Zg] ‘|‘fn/ (352)

ift € [nAty, (n+1)Aty], Y(x,t) € Q x [0, T).
Fix ¢ € CZ(Q).
Thus, fixing t € [nAty, (n + 1)Aty], we have

auo
P
|< of >L2

< eVl Vo) o + (g, ¢) 12|

| dx+ (@, f) 2]

sHu

IN A

Vo € C®(Q), (353)

for some appropriate K5 > 0.
Since ¢ € C(Q) is arbitrary, we may conclude that

uniformly in ¢ on [0, T], for some appropriate constant Ks > 0.

N
duy

<
3t < K6,VN S N,

H(Q)
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Also, from the definition of ué\] we have that there exists K7 > 0 such that

,IQ§K7,VN€N

also uniformly in ¢ on [0, T].
From such results, there exist 1y € L%([0, T}, H}(Q2)) and vy € L?([0, T}; H~1(Q)) such that

ull — up, weakly in L2((0, T); W*(QQ)),

and

duy! 72 -1
T weakly-star in L~([0, T], H " (Q))),
so that we may easily obtain
0y = 20
07 ot

in a distributional sense.
At this point, we provide more details about this last result.
Fix t € (0, T). Thus, there exists n € {0,1,---,N — 1} such that ¢ € [nAty, (n + 1)Aty].
Let 9 € C®(Q2 x (0, T)).
From this, we may infer that

aué\]
/Q Wq)(x t) dx

N N
U1 — Uy
= —_ t)d
S () d
< e[ Vi, - Vol dx
+ / N )qu)‘ dx
+ /Q |fugl dx
< (Kslluy 20+ Ko)l9l20
< (354)
for some appropriate constants Kg > 0, Kg > 0, Kpo > 0.
Hence,
0
/ / uo ) dx dx
< Kg/ﬂ ell20 dt
< 01} (355)

for some appropriate Ki9 > 0.
Since such a ¢ € C°(Q) x (0, T)) is arbitrary, we may infer that

< Kys,
ot =15

“1(Qx(0,1))
for N € N, for some Ky5 > 0.
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From such a result and from the Banach-Alaoglu Theorem, there exists vg € H~(Q x (0, T))
such that, up to a not relabeled subsequence

aué‘]
ot

T g ' dx d
/()/()Tth_}/(),/()UOQDXt,

as N — o0, Vo € H{(Q x (0,T)).
On the other hand

— vy, weakly-star in H~1(Q x (0, T)).

Therefore,

||u6\]||0,2,0><(0,T) < Kis,

VN € N, for some Ki¢ > 0.
From this and the Kakutani Theorem, there exists ug € L2(Q x (0, T)) such that, up to a not
relabeled subsequence,
udl — up, weakly in L2(Q x (0, T)).

Now fix again ¢ € C(Q x (0, T)).
Observe that

T T
/O/Quo(ptdxdt = I\%E)r})o/o /Quf)\](ptdxdt
. T aué\’
o —1\%1_1;1’100/0 /Q ot (Pdth
T
_ / / oo dx dt, (356)
0 Jo

Since such a ¢ € C°(Q) x (0, T)) is arbitrary, we may infer that

ou
%= 5P

in a distributional sense.
Moreover, from such results we may also obtain, again up to a subsequence,

. oul) dug
lim 0 TR dx = /Q 5 @ dx,

N—oo

Vo € HY(Q).
Observe also that, as a consequence of the Rellich-Kondrashov theorem, through appropriate
subsequences, we have

ué\lk(t) — up(x, t), strongly in L?(Q)), for almost all t € [0, T].

so that, up to subsequences,

ué\lk(t)(x, t) — ug(x,t), a.e. in Q, for almost all t € [0, T].

Here we emphasise the sequence {Ni(t)} C N may depends on t.
Since g is continuous we have that

gD (x,1)) = g(ug(x,1)), a.e. in O, for almost all t € [0, T].

Fixt € (0,T).
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Let ¢ > 0. From the Egorov Theorem, there exists a closed set F such that m(Q \ F) < ¢ and
ko € N such that if k > kg, then

1) (x,£)) — g(uo(x,£))| < ¢, for almostall x € F.

Let ¢ € CX(Q)). Observe now that

[ (g é““ J(x,1)) — gluo(x, 1)) dx

< / 18ty ) (1)) = gluo () ] dx

= [ Igtu" (Xf)—g(”o(Xf))||(P|dx+/ (1) = guo(x, 1) gl dx

< [elpledxt [ |guo '(x,1)) = gl )| lglxan dx

< ellpllem(@) + (I loan + 800} lo20)llelosallxolosa

< ellpllem(Q) + Katllglosam(@\ P4

< ellglleo m(Q) + Kanllglloa €, ¥k > ko, (357)

for some appropriate constant K»; > 0 which does not depend on ¢.
Since such a ¢ > 0 is arbitrary, we may infer that

/()g(uévk(t))¢dx—>/()g(uo)(pdx, ask — oo,

Vo € C2(Q).
Similarly, fixing j € {1,---,n}, since g; is continuous we have that

gi(up ™ (x,1)) = gi(uo(x,1)), ace. in Q, for almost all £ € [0, T].
Fix againt € (0, T)

Let ¢ > 0 (a new value). From the Egorov Theorem, there exists a closed set F; such that
m(Q\ F1) < eand kg € Nsuch thatif k > ko, then

181 (uh™ ™ (x,£)) — gj(uo(x,1))| < ¢, for almostall x € F.

Observe now that

| 185" (1)) = g ol )2

< ey 00 ) — gyl )P+ [ gl () = gyuol ) P
151
< [ Ears [ gt )(xrf))—gj(uo(xrf))lXn\adx
< 2,,1(())+21<%/Q;CQ\F1 dx
< m(Q) +2K2e, Vk > k. (358)

Since such a € > 0 is arbitrary, we may infer that

/|g] g](u0)| dx — 0, ask — oo,

Vie {1, ,n}
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Select again ¢ € C*(Q)). Since

”g]( ))—8](M0)||om—>0 ask — o

and
Vué\]"(t) — Vug, weakly in L2(Q),

we obtain,

())x] ¢ dx — / 8j(uo)(uo)x; ¢ dx

IN

())x](de /g](uo) )x @ dx

i(10)( (de—/ 8j(uo) Mo)x ¢ dx
Nk())

IN

| gj(u gj(uo)||onK7||§0||oo

’/g] 1) ( (pdx—/g] ug) uo)x ¢ dx
— 0, ask — oo, (359)

vie {1, ,n}

From such results, we have

Nk() )
0 = klgr;(/n . godx—i—s/VuO Vg dx

— [ gl (pdx—z  Jutn s dx

—/ ka(t godx)

= agtoqodx—l—s/ Vug- Vo dx

_/Qg(uo)¢ dX—];/ng(uo)(uo)xjgp dx

_ /Q fo dx. (360)

so that, from this and by the density of C°(Q2) in H}(Q2), we have got

/Q% <pdx+e/QVuo~V(pdx

- /Qg(uo)fl’ dx — Ji /ng(uo)(uo)xjfl’ dx

- /Q Fodx =0, Vo € HY(Q), (361)
a.e.on [0, T.

Observe now that
(O x(0,T)) = (00 x[0,T])U (8[0, T] x ﬁ)

Letp € CX(Q2x (0,T)).
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Hence . N .
. du dug
leilg}ao/o /ngodxdt—/o /Qﬁqodxdt.
From this, since CZ°(Q x (0,T)) is dense L?(Q) x (0, T)) we may infer that
lim/ / O ) dt — / /8”0 dx dt,
N—oo
Vo € L2(Q x (0,T)).
Let ¢ € C*(Q) x [0, T]) such that
¢(x,T) =0, in Q.
From such results, we may obtain
. T aué‘]
dm f, fo et
= lim —/T/ uN8£ dxdt—/ u (x,0)p(x,0) dx
N—oo 0 0O 0% !
= —/ / o5, (P dx dt — /Q up(x,0)@(x,0) dx. (362)
However, since u}’ — 1y, weakly in L>(Q x (0,T)), we obtain
T
lim/ /”0 aq)dxdt / /uoa—q)dxdt.
N—o0 O ot
From these last results, we may infer that
. _ N
/Quo p(x,0)dx = Alrlglo 1o (x,0)¢(x,0) dx
= /Q up(x,0) ¢(x,0) dx, (363)

so that

/Qﬁo(x)(p(x,o) dx = /Quo(x,O)(p(x,O) dx,

Vo € C®(Q x [0, T]) such that ¢(x, T) =0, in Q.
Therefore, we may infer that 1 (x,0) = p(x) in this specified weak sense.
Similarly, it may be proven that

up =0, onoQ) x [0, T],

in an appropriate weak sense.
Hence, we have obtained that ug is a solution, in a weak sense, of the parabolic non-linear equation
in question.

57. An Existence Result for a General Hyperbolic Non-Linear Equation

Let O C R™ be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 9Q).


https://doi.org/10.20944/preprints202302.0051.v77

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 27 May 2024 doi:10.20944/preprints202302.0051.v77

241 of 280
Consider the hyperbolic non-linear equation
‘327? =eV2u+g(u)+f, inQx(0,T),
u(x,0) = iy, in Q, (364)

u(x,T) = ug, in Q,
u=0, onoQ) x [0, T].

