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Abstract: This article develops duality principles and numerical results for a large class of non-convex variational
models. The main results are based on fundamental tools of convex analysis, duality theory and calculus of
variations. More specifically the approach is established for a class of non-convex functionals similar as those
found in some models in phase transition. Moreover, we develop a general duality principle for quasi-convex
relaxed formulations for some models in the vectorial calculus of variations. Concerning applications of such
results are presented for a non-linear model of plates and for non-linear elasticity. Finally, in some sections we

present concerning numerical examples and the respective softwares.
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1. Introduction

In this section we establish a dual formulation for a large class of models in non-convex optimiza-
tion. It is worth highlighting the main duality principle is applied to double well models similar as
those found in the phase transition theory.

Such results are based on the works of ].J. Telega and W.R. Bielski [1-4] and on a D.C. optimization
approach developed in Toland [5]. About the other references, details on the Sobolev spaces involved
are found in [6]. Related results on convex analysis and duality theory are addressed in [7-13].

Similar models on the superconductivity physics may be found in [14-16].

At this point we recall that the duality principles are important since the related dual variational
formulations are either convex (in fact concave) or have a large region of convexity around their critical
points. These features are relevant considering that, from a concerning strict convexity, the standard
Newton, Newton type and similar methods are in general convergent. Moreover, the dual variational
formulations are also relevant since in some situations, it is possible to assure the global optimality of
some critical points which satisfy certain specific constraints theoretically established.

Among the main results here developed, we highlight the duality principles for the quasi-convex
formulations in the context of the vectorial calculus of variations. An important example in non-linear
elasticity is addressed along the text in details.

Also, for the applications in physics in the final sections, we believe to have found a path to
connect the quantum approach with a more classical one in a unified framework.

Indeed, we have presented a path to model a great variety of chemical reactions through such a
connection between the atomic and classical worlds.

Finally, in this text we adopt the standard Einstein convention of summing up repeated indices,
unless otherwise indicated.

In order to clarify the notation, here we introduce the definition of topological dual space.

Definition 1.1 (Topological dual spaces). Let U be a Banach space. We shall define its dual topological
space, as the set of all linear continuous functionals defined on U. We suppose such a dual space of U, may be
represented by another Banach space U*, through a bilinear form (-,-); : U x U* — R (here we are referring
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to standard representations of dual spaces of Sobolev and Lebesgue spaces). Thus, given f : U — R linear and
continuous, we assume the existence of a unique u* € U* such that

fu) = (u,u*)y,Vu € U. ©)
The norm of f, denoted by || f ||+, is defined as

[ fllur = sup{|(w, u*)ul : [[ullu <1} = [[u*|u- )
uel

At this point we start to describe the primal and dual variational formulations.

2. A General Duality Principle Non-Convex Optimization

In this section we present a duality principle applicable to a model in phase transition.

This case corresponds to the vectorial one in the calculus of variations.

Let Q) C R" be an open, bounded, connected set with a regular (Lipschitzian) boundary denoted
by 0Q).

Consider a functional | : V — R where

J(u) = F(Vuy,--- ,Vun) + G(ug, - -+ ,un) — (u;, hi) 2,

and where

F(Vuq,---,Vuy) = /Qf(Vul,- -+, Vuy) dx
f: RN*" — R is a three times Fréchet differentiable function not necessarily convex. Moreover,
V={u=(u, - ,uy) € WP RN) : u=uyonaQ},

h=(hy, -, hy) € L2(;RN),and 1 < p < +o0.
We assume there exists & € R such that

a = inf J(u).

ueV

Furthermore, suppose G is Fréchet differentiable but not necessarily convex. A global optimum
point may not be attained for | so that the problem of finding a global minimum for | may not
be a solution.

Anyway, one question remains, how the minimizing sequences behave close the infimum of J.

We intend to use duality theory to approximately solve such a global optimization problem.

Define Vo = Wy (Q; RN) and

Vo(u) ={¢p € Vo : supp¢ C B(u)},

where
B(u) ={x € Q : f(Vu(x)) < f(Vu(x))}.

Moreover, Y1 = Y = L2(Q;RN*M) Y, = Y; = L2(O;RN*M) vy = Y; = L2(Q;RN), so that at
this point we define, F; : Vx Vp =R, G1: V=R, G :V =>R,G3:Vy 2 Rand G : V = R, by

K
Fi(ug) = F(Vur+ Yy, Vuy+ Voy) + 5 /Q Vuj - Vu; d

K
+5 [ Ve Vgy dx @)
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and K
Gi(uy, -+ ,up) = G(uy, -+ ,un) + 71 /Q uj uj dx — <ui,fi>L2,
K3
Ga(Vity, -+, Vun) = 5 [ V-V
K>
Go(Vr, -+ Vgn) = 3 [ Vagy- Ve dx,
and K
1
G4(u1,' e ,HN) = 7 /Qu] u]- dx.
Definenow J; : V x Vj — R,
Ji(u,¢) = F(Vu+ Vo) + G(u) — (u, hz’>L2~
Observe that
hw,¢) = F(u,¢)+Gi(u) = Go(Vu) — G3(V) — Gy(u)
< R(u,@) +Gi(u) = (Vu,21) 12 = (V§, 23)12 — (1, 23) 12
+ sup {(01,21) 12 — Ga(v1)}
v1€Yq
+ sup {(02,23) 12 — G3(v2) }
€Yy
+sup{(u,23) 12 — G4(u)}
uev
= R ¢)+Gi(u) — (Vu,z1)p2 = (V§,23) 12 — (4, 23) 12
+G3(21) + G3(22) + Gy (23)
= h(we,z), )
VueV, ¢ cV(u), 25 =(z],25,23) €Y' =Y x Y5 x Y5,
From the general results in [5], we may infer that
inf , = inf (u, ¢, 2%). 5
(u,gb)eer/leo(u)](u 2 (12 €V < Vo (1) XY S, ¢.27) ©)
On the other hand

inf > inf .
L}QV](M) - (u,q))elll;lxvo(u) ]1(14, (P)

From these last two results we may obtain

inf > inf F(u, ¢,2%).
L}IQV](M) - (u,¢,z*)€\1/'r>l<VO(u)><Y* Ji (M ¢:2 )

Moreover, from standards results on convex analysis, we may have

inf i (w,¢,27) = inf{F(,¢) +Gi(w)
—(Vu,z1) 12 = (V¢,23) 12 — (u,23) 2
+G;(21) + G3(23) + G4 (z3)}
= sup {—F(v] +21,¢) = Gi(v; +23) = (V$,z3)2

(v,v3)eCr

+G3(21) + G3(22) + Ga(2z3) ), (6)
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where
C'={v* = (v],v3) € Yy x Y5 : —div(v]); + (v3); =0,Vie {1,--- ,N}},
Fi (v +21,¢) = Sug{@tr —div(zy +07))12 — Fa(u, 9)},
uec
and
Gi (03 +23) = sup{(u, 03 + 23)12 — G1 () }.
ueV
Thus, defining
J2(¢,2",0") = F{ (v1 + 21,¢) — G (03 + 23) = (V§,23) 12 + G (21) + G3(23) + Gi(23),
we have got
f > inf ,
1}2‘/]( ) - (u,gb)IQVXVO J (u (P)
- i f * A 44 *
(1) €V x Vi (1) XY Ji(w, ¢.27)
- ;25*{;250{;‘;3 higze >}} 7
Finally, observe that
inf J(u)
> inf inf sup J5(¢,z*, 0"
Z*GY*{(PGV()(M){U*EIC)* 2(¢ )}}
> su { inf ] z*,v } 8)
v*eIC)* (z* ) EY* X Vo (u 29 K

This last variational formulation corresponds to a concave relaxed formulation in v* concerning
the original primal formulation.

3. Another Duality Principle for a Simpler Related Model in Phase Transition with a Respective
Numerical Example
In this section we present another duality principle for a related model in phase transition.
Let ) = [0,1] C R and consider a functional | : V — R where

2/ 2_12dx 4= /udx (, )12,

and where
V={ucW4Q) : u(0) =0and u(1) = 1/2}

and f € L2(Q).
A global optimum point is not attained for | so that the problem of finding a global minimum for
J has no solution.
Anyway, one question remains, how the minimizing sequences behave close the infimum of J.
We intend to use duality theory to approximately solve such a global optimization problem.
Denoting Vp = W&A(Q), at this point we define, F: V — Rand F; : V x Vj — Rby

_ %/Q((u’)z—l)z dx,
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and 1
_ / N2 1\2
R g) =5 [ (0 +¢) =17 dx.
Observe that
F > inf F , V.
(u) > 4)13/0 1(u,¢), Yu €

In order to restrict the action of ¢ on the region where the primal functional is non-convex, we
redefine a not relabeled
Vo = {<p eWH(Q) ¢ (¢)2—1<0,in Q}

and define also
F:VxVy— R,

F32V><V0—)R

and
G:VxVy—R
by
1 ! / 1
Bag) = 5 (/' + 9P =12 dx+5 [ wPdx—(uf)2
K "2
F(u,¢) = Fz(u,¢)+§/0(u) dx
Ki N2
) (@) dx )
and
K !/
G(u,¢) = E/Q(u)zdx
+% | (9) dx (10)

Denoting Y = Y* = L?(Q) we also define the polar functional G* : Y* x Y* — R by

G (v%v) = sup {(u,0") 2+ (9, 09)12 = G(u, @)}

(M,(P)EVXVO
Observe that
. > . Kok k) * _ * )
Iz G ) = () 4 B(g)

With such results in mind, we define a relaxed primal dual variational formulation for the primal
problem, represented by J; : V x Vp x [Y*]2 — R, where

Ji(u, ¢, 0%, 09) = G*(v", 05) = (u,0%) 12 = ($, 05) 12 + B3 (u, ).

Having defined such a functional, we may obtain numerical results by solving a sequence of
convex auxiliary sub-problems, through the following algorithm (in order to obtain the concerning
critical points, at first we have neglected the constraint (¢')> — 1 < 0 in Q).

1. Set K~ 0.1 and K1 =120.0and 0 < ¢ < 1.
2. Choose (u1,¢1) € V x Vp, such that [|u1][1,00 < 1and [|¢; 100 < 1.
3. Setn = 1.
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4. Calculate (v;;, (v)n) solution of the system of equations:

a]f (unr Pn, 0y, (08)11)

Jou* =0
and
a]‘r(unr()bﬂ/v;;/ (US)H) _ O
v !
that is 3G* (5%, (v))
v, (v
anv* 0 —up =0
wnd 9G* (o3, (@)
o, (0g)n)
v}, Pn =0
so that
«_ 9G(un, Pn)
On = ou
and 2G( )
%\ k u 4
(@) = gy

5. Calculate (141, ¢,+1) by solving the system of equations:

OJF (nt1, Pur1, 05, (V5)n)

ou =0
and . .
a]l (un—i-l/ ¢n+1; (2 (Uo)n) —0
dp
that is
ot aF3(”ngbll/ Pni1) _ 4
and SF
(o) + Slntduit)

6. If max{||un — tty+1]lco, [|Pn+1 — Pnllo} < &, then stop, else set n := n+ 1 and go to item 4.

At this point, we present the corresponding software in MAT-LAB, in finite differences and based
on the one-dimensional version of the generalized method of lines.
Here the software.

T —
1. clear all
m8=300;
d=1/mS§;
K=0.1;
K1=120;
for i=1:m8
uo(i, 1) =i *d/2;
vo(i,1)=i*d/10;
yo(i,1)=sin(i*d*pi)/2;

end;
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k=1;

b12=1.0;

while (b12 > 10~43) and (k < 230000)

k=k+1;

for i=1:m8-1

duo(i,1)=(uo(i+1,1)-uo(i,1))/d;
dvo(i,1)=(vo(i+1,1)-vo(i,1))/d;

end;

m9=zeros(2,2);

m9(1,1)=1;

i=1;

f1=6x(duo(i,1) +dovo(i,1))> - 2;

m80(1,1,i)=-f1-K;

m80(1,2,i)=-1;

m80(2,1,i)=-f1;

m80(2,2,1)=-f1-K1;

y11(1,i) = K* (uo(i +1,1) — 2% uo(i, 1)) /d*> — yo(i, 1);
y11(2,i) = K1 (vo(i +1,1) — 2% vo(i, 1)) /d%;

m12 = 2% m80(:,:,i) — m9 x d?;
mb0(:,;,1)=m80(:,:,i)*inv(m12);

2(:)=inv(m12)*y11(:i)*d?;

for i=2:m8-1

f1=6x(duo(i,1) +dvo(i,1))> — 2;

m80(1,1,i)=-f1-K;

m80(1,2,i)=-f1;

m80(2,1,i)=-1;

m80(2,2,1)=-f1-K1;

y11(1,i) = K* (uo(i +1,1) — 2% uo(i,1) + uo(i — 1,1)) /d*> — yo(i, 1);
y11(2,i) = K1 (vo(i +1,1) — 2% vo(i,1) + vo(i — 1,1)) /d?;
m12 =2+ m80(:,:,i) — m9 x d> — m80(:,:,i) * m50(:,:,i — 1);
mb50(:,:,1)=inv(m12)*m80(:,:,i);

z(:,1) = ino(m12) * (y11(:,i) * d*> + m80(:,:, 1) x z(:,i — 1));
end;

U(1,m8)=1/2;

U(2,m8)=0.0;

for i=1:m8-1

U(:,m8-1)=mb50(:,:,;m8-1)*U(:, m8-i+1)+z(:,;m8-i);

end;

for i=1:m8
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u(i,1)=U(1,1);
v(i,1)=U(2,i);
end;
b12=max(abs(u-uo))
uo=u;

VO=V;
u(m8/2,1)
end;

for i=1:m8
y(i)=i*d;
end;

plot(y,uo)

For the case in which f(x) = 0, we have obtained numerical results for K = 0.1 and K; = 120. For
such a concerning solution 1 obtained, please see Figure 1. For the case in which f(x) = sin(7x)/2,
we have obtained numerical results also for K = 0.1 and K; = 120. For such a concerning solution u
obtained, please see Figure 2.

0.5

04r b

031 b

01 F 1

0.1 . . . . . . . . .

Figure 1. Solution u(x) for the case f(x) = 0.

Remark 3.1. Observe that the solutions obtained are approximate critical points. They are not, in a classical
sense, the global solutions for the related optimization problems. Indeed, such solutions reflect the average
behavior of weak cluster points for concerning minimizing sequences.
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0.5

045 b

04r b

0.35 ]

031 ]

0.25 ]

0.2 ]

0.15 b

04 f 1

0.05 ]

Figure 2. Solution u((x) for the case f(x) = sin(7x)/2.

3.1. A General Proposal for Relaxation

Let 3 C R" be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 0Q).
Consider a functional | : V — R where

J(u) = F(Vu)+ G(u) — (u, f1)2,

where
V= {u e WAORYN) : u=ugon BQ},

up € CH(;RYN),
f1 € L2(Q;RN), G : V — R is convex and Fréchet differentiable, and
F(Vu) = /Q F(Vu) dx,

where f : RN*" — R is also Fréchet differentiable.
Assume there exists N € N such that

W, = {y e RNXM ¢ f(y) <f(]/)} = Ujlile

where foreach j € {1,---,N} W; C RN*" i an open connected set such that dW; is regular. We also
suppose
W; N W, =Q,Vj # k.

Define
W; = {Uj € WSA(Q;RN) ; Voi(x) € Wj, ae. in Q}

and define also

W={v= (01, ,0g) : v; € W;¥j€{l,---,N}and supp vj N supp vy = D,Vj # k}.
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At this point we define
) f(Vu(x) + Voi(x)), if Vu(x) e W;,
s (u(x),0(x)) { F(Vulx)), i Vu(x) ¢ W, an
and
H(u) = 1€r‘1Af/ /Qh5(u,v) dx,
where

W, ={oeW : Vu(x)+ Voj(x) € W, if Vu(x) € W;, ae.inQ, Vje {1,--- ,N}}.
Moreover, we propose the relaxed functional

Ji(u) = H(u) +G(u) = (u, fi)12.

Observe that clearly
inf J;(u) < inf J(u).
uevVv uev

4. A Convex Dual Variational Formulation for a Third Similar Model

In this section we present another duality principle for a third related model in phase transition.
Let Q = [0,1] C R and consider a functional | : V — R where

) = 5 [min{(u =12 (' + 172} dx 5 [ dx— (u frn,

and where
V={uecW?Q) : u(0)=0and u(1) = 1/2}

and f € L2(Q).

A global optimum point is not attained for | so that the problem of finding a global minimum for
J has no solution.

Anyway, one question remains, how the minimizing sequences behave close to the infimum of J.

We intend to use the duality theory to solve such a global optimization problem in an appropriate
sense to be specified.

At this point we define, F: V — Rand G : V — R by

F(u) = %/Qmin{(u’—l)z,(u’—i—l)z}dx

_ 1 N /
— Z/O(u) dx /Q|u\dx+1/2
Fy(u')

(12)

and

G(u) = %/Quz dx — (u, f) 2.

Denoting Y = Y* = L2(Q)) we also define the polar functional Fj : Y* — Rand G* : Y* — Rby

F(v) = 525{<v'v*>L2_P1(0)}

_ %/Q(v*y dx+/0|v*\ dx, (13)
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and
G (")) = sgg{—<u’,v*>Lz —G(u)}
= %/Q((v*)’ + f)* dx — %v*(l). (14)

Observe this is the scalar case of the calculus of variations, so that from the standard results on
convex analysis, we have

inf J(u) = max{~F(v") = G"(~(=")")}.

Indeed, from the direct method of the calculus of variations, the maximum for the dual formulation
is attained at some 9* € Y*.
Moreover, the corresponding solution 1y € V is obtained from the equation

Finally, the Euler-Lagrange equations for the dual problem stands for

{ (0*)" + f' —v* — sign(v*) =0, in Q, (15)

=0
(@)'(0) + £(0) = 0, (@) (1) + f(1) = 1/2,
where sign(v*(x)) = 1if v*(x) > 0, sign(v*(x)) = —1,if v*(x) < 0 and

—1 < sign(v*(x)) <1,

if v*(x) = 0.

We have computed the solutions v* and corresponding solutions 1y € V for the cases in which
f(x) =0and f(x) = sin(mx)/2.

For the solution u(x) for the case in which f(x) = 0, please see Figure 3.

For the solution ug(x) for the case in which f(x) = sin(7tx) /2, please see Figure 4.

0.6

05

031

02

Figure 3. Solution u((x) for the case f(x) = 0.
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0.6

04r b

0.2 ]

01t 1

Figure 4. Solution u((x) for the case f(x) = sin(mx)/2.

Remark 4.1. Observe that such solutions ug obtained are not the global solutions for the related primal
optimization problems. Indeed, such solutions reflect the average behavior of weak cluster points for concerning
minimizing sequences.

4.1. The Algorithm Through Which We Have Obtained the Numerical Results

In this subsection we present the software in MATLAB through which we have obtained the last
numerical results.

This algorithm is for solving the concerning Euler-Lagrange equations for the dual problem, that
is, for solving the equation
{ (0*)" + f' —v* — sign(v*) =0, inQ, (16)
(0")/(0) = 0, (v")'(1) = 1/2

Here the concerning software in MATLAB. We emphasize to have used the smooth approximation
07 =/ (0%)% +en,

where a small value for e; is specified in the next lines.
42404 4 6 56 3 3 3 3 5 5 o e 46 6 5 e S S A A e e AN

. clear all

. mg = 800; (number of nodes)
d=1/ms;

. e1 = 0.00001;

. fori=1:mg

yo(i,1) = 0.01;

Ul W N e

y1(i,1) = sin(r«i/mg)/2;

end;
6. fori=1:mg—1

dy1(i,1) = (i +1,1) =i, 1))/d;

end;
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7. for k =1:3000 (we have fixed the number of iterations)
i=1;
hy = 1/\/vo(i,1)% +ey;
mip =1+d?*hy +d?%
mso(i) = 1/m;

z(i) = mso (i) * (dy1 (i, 1) * d°);
8 fori=2:mg—1

hs = 1/y/v0(i,1)% + ey;

mip =2+ hy *d> +d*> — m50(i — 1);
mb0(i) = 1/myy;

2(i) = mso (i) * (2(i = 1) +dy1 (i, 1) * d?);
end;

9. v(mg,1) = (d/2+z(mg — 1))/ (1 — mso(mg —1));
10. fori=1:mg—1

v(mg —i,1) = msg(mg — i) xv(mg —i+ 1) + z(mg —i);

end;
11. v(mg/2,1)
12. vo = v;

end;
13. fori=1:mg—1

u(i, 1) = (v(i+1,1) —o(i,1))/d +y: (i, 1);

end;

14. fori=1:mg—1
x(i) =ix*d;
end;

plot(x,u(:,1))

B R R S R S SR S g

5. An Improvement of the Convexity Conditions for a Non-Convex Related Model Through an
Approximate Primal Formulation

In this section we develop an approximate primal dual formulation suitable for a large class of
variational models.

Here, the applications are for the Kirchhoff-Love plate model, which may be found in Ciarlet, [17].

At this point we start to describe the primal variational formulation.

Let Q C R? be an open, bounded, connected set which represents the middle surface of a plate
of thickness h. The boundary of (), which is assumed to be regular (Lipschitzian), is denoted by 0Q2.
The vectorial basis related to the cartesian system {x1, xp, x3} is denoted by (a,, a3), where « = 1,2 (in
general Greek indices stand for 1 or 2), and where a3 is the vector normal to (), whereas a; and a; are
orthogonal vectors parallel to Q). Also, n is the outward normal to the plate surface.

The displacements will be denoted by

a= {ﬁa, 123} = fiqa, + fizaz.
The Kirchhoff-Love relations are

g (21, X2, %3) = g (X1, X2) — X3W(X1, X2) &

and ﬁg(xl,xZ,X3) = w(xl,xz). (17)
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Here —h/2 < x3 < h/2 so that we have u = (u,, w) € U where
u = {u = (1, w) € WH2(O;R2) x W22(Q),
ua:w:g—zzoonaﬂ}
= Wy (O R?) x WGP (Q).
It is worth emphasizing that the boundary conditions here specified refer to a clamped plate.
We also define the operator A : U — Y x Y, where Y = Y* = L2(Q;R?2%?), by
Au) = {y(u), k(u)},
Uypt+ U W W,
'Yaﬁ(u) = ) ba + ucz ﬁ/
Ka/g(u) = —Wap-
The constitutive relations are given by
Nacﬁ (u) = Hzxﬁ/\y')//\y (u)/ (18)
Maﬁ(u) = ha/g)wmy(u), (19)

where: {H, B ?\14} and {ha pAn = %Ha BAu }, are symmetric positive definite fourth order tensors. From

now on, we denote {Hyga,} = {Hapry} ' and {Iapry} = {haprn} -
Furthermore {N,p} denote the membrane force tensor and { M,z } the moment one. The plate
stored energy, represented by (G o A) : U — R is expressed by

1 1
(Gom)(u) =5 [ Nup(w)yap(u) dx+ 5 | Mup(u)ap(u) d (20)
and the external work, represented by F : U — R, is given by
F(u) = (w, P)2 + (ua, Pa) 12, 1)

where P,P;, P, € LZ(Q) are external loads in the directions a3, a; and a, respectively. The potential
energy, denoted by | : U — R is expressed by:

J(u) = (GoA)(u) — F(u)

Define now J3 : U — R by
J3(u) = J(u) + Js(w).

where
Kbw —K(b w—1/100)

(
a a

=10 ——d 10/—d.
Js () aln(@ &2 T Tmm e

In such a case fora = 2.71, K = 185,b = P/|P| in QY and
U={uecl : ||w|es<00land Pw > 0a.e. in O},

we get
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As(u) _ 3](”)+a]5(“)
Jw ow ow
_ 90J(u)
NS+ O(E30), (22)
and
Phw) PJ(u) | 9*s(u)
ow2  ouw? ow?
9] (u)
53+ O(850). (23)

This new functional J3 has a relevant improvement in the convexity conditions concerning the
previous functional J.

2
Indeed, we have obtained a gain in positiveness for the second variation aa{g’ !, which has
increased of order O (700 — 1000).
Moreover the difference between the approximate and exact equation

9] (u)
Jw

=0

is of order O(+£3.0) which corresponds to a small perturbation in the original equation for a load of
P = 1500 N /m?, for example. Summarizing, the exact equation may be approximately solved in an
appropriate sense.

5.1. A Duality Principle for the Concerning Quasi-Convex Envelope

In this section, denoting
Vi={¢p=0¢(xy) c WAHQAxQGR?) : ¢ =00nQ x3Q},

we define the functional J; : U x V] — R, where

1 1
B) = Gilfag)) + o {Juag + ) + guny + s} )
—(w, P>L2 — <u,x, P,X>Lz. (24)

where 1
Gi({wap}) = > /Qhaﬁ)\yw,aﬁw,/\y dx

and,
1 1
Go E(u,x,,g +ugy) + Payy + 5Watp
1 1 1
= 20 /Q /Q Huprp | 5 (tap +upa) + Puyy (%, y) + 5watvp
1 1
X <2(uA,y + uA,y) + 4’A,y,,(x/3/) + 2w,/\w,y> dx dy

We define also

({uat, @)= inf  Ji(u,¢),

weWg?(Q)
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and

Js({ua}) = z/)ig\% J2({uat, ).

It is a well known result from the modern Calculus of Variations theory (please, see [18] for details)

that
inf J(u inf J3({uat)-
nfJ0) = ik ()
At this point we denote
Y1 =Y =Y3 =Y = L*(Qx RY)
and
Yo = Y5 = L2(Q x O;R?).
Observe that

J(u)
1 1
= Gi({wap}) + G2 ({ E(u“’ﬁ +ugy) + Pay; + zw,aw,l;}>

—(w, P2 — (ua, Pa) 12
= Gl({w,ﬂcﬁ}) - <w,ocB/Mnxﬁ>L2 + <w,ocﬁ/ Muc[3>L2

1
+@/ / w,a(x), Q(X(x/y) dx dy— <w’P>L2
1 1
|Q| / / sz X, ]/) dx dy—i—Gz({z(ua,ﬁ—i-uﬁ,a) +(P¢X,y/5 -+ Zw"xwr.ﬁ}>
l *
|Q|/ /( uaﬁ+uﬁa)+¢ay5+2waWﬁ> vaﬁ(x,y) dx dy

1 *
IQI / / ( (ttap + ) + Py + 2“’”’5) Uap(%,y) dx dy — (ua, Pa) 2
onf { ((v3)ap, Mag) 12 + G1((v3)ap) }

+ inf( ){( apr Magp L2+|Q|// x) Qu(x,y) dx dy — (w, P)| }

v

weWO
e st
1
+ inf { ( Uy g+ U + + x,y)(v X, )
(vz{ua})EszWéz(QRz |Q|// “p [M) (P“yﬁ 2( )( y)( Z)ﬁ( y)

X3 (0 y) dxdy — Gua, Pz + ey @) Quly) dx dy}
> GH(M) - - v, dx dy — Hopru0sg0s, dx d 25
= - 1( )_2|Q|/Q/Q(vaﬁ) Q”‘ Qﬁ X y_2‘0| /Q/Q aﬁAyvaﬁvAy xay, ( )
Vuel, (M,Q) € C*,v={v,s} € A* where A* = A} N A3 N B*,

A7 = {{vgg} €Y7 1 (03p)y, =0, inQ},

* * * 1 *
A2 = {{leﬂ} (S Yl : ﬁ </Q leﬂ dy)
X

= {{vzﬁ} S E {v;ﬂ(x,y)} is positive definite in () x Q}

+m—am0}
B
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and
C*Z{(M,Q)€Y§XY2* : M:X,B,:xﬁ_</Qthdy> —P:O,inQ}.
X
Also )
{ois) = {oie}
and
{Hapru} = {Haprn}
in an appropriate tensor sense.
Here it is worth highlighting we have denoted,
Gi(M) = sup {{(v3)ap, Map);2 — G1(v3)}
U3€Y3
1 /-
= 3 /Q hzxﬁ)\yMa,BM/\y dx, (26)
where we recall that
{Raprn} = {haprn} ™"
in an appropriate tensorial sense.
Summarizing, defining J* : C* x A* — Rby
* * * 1 %
F(MQ) = ~GiM) g [ [ (075) Qe Qp dxdy
1 T * *
7@/0/01_1"‘/5”0"‘/502‘” dx dy, (27)

we have got

lnf ](M) Z Sup ]*((M/Q)/U*)
et ((M,Q),0*)eC* x A*

Remark 5.1. This last dual functional is concave and such a concerning inequality corresponds a duality
principle for the relaxed primal formulation.

We emphasize such results are extensions and in some sense complement the original duality principles in
the works of Telega and Bielski, [1-3].

Moreover, if ((Mo, Qo),v;) € C* x A* is such that

6] ((Mo, Qo),vp) = 0,

it is a well known result from the Legendre transform proprieties that the corresponding (up, ¢p) € V x Vp
such that

(WO),zxﬁ = EDC,B/\# (MO)/\]U

and

(08)ap = Hﬂﬁ)\((uo)w 72L (10) 0 N (P0) Ay, ;L (90) N ;(UZO)A(UZO)y>/

(US)rxﬁ,yﬁ =0,
is also such that
5]1 (uOI 4)0) =0

and

J1(uo, o) = J*((Mo, Qo), vp)-
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From this and
infJ(w) = inf  J(wg)>  swp  J((M,Q),07),
ueV (u,p)eVxVy ((M,Q),v*)};C*XA*
we obtain
7 = i f 4
J1(uo, ¢0) o Ji(u, @)
= sup J*((M,Q),v")
((M,Q),0*)€C*x A*
= J*((Mo, Qo),vp)
= InfJ(u). (28)

Also, from the modern calculus of variations theory, there exists a sequence {u,} C V such that

uy — ug, weakly in'V,

and
J(un) — J1(uo, o) = inf J(u).
ueV
From this and the Ekeland variational principle, there exists {v, } C V such that
[un —oully < 1/n,
J(vn) < inf J(u) +1/n,
ueV
and
6] (vn) ||y < 1/n, Vn €N,
so that
vy — ug, weakly in 'V,
and

J(vn) = J1(uo, ¢o) = 32{,](”)-

Assume now we are dealing with a finite dimensional version of such a model, in a finite elements of finite
differences context, for example.
In such a case we have
v, — ug, strongly in RN

for an appropriate N € N.
From continuity we obtain

6] (vn) — 6] (ug) =0,
](Un> _>]<u0)'

Summarizing, we have got
J(up) = inf J(u),
ueV

6] (uo) = 0.

Here we highlight such last results are valid just for this finite-dimensional model version.
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6. A Duality Principle for a Related Relaxed Formulation Concerning the Vectorial Approach in
the Calculus of Variations

In this section we develop a duality principle for a related vectorial model in the calculus of
variations.

Let 3 C R” be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 02 =T.

For 1 < p < 400, consider a functional | : V — R where

J(u) = G(Vu) + F(u) = (u, f)12,

where
V= {u € Wl'p(Q;]RN) D U= 1ugon BQ},

ug € CH(Q;RN) and f € L2(Q;RN).
We assume G : Y — Rand F : V — R are Fréchet differentiable and F is also convex.
Also

G(Vu) = /Qg(Vu) dx,

where ¢ : RN*" — R it is supposed to be Fréchet differentiable. Here we have denoted Y =
LP(Q; RN>m),
We define also J; : V x Y7 — R by

I, ¢) = Gi(Vu+ Vyp) + F(u) = (u, f)12,

where
Y, = WP (Q x O;RYN)

and

Gi(Vu+ V) = i [ [ 8(Tux) + V() dxdy.

Moreover, we define the relaxed functional J, : V — R by

Jo(u) = inf Ji(u,¢),

LI

where
Vw={¢eY; : ¢(x,y) =0, onQ x O }.

Now observe that

hwg) = Gi(Vut Vo) + ) = {u )y
= |(1)|/Q/Qv*(X,y)-(Vu+Vy¢(x,y)) dy dx + G1 (Vi + V)

+|10| /Q /Q v (v, y) - (Vu+Vyp(x,y)) dy dx + F(u) = (u, f)r2

vié‘ﬂ{_@ /Q /Q v (x,y) - o(x,y) dy dx + Gl(v)}

{|(1)|/Q/Qv*(x,y)-(Vu+Vy¢(x,y))dydx+F(”)—<”rf>L2}

Y

+ inf

(U,(P)EVXVO
. 1 «

= —G{(v")—-F" (dlvx<|0| /Qv (x,y) dy) +f>

1
— * r 2
+|Q| aO(/Qv(x,y)dy)@nuod, (29)
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V(u,¢p) € Vx Vy,v* € A*, where
A" ={v"eY; : div,o*(x,y) =0, inO}.

Here we have denoted

Gi(v*) = Sup{|10| /Q/Qv*(x,y) -o(x,y) dy dx — Gl(v)},

veY)

where Y, = LP(Q x O; RN*") Y3 = L1(Q) x O; RN*"), and where

1.1
Poq

Furthermore, for v* € A*, we have

F* (divx (Kl)'/nv*(x,y) dy) +f> - |10| o (/Q v (x,y) dy) ® nug dT

1 *
N (v,q)?lel\I/)xVO{_w /Q ,/Qv (x,y) ) (Vu + Vy(P(}{,]/)) dy dx — F(u) + <u,f>L2}, (30)

Therefore, denoting J3 : Y5 — R by

(%) = =Gt~ F* (dive( [ o' omy v ) ) gy [ (o Gow ) @ mag

we have got

] > * * .
inf J2(u) 2 sup J3(v)

Finally, we highlight such a dual functional J3 is convex (in fact concave).

6.1. An Example in Finite Elasticity

In this section we develop an application of results obtained in the last section to a model in
non-linear elasticity.

Let O C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 9Q).

Concerning a standard model in non-linear elasticity, consider a functional J : V' — R where

J (u)

1 wiit+uj;i 1 U +uj;i 1
= 3 /Q Hij (112]1 + 2”m,i”m,j> (211 + zum,k”m,l) dx
—(ui, fi)2 (31)

where f € L>((;R3) and V = W&’Z(Q; R3).

Here {H;jy; } is a fourth-order and positive definite symmetric tensor (in an appropriate standard
sense). Moreover, u = (u1,up, u3) € V is a field of displacements resulting from the f load field action
on the volume comprised by ().
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At this point, we define the functional J; : V x V; — R, where
Ji(u, ¢)
y (uk,l er ik Pry, ;‘PL]/k n %(um,k + Py, ) (tt + me,yz)) dx dy
—(ui, fi) 2, (32)

where
Vi={pecW?Qx QR : ¢=00n0Qx 3O}

We define also the quasi-convex envelop of ], denoted by Q; : V — R, as
= inf ).
Qy(u) nf Ji(u, ¢)

It is a well known result from the modern calculus of variations theory (please see [18] for details),
that

inf J(u) = inf Q(u).

Observe now that, denoting Y7 = Y = L2(Qx R, Y, = Y; = L2(Q x O;R3), and

upit+up; Py Py 1
o (M55 P 2 s o)+ )

1 wij+upi Py Ty 1
= 30| /Q/QHW( 5 T 5 (i Py ) (i + Py)

U +upe  Pry, T, 1
X ( 2 + e 2 L + E(um,k + 4)"1,yk)(”m,l + (Pm;yl) dx d]/ (33)

we have that

]1(”1 ¢)

upit+u; o Py TPy 1
= G1< Y > Iy 5 + 2(”m,i+¢m,yi)(”m,]'+¢mrw)> = {ui, fi)i2

1 upit+ui; Py TPy 1
= ’m‘/ﬂ/g( 1]2 ]Z+ ]2 +z(umli+¢m,yi)(um,j+¢m,yj))0}j dx dy

Wb Pyt Oy 1
(1 Py g )

1 Ujj+ Uj; Piy;, + Py 1
+@ /Q /Q< > + — 5 + E(um,i + Pmy;) (m,j + Pmy;) |0 dx dy — (ui, fi) 2

. 1

= Jé‘yfl{mfg/ﬂvif‘fﬁ dx dyGl({vij})}
+-f7L//()~Q~dd+i// 1(()())dd

0;21/1 |Q‘ o 002 ij Kij ax dy |Q| aJa 0'1]2 02 )mi(02)mj x dy
i 1 o (it Py Py .
+ (u,zp)lg;xvl{ Q] /Q /Q(UZ] + QZ])< 2 + 2 dx dy — (uj, fi) 2
1 _
> _72|Q|/0/0Hijkl (Tl']‘O’kl dxdy

1 _
1] /Q i Qmi Quk dx dy, (34)
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V(u,p) € VxVy,(0,Q) € A*, where A* = ATNA;N A},

AT = {(U',Q) € Yl* X Yl* s Tijy; + Qij,yj =0,inQx Q}

A;:{(U,Q)EYI‘XY{‘ : |10|</0(‘7ij) dy>xv+|(1)|</0(Qij) dy>x4+fi=0,inﬂ},

]

A3 ={(0,Q) € Y] x Yy : {0jj} is positive definite in Q) x Q}.

Hence, denoting

* 1 - 1 _
J*(0,Q) = —m/o/QHijkl 0ij Ot dx dy — m/ﬂ/ﬂ% Qmi Quk dx dy,

we have obtained

inf J(u) > sup J*(c,Q).
ueV (U,Q)GA*

Remark 6.1. This last dual functional is concave and such a concerning inequality corresponds a duality
principle for the relaxed primal formulation.

We emphasize again such results are also extensions and in some sense complement the original duality
principles in the works of Telega and Bielski, [1-3].

Moreover, if (09, Qo) € A* is such that

0J* (00, Qo) =0,

it is a well known result from the Legendre transform proprieties that the corresponding (ug, ¢p) € V x Vp

such that P— .
U + Uk k, 1,
(00)ij = Hijua ( >+ % 7 e 5 (e & ) (it + 4’m1y:)>

and

(Qo)ij = (00)im (v29) mjs
is also such that
ST1(uo, o) =0

and
J1(uo, o) = J* (00, Qo).
From this and
ulg‘f/l(u) = (m)léléxvl Ji(u, ¢) > (;IQA)%*I (7,Q),
we obtain
Ji(uo, ¢0) = (W)igf/wl]l(ur(l’)
= sup J(c,Q)
(0,Q)eA*
= J*(00,Qo)
= inf J(u). (35)

ueV
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Also, from the modern calculus of variations theory, there exists a sequence {u, } C V such that

uy — ug, weakly in 'V,

and
J(un) = J1 (1o, o) = inf J(u).
ueVv
From this and the Ekeland variational principle, there exists {v,} C V such that
[ttn = vnllv < 1/n,
<
J(vn) < 52‘5](”) +1/n,
and
6] () ||y < 1/n, Vn €N,
so that
v, — ug, weakly in'V,
and

J(vn) — J1(ug, ¢o) = Jg‘f/](”)-

Assume now we are dealing with a finite dimensional version of such a model, in a finite elements of finite
differences context, for example.
In such a case we have
vy — g, strongly in RN

for an appropriate N € N.
From continuity we obtain

6] (vn) — 8] (uo) = 0,
J(vn) = J(uo).

Summarizing, we have got

J(ug) = inf J(u),

ueV
6] (up) = 0.

Here we highlight such last results are valid just for this finite-dimensional model version.

7. An Exact Convex Dual Variational Formulation for a Non-Convex Primal One

In this section we develop a convex dual variational formulation suitable to compute a critical
point for the corresponding primal one.

Let Q C R? be an open, bounded, connected set with a regular (Lipschitzian) boundary denoted
by 0Q.

Consider a functional | : V — R where

J(u) = F(uy, ”y) —{u, )2,

V = W,%(Q) and f € L2(Q).
Here we denote Y = Y* = L2(Q)) and Y; = Y; = L2(Q) x L2(Q)).
Defining
Vi={ueV : [ulie <K}
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for some appropriate K; > 0, suppose also F is twice Fréchet differentiable and
0°F(uy, uy)
det k 0,
€ { 801602 7&
Yu € V.
Definenow F; : V — Rand F, : V — R by
— £ 2 d € 2 d
Fy(ux, uy) = F(uy, uy) + E/qu X+ E/Quy X,
and . .
_ 2 2
B (uy, uy) = 3 /qu dx + 5 /Quy dax,
where here we denote dx = dxdx,.
Moreover, we define the respective Legendre transform functionals Fj and F; as
Fi (v") = (v1,07) 12 + (02,03) 12 — F1 (01, 02),
where v1,v, € Y are such that
o — 9f(v1,0)
1 avl !
x aPl(Ul,Uz)
27 T 50,
2
and
Fy (") = (01,01 + fi)12 + (v2,03) 12 — Fa2(01,02),
where v1,v, € Y are such that
05 (01, v2)
* —
Ul +f1 == 801 s
ZJ* _ aPz(”Ul,”Uz)
2 avz ’
Here f; is any function such that
(fl)x = f, in Q.
Furthermore, we define
J'(©%) = —H(@)+E(@)
1 1
T (v") + % Q(vl + f1)°dx+ P Q(vz) dx (36)

Observe that through the target conditions
0] + f1 = ey,

vy = ey,

we may obtain the compatibility condition

(01 + fi)y = (v2)x = 0.


https://doi.org/10.20944/preprints202302.0051.v80

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 4 June 2024 d0i:10.20944/preprints202302.0051.v80

25 of 299

Define now
A" ={v" = (v],v3) € B,(0,0) CY{ : (0] + f1)y — (v3)x =0, inQ},

for some appropriate ¥ > 0 such that J* is convex in B,(0,0).

Consider the problem of minimizing J* subject to v* € A*.

Assuming r > 0 is large enough so that the restriction in r is not active, at this point we define the
associated Lagrangian

Ji (@ @) =T (0°) + (¢, (01 + f)y = (02)x) 12/

where ¢ is an appropriate Lagrange multiplier.
Therefore

R = ~F )+ [+ AP dxs o [ (092 dx
e, (07 + )y — (03)a)re @)

The optimal point in question will be a solution of the corresponding Euler-Lagrange equations
for J;.
From the variation of J{ in v] we obtain

COF (@) uitf de _

907 . 3y 0. (38)
From the variation of J{ in v; we obtain
aF* * *
_OH (@) v L 9% o, (39)

Jv; € ox

From the variation of J{ in ¢ we have

(01 + f)y — (v3)x = 0.

From this last equation, we may obtain 1 € V such that

vl + f = €uy,
and
vy = elly.
From this and the previous extremal equations indicated we have
aF* *
9K (v ) ux—a—q)—O,
dv] ay
and 9E (") 5
_oh\w 99 _
303 +uy + o 0.
so that aE, )
1(Ux — @y, Uy + @x
v+ f = 01 ,
and

o — OF; (ux — @y, uy + @x)
2= 802 ’
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From this and equation (38) and (39) we have
. <8Fl*(v*)> . (aFl*(v*)>
Jv} N dv; y
+(v1 + f1)x + (03)y
= —elyy — Elyy + (0])x + (vﬁ)y +f=0. (40)
Replacing the expressions of vi‘ and vz into this last equation, we have
JdF, — @y, JdF — @y,
ety — ity + ( 1(ux a(Py “y+<Px)> n ( 1 (1 a(Py ”y+¢x)) +f=o,
01 x 02 v
so that oF oF
< (s = @y tty (’)")> + ( (s = Py tty & (P")) +£=0,in0Q. (41)
8"01 x 8”02 y
Observe that if

Vip=0

then there exists #i such that u and ¢ are also such that

ux_Qy:qu

and
Uy + @x = ily.
The boundary conditions for ¢ must be such that #I € WS’Z .
From this and equation (41) we obtain
oJ() = 0.

Summarizing, we may obtain a solution & € W&’Z of equation 6] (i1) = 0 by minimizing J* on A*.

Finally, observe that clearly J* is convex in an appropriate large ball B,(0,0) for some appropri-
ater > 0.

8. Another Primal Dual Formulation for a Related Model

Let QO C R3 be an open, bounded and connected set with a regular boundary denoted by 9.
Consider the functional | : V — R where

J(u) = %/QVqudx—i—%/Q(uz—,B)zdx
—(u, f) 12, (42)

€>0,8>0v>0,V=W*Q)and f € L*(Q).
Denoting Y = Y* = L2(Q)), definenow J; : V x Y* — Rby

Ji(w,v5) = —%/QVM-Vde—(MZ,US>L2
K
+71 /Q(—'yvzu—i—ngu—f)z dx + (u, f)2
1 *\2 *
+ﬂ/ﬂ(vo) dx—i—,B/Qvo dx, (43)

Define also
AT={ueV :uf>0 ae inQ},
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Va={ueV : [lullo < Ks},
and
Vi=Wn AT
for some appropriate K3 > 0 to be specified.
Moreover define
B ={og € Y" : [loglleo < K}
for some appropriate K > 0 to be specified.
Observe that, denoting
¢ =—yVu+205u—f
we have 2px( )
0”1 (u, v 1 2
—V 0 Z 4K
9(vg)? g T
] (u, v5) :
18u2 00 = 4V2— 205 + Kl(—’yVZ + 27)0)2
and 2 )
O (wvp) _ 2 \
W = Kl (2(;) + 2(—7V u—+ 2'00“)) —2u
so that
det{6%]; (,95)}
2
I s N I e L))
o(v})? du? uovj
B Ky (—yV?+205)? B YV2 + 208 + dau?
B w it
—4K29? — 8Ky p(—yV? + 208 )u + 8Ky pu
+4Ky (—yV2u + 205 u)u. (44)
Observe now that a critical point ¢ = 0 and (—yV?u + 205u)u = fu > 0in Q.
Therefore, for an appropriate large K; > 0, also at a critical point, we have
det{&?]; (u,v%)}
2 _ VZ 20* 2
- 4K1fu—%(u)+K1W>0. (45)

Remark 8.1. From this last equation we may observe that i has a large region of convexity about any critical
point (uo,d}), that is, there exists a large r > 0 such that ] is convex on B, (ug, 9;)).

With such results in mind, we may easily prove the following theorem.
Theorem 8.2. Assume Ky > max{1, K, K3} and suppose (ug,0;) € Vi x B* is such that
01 (uo,9y) = 0.
Under such hypotheses, there exists r > 0 such that ] is convex in E* = By (uo,9;) N (V4 x B¥),

0] (ug) =0,
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and

—J(uo) = J1(uo,99) = inf Ji(u,vp).
(u,05)€E*

9. A Third Primal Dual Formulation for a Related Model

Let O C R® be an open, bounded and connected set with a regular boundary denoted by 9Q).
Consider the functional | : V — R where

J(u) = %/QVM~Vudx+%/Q(u2—[3)2dx
—(u, f)12, (46)

«>0,B>0,7>0,V=W>Q)and f € L2(Q).
Denoting Y = Y* = L?(Q), definenow J; : V x Y* x Y* — Rby

Ji(u,v5,07) = Z/QVu Vudx+2 QKu dx
] 1 (01)
_<u,vl>L2+§/ﬂ(_2US+K) dx
1 « o 02 g\y2
F3ae) Jo 8 R = )t (w1

—% /0(03)2 dx—/a/ﬂvg dx, 47)

where ¢ > 0 is a small real constant.
Define also
AT ={uecV :uf>0 ae inQ},

Va={ueV : |ullo <Ks},

and
Vi=V,NA"

for some appropriate K3 > 0 to be specified.
Moreover define
B = {oj € Y" ¢ [loj e < K}

and
D* = {oi € Y* : [loi]l < Ks},

for some appropriate real constants K4, K5 > 0 to be specified.

Remark 9.1. Define now
Hy(u,v) = —yV? + 20} + 4au?

For an appropriate function (or, in a more general fashion, an appropriate bounded operator) My define
Bf = {vy € B* : 2v5+ My > ¢},

for some small parameter €1 > 0.