Heree > 0, f € L2([0, T], W2(Q)) N L®(Q x [0, T}]), flo, us € H}(Q) N L®(Q), where t denotes
time and [0, T] is a time interval.

Also g : R — R is a continuous function neither necessarily linear nor convex.

We assume there exists K33 > 0 such that

K33
lslle < s

Fixing N € N and defining
ay— T
N

in a partial finite differences context, discretizing in ¢ consider the approximate equation system

Upy1 — 2Up + Uy

> = eV2u, + g(uy) + fu, inQ,
A5,

Vne{l,---,N—1}
From such a system, for n = 1, we obtain

Uy — 2uq + g = eV (uy) A3y + g(uq) At + fLALR.

Hence
(2Lgu + VAR iy = (uz + iy — g (1) AL, — flAt%\]),

so that

[ u1 12,0
< @l +e(VA)ag) |

x(||u2

Observe that there exists Ky > 0 such that || || 0 x[o,7] < K2 so that

02,008 + [Ifi O,Z,QAt%\])- (365)

02,0 + ltollo2,0 + llg(u1)
Ifulli20 <Kz, ¥Vne{0,1,--- ,N—1},

for some appropriate K3 > 0.
From such results and the hypotheses, we may infer that

12,0 + Kaa AR + [|[do]l1 2,0 + K3ALR)
12,0 + KssAty,), (366)

il 20 < 121 + (V) A8) I (luz
< 1@La+e(VHAR) THI(luzlliza + Nl

where Kgs = K33 + K3.
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On the other hand, through a symbolic auxiliary notation, we have
QL +e(VA)Aty) ! = L—
(215 +e(V2)Aty)
B 1
2(1; 4+ €(V2)At3,/2)
2)ARR /2
Y P\ T (367)
2 Ij+e(V2)At%,/2
so that -
- 1 e(V2)AL5, /4
2L+ e(VH)At) M < 5 + N :
Now denote
e(V?)
On = IVwR .
(Ig +e(V2)At5,/2)
Thus,
1 ONAR
2L +e(VA)am) M < 5+ =,
so that

1 ONAR .
luill120 < (2 +— N) (luzllip0 + lldoll12,0 + KssALR).

Consequently, from such results, we may infer that

-1
1  ONAR
(2 T3 N) (|1

120 + [0ll12,0 + KesALy),

120 < (Jluz

so that
GNAt%\]/Z )
2\ 1= oy | I < (Jlu + |4 + KgsAt%)).
( (1+6nAP3,/2) 120 < (lu2lliz0 + 80ll2,0 + KssAty)
Therefore,
2 I < ([lu + | + KgsAR)
(1+Oynt3,/2) )20 = 1220 oll1,20 + KssAty).

Let &1 € R be such that
0 < &g < max{e, 1}.

Define & = ¢||V?|| and observe that

O
(14 6NAL%;/2)

Hence, there exists Ny € N such that if N > Nj, then

— &, as N — oo.

N

(1+oyaE,/2)

< €7.

From these results, if N > Nj, we have

oo OnAR > (2— (&4 £)AB) >0
(1+08A2,/2) ) = VEINS ~
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Therefore, defining @ = & + €1, we have got,
(2 - zxAt%\,) lu1lli20 < (u2lli20 + [1follL20 + KesAty).-
so that
luilli2,0 < a1lluzlli2,0 + Billdolliz0 + 71,
where
w = (2—aAt3) L,
p1 =
and Y1 = 0(1K85At%\[.
Reasoning inductively, for n > 2 having
lun-1ll120 < @n-1llunll12,0 + Bu-1lldoll120 + Yu-1,
we are going to obtain a;, B, and vy.
Similarly as above, we may obtain
(2 — DéAtzz\]) ||1/ln 1,2,0
< unsallizo + lun-1llio0 + KesAts,
< unsalhizo + an-1llunllizo + Ba-tllfollizn + va—1 + KesAts. (368)
Thus,
(2 — aAty — ay_1)|[unll120
< Nlupsllipa + Buoilldolliz0 + n—1 + KssAty. (369)
Consequently,
lunll12,0 < anllunsilliza + Bulldolli20 + Yu
where
o 1
T2 —aAB g
ﬁn = “n,anl/
and
Yn = &n(Yn—1+ K85At%\]).
We recall that & = ¢||V?|| + ¢1. Here we assume T > 1 and
1
T? < Z.
=3
Consider the sequence {b, } C R such that
by =1/2,
and

1
bn+1 - m, \V/n c N

We may easily obtain by induction that
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Define

-1
ay, =b,_1 = . ,Vn > 2.
Observe that

20 T? N—-1 2aT?
< +
N = N N
N—-1 1

N 'N
= 1, Vne{l,---,N—1}. (370)

an

IN

Observe that

IA

X

<

< m+—+ = (371)

At this point we shall prove by induction that

aT aT
p < ap+—+n

N Nz,Vne{l N —1}.

For n = 1 we have already proved it above.
Suppose now that for n > 1, we have

aT aT?
ay < ap+ W + Tlv-

Observe that

My = ——F—
2—¢x——rxn_1

B 1 n 1 1
2 —ay 2—“%—%1 2 —ay

= ap41+

1
—“—z—"‘n 2 —ay

TZ
Ap41 + ( ntop+a— >
aT
N

IA

TZ
N2 + “N2
2

N2

IN

apyl + - +n

aT
Api1 + — +(n+ 1) (372)
N
The induction is complete, indeed we have proven that

T
wnéan+“—+n“

N NZ,VnE{l N -1}
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Thus, we have obtained
aT  aT?
ap < ap+ N + Tlv
= n N N
— 2aT?
= n N
< 1,vVned{l,---N-1}. (373)
Summarizing,
0<w,<1,Vned{l,---,N—1}.
Now denoting more generically a)Y = «, we may infer that
0<al <1,Vne{l,---,N-1}, VN > N,.
From such results we may also obtain that there exist Ki5 > 0 and Ky > 0 such that
BY| < Kis,
and
7w | < K,
Vne{l,---N—1}, YN > Np.
We recall that
u% = Llf,
so that since
luN_1l120 < aN_qllunlhza + BN-1lldolliz0 + YN-1/
from this and these last results we may infer that
lupll120 < Kis,
Vn e {0,---,N—1}, VN > Ny, for some appropriate real constant K13 > 0.
Define now N N N
WN(x t) _ U1 — 2uy + U1
7 2 7
Aty
if (x,t) € Q x (nAty, (n+1)Aty], V(x,t) € Q x [0,T], and
N N FIT N
u (x, 1) = fig(x) + () (x) t+/0 /0 WN(x, 1) du dr,
where (1)) (x) is such that
udl (x,T) = ug(x).
Here we highlight that
?ul (x,t)
0 \* _ N
oz = W™ (x, )
N N, N
Uy — 22Uy + iy (374)

2
AR,

if (x,1) € Q x (nAty, (n+1)Aty], V(x,t) € Q x [0, T].
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Observe that
Pug (x,t) oyl —2u gl
o B At
= eV2up +g(uy) + fu, (375)
ift € (nAty, (n+1)Aty], Y(x,t) € Q x [0, T].
Fix ¢ € C(Q)).
Thus, fixing t € (nAty, (n + 1)Aty], we have
82”(1)\] N N
52 P < e(Vuy, Vo) a| + [{g(uy'), ¢) 12|
L2
+(@, fu) 2]
< ellulllizallelliza + Kiolluh 120l @ll20
+Kosll @120
< Kyllellipn Ve € CZ(Q)), (376)

for some appropriate Ky > 0.
Since ¢ € C®(Q) is arbitrary, we may conclude that

uniformly in ¢ on [0, T], for some appropriate constant K¢ > 0.
Also, from the definition of ué\] we have that there exists K7 > 0 such that

2 N
0”1,

< K6/ VN > NO/

H(Q)

[ud'|l120 < K7, VN > Ny

also uniformly in ¢ on [0, T].
From such results, there exist uy € L%([0, T], H}(Q2)) and vy € L?([0, T}; H~1(Q)) such that

ul — up, weakly in L2((0, T); W*(QQ)),

and
o?ulY
atZO — vy, weakly-star in L2([0, T], H1(Q)),
so that we may easily obtain
- 82u0
07 o2

in a distributional sense.
At this point, we provide more details about this last result.
Fixt € (0,T). Thus, there exists n € {0,1,--- ,N — 1} such that t € (nAty, (n+ 1)Aty].
Let o € C®(Q2 x (0,T)).
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From this, we may infer that

o%ul
/Q 8t20 ¢(x,t) dx

ulN o —2ulN 4 4N
= /()( ntl At; n—l @(x,t) dx
N

VulN Vol d
¢ [ 1VaY Vol ds

+ [ Is() o 1) dx

IN

(Ks(lul li2.0 + K20) |9ll1.2,0
Kolloll1,2,0, (377)

IN A

for some appropriate constants Kg > 0, Kg > 0, Ko > 0.
Hence,

T ?ul
/0 /Q 8t20 ¢(x,t) dx dx

% |
9 Q||(P

< Kollellzox o) (378)

IN

12,0 dt

for some appropriate K9 > 0.
Since such a ¢ € CX(Q x (0, T)) is arbitrary, we may infer that

2. N
o”uy

< Kis,
H-1(Qx(0,T))

for N > N, for some Kj5 > 0.
From such a result and from the Banach-Alaoglu Theorem, there exists vg € H~(Q x (0, T))
such that, up to a not relabeled subsequence

2. N
0 ug
ot2

T ' dx d
/O/Qatzgoxt%/o/ovogoxt,

as N — oo, Vo € H}(Q x (0,T)).
On the other hand

— vy, weakly-star in H~1(Q x (0, T)).

Therefore,

g’

02,0x(0,T) < Kie,

VN > Ny, for some Ky > 0.
From this and the Kakutani Theorem, there exists ug € L?*(Q x (0,T)) such that, up to a not

relabeled subsequence,
udl — up, weakly in L2(Q x (0, T)).

Now fix again ¢ € C°(Q2 x (0, T)).
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Observe that

T T
dxdt = i / / N oy dox dt
/0 /Quoqvtt X nglw 0 Quo P ax
T r ?ul
= 1 0
Nl—r>noo/0 ,/Q ot? godx dt

T
- / / oo dx dt, (379)
0 O

Since such a ¢ € CX(Q x (0, T)) is arbitrary, we may infer that

82 [Z0]

%= 5

in a distributional sense.
Moreover, from such results we may also obtain, again up to a subsequence,

13133,0/ o q) /at2 ax,

Vo € H}(Q).
Observe also that, as a consequence of the Rellich-Kondrashov theorem, through appropriate
subsequences, we have

ué\l"(t) — ug(x, t), strongly in L2(Q)), for almost all ¢ € [0, T].
so that, up to subsequences,
u(l)\]k(t)(x, t) — up(x,t), a.e. in Q, for almostall t € [0, T].

Here we emphasise the sequence {Ni(#)} C N may depends on ¢.
Since g is continuous we have that

g(u(l)\]"(t)(x,t)) — ¢(up(x,t)), a.e. in Q, for almostall t € [0, T].
Fixt € (0,T).
Let ¢ > 0. From the Egorov Theorem, there exists a closed set F such that m(Q \ F) < € and
ko € N such that if k > kg, then

|g(ué\]"(t) (x,t)) — g(uo(x,t))| <e, foralmostall x € F.

Let ¢ € C(Q)). Observe now that

[ (80557 (5, 1) = g (5, 1)) p
< [ lg " (1) = guo(x, 1) || dx

= [ Isg" e ) ~ glunCo )l ol dxt [ 1205 (x,0)) = gluo(x )] gl dx

< [ellgledx+ [ Is uo ) (x,) = guo(x, ) gl dx

< ellgloom(©) + (15" oz + 18(0) o2 @llosallxaslloso

< ellgllom() + Katllglosam(@\ F)'/*

< elllleo m(Q) +Kanllgllogn /%, ¥k > ko, (380)
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for some appropriate constant K»; > 0 which does not depend on ¢.
pprop p
Since such a & > 0 is arbitrary, we may infer that
(uNk(t)) dx — (uo)p dx, ask — oo
fo) g 0 (P 0 g 0 (P 7 12
Yo € CP(Q). From such results, we have
(P N, ()
0 = 135?0(/0 Py (pdx+€/QVuo -V dx
Ni(t
- /Qg(uo"( ) dx
— /(2ka(t)q0 dx)
azuo
= e q)dx—i—s/QVuO-prdx
- /Q 8 (uo) ¢ dx
- /Q fo dx. (381)
so that, from this and by the density of C®(Q) in H}(Q)), we have got
y ty c 0 &
82u0
vy (pdx—l—E/QVuO-V(pdx
- /Q 8(uo) @ dx
~ [ foax=0, vp e H(O), (382)

a.e. on [0, T.
Hence, we have obtained that ug is a solution, in a weak sense, of the hyperbolic non-linear
equation in question.

58. A Numerical Procedure Combining the Euler Method and the Hyper-Finite Differences
Approach

Let Q) = [0,1] C R and consider the equation

{ eu(x) — Au*(x) + Bu(x) +1=0, inQ, (383)

0, u(1) =0.

=
—~

(e
=

Il

Here A > 0, B> 0and u € Wy*(Q).
We may represent such an equation, as a first order system

v — Au®/e+ Bu)/e+1/e =0, inQ,
u' =v, inQ, (384)
u(0) =0, u(1) =0.

Consider now such a system with generical unknown boundary conditions iy and 9y, that is,

v —Aud/e+Bu/e+1/e=0, inQ,
' =v, inQ, (385)
u(O) = ﬁo, Z)(O) = Z)Ao.
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Defining d = 1/mg, where mg is total number of nodes, in finite differences we have

% — Au%fl/e—kBun_l/s—i- 1/e =0,
LS (386)
Up = ﬁo, Up = UA().

This is simply the explicit Euler method. We may symbolically obtain {u, } and {v,} as functions
of 1ip and 9y (by using the MATHEMATICA or MAPLE software and by truncating the concerning
polynomial solutions), through the iterations

d
On =0y 1+ Aud | —Bu, ;9 -19,

Up = Uy_1+0,1d (387)
upg = 120, [ 130.
However, it is well known the error in this process could be big. In order to minimize such an error,
we use the hyper-finite differences approach for the one-dimensional analogous of the generalized

method of lines. More specifically, we will subdivide the interval [0.1] into N; sub-interval of same
measure, and redefine a not relabeled d as

_ 1
- mgNp’

Hence, on each sub-interval | 51, ], using the MATHEMATICA or MAPLE software we may

obtain an approximate solution

{uif vig}
as functions of the initial conditions
{10 vox}
wherei € {0,--- ,mg}, Vke {1---,Ny}.
In order to obtain such a solution,
{uik, vix}

we use following interactions

_ 3 d d d
Unk = U1k + Aty g — By 1 — %,

Upjk = Un—1k + Un—l,kd (388)
Uk = ok, Vox = Ook-

Observe that for obtaining an approximate solution for the original equation in question, we must
calculate {1, 9o} though the solution of the system:
For the boundary conditions:
Up1 = 0, Umg, Ny = 0.

For the solution and its derivative continuity on the nodes related to the N; sub-intervals,
Umgk = Uok+1, Omsk = Vok+1, Yk € {1,-- No}.
Having obtained {1, 99k}, Vk € {1,---, N;} we may obtain
{upp,vnrt Vne{0,--- ,mg}, Vke {1,--- ,Ny}.
Here we present the software in Mathematica through which we have obtained the numerical

results, for the case e = 0.01, A = B = 1 and N; = 16 subintervals.

e e 38 38 36 36 36 3 3 3 o o 4 S S KKK
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1. m8 =100;
N1 = 16;
d=1.0/m8/N1;
el =0.01;
A=10;
B=1.0;
For[k =1,k < N1 + 1, k++,
Print[k];
u[0, k] = uo[k];
v[0, k] = volk];
For[i=1,i <m8+ 1, i++,
z1=(v[i—1,k|+ Axd/el xuli—1,k]> — Bxuli — 1,k xd/el —1.0xd/el);
z2=uli-1, k] +Vv[i-1, k]*d;
z1 = Series[z1, { uo[k], 0, 8}, { vo[k], 0, 8 }];
72 = Series[z2, { uo[k], 0, 8 }, {vo[k], 0, 8 }];
z1 = Normal[z1];
z2 = Normal[z2];
v[i, k] = Expand[z1];
uli, k] = Expand|[z2]]];
S =ul0,1)? + u[m8, N1)%;
For[k =1,k < N1, k++,
S=S+ (u[m8,k] —ul0,k+1])%
S=S+ (v[m8,k] — v[0,k +1])%];
sol = FindMinimum[
S, {uo[1], uo[2], uo[3], uo[4], uo[5], uo[6], uo[7], uo[8], uo[9],
uo[10], uo[11], uo[12], uo[13], uo[14], uo[15], uo[16], vo[1],
vo[2], vo[3], vo[4], vo[5], vo[6], vo[7], vo[8], vo[9], vo[10],
vo[11], vo[12], vo[13], vo[14], vo[15], vo[16]}]
Clear[U];
For[k=1,k <N1+1, k++,
wlk] = uo[k] /. sol[[2, k]]]
For[i=1,i < N1 +1,i++,
Uli-1] = wli]]
U[N1] = u[m8,N1];
For[i=0,i < N1+1,i++,
Print["uo[",i + 1, "]=", U[i]]]
uo[1]=1.14453*10"%5, in fact u(0) =0
uo[2]=0.817448
uo[3]=1.17018
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uo[4]=1.28552
uo[5]=1.32107
uo[6]=1.33205
uo[7]=1.33546
uo[8]=1.3365
uo[9]=1.33677
uo[10]=1.33667
uo[11]=1.33596
uo[12]=1.33331
uo[13]=1.32382
uo[14]=1.2902
uo[15]=1.175
u0[16]=0.820243
uo[17]=0, in fact u(1) = 0.