Moreover, define
E*={ueVy : Vialu| > \/|M; + yV2|.
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Since for (u, vy) € Vi x Bj we have u f > 0, in Q, so that for uq,up € Vi we have
sign (uy) = sign (up) in Q,
we may infer that E* is a convex set.
Moreover if (u,v§) € E* x B}, then
Vaalu| > \/|M; + vV?|
so that
dau? > My + 'yVZ
and
205+ M1 > &
50 that
Hy(u,vp) = —'sz + 203 +dau® > .
Such a result we will be used many times in the next sections.
Observe that, defining
¢ =05 —a(u? —p)
we may obtain
O*Ji (u, v5, 07) 2 & 4,2 «
— = K+ —4u” -2
ou? A +vc+su Pute
az]f(u, vg, %) B 1
o(vy)? © 205 +K
and )
Pri(nop01)
oudvj
so that
32]*(14 ok U*)
d t 1 770771
¢ { oudv]
2
_ (w05, 05) 03 (0, vp) 02J5 (u, v}, v3)
N 0(v5)? ou? 019V}
I A AR L Ty R
B —2v5 +K
= H(u,v}). (48)

However, at a critical point, we have ¢ = 0 so that, for a fixed vy € B* we define the non-active
but convex restriction

()3 ={ueVi: (9 <e},

for a small parameter £ > 0.
From such results, assuming K > max{K3, K4, K5}, and 0 < ¢ < €1 < 1, we have that

H(u,v3) >0,

forv; € By andu € E* N (C1):§6.
With such results in mind, we may easily prove the following theorem.
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Theorem 9.2. Suppose (ug, 035,0;) € (E* N (Cl)j;a) X D* x By is such that
01 (uo,97,05) = 0.
Under such hypotheses, we have that
6] (ug) =0
and
uy) = inf u
J (uo) el J(u)
= Ji(uo, 01, %)
= inf sup Ji(u,07,05)
(u,UT)G(Cl);SXD*{vgeg* I }
— sup inf Ji(u,07,00) . (49)

vgeB | (1o1)E(Cr)5 XD
Proof. The proof that
6] (ug) =0
and
J(uo) = Ji (10,91, 9p)
may be easily made similarly as in the previous sections.
Moreover, observe that for K > 0 sufficiently large, we have

az]i‘(uo, o3, v5)
9(v)?

so that this and the other hypotheses, we have also

<0, Yoy € B*

T (ug, 93,05) = inf T (u, v, 0
1 (10,7, 95) (o) e(Cr )z, D" 1(u,07,0p)
0

and
Ji (uo,1,89) = sup Jy (uo, 97, 0)-
vy €B*
From this, from a standard saddle point theorem and the remaining hypotheses, we may
infer that

J(uo) = Ji(uo,97,%5)

= inf { sup Ji(u, vi‘,vé)}

(u,v’l‘)e(Cl);f]a x D* ‘USGB*

= su inf T (u,05,08) b 50)
0661;* (”'UT)G(Cl)%XD* 1 1790
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Moreover, observe that

“(ug, 0%,05) = inf “(u, v, 0
Ji (uo, 97, 9p) (u,vT)E(Cl)Z*XD*h< /01, 0p)
0

z/ Vu~Vudx+5/ u? dx
2 Ja 2 Ja

ok K
+<u2,vo)Lz—E/Qu2 dx

1 A%\ 2 ok
—ﬂ/n(vo) dx ﬁ/ﬂvodx

+2(Dcl+€) /0(773 —a(u®—B))2dx — (u, f);2

IN

IN

sup {g/QVu-Vu dx + (u?,v})

*
pEY*

1 *\ 2 *
_EA)(UO) dx ,B/Qvo dx
1

are) /Q(vé —a(u? — ) dx — <u,f>L2}

= %/QVqudx—i—%/Q(uz—‘B)zdx
~{u, fhiz, V€ (1) o)

Summarizing, we have got

J(uo) = Ji(uo,07,05) < inf  J(u).
uE(Cl)ZS

From such results, we may infer that

J(up) = inf J(u)

”e(cl),%
= Ji(uo, 07, 0p)

— inf { sup J;(u, vi‘,vé)}

(u,zzi‘)e(Cl);f]6 x D* 5B

*
0,

= sup{ in mu,vr,vm}. 52)

vjeb | (we)e(Ca)g <D*

The proof is complete. [

10. An Algorithm for a Related Model in Shape Optimization

The next two subsections have been previously published by Fabio Silva Botelho and Alexandre
Molter in [8], Chapter 21.

10.1. Introduction

Consider an elastic solid which the volume corresponds to an open, bounded, connected set,
denoted by Q C R3 with a regular (Lipschitzian) boundary denoted by 9Q = To UT; where Ty N T; = @.
Consider also the problem of minimizing the functional | : U x B — R where

X 1 1 "
J(u,t) = 5w, fi) 2 () + 5 i fid 12 r)
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subject to
(Hijp (t)ew (1)) + fi = 0in Q,
(53)
Hijkl(t)ekl(u)nj - fl = 0/ on rt: Vi e {1/ 2/3}

Here n = (19,12, n3) denotes the outward normal to 0Q) and

U = {u=(uy,upuz) € WAHQR3) : u=(0,0,00=00nTp},

B= {t : 3 — [0, 1] measurable : / f(x) dx = t1|0|},
o)

where
0<th <1

and |Q)| denotes the Lebesgue measure of Q.

Moreover u = (uy,up, u3) € W 2(Q; R3) is the field of displacements relating the cartesian system
(0, x1, x2, x3), resulting from the action of the external loads f € L?((Q); R3) and f € L2(T;R3).

We also define the stress tensor {0j;} € Y* =Y = L?((; R¥*3), by

0ij(u) = Hija (t)e (u),

and the strain tensor e : U — L2(Q; R3*3) by

1 .
eij(u) = 5 (wij+uj), Vi j €{1,2,3}.

Finally,
{Hiju(t)} = {tHj, + (1 = ) Hj},

where H corresponds to a strong material and H' to a very soft material, intending to simulate voids
along the solid structure.

The variable ¢ is the design one, which the optimal distribution values along the structure are
intended to minimize its inner work with a volume restriction indicated through the set B.

The duality principle obtained is developed inspired by the works in [1,2]. Similar theoretical
results have been developed in [7], however we believe the proof here presented, which is based on
the min-max theorem is easier to follow (indeed we thank an anonymous referee for his suggestion
about applying the min-max theorem to complete the proof). We highlight throughout this text we
have used the standard Einstein sum convention of repeated indices.

Moreover, details on the Sobolev spaces addressed may be found in [6]. In addition, the primal
variational development of the topology optimization problem has been described in [7].

The main contributions of this work are to present the detailed development, through duality
theory, for such a kind of optimization problems. We emphasize that to avoid the check-board standard
and obtain appropriate robust optimized structures without the use of filters, it is necessary to discretize
more in the load direction, in which the displacements are much larger.

10.2. Mathematical Formulation of the Topology Optimization Problem

Our mathematical topology optimization problem is summarized by the following theorem.

Theorem 10.1. Consider the statements and assumptions indicated in the last section, in particular those
refereing to Q) and the functional | : U x B — R.
Define ] : U x B — Rby

]1(”/t) = _G(e(”)/t) + <ui/fi>L2(Q) + <ui/ﬁ'>L2(rt)/
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where .
Gle(u),t) = 5 [ Hyu(t)ey(w)en(w) dx,
and where
dx = dx1dxdxs.
Define also J* : U — R by
J*(u) = inf{J1(u,t)}
teB
= Inf{—Gle(u), t) + (ui, fi) o) + (i fi) 2y - (54)
Assume there exists ¢y, c1 > 0 such that
Hz(‘)jklzijzkl > C0ZijZij
and
Hiljklzz-]-zkl > c1zijzij, Vz = {z;j} € R3*3, such that z # 0.
Finally, define ] : U x B — R U {+oo} by
J(u,t) = J(u,t) + Ind(u,t),
where
)0 if (u,t) € A%,
Ind(u, t) = { +o00, otherwise, (55)
where A* = A1 N Ay,
Ay ={(u,t) eUxB : (;i(u)),;+ fi=0,inQ, Vie {1,2,3}}
and
Ay ={(ut) €U x B : oy(u)n;— f; =0, on T}, Vi € {1,2,3}}.
Under such hypotheses, there exists (g, tg) € U X B such that
1 = inf "
J(uo, to) (u,t)lglle](u )
= sup /(i)
ael
= ] (uo)
J(uo, to)
= inf  G*(o,t)
(t,or)eBxC*
= G*(O'(uo),fo), (56)
where
G*(o,t) = sup{(vy,0ij)12(0) — G(v, 1)}
veY
1 —
= 3 /Q Hijx (t)0ijon dx, (57)

{Hiju (1)} = {Hija (t)} !
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and C* = C1 N Cy, where
C = {0’ cY* : Uij,j+fi =0,inQ), Vie {1,2,3}}
and
C = {0’ ey : oijn; *fi =0,only Vie {1,2,3}}.
Proof. Observe that
it 0D = ot e f>}
= {ueu inf / Hiji (t)eij (u)ex (1) dx
’2 Hl]kl( )ekl( )) +fl>
—(fi, Hijra () ex (u)nj — fi>L2(1"t)}}}
. ) 1
= ?25{225{5251{2/ Hijr (t)eij(u)ex (1) dx
/ Hijp (t)eij () ex (u) dx
+ (i, fi)12(0) + <uirfi>L2(l"t)}}}
= ;gg{ilelg{ /QHijkz(f)eij(ﬁ)ekl(ﬁ) dx
(@, fid 12y + (i, fi) 12ry }}
= inf? inf G* .
gm0} 8
Also, from this and the min-max theorem, there exist (1o, fg) € U x B such that
inf )y = f t
iyt 1) %Qg{i‘ggfl(“ >}
= sup{lnf J1(u, t)}
uelr L€B
= Ji(uo, to)
= o)
= J"(uo). (59)

Finally, from the extremal necessary condition

9]1(uo, to)

ou =0
we obtain
(Hijw (to)ew (0)) j + fi = 0in Q,
and
Hij(to)ew (uo)nj — fi = 0onTy, Vi € {1,2,3},
so that

—_

Gle(wo)) = 5 {(0)i bz + 5 (0N Frary
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Hence (ug, ty) € A* so that Ind(ug, tp) = 0 and o (up) € C*.
Moreover

J*(uo) = —Gle(uo)) + {(u0)i fi)2(0) + ((40)i fi) 21
= G(e(uo))
G(e(ug)) + Ind(ug, tg)
J (uo, to)
= G"(o(uo), to)- (60)

This completes the proof. [

10.3. About a Concerning Algorithm and Related Numerical Method

For numerically solve this optimization problem in question, we present the following algorithm

1. Sett; =05inQand n = 1.
2. Calculate u, € U such that

J1(tn, tn) = sup J1(u, ty).
ueld

3. Calculate t,,11 € B such that
Ji(un, typ1) = tlgg J1(un, t).

4. If ||tys1 — tulleo < 107% or n > 100 then stop, else set 1 := n + 1 and go to item 2.
We have developed a software in finite differences for solving such a problem.

Here the software.

1. clear all
global Pm8 d w u v Ea Eb Lo d1 z1 m9 dul du2 dv1 dv2 c3
m8=27;
m9=24;
¢3=0.95;
d=1.0/mS8;
d1=0.5/m9;
Ea=210 % 10°; (stronger material)
Eb=1000; (softer material simulating voids)
w=0.30;
P=-42000000;
z1=(m8-1)*(m9-1);
A3=zeros(z1,z1);
for i=1:z1
A3(1,i)=1.0;
end;
b=zeros(z1,1);
1u0=0.000001*ones(z1,1);

ul=ones(z1,1);
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b(1,1)=c3*z1;

for i=1:m9-1

for j=1:m8-1

Lo(i,j)=c3;

end; end;

for i=1:z1

x1(i)=c3*z1;

end;

for i=1:2*m8*m9
x0(i)=0.000;

end;

XW=XO0;

xv=Lo;

for k2=1:24

c3=0.98*c3;

b(1,1)=c3%*z1;

k2

b14=1.0;

k3=0;

while (b14 > 1073?) and (k3 < 5)
k3=k3+1;

b12=1.0;

k=0;

while (b12 > 10~49) and (k < 120)
k=k+1;

k2

k3

k
X=fminunc(’funbeam’,xo);
x0=X;
b12=max(abs(xw-x0));
xw=X;

end;

for i=1:m9-1

for j=1:m8-1

El = Lo(i,j)? * (Ea — Eb);
ex=dul(ij);

ey=dv2(ij);
exy=1/2*(dv1(ij)+du2(i;));


https://doi.org/10.20944/preprints202302.0051.v80

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 4 June 2024 d0i:10.20944/preprints202302.0051.v80

37 of 299

Sx = E1x (ex +wxey)/(1 —w?);
Sy = E1x (wxex+ey)/(1 —w?);
Sxy=E1/(2*(1+w))*exy;
dc3(i,j)=-(Sx*ex+Sy*ey+2*Sxy*exy);
end;

end;

for i=1:m9-1

for j=1:m8-1
£(j+(i-1)*(m8-1))=dc3 (i)

end;

end;

for k1=1:1

k1

X1=linprog(f,[ ],[ ],A3,b,uo,ul,x1);
x1=X1;

end;

for i=1:m9-1

for j=1:m8-1
Lo(i,)=X1(+(m8-1)*(i-1);

end;

end;

bl4=max(max(abs(Lo-xv)))
xv=Lo;

colormap(gray); imagesc(-Lo); axis equal; axis tight; axis off;pause(le-6)
end;

end;

B R R R ]

Here the auxiliary Function "funbeam’

function S=funbeam(x)
global P m8 d w u v Ea Eb Lo d1 m9 dul du2 dv1 dv2
for i=1:m9
forj=1:m8
u(i)=x(+(m)*(i-1);
v(i,j)=x(M8*m9+(i-1)*m8+j);
end;
end;
for i=1:m9
end;
u(m9-1,1)=0;
v(m9-1,1)=0;
u(m9-1,m8-1)=0;
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v(m9-1,m8-1)=0;

for i=1:m9-1

for j=1:m8-1
dul(i))=(u(ij+1)-u(i})/d;

du2(i j)=(u(i+1,j)-u(i,))/d1;
AV1(j)=(v(i,j+1)v(i)/d;
dv2(i)=(v(i+1))-v(i))/d1;

end;

end;

S=0;

for i=1:m9-1

for j=1:m8-1

El = Lo(i,j)® * Ea+ (1 — Lo(i,)3) = Eb;
ex=dul(i,;j);

ey=dv2(ij);
exy=1/2*(dv1(ij)+du2(i;));

Sx =Elx(ex +w=xey)/(1—w?);
Sy = Elx (wxex +ey)/(1 —w?);
Sxy=E1/(2*(1+w))*exy;
5=5+1/2*(Sx*ex+Sy*ey+2*Sxy*exy);
end;

end;
S=5*d*d1-P*v(2,(m8)/3)*d*d1;

33 o e 4 343836 36 36 36 3 3 3 o o S8 3836 3636 3 3 3 3 o o b 3838 36 36 3 3 3 o o o S S S e e e

For a two dimensional beam of dimensions 1m x 0.5m and t; = 0.63 we have obtained the
following results:

1. Case A: For the optimal shape for a clamped beam at left (cantilever) and load P = —4 10°Nj at
(x,y) = (1,0.25), please Figure 5.

2. Case B :For the optimal shape for a simply supported beam at (0,0) and (1,0) and load P =
—4 10°Nj at (x,y) = (1/3,0.5), please Figure 6.

In the first case the mesh was 28 x 24. In the second one the mesh was 27 x 24

Figure 5. Density t(x,y) for the Case A.
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Figure 6. Density ¢(x,y) for the Case B.

11. A Duality Principle for a General Vectorial Case in the Calculus of Variations

In this section we develop a duality principle for a general vectorial case in variational optimization.
Let QO C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 0Q). Let | : V — R be a functional where

J(u) = G(Vuy,---,Vun) — (u, f)12,

where
V =Wy (O;RN)

and
f=(f . fn) € P(RY).

Here we have denoted u = (uy,--- ,uy) € V and
(, f)iz = (ui, fi)r2,

so that we may also denote
J(u) = G(Vu) = (u, f) 2.

Assume

G(Vu) = /Qg(Vu) dx
where ¢ : R3N — R is a differentiable function such that
8(y) — +oo
as |y| — oo. Moreover, suppose there exists « € R such that

a = inf J(u).

ueV

It is well known that
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« = infJ(u)
-
= inf{(Go V)™ (u) = (u f)r2}. (61)
ucV
Under some mild hypotheses, from convexity, we have that
inf {(Go V)™ (u) = (u, f)12}
uev
= sup {—=(Go V) (—divo’)} = =(Go V)*(f), (62)

vFEA*

where
A*={v* Y =Y = 2(;RN) : divo* + f = 0}.

Now observe that the restriction v = Vu for some u € V is equivalent to the restriction
curlv; =0, in Q)

where v = {v;} = {vi]'}?zl, Vie {1,---,N}, with appropriate boundary conditions, so that with an
appropriate Lagrange multiplier ¢ = {¢;}, we obtain

(GoV)*(—divv*) = sup{(u, —divov*);» — G(Vu)}

ueV
= sup{(Vu,v*);2 — G(Vu)}
ueV
< inf ¢sup{(v,0");2 — G(v) + (¢, curl v);2
Y™ | vey
= inf G*(v* 1). 63
4)13/* (v* + curl ¢) (63)

where we have denoted
curl v = {curl v;}

and
curl ¢ = {curl ¢;}.

Joining the pieces, we have got

infJ(w) = inf{G(Vi) — (u f)yz)
> sup {—G"(v" +curl¢)}, (64)
(0% ) EA* X Y*

where we recall that Y = Y* = L2((Q; R3N).
We emphasize such a dual formulation in (v*, ¢) is convex (in fact concave).

12. A Note on the Galerkin Functional

Let O C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by o).
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Consider the functional | : V — R where
_ , Sl
J(u) = Z/QVM Vudx+4/0u dx
—g/ﬂtﬁ dx — (u, f)2 (65)

Here V = Wy2(Q),y >0, « >0, g > 0.
We denote also
Y =Y* =L%(Q).

At this point we define
AT={ueV :uf>0inQ}

V2 = {U eV : ||1/l||oo < K3}1
for some appropriate real constant K3 > 0 and
Vi = ATN Vs.

Observe that
J'(u) = =4Vu+a® —p—f,

so that we define the Galerkin functional J; : V — R by
YN 2 3 2
R) = S @I3 =5 [ (=77 +an’ —pu— )2 dx.
2 2 Ja
From this, we get

9%J1(u)
ou?

(—yVu+au® — Bu — f)éau
+(—y V2% + 3au® — B)2. (66)

Define now
@2 = (—yV2u +au® — pu — f)2

At this point, for an appropriate small real constant €; > 0 and bounded constant operator
M > &1, we set the intended non-active restriction

V3alu| > \/|My + V2 + B,

By ={ueV; : V3alu| > /|M; +9V2+ B|}.

Observe that since for u € V; we have u f > 0in Q) so that if 1, up € Vj then

and define

sign(uq) = sign(up),in O,

we may infer that By is a convex set.

Furthermore, if u € By, then
V3alu| > 4/ |My + V2 + B,

3au? > My +vV2 4B,

so that
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and hence
PJ(u) = —yV24+3au® — B> My > e > 0.

For a small parameter ¢ > 0 we define the intended non-active restriction
@2 <¢ inQ),

and define
B, = {14 eV) @ ¢ <g 11’10}

Observe that for « > 0 and B > 0 sufficiently large ¢, is convex in V; (positive definite Hessian)
so that B; is a convex set. Assuming 0 < ¢ < €1 < 1, define B3 = By N By, which is a convex set.

Summarizing, if u € B3, then

82J1(u) > 0.

With such results in mind, we define the following convex optimization problem for finding a
critical point of J.

Minimize 1 1

Rw) = S =5 [ (=77 +a’ = pu— )2 dx,
2 2 Jo
subject to
u € Bs.

Observe that a critical point uy € B3 of J1, from such a concerning convexity of [; on the convex
set By, is also such that

J(1p) = min J1(u).

UEB;

Finally, we may also define the convex optimization problem of minimizing

Ja(u) = KiJi(u)+J(u)

_ & (—yV2u +au® — Bu — f)? dx
2 Jo
+1/ Vu-Vudx—i—g/ ut dx
2 Ja 4 Jo
—g/au2 dx — (u, )12, (67)

subject to
u € Bs.

Here K; > 0 is a large real constant.
Such a functional J3 is also convex on B3 so that a critical point ug € B3 of | is also a critical point
of [3, and thus

J3(up) = min J3(u).
UEB3

13. A Note on the Legendre-Galerkin Functional

Let QO C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 0Q).
Consider the functional | : V — R where

- , s
J(u) = Z/QVM Vudx+4/0u dx

—g /Q u2 dx — (u, f) 2 (68)
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Here V = Wy2(Q),y >0, « >0, § > 0.
We denote also
Y =Y* =L%(Q)
and Fi: V=R, FK:V—=RandF:V — Rby
Fi(u)= 1/ Vu-Vudx
2 Ja !
& 4
F = -
2 (u) 1 /Q u* dx,
B / 2
F == .
3(u) 2 Jo ¥ dx
Moreover, we define F, F;, F; : Y* — R by
Fi(o1) = sup{(w,01);2 — Fi(u)}
uevV
1 (vi‘)2
= = d
3 Jo —ovz (69)
F(v3) = sup{(u,v3);2 — B(u)}
ueV
3 ()P
T 4o wrm 70
F5(v3) = sup{(u,03);2 — F3(u)}
ueVv
_ 1 *\2
= 3 /Q (03)? dx. (71)

Observe now that these three last suprema are attained through the equations,

n=g, = YV2u,
U; _ angu) 1)(1,[3
% aF3 u
U3 = aft ) - ‘B

From such results, at a critical point, we obtain the following compatibility conditions

pe UL (_)/ 4
—Vv2 B B

From such relations we have

91 _ U3
—yVvz o B’
and 3
* U*
i=a(3)
so that


https://doi.org/10.20944/preprints202302.0051.v80

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 4 June 2024 d0i:10.20944/preprints202302.0051.v80

44 of 299
and 3
U*
i=e(3)
Moreover, we define the functional F; : Y* — R, by
Fy(0%) = sup{{u, v + 03 = v3)12 = (u, f)12}-
ueV
Therefore
0 ifo; +0v5 -0 —f=0,inQ
F (v*) = 4 1T %75 ’ ’ 72
i () { 400, otherwise. (72)
Hence, a critical point of | corresponds to the solution of the following system of equations
2( 03
i ==r(3)
vk 3
a=o(5)’
P
and

v +v;—v3—f=0,inQ.
From this last equation we may obtain
v = —05 405+,

so that the final equations to be solved are

,.0*
—v§+v§+f+’yvz<ﬁ3> =0

and

with the boundary conditions
v3
u=-=>=0, ondQ.
p

With such results in mind, we define the Legendre-Galerkin functional J* : [Y*]?> — R, where

2
1 VZ *
J (") = 2/()<—v§+v§+f+7 U3> dx

p

-I—% /Q (vﬁ — a(?)?’)z dx. (73)

At this point, defining
(BY
q) — '02 — F ’
we obtain
32 ]* (Z)*) .
a(v5)2 7

BW@3_<4_7W>ﬁﬂM@%

903 2 B g T
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Pr(et) _ 8w(@3)? (V2
duz0v5 P B )
From such results we may infer that
det 32]*(0*) _ 32]*(0*) 82]*(?}*)_ 82]*(0*) 2
00390} ~ 0(0%)? 9(v3)? 00390}
2
2 *\2
- <_1—VZ +3a(ZE3) ) +0(p) (74)

Observe that a critical point ¢ = 0 so that 6>J*(v*) > 0 at a neighborhood of any critical point.
At this point we define

At = {v* = (v5,0%) € [Y']? %f >0, inQ},

D* = {v* = (v3,03) € [Y*]? : ||v*]| < K},

for an appropriate real constant K > 0.
Define now E* = AT N D¥,

Ci={v* = (v},v}) €E* : ¢ <e inQ},

for a small real constant ¢ > 0,

2 *)2
G = {v*z(vﬁlvé‘) €E* : (17V 1 30%) ) 281},

p B’
and
C*=CinG;.

Similarly as done in the previous section, we may prove that C* is a convex set.
Furthermore, for 0 < ¢ < ¢; < 1, we have that J* is convex on C*.
Summarizing, we may define the following convex optimization problem to obtain a critical point

of the primal functional |,
Minimize [*(v3,v3) subject to v* = (v3,v3) € C*.
We call [* the Legendre-Galerkin functional associated to .

13.1. Numerical Examples

We have obtained numerical solutions for two one-dimensional examples.

1. Fory = 1.0, = 3.0, p = 30.0, f = 10, in Q = [0, 1].

For the respective solution please see Figure 7.
2. Fory=0.01,a =3.0, =300, f =10, inQ = [0,1].

For the respective solution please see Figure 8.
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3.5

Figure 7. Solution u(x) = v}(x)/p for the example 1.

3.5

25 b

Figure 8. Solution u(x) = vj;(x)/p for the example 2.

14. A General Concave Dual Variational Formulation for Global Optimization

Let O C R3 be an open, bounded and connected set a regular (Lipschitzian) boundary denoted
by Q).
Consider a functional | : V — R where

J(u) = G(u) — (u, f)2, Yu e V.

Here V = Wg’z(()),f € L?(Q) and we also denote Y = Y* = L?(Q).
Assume there exists « € R such that

& = Inf J(u).

Furthermore, suppose G is three times Fréchet differentiable and there exists K > 0 such that

9°G(u)
ou?

+K>0VuelV.
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Define now J; : V x Y — R where,
]l(ur U) = Gl (u/ U) + F(u)/
where K
Gi(u,v) = G(v) — ; sz dx + E/ﬂ(v —u)? dx,
and .
F(u) = E/Quz dx — (u, f) ;2.
Moreover, we define the polar functionals G; : Y* x V. — Rand F* : Y* — R, where
Gi(v*,u) = sup{(v,v");2 — G1(u,0v)}
veEY
* * K 2
= —Gg (v*+Ku)+ —/ u” dx, (75)
€ 2 [
Gk (v* 4+ Ku) = sup< (v,v*);2 — G(v) — K v? dx + E/ v? dx
ke B 065 o 2 Ja 2 Ja ’
and
F*(—=v*) = sup{—(u,0")2 —F(u)}
ueV
. 1 * 2
= 5% /Q(v )7 dx. (76)

At this point we define the functional J5 : Y* x V — R by

K
J5 (v*,u) = —Gg (v* + Ku) + E/ u? dx — F*(—0*).
€ Q
With such results in mind we define

Vi= {M eV ||u||oo < Kg},

and
D* ={v* € Y" : ||[v"]|o < Ky},

for appropriated real constants K3 > 0 and K4 > 0.
Moreover, we define also the penalized functional J5 : Y* x V — R where

2
(0%, ) = J3 (0", u) — o Q(v*—“;ﬁj" +w) dx.

Finally, we remark that for ¢ > 0 sufficiently small and K; > 0 sufficiently large, J5 is concave in
D* x Vj around a concerning critical point. We recall that a critical point

. 9G(u)
o Ju

+eu =0, in Q.

15. A Related Restricted Problem in Phase Transition

In this section we develop a convex (in fact concave) dual variational for a model similar to those
found in phase transition problems.


https://doi.org/10.20944/preprints202302.0051.v80

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 4 June 2024 d0i:10.20944/preprints202302.0051.v80

48 of 299
Let Q = [0,1] C R. Consider the functional | : V — R where
) = %/ min{ (i +1)%, (i —1)2} dx
Q
1
+E/Qu2 dx — (u, )2
1 "2 / /
- = dx — dx +1/2
2/Q(u) x Q|u| x+1/
1
+§/Qu2 dx — (u, ). 77)

Here
V={uecW2Q) : u(0) =0and u(1) = 1/2}.

We also denote V; = Wy?(Q),and Y = Y* = [2(QQ).
Furthermore, we define the functionals Gand F : V x V; — R by

1
G(u’,z/):E/Q(u’ij’)2 dx—/0|u’+v’|dx+1/2,

and 1
F(u,v) = E/Quz dx — (u, f)2.

Moreover we define J; : V x V; — Rby
J1(u,0) = G(u',v") + F(u,v),
and consider the problem of minimizing J; on the set
A={(u,0) e VxV : (v))) <Ky inQ}.

Already including the Lagrange multiplier ¢ concerning such restrictions, we define

Ta,0,¢) = J1 (1,0) + (¢, (o)) — Ka) 2.

2
Observe now that
L2 (o
L(wo,¢) = h(uwo)+5(9? (@) - K)p2
= G )+ 59 () Kby
+F(u,v)
= —( o) — (¢, 03) 12 + G, )
L2 o
+5(9% ()~ Ka)p2

(', 01) 2 + (), v3) 12 + F(u,0)

inf  {—(v1,0])2 — (v2,03) 12 + G1(v1, 02, )
(Ul,vz)EYXY

3P (w2~ Ka)r |

+ inf  {(W,0]) 2+ (0, 05) 2 + F(u,0)}
(u,0)eVxVy

= —Gj(v7,v3,¢) = F*(v7,93), V(u,0) € V x W1, (v],03,9) € [Y'F, (78)

Y
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where 1
Gi(v/,7,9) =G, V) + z((,bz, (v')? = K3) 2.
Also,
Gi(v1,03,¢) = sup  {(v1,07)12 + (01,07) 2 — Gi(v1, 02, ) }
(v1,02)€Y XY
1 .
= 5 [ @D dx
1 (v* _ Z)*)Z
1 4 _/ 017 %)7
+/Q|vl| x+2 0 po
K> 2
e
where
1 )/ 2 ok : ¥\ — :
F*(v*)={ 3 Jo((@F) + f)? dx —vi(Du(1), if (v3)' =0, in ), (0)
+00, otherwise.

From this we may infer that v = ¢, in (), for some c € R.
Summarizing, denoting v* = (v, v;) = (vj,c), and

J'(0%,¢) = =G{(v",¢) — F*(0")
we have got
inf Ji(u,v) > sup J* (0" ).

(up)eA (0*,p)EY* xRX Y*
We have developed numerical results by maximizing the dual functional J* for two examples,
namely.
1. Example A: In this case, we consider f(x) = cos(7x)/2, K, = 107%.
For the optimal
uo = (v7)" + £,

please see Figure 9.

0.5

0.45 1

0.4 1

0.35 1

03[ 1

0.2 1

0.15 1

0.1 1

0.05 1

Figure 9. Solution ug(x) for the example A.
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2. Example B: In this case, we consider f(x) = cos(7x)/2, K, = 30.
For the optimal
*\/
ug = (01)" + £,

please see Figure 10.

0.5

04r a

031 ]

02 ]

041t 1

01 F 1

021 b

-0.3 1 b

04+ ]

05 I I I I I I I I I

Figure 10. Solution ug(x) for the example B.

16. One More Dual Variational Formulation

In this section we develop one more dual variational formulation for a related model.
Let Q = [0,1] C R and consider the functional ] : V — R defined by

2/ 212 dx+ = /u dx — (u, f) 2,

where
V={ucW4Q) : u(0) =0and u(1) = 1/2}.

We define also the relaxed functional J; : V x Vj — R, already including a concerning restriction
and corresponding non-negative Lagrange multiplier A2, where

T1(1,0,A) = %/()((u’+o')2—1)2 dx—!—%/nuz dx — (u, f) 2 + (A2, ()2 = K) 2.

where
Vo={veW;*Q) : (¢/)>-K<0inQ}.

Observe that
1 1
3 (O #0125 [0 dx— (u, flpa + (A% (0~ K2
1
—(vg, (W +0')> =1) L2+§/Q<<uf+vf>z_1>zdx
+(vg, (' +0')? =12 + (A% (V') = K)pa = (W, 07) 12 = (¢, 03) 12
+(u

1
W0l + (003 + 5 [0 dx =, f)ia
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* 1 2
> infd— (o0 + 5 /Q (w)? dx
inf {(05, (01 +02)2 = 1)1z + (A2 (02) = K) 2 = (01,012 — (02,08) 12}
(Ul,Uz)EYXY
t it f o+ @+ g [ dr— )
1
= —E/(vé)zdx—/ vy dx
_1 / _02)2
4 Ja UO 2
_1 *\/ 2 - 2 *
5 (1) + ) dx Z/QKA dx + of (Du(1). (81)
Here, we highlight 5 = c € R in (), for some real constant c.
Hence, denoting
Ji (@A) = 2/ v) dx—/ vy dx
1 / —02
4 Jao ?JO 2
1
5 (@) + P ax =3 /KAde+v1<> u(1) (82)

and

Jo(u,v) = %/Q((u’—kv’)z—l)z dx—i—%/nuz dx — (u, )2,

we have obtained

inf  Jh(u,0)} > sup Ji (0%, A).
(M,U)EVXVO (U*,A)GA*X[Y*]XRXY*

Finally, for
A*={vy€Y* : v5 > ein O}
we emphasize || is concave on A* x [Y*] x R x Y*.

Here & > 0 is a small regularizing real constant.

Remark 16.1. The constraint (v')? — K < 0, in Q is included to restrict the action of v on the region where
the primal functional is non-convex, through an appropriate constant K > 0.

17. A Model in Superconductivity Through an Eigenvalue Approach

In this section we intend to model superconductivity through a two phase eigenvalue approach.
Let ) = [0,5] C R be a straight wire corresponding to a one-dimensional super-conducting sample.
Consider the functional [ : V x V x R — R where

- n . “ 4
J(u,v,E) = 5 /QVu Vudx + 5 /Q|u| dx

2
—%/Q lu|? dx
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+2/ Vv-Vvdx—i—&/ |o|* dx
2 Ja 2 Jo
2
—w—lz/ |o|* dx
2K5 Jo
E
—2(/0(|u|2+|v|2) dx—mT>. (83)

Here, in atomic units, mr is the total electronic charge, V = W&'Z(Q) and we set a7 = 10*
corresponding to higher self-interacting energy which is related to a normal phase. We also set
ay = 107! corresponding to a lower self-interacting energy which is related to a super-conducting
phase and respective super-currents.

Moreover, we set y; = > = 1, and initially w = 1.8 which is gradually decreased to w = 1.0.

Furthermore, we define

2 ‘“|2
= e
and
2 _ |U|2
|4)S| |u|2+ ‘Z)|2

where ¢ corresponds to a normal phase and ¢s to a super-conducting one.

At this point we observe that the temperature T = T(x, t) is proportional the frequency w/ (27)
of vibration for the normal phase.

We start the process with w = 1.8 which in atomic units corresponds to a higher temperature and
gradually decreases it to the value w = 1.0

Between w = 1.2 and w = 1.0 the system changes from an almost total normal phase to an almost
total super-conducting phase, as expected.

We highlight that the temperature is proportional to the vibrational kinetics energy

E](t) — %/Q |u|23rN(X,t) ) arN(x,t) ix

ot ot
so that for
ry(x,t) = e“tws(x)
and for a suitable vectorial function ws, we have
T x Eq w?

so that we may model the decreasing of temperature T through the decreasing of w?.

For w = 1.8, for the corresponding normal phase ¢y and super-conducting phase ¢s, please se
Figures 11 and 12, respectively.

For w = 1.0, for the corresponding normal phase ¢ and super-conducting phase ¢g, please se
Figures 13 and 14, respectively.


https://doi.org/10.20944/preprints202302.0051.v80

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 4 June 2024 d0i:10.20944/preprints202302.0051.v80

53 of 299

Figure 11. Solution ¢ (x) for the w = 1.8.

><107108
T

Figure 12. Solution ¢5(x) for the w = 1.8.

x10710
‘

Figure 13. Solution ¢ (x) for the w = 1.0.
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Figure 14. Solution ¢5(x) for the w = 1.0.

Finally, we have set wy /K3 ~ 1 which for large w; corresponds to the super-currents.

18. A Simplified Qualitative Many Body Model for the Hydrogen Nuclear Fusion

In this section we develop a qualitative simple model for the hydrogen nuclear fusion.

Let Q = [0,L]® C R3 be a box in which is confined a gas comprised by an amount of ionized
deuterium and tritium isotopes of hydrogen.

Though a suitable increasing in temperature, we intend to develop the following nuclear reaction

Deuterium™® 4 Tritium™ — Helium®™" 4 Neutron (energetic).

We recall that the ionized Deuterium atom comprises a proton and a neutron and the ionized
Tritium atom comprises a proton and two neutrons.

Under certain conditions and at a suitable high temperature the ionized Deuterium and Tri-
tium atoms react chemically resulting in an ionized Helium atom, comprised by two protons and
two neutrons and resulting also in one more single energetic neutron. We emphasize the higher
kinetics neutron energy level has many potential practical applications, including its conversion in
electric energy.

At this point we denote by mp, mr, mp, and my the masses of the ionized Deuterium, Tritium
and Helium atoms, and the single neutron, respectively.

Therefore, we have the following mass relation

mp + mr = myg, + my.

To simplify our analysis, in such a chemical reaction, denoting the total masses of ionized
Deuterium, Tritium, Helium and single Neutrons by (mp)r, (mr)r, (my,)r and (my)r we assume
there is a real constant ¢ > 0 such that

(mD)T =cmp, (mT)T =cmr, (mHe)T =cCcmy, (mN)T = Ccmy.
With such statements and definitions in mind, we define the following functional J, where

J(¢,1) = ](¢D, ¢T,H., PN, 1) = G(V) + F(¢) + Ec(¢, 1),
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where, in a simplified many body context,

1
oo (x, ) = 1o, ()1 + o8 (x, 1) Pl () [>—,
mp

1
r(o9)P = 1970 + (9%, () + 0% o) P P
1
011 9)* = 1025 DI + (108G (o) 085 (o) P) 25 () P

N = PN (x).
Here x,y € Q C R3 refers to the partlcle densities.
Furthermore, we assume 'yp > 0, 'yp > 0, qu > 0, 'le > 0, ’yNZ > 0, 'y > 0, ')/ > 0,
'yN >0, yv >0, andap >0, ar >0, ag, >0, ay >0,apr >0, ag, Ny >0, sothat

D
G(vp) = T

N[ (TgB)- (VoR) dx d
2 0 N 4)N y

Vey) - (V) dy

A

+

,)/T
= [ (V45)- (Vo) dy

T
+200 [ (Vk,) - (Vok,) dx dy 59
0y
+ 708 [ (Vok,) - (Vk,) dx dy

£ > [Tk (Vo) dy

')’
+% (Vore) - (Vore) dx dy

™

+

3 [ (VR (Vokk) dx dy

+ 20 [ (Tgn) - (Vgw) dx,

2
and,
K Y S R ¢ L
ey pr( x—éhy 52(;1,’?;) |§1'€2 ® e dy dz, des
wDT |<PD x—é‘l,y %ég}gg)fl'@” dx dy dgy dg,
L, / |pm, (x Cl,y) Ciéllllgzgi(élféz)l dx dy dé, d& (85)
tf/ | (x |x—|§||¢N( o) dx dE

— —_ 2 / 2
N Z XH, N / [P, (¥1 = 61,y — G2) Fon (G))] dx dy d¢, d¢a

|(x,y) —(¢1,62)|
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and the kinetics energy is expressed by
Edpr) = / (pof> %0 %0 g ay
b [lor 5T 2 a”d xdy
/ |pr, 8;15 : arH“ dx dy
by [ w2 O o dx dy, (36)

where we also assume
iwt
rp = e“"'ws(x,y),
~ plwt
rr & e'“'we(x,y),
so that considering such a vibrational motion, the temperature T is proportional to w?, that is

T « w?.

Therefore, an increasing in T corresponds to a proportional increasing in w?.

Summarizing, we have supposed

1 1
E.(o, x—wZ/ 2 2dx C;+ = 2/ 2 dx Gy,
e(px) = 50" | |gp|”+ I¢r] 1+ 591 | 19| 2
so that we represent the increasing in T through an increasing in w?.
Moreover, we denote by my the mass of a single neutron and by m,, the mass of a single proton.
Thus, denoting also by A1, A, the proportion of non-reacted and reacted masses respectively, we
have the following constraints.

1.

18R dx = my,
2.

[ 188, Gy dx = my,
3.

S 185, Gy dx = my,
4.

[ 08 ey P e = m,
5.

[ 88 Gy dx = my,
6.

| #P @R dy = Ay em,,
7.

85w dy = A em,
8.

[ 19 )P dy = 2 (2c my),

Similar constraints are valid corresponding to the charge of a single proton.
We have also the following complementing constraints,
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1.

) lool? dx dy = A1 (mp)r,
2.

/Q \pr|* dx dy = Ay (m7)7,
3.

/Q |, |* dx dy = Ay (mp, )T,
4.

/Q [pn|* dx dy = Az (mn)T,
5.

AM+A =1

With such results and statements in mind and simplifying the interacting terms, we re-define the
functional | now denoting it by 1, here already including the Lagrange multipliers concerning the
constraints, where
7

2

W EA) = L [ (Vop)- (V) dy

QO

D
+2 /Q<vf/>£>o<w£> dx dy

)
7/0 Vel)- (Vgl) d
2T

+T Q(V(PNl) (V4’N1)dxdy

05t
+% Q(Vq#vz) (Vo) dx dy

S [ (Tl - (Tegk) dy (87)

", H, A
21 Q(V‘PNl) ) (V‘PNl) dx dy

™ H
3 (V) - (Vokk) dx dy

+ 20 [ (Vgn) - (V) dx

2 [ gott dx+ 5L [ Jorl* dx
52 [ pn e+ 2 [ gl dx
—? [ (140l + o) dx

—w%/ﬂmwl2 dx +  puxs
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where the functional [ 4, stands for

T = 19D (x )P dx—mN) dy

[, (6, ) |2 dx = my ) dy

— [ ERs [ I8 ey dx = my

— [ o) ( [ 19 o) P dx—my ) dy

~(Ep)a( [ 1050 dy— dacm

~(Ena( [ 10702 dy ~ daem, ) )
~(Ena ([ It ol dy 22 20m, )

~£s( [ 0l dx dy — a(mo)r )

o [ lor ? dx dy = da(onr)r

<7 ([ o ? dx dy = dalonn )1 )

—Es (/Q N |* dx dy — )lz(mN)T)
—Eg()\l + Ay — 1)

dy

[ s [,

[ R ( [, )

/Q(E%m(y) (/Q N, (x,y)|? dx —m N) dy
s )

K ﬁ;»(y)( )

Remark 18.1. In order to obtain consistent results it is necessary to set

((XN, "‘Hg) > (B(D,IXT).

In such a case, a higher temperature corresponding to a large w?, though such a nuclear reaction, will result
in a small Ay and a higher kinetics energy for the neutron field, corresponding to a large w? and A, closer to 1.

19. A More Detailed Mathematical Description of the Hydrogen Nuclear Fusion

In this section we develop in more details another model for the hydrogen nuclear fusion.

Remark 19.1. Denoting by i € C the imaginary unit, in this and in the subsequent sections, for the time-
dependent case we generically define the gradient of a scalar function u(x,t) with domain in R*, denoted by
Vu(x,t),as
Vu(x, t) = (iug(x, 1), e, (%, 1), Uy, (X, 1), they (%, 1)),
so that ;
. 2 2
Vu-Vu [h —i-]; Uy,

Let QO C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by o).
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Here such a set () stands for a control volume in which an ionized gas (plasma) flows. Such a gas
comprises ionized Deuterium and Tritium atoms intended, through a suitable higher temperature, to
chemically react resulting in atoms of Hellion and a field of single energetic Neutrons.

Symbolically such a reaction stands for

Deuterium®™ + Tritium® — Helium*™ + Neutron (energetic).

We recall that the ionized Deuterium atom is comprised by a proton and a neutron and the ionized
Tritium atom is comprised by a proton and two neutrons.

Moreover, the ionized Helium atom is comprised by two protons and two neutrons.

As previously mentioned, resulting from such a chemical reaction up surges also an energetic
neutron which the higher kinetics energy has a great variety of applications, including its conversion
in electric energy.

We highlight the model here presented includes electric and magnetic fields and the corresponding
potential ones.

Denoting by t the time on the interval [0, ], at this point we define the following density functions:

1. For the Deuterium field
oo (e y, 1> =193 (v, ) + |¢5(x/y,t)l2|¢5(y/f)|zr;/
2. For the Tritium field
o1 (e y, 12 = 15 (O + (o, (xy, )P+ [0k, (2, v, ) ) 19 (v, t)lznip,
3. For the Helium field
H, H,

1
pre (3,9, 8) 2 = 195 (0, OF + (g (00 + long (e, D) g (v 6) P
p

4. For the Neutron field
N = ¢n(x, 1),

5. For the electronic field resulting from the ionization
pe = Pe(x,y,1).

Furthermore, we define also the related densities

po(yt) = [ on(xy ) dx,

pr(w.t) = [ 1gr(xy ) dx,
put(0,) = [ 101 ()2 dx,
on(x8) = Ipn (3,02

pe(y,t) = /Q e (x,y,t)|? dx.
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For the chemical reaction in question we consider that one unit of mass of fractional proportion
«p of ionized Deuterium and a7 of ionized Tritium results in one unit of mass of fractional proportion
ap, of ionized Helium and ay of neutrons.

Symbolic, this stands for

1:06D+IXT:1XH8+IXN.

Concerning the control volume () in question and related surface control d(), we assume such
a volume has an initial (fot t = 0) amount of ionized Deuterium of (mp ) and an initial amount of
ionized Tritium of (mr)g. The initial amount of ionized Helium and single neutrons are supposed to
be zero.

On the other hand, about the surface control d(), we assume there is a part )y C 9Q) for which is
allowed the entrance and exit of Deuterium and Tritium ionized atoms.

We assume also there is another part d(); C dQ) such that 9021 N 92y = @ for which is allowed
only the exit of ionized Helium atoms and neutrons, but not their entrance.

In 00, is allowed the exit only (not the entrance) of ionized Deuterium and Tritium atoms.

Indeed, we assume the following relations for the masses:

1. ,
(mp, N)T(t) = mp,N(t) +/O /m (on,(x,T) + pn(x,T))u-n dS dr,
2,
mp,N(t) = mpy,(t) +my(t),
3.
mpy, (t) = /QpHe(x,t) dx,
4,
my(t) = /QpN(x,t) dx,
5.
(mp,)r(t) = /QPHE(X, t) dx + /Ot /aQ pm, (x, T)u-ndldr,
6.
(mN)7(t) = /QpN(x,t) dx+/0t /BQ on(x, T)u-n dldr,
: (m)r() _ ay
(mp)r(t)  ap,’
so that
anmp,)1(t) = ap, (my)T(t),
8.
0m0)() = om0~ [ [ (ol m)us S de — ap ()1 (0,
9.
(nr)(8) = (o [ [ (pr(e)u-ndS dr—ar(ma, )7 (),
10. ,
(me)r(t) = me(t) +/O /802 (pe(x,7))u - n dS dr,
11.

me(t) = /Qpe(x,t) dx.
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12.
/|4>p xt|2dx—+/|¢pxt|2dx—+/|q> xt|2dxm—p.