B S X R R X R X R S X

Remark 58.1. Observe that along the domain the solution is approximately 1.33 which is close to 1.3247, which
is an approximate solution of equation u3 — u — 1 = 0. This is expected since ¢ = 0.01 is a relatively small
value.

59. A Proximal Numerical Procedure Combined with the Euler Method
Let ) = [0,1] C R and consider the Ginzburg-Landau type equation

{ eu (x) — Au’(x) + Bu(x) +1=0, inQ, (389)

u(0) =0, u(1) =0.

Here A>0,B>0andu € WS’Z(Q).
We may represent such an equation, as a first order system

v — Aud/e+Buj/e+1/e=0, inQ,
' =0, inQ, (390)
u(0) =0, u(1) = 0.

Consider now such a system with generical unknown boundary conditions iy and 9y, that is,

v — Aul/e+Bu/e+1/e=0, inQ,
u' =v, inQ, (391)
u(O) = 120, '0(0) = Zjo.

Defining d = 1/mg, where mg is total number of nodes, in finite differences we have
M=l — Aud | /e+ Buy_1/e+1/e=0,

% = 0,1 (392)
up = ﬁo, [ 130.

This is simply the explicit Euler method. Setting 1y = 0, we may symbolically obtain {u, } and
{v,} as functions of vy = 9y (by using the MATHEMATICA or MAPLE software and by truncating the
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concerning polynomial solutions), through the following iterations, which already include a proximal
formulation about an initial fixed solution {(Up) }.

d d_d
Up = Up—1+ Auiflg —Bu, 13— %,

Up = Up—1+ Z)nfld - %(”n - (u())n)d (393)
up = 0, g = "(30.

Vne{l, --,mg}.
Indeed, in such a case we have

3 d_p, d_d

Uy = Uyp—1+ Aun—lE € e’
Uy = (un_l Yo, d+ %d(uo)n) / (1 4 K—d) (394)

MOZO, 002130.

Vne{l,---,mg}.

We emphasize such a procedure may make the error in the explicit Euler method very small, in
fact proportional to .

Thus, having obtained u, = u,(vo), we may obtain v, through the boundary condition u(1) =0,
that is, through a solution of equation u,,3(vp) = 0.

With such an v calculated, we may obtain explicitly u, = u,(vg), Vi € {1, - - - mg}. The next step
is to replace { (Up), } by {u,} and then to repeat the process until an appropriate convergence criterion
is satisfied.

We have obtained numerical results for ¢ = 0.01, A = B =1, m8 = 100 and K = 10.

Here we present the software through which we have obtained such results.

We highlight in this software we have fixed a total number of 800 iterations.

R R R R R S s

1. m8 =100;
Clear[z1, z2, u, v, vo];
d =1.0/mS§;
el =0.01;
A=10;
B=1.0;
K=10.0;

For[i=0,i <m8 + 1, i++,

uoli] = 0.01];

For[k =1, k < 800, k++, (here we have fixed the number of iterations)
Print[k];

Clear[vo];

u[0] =0.0;

v[0] = vo;

For[i=1,i <m8 + 1, i++,

z1 = (v[i- 1] + A*d/el*ufi — 1]3 - B*u[i - 1]*d /el - 1.0*d/el);
z2 = (ufi- 1] + v[i - 1]*d + K*uo[i]*d/el)/(K*d /el + 1.0);

z1 = Series[z1, {vo, 0, 9}];

72 = Series[z2, {vo, 0, 9}];
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z1 = Normal[z1];

z2 = Normal[z2];

v[i] = Expand[z1];

u[i] = Expand|[z2]];

S = (u[m8])?;

sol = FindMinimum([S, vo];
w =vo /. sol[[2, 1]];

VO =W;

For[i=0,i <m8 + 1, i++,
uo[i] = uli]l;
Print[u[m8/2]]];

For[i=0,i <m8/10 + 1, i++,
Print["u[", 10*1, "]=", u[10%i]]]

u[0]=0.
u[10]=1.09119
u[20]=1.29955
u[30]=1.32239
u[40]=1.32427
u[50]=1.3245
u[60]=1.32386
u[70]=1.31754
u[80]=1.27924
u[90]=1.04636
u[100]=7.31252 * 1018

Remark 59.1. Observe that along the domain the solution is close to 1.3247, which is an approximate solution
of equation u® — u — 1 = 0. This is expected since ¢ = 0.01 is a relatively small value.

60. A Proximal Numerical Procedure Combined with the Euler Method for Solving Partial
Differential Equations

Let QO = [0,1] x [0,1] C R and consider the Ginzburg-Landau type equation

u=20, onoQ. (395)

{ eV2u— AP +Bu+f=0, inQ,
Here A > 0,B >0, f € L>(Q) and u € W*(QQ).
We may represent such an equation, as a partially first order system

Ox + 1y — Aud/e+ Bu/e+ f/e=0, inQ,
Uy =0, InQ), (396)
u=20, onod()
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Defining d = 1/mg, d; = 1/mg and denoting
[ -2 1 0 0
1 -2 1 0 0
1 -2 1 --- 0
my=| . . . . s (397)
0 O 1 -2 1
. 0 O 1 -2 ]

where mg is total number of nodes in x, and myg is the number of nodes in y, in a finite differences
context, we may have

Un=Un-1 4 ’;L%Zun_l —Aud_,/e+Buy_1/e+ fu/e=0,
o o (398)

1/[0:0, ?)02230.

This is simply an adaptation of the explicit Euler method. Observe that we may obtain {u,}
and {v, } as functions of vy = 9 through the following iterations, which already include a proximal
formulation about an initial fixed solution {(Ujp), }.

Up = V1 — %un_ld + A”iq% - Bun_lg — @,
Uy = Uy 1+ 0, 1d — %(un - (Uo)n)d (399)
upg = 0, Uy = '(30.

vne{l, --,mg}.
Indeed, in such a case we have, through a concerning linearization,

_ m 2 d d d d
Un = Vp1 — Fup-1+3 A (o), _qun15 -2 A (u9)3 12— Buy_12— f"g ,

1
ty = (tty1 + 001 + KL (Up), ) / (14 £2) (400)
Uupg = 0, [ 7.'30.

Vne{l,---,mg}.

We emphasize such a procedure may make the error in the explicit Euler method very small, in
fact proportional to &.

Observe now that in particular for n = 1, we have

U1 = o _flg
= (Mi)ivo+ (y1)1, (401)
where
(M1); = 1, identity matrix (mg — 1) x (mg — 1),
and
(1)1 = —flg.
Also,

U = (vo d—+ K(uo)li) / (1 + Ki)
(M2)190 + (y2)1, (402)


https://doi.org/10.20944/preprints202302.0051.v77

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 27 May 2024 doi:10.20944/preprints202302.0051.v77

256 of 280
where I d
(MZ)I = d N’
(1+k4)
and K(ug), d i
u
(y2)1 = <—O L )/(1 -|—I<—>.
€ €
Reasoning inductively, having
Up—1 = (M1)n-190 + (Y1)n-1,
and
Up—1 = (M2)n-190 + (¥2)n-1,
and replacing such relations into the concerning system (410), we obtain
my
on = (Mi)p-1+ Y1)n-1— ?((MZ)H—l + (y2)n-1)d
1
2 d 3 d
+3 Ao )1 (M2)n—1 + (y2)n—1) 7 — 2A(u0)y 1 7
d d
_B((MZ)n—l + (yZ)n—l)E _fnz
= (Mi)n+ (y1)n, (403)
where
(Mi1)n = (M1)n-1 — ﬁ((MZ)nfl)d +3 A(“D)nfl((MZ)nfl)g - B((Mz)nfl)z,
1
and
™m d
Wi)n = W1)n—1— d_zz((yZ)n—l)d +3 A(”o)i_l((}/z)n—l)g
1
d d d
—2A(uo)5-1 7 = B(W2)w-1)5 — fur- (404)
Moreover,
d d
up = ((Mz)n—lvo + (Y2)n-1 + (M1)n-1200d + (y1)n—1d + K(10)n—1 E) / (1 + Kg)
= (M2)nvo + (y2)n, (405)
where M M p
n— + n—
(My), = (M2)n—1 (dl) 1
(1 + K;)
and

d d
(1) = (2huos + nhcad + Klmhoa§ )/ (14K5).
Summarizing, we have obtained
On = (Ml)nvo + (y1)n,

and
Uy = (MZ)HUO + (]/2);1/
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Vne{l,---,mg}.
Consequently, from this and the boundary condition u,,;, = 0, we may have

tmg = 0= (M2)mg00 + (Y2)mg

so that
00 = —[(M2)ms) ™" (y2)ms

From such results we have obtained {u, } and {v,}, Vn € {1,--- ,mg}.

The next step is to replace {(up),} by {u,} and then to repeat the process until an appropriate
convergence criterion is satisfied.

We have obtained numerical results fore = 0.01, A=B =1, f =1, in ), m8 = 100 and K = 100.

For the solution u = u(x, y) obtained, please see Figure 42.

15
1
05

mmumm lm]"m

i

wm””” u‘mn

i i
i muum\'\‘\'ﬂllm
A

0.5

Figure 42. Solution u(x,y) for ¢ = 0.01.

Here we present the software in MAT-LAB through which we have obtained such results.
T T —
1. clear all

m8=100;

m9=100;

d=1/mS§;

d1=1/m9;

e1=0.01;

A=1;

B=1;

K=100;

f=ones(m9-1,1);

for i=1:m8

uo(:,i)=1.4*ones(m9-1,1);

Yo(:,i)=f;
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end;

m2=zeros(m9-1,m9-1);

for i=2:m9-2

m2(i,i)=-2.0;

m2(i,i+1)=1.0;

m2(i,i-1)=1.0;

end;

m2(1,1)=-2.0;

m2(1,2)=1.0;

m2(m9-1,m9-1)=-2.0;

m2(m9-1,m9-2)=1.0;

Id=eye(m9-1);

b12=1.0;

k=1;

while (b12 > 10710) && (k < 9010)

k

k=k+1;

M1(,:,1)=Id;

y1(;,1)=-Yo(:,1)*d/el;

M2(:,;,1)=Id*d/(K*d /el+1);
y2(:,1)=K*uo(;,1)*(d/el)/(K*d/el+1);

for i=2:m8
Ml(:,:,i)=M1(:,:,i—l)—m2/d12*d*MZ(:,:,i—l)+3*A*diag(uo(:,i—1).*uo(:,i—1))*M2(:,:,i—1)*d/e1;
M1(,:1)=M1(:,:,1)-B*M2(;,:,i-1)*d / el;
yl(:,i)=y1(:,i—l)—m2/d12*d*y2(:,i—1)+3*A*(uo(:,i—1).*uo(:,i—l)).*y2(:,i—l)*d/e1;
y1(,1)=y1(:,i)-2*A*(uo(:,i-1).*uo(:,i-1).*uo(:,i-1))*d /el-B*y2(:,i-1)*d /el-Yo(:,i-1)*d /el;
M2(:,;,1)=(M2(:,;,i-1)+d*M1(:,:,i-1)) / (K*d /el+1);
y2(;,1)=(y2(:,i-1)+d*y1(:,i-1)+K*uo(:,i)*d/el) / (K*d /el+1);
end;

vo(:,1)=-inv(M2(:,:;, m8))*y2(:, m8);

for i=1:m8

u(:,1)=M2(:,;,i)*vo(;,1)+y2(:,i);

end;

u(m9/2,m8/2)

b12=max(max(abs(u-uo)));

uo=u;

end;

for i=1:m8

x1(i,1)=i*d;
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end;
for j=1:m9-1
y3(j,1)=j*d1;
end;

mesh(x1,y3,u)

B R R R R R R R R R R R 2

Remark 60.1. Observe that along the domain the solution is close to 1.3247, which is an approximate solution
of equation u®> — u — 1 = 0. This is expected since ¢ = 0.01 is a relatively small value.

61. A Proximal Numerical Procedure Combined with the Euler Method for First Order Systems
Applied to a Flight Mechanics Model

Let Q) =[0,¢t f] be a time interval.

Consider the first order system of ordinary differential equations given by

T =}, on(otd, ¥je{L -4}, 406)
11(0) = 0, up(0) = 0.12, u4(0) =0, uy(ts) = 11000.

Here f;: D; C R* — R is a smooth function on its domain D;,vVjie{l,.-- 4}
In finite differences, such a system stands for

W=t — f(fuy 4}), Vi € {1,-+- 4}, (407)
(ul)o = 0, (1,{2)0 = 012, (u4)0 - 0/ (”1)7118 = 11000.

Vn € {1,---,mg}, where mg is number of nodes and d = ¢ f/ mg. This is just the explicit Euler method.
It is well known, at first the error in this procedure may be big.

However, such an error may be made very small by introducing a proximal formulation and
related linearization about a fixed initial solution { (1), }, in a Newton type approach context.

In such a case the approximate system stands for

w— 1({(#0)n-1})
Ly Al )1}>((uk)n71_(uok)n,l)_1<5((u1>n—(<uol)n71),

j)n—\Hj)n— af; n—
b=t — g (o)1 }) + Doy DG (), — (10, )0-1), (408)
Vje{2,3,4},

(ul)o =0, (MQ)O =0.12, (u4)0 =0, (ul)mg = 11000.
Indeed, setting the boundary conditions
(u1)o =0, (u2)o = 0.12, (u3)o = vo, (ug)o =0

we will calculate

{(uj)n(v0)}

through the following iterations
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(u1)n = ((u1)n—1+ Ar({(uo)n—1})d+
Ly PDHG8tD) (), = (g, )u1)d + K5 d ((10,)-1) ) /(1+Ks d),
() = ()1 + £({u0)uos D+ Ehy DO () (g ), (409)
Vi e {234},
(u1)o =0, (u2)o = 0.12, (u3)o = vo, (ug)o = 0.

Observe that the boundary condition u1(ff) = 11000 corresponds to (1)mg(vo) = 11000 so
that, through this last equation we may obtain vy. Having obtained vy, we may obtain {(u;)n} =
[()a(o0) 1 € {1, g}, ¥j € {1, 4.

The next step is to replace {(uo,)n}) by {(14)x} and then to repeat the process until an appropriate
convergence criterion is satisfied.

We have obtained numerical results for a model in flight mechanics.

More specifically, we model an in-plan climbing motion of an airplane AIR BUS 320, through the
variables 1, y, V, x where h denotes the airplane altitude, vy is the angle between its velocity and the
axis x, V is the airplane speed and x corresponds to its horizontal coordinate.

The concerning system of equations is given by

h = Vsin(y)
= ﬁ(l—"sin(a +ap)+ L) — & cos(y)

V= mif(Fcos(a +ap) — D) — gsin(vy) (410)

% = Vcos(v), on [0, ],

h(0) =0, 7(0) = 0.12, x(0) = 0, h(t) = 11000.
Here t; = 515s, F = 240000N, ¢ = 120000Kg, Sy = 260 m?, a = 0.138, g = 9.8m/s?,

0.0065 1\ “**

ap = 0.0175, (C1)o = 0, (CL)a = 5.0, (Cp)o = 0.0175, K; = 0, K» = 0.06,
CL= (CL)O + (CL)a a,
Cp = (Cp)o + KiCr + KaCF,
1
L= Ep(h)vchsf,

1 2

For numerical purposes, we define
uy=h, upy=7v(=0b), u3 ="V, uy = x.

Here we present the software in MATHEMATICA through which we have obtained the numerical
results.
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34 434 34 34 3 S S S S A A 343 AN

1. m8 =20000;
tf = 515.0;
d = tf/m8;
K5=10.0/d;
h1 =11000.0;
Clear[h, b, V, x, u, a, c];
h=u[1];
b =u[2];
V=u[3];
x = ul4];
mf = 120000.0;
g=98;
Sf =260.0;
a=0.138;
af = 0.0175;
CLo =0.0;
CLa =5.0;
CDo =0.0175;
K1 =0.0;
K2 =0.06;
CL =CLo + CLa*a;
CD = CDo + KI*CL + K2*CL?;
F =240000.0;
r=1.225% (1.0 — 0.0065 * h/288.15)*225;
L=1/2*r*V2*CL*Sf,‘
D1=1/2%r* V2% CDx*Sf;
f[1] = V*Sin[b];
f[2] = 1/mf/V*(F*Sin[a + af] + L) - g/ V*Cos[b];
f[3] = 1/mf*(F*Cos|a + af] - D1) - g*Sin[b];
f[4] = V*Cos|b];
For[i=0,i <m8+ 1, i++,
uoli, 1] = 11000*i/m8;
uol[i, 2] =0.15;
uoli, 3] = 120;
uoli, 4] = 50000*i/m8];
Clear[u];
For[i=1,i <5, i++,

For[j=1,j <5, j++,
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cli, ] = DI, ufjIIll;
uo[0, 1] = 0.0
uo[0, 2] = 0.12;
uol0, 3] = 120;
uol0, 4] = 0.0
For[k3 =1, k3 < 30, k3++, (Here we have fixed a total of 30 iterations)
Print[k3];
Clear[vo, UJ;
uU[0, 1] =0.0;
U[0, 2] =0.12;
UI0, 3] = vo;
U0, 4] =
For[i=1,i <m8 + 1, i++,
Clear[u];
u[l]=wuwoli-1,1];
u[2] =uwoli-1,2];
u[3] =uoli-1, 3];
u[4] =uwoli-1,4];
z1 = Expand[U[i - 1, 1] + K5*(uoli, 1])*d + f[1]*d];
z2 = Expand[U[i - 1, 2] + 0.0*K5*(uol[i, 2])*d + f[2]*d];
z3 = Expand[U][i - 3] + 0.0*K5*(uol[i, 3])*d + f[3]*d];
z4 = Expand[U[i - 1, 4] + 0.0"K5*(uol[i, 4])*d + f[4]*d];
For[k =1,k < 5, k++,
z1 =21+ c[1, k]*(U[i - 1, k] - voli - 1, k])*d;
72 =272 + c[2, k[*(U[i- 1, k] - uo[i - 1, k])*d;
z3 =23 + c[3, k]*(U[i - 1, k] - uo[i - 1, k])*d;
z4 =74 + c[4, k]*(U[i - 1, k] - voli - 1, k])*d;];
Uli, 1] = Expand[z1/(1.0 + K5*d)];
U[i, 2] = Expand[z2/(1.0 + 0.0*K5*d)];
U[i, 3] = Expand[z3/(1.0 + 0.0*K5*d)];
Uli, 4] = Expand[z4/(1.0 + 0.0*K5*d)]];
Print[U[m8, 1]];
= (U[mS, 1] - hl);
sol = NSolve[S == 0, vo];
vo=vo /. sol[[1, 1]];
Print[vo];
Print[U[mS, 2]];
Print[U[mS, 3]];
Print[U[m8, 4]];
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For[i=0,i <m8 + 1, i++,
For[k =1,k <5, k++,
uoli, k] = Ui, k]]I;
Print[U[m8/2, 1]]];