Here n denotes the outward normal vectorial fields to the concerning surfaces.
Having clarified such masses relations, we define the functional

J(¢,p,t,u,E A,B)

where

] = G(Vu) +F(¢) + Ec(¢,r) + F + F, + F3,

andwhereweassumeyp > 0, 'yp > 0, 'yN>0 ')/Nl > 0, 'yN2>0 'y > 0, 7 > 0, ’y§;>
0, ynv >0, 'ye>0ar1docD>O ar >0, (XH5>0 any > 0,apr >0, DCH8N>0 063[3>0,06He,e<0
so that

_ 71[7) y D D
av) = & [ [ (Vop)- (Vep) ay at
D
+ [ [ (T9R) - (Vo) dx ay
T
LT[ veh) - (Vah) dy a
’YNl /tf/ fPN1 (VGle) dx dy dt
’)’
Nz/ / ¢N2 (prN ) dx dy dt
S / [ (Vo5k) - (Vi) dy i (89)
L
4) ) dx dy dt
rYNZ / v / (Vo) - (Vo) dx dy dt
s /Q<V¢N>‘<V¢N> d dt
t
+%/Of/o(we)-(v(pe) dx dy dt,

and

_ ¥ [ lgp(x Chy &2, 1) [lpp (81, 8o, 1))
F(¢) = / 7 - (L] dx dy d¢y dg dt

ty |¢T(x - CTI(y —)Ci, E)g|12’|é/’2T)(|§1f§2’ DE 4 dy d&y g, dt
oo " / 9o S y)gz’(éj|gf)fl'62't)|z dx dy dy 4 db
Lo . " 1. ( x—glzz y)cz, (>§|12,|§Se|<¢1,¢2,t>|2 dx dy gy dy dt
tf |4>N x—|xé_t; t!|4>N( OF 4y de ar (90)
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aHe |pm, (x ley &, 1) (&), 1) 12
+Z / / x,y) — (81,62)|

“He i |<PHE x—§1,1/ &2, 1) e (81, 82, 1) 2
y) — (81,62)|
"‘ee / |<Pe X — 51,]/ 52/ )1 |¢e (81,82, t) 7
|(x,y) — (61,82)]

and the internal kinetics energy is expressed by
b orp Or
B = 5 [ [ ool 525D v dy

or ar
2 9T J
w3 ) florR S vy
or ar
2/ /l He|2 aI:e : He dx dydt (91)
t zal‘N al'N
+§/ /|N| ENLEN gy dy di

ar. d
iy [ [ gep B 2 acay a,

Here it is worth highlighting we have approximated the initially discrete set of indices s of
particles as a continuous positive real variable s.
Moreover,

dx dy d¢y dg, dt

dx dy d¢, dg, dt

dx dy &, dé&, dt

o /tf||curlA Bol|, dt
1_471_0 0112 ’

/ /Emd Kyl P |2( )dxdydt
+/ /Emd Kp|q>p|2<u+) dx dy dt

i H, |2 'H,
+/O ,/()Eind 'KP|¢2;7| <u+ ot ) dx dy dt (92)

tr or,
+/O /QEind'Ke|¢e|2 (u+ a:) dx dy dt,

where K, and K, are appropriate real constants related to the respective charges.
Here u = (11, up, u3) is the fluid velocity field and

rp, rr, r'y,, IN, Ye

are fields of displacements for the corresponding atom fields.

Also A denotes the magnetic potential, By an external magnetic field and B is the total mag-
netic field.

Moreover, E;,,; is an induced electric field.

Finally,

b
F = / v(xy Ip - V(xy)rD dx dy dt + / v(xy IT - V(xy)rT dx dy dt
CHE

/ V(xy)tHe * V (x,y)TH, dx dy dH— / Viey)IN - Vg dx dy dt (93)

76 /O /Q V(x,y)re ’ v(x,y)re dx dy dt,
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for appropriate real positive constants Cp Cr, Cg,, Cy, Ce.
Such a functional | is subject to the following constraints:
1. The momentum conservation equation for the fluid motion
auk auk aP
% <8t + “jaxj> =pfk — o + Tkj,j + (FE)k + (Fm)k,
Vk € {1,2,3}.
Here p = pp + pT + pH, + oN + e is the total density and P is the fluid pressure field.
Furthermore,
ou; au] 2 3 ouy
oy ZE T sy 2k
Tl] # (ax] + axi 37 =1 axk !
vi,j e {1,2,3},
Fe = {(Fele) = (Ko(lgPR -+ 072+ 19312) + K. [l dx ) E,
and
Fvuo = {(Fmi}
or
— D2 D
= (KP<|¢p | (u + at>
or
T2 T
¢ | <u + at)
or
H. |2 H,
e (u+ o )) ©4)
+Ke|pe|* [ u + )\ g
elpe ot '
2. Mass conservation equation:
P L g _
m + div (pu) = 0.
3. Energy equation
De R R ) ~0Q .
pﬁ—l—vx(El) ‘u+Ey +P(divu) = a5 div q,
where we assume the Fourier law
q = —KVT,
where T = T(x, t) is the scalar field of temperature and Q is a standard heat function.
Also,
~ Pyu.uqfR9m 90D
A N TR
prorr 9tz
2 ot ot
)
PH, OTH, 0T, (95)

2 ot ot
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NN

2 ot ot
Pe Ore Ot
T o

where the densities £; and E; are defined through the expressions of F(¢) and F, so that

P(¢):/Otf/ﬂél dx dt

oo
F = / / E, dx dt.
0 Q

Here we recall that since rp is highly oscillating in t we approximately have

and

u-rp~0

in a weak or measure sense. The same remark is valid for the other internal velocity fields.

Moreover,
De e o
Dt ot  ox;’
4,
P=F(p,T),

for an appropriate scalar function F;.
5. Mass relations

(a)
mp(t) = /QpD(x,t) dx,
(b)
mr(t) = /QpT(x,t) dx,
(©)
mye(t) = /QpHe(x,t) dx,
(d)
my(t) = /QpN(x,t) dx,
(e)
me(t) = /Qpe(x,t) dx,
(f) t
(mp,)r(t) = /QPHE(XJ) dx-i—/o /an pm, (%, T)u - n dldr,
(&) t
(mn)r(t) = /QPN(x/f) dx—i—/o /an on(x, T)u-ndldr,
(h)
(mn)r(t) _ an
(mp,)r(t)  ap,’
so that

anmy,)r(t) = ap, (my)r(t),

where,
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(a) t
(g, )7 () = gy (£) + / (o1, (x,7))u - n dS dr,
0 Ja,
(b)
my, N(t) = mpy,(t) +my(t),
(© t
(mo)(1) = (mo)o— [ | (po(x1))u-nds dr—an(min)r(t),
(d) t
£) = - , -ndSdr — t),
(mr)(®) = (mr)o = [ [ (pr(e)u-ndS dr—ar(mp,n)r (1)
(e) t
(meyr()) =me(t)+ [ [ (pr(x,7))u-nds dr.
0 Joqy,
(®)
2 2 2
/|4>p (x,t)] dx—+/ ¢ (x,1)] dx—+/ |cp (x,1)] dxm,,
6. Other mass constraints
(a)
6RO dx = my,
(b)
[ 185, Gy, O dx =y,
(c)
[ 188, Gy O dx = my,
(d)
/ |<[>N1 x,y,1)? dx = my,
(e)
[ 108 ey O dx = my.
7. For the induced electric field, we must have
1 - arD
curl E;,,; + - curl (Kp|¢;179|2 (u + at)
. or
T2 T
+Kp|¢p| <u+8t)
d
+Ry |9} |2( + fjj) 96)

e [ eGP (w0 + 25 dx ) )
x(curl A —By) — %%(curlA—BO) =

where K, and K, are appropriate real constants related to the respective charges.
8. A Maxwell equation:
divB =0,

where
B =By — curl A.
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9. Another Maxwell equation:

. H,
aivE = 4 Kp(IgP P+ 0]+ gl ) + K. [ Igu(o, 0 ),
where the total electric field E stands for
E=E;;+ Ep,

and where generically denoting

t
Fig) = [ [ folp,x,8,0) dx g at,

At this point we generically denote

we have also

tf
(h, o) 2 = /0 /th Iy dx dy dt.

Thus, already including the Lagrange multipliers concerning the restrictions indicated, the
extended functional J3 stands for

J3 = J3(¢,u,r,P,A,B,E,A,E)
= G(V¢)+F(p)+E(p,x)+F+F+F

dug Ui _ oF _ _
+<Ak,p<at + uj axj> ofi + oxy i (FE)x (FM)k>L2 (97)
9J .
+<A4/ £ + div (Pu)> ) —+ ]Auxl + ]Auxz + IAux3 + ]Aux4/
L
where,
D A a
Ty = (s, 0224 u(Er) - ut P(divu) - 22 + div g
Dt at L2

T = (87,00~ [ ool ) dx)
+<A8,mT(t) - /Q or(x, 1) dx>L2
<A9,mHe(t)/QpHe(x,t) dx>L2 (99)

<A10,mN(t) - /QpN(x, t) dx>L2
<A11,me(t) — /Qpe(x,t) dx>L2

[ B2 (@i )1 (0) i, Gm)r(4) s,

—
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|¢N x,y,t | dme) dy dt

by
— [ ERstwt)( [ 108, (oo ) dx —my ) dy at

S
D

tf
/EHe)Sl/f /\4’ (x,y,t)[* dx —my ) dy dt

(s
( )
! /Q ER,)7( ( / 9%, (x,y, £)[% dx — N) dy dt (100)
( )
( )

b
—/ / (EN:)o(y ¢ /\wxyr B? dx —my | dy dt,

0 JO

Jaux, = (A1z, curl By
+% curl (Kp|<pr’,3|2 <u + aar;))
+Kp |y 2 (u—i— aartT)
+Rylps, |2< +a§:€>

& /Q e (x,y,t)|? (u(y, 1)+ w dx))

X (curl A —By) — 13( curl A — B0)>

at 2

+<A13, div B>L2

(101)

+<A14, divE — 47 (K,,(|¢},?|2 +19p 2+ 92 ) + K, /Q (e (x,y, 1) 2 dx) >Lz-

Here we recall the following definitions and relations:

1. For the Deuterium field
oD (x,y, ) =

2. For the Tritium field
o (x,y, 1) =
3. For the Helium field
|pm, (6, y, 1) =

4. For the Neutron field
N = ¢n(x, 1),

5. For the electronic field resulting from the ionization

Pe = Pe(x,y, ).

po(ut) = [ eo(xy, O dx,

1
= 1955 0, + (19 (o, 2 + ol (o, DP9l 0, ) P

1
|6y (v, B)I* + |¢£(x/y/f)|2|¢5(yrf)|2@/

1
[0y (. O + (1R, (x, v, )P + 9K, (x,y,f)lz)lﬁ(yrt)lszp,

p
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Also,

10.

11.

12.

so that
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pr(w,) = [ lgr(xy ) dx,
o (,t) = [ lgn(x,y,0) dx,
on () = lgn(x D,
pelyt) = [ 0e(xy 0 dx.
p = pp + 01+ Pm, + N + e,
s )1(0) =m0+ [ [ (i) + pu(x, 0w m ds
i (6) = g (8) + i (1),
mis (1) = [ pr(x,1) dx
i (f) = /Q on(x, 1) dx,
m0)(0) = (mp)o = [ [ (ool T ndsS de — ap(max)r ()
o)) = (o= [ [ (pr( e n dS T = ar(mi )1 (0),
(mp,)7(t) = /Q pr, (6, 1) dx + /0 t /a o, ore(o 7w n drdr,

(mn) 7 (t) :/QpN(x,t) dx+/0t /msz(x,T)u-ndFdT,

(mn)r(t)  an
(mp)r(t)  am,’

anmy,)r(t) = apg, (my)r(t),
(ne)o(6) = me(t) = [ [ (pclx,mu-nds d,
me(t) = /ng(x,t) dx.

_ D 2 4. Me T 2 4. Me H, 2 5 Me
me(t) = [ 195 (x1) i + JREACD] e + IRGHED! .
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Finally,
E=E; ;+ Ep,

and where generically denoting

F9) = [ fal0,%,) dx e,

g [ 26050 )

axk

we have also

and,

B = By — curl A.

20. A Final Mathematical Description of the Hydrogen Nuclear Fusion

In this section we develop in even more details another model for the hydrogen nuclear fusion.

Let O C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 0Q).

Here such a set () stands for a control volume in which an ionized gas (plasma) flows. Such a gas
comprises ionized Deuterium and Tritium atoms intended, through a suitable higher temperature, to
chemically react resulting in atoms of Helium and a field of single energetic Neutrons.

Symbolically such a reaction stands for

Deuterium®™ + Tritium® — Helium*™ + Neutron (energetic).

We recall that the ionized Deuterium atom is comprised by a proton and a neutron and the ionized
Tritium atom is comprised by a proton and two neutrons.

Moreover, the ionized Helium atom is comprised by two protons and two neutrons.

As previously mentioned, resulting from such a chemical reaction up surges also an energetic
neutron which the higher kinetics energy has a great variety of applications, including its conversion
in electric energy.

We highlight the model here presented includes electric and magnetic fields and the corresponding
potential ones.

Denoting by t the time on the interval [0, ], at this point we define the following density functions:

1. For a single Deuterium atom indexed by s:
(¢ (%3, £,5)[2 = ¢y (v, ,9) > + 9R (x, . ,9) 2|9y (v, t,S)Izr;p,
2. For a single Tritium atom indexed by s:
915y 9 = 197 05) P+ (198, (e £5) P+ 198 (o6 PIF () P
3. For a single Helium atom indexed by s:
1 5,5) 2 = I085 )"+ (s eyt )+ 8 oyt ) 0B it )P

4. For the Neutron field:
(PN - ¢N(X, £ S)/

5. For the electronic field resulting from the ionization

Pe = ¢Pe(x,y,1,5).
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Furthermore, we define also the related densities

oot = [ [ 100y, dx s,
o= [ [ ety o) dxds
o (v, 1) = /O el /Q (P (x,y,1,5)| dx ds,
vty = [ w5 R as

Ne(t)
pe(y,t) = /0 /Q pe(x,y,t,5)|? dx ds.

For the chemical reaction in question we consider that one unit of mass of fractional proportion
ap of ionized Deuterium and a7 of ionized Tritium results in one unit of mass of fractional proportion
wp, of ionized Helium and ay of neutrons.

Symbolically, this stands for

l=ap+ar =ay, +ay.

Concerning the control volume () in question and related surface control (), we assume such
a volume has an initial (fot t = 0) amount of ionized Deuterium of (mp ) and an initial amount of
ionized Tritium of (mr)g. The initial amount of ionized Helium and single neutrons are supposed to
be zero.

On the other hand, about the surface control 90}, we assume there is a part (2; C 0Q2 for which is
allowed the entrance and exit of Deuterium and Tritium ionized atoms.

We assume also there is another part d(); C dQ) such that 0021 N 92y = @ for which is allowed
only the exit of ionized Helium atoms and neutrons, but not their entrance.

In 9(); is allowed the exit only (not the entrance) of ionized Deuterium and Tritium atoms.

Indeed, we assume the following relations for the masses:

1.
(mp,N)T(t) = mp,N(t) +/O /an (on,(x,T) 4+ pn(x,T))u-n dS dr,
2.
mp, N(t) = my,(t) +mn(t),

3.

g, (£) = /Q o, (x,1) dx,
4.

ma(t) = [ pn(xt) dx,
5. t

(mD)(t) = (mD)O - A ‘/E}Qlanz(pD(xl T))u -ndSdrt — aD(mHe,N)T(t),

6.

(mT) (i‘) = (mT)O — /Ot /601U802(p]"(x, T))u -ndSdrt— “T(mHg,N)T(t)/
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7. t
)2 = [ onxty s+ [ [ pnlx,myunarar,
8. t
(mn)7 (1) :/pr(x,t) dx+/0 /ansz(x,T)u-ndl"dT,
9.
(e _
(mp,)r(t)  an,’
so that
anmpy,)r(t) = ap, (my)r(t),
10. t
(me)7(t) =me(t)+/0 /aoz(pe(x,T))umdS dr,
11.
t) = /Qpe(x,t) dx
12.
ND(t) D 2 M, NT(t) T 5 M,
rtr d d - ,t, d d —_—
L e dyasi +/0 o 7t )Py as
NV
+ |4) (y,t,5)|* dy ds e (102)
L L e

Here n denotes the outward normal vectorial fields to the concerning surfaces.
Having clarified such masses relations, denoting by Np(t) Nr(t), Ng,(t), Nn(f), N.(t) the
respective indexed number of particles at time ¢, we define the functional

J(¢,0,1,u,E,A,B,{Np, Ny, Ny, NN, Ne })

where

J=G(Vu)+F(¢)+Ec(p,r) +F+F+F+Fy,

andwhereweassumevp > 0, 'yp>0 'yN>0 'yN1>O ')/N2>0 'y > 0, 7 > 0, 'y
0, v >0, v >0and ap > 0, ay >0, DCHE>0 an > 0,apr >0, DCHN>0 0CEE>0 OCH,E<0
so that

_ ﬁ tr No(t) Dy 5
G(Vg) = 2/0 /0 /Q(Vfl’p) (Vo)) dy ds dt
vyt No() 5 5
+7/0 /o /Q(V<PN)'(V¢N) dx dy ds dt
T
L - (99D dy ds
'YNI /tf/NT /(V(])Nl (V¢N)dXdyds dt

tr Nr(t)
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727’ / / o / (V‘P ) dy ds dt
t N .
7Nl/f/ﬂ / (Ven; ) dx dy ds dt
ts rNpg,
,YN2 /f/ H / V('l) v(pNe) dx d]/ ds dt
tr pNN(E)
+7/ / / (Von) - (Von) dx ds dt
0 0 o)
tr ()
% / f / / (Vo) - (V) dx dy ds dt,
0 0 le)
and
F(fl’) =
/tf /ND /ND / |pp(x — &1,y — 62 t)S *(211)‘62“;7‘13(61 ,Go,t, 51)| dx dy d dey ds ds, dt
— _s)2
/tf /NT /NT / lpr(x — &1,y — é‘z t)s (sgll)\gz\c;T(Cl L&t 51) 2 e dy s di ds dsy d
L @1 tr Np(t) Nr(t |pp(x — &1,y — §z,t s — 1) 2197 (&1, Eat, 1) 2
/ / / / ,y) — (§1,82)| dx dy dgy dgp dt
ocHE tr Nu(t) Np, () |, (x — &1, y §2 t, 5—51)\ |pr, (E1,E2, )|
/ / / / x,y) — (81,62,51)] dx dy dZy dp ds dsy dt
th tr NN(t) pNn() lpn(x — G t, sfsl)| |pn (& 8, 51)‘
/ / / / —¢] dx d¢ ds ds; dt (104)
ocHe Ny, () pNp(t |¢m, (x1 — Cl y &2 |4’N(C]',t)|2
+ Z / / / / — (21, 6] dx dy d¢y dg, ds dsy dt
DlH,Z /ff/NHg /Ne / P, (x — &1, y Cz f5751)|2|¢e(§1 &, t,51) 2 U dy 2, ds ds sy d
2y) — (61,62 Y dgy dga 1

e pNe(H) pNe(t _ T 2
+% / ' / / / el — by - Cz,t,s s)EIge(6r, G2, )l dx dy dgy dp ds dsy dt
0

[(x,y) = (81, 82)]

and the internal kinetics energy is expressed by

Ec(¢,r) = z/tf/ / l¢p|? a;f 9rp dx dy ds dt
2/tf /NT / ¢ T|2 a;f arT dx dy ds di
Z/tf /‘NHE(t / | He|2 ag:e_arHe dx dy ds dt (105)
2/ / / lpn|? 8;?] oty dx dy ds dt

tr pNe(t
z/f/ /|¢e|zare-%d x dy ds dt,

F —i/tchurlA—B |I2 dt
1*47_[0 0112 4k,

Moreover,
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tr Np(t) 5

/0/0 /QEind-KpW’EF(u 8) dx dy ds dt
tr pNp(b)

+/f/ T /Eind'KP|4’5|2(u+arT> dx dy ds dt

tr Np(t)
+/f/ A /Emd Kpl(P < aHf)dxdydsdt (106)

tf N, t
/ / / Eipg - K6|¢e (u+ ) dx dy ds dft,

where K, and K, are appropriate real constants related to the respective charges.
Here u = (u1, up, u3) is the fluid velocity field and

Ip, 1T, ngl N, Te

are fields of displacements for the corresponding particle fields.

Also A denotes the magnetic potential, By an external magnetic field and B is the total mag-
netic field.

Moreover, E;;,; is an induced electric field.

Also,

CD t Np(t)
B = 7/0 /0 /Q V() ID * V (xy)ID dx dy ds dt

Cr [tr (Nr(®)
2 /o /o /Q V(X7 V (xy)tT dx dy ds dt

Cu, [ (N
+% /0 f /0 ’ /Q v(x,y) TH, - v(x,y)l'He dx dy ds dt (107)
C tp NN(E)
+7N /0 /o /Q V()N V()N dx dy ds dt

Ce ty Ne(t)
2 /o /0 /Q V(xy)te  V(xy)te dx dy ds dt,

for appropriate real positive constants Cp Cr, Cp,, Cy, C..

Finally,
aZ\]D BND(t) 2
F = ( ) ( dt

z ot
aNN() en, (U (ONg()\?

s ( o ) a3 /0 o)

€ tf IN,(1)\?

T2 ( 5 ) b (108)

where ep, €7, €N, €H,, € are small real positive constants.
Such a functional | is subject to the following constraints:

1. The momentum conservation equation for the fluid motion

ou ou
p( atk + faxk) =pfi— +Tkm+ (F)k + (Fm)ks

Vk € {1,2,3}.
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Here p = pp + pT + pH, + oN + pe is the total density and P is the fluid pressure field.

ou; au] ouy
= y(&x ox; 3 % Z $oxy |’

Furthermore,

Vi, j€{1,2,3},

Fp = {(Fe)} =

Np(#) Nr(t) N, ()
(o ([ prass [ g ass [T g as) ek [1 e

and

Fv = {(Fm)x}

— (Kp (/ONDU) |<P;l?|2 (u + 8;;;) ds
/Owt) |¢T’2<u+ aartT> e
+ /0 |4> |2( ag:e> ds> (109)
—I-Ke/o : \¢e|2 <u+ a;:) ds) x B.

2. Mass conservation equation:

FTi div (pu) =

3. Energy equation

D A A d
pﬁi+vx(E1)-u+Ez+P<divu):Q— div q,

ot
where we assume the Fourier law
q=—KVT,

where T = T(x, t) is the scalar field of temperature and Q is a standard heat function.
Also,

P ‘u PDarD_arD
2 2 dt ot

(110)

PN 01N Ory

2 ot ot
Pe re Ot
2 ot ot’

where the densities E; and E, are defined through the expressions of F(¢) and F, so that

F(¢)=/Otf/0121 dx dt
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and ,
FQZ/f/Ezdxdt.
0 JO

Here we recall that since rp is highly oscillating in ¢t we approximately have
u-rp~0

in a weak or measure sense. The same remark is valid for the other internal velocity fields.

Moreover,
De  oe de

P=F(p,T),

for an appropriate scalar function F;.
5. Mass relations

(a)

mo() = [ po(xt) dx,
(b)

mr(t) = /QpT(x,t) dx,
(c)

mise(t) = | pr(x,1) d,
(d)

() = [ pn(xt) dx,
(e)

me(t) = /Qpe(x,t) dx,

where,
(a) t
(mp,N)T(t) = mpy,n(t) +/O /anz(pHe(x’ 7))u-ndS dt,
(b)
my, N(t) = mpy,(t) +my(t),
(c) t
(mo)(1) = (mo)o— [ | (po(x1))u-nds dr—ap(min)r(t),
(d) t
(mr)(t) = (mr)o —/0 /anluaoz(pT(x' 7))u-ndSdt —ar(my,N)1(t),
(e)
(1) = [ pmCotydxs [ [ pi (e 0w naras,

()

(mn)7(t) = /QPN(x/t) dx+/0t /ansz(x,r)wndFdr,
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(8)
(m)r(t) _
(mp,)r(t)  ap,’
so that
anmp,)r(t) = ap, (mn)7(t),
(h)
(me)7(t) = me(t / /a (or(x,7))u-ndSdr.
2
@)
B Np(t) D 5 me Nr(t) T 2 me
met) = [ [Pt dyayds e [T [ g7 nns) P dy ds e
/ / |¢2p y,t,8)|* dy dsnn:—;. (111)

6. Other mass constraints

(a)
S 1R Gt 9) 2 dx = my,
(b)
|10k (et 9 dx = my,
(©
S 10k ey, b9) P dx = m,
(d)
/Q [on; (%, t,s)> dx = my,
(e)
|83 Gy, 9P dx = my,
()
/Q |4)5(x, t,s)> dx = ny,
(8)
/Q |4>;(x, t,s)? dx = ny,
(h)

/ |gb °(x,t,8) |2dx—2m,,,

mp(t) = my Np(t) +my Np(t)
mr(t) = mp Nr(t) + my Nr(t),
mp,(t) = 2my Ny, (t) +2my Ng,(t),
me(t) = me Np(t) 4+ m, Ny (t) +2 me Np, (t).

8. For the induced electric field, we must have

1 ~ ND(t) D2 arD
curl E;,,; + - curl <I<p/0 ¢y | (u + 7) ds
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N Nr(t) or
+Kp/0 |4)§|2 (u + 8tT> ds
A NHe( ) 12 arHe
+R, /O g2k | < -t )ds (112)

L Ne(t) ’ ar.(x,y,t)
+I<e/0 /Q |pe(x,y,t,5)| (u(y,t) + —a dx) ds)
o)

x(curl A — BO)—1§(curlA By) =

where Kp and K, are appropriate real constants related to the respective charges.
9. A Maxwell equation:

divB =0,

where
B = By — curl A.

10. Another Maxwell equation:

Np(t) Nr(t) Ny, (1)
divE = 4n(1<p </0 95| ds+/0 9 17 ds+/0 ik ds) (113)

e e rdrts 7

where the total electric field E stands for
E =E;s + Ep,

and where generically denoting

F(¢) = //f5¢,xt§s)dxd§dsdt

we have also
E, = {/QafS(q”x’t’C’s) ac ds}.

axk

At this point we generically denote

tf
(h, ) > = /0 /th hy dx dy dt.

Thus, already including the Lagrange multipliers concerning the restrictions indicated, the
extended functional J3 stands for
]3 = I3 (¢/ ur, Pr Ar Br E/ Ar E/ {ND/ NT/ NHEI NN/ NB})
= G(V9)+F(¢)+E(pr)+H+Eh+E+E
ouy Juy oP
A - =— — T — (Fg)r — (F, 114
+< k/P< 5 THigy > Pfk+axk Tjj — (FE)k — ( M)k>L2 (114)

9
+( Ay, P + div (Pu) + ]Auxl + ]Aux2 + ]AMX3 + ]AMX4 + ]Aux5/
at L2
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where,

d
D at L2
+{As, P—F;(0,T));2, (115)

s = (Aomo() = [ polxt)dr)
+(Bwmr(t) = [ prie ) dx)
(Do)~ [ pu (1) d">Lz (116)
(M) = [ pntetds)
(

A1, me(t) — /ng(x, t) dx>L2

ty
0

Jauwe, = —/tf/ (ER)s y,ts(
-7 Ewl)ey,ts( )
_/Otf/Q (EL)7(v.1,5) (/ 195, (6,9, £,5)[2 dx — N)
/otf/QEHe v t:5) (/ oy (vt 5) [ e N> dy dt (117)
)

Exa(t) (anmp,)7(t) — apm, (mn)7(t)) dt,

S
D

S
D

tf/(ET t,s) (/ |</)p (y,t,8) > dy — m,,) ds dt,

_/O”/Q(E2 (/ 98 (v, t,9)] dy—Zmp> ds dt,

]Aux4 = <A12/ curl Ejg

1 A ND(t) D2 arD

+E curl (Kp‘/0 |¢p | <u+ E)t) ds
. Nr(t) )

+1<p/ i |¢;|2<u+;tT> ds
N or

+1<p/ gt |2< a’:) ds

L rNe(t)
k[ [ |¢e(x,y,t,s>|2(u(y,t)+a“("g,f’t’s)dx) ds) (118)
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«(curl A —Bg) — ~ 9 ( curl A — By)
cur 0) = <5 (cur 0 -
+(A13, divB);»
Np(t) Nr(t) N, (t)
+<A14, divE—47t(Kp</0 ? |¢E|2ds+/0 el ds+/0 gt ds)
+K, /Q |pe|* dx ds) >L2
Jauxs = (M5, mp(t) — (mp Np(t) +my Np(t))) 2
+(A1g, mr(t) — (mp Nr(t) +my Nr(t)))2
+(A17, my,(t) — (2mp Np,(t) +2my Np,(t))) 2
+(A1s, me(t) — (me Np(t) + me Ny (t) +2 me Ng, (1)) 2. (119)

Here we recall the following definitions and relations:

1. For the Deuterium field

1
[pp(x,y,t,5) > = @5 (v, t,9) > + [¢n(x, v, 1,92y (v, t,5)[*—,
mp

2. For the Tritium field

1
o1 (x,y,t,9) 1> = 19 (v, 1,9) > + (|98, (x, v, £,9) > + o8, (x, v, £,8) D)@ (v, £,5) P —,
mp

3. For the Helium field

1
(P, (5, 8,8) 2 = s (v, 1,) P+ (Lo (x,,8,5) P + |0 (x,,1,5) ) [y (v, t,s)|2%,

4. For the Neutron field
PN = ¢n(x,t5),

5. For the electronic field resulting from the ionization

Pe = Pe(x,Y,,5).
ootut) = [ [ poCey b o) dxas
ot = [ [ lorey b9 dx s,
o) = [ [ o ot ) ax s,
vty = [ lon(x o) as

Ne ()
pe(y, t) = /0 /Q e (x,,t,5)|* dx ds.
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Also,
P =pPp + 0T+ PH, + PN+ Le,
1. ,
(mp, N)T(t) = mp,N(t) +/0 /ao (oH, (x,T) + pn(x,T))u-n dS dr,
2
2.
mu,N(t) = mp, (t) +my(t),
3.
mi(t) = [ pr.(x) dx,
4.
m(8) = [ pnlxt) dx,
5. ,
(mp)(1) = (mo)o— [ [ (p(x 1)u-nds dv—ap(mx)r(1),
6. ,
(o) (®) = (mr)o— [ [ (pr(x)u-ndS dr —ar(m,x)r(0),
7. .
£ = 1) d / / ,T)u-n dldr,
(i )r(6) = [ pra (o) dxt [ ] o (x)u - m dre
8. ,
(myn)r(t) = /QpN(x,t) dx+/0 /802 on(x, T)u-n dldr,
9.
(mn)r(t) _ an
(mp,)r(t)  ap,’
so that
an(mp,)r(t) = ap,(mn)r(t),
10. .
(me)T(t):me(t)—// (pe(x,T))u - n dT dt,
0 Ja,
11.
mo(t) = /Q pe(x, 1) dx.
12.
_ No(t) D 2 me Nr(t) T 2 Me
met) = [ [Pt P ayayasie s [T [ loftn o) dy ds e
Np(8) H, 2 e
+/0 /Q\¢z,,(y,t,s)| dydsm—p- (120)
Finally,
E = Ejg + Ep,

and where generically denoting

t
F(‘P) = Af/()f5(¢,x,t,§,s) dx dg ds,
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we have also

E, = {/QafS(q”""t’g’s) 4z ds}.

axk

and,

B = By — curl A.

21. A Qualitative Modeling for a General Phase Transition Process

In this section we develop a general qualitative modeling for a phase transition process.

Let QO C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 0Q).

Such a set () is supposed to a be a fixed volume in which an amount of mass of a substance A
with a density function u will develop phase a transition for another phase with corresponding density
function v. The total mass mr is suppose to be kept constant throughout such a process.

We model such transition in phase through a functional | : V' x V — R where

J(u,v) = %/{)Vu-Vudx+“2—l/Ou4dx

E/VU-VUCZX—FQ/UAde
2 Ja 2 Ja

_%/ﬂwz(uz—l—vz) dx—i(/ﬂ(u2+02) dx—mT>. (121)

Here y1 >0, 72 >0, a1 >0, ap > 0and V = W2(Q).

The phases corresponding to u# and v are connected through a Lagrange multiplier E, which
represents the chemical potential of the chemical process in question.

We assume the temperature is directly proportional to the internal kinetics E¢ energy where

/ 5,01y, aru
Fe=3 R
For a internal vibrational motion, we assume approximately

1y ~ etws(x),

for an appropriate frequency w and vectorial function ws.
Thus, the temperature T = T/(x, t) is indeed proportional to w?, that is, symbolically, we may write

T x Eq w?.

Therefore, we start with the system with a phase corresponding tou ~ land v ~ 0 at w = 1.
Gradually increasing the temperature to a corresponding w = 15, we obtain a transition to a phase
corresponding to u ~ 0 and v ~ 1.

At this point, we also define the index normalized corresponding densities

2

i u uz '(’2
and
(P —
E uz 02 :

Finally, we have obtained some numerical results for the following parameters:
Q=[01CRy1=7=1a=01,a =103
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1. We start with w = 1 corresponding to ¢, ~ 1 and ¢, ~ 0 in ().

For the corresponding solutions ¢, and ¢,, please see Figures 15 and 16, respectively.
2. We end the process with w = 15 corresponding to ¢, ~ 0 and ¢, ~ 1 in Q).

For the corresponding solutions ¢, and ¢,, please see Figures 17 and 18, respectively.

0.9 1

0.8 ff

0.7

0.6

0.5

0.4

03

02

04 f -

Figure 15. Solution ¢, (x) for w = 1.

%107

0.8

06

0.4

Figure 16. Solution ¢, (x) for w = 1.
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021 b
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Figure 17. Solution ¢, (x) for w = 15.
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Figure 18. Solution ¢, (x) for w = 15.

22. A Mathematical Description of a Hydrogen Molecule in a Quantum Mechanics Context

In this section we develop a mathematical description for a hydrogen molecule.

Let QO C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 0Q.

Observe that a single hydrogen molecule comprises two hydrogen atoms physically linked
through their electrons.

We recall that each hydrogen atom comprises one proton, one neutron and one electron.

Since the electric charge interaction effects are much higher than those related to the respective
masses, in a first analysis we neglect the single neutron densities.

Denoting (x,y,z) € Q x Q x Q and time t € [0, (], generically, for a particle pj at the atom Ay
in the molecule M;, we define the following general density:

2w (6w, 2 )P0, (0,2, 5 Plow, (2, )
mA].kli '

|¢(ij1)1 (x,y,2,1)]
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Here we have the particle density |¢p,, (x, ¥,z ) |2 in the atom A, with density |$a,, (v, 2, 1), at

the molecule M; with a global density |¢u, (z, £)[2.
Here we have also denoted, Mpiy the particle mass, m4,, the mass of atom Ay and myy, the mass

of molecule M;, so that we set the following constraints:

1.
/Q |Ppi (X1, z,t)|? dx = My,
2.
| 10a, .2 0P dy = ma,
3.
/Q [P, (2, 1) dz = mpy,.

At this point we denote for the atoms A1 e A; of a hydrogen molecule:

1. me; = m,: mass of electron ¢; in the atom A;, where j € {1,2}.
2. myp; = myp : mass of proton p; in the atom A;, where j € {1,2}.

Therefore, considering the respective indexed densities for the particles in question, we define the

total hydrogen molecule density, denoted by |¢p, (x,v,z,t)|* as

|47H2(x,y,z,t)|2 _ |47p1(x,y,z,t)|2|21:1151}1/;;’t)|2|¢M(z,t)2
190 (2 P l9a (0,2 D |¢m 2 D
ma, My
0p (0,2, O PI0an 3,2, Plom (2, )2
ma,mm
+|¢ez<x,y,z,t>2|ZA2<Z,2»>I2I¢M<Z¢>I? (122)
Ayt M

Such system is subject to the following constraints:
1. From the proton p; in the atom A;:

[ 0 (w2 0 dx = m,,

2. For the proton p; in the atom Aj:

/0 Py, (x,,2,1)|* dx = my,

3. For the atom Aj:
L ea iz O dy = ma,

4. For the atom Aj,:
[ 0as vz 0 dy = ma,,

5. For the electrons e; and e, concerning the physical electronic link between the atoms

[ 180y z P dx+ [ (g (xyz 0P dx = 2m.
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6. For the total molecular density:
/Q loai(z, 1) 2 dz = .

Therefore, already including the Lagrange multipliers, the corresponding variational formulation
for such a system stands for | : V — R, where

J(@,E) = G(V¢) + F(§) + Jaux (¢, E)-

Here we denote

|09, y, 2, ) Pl (v, 2,t) Ploma(z, 1) 2

2 _
’((PP]‘)T| = mA/mM ,
|¢e4(xly,2, t)|2|47A(]//Z, t)|2|4)M(Z, t>|2
2 1P ] |
o= A My ,Vjie{12}
we assume 7, )>0 Ye; > 0, YA; >0, 7ym >0, ag, )T >0, & )T >le(pjek)T <0, Vjke{1,2},
G(V(P) = r)/p]/ / V(I)p] V(Pp]) dx d]/ dz dt
tr
7]/0 /()(v¢ef) (V) dx dy dz dt
VA,
2 Q(W’A) (Va;) dy dz dt

+77M/0 /Q(V(PM)‘(V(PM) dz dt (123)

and

X(pj)r /tf / (@) (¥ =81,y = G2,z = 83, ) P1P(p,), (1, 82, C3, 1)
(%, y,2) — (1,62, 63)|
Xep)r /ff / P (x =81y — 82,2 =G5, t)|2|¢(ej)r(€1,§2, &t
|(x,y,2) — (61,62,83)|
P(p)r (X = CLy — 82,2 = G5, )P (ep)r (G1,E2, 3, 1) 7
|(x, v,2) — (81,62, ¢3)|

dx dy dz;d¢, dGp dis dt

dx dy dz A&y A& A5 dt

ty

dx dy dz d¢y dép dCs dt

Finally,

Jaux(¢, E /otf/g
IS
/Otf/ A zt</|cpA ]/,zt)| dy — mA>dzdt
/ )(t) (/Q |pa(z, 1) dZ—mM> dt. (124)

Remark 22.1. We highlight the two electrons which link the atoms are at same level of energy E,. Morever,
each atom has its energy level E o, and the molecule as a whole has also its energy level Epy.

p)i(Y,z,t) (/ pp; (%, 2, £)[? dx—mp> dy dz dt

D

E
00,200 [ (100502, D+ 10 5,2, D) i 2 ) dy iz
E

D
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23. A Mathematical Model for the Water Hydrolysis

In this section we develop a modeling for a chemical reaction known as the water hydrolysis.

Let QO C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by Q).

In such a volume () containing a total mass mr of water initially at the temperature 25 C with
pressure 1 atm, we intend to model the following reaction

HO=OH +H"

which as previously mentioned is the well known water hydrolysis.

We highlight H>O stand for a water molecule which subject to an appropriate electric potential is
decomposed into a ionized OH~ molecule and ionized H™ atom.

It is also well known that the water symbol H,O corresponds to a molecule with two hydrogen
(H) atoms and one oxygen (O) atom.

Moreover, the oxygen atom O has 8 protons, 8 neutrons and 8 electrons whereas the hydrogen
atom H has one proton, one neutron and one electron.

Remark 23.1. Here we have assumed that a unit mass of HyO reacts into a fractional mass ag of OH™ and a
fractional mass ac of H .
Symbolically, we have:
1=uap+ac.

To clarify the notation we set the conventions:

1. H>O molecule generically corresponds to wave function ¢;.
2. OH™ molecule corresponds to wave function ¢;.
3. H* hydrogen atom corresponds to wave function ¢3.

At this point we define the following densities:

1. For the H,O water density (for charges), denoted by |¢;|?, we have

ez R = K 3l o,z AP DT
j=1 m A mi)m
(@14, (v, 2, 1) Pl (p1)m(z, 1)
(ml)ij (m1)m
)|z|(¢1O)A(y(fz,t)|2|(¢1)M(z,t)|2

m)% (m1)m

2
K Y 1(94)ey(x,9,2,0)
=1

8
+K, Z | (4’?);@ (x,y,2,t
=1

° (@) A,z )Pl (@1)m(z )
K Y 1(99)e; (x,y, 2, 1) [P ' (125)
e 2 |07)e (o (m)3 (1)
where (1) is the mass of a single water molecule and generically |(¢i )p; (X, 1,2, 1) |? refers

to the hydrogen proton p; at the hydrogen atom A; concerning the H,O molecular density
and so on.


https://doi.org/10.20944/preprints202302.0051.v80

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 4 June 2024 d0i:10.20944/preprints202302.0051.v80

87 of 299

2. For the OH~ density, denoted by |¢,|2, we have

2 (¢ Ay, z O [(¢2)m(z 1)
(m)ff (m2)m
(@5)aly,z D) P|(¢2)m(z 1) >

|
Kol (92)e, (2,2, 1) (m)H (m2)

2
9 ez, P L)
8 199)4(,2 DI (@)= D)
+KPJ;|(¢9)”f(x’y’z’t)|2 ) (m)Q (m2)m
Lol @9)a D@ P
N w2 D0

(p2(x,y, 2 = Kpl(¢3)p(x,y,2,1)

. (126)

where (m;) ) is the mass of a single molecule of OH .
3. For the ionized hydrogen atom have

H 2
9529, DI = Kpl(95)p (x.3, t)IZW'

where we have denoted (m3) 4 is the mass of a single atom of H™.

Here K, > 0 and K, < 0 are appropriate real constants concerning a proton and an electron
charge, respectively.

The system is subject to the following constraints:

1.
/Q (@11, (6, y,2,8) 2 dx = my, Vj € {1,2},
2.
[ 168 o2 0P dx = me, v € (1,21,
3.
/Q |(@2)p, (%, 9,2, 1) dx = my, Vj € {1,8},
4.
/Q |(@D)e; (x,,2,1)|* dx = me, Vj € {1,8},
5.
/Q |(¢£J)p(x/%2,f)|2 dx = myp,
6.
18 (2, =
7.
/Q [(¢5)ey (x,y,2, 1) dx = m,,
8.
@), (5,2, dx = my, i € {1,8),
9.
[ 168 (e, 2, 0 dx = e, Vi < (1,8),
10.

@5z, R dx = my,
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11.
1@,z 0 dy = mi, vj € (1,2},

12.

/|<P )a(y,z t)* dy = mG,
13.

@) a2 0 dy = m,
14.

@914z 0 dy = mS,
15.

@5 aw2 R dy = m,
16.

| 1@z + @l P+ @)z DP) dz = mr,

17.

[ acl@2)u(z O - asl(9s)(z ) dz = 0.

Already including the Lagrange multipliers for the constraints, the variational formulation for
such system. denoted by the functional J(¢, E) stands for

I(¢/E) = G(ng) + F(¢) + F1(§b) - IAux((PfE)r

where

G(Vp) = ’Z)]é/otf/ﬂv((l’{{)pj'v(q’{{)m dx dy dz dt
ﬂ;}é 7 [ 9 V@i, v dy dz a
=3 i ) 00 V), axdy dzae
+’Yfz/tf/ (99)e; - V(¢Q)e, dx dy dz dt

l/ /vq)? -V (gH), dx dy dz dt
// (@), - V(93')ey dx dy dz dt

e t _ _
+g Z%/o | V@9 ey V(@0 ey dx dz
]:
Wy [ (49, - V(49),, dx dy dz dt
+220 o (4’2)pj' (4’2)pj xdayaz
]:
'Yez te v 0 - 0 v d de di
+2;O o ((PZ)E]" (‘Pz)ej xayaz
]:
Wy [ gt (69, dx dy d
Y [T V@, V99, dx dy di
j=1


https://doi.org/10.20944/preprints202302.0051.v80

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 4 June 2024 d0i:10.20944/preprints202302.0051.v80

89 of 299

H 2 t
+% ;/Of/ov@f)ij ' V(fP{{)A]. dy dz dt

o t

,YA of QV(])l )Adydzdt

7AH /tf/ V() A - V(¢! 4 dy dz dt

,YAO / / (@5)a - V(¢9)a dy dz dt
+%/0 /QV(‘Pl)M'V(‘Pl)M dz dt
+7M2 /tf/ V(p2)m - V(p2)m dz dt

t

T4 /f/ (¢3)a - Vi(p3)a dy dt.

Here v, > 0,7 > 0,7 > 0,99 >0,vm, >0, 7, >0, 74, > 0.
Moreover,

F(¢)
_ ﬁ ror g (x — &1,y — &2,z — &3, 1)1 (81, &2, 83, 1) |2

/ 9,2 = (60,5.6)] dx dy dz dxq dxp dxs dt

o Iga(x — Gy — &,z — &3, 1) P92(81, 82, 83, 1) |2
/ 59,2 = (6,6,5)] dx dy dz dxi dx, dxs dt

tf |4)3 x — glrz _53/ )| |¢3(€1/€3/ >|2
/ 59,2 — (@,6.6)] dx dy dz dx, dx3 dt

“23 r |</)2(x Suy— Gz — 3, t) 9381, 83, 1)
|(x,y,2) — (81,62, 83)|

where a1 > 0, ap > 0, a3 > 0 and a3 > 0.
Furthermore,

dx dy dz dxq dxp dxz dt

t
R@ = [ [ Venz0e + g+ gaf) dx dy dz at (127)

where V = V(x,y,z,t) is an electric potential originated from an external electric field E applied on Q).
Finally,

]Aux(‘PrE)
2 t

= Z/Of/Q(El)g(y,z,t)</Q|(¢{{)p].(x,y,z,t)|2 dxmp> dy dz dt
j=1

2 t

w3 7 [0 (1t oz 0 dx e ) dy dz
=1
2 t

w3 7 [ 05w (102 om0 dx =y ) dy dz
=8
2 t

+J§/Of/0(E1)g(y,z,t) </Q|(4>?)3].(x,y,z,if)|2 dx—mg> dy dz dt
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* /Otf L E .z t) (/Q [()p(x,y,2, 1) dx — mp) dy dz dt

2 ot

3 [ [ ERwan (16092020 dx =, )y =t
2 ot

+]Z;3/Of/0(52)2(]/12,t) (/O \(¢9)ej(x,y,z,t)|2 dx—mg) dy dz dt

i /Otf | )i (/Q (@4 (x,y, 1) dx — mp> dy dt

+]é/0tf/0(154)§j(21f) </ (I(p0) % (y,z t)|* dy — mA> dz dt

[ ] €3 ( PRI mA) ot
e[ fien( [ 0@ nr an) da

[ [ E3en( [ 10280208 dy-ng) dz

[ et ([ a8 dy—nlf)

+ (e ></Q(|<4’1> (2, )2+ (@22, O + | (@3)a(z, D) dz —mT) dat

+/ (Es)( (/ ucc(4>2)M(z,t)|2—aB|(4>3)M(z,t)|2)dz> it 128

24. A Mathematical Model for the Austenite and Martensite Phase Transition

In this section we consider a phase transition of a solid solution of v — Fe (v — iron) and carbon
with a 0.75/100 proportion of carbon, known as austenite, initially at a temperature above and close
to 723 C and rapidly cooled to a temperature of about 25 C, developing a phase transition which
generates a solid solution of « — Fe (x — iron) and carbon known as martensite.

Let O C R3 be an open, bounded and connected set with a regular boundary denoted by 0Q)
which contains an amount of austenite at 723 C and which, as previously mentioned, is rapidly cooled
to a temperature 25 C on a time interval [0, 7], resulting a phase known as martensite.

We recall the v — Fe of austenite phase presents a multi-faced cubic crystalline structure in a
micro-structure with carbon atoms.

On the other hand, & — F, structure of the martensite phase has a CCC cubic centralized crystalline
structure in a micro-structure with carbon atoms.

At this point, we also recall that the F, (iron) atom has 26 protons, 26 electrons and 30 neutrons.

On the other hand a Carbonj, atom has 6 protons and this same number of electrons and neutrons.