B R R R S X

1. For[i=1,i < 11, i++,
Print["h(", 2000*i*d, "s)=U[", 2000%, ",1]=", U[2000*], 1]]]

h(51.5s)=U[2000,1]=1099.37
h(103.5)=U[4000,1]=2199.41
h(154.55)=U[6000,1]=3299.45
h(206.5)=U[8000,1]=4399.5
h(257.5s)=U[10000,1]=5499.6
h(309.5)=U[12000,1]=6599.74
h(360.5s)=U[14000,1]=7699.8
h(412.5)=U[16000,1]=8799.76
h(463.5s)=U[18000,1]=9899.89
h(515.5)=U[20000,1]=11000.

2. For[i=1,i< 11, i++,
Print["gamma(", 2000%i*d, "s)=U][", 2000, ",2]=", U[2000%}, 2]]]

gamma(51.5s)=U[2000,2]=0.120754
gamma(103.s)=U[4000,2]=0.120085
gamma(154.5s)=U[6000,2]=0.117905
gamma(206.s)=U[8000,2]=0.116329
gamma(257.5s)=U[10000,2]=0.119054
gamma(309.s)=U[12000,2]=0.125181
gamma(360.5s)=U[14000,2]=0.122861
gamma(412.5)=U[16000,2]=0.111435
gamma(463.5s)=U[18000,2]=0.115118
gamma(515.5)=U[20000,2]=0.115257

3. For[i=1,1i <11, i++,
Print["V(", 2000**d, "s)=U[", 2000%*i, ",3]=", U[2000*i, 3]]]

V(51.55)=U[2000,3]=107.325
V(103.5)=U[4000,3]=113.338
V(154.55)=U[6000,3]=119.7

V(206.5)=U[8000,3]=126.381
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V(257.55)=U[10000,3]=133.568
V(309.5)=U[12000,3]=142.044
V(360.5s)=U[14000,3]=152.19
V(412.5)=U[16000,3]=162.209
V(463.55)=U[18000,3]=172.269
V(515.5)=U[20000,3]=185.79

. For[i=1,i< 11, i++,
Print["x(", 2000*i*d, "s)=U[", 2000%i, " ,4]=", U[2000%*i, 4]]]

x(51.55)=U[2000,4]=5318.63
x(103.5)=U[4000,4]=10930.8
x(154.55)=U[6000,4]=16860.9
x(206.5)=U[8000,4]=23137.6
x(257.5s)=U[10000,4]=29795.8
x(309.5)=U[12000,4]=36872.5
x(360.55)=U[14000,4]=44395.
x(412.5)=U[16000,4]=52396.6
x(463.55)=U[18000,4]=60960.3
x(515.5)=U[20000,4]=70129.5

B R
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62. A Review of the Convergence of Newton’s Method Combined with a Proximal Approach

Firstly we highlight similar results to those presented in this section have been presented in my

book entitled "Functional Analysis, Calculus of Variations and Numerical Methods for Models in
Physics and Engineering", reference [8], in Chapter 25, page 488.

Let f : R" — R be a C? class function and consider the problem of finding a critical point of f,

there is, to find a point £y € R" such that

Fix k € Nand let x, € R".
Define F : R” x R" — R by

F(x,x) = f(xk)+f'(xk)‘(x—xk)Jr%[f”(xk)(x—xkﬂ‘(x—xk)

K 2
ol =P,

for some K > 0 to be specified.

Let x1 € R” be such that
oF(x, x;)

=0,
ox

so that
f (i) + £ () (X1 — xx) + K (21 — x%) =0,

(411)
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that is
X1 = X — (" (x) + KIp) 7 ' (xp).

Now, assume xy € R" is such that
I/ (x)]l < Ky, ¥x € By(x0)

for some r > 0.
Assume K; > 0 is such that
K — Kl > 0.

Suppose also 0 < a1 < 1is such that
f(x) = a1 (R + K)I
and N .
(1= 5 )1a < (") +Kl) (" (y) + Kl) = H(x,y) < (14 ) L,

Vx,y € By(xp).
We recall that
I ()l <Ky,

so that
(K—Ky)I; <Klg+ f"(x),

and therefore

Vx € By(xp).
Suppose also
f'(x) = f'(y) = Hs(x,y) - (x —),
where Hs(x,y) is a symmetric matrix such that
Hs(x,y) (3!
< BT (2L
and

H5(x,y) Z D(l(K+K1)Id,

Vx,y € Br(x0).
Assume also K > 0 is such that
X1 € By(1-4g) (%0),

Ky = <1 — ZD{]).

X0, X1, ka+1 € Br(xo).

where

Reasoning inductively, suppose

Observe that
X2 — Xp1 = — (F" (1) + KI) 7 (1),

and
X1 — Xk = —(f" (x) + KIg) " f (xe),
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so that
(f" (xk41) + KIg) (X2 — xp1) = —f' (X1,
and

(f" (k) + Klg) (g1 — x5) = —f" (x5).

Hence,

(f" (xg1) + Klg) (g2 — Xk1) = (" (1) + KIg) (g1 — x) — (1) + ' (x),

so that

(kg2 —xes1) = (F(ign) + KL) T (kg1) + Klg) (oer — x0) — £ (1) + £ (3]
= (f"(xis1) + KIg) 7 (F" (k1) + KIg) (i1 — %)
—Hs (xg 11, %) (X1 — )]
= (f"(xr1) + KI) 7 O (kgr) + Kl (g1 — x0)]
—(f" (xk41) + KlIg) ™" Hs (41, %) (i1 — X)
= [H(xk1, %) = (f" (k1) + KIg) ™ Hs (%1, )] (X1 — Xi)- (412)

Observe that

o (Kl + K)Id
aq (f" (xk41) + Kly), (413)

Hs (X41, Xx)

so that
(f" (xks1) + K1) " Hs (i1, ) > g Iy

Consequently, from such results we may infer that

3
Id <1 - ZDq)
&1
I (1 + Z) wqly

H(xps1,x%) — (" (1) + Klg) " Hs (x4, xk)

14 5o\ —
Id(l—zl) —(K—Kl) 1Id H5(xk+1,xk)

L(-5)—u(-3)

Idﬂél

4
0. (414)

v

v Vv

Y

from such results we may infer that

_ 3uq
I, 30) = (" () + K1) s, 50l < (1= 52).

Defining

we have got
16742 = x5l < aollxjer — x5, Vi€ {1, k}
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Therefore
%2 —xjall < aollxjrr — x|
< agllxp— x|
i1
< a)lx = xol- (415)
Thus,
k2 —x1ll = [[¥pg2 = X1 + X1 — - — X2+ x2 — 11|
< kg2 = Xt |+ loeegen = 2l + -+ 2 — x|
K+l
< Y aflxr — xo
=1
0 .
< ) a6||x1 —xo|
=1
= 2 x — xl. (416)
1-— %)
Therefore
[Xks2 —x0ll < [Jxkg2 — %1+ x1 — x0]|
< g2 — x| + [lx1 — xo|
< 20— xofl + %1 — xol
- 1—a
1
= [l 1 — xo|
1-— 2 %]
< 1-—
< 7T ao( &o)r
- 417)
Summarizing,
X2 — X0 <7,
so that

Xk42 € B, (XO).

The induction is complete, so that
X; € By(x0), Vk € N.
From such results we have also obtained
%2 = X[ < wollxes1 — xill, VE €N
Thus, from these results and the Banach fixed point theorem, there exists £y € By (xp) such that
kh_rggo X = Xg.

Hence,
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0 = lim xp . —xg
k—00
= lm (—f"(xk) + KIg) " f (xk)
—00
= —(f"(%0) + KIz) "' f' (%0)- (418)
Since det(f"(£9) + KI;)~! # 0, from this last equation we obtain
f'(%0) =0
The objective of this section is complete.
62.1. Applications to a Ginzburg-Landau Type Equation
Let Q = [0,1]® C R3 and consider a functional F : V — R where
_ . & 4
F(u) = Z/QVu Vudx+4/0u dx
B
-5 /s u? dx — (u, f)2, (419)

where V = H}(Q), f € L*(Q),« >0, > 0and y > 0.
Let u € H}(Q) and ¢ € Hy(Q).
Observe that

O0F(u; ) = 'y/QVu-Vq)dx

uc/nu3qodx—,3/0u(pdx
(¢, f)12- (420)

Consider the problem of finding 1 € H}(Q) such that
8F (ug; ) =0, Yo € H(Q).