Here we define the density function ¢, representing the Austenite phase, where:

26 1
ey 2O = L1l (o O 2 O] GO P o
j=1 A
e v—F 2007 2 1
+2\¢ (v y, 2P eh " 2 ) Ple] (2 )P
(m})
1

+2 o8 xy 2 PR (02 DI (2 OP s
A
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6 1
+ Y 19Dy (w2 PP aly, 2 ) PleT (2 1) P —
j: (mA)
1
+Z| ¢1)e; (%, 1,2, ) P1(97) a (v, 2, 1) P10F (2, 1) P—e
(mA)
1 (129)

+2| PN, (61,2 )P 1(PD) 4y, 2 ) Pl (2 1) (e

Similarly, we define the density function for the Martensite phase, which is denoted by ¢, where

1

920242, 1)] 2 45 " Gy 2 OP0X " (2 P10t D P s
A

1
+Z|¢“ Fe(x,y, 2, 0) P15 " (v, 2, 0)1P19] (2,8 P 5
(mA)

1
+Z|¢“ e,z ) P1oS T (28 Pl (28 P
(mA)
6 1
+ Y 19Dy (o y, 2 ) PI@D) Ay, 2 ) P1oF (2,8 P —c
j: (mA)
1

+z| 95)e,(x,y,2.8)*(95) 4 <y,z,t>|2|¢>§<z,t>|2(m§)2

(130)

1
+Z| 5N, (1,2, O1P1(95) a(y, 2, 1) 195 (2, 6) P —e—-
(mA)

For the CFC v — F, (y — iron) corresponding to the Austenite phase, such density functions are

subject to the following constraints:
Defining

C’Y = {(81,0,0), (0,82,0), (0,0,83), DEj S {+1,—1}, V] S {1,2,3}},

(Co1 = {(e1,e2,83), = g € {+1,-1}, Vj € {1,2,3}},

and

(Cy)2 = {(e1,€2,0), (e1,0,€3),(0,€2,€3), : g € {+1,-1}, Vj € {1,2,3}},

we must have

Pl Fe(y, 21 + €162, 20 + €282, 23 + €362, 1) = PN Fe(y, 21 4+ 818,, 20 + 820, 23 + 836, t),

Ve, & € C,, where 6, € R™ is a small real parameter related to v — F, crystalline structure dimensions
We must have also,

<PZ;FE (y, 21 + €102, 20 + €20, 23 + €305, 1) = ¢ F (Y, 21 + €102, 20 + 820,23 + E302, 1),
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Ve, & € (C;)1 and,

(‘PlC)A(]// Zl + t‘3152/ Z) + 82521 Z3 + 83(521 t) = (4’?)14(]/1 Zl + 5152/ V) + €25Z/ Z3 + g3(52/ t)/

Ve, & € (Cy)z.
For the CCC a — F, (« — iron) corresponding to the Austenite phase, such density functions are
subject to the following constraints:
Defining
Cy = {(81,82,83), HE S {+1, 71}, V] € {1,2,3}},

(Ca)1 = {(e1,€2,€3), : €1, &2 € {+1,—1} and &5 = 0},

(Ca)2 = {(e1,€2,€3), : €4 =ex =0and ez € {+1,—-1}},
we must have

"y Fe (y,21 + €102, 20 + €205, 23 + €305, 1) = oy Fe (y,21 + 8162, 20 + 8202, 23 + 8305, 1),

Ve, & € Cy, where 6, € R is a small real parameter related to @ — F, crystalline structure dimensions.
We must have also,

(05)a(y, 21 + €162, 22 + €285, 23 + €362, 1) = (9S) A (Y, 21 + €102, 20 + 8262, 23 + E302, 1),

Ve, & € (Ca)1 U (Ca)a
The other constraints for the densities are given by:

1. For the Austenite phase:

a
? / o5, o (x,y,2,t) 2 dx = mp, Vj € {1,26},

(b)
/Q |pe, Fe(x,y,2,t) % dx = m,, Vj € {1,26},

(©
/ |oX Fe(x,y,2,t)|? dx = my, Vj € {1,30},

(d)

/ Il Fe(x,y,2,t)? dx = m},

(e)
/Q [(@F)p; (x,y,2,t) > dx = my, Vj € {1,6},

(®)
[ 16 o,z 0 dx = me, V) € {1,6),

(8)
/ (@1 ), (x,y,2, ) dx = my, ¥j € {16},

(h)

1609040020 dx =,
2. For the Martensite phase:
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(a)

/Q [y, Fe(x,y,2,t)|? dx = m,, Vj € {1,26},
(b)

/Q |95 (x,y,2,1)|* dx = me, Wj € {1,26},
©

/Q |¢“ Fe(x,y,2,t)]> dx = my, Vj € {1,30},
()

157 ey 2, R dx = i,

(©)

A) |(¢§)Pj(x/yrz, t)|2 dx = Mp, V] (S {1,6},
(9

1) (2, P dx = me, j € {1,6),
(8

1@,z 0P dx = my, ¥ € (1,6},
(h)

@) a0 y2 ) dx = S

3. For the total F, (iron) mass,

| 0P az+ [ 163 0R dz = (i),

4. For the total Carbon mass

105 0R dz+ [ 1650 dz = (mo)r.

At this point we define the functional | which models such a pahse transition in question, where

J(@,E) = G(V§) + F(9) + Fi(§) + Jaux (¢, E)

where
77 ooy
G(Vg) = y L / Yy T Vg dx dy dz di
‘:1
26 ~v—Fe t
v f F ~F
Z > / Vol Vgl T dx dy dz dt

30 AT Bt . .
// Vol el T dv dy dz dt

~0—F,

t
+27” / ! / Vs Vg dx dy dz dt
26 ~au—F, t
+Z% | vt gl dx dy dz at
Aac F,

t
! / Ve Vg T dv dy dz dt
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Y
*%A /Otf /Q(WP7 "y, z,t) - VoL (y,2,1)) dy dz dt
+%/Otf/ﬂ(v¢”‘ Fe(y,z,t) - Vs T (y,2,t)) dy dz dt
6 ,?C t
+];2p/0 [)V(¢$)pj'v(¢$)pj dx dy dz dt
6 ~C
+];’Y2e /Of/nv((/’lc)ej'v(%c)ej dx dy dz dt
6 »~C t
* Zl WTN/Of /QW‘P?)N,» -V ($7)n; dx dy dz dt
=
6 AC ¢
+Z%’Y2p/0f/0v(¢2) V(5)p, dx dy dz dt
f
o 4E [t
+]; 2/0 /Qv(th) (492) dx dy dz dt
6 »C
+277N/Otf/nv<¢2) (‘Pz)]-dxliydzdt
j=1
/\C t AC ,
2] (V@9 Vg dydzdi+ 2 [T [ (9S)a-V$)a) dy dz at
~Y ;
7 e <¢1>>d2dt+%/ [V 91)) de
~C .t t
+77T/0f/0(V(¢1) <<P1))dzdt+7T/f/ (9S) - V(¢5)) dz dt (131)
Also,
F(¢)

Yorlgn(x = &L,y — &z — &) PllgL(Er, G, 8 )P
/ |<xr ylz) - (glr gZ/ C3)| dx dy dz dél dgz d€3 dt
oo lga(x = &Ly — 8,z — &, )Pll¢2(81, 82, 83, 1) P
/ [(x,y,2) = (€1,82,83)] dx dy dz 4Gy dGy dgs dt,

= [ [ @0 p 0P + pa(z )P de

Finally, Jayux = Jaux, + Jauxy + Jauxs + Jaux, + Jauxs, where
26 t
Jauy, = E/f/ E'Y F” (y,z,t) (/ |4>'Y F“ (x,y,2,t)? dx—mp) dy dz dt
j=1
&t F F
—i—Z/ / E7 “(y,z,t) </ |4>7 “(x, y,z,t)|2dx—me> dy dz dt
j=1

30 t
+Z/f/ E7 Fe(y,z,1) (/ |</)7 Fe(x,y,2,t) dx—mN) dy dz dt
=1
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& tf n— Fg n— Fe 2d dy dz d
Zi/ /E (y,z,t) /|¢ (x,y,2,t)|" dx —m, | dy dz dt
j=
_|_§ s E“ Fe x— Fg 2 _
(y,z,t) |<p (x,y,2,t)| dx —m, | dy dz dt
=1
+§ by Ea F,g a— Fg 2 _
(y,z,t) |<p (x,y,2,t)|" dx —my | dy dz dt
t
+/f/ EV R (y,t (/ 07 (y, 2, 1) dy — mA> dz dt
t
—l—/f/ EY Fe(y,t (/ 9% e (y,2, 1) dy—mf‘q) dz dt (132)
26 tf
Jaux, = Z/ / ES) p; (v, 2, 1) ( |(¢%) p (X, 1,2, t)[? dx—mp> dy dz dt
=1
26 t
Zlff/ ES), y,zt( 1(¢5)e xy,zt)|2dx—me>dydzdt
]:
26 t
Z/f/ (ES)N y,zt</|¢1 xy,zt)|2dx—mN)dydzdt
j=1
26 t
Z/f/ (ES) p;(y,2,t) ( |(45) pi (%, Y,2,t) |2dx—mp> dy dz dt
j=1
26 t
Z/f/ (ES) e (Y2, 1) < [(¢5) ¢ (%12, t)|2dx—me> dy dz dt
j=1
26 tf
21/ / (ES)n y,zt</|¢2 (xy,zt)| dx—mN)dydzdt
]:
ty
7 a0 ( [ 16 4020 dy ) dz
by
[ [ ERAw ([ 10tz dy S ) dz (133)
and,
T, = [ EPO( [ (01G0P + l03 0P dz = (e ) e
+ [ B0 ([ 105G 0P + 105 GNP dz— (e ) (134)
]Aux4
= + ) / /E”y,zt)(gbA “(y,z1 + €10z, 22 + €202, 23 + €302, 1)
g, 8eCy

— 01T (y, 21 + 816, 20 + £265, 23 + £365,)) dy dz dt
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) / / ESE(y,2,0)% " (y, 21 + €162, 20 + €202, 23 + €302, 1)
g &c(C )1

— (Y, 21 + 102,20 + 202,23 + B30, 1)) dy dz dt

+ 2 / /E” Y, 2, ) (95) A(y, 21 + €102, 20 + €202, 23 + €302, £)

g,

—(¢7 ) (Y, 21 + €162, 20 + 202,23 + €305, 1)) dy dz dt

+ Y / | Bz 0@ P wm a1+ eabez+ b )
€, 8€(Ca)

—¢% e (y, 21 + 8102, 20 + 8262, 23 + 836, 1)) dy dz dt

tf _ ~ A A
+ ) / /Q ESS(y,z,t)((¢5) Ay, 21 + €102, 22 + €28, 23 + €36, 1)
g, 8€(Ca)1U(Ca)2

— (¢ ) (y,z1 + 8185, 20 + 8202, 23 + E365, t)) dy dz dt. (135)

Finally, for a field of displacements u = (u1, 12, u3) resulting from the action of a external load
field f = (f1, f2, f3) and temperature variations, we define

]Aux5
= %/Otf /Q(Al(X, t)Hiljkl((eij(”) — €}j(w))(ekl(u) - el%l(w)))
+ Na(z, ) Hi ((egi(u) — ef:(w)) (e () — eil(w)))) dy dt

_%/Otf/np(x,t)ut(x,t).ut(x,t) dx dt
—(ui, fi) 12, o

where
eij(u) = % <gz; + g;l:)
pr(zt) = [ 1¢1(ry,z 0P dxdy,
p2(zt) = [ 142,02 ) dx dy,
p(z,t) = p1(z,t) + p2(zt),
and

_ p1(zt)
Mz t) = p1(z,t; +p2(z,t)’

_ p2(zt)
M=l =0 t§ +0a2(z,1)°

Remark 24.1. The system temperature is supposed to be directly proportional to w(z,t)?, which in this
model is a known function obtained experimentally. Finally, the strain tensors {ellj(w)} and {efj(w)} refer to

austenite and martensite phases, respectively. Such tensors also depend on the temperature and must be also
obtained experimentally.

d0i:10.20944/preprints202302.0051.v80
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25. A Note on Classical Free Fields Through a Variational Perspective

This section is strongly based on the first chapter of the book [20], by N.N. Bogoliubov and
D.V. Shirkov.

Therefore, the credit for this section is of these mentioned authors. This section is a kind of
review of such a book chapter indicated. In fact, what we have done is simply to open more and
clarify some calculations, specially about the first variation of the functional L, in order to improve
their understanding.

Let O = Q) x [0, T] € R* where ) C R3 is a bounded, open and connected set with a regular
boundary denoted by 9Q).

Consider the Lagrangian density L : RN x RN*" — R and an action A : V — R where

Au) = /QL(u,Vu) dx,

V =W, (Q;RN).
We denote

and ou,
ij = (”z‘)x]--
Assume u € V is such that
OL(u,Vu) =0,
so that

oL(u,Vu) & d <8L(u, Vu)) . .
=Ty (="} =0,inQ, Vie {1,--- ,N}.
ouj k; dx \ 0(ui)x, 1 { }

We define a change of variables
(X = x + Oxy,

where x; = (xg, X1, X2, x3) and xg = f (here { denotes time).
Also

gk =0,ifj#k, goo=—1and g1 = g0 = g33 = 1, {¢"} = {gu} "
N .
bxp =Y X}‘s w,
=1

where |¢| < 1 denotes a small real parameter.
We define also

where

and

Observe that

= uj(x') —ui(x) + ui(x) — ui(x), (137)
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so that
Sui(x) = ul(x) —u;(x)
= 5“'( ) = (uj(x") — uj(x))
Z pije w — i d(x 5
k=1
= Zt/ﬂqswf Z d WilT) 5+ O). (138)
Summarizing, we have got
Suj(x) = ¢ <§ (wijwj - Z 81; i(%) X]Kw]>> + O(?).
=1 k=1 Xk
Define now
A, 91, 92,6) = [ Lin(x+ega(x) + 1 (x)] det (x) dx
where we have generically denoted
Llu] = L(u, Vu),
Liu(x +e@pa(x)) + ep1(x)] = L(u(x + epa(x)) + e@1(x), Vu(x + e@a(x)) + eVer(x)),
and
ox!
J(x) = {ax’}
- [Pt ten
axk
- {5]-k + ea((’z_ﬁi(’c)}. (139)

From such a last definition we have

detJ(x) =1+¢ i Ig2)i(x) + O(€).

=1 8xk
so that ddet J(x | i (Pz k(x)
oe e=0 =1 axk
At this point we define
d ., -
SA(u, @1, ¢2) = %(A(u, @1, 92,€)) |e=0,
so that
N aL (u, Vu
OA(u, ¢1,92) = / (Z (¢1)i
a\io Uj
1 L (u, Vu
Ly (Y qonl)xk)
S\ o)y,

n

aul 2k
5uz ax ) + Z Llu axk ) dx. (140)
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From this and

oL(u,Vu) d <8L(u, Vu)

Oy,

—0.inO Yiell ...
o i, ) 0,inQ, Vie{l,---,N},

we obtain

SA(, @1, 92) ﬁ 3 ( / ixe (aa(il[;t,]ck (q)l)k)) "

i=1k=1

; / de. (141)
— Xk

+
k

[uy

In particular, for

N
_ k..j
(@2)k = ]; Xjw!

and
N

C &y
oo )

j=1

we obtain

SA(u, 1, 92)

- BEA( (R (50 E5rw))))

oL[u X;.‘wf

]
+ Z/Qidxk dx
a
1

k=1
N Noorfu] (N u(x) y
B Jg<kZ </Q dxi (i_la(”i)k (};(% 1; 9x; X ]>>
) &)) (142)

Moreover, we define

so that
SA( ) % - 46
U, 91, 92 / X,
0T
V{w'} € C®(;RN).
In particular, for
Pij =0
and
k _ sk

we obtain the Energy-Momentum tensor T,i, where

o= % Z( gzl l) ~ Lfu)ék.

i=11=1

PT‘\.
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25.1. The Angular-Momentum Tensor
In this subsection we define the following change of variables
X =x+ Y "M ame W,
m#£k
where
wkm _ _wmk
With such relations in mind, we set
Sxp = X — Xk
= ¢ Z Y w0 (g g — 8" xmg))- (143)
=1m<I

We define also,
wi(x") = ui(x) + ou;(x)

where

||
I [\1:

Z x)e wpl
p<l
Moreover, we define
noo.
_ ]
l/]i(mn) = ]; Ai(mn)’
where ' ‘ ‘
] _ ] 1]
Ajpr) = 8ipd) — 8idp-
Hence,
Yi(m E ALy 47 () = it (%) = Gtk ().
]_

For the general variation, we define again

Al 91, 92,8) = [ Llu(x+ega(x) +eg1(x)] det(x) da

where we have generically denoted
Llu] = L(u, Vu),

Llu(x +epa(x)) + e1(x)] = L(u(x + e@a(x)) + ep1(x), Vu(x + e@a(x)) + eVer(x)),

o - {2)
- (e

{ a((Pazii(x) }

Q

§jk + ¢ (144)
and

A(M, 901,6192) (A(u P1, 92, € ))|e:0,

m..lg_‘
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Moreover, we set
()" = w™ (8" x18}, — g xm}),
and
3y = u}(x) — ().
Thus,
Sui(x) = ui(x) —ui(x)
= ui(x") —uj(x) + ui(x) — ui(x), (145)
so that
ou;(x) = uj(x) — u;(x)
= du;(x) — (ui(x") — uj(x))
du;(x) 2
Su;(x) k:Zl iy Sxi + O(e)
n n )
= bu;(x) — Z Z LE;l(x)sw'”l (g”xléfn — g”‘mxméf) + O(?)
I=1m<ik=1 9%k
n
= (£ £ Ayt - £ £ £ 20w o)) o)
1=1jk<l =1m<lk=1
With such results in mind, we define
((Pl)zml = Z A i(kl) ”](x)wml
jk<l
k k
_ Z( an (g1, — "M x,0} )). (146)
Similarly as in the previous section, we may obtain
SA(u, 1, 92)
dA(u, 1, 2, )
N de o=
L no N d ( oL[u] ou au;
— — A ui(x) + —L g™y 68 — Lol o wml)dx
I:Z%j,m2<lkzz‘il ] dek a(ui)xk( i(l,m)] ]( ) axp me; axpg m)

Thus,
- k ., ml d
(g == X L [ o (Mi™)
where
N oL[u] ‘ ou; ou;
Mk, = <A]. U — — "My, + —4 ”x)

+L[u] (8" %185 + 8" xm}), (148)
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so that
M;(m — (gmmmelk —g”xlTk)
-y Z uj(x)
i= 1]<l u )x lm)
= ml + Sml' (149)
where
Ly = (8" xn T} — §"'x,T})
and

Z Z a z(lm ](x)

i=1j<l

The tensor {L¥} is said to be the Orbital angular momentum tensor and {S¥,} is said to be
Spin one.

25.2. A Note on the Solution of the Klein-Gordon Equation

For Q = R*, O; = R3 and denoting as usual by i € C the imaginary unit, consider the Klein-
Gordon equation in distributional sense

u & %u > .
*w+;@*m u=020, an,
= ]

where u € V = W2(Q).
Defining the Fourier transform of u, by

1 —ip-x
¢(p) = W/Oe P*u(x) dx,

in the momenta space, the last equation is equivalent to

3
(pa Y m2)¢<p> _0,inQ,
=1

where we have denoted p = (po, p1, P2, p3) € R, and x = (xg, x1,x2,%3) € R4
Observe that a general solution for this last equation is given by the wave function

3
$(p) =0 <P% - 21 P — m2> ¢(p),
f=

where ¢ € W12(Q)).
Indeed,

3 3 3
(P% - 21 P - mz)fﬁ(r’) = <P(2) - 21 P - m2>5<r)% - 21 P - m2>¢(P)
j= j= j=
— 0, inQ. (150)

Here, we recall that generically for the Dirac delta function 6(t), we have

| ift £0,
o) = { +oo, ift=0. (151)
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Observe that, for the scalar case in the previous section, we have

2
3
ou
210 =Y | — 2u.
;(ax) + m*u
j=0 ]
Also, from
t;l—l—Z——m u=20,inQ,
we get

2 3 2
/<8u> dx—Z/ u dx—mz/uzdx:o,
a\ ot paitle axj Q
so that
2
MY dx = dx o [ o d.
/O( > Z/(Bx]> xX+m Qu X

From such results, we may infer that

2
/TOO dx = /(E)u) dx
Q Q\ ot

e
o at L2
2
3
= Z/(E)L[) dx—i—mz/ u? dx.
o7\ 9% 0
On the other hand,

i/ <8x]>2 *

=~ n)p 2/ </ ipjé lp'xdp) </Qz pid(p') elr' dp’> dx
(271)3];/0/0(_’7" p; (p) $(p') /()e“”*”’)"‘ dx> dp dp’

(152)

27(1)3/2 i/g /Q(—Pf v é(p) ¢(p') S(p+p')) dp dp

- 271_ 3/2 Z/ p] ¢( P))

(153)
Thus, denoting p = (p1, p2, p3), dp = dpi1 dpy dps, and

3
po(p) = 42 2+ m?,
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we may infer that
‘/ T dx = 4‘9344 / ) pi+m* | d(p) §(=p)) dp
0 (27-[)3/2 aQ = ]
= () o) o) ot a
277372 Ja j:1P] Po j:1?’] p p))ap
1
= 72 o, (P02 9(30(5),5) 9(—polp), ~9)) . (154)
Summarizing we have got
1
o = [, (pol# 9(po(p). ) 9(~polp). ~p)) p
2
_ %‘ LZ, (155)
so that 5
00 4. ||ou
/QT dx— g 2

may be expressed as a kind of average expectance of pj related to the function ¢(p).

25.3. A Note on the Dirac Equation
In this subsection we denote
2 3,
A* =) ¢ L,
j=0
where 5
Li=ig¢l—, Vv 1,2,3}.
j=ig ax;’ vje€{0,1,2,3}

We recall that the relativistic Klein-Gordon equation may be written as

(A2 —m®)u =0, inQ =R~

Moreover, for 4 x 4 matrices 7 indicated in the subsequent lines, we may obtain

3 ) 3 )
i (G ) | () o
=0 E)x] =0 ax]

Dii = Az — m2

u,

where

and
Dy =0, ifi # j, Vi,j € {0,1,2,3}.

Here
u = (ug,uy, up,uz)t € V=W2Q;CH).

In such a case the fundamental Dirac equation stands for

3 .
[i(Z'y]aax]) —m]uzOER‘L, in Q.

j=0
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Summarizing, if (1o, uy, ua, ug)T € V is a solution of this last Dirac equation, then ug, 11, up, us3
are four solutions of the Klein-Gordon equation.

In the momentum configuration space, through the Fourier transform proprieties, the Dirac
equation stands for

where

Observe that
i(p) = 6(p+mu(p)
corresponds to a general solution of the Dirac equation.
Indeed,
(p+m)ii(p) = (p+m)5(p+mu(p) =0 € R*, in Q.
On the other hand

3
a(p) = 5(?% - Z% P — m2> u(p)
=

correspond to four solutions of the Klein-Gordon equation.
At this point, we assume such a 71 (p) corresponds to a solution of the Dirac equation as well.

Furthermore, here we recall that (please see the first chapter of the book [20], by N.N. Bogoliubov
and D.V. Shirkov for details):

10 0 0
01 0 0
0
_ 1
Y 00 -1 0 ( (156)
00 0 -1
0 0 0 1
0 0 10
1 _
v = 0 -10 0 ( (157)
1 0 00
0 0 0 —i
, o oo
=Y 0 io o0 ( (158)
i 00 0
0 01 0
0 00 -1
3
p— 1
v 100 0 (159)
0 10 0
and
0 0 —i 0
0 0 0 —i
5
= 1
i i 0 0 0 (160)
0 —i 0 0

where we also denote
8 = 7%, Vj € {1,2,3},

0j = iy, Vjie{1,2,3},
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and
p=1"
On the other hand, a variational formulation for the Dirac equation corresponds to the functional
A :V — R where 1
Alu) = 5 /QL(u,Vu) dx,
where
ou*

3 . du .
— LY I | 2%
L(u,Vu) zji_()(u vy ax; axj'y u) mu*u,

where here
u = (ug, uy, Uy, u3)T € W1'2(Q;(C4).

From such statements and definitions, similarly as in the previous sections (please see [20] for
details), we may obtain

1 Ju Jdu*
Tklzjll LV LY A
2g u78x1 axlvu

and
kim _ aL(ur VM) ulm,, % Au*,Im aL(u/ Vu)
S = ——2 A"y —u*A — |,
Olly, Oy,
where .
Au,lm — ig_ml
2 7
Au*,lm _ i Im
27
and where . )
olm — YY =YY
2 7
so that

ghim _ iu* <7k(71m _ Ulm,)/k)u‘

Thus,

- 7 [ (1w (v =" )u) dx
i (2:[)3 /Q (/Q /Q (a(p)e = (xFo™™ —amabya(p' )" ) dp dp’) dx
: (2n1)3/2 | L (o)™ = sb)s(p -+ pa(p')) dp dp

= e [P - ap) dp
g (00 =0 (1 L =0 ) )
i@

[, (lpo(0), Y™ = 0 u(=po(p), —p) ) dp, (161)

(27[)3/2
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where

3
po(p) = \| X p; +m?
j=1

[ ki ax = 4(22)3/2 Lo, (utpo(p), Y™ =y —po(), ~))

Summarizing, we have got

where Q1 = R3, p = (p1, p2, p3) and dp = dpy dp, dps.

26. A Note on Quantum Field Operators

This section is strongly based on the chapter 3, page 53 of the book [21], by G.B. Folland.

Therefore, here we have done a kind of review of these pages of such a book chapter indi-
cated. In fact, we have simply opened more and clarified some calculations, in order to improve
their understanding.

Let O = Q) x [0, T] C R* where ) C R3 is a open, bounded and connected set with a regular
boundary denoted 9Q).

Define V = W?(Q) and

Vo = Wa2(Q).

Consider an operator H : V; = Vo N W?2(Q)) — Y where in a distributional sense,

2
H(u) = —ZTZ + V2u — m?u,
and where
Y =Y* =L%(Q).

Suppose there exists operators B; : Y — Y and B, : Y — Y such that
1
B1Bo(u) = H(u) + i
and ,
ByBi(u) = H(u) — i Yu € V.

Assume also ¢y € V; is such that
gollr2 =1,

and Bi¢p = 0.
Now define

_ BY(¢o)
o = 2\/@ , Vk € N.

Observe that
[B1By] = B1By — B2By = 1.

We shall prove by induction that
[By, B§] = kB5™!, vk € N. (162)

Indeed, fork =1
[B1,Bo] = I; = 1BY,

so that (162) holds for k = 1.
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Suppose now (162) holds for k € N, so that
[By, B] = kB5 1.

In order to complete the induction, it suffices to prove that (162) holds for k 4 1.
Observe that

By, BS™'] = (BiBE™ — BETIBy)

(B1BY)B, — B5*1B,

(B5By + kBS~1)B, — B*1B,

= B§(BiBy) +kBS — BS*'B,

= BS(ByBy + 1) + kBy — BET1B;

= BY*By + BS +kBS — BB,

= (k+1)Bh (163)

Thus, the induction is complete, so that
[By, B§) = kB5~1, vk € N.

Moreover, we recall that
Bigo =0,

Bk
Bipy = &(j%)

(B5By + KBS 1)¢g
V!
kpe—1v/(k—1)!
N
kpr—1
vk
= Vk¢_1, Vk e N. (164)

so that

Summarizing, we have got

Bi¢y = Vk¢p_1, Vk € N.

Now, we shall prove that

By = Vk+ 1¢pp11, Vk € N.
Observe that

BS g Pre1(y/ (k+1)!

By (B3¢ho)
(Bagpe) VK. (165)

Summarizing, we have got

(Bagi) V! = @1 (1) (k+ 1)1,

so that
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(BZ(Pk) =Vk+ 1¢k+1, Vk € N.

Finally, from such results, we may infer that

Bi(Vk+1¢s1)
Vk+1Bi¢yiq
\/m\/mfpk
— (k+1)¢y, VkEN. (166)

B1Bagy

Similarly,

BBigx = Ba(Vkey_1)
= VB
= ViV
= k. (167)

Therefore we have got

1 1 1
H ¢ = BiBogy — S¢ = (k+ 1) — oy = (k+ 2>¢kr
that is .
Hpy = <k+ 2>¢k, Vk e N.
Thus, foreach k € N, k + % is an eigenvalue of H with corresponding eigenvector ¢y.

26.1. An Application Concerning the Harmonic Oscillator Operator in Quantum Mechanics

In this section we have the aim of representing the relativistic Klein-Gordon equation through the
creation and annihilation operations related to the harmonic oscillator in quantum mechanics.
Consider first the one-dimensional Hamiltonian, corresponding to the harmonic oscillator, namely

__hd X
 2mdx? 27
which through an appropriate re-scale results into the following related Hamiltonian Hp, where

1/ 4
Ho—z(dx2+x )

BlZAzl(x-i- d),

Define now the operators

NAGRET:
and . p
Bp=A*= —(x— ).
? V2 < dx)
Clearly,
Iy Iy
Hy = [ a
o= B1B> > ByB1 + X
so that

[A, A*] = [By,By] = B1By — ByBy = 1.
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Similarly, as in the previous sections, by induction, we may obtain
[By, B§] = kB5™!, vk € N.

For .
—1/4 —X
Po=1 / e z,

we define

1
¢ = ﬁng)O' Vk € N.

Also from the previous section, we may obtain

By = A = Vk + 1¢p11,

Bigy = Ay = \/E(Pk_l, vk € N.

BB = A*A¢7k = k(Pk,

and
BlBZ(Pk = AA*(Pk = (k + 1)(Pk,Vk e NU {0}
so that
Hogp = (k+1/2)¢y, Vk € N.
Here we recall that
Bi¢o = Ago =0,
and
Ipollr2 = 1.
In ref. [21], page 54 it is proven that such a sequence {¢y} is an ortho-normal basis for L?(R).
Finally, observe that for R* we may define
1 (0
(B1)j = 4; = 2 (ax] +xj>,
and
(B )'—A*—L —i+x- vje {0,1,2,3}
2 ] ] - \/i ax] INK ] 7 Lr &y .
Here generically,
x = (x0,x1,%2,x3) € R%,
Observe that clearly
09 V2 .
a2 AT A
and
V2

ijd = 7<A] + A]*), V] € {0, 1,2,3}.
Denoting xo = ¢ where t stands for time, consider the relativistic Klein-Gordon equation,

2 3 32
_a¢+2874)
]

2
29 —m2p =0,
A
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From the previous results, we may represent such an equation by

1 . 31
(—2(AO — A+ ) 5 (A - A7) - m21d>¢ =0.
j=1

We highlight from the previous results we know the action of A; and A;-k on an appropriate basis

of L2(R*) obtained though an appropriate tensorial product of the bases

{{¢r(xj)}, forje{0,1,2,3}}.

We shall call the operators A;‘ and A; as the creation and annihilation operators concerning the
original harmonic operator in quantum mechanics.
{ To jl}lstify such a nomenclature, we recall that A7go(x;) = ¢1(x;) and A;po(x;) = 0, Vj €
0,1,2,3}.

27. A Dual Variational Formulation for a Related Model

In this section we develop a concave dual variational formulation for a Ginzburg-Landau type

equation.
Let O C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 0.
Consider a functional | : V — R defined by
J(u) = I/ Vu-Vudx
2 Ja
+5 02 = B dx = (o, (16

wherey > 0,4 > 0,8 >0, f € L?(Q), and
vV =W2(Q).

We also denote Y = Y* = L2(Q)).
Define now
Vi={ueV : |ulo <Kz},

for some appropriate K3 > 0and, J; : V x Y — Rby

Ja(u,5) = J0) + 5 [ (~yVRu 2050~ )7 d

where ,
K= —a—
4aK3 +¢
for some small parameter 0 < e < 1.
Observe that
J(u,v5) = %/g Vu-Vudx+ (u?,08) 2

K
+71 /Q(—’)/VZM + 2v5u —f)2 dx — (u, f)2

—(%,05) 2 + 5 [ (02— ) dx
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> inf{g/ Vu - Vudx + (u?,08) 2
o)

ueVvy

+% /Q(—nyZu +204u — f)? dx — <u/f>L2}

+3r€1£{—<v,03>L2 + % /Q(v—/%)2 dx}
= —F(vp) — G (vp)

= J'(v5),YueVy, vy Y, (169)

where we have denoted

F*(vh) = sup {—(u?,v5) 12 — F(u,05)},
uevy

K
F(u,vp) = %/QVu-Vu dx+71/0(—'yvzu+20(’§u—f)2 dx — (u, )2,

and

Go) =5 [ (0—pdx,

G*(v9)

sup{(v,vp)12 — G(0)}
veY

- % [ @ dx+p [ o dx. (170)

Observe that SF .
#UO) = — V2 4208 + Ky (—V? +205)?,

so that we define
B* = {vf € Y* : —yV? 420} + K (—V? +205)? > 0}.

With such assumptions and definitions in mind, we may prove the following theorem:

Theorem 27.1. For [*(vy) = —F*(v;) — G*(v(), suppose 9 € B* is such that

51 (65) = 0.
Let ug € Y be such that
9H (uo, 9;)
7 Y7 — O/
ou
where
H(u,08) = F(u,08) + (12, 08) 1.
Suppose
up € V1.
Under such hypotheses,

F*(d3) = H(uo, %),
8] (ug) =0,

d0i:10.20944/preprints202302.0051.v80
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and
J(uo) = Ji(uo, %)
frg 1 f 5%
ulgvl ]1 (u/ UO)
= sup J*(2g)
vpEY*
= J" (%) (171)
Proof. The proof that
F*(0) = H(uo, ),
is immediate from 9y € B*.
Moreover, the proof that
6] (uo) =0,
and
J(uo) = J1(uo,0g) = J"(0g)
may be done similarly as in the previous sections.
Observe that
J"(vg) = —F(v) = G*(vg) = inf {H(x, %) — G™(v)},
so that J* is concave in v as the infimum of a family of concave functionals in vj.
From this and 6]*(4;) = 0 we get
J*(%g) = sup J"(vg)-
viEY*
Furthermore observe that
J(uo) = Ja(uo, %)
< Ji(u,vp)
= F(u,85) + (u,95) 12 — G* (%)
< F(u,95)+ sup { (42,952 — G*(95) }
vpEY*
= F(u,%)) +G(?)
= N(u,?p), Vu e (172)
Hence
J(uo) = J1(uo,0g) = inf J1(u,05).
uevy
Joining the pieces, we have got
J(uo) = Ji(uo,%5)
= inf , 08
ulng Il(u UO)
= sup J*(2p)
vpEY*
— ). az3)

The proof is complete. [

d0i:10.20944/preprints202302.0051.v80
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28. The Generalized Method of Lines Applied to Fourth Order Differential Equations

In this sections we develop an application of the generalized method of lines to a fourth order
equation.
We start by addressing the following ordinary differential equation (ode):

Sd‘*u(x)
dx*

—f=0,in[0,1],

with the boundary conditions
u(0) =u'(0) =0

and
u(l) =4'(1) =0.

In terms of linear elasticity, such a boundary conditions corresponds to a bi-clamped beam.
In a finite difference context, this last equation corresponds to

Upyp — 44Uy +6uy — 4y +uy,_o
€ 7

where N is the number of nodesand d = 1/N.
Considering that, from the boundary conditions, u_1 = 1y = 0, for n = 1 we get

)—fn—o, vne{l,---N-2},

d4
6”1 741/[2 + u3 = .flT’
so that
Uy = aqup + byuz + cq,
where ,
d
ay=2/3, by —1/6and c; = %
Similarly, for n = 2, we obtain
d4
— 4y + 61y — dus + 1y = sz

Hence, replacing the value of 11 previously obtained in this last equation, we have

44
—4(ajuy + byuz +c1) + 6uy — 4uz +uy = fz?,

so that
Uy = aruz + bouy + Co,

where defining mq; = (6 —4a1), we have also

2 — 4b) 4+ 4

2 = 771112 ’

1

by=——r

2 mi2

1 d*

Ccy = (fz +4C1).

mqp €

Now reasoning inductively, for #, having

Up_1 = Ay_qUn + by_qtly 1 +cy1,
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and
Upy_p = Ay_pUy_1 + by_oly +cyp_p
we obtain
Uy = Ao (Ap_1tn + by_1Uyi1 +Cy1) + by_oty + cu2,
so that from this and
fud?
Upip — 4y +6uy —4uy 1+ Uy = -
we obtain
an—2 (an—lun +by 11+ Cn—l) + by oty +cp2
d4
—4(ay_qun +by_qUpy1 +Ccyq) + 06Uy — 4y + Uy = fng , (174)
so that

Uy = Aplyg1 + buliy 1 + cn

where defining
myp = (ay—2(ay-1) + b2 —4a,_1 +6)

we obtain .
=——(a,_7b,_1—4b,_1—4
an S— (an 20n-1 n—1 )
1
by=——,
mip
and .
1 d
Cn = 771_12 <an—2Cn1 +ep—2—4cp-1 — fng >

Summarizing, we have got
Up = Aplly i1 + byl o +cp,Vn € {1,-N —2}.
Observe now that from the boundary conditions,
uy_1 =un = 0.
From these last two equations, we may obtain
UN-2 = CNy,

and
UN_3 = aN—3UN—2 +bn_3un—_1 +CN=3,

and so on up to obtaining
U1 = a1uy + b1M3 +c1.

The problem is then solved.

28.1. A Numerical Example

We develop a numerical example considering

e=1,
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and
f=1,in[0,1].
Thus, we have solved the equation
d*u(x) .
g i —f=0,in[0,1],

with the boundary conditions

and
u(l)=u'(1) =0
In a finite differences context, we have used N = 100 nodes and d = 1/N.
For a solution u(x), please see Figure 19.
5 x10°
251 1
ol |
15F |
1h |
05 1
0 Il Il Il Il Il Il Il Il Il
0 01 02 03 04 05 06 07 08 09 1
Figure 19. Solution u(x) for the example B.
In the next lines, we present the concerning software in MAT-LAB
Eagta ekt b bk
1. clear all
m8=100;
d=1/mS§;
el=1.0;
for i=1:m8
£(1,1)=1.0;
end;
a(1)=2/3;
b(1)=-1/6;

c(1)=f(1,1)*d*/ (6e1);
m12=(6-4*a(1));
a(2)=(4*b(1)+4)/m12;
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b(2)=-1/m12;
c(2)=1/m12*(4*c(1)+£(2,1)*d*/el);
for i=3:m8-2
m12=(a(i-2)*a(i-1)+b(i-2)-4*a(i-1)+6);
a(i)=-1/m12*(a(i-2)*b(i-1)-4*b(i-1)-4);
b(i)=-1/m12;
c(i)=1/m12*(f(i,1)*d* / el-c(i-2)-a(i-2)*c(i-1)+4*c(i-1));
end;
u(m8,1)=0;
u(ms8-1,1)=0;
for i=2:m8-1;
u(ms8-i,1)=a(m8-i)*u(m8-i+1,1)+b(m8-i)*u(m8-i+2,1)+c(m8-i);
end;
for i=1:m8
x(i)=i*d;
end;
plot(x,u)
29. A Note on Hyper-Finite Differences for the Generalized Method of Lines

In this section we develop an application of the hyper finite differences method through an
approximation of the generalized method of lines.
Consider the equation

{ —eu’(x) + o’ —pu—f =0, inQ=0,1], (175)

u(0) =0, u(1) =0

As g > (0 is small, in order to decrease the error concerning the approximations used we propose
to divide the domain ) = [0, 1] into N sub-intervals of same measure. Thus we define

k
= —, Vk 0,1,---,N;}
X N1 € { 1}
For each sub-interval Iy = [x;_1,x;] we are going to obtain an approximate solution of the

equation in question with the general boundary conditions

u((k—1)/Ny) = Uk — 1],

and
u(k/Nl) = U[k]
Denoting such a solution by
{uli K]}
where
w=""11id
1 N] 7
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and
1

a mg N1 !
where myg is the fixed number of nodes in each interval Ij.
Observe that in a finite differences context, linearizing it about a initial solution {ug[i, k] }, the
equation in question stands for:

_lulit LK - 2”;2' KL uli = VKD | syl K2l K] — 20ufi, K

—Buli, k] — f[i,k] =0, Vi € {1,--- ,mg —1}. (176)

In particular, for i = 1, we obtain

(u[2, k] — 2u[1, K] + u[0, k)

—¢ 7 + Baug[1, k)?u[1, k] — 2aug[1, k)3
—Bu[l,k] — f[1,k] =0, (177)
so that
ull k] = a[l,kjul2,k]+b[1,k]u[0,k] + c[1,k]T[1, k]
te[L, K] + E[1,K], (178)
where
all,k] =1/2,
b[1,k] =1/2,
c[Lk] =1/2,
dZ
e[l,k] = f[1,k] 5e’
d2
T[1,k] = (—3aug[1,k*uli, k] 4 2auo[1, k> — pull, k])?,
and
E.[1,k] =0.
Now reasoning inductively, having
uli—1,k] = ali—1,kluli, k] + b[i — 1, k]Ju[0,k] +c[i — 1,k|T[i — 1,k]
+eli —1,k] + E,[i — 1,k], (179)
and
_luli A LA = 2”6[;2' KAl = VKD | ool k2, K] — 2000, K2
—Buli,k| - fli,] = 0, (180)
so that ,
(ufi +1,K] — 2uli, k] + ufi — 1,K]) + T[i, K] +f[i,k]% —0,
where,

2

Tli, k] = (—3auoli, K2uli, K] + 20toi, kI* + Buli, k])%,
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we obtain
uli,k] = ali kluli, k] + bli, kJu[0, k] + c[i, k] T[i, k]

+eli, k| + E/[i, k], (181)
where,

ali, k| = 2 —ali— 1,k 7Y,

bli, k] = ali, k]b[i —1,k],
cli,k] = ali, k](c[i — 1,k] + 1),
i 2
eli, k] = ali, k] (e[i -1,k + f['f]d),

and

E,[i, k] = ali, k] (E-[i — 1,K]) + c[i, K] (T[i — 1,k] — T[i, k]).

Observe that in particular for i = mg — 1, we have u[m8, k| = U[k] and u[0, k] = U[k — 1], so that
from above, neglecting E,[1, k|, we also obtain

ulmg — 1,k] = a[mg — 1u[mg, k] + b[mg — 1, k]ul0, k]
+c[mg — 1,k|T[m8 — 1, k| (u[mg, k], u[0,k]) + e[mg — 1, k]
= ng—l(u[k]l U[k - 1]) (182)

Similarly, for i = m8 — 2 we may obtain

ulmg — 2,k] = almg — 2Ju[mg — 1,k] + b[mg — 2, kJu[0, k]
+c|mg — 2,k]T[m8 — 2, k] (u[mg — 1,k|, u[0,k]) + e[mg — 2, k]
— Hyy2(UK, UK~ 1)), (183)

and so on, up to finding
ull,k] = Hi(U[k],U[k —1]), Vk € {1,--- N1 }.
At this point we connect the sub-intervals by setting
U] =U[N;] =0
and obtaining {U[1],- - - , U[N;j — 1]}, by solving the equations
—¢ (ulms — 1,k — 2;[k] +ull k+1)) + 3aug[m8, k|2U k] — 200 [m8, k]
—BU[k] — f[ms, k] =0, Vk € {1,--- ,N; — 1}. (184)

Having obtained {U[k|], Yk € {1,---,N; —1}} we may obtain the solution {u[i,k]} where
i€{0,---,mg}andk e {1,---,Ni}.

The next step is to replace {ug[i, k] } by {u[i, k]} and then to repeat the process until an appropriate
convergence criterion is satisfied.

The problem is then approximately solved.

We have obtained numerical results for e = 0.001, f =1,on (), Ny = 10, mg =100 and « = g = 1.

For the related software in MATHEMATICA we have obtained U[1],---,U[9],

Here the software and results:
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1. Clear[u, U, z, N1];
m8 = 100;
N1 =10;
d=1/m8/N1;
el =0.001;
For[k =1,k < N1+ 1, k++,
For[i=0,i <m8 + 1, i++,
uoli, k] = 1.01]];
A=10;
B=1.0;
a[1]=1.0/2;
b[1] =1.0/2;
c[1]1=1/2.0;
e[l] =d?/el/2.0;
For[i=2,i < m8,i++,
ali]=1/(.0-ali-1]);
b[i] = b[i - 1]*a[i];
cli] = a[i]*(c[i- 1] + 1.0);
eli] = ali] * (e[i — 1] +d?/el);
I;
For[kl =1, k1 < 10, k1++,
Print[k1];
Clear[U, z];
For[k =1,k < N1+ 1, k++,
u[0, k] = U[k - 1];
u[m8, k] = U[K];
For[i=1,i < mS§, i++,
z =a[m8 -i]*u[m8-i+ 1, k] + b[m8 - i]*u[0, k] +
c[m8 - i]*(-3*A*uo[m8 -i + 1, k]**u[m8 -i + 1, k] +
2*A*uo[m8 - i + 1, k]® + B*u[m8 - i + 1, k])*d? /el +
e[m8 -i];
u[mS8 - i, k] = Expand[z]]];
U[0] = 0.0;
U[N1] =0.0;
S=0;
For[k =1, k < N1, k++,
S =S+ (el*(-u[m8 - 1, k] + 2*U[k] - u[1, k + 1])/d> +
3*A*U[k]*uo[mS8, k]? - 2*A*uo[m8, k]° - B*U[K] - 1)?];
Sol = NMinimize[S, U[1], U[2], U[3], U[4], U[5], U[6], U[7], U[8], U[9]];
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For[k =1, k < N1, k++,
wi[k] = U[K] Sol[[2, k]II;
For[k =1, k < N1, k++,
ULk] = w4[K]];

For[k =1,k < N1+ 1, k++,
For[i=0,i <m8 + 1, i++,
uoli, k] = ufi, k]II;
Print[U[5]]];

For[k=0,k < N1+ 1, k++,
Print["U[", k, "]=", U[K]I]
U[0]=0.

U[1]=1.27567
U[2]=1.32297
U[3]=1.32466
U[4]=1.32472
U[5]=1.32472
Ul6]=1.32472
U[7]=1.32472
U[8]=1.32472
U[9]=1.32471
U[10]=0.

Remark 29.1. Observe that along the domain we have obtained approximately the constant value u = 1.32472.
This is expected since ¢ = 0.001 is small and such a value u is approximately the solution of equation

au —Bu—1=0.

30. Applications to the Optimal Shape Design for a Beam Model

In this section, we present a numerical procedure for the shape optimization concerning the
Bernoulli beam model.

Let Q) = [0,1] C R corresponds to the horizontal axis of a straight beam with rectangular cross
section b x h(x), that is, the beam has a variable thickness h(x) distributed along such a horizontal
axis x, where x € [0,1].

Define now

V={weW*Q) : w(0)=w(1) =0},

which corresponds to a simply supported beam.
Consider the problem of minimizing in V' x B the functional

J(w,h) = %/Q H(x)wxx(x)2 dx

subject to
(H(x)wxx(x))xx — P(x) =0, in Q,
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where

h(x) is variable beam thickness, A(x) = bh(x) corresponds to a rectangular cross section perpendicular
to the x axis, and E is the young elasticity model.
Also, we define

1
B= {h : [0,1] — R measurable : h,;, < h(x) < hyqax and /0 h(x) < cohmux},

where 0 < ¢y < 1and

C'={weV : (Hx)w(x))xx — P(x) =0, in Q}.