Fixing N € N, consider now a mesh in finite elements for (3, where we defined = 1/N and the
related grid
Oy = {(i/N,j/N,k/N) Vi,j,k € {0,1,--- ,N}.

Considering the functional F, we may easily verify the hypotheses indicated in the last section for
the corresponding function Fy : Viy — R in a finite elements context, so that we may obtain a solution
uy : QO = R such that

Fy(un) =0
that is,
—'yV%\]uN + ucu‘;’\, —Pun — fn =0,

where V3, is the finite dimensional operator corresponding to the Laplace operator V2.
Also,
Fi(u) = —yV3 + 3a diag (1) — Iy,
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so that
Fiy(uy) — Ey(ua) = —yVuy +aul — Buy — fy
— (—'yV%\,uz + zxu% — Buy — fN)
= —yVi(u1 —u) + a(uf — u3) — B(ur — up)
= —'yV%\,(ul —up) + 3a (ﬁz) (up —uy) — B(ug — up)
= (—’)/v%\[ + 3w diag 17[2 — ﬁld) (u2 — u1)
= F(a)(u2 —uy) (421)
where (u1); < @; < (u2)j, Vuy,uz € By(up).
From such results, concerning the notation of the last section, we may infer that
Hs(uy,up) = Fy(ii(ug, u))
= V% +3a diag {[() (11, u2))?} — Bl,. (422)
Now fix M, N € N.
Observe that
—'yV%\]uN + au?\] —Bun — fn =0,
and
—'yV%AuM + ocu“;’vl —Bup— fm =0,
so that
—yV2uyn 4 aud; — Bun = fn — YV?un + YV3iun,
and
—V2up + au?w — Bup = fm— YV 2up + ')/V%\]uM.
From these results, we obtain
— YV (un — up) + a(u?\] — ”13\/1) — Bun — up)
= fn—fu— (V2= VR)un +7(V2 = Vium. (423)
Therefore
— V2 (un — upm) + 3a(ufy pp) (un — pg) — Blun — up)
= fn—fu— (V= VR)un +7(V? = Vipum. (424)
so that
(un —um)

= (=yV*+3adiag (@3,y) — Bla) ' (fn = fu — 7(V2 = VR)un + (V2 = Viun),

for some appropriate iipy; N € Br(up).
From such results, since {u } is bounded in H} (QY), for appropriate constants Kg > 0 and Ky > 0,
we may obtain

lun —umlli20 < Kslfn — fmlloga + Ko|| V2 = Vi || + Ko || V2 — V3]
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Let ¢ > 0. Thus there exists Ny > 0 such that if M, N > N, then

S
< 73 7
0,2,Q 2Kg

IfN — fm

2 w2« &
and .

2 _ o2 &
Consequently, if M, N > Ny we have got

lun —umllip0 <e

Therefore, {uy} is a Cauchy sequence in H} (Q) so that there exists iy € H}(Q) such that
un — flp, strongly in H ().

Let 9 € HY(Q).
From such results and from the Sobolev Imbedding theorem, we may infer that

0 = lim (y(Vuyn,Ve)2

+a(uRy, @)z — Blun, @)p2
—(fn,9)12)
= (v {Vio, V)2
+a (i3, )2 — B(do, ) 12
—(fr 9)r2)- (425)

Thus,
Y(Vio, V)2 + a3, @) 12 — Blido, @) 12 — (f, @)z =0,

Vo € Hy (Q)
From this result we may infer that ilj is a weak solution of equation F/(ily) = 0.

63. On the Convergence of the Newton’s Method Combined with a Proximal Formulation for a
General Parabolic Equation

Let ) C R™ be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by o).
Consider the parabolic non-linear equation

%—‘t‘ =eV2u+g(u)+f, inQx(0,T),
u(x,0) = iy, in Q, (426)
u =0, onoQ) x [0, T].

Heree > 0, f € L2([0, T], W'2(Q)) N L™ (Q x [0, T]), fip € HY(Q) N L®(Q), where t denotes time
and [0, T] is a time interval.

Also g : R — R is a continuous function neither necessarily linear nor convex.

We assume there exists » > 0 such that

18" () [leo < Ko,

and
llg(u)llo < K7

d0i:10.20944/preprints202302.0051.v77
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Yu € B,(up), for some K, > 0 and K7 > 0.
Here
By (ug) = {u € H{(QY) : |lu—uo

12,0 < 1’}.

We assume also there exists K; > 0 such that

—Kil; < —eV? — ¢'(u) < Kyly, Yu € B,(up).
Moreover, fixing N € N and defining

T
Aty = —,
NTN

in a partial finite differences context, discretizing in ¢ consider the approximate equation system

Up+1 — Un

A = V241 + §(Uns1) + fu, in Q,
IN

vne{0,1,---,N—1}.
Fix M € N. In a finite elements context for the variable x € R", denoting hy; = 1/M, consider a
mesh with a concerning thickness /1 and a related solution u! of the following system

M M
Mn+1 — Uy

A = Vit +8(nl) + £l in 0,
vne{0,1,---,N—1}.
Here V2, is the operator in a finite elements context corresponding to the Laplace operator V2.
We highlight in the next lines, as the meaning is clear, we may denote simply V3, = V2.

Observe that there exists a not relabeled r > 0, K; > 0 and K, > 0 such that
g’ @™)|| < Ke,

and
—Kil; < —eV3; — ¢ (uM) < Kql,

vuM ¢ B,(ué”), VM e N.
Observe also that there exists Ny € N such thatif N > N, then

K+ 2KyAtn

0 e v
S K+1—KAty

<1

Indeed, we may find a9 € R such that

K+ 2K)Aty

0 P . S
S K+1-KAty

<ap <1, VN > Np.

Let My C N be a sequence such that My < My41, YN € N.

Fix N > Np.

For n = 0, we are going to calculate u; = uiw”’N though the following iterations, which already
include a proximal formulation and concerning linearization.

Set u(l) =uy = u(I)VIN’N,

Having uf, let u\ ™! be such that

u’{“ —uy = evzulﬁlAtN + g(ulf))AtN
+8' (ub) (WS —ub) Aty + ity — KT —uh), “27)
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Here we suppose K > 0 is large enough so that
1 € B (10)-
N
Reasoning inductively, suppose u, u, - - - ,uf*1 € B, r (up), and observe that
ui ™ —ug — eV Aty — g (uf)) Aty
—8'(u )( T Ui Aty — ABEN + KT - )
= 0, (428)
and
ul{+2 — 1y — sz k+2AtN g( k+1))AtN
=8/ (™) (132 — i) Aty — ity + K(uy 2 — gt
= 0, (429)
oo ok
so that for an appropriate 7,
(Id — eViAty — ¢ (k) Aty + KId)( k2 ke
= (=) + g () Aty + Ky ) (! = uf). (430)
Hence,
Hu§+2 _’“§+1H
-1
< H Iy — eV Aty — ¢ (W) Aty + KId) ((—g’(ﬂ’{) + ¢ (U )) Aty + Kld) ‘
| -]
< K+ 2KyAty H“kﬂ —uk”
~ K+1-KAtyll? 1
< ocOHu’l‘H — u’l‘H (431)

Thus, we have got
TP 41 . ‘
™ =l < wolluy™ —wyl, Vi€ {1, K}
Therefore
i+2 j+1 j+1 j
g™ = < ol — |

L
aguy — vy |

IN

IN

1
o) [l — ). (432)
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Thus,
32 =il = ™ = T e x|
< [y = Y T = uf )
k+1 i1 0
<Y agllug —ull
j=1
o 1 0
< Z“é”“l—”l”
j=1
&0 0 0
= 1_%””1—“1”- (433)
Therefore
2 =l < k2 =l ] - )
k
< bt — g || + [lug — )]
X0 0 1 0
< Tl = )+ ff o
1 1.0
= m”%‘”l”
r
1—an)—
< 1—110( &) 57
p
= —. 434
. (434)
Summarizing,
k r
o2 — ) < <,
so that

The induction is complete, so that
uk e By (u}), Yk e N
1 N 0/s °
From such results we have also obtained
k+2 k+1 k+1 k
||u1+ - u1+ I < tx0||u1+ —ujl|, Vk e N.

Thus, from these results and the Banach fixed point theorem, there exists 17 = uiVIN N e B% (u(l))

such that
lim uf = uy = ui\AN’N.
k— o0
5 k1
0 = kll_I)I;lo (”1 U
—eVAE ALy — g(ub)) Aty
—g/ () (kT — k) Aty — ity + K (i — o))
= Uy —Ug— €V2M1AtN — g(ul)AtN — filtn, (435)
so that
Uy —Up

= szul +g(u1) + f1, in Q,
Aty
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Reasoning inductively again having u; € By (uj_1), Vj € {1,-,n} similarly as we have obtained
u1 in the last lines, we may obtain

My,N
Upy1 =u, N € B§(un),

such that
Up+1 — Un

At = €v2un+] +g(1/ln+1) +fn, in Q.
N

The induction on 7 is also complete.
Fixne{l,---,N—1}.