Observe that
(w,h)ig(ff*xB](w’ n)
= jogl o}
— ﬁ?é{i‘gf;{u‘fe‘%{; /Q H(x)wxx(x)? dx — (@, (H(x)wxx (X)) x — P(x)>L2}}}
_ }ilglfg{;g{_i /Q H(x)@2, dx + <w,p>L2}}
- el 5 LA ) 1
where

D*={M€EY" : My —P=0,inQ, and M(0) = M(1) = 0}.

Summarizing, we have got

1/ M?
inf h) = inf — | ——dx.
(w,h)lgc*xB](w' ) (M,h)lrelD*xB{Z /Q H(x) x}

In order to obtain numerical results, we suggest the following primal dual procedure:

1. Setn =1and
hn (x) = Cohmux.

2. Calculate w, € V solution of equation

(Hn(x)(wn)xX)xx = P(x),

where

3. Calculate h,, 1 1(x) € B such that
J*(My, hyyq) = inf [*(My, k),
heB

where
M, =H, (wl’l)XXr
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1M
2 JaH(x)

4. Setn := n + 1 and go to step 2 until an appropriate convergence criterion is satisfied.

J* (M, h)

We have developed numerical results for ¢y = 0.65, E = 210 107, b = 0.1 m, P(x) = 36 10> N,
hmin — 0.072 m al’ld hmux - 0.18 m.
We have also defined

h(x) = £(x)hmax,

where
04 <t(x) <1, ae inQ.

For the optimal solution w = w(x), please see Figure 20.
For a corresponding optimal solution t = ¢(x), please see Figure 21.

%1078

0.8 ]

06 ]

0.2 ]

Figure 20. Optimal solution w(x) for a simply supported beam.

0.85

081 b

0.75 ]
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Figure 21. Optimal shape solution ¢(x) for a simply supported beam.
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Remark 30.1. For such a simply-supported beam model, for the numerical solution of equation
(H(x>wxx)xx =P,
with the boundary conditions
w(0) =w(1) =w"(0) =w"(1) =0

firstly we have solved the equation

with the boundary conditions

Subsequently, we have solved the equation
H(x)wyy = v
with the boundary conditions
w(0) =w(1) =0.
Here we present the software developed in MAT-LAB.

3 o 438 38 38 36 36 3 3 3 S S S S

1. clear all
global m8 d d2wo H el ho h1 xo b5
m8=100;
d=1.0/m§;
b5=0.1;
e1=210*107;
ho=0.18;
A=zeros(m8-1,m8-1);
for i=1:m8-1
A(1,)=1.0;
x0(i,1)=0.55;
x3(1,1)=0.55;
end;
Ib=0.4*ones(m8-1,1);
ub=ones(m8-1,1);
b=zeros(m8-1,1);
b(1,1)=0.65*(m8-1);
for i=1:m8
f(i,1)=1.0;
LG4,1)=1/2;
P(i,1)=36.0*10;
end;

i=1;
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m12=2;

m50(i)=1/m12;
z(i)=1/m50()*(-P(i,1)*d?);

for i=2:m8-1

m12=2-m50(i-1);

m50(i)=1/m12;
z(1)=m50(i)*(-P(i,1)*d?+z(i-1));
end;

v(m8,1)=0;

for i=1:m8-1
v(m8-i,1)=m50(m8-i)*v(m8-i+1,1)+z(m8-i);
end;

k=1;

b12=1.0;

while (b12 > 107%) and (k < 10)
k

k=k+1;

for i=1:m8-1

H(i,1)=b5*L(i, 1) * ho® /12%e];
f1(,1)=v(i,1)/HG,1);

end;

i=1;

ml2=2;

m70(i)=1/m12;
21(i)=m70(i)*(-f1(i,1)*d?);

for i=2:m8-1

m12=2-m70(i-1);

m70(i)=1/m12;
z1(i)=m70(i)*(-f1(i,1)*d>+z1(i-1));
end;

w(m8,1)=0;

for i=1:m8-1
w(m8-i,1)=m70(m8-i)*w(m8-i+1,1)+z1(m8-i);
end;
d2wo(1,1)=(-2*w(1,1)+w(2,1))/d?;
for i=2:m8-1
d2wo(i,1)=(w(i+1,1)-2*w(i,1)+w(i-1,1)) /d%;
end;

ko=1;


https://doi.org/10.20944/preprints202302.0051.v80

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 4 June 2024 d0i:10.20944/preprints202302.0051.v80

126 of 299

b14=1.0;

while (b14 > 10~%) and (k9 < 120)
k9

k9=k9+1;
X=fmincon(’beamNov2023",x0,A,b,[ ], [ ]Ib,ub);
bl4=max(abs(xo-X))

x0=X;

end;

b12=max(abs(x0-x3))

x3=x0;

for i=1:m8-1

L(@,1)=xo(i,1);

end;

end;

34434 34 4 KK KA

With the auxiliary function "beamNov2023":

S o 34 % 4 A A XN

1. function S=beamNov2023(x)
global m8 d d2wo H el ho h1 xo b5
S=0;
for i=1:m8-1
S=S+1/(x(i,1)%)/ho®/b5/e1*(H(i,1)*d2wo (i, 1))?*12;

end;

We develop numerical results also for
V = W;%(Q) = {w € W**(Q) such that w(0) = w(1) = w'(0) = w'(1) = 0}.

Such boundary conditions corresponds to bi-clamped beam. The remaining data is equal to the
previous example

For the optimal solution w = w(x), please see Figure 22.

For a corresponding optimal solution t = ¢(x), please see Figure 23.

Remark 30.2. For such a bi-clamped beam model, for the numerical solution of equation
(H(x>wxx)xx =P,

with the boundary conditions

firstly we have solved the equation
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with the boundary conditions

Subsequently, we solved the equation
H(x)wyy =v+ax+b

with the boundary conditions

are also satisfied.
Here we present the software developed in MAT-LAB.

x107*

1.8 b

08 ]

Figure 22. Optimal solution w(x) for a bi-clamped beam.

09r

0.7

05

0.4

Figure 23. Optimal shape solution ¢(x) for a bi-clamped beam.
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34434 34 34 NS A AN

1. clear all
global m8 d d2wo H el ho hl xo b5
m8=100;
d=1.0/mS8;
b5=0.1;
e1=210%107;
ho=0.18;
A=zeros(m8-1,m8-1);
for i=1:m8-1
A(1,i)=1.0;
x0(i,1)=0.55;
x3(i,1)=0.55;
end;
Ib=0.4*0ones(m8-1,1);
ub=ones(m8-1,1);
b=zeros(m8-1,1);
b(1,1)=0.65*(m8-1);
for i=1:m8
£(i,1)=1.0;
LG4,1)=1/2;
P(i,1)=36.0*10%;
end;
i=1;
m12=2;
m50(i)=1/m12;
z(1)=1/m50(1)*(-P(i,1)*d?);
for i=2:m8-1
m12=2-m50(i-1);
mb50(i)=1/m12;
z(1)=m50(i)*(-P(i,1)*d?+z(i-1));
end;
v(m8,1)=0;
for i=1:m8-1
v(m8-i,1)=m50(m8-i)*v(m8-i+1,1)+z(m8-i);
end;
k=1;
b12=1.0;
while (b12 > 107*) and (k < 10)
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k

k=k+1;

for i=1:m8-1

H(i,1)=b5*L(i, 1)3 * ho3/12%¢1;
f13,1)=v(i,1)/H(,1);

f2(,1)=i*d /H(i,1);

£3(,1)=1/H(,1);

end;

i=1;

m12=2;

m70(i)=1/m12;

z1(1)=m70()*(-f1(1,1)*d?);
22(1)=m70(i)*(-f2(i,1)*d?);
z3(1)=m70(i)*(-£3(1,1)*d?);

for i=2:m8-1

m12=2-m70(i-1);

m70(i)=1/m12;
z1(i)=m70(i)*(-f1(i,1)*d>+z1(i-1));
22(i)=m70(i)*(-f2(i,1)*d>+z2(i-1));
73(i)=m70(i)*(-f3(i,1)*d?+z3(i-1));

end;

w1(m8,1)=0;

w2(m8,1)=0;

w3(ms8,1)=0;

for i=1:m8-1
w1l(m8-i,1)=m70(m8-i)*w1(m8-i+1,1)+z1(m8-i);
w2(m8-i,1)=m70(m8-i)*w2(m8-i+1,1)+z2(m8-i);
w3(m8-i,1)=m70(m8-i)*w3(m8-i+1,1)+z3(m8-i);
end;

m3(1,1)=w2(1,1);

m3(1,2)=w3(1,1);

m3(2,1)=w2(m8-1,1);

m3(2,2)=w3(m8-1,1);

h3(1,1)=-w1(1,1);

h3(2,1)=-w1(m8-1,1);

h5(:,1)=inv(m3)*h3;

for i=1:m8
wo(i,1)=w1(i,1)+h5(1,1)*w2(i,1)+h5(2,1)*w3(i,1);

end;
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d2wo(1,1)=(-2*wo(1,1)+wo(2,1))/d?;

for i=2:m8-1
d2wo(i,1)=(wo(i+1,1)-2*wo(i,1)+wo(i-1,1)) /d?;
end;

ko=1;

b14=1.0;

while (b14 > 10~*) and (k9 < 120)

k9

k9=k9+1;
X=fmincon(’beamNov2023’,x0,A,b,[ |, [ ],1b,ub);
b14=max(abs(xo0-X))

X0=X;

end;

b12=max(abs(x0-x3))

x3=x0;

for i=1:m8-1

L(i,1)=x0(i,1);

end;

end;

4 4 34 3434 36 36 363 3 3 o o 6 438 36 36 3 S S S Sk S K

Remark 30.3. About the numerical results obtained for these two beam models, a final word of caution
is necessary.

Indeed, the full convergence in such cases is hard to obtain so that we have obtained just approximations of
critical points with the functionals close to their optimal values. It is also worth emphasizing we have fixed the
number of iterations so that the solutions and shapes obtained are just approximate ones.

31. Applications to the Optimal Shape Design for a Plate Model

In this section, we present a numerical procedure for the shape optimization concerning a thin

plate model.
Let Q = [0,1] x [0,1] C R? corresponds to the middle surface of a thin plate with a variable
thickness h(x, y).

Define now
V={wecW>Q) : w=00nd0},

which corresponds to a simply supported plate.
Consider the problem of minimizing in V x B the functional

Jw,h) = 5 [ Hx) (Foly)? dx
subject to
V2{(H(x,y)Va(x,y)] - P(x,y) =0, in©,

where

3
Heey) = " 0 ),
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h = h(x,y) is variable plate thickness, E is the young elasticity model and ws = 0.3.
Also, we define
= {h : QO — Rmeasurable : hy, <h(x,y) < hyay and /Qh(x,y) < cohmax},
where 0 < ¢y < 1 and
C*={weV : V?H(x,y)V?w(x,y))] — P(x,y) =0, in Q}.
Observe that
(w’h;gé*w](w/h)
- jos{ o h>}
- ;lglg{zg inf {3 [ IV )l dx = (@, 92 H( ) VoG, )] - P(x,y»Lz}}}

2 [ Hey) VR )P dx+<uv,P>Lz}}
{ QHﬁfy) d}} (186)

D*={MecY* VPM—-P=0,inQ, and M =0, on Q}.

hEB{wGV

where

Summarizing, we have got

inf  J(w,h) = inf {1/ LZ dx}
(wh)eC*xB~ (Mmep x| 2 Ja H(x,y) ‘
In order to obtain numerical results, we suggest the following primal dual procedure:

1. Setn =1and
hn (x) = Cohmux.

2. Calculate w;, € V solution of equation

V2(Hu(x,y)Vwu(x,y)) = P(x,y),

where El(x )3
Hy(x,y) = 12(175)

3. Calculate /1,11 € B such that

where
M, = Hy(x,y)V? w,,
~2
1r M
2 Ja H(x,y)

4. Setn := n + 1 and go to step 2 until an appropriate convergence criterion is satisfied.

J'(M,h) =

We have developed numerical results for ¢y = 0.75, E = 200 10°, P(x,y) = 2 10> N, hys, =
0.45 % (0.12) m and hyyax = 0.12 m.
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We have also defined
h(x,y) = t(x,y)hmax,

where
045 <t(x,y) <1, ae. in Q.

For the optimal solution w = w(x, y), please see Figure 24.
For a corresponding optimal solution t = t(x, ), please see Figure 25.

%107

Figure 24. Optimal solution w(x,y) for a simply supported plate.

09
0.85

0.8

Figure 25. Optimal shape solution ¢(x, y) for a simply supported plate.
Remark 31.1. For such a simply-supported plate model, for the numerical solution of equation
V2[H(x,y)V? w(x,y)] = P,

with the boundary conditions
w = 0on dQ),
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firstly we have solved the equation
V% —P=0

with the boundary conditions
v =00n0Q.

Subsequently, we have solved the equation
H(x,y)V?w(x,y) = v(x,y)

with the boundary conditions
w = 0o0n Q.

Here we present the software developed in MAT-LAB.

o434 38 6 6 e A AN KK

1. clear all
global m8 d d2xwo d2ywo H el ho xo b5
m8=40;
d=1.0/mS8;
wb5=0.3;
e1=200%*10°/ (1 — w5?);
ho=0.12;
A=zeros((m8 —1)2, (m8 — 1)?);
for i=1:(m8 — 1)?
A(1,1)=1.0;
x0(i,1)=0.55;
x3(i,1)=0.55;
end;
1b=0.45*ones((m8 — 1)2,1);
ub=ones((m8 — 1)2,1);
b=zeros((m8 — 1)2,1);
b(1,1)=0.75*(m8 — 1)?;
for i=1:(m8-1)
for j=1:m8-1
£(1,j,1)=1.0;
L@i,j1)=1/2;
P(i,j,1)=2*10%; end;
end;
for i=1:m8
wo(:,1)=0.001*ones(m8-1,1);
end;
m2=zeros(m8-1,m8-1);

for i=2:m8-2
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m2(i,i)=-2.0;

m2(i,i-1)=1.0;

m2(i,i+1)=1.0;

end;

m2(1,1)=-2.0;

m2(1,2)=1.0;

m2(m8-1,m8-1)=-2.0;
m2(m8-1,m8-2)=1.0;

Id=eye(m8-1);

i=1;

m12=2*Id-m2*d? /d?; m50(:,:,i)=inv(m12);
2(:;,1)=m50(:,:,1)*(-P(:,1,1)*d?);

for i=2:m8-1

m12=2*Id-m2*d? /d2-m50(:,:,i-1);
m>50(;,:,i)=inv(m12);

2(:,i)=m50(;,; i)*(-P(:4,1)*d?+2(:,i-1));
end; v(:,m8)=zeros(m8-1,1);

for i=1:m8-1
v(:,m8-1)=m>50(:,:;, m8-1)*v(:;, m8-i+1)+z(:, m8-i);
end;

k=1;

b12=1.0;

while (12 > 10%) and (k < 12)

k

k=k+1;

for i=1:m8-1

for j=1:m8-1

H(j,i,1)=L(j,i,1)% * ho3/12%e1;
F1,,1)=v(},1)/H( i 1);

end;

end;

i=1;

m12=2*Id-m2*d? / d?;
m70(:,:,i)=inv(m12);

21(:4)=m70(:,: i)*(-f1(:,i,1)*d?);

for i=2:m8-1

m12=2*Id-m2*d? /d*>-m70(:,:,i-1);
m70(:,:,i)=inv(m12);
z1(:,))=m70(:,:,i)*(-f1(:,i,1)*d?+z1(:,i-1));
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end;

w(:,m8)=zeros(m8-1,1);

for i=1:m8-1

w(:,m8-1)=m70(:,:;; m8-1)*w(:,;m8-i+1)+z1(:,m8-i);
end;
d2xwo(:,1)=(-2*w(;,1)+w(:,2))/d?%;
for i=2:m8-1

d2xwo(: 1) =(wW(:,i+1)-2*w(: i) +w(:,i-1))/d?;
end;

for i=1:m8-1
d2ywo(:,i)=m2*w(:,i)/d?;

end;

k9=1; b14=1.0;

while (b14 > 107%) and (k9 < 30)
k9

k9=k9+1;
X=fmincon(’beamNov2023A3’,x0,Ab,[ |, [ ] Ib,ub);
bl4=max(abs(xo-X))

x0=X;

end;

b12=max(max(abs(w-wo)))
wWo=w;

Xx3=x0;

for i=1:m8-1

for j=1:m8-1

LG4, 1)=x0((i-1)*(m8-1)+j,1);

end;

end;

end;

for i=1:m8-1

x8(i,1)=i*d;

end;

mesh(x8,x8,L);

LR R R R R R R

With the auxiliary function "beamNov2023A3’, where

S 34 36 3 3 3 3 S A S A A K S KKK AN
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1. function S=beamNov2023A3(x)
global m8 d d2xwo d2ywo H el ho xo b5
S=0;
for i=1:m8-1
for j=1:m8-1
X1(1,)=x((m8-1)(i-1)+j,1);
end;
end;
for i=1:m8-1
for j=1:m8-1
S=S+1/((x1(j,1))3)/ho®/el * (H(j,i,1))? * (d2xwo(j, i) + d2ywo(j,i))? * 12;
end;

end;

b R R R k]

Remark 31.2. About the numerical results obtained for this plate model, a final word of caution is necessary.

Indeed, the full convergence in such a case is hard to obtain so that we have obtained just approximations
of critical points with the functional close to its optimal value. It is also worth emphasizing we have fixed the
number of iterations so that the solution and shape obtained are just approximate ones.

32. A Note on the First Maxwell Equation of Electromagnetism

Let O; C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 9€);.

Suppose E : Q) — R3 is an electric field of C! class in Q.

Let Q) C () be also an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by S = 9Q).

Observe that there exists a scalar field V : (3 — R such that

V2V = divE, in Q,
and
VV.n=0, onS=90.

Here n denotes the normal outward field to S.
Observe also that
V2V = divVV = div E,

so that defining
h=VV-E,

we have that
divh =0, in Q.

Hence, from such results and the divergence Theorem, we get

/E-ndS - /(VV)~ndS—/h-ndS
S S S

— / divh dV = 0. (187)
Q


https://doi.org/10.20944/preprints202302.0051.v80

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 4 June 2024 d0i:10.20944/preprints202302.0051.v80

137 of 299

Summarizing, we have got

[E-nds=o.
S
Consider now a charge g localized at the center of a sphere (), of radius R > 0 and boundary
Sy = 0.
The electric field on the sphere surface generated by gy is given by
_ 1 g
E, = 47req R? 2,

where nj is the normal outward field to S,.
Clearly

1 qo 2 qo0
E; - = = M (yzRr2y =10,
/Sz 212 452 4rte Rz( 7R €0

Consider again the set (2 but now with a charge g localized at a point x inside the interior of (),
which is denoted by Q°.

At first the electric field E generated by gq is not of C! class on Q.

However, there exists R > 0 such that

Br(x) c QO =0Q°
Define Q3 = O\ Bg(x).

Therefore, E is of C! class on Q3.
Denoting the boundary of (3 by S3, from the previous results, we may infer that

E-ndS; =0,
S3

so that

E-ndS; = /E-ndS—/ E-ndsS,
S aBR(X)

= /E~nd _ 1o
S €0
0.

S3

(188)

Therefore, we have got

/E-ndS:q—O.
S €0

Assume now on () we have a density of charges p(x).
For a small volume AV consider a punctual charge g¢ localized in x € () such that

qo = p(x)AV.
Denoting by AE the electric field generated by g, from the previous results we may infer that

/AE'ndS: 90 ~ p(x)AV.
S €0 €0

Such an equation in its differential form, stands for:

/dE~ndS: p(x) 4V
S €0
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Integrating in () we may obtain

/E-ndS _ //dE~ndVdS
S SJO

= p(x) v, (189)
a €

so that

/E-ndsz PO 4y
S Q €

From this and the Divergence Theorem, we have

/E-ndS:/ divEdV:/ P v
S Q Q €

Summarizing, we have got
[, divEdv = [ P gy
Q Q €

This is the integral form of the first Maxwell equation of electromagnetism.

For this last equation, the set (3 C () is rather arbitrary so that for () as a ball of small radius
r > 0 with center at a point x € (), from the Mean Value Theorem fot integrals and letting r — 0t, we
obtain

divE=L, in0y.
€0

This last equation stands for the differential form of the first Maxwell equation of electromag-
netism.

Remark 32.1. Summarizing, in this section we have formally obtained a mathematical deduction of the first
Maxwell equation of electromagnetism.

33. A Note on Relaxation for a General Model in the Vectorial Calculus of Variations

Let 3 C R” be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 0Q).
Consider a function g : RN*" — R twice differentiable and such that

g(y) = +oo, as |y| = +oo.

Define a functional G : V. — R by

G(Vu) = %/Qg(Vu) dx,

where
V = {W"2(Q;RY) : u=uponoQ}.

Moreover, for f € L?(Q; RN), define also
J(u) = G(Vu) = (u, f) 2.
We assume there exists & € R such that

a = inf J(u).

ueV
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Observe that from the convex analysis basic theory, we have that
= 1 f
« inf J(u)
o Kk
= inf J"(u)
= inf{(GoV)™(u)—(u,f)2}. (190)
ueVv
On the other hand
(GoV)™(u) < H(u)
= inf AG(V 1-AMG(V
(/\,(v,w))elf(},l]xB(u,/\){ ( ZU> * ( ) ( TJ)}
< G(Vu), (191)
where
B(u,A) ={(v,w) €V : Aw+ (1—A)v=u}.
From such results, we may infer that
inf J**(u) = inf {H(u) = (u, f)2} = inf J(u).
Furthermore, observe that
AVw+ (1-A)Vo = Vu,
so that
Vo = Vu+A(Vo—Vw)
= Vu+AV¢, (192)
where ¢ = v —w € Wy ((Q;RN) so that
V¢ =Vv—-Vuw,
and
Vw = Vv —-V¢.
Therefore,
Vw=Vo—-V¢=Vu+AVp—-V¢=Vu—(1-A)Ve.
Replacing such results into the expression of H, we have
H(u) = inf AG(Vu—(1-A)V 1-A)G(Vu+AVe)},
()=, inf {AG(Vi— (1= A)V¢) + (1= N)G(Vu+AVg))
where
Vo = Wy (O, RN).
Joining the pieces, we have got
e =g
= inf{H(u) —{u, f)r2}
= inf {AG(Vu—(1-2A)V¢)+ (1 —=A)G(Vu+AVep) — (u, f)2}.

(Apu)e[01]xVoxV
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This last functional corresponds to a relaxation for the original non-convex functional.
The note is complete.

33.1. Some Related Numerical Results

In this subsection we present numerical results for an one-dimensional model and related relaxed
formulation.
For ) = [0,1] C R, consider the functional | : V — R where

_ _ 2
2/ 1dx+2/u dx,

V={ueW?Q) : u0)=0and u(1) =1/2},

fey=y"=1%Q).
Based on the results of the previous section, denoting Vy = W&’Z(Q), we define the following
relaxed functional J; : [0,1] x V x Vj — R, where

_A !/ /
Ji(Au,¢) = 2/ u —(1-A)¢')? —1)2dx+1T/Q((u +/\4))2—1)2dx+%/0(u—f)2dx

Indeed, we have developed an algorithm for minimizing the following regularized functional
J2:10,1] x V x Vy — R, where

€
J2(Au, @) = J1(A,u,¢) + 53 Q(u”)2 dx,
for a small parameter e3 > 0.
For the case in which f(x) = sin(7tx) /2, for the optimal solution u, please see Figure 26.
For the case in which f(x) = cos(7tx)/2, for the optimal solution u, please see Figure 27.
For the case in which f(x) = 0, for the optimal solution u, please see Figure 28.

0.5

045 ]

04r b

0.35 ]

031 b

0.25 ]

02r b

0.15 b

01 F 1

0.05 ]

Figure 26. Optimal solution u(x) for the case f(x) = sin(7x)/2.
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Figure 27. Optimal solution u(x) for the case f(x) = cos(7mx)/2.
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Figure 28. Optimal solution u(x) for the case f(x) = 0.

We highlight to obtain the solution for this last case which f = 0 is harder. A good solution was
possible only using
Xo = 0

as the initial solution concerning the iterative process.
Here we present the software in MAT-LAB developed.

R
1. clear all
global m8 d u e3
m8=100;
d=1/mS§;
€3=0.0005;

for i=1:2*m8+1
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x0(i,1)=0.36;

end;

b12=1.0;

k=1;

while (b12 > 1077) and (k < 60)
k

k=k+1;
X=fminunc(’funDecember2023’,xo0);
b12=max(abs(xo-X))

x0=X;

u(m8/2)

end;

for i=1:m8

x(i,1)=i*d;

end;

plot(x,u);

b R R R S S R R R s

With the main function "funDecember2023"
334 3 34 o 3 o 3 3 S o S o e S S S

1. function S=funDecember2023(x)
global m8 d u e3
for i=1:m8
u(i,1)=x(@,1);
v(i,1)=x(i+m8,1);
yo(i,1)=sin(pi*i*d)/2;
end;
L=(1+sin(x(2*m8+1,1)))/2;
u(m8,1)=1/2;
v(m8,1)=0.0;
du(1,1)=u(1,1)/d;
dv(1,1)=v(1,1)/d;
for i=2:m8
du(i,1)=(u(i,1)-u(i-1,1))/d;
dv(i,1)=(v(i,1)-v(i-1,1))/d;
end;
d2u(1,1)=(-2*u(1,1)+u(2,1))/d?
for i=2:m8-1
d2u(i,1)=(u(i-1,1)-2*u(i,1)+u(i+1,1))/d?;

end;
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S=0;

for i=1:m8

S=S+1/2% L ((du(i,1) — (1 — L) *dv(i,1))?> — 1);
S=S+1/2% (1 — L) * ((du(i,1) + L dov(i,1))*> — 1)?;
S=S+(u(i,1) — yo(i,1))%

end;

for i=1:m8-1

S=S+e3*d2u(i,1)%;

end;

E R R R

33.2. A Related Duality Principle and Concerning Convex Dual Formulation

With the notation and statements of the previous sections in mind, consider the functionals
J:V—=TRandJ3:[0,1] x V x Vj — R where

J(u) = G(Vu) + % /Qu cudx —(u, f)2,
and
BAw) = AG(Vu—(1—A)Ve)+ (1—ANG(Vu+ AVe)
5 [ = (= 209) - (4= (1 = A)g) dx
+@/ﬂ(u+)x¢).(u+/\cp) dx
A= (=)@, f)rz = (1= A)(u+Ag, f) 2. (193)
Here we have denoted
V={uecW2RY) : u=uyonaQ =S},
Vo = Wo (O, RN),
Y =Y* = LA(O;RN*)

and
Y, = Yy = L2(O;RN).
Observe that
T (u) < R J3(A, 1, ¢).
Moreover,

BAw¢) = —(Vu—(1-1)Vp,v1)p+AG(Vu—(1-21)Ve)
—(Vu—(1-A)Ve,0v5)24+ (1 —A)G(Vu+ AVe)

(= (= Mg o3+ 5 [ (0= (1= 2)9) - (u— (1= A)g) dx

AR (1;7)\)/0014—/\47) (u+ A) dx


https://doi.org/10.20944/preprints202302.0051.v80

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 4 June 2024 d0i:10.20944/preprints202302.0051.v80

144 of 299

+(Vu—(1-A)Ve,v])12+ (Vu—(1—A)Ve,v])12
+u—1=A)p,03) 2+ (u+Ap,04) 2
A= (1= N, fz — (1= M)+ Ag, )2 (194)

Therefore,
Js(Au,¢) > vilréfy{_<vl’vT>L2 +AG(v1)}
+ inf {—(v2,v3) 12 + (1 = A)G(v2)}
mEeY
A
+inf {=n0i)a 3 [ (00)- (02) e}

v3€Y]

+int {-tonop)z+ U5 [ 00 (o) e}

v4€Yq

+ inf {(Vu—(1-A)V¢,v])2+ (Vu—(1-A)V¢,0v]);2
(u,¢)€V><V0

+(u—(1—=A)p,v3) 12+ (u+ Ap,v)) 12
“AMu—1=A)¢, f2— (1 =A)(u+Ag, f)2}
e b R
= () -n-ne ()
—F5(v3,A) — F{ (v3,A)
+/S(Uf)ij"j(”0)i d5+/5(7)§)ij”j(uo)i ds,
VA€ (0,1),ueV, ¢ € Vy,v" €A%, (195)

where
G*(0") = sup{(v,0") ;2 — G(v)},

veY

A
E5(v5,A) = sup{(v3,v§>Lz—2/()v3.v3dx}

v3€Y]

1
= ﬁ/ﬂvé -v3 dx, (196)

Fi(v;,A) = sulg {<v4,v4>Lz — ( 3 ) /0714 Ty dx}
[2ASD 61

1
= —— 2 vn dx. 197
2(1_)\)/004 vy dx (197)
Furthermore, A* = A] N A where
A7 = {o* = (v],03,03,0}) € Y x [Y{]? : —div (v]); — div (v3); + (03); + (v})i — fi = 0, in Q},

and

Ay = {v* = (o], 05,03,05) € VPP x [f]* -

(=14 A) div () — Adiv (05); + (=1 + A)(03); + A(0)); =0, in Q). (198)

Summarizing, we have got
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inf Au,
(A,ugb)e(lg,ll)xVxVOh( " (P)
> sup{ inf {—AG*(Zﬁ)—(l—/\)G*( ! )
T vrear (A€(0) A (1-4)
—F3(v3,A) — Fy (3, A) + AQ(UT)ij”j(uO)i ds + /m(v;)ij”j(uo)i ds}}- (199)

Remark 33.1. We highlight this last dual function in v* is convex (in fact concave) on the convex set A*.

33.3. A Numerical Example
For Q) = [0,1] C R consider a functional | : V — R where

J) = g [min{((0) — 172 () + 12 dr+ 5 [ (w2 dx
= %/Q(u’)2dx7/0|u’|dx+%/0(uff)2dx, (200)

where
V={uecW?Q) : u0)=0and u(1) =1/2},

Y=Y"=L1?(Q)and f €.
Define G:Y — Rand F: V — Rby

and
respectively.
Denoting Vy = W&’Z(Q), define also J; : V x Vp x (0,1) — Rby

Niw, ¢, A) = AGW —(1-=2A)¢") + (1= N)Gu +A¢')
FAF(u—(1—=A)p)+ (1 —AN)F(u+ Ad)

—(u, f) 2. (201)
Observe that
(AG)*(v1) = Suer;{@hviﬁ)Lz—)\G(vl)}
- (3)
= %/ﬂ(vi‘)z dx—i—/n\vﬂ dx, (202)
(1=A)G)*(v3) = Sueli;{@z/UE)Lz —(1-21)G(v2)}

1
- e h /Q (05)? dx + /Q %] dx, (203)
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(AF)*(v3) = Stg;{<0310§>L2-—f\F(va)}

,v*
= AFF(2
(%)

= L @)y, (204)

and

(T=A)F)*(vz) = sup{(vg,vy)p2 — (1 - A)F(vy4)}

vg€Y

_ (1—/\)F*<(1U_ZA)>
= s (11—)\) /Q (05)? dx. (205)

Denoting v* = (v, ,v}) € [Y*]4, define J* : [Y*]* x (0,1) = Rby

e = e (F)-0-ne ()
)

ol (Du(1) + 03 (1)u(1). (206)

Similarly as in the previous section, we may obtain
inf J(u) > inf sup J*(v*,A) 7,
ueV]( )z Ae(o,l){v*eg*] ( >}
where A* = A] N A3,

Al ={v" €Y" : (0])'+(v3) —0v5 —vj+f=0,inQ},

and
Ay ={(0",A) € [Y)'%x(0,1) : —(1—A)(v]) +A(03) + (1 —A)v} — Avj =0, inQ}.
From such expressions of A} and A5 we may obtain
v5 = (v])" + Af,

and
v = (v3) + (1= A)f.

Replacing such expressions for v3 and v} into the expression of [*, and from now and on denoting
v* = (v},v3) € [Y*]2, we may obtain J} : [Y*]? x (0,1] — R where

* * 1 * *
@0 = =55 [@)?dr— [ fof] dx

1 " .
—72(1_/\)/0(02)2dx—/0|vz|dx
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1 *\/ 2
o ((01)" +Af)" dx
i o (03) + (1= 21 dx
+o7 (1)u(1) + vy (1)u(1). (207)

Consequently, we have got

inf J(u) > sup { inf ]f(v*,)\)}.

ueV U*E[Y*]Z /\6(0,1)
In order to obtain numerical results we have designed the following algorithm:

1. Setn=1and A, =1/2.
2. Calculate (v*), € [Y*]? such that

Ji((@)n,An) = sup Ji (0%, An).

’(}*G[Y*]Z

3. Calculate A, 11 € (0,1) such that

R Air) = it (@0, ).

4. Setn := n+ 1 and go to item (2) until the satisfaction of an appropriate convergence criterion.

We have developed numerical results for the following cases

1.

f(x) =sin(mx) /2,
2.

f(x) = cos(mx)/2,
3.

f(x) = 0.
Observe that for the optimal point we have

vy =u—(1-A)9p,

and
vy = U+ Ag,

so that

u=Avy +(1—A)vy.

For the optimal solution uy(x) found for the cases (1), (2) and (3), please see the Figures 29, 30
and 31, respectively.
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Figure 29. Optimal solution ug(x) for the case f(x) = sin(7mx)/2.
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Figure 30. Optimal solution u(x) for the case f(x) = cos(mx)/2.
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Figure 31. Optimal solution ug(x) for the case f(x) = 0.
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Here we present the concerning software in MAT-LAB.
PRI ——
1. clear all
global m8 d L vl v2 v3 v4 yo dvl dv2 el
m8=140;
d=1/mS§;
€1=0.0001;
L=1/2;
for i=1:2*m8
x0(i,1)=0.01;
end;
for i=1:m8
yo(i,1)=sin(pi*i*d)/2;
end;
x1=1/2;
k=1;
b12=1;
while (12 > 107*) and (k < 100)
k
k=k+1;
X1=fminunc(’funFeb24’,x0);
b12=max(abs(X1-x0))
xo0=X1;
X2=fminunc(’funFeb24A’,x1);
x1=X2;
L=(sin(x1)+1)/2;
L
end;
u(m8,1)=1/2;
for i=1:m8-1
u(i,1)=L*v3(i,1)+(1-L)*v4(i,1);
end;
for i=1:m8
x(i,1)=i*d;
end;
plot(x,u);

Here the auxiliary function "funFeb24"
R R R R R R R R R R R R R R R
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1. function S=funFeb24(x)
global m8 d L vl v2 v3 v4 yo dvl dv2 el
for i=1:m8
v1(i,1)=x(,1);
v2(i,1)=x(m8+i,1);
end;
for i=1:m8-1
dv1(i,1)=(v1(i+1,1)-v1(i,1))/d;
dv2(i,1)=(v2(i+1,1)-v2(i,1))/d;
end;
S=0;
for i=1:m8
S=S+1/2/sqrt(L? +el) x v1(i,1)% + sqrt(v1(i,1)% + el);
S=S+1/2/sqrt((1 — L)% +el) * v2(i,1)% + sqrt(v2(i, 1) + el);
end;
for i=1:m8-1
v3(i,1)=dv1(i,1)+L*yo(i,1);
v4(i,1)=dv2(i,1)-(L-1)*yo(i,1);
S=S+1/2/sqrt(L? +el) x v3(i,1)> +1/2/sqrt((1 — L)* + e1) * v4(i,1)?;
end;
S=S-(v1(m8,1)+v2(m8,1))/d/2;

R ——————
Finally, the auxiliary function "funFeb24A"

1. function S1=funFeb24A(y)
global m8 d L vl v2 v3 v4 yo el
L=(sin(y)+1)/2;
for i=1:m8-1
dvi1(i,1)=(v1(i+1,1)-v1@i,1))/d;
dv2(i,1)=(v2(i+1,1)-v2(i,1)) /d;
end;
S=0;
for i=1:m8
S=S+1/2/sqrt(L? + el) x v1(i,1)? + sqrt(v1(i, 1)? + el);
S=S+1/2/sqrt((1 — L)% +el) * v2(i,1)% + sqrt(v2(i, 1) + el);
end;
for i=1:m8-1
v3(i,1)=dv1(i,1)+L*yo(i,1);
v4(i,1)=dv2(i,1)-(L-1)*yo(i,1);


https://doi.org/10.20944/preprints202302.0051.v80

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 4 June 2024 d0i:10.20944/preprints202302.0051.v80

151 of 299

S=S+1/2/sqrt(L* +e1) * v3(i,1)% + 1/2/sqrt((1 — L)? + el) x v4(i, 1)%;
end;

S=S-(v1(m8,1)+v2(m8,1))/d/2;

S1=-S;

B R

34. One More Note on Relaxation for a General Model in the Vectorial Calculus of Variations

Let 3 C R” be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 0Q).
Consider a function g : RN*" — R twice differentiable and such that

g(y) — +o0, as |y[ — +oo.

Define a functional G : V — R by

1
G(Vu) = 3 /Qg(Vu) dx,
where
V= {W"2(;RN) : u=uyonoQ}.

Moreover, for f € L?(Q; RN), define also

J(u) = G(Vu) = (u, f) 2.
We assume there exists & € R such that

a« = inf J(u).

ueV

Observe that from the convex analysis basic theory, we have that

a = inf J(u)
uev
-

= inf{(GoV)*(u) — (u, )2} (208)

ueV

On the other hand
(GoV)™(u) < H(u)

= inf {ﬁ)\]G(VU])}

(A (o1, om))€Bx By (uA) | (5
< G(Vu), (209)

where

m
B = {/\— (Al,"',/\m) eR™ . )\jZO, Vj€{1,~~-,m}, and Z)Lj—l},
j=1

and

Bl(“//\) = {U: (Ul,' e ,'Um) S [V]m : il)\]U] = u}.
j=
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From such results, we may infer that
inf J**(u) = inf {H(u) = (u, f)2} = inf J(u).
Furthermore, observe that
m
Z /\JVU] = Vu,
j=1
and
m—1
Am=1=1Y A,
=1
so that
m—1
Vo, = Vu-— Aj(Vo; — Vo)
j=1
m—1
= Vu+ A]'V(Pj, (210)
j=1

where ¢; = —v; + vy € WS'Z(Q; RN) so that
V(P] = —VU]‘ + Vou,

and
Vo, =Voj+ Ve, Vje{l,--- ,m}.

Therefore,
m—1

Vo = Vo, — V¢ = Vu+ kz MV — V.
=1

Replacing such results into the expression of H, we have

m—1 m—1 m—1
H(u) = inf { )L]'G (VM + 2 chk — V(P]> + AmG (VM + Z )\kVCPk) },
1

(Ap)eBx (Vo)1 k=1 k=1

=

where we recall that
Vo = Wy (O RN).

Joining the pieces, we have got

W =

= inf{H(u)—(u,f)2}

ueV

m—1 m—1
= inf { Z /\]'G (VU + Z MV — V¢]>
=1 k=1

(u,A,P)EVXBx(Vy)m—1

+AnG (Vu + i Angbk)
k=1
—(u, f)2}-

This last functional corresponds to a relaxation for the original non-convex functional.
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The note is complete.

34.1. A Related Duality Principle and Concerning Convex Dual Formulation

With the notation and statements of the previous sections in mind, consider the functionals
J:V—=TRand J3:BxV x[V]" — R where

J(u) = G(Vu) +%/Qu-u dx — (u, )2,
and

m m—1
B ) = LAG (W + Y M w;-)
=1

j k=1

m—1
+AmG (w +) Angbk)
k=1
m=1 ). m—1 m—1
+Z*]/ u+2/\kcpk—V¢j . u+2/\k4)k—V¢j dx
=1 2 Ja k=1 k=1
()\m) m—1 . m—1
+5 /Q <u + k;l /\k4>k) (u + k; Akcpk) dx

m—1 m—1
- /\j<” + ) Akx _(Pj/f>
j=1 k=1 12

m—1
—(Am)<u +) Akcpk,f> . (211)
k=1 L2
Here we have denoted
V={ucW2QRY) : u=uyondQ =S},
Vo = Wy (O, RN),

Y =Y* = L2(O;RN*")
and

Y, = Y = L2(Q;RN).

Observe that

*%k < . /\, , .
J7 (u) < M)eglxlr(lvo)m_lfs( u, ¢)

Moreover,

-1

Auw¢) = — mz

j=1

m—1 m—1
+ )Y AG (w + Y AV — w;]-)

j=1 k=1

m—1
<Vu + Z /\kV(Pk - V(P], (UT)]>
k=1

L2

k=1 k=1

m—1 m—1
—<Vu + Y MV, (zﬁ)m> + Amc<w + Y Akwk)
2

m—1

m—1
-y <M + Y At — 9, (Uﬁ)j>
= pa 12
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m-1 ). m—1 m—1
+3 7]/ <”+ )3 )‘k‘Pk_‘Pj) ' (“+ ) )‘k‘l’k_‘l’f) dx
j=1 Q k=1 k=1
m—1
—<u+ Z Me@rer (Ug)m>
k=1 12
A m—1 m—1
-|-7 /Q (u + k; /\k(pk) . <u + k; /\kCPk) dx

m—1

m—1
+) <Vu + 2 MV — Ve (UT)J'>
j=1 k=1

2

m—1
+<Vu + ) MYy (UT)m>
L2

k=1

m—1 m—1
+Y <u + ) A — o, (U§)j>
4 =1

12

m—1
+<u+ Z AkPrs (Ué)m> - <”’f>L2
L2

k=1

Therefore,

m—1
(A u,¢) > inf {Z( (01)), (vF) >L2+/\]'G((vl)j))}

1€ Y]m 1 i

=1
+ inf {—((©1)m, (v7)m) 12 + AmG((01)m)}

(Ul)me
m—1 /\j
inf (wa)i, (02 ) a4 o
+v3€;;;],,,1{]§< (03 @) + 3 /Q (03); - (05); x>}
i f WI/ d
m—1 —
+ inf Vit Y AVer - 4y 1),
m—1
+<Vu+ Y AV, (Uf)m>
k=1 12
-

1 m—1
+ ) <u+ Y V¢k4’j,0§>
j=1 k=1 I2

k=1
_ _mi * (1)] _ * (UT)m
_ HAJG( ) g ()
m—1
- ; (F3); ((v3), Aj) — (F3) 1 ((3)m, Am)

+Z/ v1)k)ijj(#o)i dS,

VAEBucV, € (Vo)" Lo € A%,

m—1
+<u+ Y M (Ué)m> - <“ff>L2}
— 2
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where
G*(v") = sup{(v,0%) 1> — G(v)},
veY
O (GG ARCE
= o [ ) (@) dx Vie (Lo m) @14)
Furthermore, A* = A} N A%(A) where
Al = {v* = (vf,03) € [Y" x [Y{]" + =} (div ((v1)))i + ((v5))i) = fi =0, in Q}
j=1
and
Ay(A) = {o" = (v, 03) € [Y]" < [Y{]"
A Y div ((07))i — div ((07)k)i — Ak Y ((03))i + ((03)k)i =0,
j=1 j=1
inQ, Vke {1, ,m—1}, Vie {1,--- N} (215)
Summarizing, we have got
inf Au,
(A,mp)eBg}/x(Vg)m*l Ja(A,u, )
. u (01);
> — G* =2
. i@%{vf‘;ﬁ*{ e ( y
m m
=Y (F)j((v3),A)) + 2/ ((01)k)ijmj(uo); dS}}- (216)
=1 k=179

Remark 34.1. We highlight this last dual function in v* is convex (in fact concave) on the convex set A*.

35. A General Convex Primal Dual Formulation with a Restriction for an Originally Non-Convex
Primal One

Let O C R3 be an open bounded and connected set with a regular (Lipschitzian) boundary
denoted by 0Q).
Consider the functional | : V — R where
_ . 4 2 2
J(u) = Z/QVM Vudx—i—z/ﬂ(u B)- dx
—(u, f)2 (217)

wherea >0, > 0,7 >0,V = W,*(Q) and Y = Y* = [*(Q).
Define F; : V - Rand K, : V x Y* — Rby

K
Fl(u):%/QVu-Vudx—i—E/Quzdx—(u,f)Lz,


https://doi.org/10.20944/preprints202302.0051.v80

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 4 June 2024 d0i:10.20944/preprints202302.0051.v80

and
Buvy) = —(u?0}) 2+5/ u? dx
+90 902 Ty |
+i/(v*)2dx+ /v* dx
20‘ Q 0 IB Q 0 *
Define also Ff : Y* — Rand F; : Y* x Y* — R by
Fr(o1) = sup{(u,07);2 — Fi(u)}
ueV

* 2
1 (Ul+f) dx,
2Ja—-yV2+K

and
Fy(v1,05) = sup{—(u,07)2 — F(u,vg)}
ueVv
1 *\2
= —= (@) dx
2 Ja2v5—-K

1 *\2 o *
—E/Q(ZJO) dx ﬁ/ﬂvo dx.

if vy € B*, where
B = {oj € Y : [[oplleo < K/2},

for some appropriate K > 0 to be specified.
At this point we define
Va={ueV : ule <K},

AT={ueV :uf>0,inQ},
Vi=W,n A+,
D* ={v] € Y" : ||[v]]lc <5/4K},
for appropriate K3 > 0 to be specified, and J{ : D* x B* — R by
Ji (v1,0) = —F (v1) + B2 (01, 99)-

Moreover, we define J5 : V; x D* x B* — Rby

K
3w o}, 05) = Ji(01,00) + 5 llof = (=792 + K)ullz
1 * 2
——|lv — (=205 + K)u
+100¢K§H 1 — (=205 + K)ullz
Observe that
Prweiey) 1 1
(vr)? —YVILK 205-K ' 5ak2’
82]§(u vy, v5) 1
—22 10— Ky (= V24 K)2 4 —— (=205 + K)?,
52 1(=7V°+K) +50¢K§( vy + K)
and az *( * )
J5 (1,07, 05 2
2100 Ky (V24 K) — —— (=205 + K).
0udv; 1=V K) 50(K§( % +K)

156 of 299

(218)

(219)

(220)

(221)


https://doi.org/10.20944/preprints202302.0051.v80

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 4 June 2024 d0i:10.20944/preprints202302.0051.v80

157 of 299
Now we set K1, K, K3 such that
K; > max{K,K3,1,a,B,v,1/a,1/v,1/B},
K> max{Ks,1,a,B8,v,1/a,1/v,1/B},
and K3 =~ 3.
From such results and constant choices, we may obtain
o 215 (u, 0%, 03) L (w0t 08) (5w, 0t,08) \
det{éu,vi‘IZ (u/ Ulzvo)} a(vT)z auZ - aMaUT
Ky (—yV? +20})? 5 <K1>
= O + 2K (=yV +205) | + O = |,
in V] x D* x B*. (222)

Define now

(=Y V2 +208)?

5041(%

C'=<vleY":
fise 2

+2(—y V% +203) > Cold},

where we assume that cg > 0 is such that if v; € C*, then
det{éﬁlvfjf(u, vi,v5)} >0, in BN C*.

Finally, we also suppose the concerning constants are such that B* N C* is convex.
With such statements, definitions and results in mind, we may prove the following theorem.

Theorem 35.1. Let (ug, 97,9;) € Vi x D* x (B* N C*) be such that

813 (10, 0%, 0%) = 0.

Under such hypotheses,
5](1/!()) = 0,
and

_ Kq 2 Ak 2

J(uo) = J(uo) + 7” — ¥V ug + 20quo — f||3
_ : & _ 2 NS 2
= ing {7+ 5 = 79u 2050 - 113
= su inf T35 (u, 05, 0

USEE*{(M,UT)E‘GXD* 2( 1 0)}

= J;(uo, 07,95)- (223)

Proof. The proof that
6] (ug) = —yV?ug + 205ug — f = 0

and
J(uo) = J5 (uo,97,95),

may be done similarly as in the previous sections and will not be repeated.
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Furthermore, since
0J5 (ug, 07,%5) =0,
vy € B* x C* and J; is concave in v on V; x D* x B*, we have
> (1o, 07,03) = inf > (1,07, 0p),
o 05, 35) = inf (o, 90)
and
J2 (uo, 97,%5) = sup J(uo, 91, p)-
vy €B*
From such results and the Saddle Point Theorem we may infer that
Ky N
J(uo) = J(uo) + =l = YV 2uy + 205uo — fI3
= su inf J5 (u, v}, v5)
vgeg*{(u,vi‘)eleD* 2 1770
= J5(uo,07,05). (224)
Finally, from evident convexity,
_ Ki 2 ok 2
J(uo) = J(uo) + ==l = vV7uo + 20510 — fl2
. K .
= ing {10+ =7 VPu+ 255 — F1B). (225)
ueVy 2
Joining the pieces, we have got
_ Kq 2 ok 2
J(uo) = J(uo) + = || = vV7uo + 20510 — f|2
= inf<J(u)+ ﬁ|| —yV2u +205u — f|I3
MEVI 2
= su inf J5 (u,v],v3)
vgeg*{(u,v{)eleD* 2 1770
= J5(up,97,05)- (226)

The proof is complete. [

36. A General Convex Dual Formulation for an Originally Non-Convex Primal One

In this section we develop a convex dual formulation for an originally non-convex primal formu-

lation.
Let Q C R3 be an open bounded and connected set with a regular (Lipschitzian) boundary
denoted by Q).
Consider the functional | : V — R where
_ . « 2 a2
J(u) = Z/QVM Vudx—l—z/o(u B)” dx
—(u, f)r2, (227)

wherea > 0,8 > 0,7 >0,V =W,*(Q)and Y = Y* = [>(Q).
At the moment, fix a matrix K; > 0 and K > 0 to be specified.
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DefineF;:V =+ R, F:V =sRand F3:V xY* = R, by
_ 7 : 5/ 2
Fi(u) = 2 /QVu Vudx+ 2 o dx
—(u, f)r2, (228)
K
F(u) = I/ Vu-Vu dx+—/ u? dx, (229)
4 Ja 2 Ja
1
¥\ . [,2 % 2 - *\2 *
F5(u,v5) = —(u”,04) 12 ~|—I</Qu dx + o /Q(vo) dx+ﬁ/ﬂvo dx + (u, f)2
Define also F : Y* — Rand F; : Y* — R,
Fi(o1) = sup{(u,v1)2 — Fi(u)}
ueV
_ (Ul
F(v3) = sup{(u,03);2 — Fa(u)}
ueVv
-2 / v2 TR @31)
At this point we also define
B = {0} € Y* : ||uflleo < K/2},
V, = {M ev . Hu||oo < K3},
At ={ueV :uf>0,inQ},
Vi=Wwn AT,
D*={v" € Y" : ||[v"]|o <5/4K},
for an appropriate K3 > 0 to be specified.
Furthermore, we define F; : D* x D* x B* — R by
F5(01,03,09) = sup{—(u,01 +v3)12 — F3(u,05)}
ueV
_ (0f +95 - f)" Z’2 f)?
- 2/ 205 — dx
1
2“/(00 dx—,B/ vg dx. (232)

Moreover, we define J; : D* x D* x B* — R by
Ji (w01, 09) = —Fy (v1) — Ba(03) + F5 (v, 02, 05)

and J; : D* x D* x B* — R by
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5 (01,03,05) = Ji(vi,05,00)
K
+71 /Q(vf—vﬁ)z dx
2
K o _vi+ui—f
o - dx. 233
2 n(—gvz+1< —20¢ 42K * (233)
Now observe that
&5 (v1,v3,v5) 1 , 1 1 \? ,
)2 T ave tK+K I\72 B * Y 7
a(v}) —3V2+K ~IV24+K  2K-—20} —2K + 20}
and
PheLee) 1 ke
9(v3)? —IV2+K T (F2K+205)7 2K + 205
and
2 ( 11 )2
PR TR wem)
v} dv; ! 2K — 20, “2K + 20
We set K1 > K,
K> Kj,

and K3 ~ /3. Moreover, after a re-scale if necessary, we assume & ~ 0.15.
From such results and constant choices, with the help of the software MATHEMATICA, we
may obtain

2
82]*(0*1 ,0*,.0*) 82]* (’U*,'U*, ,0*) 82]*(0*, ,0*,,0*)
det{ﬁ;ﬂ,@]ﬁk(vivﬁ,v@} 2371720700 7 J21\"1, 727 F0) 2 (01,03,

o(v;)? ou? oudv;

- O(ZKl((—'yV2+203)2+4(—7V2+203))). (234)

Define now
H(vg) = 2((—y V2 + 208)2 + 4(—7V2 +295)),

Observe that we may obtain ¢y > 0 such that if v € (C* x B*), then
det(62 .5 (01,03,05)} > O,

where
Cr = {US eY* : H(Z)S) > COId}-

Furthermore, we assume K > 0 and ¢y > 0 are such that C* N B* is convex.
With such statements, definitions and results in mind, we may prove the following theorem.

Theorem 36.1. Let (97,05,9)) € D* x D* x (B* N C*) be such that
85 (07,03,9;5) = 0.
Under such hypotheses,

3] (ug) =0,
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and

J(uo)
= sup { inf IE(UT/UEIUS)}

vsEB (UT,’U;)GD*XD*
= J5(97,05,0p). (235)

Proof. The proof that

J(uo) =0,

—’szuo + ZZA)SMO — f =0,
and
J(uo) = J2 (97,93, 5),
may be done similarly as in the previous sections and will not be repeated.
Furthermore, since
613 (67,83, 25) = 0,
vy € B*NC* and J; is concave in 5 on D x D* x B*, we have
J2(01,0200) = inf  J3(v1,03,0p),
(v§,v3)ED* xD*

and

From such results and the Saddle Point Theorem we may infer that

Ak AKX AKX

J(uwo) = J5(91,05,9;)

= su inf S (vF, 05,08
véeg*{(”TfUE)GD*XD*b( )

The proof is complete. [

37. A Note on the Special Relativistic Physics

Consider in R3 two observers O and O’ and related referential Cartesian frames O(x,y,z) and
O'(x',y,2') respectively.

Suppose a particle moves from a point (xg, Yo, zo) to a point (xg + Ax, yo + Ay, zo + Az) related to
O(x,vy,z) on a time interval At.

Denote
L = Ax* + Ay? + AZ?,

and I, = At.
In a Newtonian physics context, we have

L = Ax% + Ay? 4+ A2 = Ax? + Ay + AL,

and
L, = At =AY,

thatis, I; and I, remain invariant.
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However, through experiments in higher energy physics, it was discovered that in fact is I3 which
remains invariant (this had been previously proposed in the Einstein special relativity theory in 1905),
where

I = —2A2 4+ Ax? 4 Ay? + AZ?,

so that

—C2At2 +Ax2 +Ay2 +AZ2 _ _CZAt/2 +Ax/2 +Ay/2 +AZ/2 _ 13,

for any pair of observers O and O’. Here c denotes the speed of light, and in the case in which v,v' < ¢

we have the Newtonian approximation
At~ At.

From the expression of I3 we obtain
SAPE AR Ay A

AR * At? + At? * At?
AP AT A AZ

— 4= 4 =L 237
¢ At2+At2+At2+At2 (237)
Thus,
_CzAt’z Ax"? N Ay N AZ*\ At?
At A2 AP AP? ) AP
Ax?2 A2 AZ2
2 Y
_ ax By 8z 238
C+At2+At2+At2 (238)
so that

2 _ (A2 AyT A2
(At’)z_ ¢ (Atz - A2 + Atz)
At '

Letting At, At' — 0, we obtain

N 1-%
ot 1_(1’/)2'

In particular for constant v and v’ = 0 we have
AN? 2
ANT_ @
At c?

2
A = [1- ZAt.
c

Consider now that O is at rest and O’ has a constant velocity

so that

0 ey

where {ej, e, €3} is the canonical basis for R3 related to O.
Consider O(x,y,z) and O'(x,y, z) such that the axis x’ coincide with the axis x, axis i’ is parallel
to axis y and axis z’ is parallel to z.

Since v is constant, we have
Ax

v=—,
At
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and
v =0.
Assuming x(0) = 0, and the initial time t = 0, we have Ax = x, and At = t so that
2
;. v
t 1-— C_2 t,
so that
2 vot
= 1_?7 t— (t_c_z)
2 27
1— % 1- Zc’—z-
and thus
(-%)
=N </
2
-3
On the other hand we have v/ = 0.
We may easily check that the solution
;  x—vut
x = —
s

lead us to v/ = 0.
Indeed,
AX\1-% Ay

At At
so that, considering that v is constant, we obtain

dx’ d(xd_tm) I 0
ar 2 2z 2
Ji-%5 Vi3 (1-%
that is,
dx’'
— =0.
dt
Thus,
d(x’ — Z’—;)
= OI
dt’
so that
"1 v?
X — =
c? !
for some constant ¢; € R so that
/
X = Cp,

for some ¢y € R.
Therefore

Summarizing, for the Newton mechanics we have

=t
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and

On the other hand, for the special relativity context, we have the following Lorentz relations

_ux
tl—< CZ)
-
i-8

, x — vt

- 7
_
c2

and

37.1. The Kinetics Energy for the Special Relativity Context

Consider the motion of a particle system described by the position field
r:Qx[0,T] — RY,
where Q C R3, [0, T] is a time interval and
r(x,y,z,t) = (ct, X1(x,y,2,1), Xa(x,y,2,1), X3(x,,2,t)).

In my understanding, this is the special relativity theory context.
The related density field is denoted by

p:Qx[0,T] =R,

where
o(x,y,2,t) = mo|@(x,y,2,t)]%,

my is total system mass at rest, and ¢ : Q) x [0, T] — C is a wave function such that

/Q 9(x,y,2,1)[2 dx = 1, Vt € [0, T.

The Kinetics energy differential is given by

or Oor
dEC — —dm g * g,
where
o ar (0% 0% 9Xs) ([ 9X) 9%s Xy
ot ot "ot ot ot "ot ot ot

0X:\2 /3aXo\? [0X3\?
_ 2 9421 922 g943
= e () (o) + (%)

24+ (239)

d0i:10.20944/preprints202302.0051.v80
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where ) 5 )
0X 0X 0X
2 _ (941 ga2 ga3
=) (%) (%)
Moreover, .
dm = 702|q>(x, y,z,t)|? dxdydz,
Vi-g
so that
B mo 2 2 2
dE. = — 0 (= ?)lp(x, v,z 1)|? dxdydz
= mocV/ e — v2|p|* dxdydz. (240)
Thus,

Ec(t) = / dE. = /Qmocx/ 2 — v2|$p|* dxdydz.
0

In particular for a constant v (not varying in (x,y, z, t)), we obtain

Ec(t) = mocy/ c2 — 02

Hence if v < ¢, we have
Ec(t) = mq c>.

This is the most famous Einstein equation previously published in his article of 1905.

37.2. The Kinetics Energy for the General Relativity Context

In a general relativity theory context, the motion of a particle system will be specified by a field
(ron):Qx[0,T] - R*
where
(ron)(x,t) = (ct, X1 (h(x, 1)), Xa(h(x, 1)), X3(h(x,1))),

where
a(x,t) = (ug(t), ur(x, t), uz(x,t), uz(x,t)),

M(](t) =1,
x = (x1,x2,x3) € Q C RS,

and t € [0, T], where [0, T] is a time interval.
The corresponding density is represented by

(pon): Qx[0,T] — RY,

where
(0o ) (x,t) = mo|p(a(x, 1)),

my is total system mass at rest and ¢ : Q) x [0, T] — C is a complex wave function such that

/Q p((x, 1)) |2/—g| det{a' (x,£)}] dx = 1,V € [0, T]

where
dx = dxq dx; dxs,
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g‘ e E
/ au]-
gjk = g] . gk,Vj,k c {O, 1,2,3}.
and g = det{gj}.
Now observe that
o o ordu orou
ot ot duj ot Juy Ot
_ 9 9r 9ujdu
"~ Ouj Oug ot ot
au ou
— - k
Observe that
or Jr _ aula”k S S
ot ot SKor ar '
Moreover, the Kinetics energy differential is given by
Jor or
dE. = —dm ETRETY
where o
dm = ———|p(i1(x,1))|*\/—g| det{a’ (x, 1)} dx,
_ c2
so that the total Kinetics energy is expressed by
T
EC - / / dEc dt,
0 JO
that is,
E = / / (2 — 02)|p(id(x, 1) 2 /—g| det{a' (x, 1)} | dxdt
\/ CZ
= / / moc\/ c2 — v2|p(a(x, 1)) |2\ /—g| det{#' (x, t)}| dxdt
0 JO
Ju, joug, o 2 Al
- ~gi =) T g(a(x, 1) y/~g] det(a’ (x, 1)} | dxa e2)

Summarizing, for the general relativity theory context

ou;j Ju
E.= / /moc —8ik at] atk a(x,1))|%\/—g| det{a' (x, t)}| dxdt.

38. About an Energy Term Related to the Manifold Curvature Variation

In this section we consider a particle system motion represented by a field
r:Q— R

of C2 class where here Q) = () x [0,T], O cR3isan open, bounded and connected set, and [0, T] is a
time interval.
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More specifically, point-wise we denote
r(u) = (ct, X1(u), Xa(u), X3(u)),
where ug = t,and u = (Llo, ui, up, u3) e Q.
Now, define
g = or(u)
/ au] !
and
Sjk = 8" 8k Vj k€ {0,1,2,3}.
Moreover
(&} = {gu) ",
and
g = det{gj}.
We assume
or(u) .
{ au; , forje {0,1,2,3}}
is a basis for R, Yu € Q.
At this point we define the Christofel symbols, denoted by F}k, by
1 )98k | 98y 98k .
Il = —glrd =P 4 2P “oF k1 1,2,3}.
k=2 { ou; dup  duy  Virk1€{0,1,2,3}
Theorem 38.1. Considering these last previous statements and definitions, we have that
*r(u)  _; or(u) .
=T k 1,2 Q.
EETN * o, Vj, k€ {0,1,2,3}, Vu €
Proof. Fixu € Qand j, k,m € {0,1,2,3}.
Observe that
] _1 ) %8k 98y 98k
Uik = 58m§ p{au]- T T oy
_ 1) 98k | 98y 98k
- z‘sm{auj T ou " ouy
_ L)%  9%m 9k
T2 ouj oup iy,
1) o0 [or(u) or(u) 0 [or(u) or(u) 0 (or(u) or(u)
-2 8th<8uk -Bum>+87uk 8u]' .Bum Oy Z)uj ' Oy
1) 0%(u) or(u)  r(u) or(u)
-2 Bukau]-' My, aumau]-. ouy
’r(u) 0r(u) 0%r(u) or(u)
oujouy  duy Oupduy  Juj
_ 0%r(u) or(u) 0%r(u) ~or(u)
Ouydu; Oy Oupduy  Ou;
1 %r(u) ~0r(u) n ’r(u) ~or(u)
2 au]-auk Aty aujauk Aty
_ ?r(u) or(u) (243)

oujoug Oy ’
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Summarizing, we have got
rl or(u) oJr(u) _ Il ~ 9%t(u) or(u)
K u um T udue un
Since
or(u) .
{ au; , forj e {0,1,2,3}},
is a basis for R, we may infer that
0°r(u) ; or(u) .
duom, 14 T Vj,k€{0,1,2,3}, Yu e Q.
The proof is complete. [
38.1. The Energy Term Related to Curvature Variation
We define such an energy term, denoted by Eq, as
=3 [ e (p S ¢ V=g,
du; ouy aul au
where du = duyduydusduy.
Here ¢ : 3 — Cis a complex wave function representing the scalar density field.
Now observe that
0 ( or(u)\ 9 [ . dr(u)
au]‘ 4) auk aul (P aup
_ [ 9¢ or(u) n 9%r(u) (99" 0x(u) n . 0%r(u)
~ \duj duy 8ujauk ou; dup ou;du
9 99", 29%1(u) @r(u)
= 5, Skp T ¢
du; du; du;ouy E)ulau,,
d¢* 3%r(u) or(u)
('baul ou; auk dup
. 0 r(u) Ar(u)
o Juj oujdup  Juy
9 34’*
= au; ou; Skp + 91T LTy &mo
L P+ a"’ 7, g (244)
From such results, we may infer that
99 99" —
— jk —
Eqg(¢r) = 2 / ouj g du
+5 / g g Ip &rs |9? /—g du
jk ¢
/g F ( +¢" au> v/ —g du. (245)

39. A Note on the Definition of Temperature

The main results in this section may be found in similar form in the book [16], page 261.
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Consider a system with N = E]N:‘H N; and suppose each set of N; particles has a set of C; possible
states.
Therefore, the number of states of such N; particles is given by

where we have considered simple permutations as equivalent states.
Define
5] = ln(Al"j) ’

and define the system entropy, denoted by S, as
No
S=A (Z S j> ,
where A > 0 is a normalizing constant.

Thus,
No (C)N]>
S=AY In[ |,
= < Nj!

so that

No

j=1
If N; is large enough, we have the following approximation
In particular for C; = 1, Vj € {1,---,Np} we obtain

j=1

No No
=1
At this point we define the following local density Nj where

o 0P
M = ot e

where

No
p(x, £)[> = 21 |i(x, 1)
=

Here, ¢; : 0 — C denotes the wave function of the particles corresponding to the system part N;.
The final definition of Entropy is given by

No
S(x,t)=A (Z; S]-(x,t)>
]:
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where
Si(x,t) = —Nj(x,t)In(Nj(x,t))
|9 (x, 1) 2 |9 (x, 1) 2
= VUL NI N, 246
P(x. D <¢<x,t>|2 (240)

Here we highlight the position field for each particle system part N; is given by
ti(x,t) = x+1i(x, 1),

where 1 is related to the internal energy, that is, related to the atomic/electronic vibrational motion
linked with the concept of temperature, as specified in the next lines.
The total kinetics energy is given by

zarj(x,t) arj(x,t)
e TH N T

1 No
E(x,t) = -3 Zmp].|¢j(x,t)
=1

At this point, we define the scalar field of temperature, denoted by T(x, t), such as symbolically

s 1
OE  T(x,t)
More specifically, we define
Ny SE
(P,
ren =% %,
j=1 347]'
so that aret) on(x)
N, ri(x, ri(x,
_%Z]‘:Ol Mp; oj(x,t) —5r— - L5
T = oiN (10PN
AT i1 Mad
e 1“( o7 “)

39.1. A Note on Basic Thermodynamics

Consider a solid O  R3 where such a Q is an open, bounded and connected set with a regular
(Lipschitzian) boundary denoted by 0().

Denoting by [0, T] a time interval, consider a particle system where the field of displacements is
given by

1j(x,t) = 1(x,t) +u(x, t) + (r3)(x, 1),

where r : Q) x [0,T] — R is a macroscopic displacement field, u : 2 x [0,T] — R is the elastic
displacement field and (r3); : Q x [0, T] — R denotes the displacement field related to the atomic and
electronic vibration motion concerning the concept of temperature, as specified in the previous section.
In particular for the case in which
r(x, t) =x,

we define the heat functional, denoted by W, as
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1T ou(x,t) du(x,t)
W= g fy feen S S v
T
—/ /F udx dt
0 Ja
1 T
+§/0 /()Hijkleij(u)ekl(u) dx dt
1M T ,0(13)(x, 1) A(x3)j(x, 1)
+2§/0 /Qmpjlsbj(x,t)l o g dxdt, (247)

where
Ny i
p(x, t) = leml’jo(x/ 1|
]:
is the point wise total density,
1 (T
2 /0 /Q Hijeij(w)ey (u) dx dt

is a standard elastic inner energy for small displacements u, F(x, t) is the resulting field of external
forces acting point wise on (), and for the term

138 (T 29(13)j(x, 1) 9(r3);(x,¢)
221/0 [ gy P=REE = SR

we are refereing to the definitions and notations of the previous section.
At this point we denote

Nyt L) (6,1 A, (x,)
By Jymnloten) - it

ot ot

and

T
Ep — %/ /Qp(x,t)au(x’t) du(x,t) dx dt

0 ot ot
T
— F- udxdt
0 JQ
1 (T
+§%) /Q Hijkleij(u)ekl(u) dx dt. (248)

Hence W = Et + E;;, and from the previous section we may generically denote
0 Eiy =TS,

Therefore
OW =0ET +J0E;,, = 6ET + T 6S.

For a standard reversible process we must have § E7 = 0.
so that
OW =TJS.

For a general case in which other types of internal energy (such as E; indicated in the previous
sections and even E;,,) are partially and irreversibly converted into a ET type of energy, in which

0 Er #0,
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we may have
W <TéS.

Remark 39.1. Indeed, in general the vibrational motion related to E;, is of relativistic nature so that in fact we
would need to consider

1N T ) d(r3); (xt r3 (x, 1)
=g 3 fy Jymm e o) e - 2o N

40. A Formal Proof of Castigliano Theorem

In this section we present the mathematical formalism of a result in elasticity theory known as the
Castigliano’s Theorem.

Let QO C R3 be an open, bounded and connected set with a regular (Lipischitzian) boundary
denoted by 0Q).

In a context of linear elasticity, consider the functional | : V — R where

J(u) = Eip — (uj, fi) 12 Zu x] ijr

u = (uy,up, u3) € Wy (R =V, f = (f1, fo, f3) € L2(GR3), Y = Y* = [2((;R%), and
PjeR, vie {1,2,3}, je{l,--- ,N}

for some N € N.
Here we have denoted

1
En =75 /()Hijklez’j(u)ekl(u) dx,

1( du; ou j
ez](u) - E <ax] + E)Tcl .
Moreover Hjjy is a fourth order positive definite and constant tensor.
Observe that the variation of | in u; give us the following Euler-Lagrange equation

—(Hjjrex (1) 2 =0, in Q. (249)

Symbolically such a system stands for

9J(u)
8ul-

—=0,Vi € {1,2,3},

so that N
I(Ein — (ui, fi) 12 — Ljtq ui(x)) Pyj)
aui
We denote u € V solution of (249) by u = u(f, P), so that multiplying the concerning extremal
equation by u; and integrating by parts, we get

=0, Vi {1,2,3}. (250)

N

H(u(f,P),f,P) = 2Ein(u(f,P)) = (ui(f,P), fi)2 = }_ ui(xj, f, P) Py

j=1
0, VfeY*, PR, (251)
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Therefore

d

ap, (LU, P). £, P) =,
so that

dE;, d

dp;  dP;

2

N
((”i(f/ P), fi)2 + Zl ui(xj’f/p)pij>L2> =0,
iz

that is

dE;, I a(Ein - <uirfi>L2 - Z]I\Ll ui(xj)Pi') oy
dPZ‘]' auk ! E)Pij 2
) N
—=— | (wi, fi)p2 + ) ui(xj) Pjj

ap; =

= 0. (252)

From this and (249) we obtain

dE;,

dPij

- ui(xj) = Or
so that

dE,  d

) = o = g (5, Hawes 0l P)eutu(s, ) ),

Vie {1,2,3},Vje{1,---,N}.
With such results in mind, we have proven the following theorem.

Theorem 40.1 (Castigliano). Considering the notations and definitions in this section, we have

dE,  d
uilxj) = Gp. = dp;

G /QHifkleif(u(f'P))ekl(u(frp)) dx>,

Vie{1,2,3},Vje{1,--- ,N}.

40.1. A Generalization of Castigliano Theorem

In this subsection we present a more general version of the Castigliano theorem.
Considering the context of last section, we recall that

N

Hy(u(f,P),f,P) = 2Ein(u(f,P)) = (ui(f,P), fi)2 = }_ ui(xj, f, P) Py

j=1
0, Vf € Y*, PR, (253)

Therefore, for x; € Q) such that
Xi # X]', V] S {1,‘ .. ,N},
we have

<ddﬂ(Hl(u(f/P),f/P)),5(Xk)> _o,

L2
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so that
d
2( Bt P o0 >>L2
<df1<< u;(f,P), fi) L2+Zu ]/fP 1]> ) (k)>L2
-0 (254)
that is
(o Eantus, PY) ) )
Bt ) — Gl P i — 3 o )Py ) 2 500
duy, " ’ N L = i\Ajr )y ij df .
<3r<<u1(f P fz LZ*ZLL x],f p Pz]) 5x(xk)>
-0 L (255)

From such results, we may obtain

d
(T EnlF, P00 ) = (2), 80}z =0,

so that

that is

) = (7 (EalulF, P05 )

Vi€ {1,2,3}, Vxx € Q such that x; # xj, Vj € {1,---,N}
With such results in mind, we have proven the following theorem.

Theorem 40.2 (The Generalized Castigliano Theorem). Considering the notations and definitions in this
section, we have

w(se) = (3 Enlu(F )20
Vi e {1,2,3}, Vxi € Q such that x; # xj, Vj € {1,---,N}.

40.2. The Virtual Work Principle

Considering the definitions, results and statements of the previous section and subsection, we
may easily prove the following theorem.

Theorem 40.3 (The virtual work principle). Let x; € Q such that x; # x;,Vj € {1,--- ,N}.
For a virtual constant load Py, € R on x; at the direction of uy(x;), define now J : V.— R where

N

J(u) = Ei — (ui, fi)r2 — Y uix}) Py — Ptz (x;).

=
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Under such hypotheses,

dEin(”(frP/P ))
uk(x1)=< P, & )sz K

Vk € {1,2,3}, Vx; € Q) such that x; # xj, Vj € {1,---,N}.

Proof. The proof is exactly the same as in the Castigliano Theorem in the previous section except by
setting the virtual load Py = 0 in the end of this calculation and will not be repeated. O

41. A Convex Dual Formulation for an Originally Non-Convex Primal Dual One

In this section we develop a convex dual variational formulation suitable for an originally non-
convex primal dual one.

Let QO C R3 be an open bounded and connected set with a regular (Lipschitzian) boundary
denoted by o).

Consider the functional | : V — R where

J(u) = %/{)Vu-Vudx+%/Q(u2—,B)2dx
—(u, f) 2, (256)

where & > 0,8 > 0,7 >0,V = Wy*(Q) and Y = Y* = [2(Q).
Define the functionals F{ : VX Y* X Y* > R, K : VXY*" XY*  >Rand F3: VxY*xY* - R

by
* % 1 * * K 2 K *\2 z
Fy(u,v],05) = > /Q v} + 2v5u + Ut E(UO) dx,
1 K K 2
Fy(u,03,v5) = 5 /()(v]k +V2u+ Euz + 5(03)2 —l—f)
and , )
Kok L * 2
F5(u,03,v5) = 2/0(00 a(u ,B)) dx,
respectively.

Definealso J; : V x Y* x Y* — Rby

Ju (1, 0%, 05) = By (1,07, 05) + Fa(1, 05, 05) + Fa (1,0}, 05).

Observe that
Ji(u,v1,v5) = Fi(u,v3,v5) + F(u,vy,v5) + F3(u, 07, vp)
= —(v1,03)12 — (00, 01) 12 — (4, 05) 12 + F1(u, 07, 0p)
—(v1,v5) 12 — (v, v7) 12 — (w,vg) 12 + Fa(u, 07, vp)
—(v0,v9) 12 — (u,v1g) 12 + F3(u, 01, vp)
+(v1,03) 12 + (09, 03) 12 + (U, 05) 2
+(v1,06) 12 + (00, 07) 12 + (1, 0g) 2

(09, 09) 12 + (4, 010) 12
inf —(0F, 03 12 — (v}, 05 )12 — (u,v8) 12 + Fy(u, 05,08
(u,v;,vg;)erY*xy*{ (01,93) 12 — (vo, 04) 12 — (4, 05) 12 + F1(u,07,05) }
{

v

inf

e L) — (0,080 — (e + B0, 55))
/019
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inf ~ {—(0g,09)12 — (u,07p) 12 + F3(u,v1,v5) }
(u,05)EV XY™
+ inf vy, 03 2 + (08, vk ) 12 + (u, vl
(u,v{,vg)erY*xY*“ 1,03)12 + (vg, V) 12 + (4, 05) 2
+(v1,v6) 12 + (09, 07) 12 + (1, 08) 2
(v0,v9) 2 + (u,vig) 12}
> —F(v3,v3,05) — By (vg,v5,v5) — F3 (vg,03), Vo' € A* N B, (257)
where
A*=ATNA;NA;,
A; = {v* = (v},v}, 0%, 0%, 05,05, 05,05) € [Y]® : vf+0v;=0,inQ},
As={o* € [Y']® : v} +05+05=0,inQ},
Ay ={v*" € [Y*]® : v} +0}+0},=0,inQ},
B* = {v* ¢ [Y*]® : vy > v > € vy < —¢ inQ}
for an appropriate real constant 0 < ¢ < 1.
Moreover, for v* € B*, we have
Fi (03,03,05)
= sup {{01,03) 12 + (00, v3) 12 + (u,05) 2 — Fi(u,07,0p) }
(u,07,05) €V XY*xY*
_ [ (K )
o 2(—4+K2)v}
1
+5 /Q(vé)2 dx, (258)
F; (vg,v7,v8)
= sup {{01,06) 12 + (00, v7) 12 + (u,vg) 12 — F2(u, 07, 0p) }
(u,07,05) €V XY*xY*
- (=7V20e) + (05)° +2(=y V2005 + (05)* )
-~ Ja 2Kv},
1
+§/Q(vg)2 dx—/nfv’g dx (259)
F5 (05, v19)
= sup  {(vg,v9) 12 + (u,019) 12 — F3(u,07,05) }
(u,v5)€V < Y*
(v1)* 1 2
S /Q o 5 /Q (wpos) dx + 5 /Q (05)? dx. (260)

Here we define J* : [Y*]® — R by
J*(0%) = —F{ (03,03, 05) — F; (v5,v7,05) — F5 (09, 01p)-
It is worth highlighting we have got

inf J1(u,0f,08) > sup J'(0*).
(1,0%,05)EVXY* X Y* (1,25, %) v*eA*%B* @)
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Finally, we also emphasize that J* is convex (in fact concave) in the convex set A* N B* so that we
have obtained a convex dual formulation for an originally non-convex primal dual one.

42. A Convex Dual Variational Formulation for a Burger’S Type Equation

LetQ = [0,1] C R.
Consider the Burger’s type equation

{ Viyy —U Uy =0, inQ), (261)

u(0) =1, u(1) =0.

Here v > 0 is a real constant.
Define the Galerkin type functional | : V — R where

1
J(u) = 5 /Q(vuxx — 1 uy)? dx,
and
V={uecW?Q) : u0)=1, and u(1) = 0}.
Denoting Y = Y* = [2(Q)), define F; : Vx Y* - Rand F, : V x Y* — Rby

Fi(u,07) 2/ Vilyy — U Uy + 0} + Ku? + Ku?)? dx,

and
Fy(u,7) 2/ (v} + Ku? + Ku2)? dx,

respectively. Here K > 0 is an appropriate large real constant.
Define also J1 : V x Y* — R by

J1(u,v7) = F(u,0]) + Fa(u,07),

Observe that

hi(u01) = F(u01)+ F(u,01)
= (0] +Vixy, vg) 2 — (1, 03) 12 — (ux, 03) 12 + F1 (u,07)
—(01,07) 12 — (u,05) 2 — (ux, 06) 12 + F2(u, 07)
+ (0] 4+ Vityy, 03) 2 + (U, 05) 12 + {1y, 03) 12
+(01,v7) 12 + (4, 05) 12 + (ux, V) 12

{—(v1,05) 12 — (v2,03) 12 — (v3,03) 2 + Fi (v1,02,03) }

v

m
(Ul /02,03 ) € [Y]S

+ inf {—<01/U;>L2 —(02,03) 12 — (v3,03) 2 + 152(01102, Ua)}
(UlrUer3)E[Y]3

+ nf (o] + Vi, 03) 12 + (u,03) 12 + (ux, 03) 2
(u,07)EVXY*

U
+(07,v7) 12 + (U, 05) 12 + (ux, g) 12}
— —F(0},3,03) — B (03,02, 05)

+v(v3)x(0)up(0),V(u,0]) € Vx Y*, Yo* € A*NB*, (262)

where
A* = (0" = (0,03, 03,05, 05,05) € [Y']° ¢ v(0})ux + 03 — (v3)x = 0, in O},

B* ={v* € [Y*]6 : vy >0,0; >0, v;+0v; =0, in Qand v;(0) = v;(1) = 0}.
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Moreover, denoting
~ 1
Fi(v1,00,v3) = 5 /Q(Ul — 03 + Kv3 + K03)? dx,
and .
Bi(01,02,05) = 5 /Q (01 + Ko? + Ko?)? dx,
for v* € B*, we have
F (v}, 03,03)
= sup  {(v1,03) 12 + (v2,03) 12 + (v3,05) 12 — Fi(v1,02,03) }
(01,02,03)€[Y]3
1 (20303 +2K((03)* + (v3)*)) 1
= dx + = / 0?2 dx, 263
2(1<2—1)/Q v X H g Jolea) dx (263)
F; (07,5, v5)
= sup  {(01,05) 2 + (02, v3) 12 + (v3,0%) 12 — Fa(v1,02,03) }
(01,00,03)€[Y]?
1 (v%)? 1 (vf)? 1 )
S dx + — dx + = / V2 dy. 264
i s o TTIR Jo o X g0 A (264)

Here we define J* : [Y*]®* — R by
J*(0") = =F (v}, 03,03) = F5(07, 05, 0) + v(0)x(0)uo(0).
It is worth highlighting we have got

inf  Ji(u,07) > sup J'(v").
(M,UT)GVXY* v*e A*NB*

Finally, we also emphasize that J* is convex (in fact concave) in the convex set A* N B* so that we
have obtained a convex dual formulation for an originally non-convex primal dual one.
Remark 42.1. The conditions which define B* must be replaced by those concerning the reqularized set

Bf = {v* € [Y*]® : v} > v5 >¢ v + 05 =3¢, in Qand v} (0) = v} (1) = ¢}

or an appropriate real constant 0 < e < 1. Therefore, throu, , we may define an approximate dua
ppropriat l tant 0 1. Th through B; y defi pproximate dual
formulation so that will be particularly interested in the system behaviour as

e—0T.

43. A Convex Dual Variational Formulation for an Approximate Navier-Stokes System

Let QO C R? be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 0Q2 = S.

Consider the approximate incompressible and time independent Navier-Stokes system, where

szu—uux—vuy—szo,
vvzv—uvx—vvy—Pyzo,
V2P+u§+v§+2uyvx =0, in ),
u=ug, v=uvy, P=DP, ond() = S.

(265)
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Here v > 0 is a real constant. Moreover, n denotes the outward normal field to Q) = S.
Define the Galerkin type functional | : V — R, where
py = 1 V2 P)%d
J(u,0,P) = 5 Q(v U—uiy —0uy, — Py)"dx
1
) /Q(vvzv —u vy — vy — Py)?dx
1
+§ /Q(VZP +ul + vﬁ + 2uyvx)2 dax, (266)

and
V={u=(u,0,P) e W2,;R? : u=uy, v=10yand P = PyondO}.

Denoting Y = Y* = [2(Q), define F; : VXY* - R, K :VxY* - R F:VxY — R,
F:VxY" 2R E:VxY" wRand Fy: VxY* = Rby

1
Fi(u,v5) = 5 /Q(vvzu — 1 Uy — v ty — Py + Ku? + Ku? + Ko + Kuﬁ +0%)? dx,

1
Fy(u,vgy) = 2 /Q(vvzv — 1 vy — v vy — Py + Ku? + Ko} + Ko? + Kvé +v5)? dx,

1
F(u,vy,) = > /Q(VZP +u? + vﬁ + 2uy vy + Ku? + Kvﬁ + Ko? + Ku§ + v3)% dx,

1
Fy(u,v%)) = 5 /Q(Ku2 + Kuff + Ko? + Ku§ + v§0)2 dx,

1
Fs5(u,vfy) = 5 /Q(Ku2 + va( + Kv? + Kvi + 020)2 dx,

and 1
Fo(u, 030) = 5 /Q (Ku2 + K02 + Ko? + Ku + v%)? dx,

respectively. Here K > 0 is an appropriate large real constant.
Define also J; : V x [Y*]> — R by

J1(w, 050,060, 970) = Fi(u,v59) + F2(u, vgp)
+F3(u,vy) + Fy(u, v3y)
+F5(u,vg9) + Fe(u, 7). (267)
Observe that
J1(w, 050, 050,070) = Fi(w,v5) + F2(u, vgp)

+F3(u,v79) + Fa(u,v59)
+Fs5(w,vg0) + Fo (u, 070)
= —(vd) +vVu — Py, 0}) 2 — (u,03) 12 — (1, 03) 12
—(v,03) 12 — (uy, v5) 12 + F1 (u,050)
—(vgo + V0 = Py, 0¢) 12 — (u,07) 12 — (0x,08) 12
—(v,09) 12 — vy, v70) 12 + F2(u, vgp)
— (03 + V2P, viy) 2 — (utx, 03) 12 — (0, 033) 12
—(

Ux, Vlg) 12 — <”y/UT5>L2 + F3(u,v7))
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—(v50, 076) 12 — (W, 017) 12 — (Ux, V1g) 12
—(v,v19) 12 — (Uy, V30) 12 + Fa(u, v59)
—(v60, V1) 12 — (1, U3) 12 — (U, V23) 2
— (v, 034) 12 — (vy, V35) 12 + F5(u, o)
—(v70,036) 12 — (Ux, V37) 12 — (Vy, U38) 12
—(vx, V29) 12 — (Uty, 030) 12 + Fe(u,v7)
+(v8g + vV2u — Py, 07) 2 + (1,03) 2 + (4x, 03) 12
+(v,03) 12 + (uy, v5) 12
+(0go + vV?0 — Py, 0¢) 12 + (1, 03) 2 + (0x,05) 12
+(0,v9) 12 + (vy, V7p) 12
+ (050 + V2P, v}y ) 12 — (1x, 03) 12 — (0y, 013) 12
+(vx, 074) 12 + {1y, 015) 2
+(050, Vi6) 12 + (U, Vi7) 2 + (U, Vig) 12
+(0,079) 12 + {1y, V9) 12
+(060, V1) 12 + (1, V32) 12 + (0, V23) 12
+(v, V34) 12 + vy, 35) 12
+(070, V36) 12 + (Ux, Va7) 12 + (0, V3g) 12
+(0x, v39) 12 + (tty, V30) 12 (268)

From such a result, we obtain

J1(u, 950, Vg0, 070)

inf —(v1,07) 12 — (02,03) 12 — (v3,05) 2
(01,---,v5)e[Y]5{ < IUER 2012 — ¢ 3L

—(v4,03)12 — (05,05) 12 + Fy (01, - ,05) }

inf {—(ve,v5) 12 — (v7,07) 12 — (vs,V8) 2
(06, w10)E[Y]S o/L 7L 8/L

—(v9,05) 12 — (010, V1) 12 + Fa(ve, - -+, v10) }

{—(v11,011) 12 — (v12,912) 12 — (V13,013) 12

v

in
(011, v15) €[Y]S
—(v14,054) 12 — (015, 0f5) 2 + F3(v11, -+ ,015) }

n {—=(v16,v16) 12 — (v17,V17) 12 — (v18, VIg) 12
(v16,++ v20) E[Y]?

_<Ul9/ Z)T9>L2 - <'020, U;O>L2 + F‘4(016/ e 1020)}

inf {=(v21,031) 12 — (v22,V33) 12 — (V23,V33) 12
(v21,+ v25)€[Y]?

—<Uz4/ U§4>L2 - (7725, U§5>L2 + FS(Uzll' e 1025)}

1 {—(v26,v36) 12 — (v27,V37) 12 — (V28, V3g) 12
(v26,++ ,030) E[Y]?

—(v29,039) 12 — (030, 39) 12 + Fe (026, - -+, 030) }
+ inf {(v3y + vV2u — Py, vl )12+ (U, 03) 12 + (Uy, v3)12

(w,030,050,070) €V X [Y]?
+(v,v3) 12 + (uy, v5) 12
—(vgo + vV — Py, vg)r2 + (u,07) 12 4 (vx, v5) 12


https://doi.org/10.20944/preprints202302.0051.v80

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 4 June 2024 d0i:10.20944/preprints202302.0051.v80

181 of 299
+(v,05) 12 + (vy, v1p) 12
+(v5 + V2P, 0}1) 12 + (x, 0i) 12 + (0, 013) 12
+(vx, v14) 12 + (y, 15) 12
+(v50, V1) 12 + (4, 077) 12 + (U, Vig) 2
+(v, v79) 12 + (uy, v30) 2
+(vg0, v31) 12 + (U, 03) 2 + (Vx, V33) 12
+(v,034) 12 + (Vy, 025) 12
+(v70, 036) 12 + (tx, V37) 12 + (v, V3g) 2
+(vx, v39) 12 + (y, v30) 12}
= —F(v], - ,03) = F (v, ,vi) — B (v, -+, 015)
—F(vig, -+, v39) — F5 (03, -+, 035) — Fg (036, -+, 030)
—I—v/ ug(Vol -n dS+1// v0(Vos - n dS—l—/ Py(Vvi, -n) ds, 269
aQ0(1) a00(6) aQ0( 11-1) (269)
if v* = (v],---,05) € A" NB*, where A* = A} N A; N A3,
Al = {v*e [Y*]3O : szv»{ +v5 — (v3)x — (V5)y
07 — (v12)x — (V1a)y + 017
—(01g)x — (v39)y — V3 — (V3)y =0, in O}, (270)
Ay = {o* e [V ¢ o + vVl — (v)x — Vs
—(v10)y — (v15)x + V19 — (033)x
+034 — (v35)y — (v38)y — (v39)x = 0, in O}, (271)
Ay = {o" e Y 1 (0])x+ (v])y + Vi, =0, inQ}, (272)
B* = {v'e [Y*]30 1 0] + 0]y =0, vg +v5 =0, v]; +05 =0,
’UT 20/ 0220/ UTl ZO/
V] >0, v37 >0, v5 >0, inQ),
v} =vg =0}, =0, ondN} (273)

Moreover, denoting

- 1
Bi(vq,---,v5) = > /0(01 — 0ov3 — V45 + K3 + Kv% + Kzﬁ + Kv%)z dx,

- 1
E(vg, -+ ,v109) = 5 /0(06 — U708 — V9V + Kv% + Kvé + Kv% + Kv%o)z dx,

. 1
By(v11, - ,015) = 2 /Q(vu + v%z + 0%3 + 2014015 + Kv%z + Kv%3 + Kv%4 + Kvi—,)2 dx,

Ey(v16, -+, v20) =5 / 016 + Kot; + Kuig + Kofg + Kvgy)? dx,
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- 1
F5(va1, -+ ,005) = 5 /0(021 + Kuvd, + Kuds + Kug, + Kuds)? dx,
- 1
F6(UZ6/ s ,030) = E /0(7726 + KU%7 + KU%B + KU%g + KU%O)Z dx,
F (v}, ,03)
= sup  {(v1,07) 12 + (02,03) 12 + (03,03) 2
(‘01,---,‘05)6[}’]5
(v4,03) 12 + (v05,05) 2 — Fy (01, -+ ,0s)}
L 20 g K (09 O 05,
2(4K2—-1) Ja v}
1
+5 /Q (0})? dx (274)
E5 (g, -+ ,v1p)
sup  {(v6,05) 12 + (07,07) 12 + (vs, Vg) 2
(v6,+ ,v10) €[Y]®
(v9,05) 12 + (010, v70) 12 — Fa(vg, - - ,v10) }
1 / 20505 + 20507 + 21(((11?)2 + (v§)2 + (vg)2 + (v{o)z) i
2(4K2—1) Ja v
1
s /Q (0)? dx (275)
E (011, -+ ,015)
sup  {(v11,07q)12 + (012, 012) 12 + (V13,013) 2
(U]l,"',l)15)€[y]5
<vl4/ UT4>L2 + <vl5/ Z)T5>L2 - ﬁ3<vllr e ,U]5>}
1 / (=14 K)((v},)? + (v33)?) + K(v34)? — 203,035 + K(v}5)? "
4(K2-1) Ja v
1
+3 /Q(vi‘l)z dx+ (276)

Ff(”fsf'“/@o)

= sup  {(v16,016) 12 + (017, V17) 12 + (V18, V]g) 12
(016, 020)E[Y]®

(v19,v19) 12 + (v20,V30) 12 — 1:"2(015,' “+,020) }
_ 1 / ((01‘7)2+(vfs)2+(v’{9)2+(véo)z)d
= x
4K Jo 01‘6

L[ o
+5 [ @i dx, (277)

d0i:10.20944/preprints202302.0051.v80
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Fg(v§1,~ "+, 035)
= sup {(v21,051) 12 + (v22,039) 12 + (23, 23) 12
(v21,++ v25)€[Y]°
<UZ4/ v§4>L2 + <v25/ Z);5>L2 - ﬁ5(021/ o 1025)}
_ i/ ((03,)* + (v33)% + (v3,)* + (v35)%) p
- X
4K Ja 77;1
1 * \2
+3 [ @) dx, (278)
F (036, -+, 030)
= sup {(v26,V56) 12 + (V27,037) 12 + (28, V3g) 12
(026, v30) €[Y]®
(v29,039) 12 + (030, V30) 12 — Fo(v25,- -+ ,v30) }
- i/ ((037)* + (v35)* + (030)* + (v3)°) dx
4K Jo v§6
1 2
+5 /Q (036)? dx. (279)
Here we define J* : [Y*]* — R by
(") = —F(vi,---,08) = F(vg,- - ,08g) — B3 (07, -, 075)

—F{(vlg, -+, v30) = F5 (V31 , 035) — Fg (v3g, -+, 03)

Voi-n)ds+v [ oo(Vos-n)ds+ [ Ry(Vej,-n)ds, (280
+v/aQu0( vl -n)dS+v anvo( vg -n) dS + 0 0(Vvi; - n) (280)
It is worth highlighting we have got

inf J1(w, vy, vgy, v79) > sup  J*(0").
(urvéolvéorvéo)GVX [Y]? v*EeEA*NB*
Finally, we also emphasize that J* is convex (in fact concave) in the convex set A* N B* so that we
have obtained a convex dual formulation for an originally non-convex primal dual one.

Remark 43.1. Here we highlight the conditions which define B* must be appropriately reqularized through a
small parameter
0<ex,

similarly as we have done in the previous section.

44. A D.C. Type Dual Variational Formulation for a Burger’S Type Equation

In this section we shall write a primal Galerkin type variational formulation for a Burger’s type
equation as a difference of two convex functionals (the so called D.C. approach) and establish a related
convex dual variational formulation.

LetQ=[0,1] C R.

Consider the Burger’s type equation

(281)

Viyy —U Uy =0, in(),
u(0) =1, u(1) = 0.