Observe that
”un - uO” = ”un — Uy 1 +Uy_1—Up 2+ - — U+ U — uO”
< ug = upqll + - fJug — uol|
n
< -
= NT’
< r (436)

Summarizing u, € B,(up), Vn € {0,1,--- ,N —1}.
From these results, denoting now more generically u;, = ulynN — ulY, we may infer that there
exists K4 > 0 such that

[uN|| <Ky Vj€{0,1,--- ,N},VN € N.

With a completely analogous reasoning, we may obtain that

[uN 120 <Ry, Vi€ {0,1,--- ,N}LYN €N,

for some K4 > 0.
Define now

t t
(5,0 = 3) (n+ 1= 50 )+l (50— ),

ift € [nAtn, (n+1)Aty], V(x,t) € Q x [0, T].
Observe that
ué\](x,t) = unN(x), ift =nAty, Yne {0,1,--- ,N},

and
ou (x,t)  ull gy —uy
ot a Aty
= VAl + gl )+ fu, (437)

if t € [nAty, (n+1)Aty], Y(x,t) € Q x [0,T].
Fix ¢ € CZ(Q).
Thus, fixing t € [nAty, (n + 1)Aty], we have

aué\l
LZ

el (Vi 1, Vo) 2| + {8 (i3'41), 9) 2]

+[(@, fu) 12|
elluy 1 l20llellza + Kislluy i lizallelhzo + Ksllelizo
Ksll@ll120, Vo € CC(Q), (438)

IN A
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for some appropriate Ks > 0.
Since ¢ € C(Q) is arbitrary, we may conclude that

uniformly in ¢ on [0, T], for some appropriate constant K¢ > 0.
Also, from the definition of u(IJV we have that there exists K7 > 0 such that

N
duy

<
5 < K6,VN €N,

H(Q)

g’

120 <Kz, VYN eN

also uniformly in ¢ on [0, T].
From such results, there exist 1y € L?([0, T], H}(Q2)) and vy € L?([0, T}; H1(Q)) such that

udl — up, weakly in L2((0, T); W*(QQ)),

and
a“(IJV .12 -1
TR weakly-star in L([0, T], H " (Q})),
so that we may easily obtain
0y = 240
07 ot

in a distributional sense.
At this point, we provide more details about this last result.
Fixt € (0,T). Thus, there exists n € {0,1,--- ,N — 1} such that t € [nAty, (n + 1)Aty].
Letp € CX(QAx (0,T)).
From this, we may infer that

oul)
/Q 74)(3@ t) dx
N N

Uy g — Uy
= [ LMok t)d
I Aol ) dx

< S/Q|VunN+1~qu| dx
+ [ 180 o) dx+ [ 1fugl dx
< (Kgllul 120 + K0)ll9lli20
< Kollollza (439)

for some appropriate constants Kg > 0, K9 > 0, Ko > 0.

Hence,
T aué\]
/o /Q—at ¢(x,t) dx dx

K / dt
9 o lloll12,0
Kisllelli2,.0x(0,1), (440)

IN

IN

for some appropriate Ki9 > 0.
Since such a ¢ € C°(Q) x (0, T)) is arbitrary, we may infer that

d0i:10.20944/preprints202302.0051.v77
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N
ou

< Ky,
ot =15

H-1(Qx(0,T))

for N € N, for some Kj5 > 0.
From such a result and from the Banach-Alaoglu Theorem, there exists vg € H~(Q x (0, T))
such that, up to a not relabeled subsequence

Bué\l
ot

"o g ' dx d
/()/(27¢xt—>/()/()voqoxt,

as N — o0, Vo € H{(Q x (0,T)).
On the other hand

— vy, weakly-star in H~1(Q x (0, T)).

Therefore,

149’ llo2,0x(01) < Kie,

VN € N, for some Ki¢ > 0.
From this and the Kakutani Theorem, there exists ug € L2(Q x (0, T)) such that, up to a not
relabeled subsequence,
udl — up, weakly in L2(Q) x (0, T)).

Now fix again ¢ € CX(Q x (0,T)).
Observe that

T T
— I N
/O/Quo(ptdxdt = 1\1113}»/0 /Quoq)tdxdt

) T aué\]

=l e
T

- / / v dx dt, (441)
0 Ja

Since such a ¢ € C°(Q) x (0, T)) is arbitrary, we may infer that

ou
%= 5P

in a distributional sense.
Moreover, from such results we may also obtain, again up to a subsequence,

) oul) dug
H},o/n ot PAx= /Qﬁq’d"'
Vo € H}(Q).

Observe also that, as a consequence of the Rellich-Kondrashov theorem, through appropriate
subsequences, we have

u(l)\]k(t) — ug(x, t), strongly in L?>(Q)), for almost all ¢ € [0, T].

so that, up to subsequences,
ué\]"(t)(x, £) = ug(x, ), a.e. in Q, for almostall t € [0, T].

Here we emphasise the sequence {Ni(t)} C N may depends on t.
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Since g is continuous we have that

g(u glk( (x,t)) — g(up(x,t)), a.e. in Q), for almostall t € [0, T].
Fixt € (0,T).
Let ¢ > 0. From the Egorov Theorem, there exists a closed set F such that m(Q \ F) < ¢ and
ko € N such that if k > kg, then
()W (x, 1)) — g(up(x,£))| < ¢, for almost all x € F.

Let ¢ € CX(Q)). Observe now that

(g(uffk( J(x,1)) = gluo(x, 1)) dx

< [ lgtn) ~ gluo(x, 1)) o] dx
= [LI8g" ) — glunCe ol dxt [ 1805 (x,0) = gluo(x )] ] dx
< [ ellgle dx+ [ 180" (x,) = 8ol )] glxonr dx

IN

Ni(
ll@llcom () + ([lg (") o200 + llg(uo)lloz0)llellosallxarllosn
el|@llcom(Q) + Kot || @llo4,0m(Q\ F)1/*
£ || @llo m(Q) + Kt [l @lloan /%, Vk > ko, (442)

IN A

for some appropriate constant Kp; > 0 which does not depend on ¢.
Since such a & > 0 is arbitrary, we may infer that

/Qg(ué\]"(t))q) dx — /Qg(uo)(p dx, ask — oo,

Yo € CP(Q).
From such results, we have

0 = hm</ lt
k—o0 @)
~ Ne(t)y ) g _/ Ne(t) d)
/Qg(uo Jpdx— | fNg dx
o auo
= /Qﬁ(pdx—i—s/QVuo-V(pdx

~ [ sw)gdx— [ fodx. (443)

Ni(t)

(pdx—i-s/ Vuo V(pdx

so that, from this and by the density of C°(Q) in H}(Q)), we have got

auo
/QW qodx—l—s/QVuo-V(pdx
— [ sw)gdx— [ fgdx =0, vg e H(0), (444)

a.e. on [0, T.
Observe now that
(O x (0,T)) = (02 x [0, T]) U (8[0, T] x ﬁ)
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Letp € CX(QA % (0,T)).

Hence ; N ;
) du dug
dm [0 Spedvai= [ [ Sgdx

From this, since C°(Q) x (0,T)) is dense L2(Q) x (0, T)) we may infer that
g [ et = [ Greaca
Vo € L2(Q x (0,T)).

Let ¢ € C*(Q x [0, T]) such that
¢(x,T) =0, in Q.

From such results, we may obtain

N—>oo/ / ot QD dx dt
. (P . N
1\1]13}30< / / ”0 dx dt /Q up (x,0)9(x,0) dx>

= / /uo 9 4y dt—/ﬂuo(x,o)(p(x,o) dx. (445)

However, since u}Y — 1, weakly in L>(Q x (0,T)), we obtain

1im/ /uo (dedt //uo (dedt
N—o0

From these last results, we may infer that

: g
J g0 ax = tim [ u(x0)p(x,0) ds

= /Quo(x,o) @(x,0) dx, (446)

so that

/Qﬁo(x)cp(x,o) dx = /Quo(x,O)q)(x,O) dx

Vo € C*(Q2 x [0,T]) such that ¢(x,T) =0, in Q.
Therefore, we may infer that 1 (x,0) = p(x) in this specified weak sense.
Similarly, it may be proven that

up =0, onaQ) x [0, T],

in an appropriate weak sense.
Hence, we have obtained that u is a solution, in a weak sense, of the parabolic non-linear equation
in question.

64. Conclusion

In the first part of this article we have developed a relaxation proposal and duality principles
suitable for a large class of models in physics and engineering.

In a second part we develop duality principles for the quasi-convex envelop of some vectorial
models in the calculus of variations.
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We highlight such dual variational formulations established are in general convex (in fact concave).

Finally, in the last sections, we develop mathematical models for some types of chemical reactions,
including the hydrogen nuclear fusion and the water hydrolysis. Among such results, we highlight our
proposal of modeling the Ginzburg-Landau theory in super-conductivity as a two-phase eigenvalue
approach.
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