Here v > 0 is a real constant.
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Define a Galerkin type functional | : V — R, where

1
() = 5 /Q(vuxx —uuy)? dx,
and
V={uecW?Q) : u(0) =1, and u(1) = 0}.
Denoting Y = Y* = [2(Q), define F,F, : V x Y* — Rand F3,F; : V — Rby

1 K K
Fi(u,v3) = E/Q(vuxx—uux+v§0+Ku2+Ku§)2 dx—i—?l/Quz dx—i—%/ﬂui dx,

1 K K
F(u,v3) = 5 /Q(v’go + Ku? 4 Ku?)? dx + 71 /Qu2 dx + 71 /Qui dx,

K
F(u) = 1/ uzdx+71/ u? dx
and % K
1 2 Ki o
Fy(u) = 2 ot dx + 5 /Q L dx,
respectively.
Here K, K1 > 0 are appropriate large real constants such that
Ky > K.
Definealso J; : V x Y* — R by
1 (,039) = Fi (1, 0%) + Fa(n, 0dg) — Fs(u) — Fy(w),
Observe that
inf u,vey) =0,
(u,v;OI)IéVxY* h( 50)
so that, denoting
- 1 K K
F(v1,05,03) = 5 /Q(vl — 003 + Kv3 + Ko3)? dx + ?1 /0(02)2 dx + 71 /0(03)2 dx,
- K K
Fy(vy,v5,0¢) = %/0(06 + Kvg + Ko?)? dx + 71 /0(04)2 dx + 71 /0(715)2 dx,
- K
F3(z1,22) = % /0(21)2 dx + 71 /Q(Zz)z dx,
- K
e ) G - R RENCT®)
we have
0<Ni(u,05) = Fi(u,05)+ F2(u,05) — F3(u) — Fa(u)
= (w21, )12 = (U, 23) 12 + Fi (4, 05)
—(u,23) 12 = (ux, 20)12 + Fa(u, v59)
+(u,z7) 12 + (ux, 25) 12 — F3(u)
+(u,23) 12 + (ux, 2) 12 — Fa(u)
< (2 )2 — (e 23) 12 + Fi(u,v50)
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—(u,23)12 = (ux, 23) 12 + Fa (1, 050)

+ sup {(z,20)12 + (z2,23) 12 — B3(21,22)}
(ZI/ZZ)GY

sup {(z3,23)12 + (24,23) 12 — Fa(z3,24)}
(z3,24)€Y

= —(z,u)2 — (ux, 23) 12 + F1 (4, 050)
—(u,23) 12 — (ux, 23) 12 + Fa(u, v59)
+F5(z5,23) + Ff(28,2}), Yu eV, (z,---,z;) € [Y']4 (282)
From such results, similarly as obtained in [5], we may infer that
0= inf u,vs
(u,v;;?GVxY h( 50)

< inf  {—(u,z],)12 — (ux,25) 12 + Fi (1, 05))
(u,v%,) VXY

—(u,z3) 12 — (Ux, 23) 2 + Fa(u,050) }
+I:’§‘(zf,z§) + Fy(23,25), V2" = (2], -+ ,z}) € [Y*]4. (283)

On the other hand, observe that

—(u,zq, )12 — (Ux,23) 2
—(Vitxx + U509, 07) 12 — (1, 03) 12 — (ux, 03) 12 + F1 (1, v59)
—(u,z3) 12 — (Ux, 23) 12
—(v50,06) 12 — (1, 03) 12 — (1x, 05) 2 + F2(u, 050)
+(
+(050, V) 12 + (#,V3) 12 + (U, U5) 2

inf —(U2,21)12 — (U3,25)12
L TR S O e N

—(01,01) 12 = (02,93) 12 — (v3,03) 12 + F1 (01,02, 03) }

+ inf {—<U4,Z > 2 — <U5,Z*> 2
(v4,05,06)€[Y]3 3/L 4/L

—<U6r vg) 12 — (v4,v4) 12 — (05,08) 12 + F2 (04,05, 06) }
inf {(vuxx + 080,07 ) 12 + (U, 03) 12 + (U, U3) 12
(u Vi) EVXY
+(v50, g) 12 + (4,01 ) 2 + (U, U5) 2 }

*

= —F(v],v3,03,2],25) — F5 (v, 0%,0¢, 23, 23) — v(0])x(0)u(0), (284)

Vilxy + 050,07 ) 2 + (1, 05) 12 + (U, 03) 2

v

ifv* = (vj,---,v) € A* N B*, where
A* = AT N A3,

A7 = {0" € [Y]° : v(0])xx + 03 — (03)x + ) — (v5)x =0, in Q},
As ={o* €[Y*]® : vi+0; =0, v; >0, v; >0,inQ},

and
B* = {v* € [Y*]® : v}(0) =v}(1) = 0}.
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At this point we recall that
Fi (v1,v3,3,21,23)
= sup  {(v2,z7)12 + (vs3,23) 12
(01102103)6[Y]3
+(v1,07) 2 + (02,93) 12 + (03,05) 12 — F1(v1,02,03) }
Ky [ (05 +2z7)2 4 (0} +25)?
= — dx
2 Ja (2Kvj +K7)? — (v])?
+/ (v7)*((03 +27) (03 +23) + K(v3 +21)* + K(03 +23)%) ”
(2Kv} + Kq)% — (v)?
1
+5 [ @2 dx, (285)
F; (v}, v5, 05,23, 23)
= sup  {(04,23)12 + (v5,24) 2
(04,05,06)E[Y]?
+(v6, vE) 2 + (04, U2+ <v5, vs) 12 — F>(v4,05,06) }
(v +25)% + (v +z})? /
= dx 286
2 / (K; + 2K0}) ) (286)
F(z1,z3) = sup {(z1,2])p2 + (21,27) 12 — F3(21,22) }
(21 22)€[Y]?
2 *\2
= 287
2K / l) dx+ 2K (ZZ) dx’ ( )
and
Fizz) = sup {(25) 4 (242 — Falea 2}
(z3,24)€[Y]?
1 2 1 2
E— dx + — / )2 dax. 288
2K1/Q(23) x+2K1 0(24) x (288)

Moreover, for Ky > 0 sufficiently large, up to a restriction for the dual variables related to a ball of
radius proportional to Kj, from the standard results on convex analysis and duality theory, we have

T 02 25

—(vity + 03,0112 — (1,05, )12 — (03, 03) 12 + Fy (1, 08p)
—(u,z3) 12 — (Ux, 23)12

— (050, 06) 12 — (1,03, )12 — (U2, 05) 12 + F2(u, v59) }

= sup {—F(v],03,93,2,23) - 5 (v}, 05,0, 23, 23) — v(07)x (0)u(0) }. (289)
v*EA*NB*
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Consequently, from such results and (283) we have got

0= inf U, vL
(u,véé)erYh( 50)

< inf{ sup {—F* (01,05, 0%,21,23) — F* (0}, 03,03, 24, 23) — v(0]): (0)u(0)}
z*eY* v* € A*NB*

+E (21, 23) + Fi (25,2)) }- (290)
Therefore, defining J* : [Y*]'* — R by

J'(0,z") = —F(v],03,03,2],23) — F* (v}, 05,96, 23,23) — v(0])x (0)u(0)

+E (21, 23) + i (23,21), (291)
we have got

0= inf Ji(u,05) < inf{ sup ]*(U*,z*)}.

(u,U;O)GVXY ZE[Y*]4 v* € A*NB*

Finally, we also emphasize that J* is concave in v* on the convex set A* N B* and convex in z*, so
that, after the supremum evaluation in v*, we have obtained a final convex dual formulation in z* for
an originally non-convex primal dual one.

45. A Convex Dual Formulation for the Rank-One Approximation of a Non-Convex Primal One

In this section, we develop a convex dual formulation for an approximate rank-one primal
formulation found in some vectorial phase transition models.

Let QO C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 9Q2.
Define a functional | : V — R by

2
J(u) = %/Q <D‘ijkl <gzj - ﬁz’j) <E;z;;; - ﬁkl)) dx — (u;, fi) 12,

where {“z’jkl} is a a fourth order constant positive definite and symmetric tensor, { Bi j} € R3N, f=
(fi, f2. f3) € L*(O;RN) and
V =WA(RY).

From now and on we denote Y = Y* = L2(Q) and

Yl — Yl* _ [Y]3N+N+3+1.

Definealso F; : Y] = R, K : Y| — Rand F3 : [Y]N*3+!1 — Rby

Fi(w, &, 1,v50)
1 2 2 2
- EA(“ffk’(wif_ﬁif)(wkl—5k1)+1<|§| + K]y +vso) dx, (292)
N 3 K )
Fa(w, & v50) = 2 Y 5 [ (wy = &y + KIEP + Kl +0s0)
i=1j=1

d
an Kl , , )
R, os0) = 5 [ (KIGE + Kl + o) d,

respectively.
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Here K, K; > 0 are real constants such that K; > K > 1.
Moreover, define

J1(w,w,8,1,v50)
= _<§111]/ (UT>Z']'>L2 + Fl (wr Cr 1, 050)
+FE(w,§,1,0s0) + F3(8, 17, 050)
u;
+<az (1) ]>L2 — {ui, fi)2- (293)

]

Observe that

]1(“; w, éz 771 050)

(g,;y)ielg]sw{_ (Ginj, (01)ij) 12 + Fi(w, &, 17, v50)

+F2(w/ 6/ 1, 050) + F3(§/ 1, 050)}

*Jé‘é{@? (v*>if>L2 — (u;, f,->L2}

= —Fp(vf), Vi € 4], (294)

v

where

Fih(01) = sup  {(&inj, (01)ij) 12 — Fa(w, &, 1,0s0) — Fa(w, &, 1,050) — F3(&, 17, vs0) }
(Eme[YPHN

and
A} ={v; € Y'PN ¢ (v))jj;+ fi=0,Vie {1,--- ,N}, inQ}.
On the other hand

W
= —(&mj, (v1)ij) 12 + Fi(w, &, m,v50)
+F(w, ¢, 1,vs0) + F3(&, 17, 0s0)
= —(Cinj, (v1)ij) 2 — (wij, (W])ij) 12 — (Gi, (03)i) 12
=, (v3)j) 12 — (vs0,v4) 2 + Fi(w, &, 1, 0s0)
(wij, (w3)ij) 12 — (Gir (05)i) 2
( )12 — (vs0,v7) 12 + F2(w, &, 17, vs0)
(Cis (v8)i)12 — (mj, (vg) )12
—(vs0, v19) 12 + F3(w, €, 17, vs0)
(wij, (w1)ij) 12 + (8ir (02)i) 12
<77] (v )]>L2 + (vs0,v3) 12
<wzy (w§)1]>L2 + (Gis (v5)i) 12
(nj, (vg)j) 12 + (vs0,07) 12
(Gi i)z + (mj, (95)) 12 + (vs0, V) 12 (295)

V)
vs)
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> inf  {—(Gimj, (v1)ij — (wij, (w7)ij) 12

(w,gm,vs50) €Y1

(w,8,11,050) €Y1

—(11j, (v6)j) 12 — (vs0,v7) 12 + F2(w, &, 17, 050) }
{=(Gi, (vg)i) 2 — (mj, (v9)) 12

+ inf
(&mvs0) €[YPHNHL

—(vs0,v10) 12 + F3(w, &, 1,vs0) }

+ inf {(wij, (w])ij) 2 + (G, (03)i) 12

(w,gm,050) €Y
+(1j, (v )>L2+<v50'v4>L2
(wij, (w3)i) 12 + (Ci/ (05)i) 2
(nj, (v6);)
<

_I_

ij
i, (06) ) 12 + (v50,07) 12

o+

where w* = (w},w}) € [Y]*N =3,

v" = (01,v3,03, 03, V5, V6, 07, V5, 05, V1) € [Y]

A5 = {(w"v")eYy xY; : (w{),-]-+ (wﬁ)ij =0, VvVie{l---

(v2)i+ (v5)i + (vg)i =0, Vie {1,--- N}, inQ,
(Ug)]‘ (06)j+ (Ug)]‘ =0, Vje {1,2,3}, in Q),
v + v + v}, =0, inQ},

AL = {(w',0") €Y} x Y] : v} € A}},

and
AT = A5NA;.

Furthermore,

Fi (w}, 01, 03,03, )

Gir (vg)i) 2 + (1, (v5)) 12 + (vs0, Vip) 2 }
= (wlfvlrvz v3,0}) — Fz* (w3,v5,05,07)

189 of 299

— (G, (03)i) 2

<17], (7’3) )12 — (vs0,v3) 12 + Fi(w, 6,17, 050) }
+ inf  {—(wjj, (w3)ij) 12 — (Gir (05) )12

— F5 (05,05, v%p),

(296)

1N+9 —
- 7

N}, Vje{1,2,3}, inQ,

(297)

= sup  {(Ginj, (07)ij) 2 + (wij, (w])ij) 12 + (Giv (93)i) 12

(w,&1,050) €Y

+(17j, (03)j) 12 + (050, v3) 12 — F1(w, ¢, 17, 050) },

F; (wf, v5, 05, 07)

= sup  {{wij, (w3)ij) 2 + (Gi, (v5)i) 2

(w,8,17,050) €Y1

+(nj, (vg)j) 12 + (vs0,v7) 12 — Fa(w, &, 1, 050) },

(298)

(299)
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F3 (v3, 05, v3)
= sup {{6i, (vg)i) 2 + (mj, (v3))) 12
(E,vs0) €[Y]3HNHL
+(vs0, v10) 12 — F3(E, 77, v50) }- (300)
Denoting
J*(w*,v*) = —F (wy, v}, v3,03,0;) — F5 (w}, 03,05, v7) — F5 (v§, 05, 03),
we have got
inf J(u) > inf u,w,¢,n,v
ueV](> > (u,w,C,;y,v50)eV><Y1h( &,1,50)
> sup J(w,0Y). (301)
(w* v*) € A*

Finally, we emphasize J* is a convex (in fact concave) functional.

46. Duality for a General Relaxed Primal Variational Formulation

Let QO C R3 be an open, bounded and connected set with a regular boundary denoted by 9.
Consider a functional | : V — R where

](u)z%/QVqudx—i—%/ﬂ(uz—ﬁ)z dx — (u, f) 2,

where V = Wp?(Q), 7 >0,a >0,>0,Y =Y*=L12(Q),Y; = Y; = L2((;R?),and f € [2(Q).
We define the associated relaxed functional J; : V x V x (0,1), by

Rgd) = 5[ (Tu— (1= X)¥9) - (Vu—(1-\)Vg) dx

3=y /Q(w +AV) - (Vi + AV§) dx

2
A (1-2M)a

+5 (= (=W = )+ =5 (4 Ag)2 — )2 d
“Mu= (1= N, iz = (1= D)+, iz (302)

Moreover, we define, F; : Vx Vx (0,1) 2 R, K: VxVx(0,1) 2R, F:VxVx(0,1) =R,
F,:VxVx(0,1) =R FE:VxVx(0,1 -Rand Fs:V xV x(0,1) = R, by

Fu(u, ¢, A) = %/Q(Vu—(1—A)V¢)'(Vu—(1—/\)v¢) dx,

By, ¢, \) = @ /Q(w FAV) - (Vi + AV) dx,

Fa(g,0) = 5 [ ((u— (1= N - ) d,

Falog, 1) = L [ (G agp - gy a
Es(u,p,A) = —Au— (1=A)p, f) 12,
Fs(u, ¢, A) = =(1 = M) (u+ A9, )12,

respectively.
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Observe that

Ji(u,o,u) = Fi(u,¢,A)+FE(u,¢,N)
F3(u, ¢, A) + Fa(u, ¢, A)
Fs(u,¢,A) + Fs(u, ¢, A), (303)
Thus,
]1(”/47/u) Z Fl(u/4)/A)+F2(u/¢/A)
+((u = (1=A)$)* — B, 03) 2
+((u+Ap)? — B,vj) 12
(,¢,A) + Fo(u, ¢, A)
(

u,4>,)t) =+ F4(M,(P,A)
+ infy{—<v3, v3) 12 + F5(v3,A)}

+ infy{—<v4, v5) 12 + Fi(vg, A)} (304)
where
3 03, = 2 / 03 dx
- (1-A)a
Fy(vg, A) = — /Qvﬁ dx,
Therefore, defining £ : Y* x (0,1) - Rand Fj : Y* x (0,1) — Rby

Fi(v3,A) = su€{<v3.v§>Lz—F3(v3,/\)
v3E

1 *
= o /Q (03)2 dx, (305)

and

F{(vi,A) = sup{(04v});> — Fs(vs,7)
v €Y

_ 1 *\2
- wiH /Q (v3)? dx, (306)

we may also infer that

B g A) = inf {{o1,01)12+ Fi(o1,A)}

+ mf {(vz, 052+ Fa(va, M)}

(1S
+ lléf { <U5, div Ul 12 +/ )03 dx — <U5/f>L2}
Us5
+ mf { (ve, div v3) 2 —i—/ —B)vy dx —(1— )\)<7’6/f>L2}
;( 3 A) — F4 (03, M)
= 1*( 1A) = Fz (03,7)
F5*( 01,v3,A) — Fg (v3,03,A)
3 (03,A) — F4 (03, M), (307)
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if v* = (v],---,v;) € A" where,
A* = {o* € [Y{* x [Y*]* : v§ > 0and v >0, inQ},
1(v1, A :—/ vy - 071 dX,
(v, A =—/vz vy dx,
Fo(05,03,4) = [ (03— B)os dx = Afos, £z,
Fo(os,03,4) = [ (02— B)oj dx = (1= 1) (06, )12,
and
Fi (o1, A) = sup {(v1,07)2 — Fi(v1,A)}
vleY1
= L/ vl -0y dx (308)
- 2,)/)\ 0 1 1 ’
F(03,A) = sup{(v2,93)2 — Fa(v2,A)}
Z)zEYl
= ;/ vs - U5 dx (309)
o 2(1-A) Ja P
F5(v1,v3,A) = sup{(vs,v})» — F5(vs,03,A)}
U5€Y
(div (divoy +Af)° Af)?
= 1
2/ e dx +ﬁ/ o dx, (310)
and
Fg(v3,v5,A) = sup{(ve,v1)2 — Fs(vs, 03, M)}
’06€Y
1 (divey+ (= AP *
= 3 /Q o dx + B /Q o dx. (311)
Denoting, as above indicated, v* = (v},v3,v5,v}) € [Y7]? x [Y*]2, we define J* : [Y]]? x [Y*]?
(0,1) = Rby
J'(0,A) = —F(v],A) = F(v3,A)
—F5 (v1,03,A) — Fg (03,03, A)
—F(03,A) = F{ (0}, A), (312)

Observe that we have got

inf J(u) > inf Ji(u, ¢, A)

ucV (u,p,A)€VXVx[0,1]

inf {sup ]*(v*,A)}. (313)

v

A€ (0,1) VECA*
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46.1. A Numerical Example

We have obtained numerical results for v = 0.1, « = 3.0, B = 5.0 and f = 10, in (), for the special
case in which ) = [0,1] C R.
Such results have been performed through the following algorithm:

1. Setn=1and A, = 1/2.
2. Calculate v;;, € A* such that

J* (03, An) = sup J*(0%, An),

v*EA*

3. Calculate A, 11 € (0,1) such that
“(0f, A = inf [*(v},A),
J ( n n+1) Ae(O,l)] ( n )
4. Setn :=n+ 1 and go to step 2 until the satisfaction of an appropriate convergence criterion.

Here, we recall that for the optimal points

divoy +Af

207 u—(1-2A)¢,
and div o 1
1VUZ+(* — )f:u+)\¢,
204
so that div ot 11 div o Lo
u:)\< 1vvl*—|— f)—f—(l—)\)( 1vv2+£ - )f>
203 20,

For such a corresponding optimal u( please see Figure 32.
For the solution u; of the primal problem obtained through the generalized method of lines,
please see Figure 33.

25

051 b

Figure 32. Optimal solution uy(x) through the concerning dual formulation.
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25

Figure 33. Optimal solution u1 (x) through the concerning primal formulation.

We may observe the solutions ug and u; are qualitatively similar, as expected.
Here we present the software developed to perform such numerical results.

1. clear all
globalm8d L A3 AByouveldvldv2dv3v5v6ov3v4dvlv2K5e5L1L2L3
m8=100;
d=1/mS§;
€1=0.00001;
e5=0.001;
K5=10000.0;
A3=0.1;
A=3.0;
B=5.0;
for i=1:m8
uo(i,1)=5;
yo(i,1)=10.0;
end;
L=1/2;
for k=1:50
k
i=1;
m12=2+6x A*uo(i,1)>*d*>/ A3 —2x Ax B/ A3 *d>;
m50(i)=1/m12;
2(i)=m50(i) * (yo(i,1) * d?/ A3 + 4 x A x uo(i,1)% x d*/ A3);
for i=2:m8-1
m12=2+ 6 x Axuo(i,1)>*d*/ A3 —2x Ax B/ A3 xd*> — m50(i — 1);
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m50(i)=1/m12;

2(1)=m50(i) * (yo(i,1) x d*/ A3 + 4% Axuo(i,1)3 xd>/ A3+ z(i — 1));
end;

w(m8,1)=0;

for i=1:m8-1
w(m8-i,1)=m50(m8-i)*w(m8-i+1)+z(m8-i);
end;

uo=w;

uo(m8/2,1)

end;

for i=1:4*m8

x0(i,1)=3.0;

end;

fori=1:1

x1(i,1)=1/2;

end;

for k1=1:10

k1

k=1;

b12=1.0;

while (b12 > 107%) && (k < 50)
k

k=k+1;
X=fminunc(’"funFeb30LG’,x0);
b12=max(abs(xo-X))

x0=X;

end;
X1=fminunc(funFeb31LG’,x1);
x1=X1;

end;

u(m8,1)=0;

for i=1:m8

x(i,1)=i*d;

end;

plot(x,u);

With the auxiliary function "funFeb30LG", where

B R R R R R R R R R R R R R 2 2
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1. function S=funFeb30LG(x)
globalm8 d L A3 AByouveldv2dvldv3v3v4dv5v6ovlv2K5e5L1L2L3
for i=1:m8
v1(3i,1)=x(,1);
v2(i,1)=x(m8+i,1);
v3(i,1)=x(2*m8+i,1);
v4(i,1)=x(3*m8+i,1);
end; for i=1:m8-1
dv1(i,1)=(v13i+1,1)-v1(3i,1))/d;
dv2(i,1)=(v2(i+1,1)-v2(i,1))/d;
end;
S=0;
for i=1:m8-1
S=S+(yo(i,1)? x L2 + 2% yo(i,1) * L * dvl(i,1) + dol(i,1)? + 4 x B*x 03(i,1)*)/ (4 x v3(i,1)?);

S=S+(yo(i,1)%> * (1 — L)> + 2% yo(i,1) * (1 — L) * dv2(i,1) + dv2(i,1)> + 4 * B x v4(i,1)*) /(4 *
v4(i,1)?);

S=S+v1(i,1)?/sqrt(L? +e1)/2/ A3+ v2(i,1)?/sqrt((1 — L)% +e1) /2/ A3;
S=S+v3(i,1)*/2/sqrt(L? + el)/ A +v4(i,1)*/2/sqrt((1 — L)? +el)/ A;
end;

for i=1:m8-1

u(i,1)=L * (yo(i,1) * L + do1(i, 1))/ (v3(i,1)?)/2;

u(i,1)=u(i,1)+(1— L) * ((1 = L) xyo(i, 1) + dv2(i, 1)) /2/ (v4(i,1)?);

end;

Finally, we present the auxiliary function "funFeb31LG"
AR AAAAAAAAA A
1. function S1=funFeb31LG(x)

globalm8d LL1L21L3 A3 AByouveldv2dvldv3v5v6v3v4vlv2KS5eb
L=(sin(x(1,1))+1)/2;

for i=1:m8-1

dv1(i,1)=(v1(i+1,1)-v1(i,1))/d;

dv2(i,1)=(v2(i+1,1)-v2(i,1))/d;

end;

S=0;

for i=1:m8-1

S=S+(yo(i,1)? % L2 +2x yo(i,1) * Lx dv1(i,1) + dv1(i,1)® + 4 x Bx v3(i, 1)*) / (4 * v3(i, 1)?);

S=S+(yo(i,1)>* (1 — L)> + 2% yo(i,1) * (1 — L) * dv2(i,1) + do2(i,1)> + 4 * B x v4(i,1)*) /(4 *
v4(i,1)?);

S=S+v1(i,1)?/sqrt(L? +e1)/2/ A3+ v2(i,1)?/sqrt((1 — L)> + 1) /2/ A3;
S=S+v3(i,1)*/2/sqrt(L?> +el)/ A +v4(i,1)*/2/sqrt((1 — L)? +el)/ A;
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end;
S1=-S;

b R R R R R R 2 2

Remark 46.1. Observe that the functional [* is convex in A* however, the restrictions v > 0 and vy > 0
in Q) may cause a difference between the solution obtained through [* and the solution got through the primal
formulation |, a so-called duality gap.

Anyway, through such a relaxation process, utilizing the dual functional [* we may still obtain a good
qualitative approximation of the global optimal point for the primal formulation J.

Indeed, such a global solution obtained through the dual functional J* may be an excellent initial solution
for obtaining a more accurate one through the standard Newton Method, for example.

47. A Global Existence Result for a Model in Non-Linear Elasticity

Let O C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 02 = S.
Define a functional | : V — R by

J(u) = %/QHijkl'Yij(u)'Ykl(”) dx — (uj, fi) 12,

where n ,
S
’)/ij(u) = % + Eum,ium,jr
V={ueW2R? : u=1dyonS; CoOl.

We also denote Y = Y* = L2((;R3), so that f = (f1, fo, f3) € Y.
Here {H;jx; } is a fourth order constant, positive definite and symmetric tensor.
With such assumptions and statements in mind, we may prove the following theorem.

Theorem 47.1. Assume {H;jq} is such that

lim  J(u) = +oo.
[[ully—eo

Under such hypothesis, there exists ug € V such that

J (1) = min J(u).

Proof. From the hypotheses, there exists « € R such that

= inf .

A

Let {u,} C V be a sequence such that
1
a < J(up) <a+ E,Vn eN.

Suppose, to obtain contradiction, there exists a subsequence {1} C N, such that

||u”k HV — 00,

From the hypotheses, we have

J(uy,) = +oo, as k — co.
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This contradicts
Lim J(uy, ) =a € R.

k—o0

From such results we may infer that there exists K > 0 such that
lunlly <K, Vn e N.

Consequently, from this, the Sobolev Embedding and Rellich Kondrashov theorems, there exists
uy € VN L=(Qy; RS) for which, up to a not relabelled subsequence, we have

uy — up, weakly in W1'4(Q,' R3),
uy — g, strongly in L4(Q),
Uy — up, strongly in L*(Q); RB).

Let ¢ € C(Q).
Thus,

- '<<un>i - <uo>i,§j’j>
LZ

99
< [lun)i = (uo)illeo
1 1 ax] )
— 0, asn — 0. (314)

Since ¢ € C®(Q) is arbitrary and C®(Q) is dense in L*(Q) we may infer that

d(un)i  9(uo)i 4
ax; ax; weakly in L*(Q)),

Vi,j e {1,2,3}.
Define W = L*(Q) with the norm

<1}

lollw = sup{(v, )12, ¢ € CZ(€Y),
We may easily verify that

A(un)i _ 9(uo)i ,
ox; — ox; strongly in W,

{ 9(uy); }
ax]-
is a Cauchy sequence in W.
Hence, for each n € N there exists n; € N such that m,[ > ny, then

()i

Vi, je€{1,2,3}.
Thus,

1
k7‘

<
W

H ax] Bx]
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where n; may be taken as an increasing subsequence in N.
In particular, we have got
a(unk+1)i _ a(uﬂk)i < i
ax]- ax] kZ ’
w
Define now
q = 9(ttny )i + li Oty )i O(uny)i
ax]‘ =1 ax] E)x]
and
g= a(unl)l + i a(””kﬂ)i _ a(uﬂk)i
ox; = ox; x;
Observe that
a(un )z o a(u”k 1)i a(un )1
Igllw < H Y - :
a.‘)Cj w o k=1 ax] ax] W
Ay, ) 21
< Y 5
an W k=1 k2
< oo, (315)

From such results we may infer that g(x) € R, a.e. in Q.
Moreover, since an absolutely convergent series is also convergent, we may infer that

Ot )i _ Otim ) + li (a(u""“)i : a<u”k)i> — hjj, a.e.in Q,
k=1

ax] E)x] ax] ax]

for some h;; € L*(QY), Vi, j € {1,2,3}.
From such results, we have

% — hjj, a.e.in Q)
]
and
a(;l;;)l — ag;(;)i, weakly in L*(Q),
so that
ag;oj)i = hjj, a.e. in Q.

Consequently, we have got

O(um )i — 9(uo); a.e.in O
ax]- ax] L ’

Now fix i,j,m € {1,2,3}.
Observe that from the Cauchy-Schwarz inequality, we have

O(thn; ) m O(thn) )m ’
/Q( ax]- ax]- ) dx
(1) )m 2 A(tn; )m ’

H axi 4 ax]
Ky, Ve N (316)

IN
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for some appropriate real constant K; > 0.
Therefore, up to a not relabeled subsequence there exists vy € L?(Q) such that

Ot ) Ottm ), vy, weakly in L?(Q),

axl’ ax]’
Since
O(thn; )m O(thny ) m N 9 () m a(MO)m, a.e. in ),
axi ax]- axi axf
we obtain 3(140)m 9(uo)
B Uy )m 9(Ug )m .
Vo = o ax, , a.e in (),
so that

O )m O(n )m (1) m 9(tho)m

axi ax] axi 8x]

, weakly in L2(Q2),

Vi, j,m e {1,2,3}.
Therefore, from such results we may infer that

Yij(un;) = 7ij(1o), weakly in L*(Q),vi,j € {1,2,3}.
Moreover, since ] is convex in {;;} we finally obtain
o = liminf () 2 (1),
so that
J(uo) = min J (u).

The proof is complete. [

48. A Note on a General Relaxation Procedure for the Vectorial Case in the Calculus of Variation

Let 3 C R” be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 0Q). Consider a continuous and bounded below functional F : V — R where

V={ucW2RY) : u=uyonoQ}.
Define H; : V — R by
Hi(u) = inf{A1F(v1) + (1 —A)F(wq1); 0< A <1, v, wy €V, Mop + (1 — A)wy = u}.
Observe that as it has been shown in a previous section, we have
F*™(u) < Hy(u) < F(u), Vu e V.
Moreover, also as indicated in a previous section, we may obtain

Hi(u) = (4)1’)‘1)1?50”0,”{/\11:(” —(1=M)$p1) + (1= A)F(u+ A1)},

where V) = W&’Z(Q,' RN).
Reasoning inductively, having H : V — R, define Hy 1 : V — Rby
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Hipq(u) = inf{AqHie(vps1) + (1 = Agr) He(wpei)
0 < Akp1 <1, 01, Wei1 €V, A1k + (1= Apgq)Wpepq = ul (317)
Thus
Hyiq(u) = inf Mt He(u = (1= Agp) Prsr) + (1= Aggr ) Hie (4 + A1 Prern) )
(k1 k1) EVOx[01]
Observe that

F*(u) < Hgyq(u) < Hg(u) < F(u), Vk € N.
Define Hy : V — R by

Hy(u) = kginoo Hi(u) = I:QI{I Hy(u), Vu e V.

Suppose, to obtain contradiction, that Hy is not convex.
Hence, there exists i1 € V such that

(Ho)1 (%) < Ho(1),
where
(Hp)1(u) = inf{A1Hg(v1) + (1 — A)Hp(w1) ; 0 < Ay <1, vy,w1 €V, Aoy + (1 — A)wy = u}.
This contradicts

Ho(u) = lim Hi(u) = kig{]Hk(u), VuelV.

k—+o0

Therefore Hj is convex on V so that from this and
F**(u) < Ho(u) < F(u), VueVv

we may infer that
Ho(u) = F*™(u), Vvu e V.

49. A Note on Another General Relaxation Procedure for the Vectorial Case in the Calculus
of Variation

Let 3 C R” be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by dQ). Consider a continuous and bounded below functional F : V — R where

V={ucW2RY) : u=uyonoQ}.

Fixk € N.
Define (Hy)x : V — Rby

(H)k(u) = inf ZiA]F(v]) :0< A <landov; €V, Vje{l,- -k},
]:
k k
2/\]- =1land 2/\]-0]- = u}. (318)
=1 =1
Observe that
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Define Hy : V. — R by
Hy(u) = lim (Hy)i(u) = inf{(Hy)x(u)},Vu € V.
k—o0 keN
Reasoning inductively, having H, : V — R, we may obtain (Hy,)x : V — Rby
k
(Hm)k(u) = inf A]Hm(v]) :0< A] <1land 4 ev, V] € {1,' e ,k},
j=1
k k
Aj=1land Z/\]'vj =1u,. (319)
j=1 j=1

Observe that
F*(u) < (Hm)k1(u) < (Hm)i(u) < F(u), Vu € V.

Now we define
Hsa (1) = lim (o )e() = nf{ (Hu ()}, Vs € V,

VYm € N.
Therefore, we have obtained a sequence {H,, : V. — R} such that

F*™*(u) < Hyi1(u) < Hy(u) < F(u), Vu € V.
Thus, we may define H:V >R by

m—o0

H(u) = lim Hy(u) = irellfN{Hm(u)}, Vu e V.

Suppose, to obtain contradiction, that H? : V — R is not convex on V.
Hence, there exists iI € V such that

(H)1 () < HO(),
where
(H%)1(u) = inf{A1H(01) + (1 = A))H(wq) : 0< A <1, v, wq €V, Aoy + (1= A)wy = u},

YuelV.
This contradicts
H°(u) = lim Hy(u) = inf {H, (1)}, Yu € V.

m—»0o meN
Therefore, HY is convex on V so that from this and

F*(u) < H(u) < F(u), Yu €'V,

we may infer that
HO(u) = F**(u), Vu € V.
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50. A Proximal Relaxed General Approach Also Suitable for the Vectorial Case in the Calculus
of Variations

Let QO = [0,1] C R and consider a proximal relaxed functional J; : V x Vj x [0,1] x Y* — R

where
B rz) = 5 [ (= (0= 2)gP - 12 ax
(1;7“/0(@’”¢')2f1)2 dx
by =Py [ (e R dx
- [y dxr g [P, (320)
where

V={ucW?Q) : u(0)=0and u(1) = 1/2},

Vo = Wy2(Q), and Y = Y* = [2(Q).
In order to obtain a critical point of such a proximal relaxed primal formulation, we propose the
following algorithm:

1. Setn =1,e =10"%and z}, = 0.
2. Calculate (un, ¢, An) € V x Vp x [0,1] such that

7 //\« 12 ") = i f 7 /)L/ ; .
[y (st P, A Z) (u,zp,x\)eglxvox[o,l]h(u P zn)

3. Calculate z; 1 € Y* such that

]1 (ui’ll (P}’l/ /\n/ Z;kl+1) == lnf

Z*EY* ]l (ul’l/ 4711/ /\H/Z*>/

so that indeed,
Zyy1 = K(un — f).

4. If ||z; .1 — 23|l < & then stop. Otherwise set n := n + 1 and go to item 2.

We have obtained numerical results for K = 100 and
f(x) = sin(mx) /2.

For the optimal solution u(x) obtained, please see Figure 34.
At this point we present the software in MAT-LAB we have developed to obtain such numerical
results.

AR A AAAAAAAA
1. clear all

globalm8duvyoel Kz

m8=100;

d=1/mS§;

€1=0.0005;

K=100.0;

for i=1:m8

yo(i,1)=sin(pi*i*d)/2;
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z(i,1)=0;

end;

for i=1:2*m8+1

x0(i,1)=0.3;

x1(1,1)=0.3;

end;

kl=1;

b14=1.0;

while (b14 > 107%) && (k1 < 11)
k1

k1=k1+1;

k=1;

b12=1.0;

while (b12 > 107%) && (k < 16)
k

k=k+1;
X=fminunc(’funMarch24PhaseT’,xo0);
b12=max(abs(X-x0))

x0=X;

u(m8/2,1)

end;

bl4=max(abs(x1-x0));
z=K*(u-yo);

x1=xo;

u(m8/2,1)

end;

for i=1:m8

x(i,1)=i*d;

end;

plot(x,u)
SN ——
Here the auxiliary function "funMarch24PhaseT"
R —

1. function S=funMarch24PhaseT(x)

globalm8duvLyoel Kz

for i=1:m8

u(i,1)=x(,1);

v(i,1)=x(i+mS8,1);

end;
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L=(sin(x(2*m8+1,1))+1)/2;

u(ms,1)=1/2;

v(m8,1)=0.0;

du(1,1)=u(1,1)/d;

dv(1,1)=v(1,1)/d;

for i=2:m8

du(i,1)=(u(i,1)-u(i-1,1))/d;
dv(i,1)=(v(i,1)-v(i-1,1))/d;

end;

d2u(1,1)=(—2 % u(1,1) + u(2,1))/d%

for i=2:m8-1

d2u(i,)=(u(i+1,1) — 2% u(i,1) +u(i —1,1))/d%
end;

S=0;

for i=1:m8

S=S+L* ((du(i,1) — (1 — L) xdv(i,1))> - 1)%/2;
S=S+(1— L) * ((du(i,1) + L xdv(i,1))? — 1)2/2;
S=S+(u(i,1) — yo(i,1))?/2;

S=S+K * (u(i,1) —yo(i,1))?/2 — z(i,1) * (u(i,1) — yo(i,1));
end;

for i=1:m8-1

S=S+el * d2u(i, 1)?;

end;

B R R Sk X

0.6

051

0.4

031

02

0.1

Figure 34. Optimal solution u(x) for the case f(x) = sin(7x)/2.
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51. Another Proximal Relaxed General Approach Also Suitable for the Vectorial Case in the
Calculus of Variations

Let QO = [0,1] C R and consider a proximal relaxed functional J; : V x [Vp]® x B x Y* — R where

(u,¢,A,2") = %/Q((u’—i-)\lcpi+A2¢é+)\3¢é_¢i)z_1)2 i
+52 [ (0 + Mgl + dagh + Ao — 44) —1)2
#2 [(0+ Mg+ Ao+ Ao — 94)2 — 1)2 dx
* % /QW + @] + Aagh + Aagh)? — 1) dx
+%/Q(u—f)2dx+§/n(u_f)2dx
*/QZ*(”*f) dx+% Q(z*)2 dx, (321)

where
V={uecW?Q) : u0)=0and u(1) =1/2},

Vo =W,2(Q), Y = Y* = [3(Q), f € L*(Q) and
4
B={A= (A1, , M) €ER* 1 A;>0,Vje{l,---,4} and ;/\j:1 :
]:
In order to obtain a critical point of such a proximal relaxed primal formulation, we propose the

following algorithm:

1. Setn =1,e=10"*and z}, = 0.
2. Calculate (uy, ¢n, Ay) € V x [Vo]® x B such that

7 /A 7 " - i f 4 /A/ * .
Jitn, s A, Z) (u,q),/\)el\?x [V0]3><Bh(u P zn)

3. Calculate z}; 1 € Y* such that
]1 (unr ¢nr /\Tlr Z:;+]) = Z*u;lf/* ]1 (un; ¢nr /\n; Z* )1

so that indeed,
Zpy1 = K(un = f).
4. If ||z} .1 — 23|l < & then stop. Otherwise set  := n + 1 and go to item 2.

We have obtained numerical results for K = 100 and

f(x) =0.0.

For the optimal solution u#(x) obtained, please see Figure 35.
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0.5

031 ]

04t 1

Figure 35. Optimal solution u(x) for the case f(x) = 0.

At this point we present the software in MAT-LAB we have developed to obtain such numerical
results.

1. clear all
globalm8duvyoel Kz
m8=100;
d=1/mS§;
e1=0.0007;

K=100.0;

for i=1:m8
yo(i,1)=0.0*sin(pi*i*d)/2;
z(i,1)=0;

end;

for i=1:4*m8+3

x0(i,1)=0.3;

x1(1,1)=0.3;

end;

kl=1;

b14=1.0;

while (b14 > 107%) && (k1 < 11)
k1

k1=k1+1;

k=1;

b12=1.0;

while (b12 > 107%) && (k < 16)
k
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k=k+1;

X=fminunc(’funMarch24PhaseTC’,x0);

b12=max(abs(X-x0))

x0=X;

u(m8/2,1)

end;

b1l4=max(abs(x1-x0));

z=K*(u-yo);

x1=xo;

u(m8/2,1)

end;

for i=1:m8

x(i,1)=i*d;

end;

plot(x,u)
-

With the auxiliary function "funMarch24PhaseTC"
1. function S=funMarch24PhaseTC(x)
globalm8duvLyoel Kz

for i=1:m8

u(i,1)=x(1,1);

v(i,1)=x(i+m8§,1);

v1(3i,1)=x(i+2*m8,1);
v2(i,1)=x(i+3*m8,1);

end;

L1=(sin(x(4*m8+1,1))+1)/2;
L2=min((sin(x(4*m8+2,1))+1)/2,1-L1);
L3=min((sin(x(4*m8+3,1))+1)/2,1-L1-L2);
L4=1-L1-L2-L3;

u(ms,1)=1/2;

v(m8,1)=0.0;

v1(m8,1)=0.0;

v2(m§,1)=0.0;

du(1,1)=u(1,1)/d;

dv(1,1)=v(1,1)/d;

dv1(1,1)=v1(1,1)/d;
dv2(1,1)=v2(1,1)/d;

for i=2:m8

d0i:10.20944/preprints202302.0051.v80
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du(i,1)=(ui,1)-u(i-1,1))/d;
dv(i,1)=(v(i,1)-v(i-1,1))/d;

dv1@i,1)=(v1(,1)-v1(-1,1))/d;
dv2(i,1)=(v2(i,1)-v2(i-1,1))/d;

end;

d2u(1,1)=(—2*u(1,1) + u(2,1))/d?

for i=2:m8-1

d2u(i,V)=(u(i +1,1) — 2% u(i,1) +u(i—1,1))/d>;

end;

S=0;

for i=1:m8

S=S+L1# ((du(i,1) + L1 *do(i,1) + L2 * dv1(i,1) + L3 % dv2(i, 1) — dov(i,1))?> — 1)%/2;
S=S+L2 * ((du(i,1) + L1 x do(i,1) + L2 x dv1(i,1) + L3 * dv2(i,1) — dv1(i,1))® — 1)?/2;
S=S+L3 % ((du(i,1) + L1 xdo(i,1) + L2 * dvl1(i, 1) + L3 % dv2(i,1) — dv2(i,1))?> — 1)?/2;
S=S+L4  ((du(i,1) + L1 % do(i,1) + L2 * do1(i, 1) + L3 * dv2(i, 1)) — 1)?/2;
S=S+(u(i,1) — yo(i,1))?/2;

S=S+K * (u(i,1) —yo(i,1))?/2 — z(i,1) * (u(i,1) — yo(i,1));

end;

for i=1:m8-1

S=S+el * d2u(i, 1)

end;

LRI TR TR TS

52. A Dual Variational Formulation for a Non-Convex Primal One

Let O C R® be an open, bounded and connected set with a regular boundary denoted by 9Q).
Consider the functional | : V — R where

J(u) = %/QVqudx
+%/Q(u2—ﬁ)2 dx — (u, f) 2. (322)

Here V = Wy?(Q),a >0, > 0,7 >0,and f € [>(Q) =Y = Y*.
Denoting Y1 = Y{ = L2(O;R3), define F; : Y] R, :VxY - Rand F;:Y — Rby

=7 :
F(Vu) = Z/QVu Vu dx,
& 2 2 K 2
Rauo) =5 [ (2= pPdr+3 [ wax—(uf),

and K
F(u) = 0 /Quz dx.
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Definealso, F; : Y; - R, F: Y] x Y*xY* - Rand F3: Y* — R, by
F(vi) = sup{(v1,0]);2 — Fi(01)}
€Y
! / |0} |* dx (323)
2y Ja' ! !
BLoe) =  sup {—(Vio])pe+ (w2
(u,v)eVxY
+(v,v5) 12 — F2(u,0) }
(divoj +z*+ f)? 1 2
= 2/ 20 + K dx+ﬂ/0(vo) dx
B / o5 dx, (324)
@)
if vy € B*, where
B*={vf € Y" : [|20}]lc < K/2}.
Moreover,
F(z") = sup{(wz");2 —F(u)}
ueV
_ 1 *\2
- = /Q (z*)? dx. (325)

At this point we define J* : Y] x B* x Y* — R by
Ji(v7,05,2") = —F (v7) — F5 (0], 05, 2%) + 5 (")

Assume (97,95,2%) € Y{ x B* x Y* is such that

Observe that

~
*
—
D
— %
<
(s
O *
<
N>
*
SN—
I

—F (v7) = B3 (v], 05, 2%) + 3 (")
—(Vu,07)p2 + A (V)
+(Vu,07) 2+ (u 2,9 o)z + = 5 / u? dx

1 Ak _ Ak
—ﬂfnvodx ﬁ/v dx
~{u fia = 0,272 + g [ (2
F(Vu)+ sup {<u2,03>L2—ﬂ/003 dx—,B/Qvé dx}

*
vpEY*

IN

IN

K . 1 .
—<urf>L2+§/QM2 dx — (u,2 >L2+R/Q(Z )2 dx
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= R(Vu)+3
K 24\
+E (u_f> dx
= ](u)—I—K u—i 2alx YueV
2 K ’
Define now ug € V by
2%
uo—f.

From thlS and (326) we haVe
*(A* AX A*) < : [; ]([ ) 1 / (” u )2 i}f
) U ILOIZ — n 2 0 *

Furthermore, from the variation of J* in v} we obtain
O div o] +2° + f
Py =0,
205 +K

so that VR
5 = 4V div o] + 2" + f '
! 205 + K
From the variation of [* in z*, we get
A div 07 + 2" + f —o
K 205 +K -
so that
z* div o] + 2" + f
g = — = .
7K 205 + K

From the variation of [* in v;, we obtain
o (dive;+2 4 f 2+ﬁ:0
205 + K

14

so that

Joining the pieces, we have also

so that from this and
div 9] + 2" + f = (265 + K)uy,

we obtain
YV2ug + Kug + f = a(ud — B)2ug + Kug,

so that
—')/Vzuo + a(u% —B)2ug—f =0,

that is,
6] (uo) = 0.

(326)
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Finally, from the Legendre transform proprieties, we also obtain

Fy(87) = (Vug, 97) 12 — F1 (Vuy),

g
—
D
iy
<
D
O *
<
>
*
N
Il

<Vu0, '01>L2 + <MQ 2* >
+(0,9g) 12 — F2(u0,0) (327)

and
F5(z*) = (up,2") 12 — F3(up).
Therefore
J'(01,95,2%) = —F(07) - F5(0],95,2%) + F5 (27)
F1(Vug) + F2(u0,0) — F5(uo)
= J(uo). (328)

Observe now that from 6] (ug) = 0, for K > 0 sufficiently large, we have

Jo) = it {1+ 5 [ -0 ax .

Joining the pieces we have got

K
J(ug) = inf {](u) + —/ (u— u0)2 dx}
2 Ja
= J*(0],95,2%). (329)
We have obtained numerical results for the case A, where v = 0.1, « = 3.0, B = 5.0, f(x) = 10.0

and K = 120.
For the optimal solution u(x), where

(01%)' +2z" + f

U = e A K

4

please see figure (36).

25

0.5

05 I I I I I I I I I

Figure 36. Optimal solution u(x) for the case A.
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Here we present the software in MATLAB through which we have obtained such results.

B R R R R R R X S X

1. clear all

globalm8 dyozl Kel dvldv2v3v4vliv2A A3BLu

m8=100;

d=1/mS§;

A3=0.1;

A=3.0;

B=5.0;

K=120;

e1=0.0007;

for i=1:m8
yo(i,1)=10.0;
z1(1,1)=0.0;

end;

L=1/2;

for i=1:2*m8
x0(i,1)=3.0;

end;

for k1=1:30

k1

k=1;

b12=1.0;

while (b12 > 107%) && (k < 15)
k

k=k+1;
X=fminunc("funMarch24L.GA7’,x0);
b12=max(abs(X-x0))
x0=X;

u(m8/2,1)

end;

for i=1:m8-1
z1(1,1)=K*(dv1(i,1)+z1(,1)+yo(i, 1))/ (2*v2(i,1)+K);
end;

end;

for i=1:m8
x(i,1)=i*d;

end;

plot(x,u);
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34 434 34 6 3 3 N S S A4S AN AN

With the auxiliary function "funMarch24LGA7"
1. function S=funMarch24L.GA7(x)
globalm8dyozl z2Keldvldv2v3v4vliv2AA3BLu
for i=1:m8
v1(i,1)=x(i,1);
v2(i,1)=x(i+m8,1);
end;
for i=1:m8-1
dv1(i,1)=(v13i+1,1)-v1(i,1))/d;
end;
S=0;
for i=1:m8-1
S=S+v1(i,1)%/2/ A3 +1/2 % (dvl(i, 1) + z1(i,1) 4+ yo(i,1))?/ (2 * v2(i, 1) + K);
S=S+v2(i,1) * B+ v2(i,1)?/2/ A;
end;
for i=1:m8-1
u(i,1)=(dv1(,1)+z1(31,1)+yo(, 1))/ (2*v2(i,1)+K);
end;

u(ms8,1)=0;

B R R R R R R R R R R R R R S

53. A Convex Dual Variational Formulation for a Relaxed Non-Convex Primal One
Let ) = [0,1] C R and consider a functional | : V — R where

2/ 2 1)2dx+ = /u— f)? dx,

V={ucW?Q) : u(0) =0and u(1) = 1/2}.

where
Denoting Vj = W&’Z(Q), we define J1 : V x V x [0,1] — R where

e ) = 5 [ = a-2¢7 - 17 dx

+(1;A)/ﬂ((u’+;\¢')2—1)2 dx+%/0(u—f)2 dx. (330)
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Observe that
/ * A / /
W g, A) = —((u' =1 =A)¢')* —1,05) 2+ > /Q((u — (1=A)¢')* —1)% dx

—((u' +Ar¢")% -1, v4>Lz+(1;/\)/0((u’+214>’)2—1)2 dx
(W = (1=A)¢" ) = 1L,03) 2 — (W — (1= A)¢,0) 2
+(( + AP —1,05) 2 — (W + A¢/,05) 2

' = (1= A)¢",07) 2+ (' + A9, 03) 12

+y [ pRax (331)

Therefore

Ji(u, ¢, A) > 1nf{ <U3'U§>L2+%/Q(U3>2 dx}

v3eY

+ inf {—(m,vi)LZ + @ /0(04)2 dx}

V€Y

+ inf {= (83, 0])12 + (35 — 1,03)12
‘036

1nf { <U4,UT>L2+ <5421_1/U§>L2

‘U4€

F i (= (= 0] — (e A (03) )1

+% /Q(u — f)dx +v5(1)u(1) + vi(l)u(l)}

- oA 0(03) dx 2(17)\) /(‘_2<v4) dx
[ wid —/ fd
/003 X 004 X
*\2 *\2
—/ (Ulz dx—/ (022 dx
o 4u; o 4v}
1 . 1 X
5 J (@ A2 dx =5 [ (@) + (1= 1)) d
= J'(v],v3,03,05,M), (332)

V(u,p,\) € V x Vo x [0,1], V(v},05,0%,05) € [Y*]? x B, where
B* ={(v3,v;) €Y' xY" : v;3>0andv; >0, in Q},

and

* * * * 1 *
J*(01,03,03,05,A) = 2/\/ v3)? 17_)\)/0(”@2 dx
— [ wid —/ d
/003 x Qv4 x
*\2 *\2
—/ (Ulz dx—/ <UZZ dx
O 4u3 o 4v;

2/ )+ AF)2 x—%/@((v;)’—i—(l—)\)f)z ix. (333
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From such results, we may infer that

inf Ji(u,¢,A) > inf sup J* (v, 05,035,053, A)
(M,(I),/\)EVX VoX[O,].] AE[O,]] (vilvzlvglvz)e[y*} « B*

We have developed numerical results for the cases f(x) = sin(7rx)/2 and f(x) =0
For the corresponding optimal solution u(x) for the case f(x) = sin(7rx)/2, please see Figure 37.
For the corresponding optimal solution u(x) for the case f(x) = 0, please see Figure 38.

0.6

Figure 37. Optimal solution u(x) for the case f(x) = sin(7x)/2.

0.6

Figure 38. Optimal solution u(x) for the case f(x) = 0.

Here we present the software in MATLAB through which we have obtained such numerical

results.
33 o 34 3 3 o 4 3 3 o 34 3 3 o 3 N o S N

1. clear all
globalm8 d youL vl v2v3v4dvl dv2Kdzl zl el
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m8=100;
d=1/m§;
K=1.0;
e1=0.0007;
L=1/2;
for i=1:m8
yo(i,1)=0.0*sin(pi*i*d) /2;
end;
for i=1:4*m8
x0(i,1)=0.8;
end;
x1(1,1)=1/2;
for k1=1:12
k1
k=1;
b12=1.0;
while (12 > 107%) && (k < 15)
k
k=k+1;
X=fminunc(’funMarch24A18’,xo0);
b12=max(abs(X-x0))
u(m8/2,1)
xX0=X;
end;
X1=fminunc(’funMarch24A19’,x1);
x1=X1;
u(m8/2,1)
end;
for i=1:m8
x(i,1)=i*d;
end;
plot(x,u);
A AAAAAAAAA A

With the auxiliary functions "funMarch24A18" and "funMarch24A19":

1. function S=funMarch24A18(x)
globalm8dyouel vlv2v3v4ddvldv2L
for i=1:m8

v1(i,1)=x(i,1);
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v2(i,1)=x(i+m8,1);
v3(i,1)=x(i+2*mS8,1);
v4(i,1)=x(i+3*mS8,1);

end;

for i=1:m8-1
dv1(@i,1)=(v1(i+1,1)-v1@,1))/d;
dv2(i,1)=(v2(i+1,1)-v2(i,1)) /d;
end;

S=0;

for i=1:m8-1

S=S+(v1(i,1))?/(2%03(i,1)?) /2 +v3(i,1)*/2/ (L +el) + v3(i,1)? + (dv1(i, 1) + Lxyo(i,1))? /2 +
0l1(i,1)2/2/ (L +el);

S=S+(v2(i,1))2/ (2 % v4(i,1)?) /2 + v4(i,1)*/2/((1 — L) +el) + v4(i,1)%
S=S+(dv2(i,1) + (1 — L) *yo(i,1))?/2 + v2(i,1)2/2/((1 — L) +el);
end;

S=S-v1(m8,1)/2/d-v2(m8,1)/2/d;

for i=1:m8-1
u(i,1)=L*(dv1(i,1)+L*yo(i,1))+(1-L)*(dv2(i,1)+(1-L)*yo(i1));

end;

u(m8,1)=1/2;

B R R SRR R R X

B R R R R R R R R R R R R R R R 2

1. function S1=funMarch24A19(x)
globalm8 d yoel vl v2v3v4dvldv2Lu
L=(sin(x(1,1))+1)/2;
S=0;
for i=1:m8-1

S=S+(v1(i,1))?/(2%v3(i,1)%) /2 +v3(i,1)*/2/ (L +e1) + v3(i,1)> + (dv1(i, 1) + L yo(i,1))? /2 +
v1(i,1)2/2/(L + el);

S=S+(v2(i,1))2/ (2% v4(i,1)%) /2 + v4(i,1)*/2/((1 — L) +el) + v4(i, 1)?
S=S+ (dv2(i,1) + (1 — L) % yo(i,1))?/2 + v2(i,1)2/2/((1 — L) + el);
end;

S=S-v1(m8,1)/2/d-v2(m8,1)/2/d;

S1=-S;

3 o 38 6 36 36 36 36 3 3 3 o o 34 38 KK KA
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54. A Dual Variational Formulation for the Shape Optimization of a Beam Model

Let Q) C [0,1] C R be the horizontal axis of a straight beam with a variable thickness H(x).
Consider the problem of minimizing a relaxed functional J : V x [0,1] x B — R, where

A LuL) = A2 [ (L)~ (- (L)l d
+(172ﬂ /Q %(H (L1) + AHi (L)) wiy dx, (334)
subject to
(AFo gy (k1) — (1= 2)Fs(12) )
+ ((1 - /\)EO%(H(Ll) + AHl(LZ))3wxx>xx _p
=0, in Q. (335)
Here

H(x) = Li(x)ho,
Hy(x) = La(x)ho,

ho = 0.2m, b = 0.15m, Eg = 107 Pa, P = 400N.
Also, for a simply supported beam,

V ={we W>(Q) : w(0) = we(0) = w(1) = wye(1) =0},

B = {(Ll,Lz) : ) — R? measurable : 03<L; <1,

—07<1,<07 inQ, / Ly (x) dx = 0.61 and / Ly(x) dx = 0}. (336)
(@) (@]

Moreover, we define Y = Y* = L2(Q)), and
A = {(wAL,L)€Vx[0,1]xB :

(AEon(H(Ll) G- A>H1<Lz>>3wxx)

XX

+ ((1 _ A)EO%(H(Ll) + AHl(Lz))3wxx> _p

xx
=0, inQ}. (337)
Observe that

inf J(w, A, Ly, L)
(w,/\,L] ,Lz)EA

= inf f ALl
R e EATR

_<w, (/\Eolbz(H(Ll) (- /\)Hl(Lz))3wxx)

XX

. <(1 _ )\)EO%(H(Ll) + )\Hl(Lz))wax>xx - P>L2}}}


https://doi.org/10.20944/preprints202302.0051.v80

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 4 June 2024 d0i:10.20944/preprints202302.0051.v80

220 of 299
= i @ E _(1_ 3.2
(L Lz?e[ouxzs{ig{zﬁg/{ 2 /Q 15 (H(L1) = (1 = A)Hi (L)) w}, dx
1-— /\ E b
< (AEO H(ly) = (1= /\)Hl(LZ))wax)
b
+ <(1 - )‘)EOE(H(LD + )\Hl(Lz))3wxx> - P> }}}
xXx L2
_ : CAEy [ b B L
B (A,Ll,L;?ef[O,l}xB{z,lé‘g{ 2 /Q 15 (H(L1) = (1= A)Hi(L2)) @Yy dx
1—-A)E b
_%/Q 5 (H(L1) + AHh (L) @3, da + @,pm}}
= i i (M1)?
AL, Lglef[o 1]><B{(M1 }\fflzf)ec»f{Z/\Eob/lz /Q (H(Ly) — (1 — A)H;(Ly))3 dx
(My)*
+2(1 - Eob/lz/ H(L) + AH;(Ly))3 d"}}' (338)

where
C*={(M,Mz) € Y* xY* : (M1)xx + (M3)xx + P =0, in Q}.

We have obtained numerical results through the following algorithm. It is worth highlighting the
convergence criterion in this software slightly differs from the one in the algorithm.

1. Setn =1,e=10"*and (L), = 1/2, (L), = 0.1, A, = 1/2.
2. Calculate w, € V such that

(ABogg (1)) = (1= ) (L2 00}

(A=A Bg5 H(L)W + AR (L)) o)) =P

xx

=0, inQ, (339)

XX

3. Calculate A, 41 € [0,1] such that
](wn/ A}’l—‘rll (Ll)ﬂr (LZ)H) - )\él[})fl] ]((wn/ )L/ (Ll)n; (LZ)n)
4. Calculate ((L1)n+1, (L2)y+1) € B such that

T (M1)n, (M2)n, Aps1, (L1)ns1, (L2)pg1) = N i?f)eB J*(M1)n, (M2)n, Ans1, L1, La),
142

where
(Ml)n = —)\n+1EO%(H<(L1)n) - (1 - AnH)(LZ)n)S(wn)xx/

(Ma)n = —(1 = Ayer) oy (H((L1)) + Aua (L)) (@),
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and
I'(Mh. M) = 2AE01b/12/Q(H(Ll)_éiw_l)i)Hl(Lz))g, dx
+2(1—A;Eob/12 o (H(Ll)(fiil(h))s dx. (340)
5. 1f

1((L1)ns1, (L2)ng1) — ((L1)ns (L2)nlleo < e,

then stop, otherwise n := n 41 and go to item 2.

We have obtained numerical results for a case A with the constant values above specified.
For the optimal solution L;(x), please see Figure 39.

0.8

0.75

0.7

0.65

0.6

0.55

051

0.45

0.4

0.35

0.3

Figure 39. Optimal solution L (x) for the case A.

Here we present the software in MATLAB through which we have obtained such results.

b R R R R R R R R R R R R R R R

1. clear all
global m8 d you L1 L2 ho Eo BL H H1 Ho Hol
m8=100;
d=1/mS§;
P=400;
Eo=107;
for i=1:m8 yo(i,1)=P; end;
ho=0.20;
B=0.15;
for i=1:m8
L1G,1)=1/2;
L2(i,1)=0.3;


https://doi.org/10.20944/preprints202302.0051.v80

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 4 June 2024 d0i:10.20944/preprints202302.0051.v80

222 of 299

uo(i,1)=0.1;
Ho(i,1)=L1(i,1)*ho;
Ho1(i,1)=0.1*L2(i,1)*ho;
end;

L=1/2;

for i=1:m8
H(i,1)=L13,1)*ho;
H1(1,1)=L2(i,1)*ho;
end;

for i=1:2*m8
x0(i,1)=0.3;

end;

x1(1,1)=1/2;
A=zeros(2*m8,2*m8);
for i=1:m8

A(1,)=1.0;
A(2,i+m8)=1.0;

end;
b=zeros(2*m8§,1);
b(1,1)=m8*0.61;

for i=1:m8
Ib(i,1)=0.3;
Ib(i+m8,1)=-0.7;

end;

for i=1:m8

ub(i,1)=1;
ub(i+m8,1)=0.7;

end;

i=1;

m12=2;
m50(i)=1/m12;
2(i)=m50(i) * (—yo(i, 1) x d?);
for i=2:m8-1
m12=2-m50(i-1);
m50(i)=1/m12;
2())=m50(i) * (—yo(i,1) x d*> +z(i — 1));
end;

v(m8,1)=0;

for i=1:m8-1
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v(m8-i,1)=m50(m8-i)*v(m8-i+1,1)+z(m8-i);
end;

k1=1;

b14=1.0;

while (b14 > 107*) && (k1 < 15)

k1

k1=k1+1;

for i=1:m8

y1(i,1)=0(i,1)/(Eo* L+ B/12% (H(i,1) — (1 — L) x H1(i,1))® + Eo* (1 — L) * B/12 % (H(i,1) +
L H1(i,1))%);

end;

i=1;

m12=2;

m60(i)=1/m12;

z1(1)=m60(i) * (—y1(i, 1) * d°);

for i=2:m8-1

m12=2-m60(i-1);

m60(i)=1/m12;

z1(1)=m60(i) * (—y1(i, 1) * d> + z1(i — 1));
end;

u(ms§,1)=0;

for i=1:m8-1
u(m8-i,1)=m60(m8-i)*u(m8-i+1)+z1(m8-i);
end;

k=1;

b12=1.0;

while (b12 > 107*) && (k < 100)

k

k=k+1;
X=fmincon(’'funMarch2024Beam1’,xo,[ ],[ ],A,b,Ib,ub);
b12=abs(max(xo-X))

x0=X;

L1(m8/2,1)

end;

Ho=H;

Hol=H1I,;
X1=fminunc(’funMarch2024Beam?2’ x1);
x1=X1;

b1l4=max(abs(u-uo))
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uo=u;
end;
for i=1:m8
x(i,1)=i*d;
end;

plot(x,L1);

R S S R s T

With the auxiliary function "funMarch2024Beam1"
T T
1. function S1=funMarch2024Beam1(x)
global m8 d you L1 L2 ho Eo B L Ho Hol
for i=1:m8
L1(31,1)=x(,1);
L2(i,1)=x(i+m8,1);
end;
d2u(1,1)=(—2 % u(1,1) +u(2,1))/d%
for i=2:m8-1
d2u(i,1)=(u(i +1,1) —2*u(i,1) +u(i —1,1))/d%
end;
for i=1:m8
H(i,1)=L1(3,1)*ho;
H1(3i,1)=L2(i,1)*ho;
end;
S=0;
for i=1:m8-1

S=S+L * (Eo* B/12x (Ho(i,1) — (1 — L) * Ho1(i,1))% * d2u(i,1))?/(Eo * B/12% (H(i,1) — (1 —
L)« H1(i,1))%);

S=S+(1 — L) * (Eo * B/12 % (Ho(i,1) + L * Ho1(i,1))3 * d2u(i,1))?/(Eo * B/12 % (H(i,1) + L *
H1(i,1))3);

end;
S1=S;

bR R S R R

And the auxiliary function "funMarch2024Beam?2"

0 e e 34 3438 36 36 36 5 3 3 o o 438 38 36 36 36 3 3 3 3 o 4 34 36 36 3 e S

1. function S=funMarch2024Beam?2(x)
global m8 d yo u L1 L2 ho Eo B L Ho Hol
L=(sin(x(1,1))+1)/2;
d2u(1,D)=(-2*u(1,1) +u(2,1))/d%
for i=2:m8-1
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d2u(i,)=(u(i+1,1) — 2% u(i,1) +u(i —1,1))/d%;

end; for i=1:m8

H(i,1)=L1(i,1)*ho;

H1(i,1)=L2(i,1)*ho;

end;

S=0;

for i=1:m8-1

S=S+L#* Eo* B/12 (H(i,1) — (1 — L) * H1(i,1))® * d2u(i, 1)?;
S=S+(1—L)* Eo*B/12* (H(i,1) + L+ H1(i,1))3 x d2u(i,1)%;

end;

e 343838 36 36363 3 3 3 o e 38 38 36 6 e S

55. A Dual Variational Formulation for a Relaxed Primal Formulation Related to a Shape
Optimization Model in Elasticity

Let O C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 9Q).
Consider the problem of minimizing a relaxed functional J : V x [0,1] x B — R where

J(u, A, A1, A9) = %/QHijkl(ArAl(x)rAz(x))eij(u)ekl(u) dx,

subject to
(Hijkl(/\/ Al(x),)tz(x))ekl(u)),j +fi =0, inQ, Vi{1,2,3}.

Here for simplicity V = Wy*((;R?), Y = Y* = [2(GR%), V; = Y; = [2((;R¥3), and
f e L2(O;R3).
Also, u = (u1,up,u3) € V denotes the field of displacements resulting from the action of f,

{eij(w)} = {;(“i,j + “J}i)}' vij €123}

and E, < E(A, A1, A2) < Eg, Eq > Ep > 0, where Aq(x) = 1 corresponds to the presence of a stronger
material with Young modulus E, at the point x € (). Moreover, A (x) = 0 corresponds to the presence
of a much weaker material with elasticity model E;, simulating a void space at the point x € 2. On
the other hand, A and A;(x) are a real parameter and a function related to the relaxation process for
the minimization of | in A;.

Furthermore,

E(A A (x),A2(x)) = A[(A1(x) = (1= A)A2(x))°Eq + (1 — (A1(x) — (1 — A)Aa(x)))3Ey]
(1= A)[(A1(x) + AA2(x)) Eg + (1 = (A1(x) + AA2(x)))°E,],  (341)

Hijra (A, A1 (x), A2 (x)) = E(A, A1(x), A2 (x)) Ajjiar,

where
Aijr = A6ij0 + i (6ixdj1 + 6idjx),

Vi, j k1 €{1,2,3}.
Here {0;;} is the Kronecker delta and A >0, fi > 0 are appropriate real constants.
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At this point we define
B = {(Al,/\z) : ) — R? measurable : 0 < Aq(x) <1,

0.8 < Ax(x) <08, inQ, /Q M (x) dx = coVol (Q), /Q Ao(x) dx = o}, (342)

and

A = {(u,A,)L1,)\2) eV x [0,1] X B :
(Hijkl()L/ Al,/\z)ekl(u)),j +f1' =0,inQ), Vi e {1, 2,3}}. (343)

Observe that

inf ](u A, A1 AR)
(u /\/\1 /\2

J(u, A, Ay, Ag) + (i, z‘jkl(/\/)\lr/\2)ekl(u))j+fi>L2}}}

T ) e[Ol]xB{uev

/ Hiji (A, M, Az)eij(w)eg () dx

(A A1, /\2)6[0 1]xB uEV uEV

+ (i, (Hijir (A, A1, Az e (w)) +fl>L2}}}

B AAl/\;nef[Ol]XB{ueV /HZ]klAM'AZ)e”(u)ekl( &) dx+ (i, fily }}

= AL /\2)6[0 1B UeC*{ / Hl]kl()\ /\1,)L2)0'Z]0'kl dx}} (344)

where -
{Hijr (A, A1, A2)} = {Hija (A, A, A2) b

in an appropriate tensor sense and
C* = {0’ = {0’1']'} S Yl* tOijj +fi =0,inQ), Vi € {1,2,3}}.

We have obtained numerical results concerning the optimal shape of a two-dimensional beam
though the following algorithm:

—_

Setn=1,e=10"% A, =1/2, (A1)u(x) =1/2, (A2)u(x) = 0.
Calculate u;, € V such that

N

(Hijkl()\n/ (/\1)71/ (Az)n)ekl(un)),]- +fi =0,inQ), Vi {1,2,3}.
3. Calculate A, 1 € [0,1] such that
](un/)\n+1/ ()\1>Yl/0) = él&)f {](uﬂ/ ’ ()\1)71/0)}
4. Calculate ((A1)n+1, (A2)n+1) € B such that

_I<uﬂ/ )\n-i-l/ (Al)n—&-l/ ()\2)7’l+2) = inf {_I(ui’ll)\n-‘rl/ )\1//\2)}'
(A1,/\2)€B

o

Set (A2),41 = 0.
If [[(AM1)n+1 — (AM)nllo < & then stop. Otherwise n := n + 1 and go to item 2.

o
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We developed numerical results for a two-dimensional beam, in a two-dimensional elasticity
context for two cases, namely, case A and case B.

For the case A we consider a two-dimensional beam of dimensions 1m x 0.5m, clamped at x = 0
and with a vertical load of P = —42000000 (4) 500j applied to the point (xg,yo) = (1, 0.25).

For the case B, we consider a a two-dimensional beam of dimensions 1m x 0.5m, simply supported
at (x,y) = (0,0) and (x,y) = (1,0), with a vertical load P = —42000000 500j applied to the point
(Xo,yo) = (1/3, 0.5).

Denoting u = (u,v), for both cases we define the strain tensor as

e(u) = (ex(u),ey(u),exy(u))T,
where e (u) = 1y, e,(u) = vy, and

exy(u) = %(uy + vy).

We also set E; = 205 10° P, and E, = 300 P,, v = 0.33 and ¢y = 0.6091 for both the cases.
Moreover the stress tensor ¢ is given by

o= H(e(u)),
where
1 v 0
- 00 l(1-v)

For the optimal shape obtained through A; for the case A, please see Figure 40.
For the optimal shape obtained through A; for the case B, please see Figure 41.

Figure 40. Optimal shape A1 (x,y) for the beam of case A.
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Figure 41. Optimal shape A1 (x,y) for the beam of case B.

Here we present the software through which we have obtained such results, in a finite differences
context for the case B.

We highlight the convergence criterion in the software is a little different from the one in the
algorithm above described.

S oS 34 4 3 S K KKK F

1. clear all
global Pm8 d w Ea Eb Lo d1 z1 m9 dul du2dvldv2c3LolLuv
m8=24;
m9=22;
c3=0.95;
d=1.0/mS;
d1=0.50/m9;
Ea=410 * 10° * 500;
Eb=300;
w=0.30;
P=-42000000%*500;
z1=(m8-1)*(m9-1);
A3=zeros(2*z1,2*z1);
for i=1:z1
A3(1,i)=1.0;
A3(2,i+z1)=1.0;
end;
L=1/2;
b=zeros(2*z1,1);
b(1,1)=c3*z1;
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fori=1:z1
uo(i,1)=0.0;
uo(i+z1,1)=-0.80;
end;

fori=1:z1
ul(i,1)=1.0;
ul(i+z1,1)=0.80;
end;

for i=1:m9-1

for j=1:m8-1
Lo(i,j)=c3;
Lo1(i,j)=0.1*c3;
end;

end;

for i=1:z1*2
x1(i,1)=c3*z1;
end;
x3(1,1)=1/2;

for i=1:4*m8*m9
x0(i,1)=0.000;
end;

XW=XO0;

xv=Lo;

for k2=1:22
c3=0.98*c3;
b(1,1)=c3%*z1;

k2

b14=1.0;

k3=0;

while (b14 > 1073°) && (k3 < 5)
k3=k3+1;
b12=1.0;

k=0;

while (b12 > 10740) && (k < 120)
k=k+1;

k2

k3

k

X=fminunc(’funbeamMarch24’,x0); xo=X;
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b12=max(abs(xw-x0))

xw=X;

end;

X1=fminunc(’funbeamMarch24A1’,x3);

x3=X1;

for i=1:m9-1

for j=1:m8-1

E1=3* L ((Lo(i,j) — (1 — L) % Lo1(i,j))?> * Ea — (1 — (Lo(i,j) — (1 — L) * Lo1(i,j)))? * Eb);
E1=E1+3 % (1 — L) * ((Lo(i,j) + L * Lo1(i,j))?> * Ea — (1 — (Lo(i,j) + L * Lo1(i, )))? * Eb);

E2=3*Lx* (Lo(i,j) — (1—L) % Lo1(i,j))?>* Ea* (—(1—L)) — (1 — (Lo(i,j) — (1 — L) * Lo1(i, j)))?
Ebx (—(1—1L));

E2=E2+3 % (1 — L) * ((Lo(i,j) + L+ Lo1(i,j))?> * Ea* L — (1 — (Lo(i,j) + L * Lo1(i,j)))?> * Eb * L);
ex=dul(ij);

ey=dv2(ij);

exy=1/2*(dv1(ij)+du2(i;));

Sx1=E1 x (ex + w*ey)/ (1 — w?);
Syl=E1x (wxex +ey)/(1 — w?);
Sxyl=E1/ (2% (1 +w)) * exy;

Sx2=E2 * (ex + w x ey) /(1 — w?);
Sy2=E2 * (w * ex +ey)/ (1 — w?);
Sxy2=E2/ (2% (1+w)) * exy;
dc31(ij)=-(Sx1*ex+Sy1l*ey+2*Sxy1*exy);
dc32(ij)=-(S5x2*ex+Sy2*ey+2*Sxy2*exy);
end;

end;

for i=1:m9-1

for j=1:m8-1

£(+(i-1)*(m8-1))=dc31(i,j);
£((m9-1)*(m8-1)+j+(i-1)*(m8-1))=dc32(i,j);
end;

end;

for k1=1:1

k1

X1=linprog(f,[ 1,[ 1,A3,b,uo,ul,x1);
x1=X1;

end;

for i=1:z1

x1(i+z1,1)=0;

end;
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for i=1:m9-1

for j=1:m8-1

Lo(i j)=X1(+(m8-1)*(-1));
Lo1(i,j)=X1((m8-1)*(m9-1)+j+(m8-1)*(i-1))*0.0;

end;

end;

bl4=max(max(abs(Lo-xv)))

xv=Lo;

colormap(gray); imagesc(-Lo); axis equal; axis tight; axis off;pause(le-6)
end;

end;
With the auxiliary function "funbeamMarch24"
RIS —

1. function S=funbeamMarch24(x)

global Pm8 d w u v Ea Eb Lo d1 m9 dul du2 dvl dv2 Lol L
for i=1:m9

for j=1:m8

u(i)=x(+m8)*(-1));

v(1,j)=x(M8* mI9+(i-1)*m8+j);

end;

end;

u(m9-1,1)=0; v(m9-1,1)=0; u(m9-1,m8-1)=0; v(m9-1,m8-1)=0;
for i=1:m9-1

for j=1:m8-1

dul(i)=(u(ij+1)-u(i,j)/d;

du2(i j)=(u(i+1)-u(ij)/d1;

dv1(L)=(v(ij+1)-v(i})/d;

dv2(i))=(v(i+1))-v(i})/dL;

end;

end;

S=0;

for i=1:m9-1

for j=1:m8-1

El=L* ((Lo(i,j) — (1 — L) * Lo1(i,j))®> * Ea + (1 — (Lo(i,j) — (1 — L) * Lo1(i, j)))®  Eb);
E2=(1—L) = ((Lo(i,j) + L = Lo1(i,j))® * Ea + (1 — (Lo(i,j) + L = Lo1(i, j)))® * Eb);
ex=dul(ij);

ey=dv2(ij);

exy=1/2*(dv1(ij)+du2(i;));
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Sx=(E1+ E2) * (ex + wx*ey) /(1 — w?);
Sy=(E1+ E2) * (w*ex +ey) /(1 — w?);
Sxy=(E1+ E2)/ (2% (1 +w)) * exy;
S=5+1/2*(Sx*ex+Sy*ey+2*Sxy*exy);
end;

end;

S=S*d*d1-P*v(2,(m8)/3)*d*d1;

And the auxiliary function "funbeamMarch24A1"

1. function S1=funbeamMarch24A1(x)
global Pm8 d w u v Ea Eb Lo d1 m9 dul du2 dvl dv2 L Lol
L=(sin(x(1,1))+1)/2;
for i=1:m9-1
for j=1:m8-1
dul(i))=(u(ij+1)-u(i,j)/d;
du2(i,j)=(u(i+1,j)-u(i;))/d1;
Av1(ij)=(v(ij+1)-v(i))/d;
dv2(i,j)=(v(i+1,j)-v(ij))/d1;
end;
end;
S=0;
for i=1:m9-1
for j=1:m8-1
E1=Lx ((Lo(i,j) — (1 — L) * Lo1(i,))® * Ea + (1 — (Lo(i,j) — (1 — L) x Lo1(i, j)))? * Eb);
E2=(1— L) * ((Lo(i,j) + L * Lo1(i,))® * Ea + (1 — (Lo(i,j) + L * Lo1(i,})))® * Eb);
ex=dul(ij);
ey=dv2(i,);
exy=1/2*(dv1(ij)+du2(i;));
Sx=(E1+ E2) * (ex + w xey) /(1 — w?);
Sy=(E1+ E2) * (w x ex +ey) /(1 — w?);
Sxy=(E1+ E2)/ (2% (1 +w)) x exy;
S=5+1/2*(Sx*ex+Sy*ey+2*Sxy*exy);
end;
end;
S1=S;

b R R R R R Rttt
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56. An Existence Result for a General Parabolic Non-Linear Equation

Let ) C R™ be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by o).
Consider the parabolic non-linear equation

?Tt :€V2“+8(“)+2?:1gj(u)%’j +f, inQx(0,7),
u(x,0) = i, in O, (346)
u=0, onoQ) x [0, T].

Heree > 0, f € L([0, T], W2(Q)) N L*(Q x [0, T]), flg € H () N L®(QY), where t denotes time
and [0, T] is a time interval.

Also g : R — Rand g; : R — R are continuous functions neither necessarily linear nor
convex, Vj € {1,--- ,m}.

We assume there exist K33 > 0 and K7 > 0 such that

K33
0o X ———75,
Iglle < i

7

K
Ijle < -1

Vie{l,.--,n}
At this point, we recall that fixing v > 0,

(Is =7V ™1 L2(Q) = Hy(Q)
is a bounded and linear operator, so that for each h € L?(Q) there exists a unique u € H}(Q) such that
(Ij —yV*)u = h.

In such a case we denote
u=(Is—oV*)'n,
so that
lullz0 < (I =2V Ikl

Moreover, fixing N € N and defining

T
Aty = —,
NTN

in a partial finite differences context, discretizing in ¢ consider the approximate equation system

u —u m .
%Nn = V21 + g (un) + ) 8 (un) (ttn)x, + fr, in Q
j=1
vne{0,1,--- ,N—1}.
From such a system, for n = 0, we obtain
m

Uy — g = sz(ul)AtN +g(ﬁ0)AtN + Z g]‘(ﬁo)(ﬁo)x].AtN + foAtn.
=1
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Hence

m
uy = (I — s(vz)AtN)—l (120 + g(ﬁo)AtN + Z gj(ﬁo)(ﬁo)xjAtN + foAtN> ,
=1
so that

||u1 ||1,2,Q
< (I —e(V2)Aat) 7!

m
X <||ﬁ0 02,0+ 118(10)lloz,aBtN + Y 118;(#0) (10)x; 02,0 Atn + ||fo||0,2,0AtN>- (347)
=i

Observe that there exists K > 0 such that || f || x[0,r] < K2 so that

£

for some appropriate Kzg > 0.
From such results and the hypotheses, we may infer that

1,2,Q0 S K36/ Vn € {Orlr‘ o rN_ 1}/

lurll12.0 < (I — e(V2)Atn) "I ([[70]l1 2,0 + KasAtn + Killdoll1,2,08tn + KasAty)

< (I — e(V2)AtN) T (ol 2.0 + Killfo| 12,08t + KsAty), (348)
where
K3 = K33 + K3,
so that
lutllz0 < ealldoll1 20 + a2,
where
ay = [[(Is — e(V*)Aty) 1 (1 + Ky Aty),
and

w0 = [[(Is — (V) Aty) V| KaAty.

In fact, generically we may similarly obtain

lunt1ll12,0 < ®rllunlli20 + a2,

vne{0,1,--- ,N—1}.
From such a result, inductively we may obtain

. -1
luillhizn < (@) [0l + ) oy,
k=0

In particular for j = N, we get

lunlli2,0
N-1

(a)V|oll120+ Y afar
k=0
1—alN

10(2
1—061

IN

= (a)V|ollp0 +

(349)
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Y T\N
- H(Id—de)N) (1+xi) lolhzo
11:";(%:“2. (350)
Observe that
||<Id—g(vz)%>l N(1+K1%>N
< (1+K1%)N
— M7 as N = . (351)
Also,
=
1—m
[ ) sk
N 11— aq]
< Ky
T 1—ay
_ Ksy
'1 - H (Id - s(vz)§)_1H (1 +Kl§)‘
N 1—‘ (Id—e(V2)§>1‘ (1+1<1%)‘
= Ks
#-( (Id—s(v2)§)_1 —1+1>(¥+K1)
%—( (Id—e(V2)§)il —1)(# +1<1) —NoK
_ K
—( (14 —s(vz%)_lH —1) (%) -k - (H(Id —e(vz>%)_1H - 1)I<1
()| -1) () - (Jlu o) o)
= - Ks
1<1+( L+ 52 (V) ) —1) (%) + <H(Id—e(v2)%)lH —1>I<1
< 5
oot (= [ o) | = 1) (3) + (| (=em28) - 1)x
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< K
N 0 j -1
Koot (el = [em & 1) (¥) + ([ (1 -econ) - 1)x
< Ks
< - ; —
k- (5w &) (8) + (| (a-ev28) 1)
< 5 -
€ 2 -
(o) T
- K as N — oo (352)
K1 = [le(V2)III" '
From such results we may infer that
(1 B (x{\l)D‘Z N %)
— <
1—0q _(1+0‘1)1—061,
so that
lim sup| )z (+eh )k
Noo | L= |7 K —[[eV2]]

From these results, denoting now more generically u, = ul) joining the pieces, we have got

: N . (14eMT)Ks
N—sco T K = [[eV2 )

Consequently, we may infer that there exists K4 > 0 such that

Vje {0,1,---,N},¥N € N.

¥
Define now
t t
N _ N v v
uy (x,t) = u ()<n+1 Ay )+ ull 1 (x )<AtN n>,

ift € [nAty, (n+1)Aty], Y(x,t) € Q x [0, T].
Observe that
udl (x,t) = ul} (x), if t = nAty, Vn € {0,1,---,N},

and
oull (x, ) ul g —uy
ot - Aty

ift € [nAtn, (n+1)Aty], V(x,t) € Q x [0, T].
Fix ¢ € C2(Q).
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Thus, fixing t € [nAty, (n + 1)Aty], we have
up < vl . v N
P 0) | < elVul, Vool + (s phia
L2
() | dx + (@, fu) 12|

< ntillzall@linzo + Kiflug [[120ll@ll2,0 + Ksli@lli2,0

< efluy || Iplliz0+Killuy li20ll9lh 20 + Ksllo|

< vp e C2(Q), (354)

for some appropriate K5 > 0.
Since ¢ € C°(Q) is arbitrary, we may conclude that

N
dug

<
9 < K6,VN €N,

H1(Q)

uniformly in ¢ on [0, T], for some appropriate constant K¢ > 0.
Also, from the definition of ué\] we have that there exists K7 > 0 such that

| VN eN

also uniformly in ¢ on [0, T].
From such results, there exist 1y € L%([0, T}, H}(Q2)) and vy € L?([0, T}; H~1(Q)) such that

ul — up, weakly in L2((0, T); W*(QQ)),

and
dug! 72 -1
T weakly-star in L([0, T], H " (Q))),
so that we may easily obtain
0y = 20
°7 ot

in a distributional sense.
At this point, we provide more details about this last result.
Fix t € (0, T). Thus, there exists n € {0,1,--- ,N — 1} such that ¢ € [nAty, (n + 1)Aty].
Let 9 € C®(Q2 x (0,T)).
From this, we may infer that

au{)\]
/Q Wq)(x t) dx

N

N
_ Up' g — Uy
= /Q Ay ¢(x,t) dx

e/ﬂ |Vull,; - Vol dx

+/ g (uy
+/Q |fng| dx
(Ks||ul 1120 + Ka20) [ @ll1.2.0

IN

)qu)‘ dx

IN A

(355)
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for some appropriate constants Kg > 0, Kg > 0, K9 > 0.
Hence,
T r oul
0
— t)dx d
/0 /Q 5 @(x, 1) dx dx
< K9/Q lolli20 dt

< Kpllollzaxo1) (356)

for some appropriate Ki9 > 0.
Since such a ¢ € C(Q) x (0, T)) is arbitrary, we may infer that

for N € N, for some Ky5 > 0.
From such a result and from the Banach-Alaoglu Theorem, there exists vg € H~(Q x (0, T))
such that, up to a not relabeled subsequence

N
du

< Kys,
ot =15

H-1(Qx(0,T))

au{)\]
ot

T ! dx d
/()/Qﬁq)xt—)/o/nvoq)xt,

as N — o0, Vo € H}(Q x (0,T)).
On the other hand

— vy, weakly-star in H~1(Q x (0, T)).

Therefore,

g’

02,0x(0,T) < Kie,

VN € N, for some Ky¢ > 0.
From this and the Kakutani Theorem, there exists ug € L?>(Q x (0,T)) such that, up to a not
relabeled subsequence,
udl — up, weakly in L2(Q) x (0, T)).

Now fix again ¢ € C°(Q2 x (0, T)).
Observe that

T T
dedt = i //Nddt
. T aué\’
= Jim [0 [ S dd
T
S / / oo dx dt, (357)
0 Q

Since such a ¢ € CX(Q x (0, T)) is arbitrary, we may infer that

Ju
=5

in a distributional sense.
Moreover, from such results we may also obtain, again up to a subsequence,

. Bué\’ B dug
lim /Q?q)dx—/ﬂﬁ(pdx,

N—oo
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Vo € H}(Q).
Observe also that, as a consequence of the Rellich-Kondrashov theorem, through appropriate
subsequences, we have

ué\[k(t) — up(x, t), strongly in L*(Q)), for almost all t € [0, T].
so that, up to subsequences,
ué\]k(t)(x, t) — ug(x,t), a.e. in Q, for almostall t € [0, T].

Here we emphasise the sequence {Ni(f)} C N may depends on ¢.
Since g is continuous we have that

g(u glk( (x,t)) — g(up(x,t)), a.e. in Q), for almostall t € [0, T].
Fixt € (0,T).
Let ¢ > 0. From the Egorov Theorem, there exists a closed set F such that m(Q \ F) < ¢ and
ko € N such that if k > kg, then
()W (x, 1)) — g(up(x,£))| < ¢, for almostall x € F.

Let ¢ € CX(Q)). Observe now that

(g(uffk( J(x,1)) = gluo(x, 1)) dx

< [ lg* " (1) = gluo(x, 1)) Il d

= [ I8g" ) — glunCo ol dxt [ 1805 (6,0) = gluo(x )] ] dx

< [ ellgle dr+ [ 190" (x,) = 8ol )] gl dx

< ellpllom(©@) + (180" oz + g (w0} loz.)llellos.all X loan

< ellpllom(Q) + Ka | @lloaam(Q\ F)/*

< ellglleo m() + Ka [l gllog €%, vk > ko, (358)

for some appropriate constant K»; > 0 which does not depend on ¢.
Since such a & > 0 is arbitrary, we may infer that

/ g(ué\]k(t))q) dx — / g(up)@ dx, ask — oo,
Q Q

Yo € CP(Q).
Similarly, fixing j € {1, ,n}, since g; is continuous we have that

gj(uglk(t)(x, t)) — gj(uo(x,t)), ae. in Q, for almostall ¢ € [0, T].
Fix againt € (0, T)
Let ¢ > 0 (a new value). From the Egorov Theorem, there exists a closed set F; such that

m(Q\ F) < eand ko € N such thatif k > ko, then

181 (uh ) (x,£)) — gj(uo(x,1))| < ¢, for almostall x € F,.
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Observe now that

| 1810565 (1) = a0 (x, ) 2

< ey 00 ) — gyl )P+ [ gl (x1) — gyual ) P

< [ @t [ Igi0s 05) ) P,

< m(Q) +2K? /QXQ\H dx

< &€m(Q) +2Kie, Vk > k. (359)

Since such a & > 0 is arbitrary, we may infer that

/ |g] g](u0)| dx — 0, ask — oo,
Vie{l,---,n}.
Select again ¢ € C°(Q2). Since
187(ug ") — 8j(10) 0200 — 0, as k — o0
and
Vué\]k(t) — Vup, weakly in L?(Q;R™),
we obtain,
(g ) gy g = [ (10 (1o)s; ¢ v
N, N,
< /ng( ) (u k(”) fpdx—/ gj(u0) (up*"), g dx
/g] 1) ( x] ¢ dx — /g] ug)(uo)x; ¢ dx
< ||g](u0 )*8;(”0)||020K7||(P||oo
‘/g] 1p)( x](pdx—/g] up) uo)x](pdx
— 0, ask — oo, (360)
Vie{l,---,n}.

From such results, we have

Nk(f)
0 = klg?o(/ﬂ o (pdx+£/ Vu V(pdx

— [ gl ¢M—2/&w )1ty )y dx

—/ ka(t godx)

= auto(pdx—i—s/ Vug -V dx
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m
— [ gtu)gdx =Y | guo) (o) dx
o) /0
— dx. 361
| fodx 361)
so that, from this and by the density of C°(Q2) in H}(Q2), we have got
auo
5 (pdx+s/ Vug -V dx
m
—/ g(uo) g dx — Z/ 8j(uo) (uo)x; ¢ dx
— [ Fodx =0, g € Hi(), (362)
o)
a.e. on [0, T1.
Observe now that
(O x (0,T)) = (02 x [0, T]) U (9]0, T] x Q).
Let o € C®(Q2 x (0,T)).
Hence
/ / O i b = / /8“0 dx dt.
N—)oo
From this, since C°(Q) x (0,T)) is dense L?(Q) x (0, T)) we may infer that
g [T eaca [ [ G aran
Vo € L2(Q x (0,T)).
Let ¢ € C*(Q) x [0, T]) such that
¢(x,T) =0, in QL
From such results, we may obtain
N%oo/ / at q) dx dt
— ; _ N
= I\l{gy;( / / ub =t 3 P dx dt /Q up (x,0)¢9(x,0) dx>
= —/ / o, P dx dt — /Q up(x,0)@(x,0) dx. (363)

However, since ué\] — ug, weakly in LZ(Q x (0,T)), we obtain

lim/ /uo gDdxdt //uo (dedt
N—rc0

From these last results, we may infer that

R L N
/0”0 ¢(x,0)dx = lim | ug(x,0)¢(x,0)dx

_ /Q o (x,0) ¢(x,0) dx, (364)
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so that

/Qﬁo(x)(p(x,O) dx = /Quo(x,O)q)(x,O) dx,

Vo € C*®(Q2 x [0, T]) such that ¢(x, T) =0, in Q.
Therefore, we may infer that 1 (x,0) = p(x) in this specified weak sense.
Similarly, it may be proven that

1y =0, on0Q) x [0, T],

in an appropriate weak sense.
Hence, we have obtained that 1 is a solution, in a weak sense, of the parabolic non-linear equation
in question.

57. An Existence Result for a General Hyperbolic Non-Linear Equation

Let O C R™ be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by o).
Consider the hyperbolic non-linear equation

P — eV2u+tg(u)+f, inQx(0,T),
u(x,0) = iy, in Q,

u(x,T) = ug, inQ,

u =0, ondQ) x [0, T].

(365)

Here e > 0, f € L2([0, T], W'2(Q)) N L*(Q x [0, T]), flo, uy € Hj(Q2) N L*(QY), where t denotes
time and [0, T] is a time interval.

Also g : R — Ris a continuous function neither necessarily linear nor convex.

We assume there exists K33 > 0 such that

K33
o < ———=7,
gl < e

Fixing N € N and defining
T
AN =R

in a partial finite differences context, discretizing in t consider the approximate equation system

Upg1 — 2Up + Uy

2 :szun +g(un)+fn, in Q,
A,

Yned{l, ---,N—1}.
From such a system, for n = 1, we obtain

up — 2uq + g = eV (u1) A3y + g(uq) ALy, + fIALR.

Hence
(ZIdu + sVZAtZZV)ul = <u2 + 1y — g(ul)At%\, — f]At%\]),
so that
[|u1 ||l,2,Q
23 A2 =1
< 2L+ e(V)Aty) |
X (||”2||o,2,0 + l4olloz0 + 11§ (u1)llo 2,0 A8 + ||f1||0,2,QAt12\I)~ (366)
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Observe that there exists Ky > 0 such that || || 0 x[o,7] < K2 so that

||fi’l 1,2,Q0 S K3/ Vn S {0/1/ /N_l}/

for some appropriate K3 > 0.
From such results and the hypotheses, we may infer that

lu1ll120 < 121 +e(V2)A%) M (lu2ll12.0 + KssAty, + [[fo]l12,0 + K3AtR)
< L +e(VH)AR) I (lluz 12,0 + KssAtR)), (367)

12,0 + |70

where Kgs = K33 + K3.
On the other hand, through a symbolic auxiliary notation, we have
1
(21; + €(V2)At%\])
1
2(1; 4+ €(V2)At3,/2)
1 e(V2)A3, /2
2\ Lt e(V2)ai2)

(2I; +e(V*)Aty) ™! =

(368)

so that
e(V2)ALZ, /4

(11 +&(V2)At3,/2)

1
121 + (V) Atn) 7| < 5t |

Now denote
e(V?)

(11 +&(V2)At3,/2)

On =

Thus,
1 ONAL

(215 + e(V2)Aty) 71| < st =1

so that

1 QNAtz R
luill1i20 < (2 + 1 N) (luzll12,0 + lldoll1 2,0 + KssAtRy).-

Consequently, from such results, we may infer that
A
2 ONAlN
(2 T3 > 1

GNAi’Z /2 )
2(1 - (—N lurll12.0 < (luzllio0 + 1ol 20 + KssAL).

12,0 + KssARR)),

12,0 + [|fo

120 < (Jluz

so that
1+ 6NAL /2)

Therefore,

12,0 + KssAtR)).

12,0 + [0

ONAL3,
2— ————— | llmlhz2a < (|
( (14 6NAL%/2)

Let &1 € R be such that
0 < &1 < max{e, 1}.

Define & = ¢||V?|| and observe that
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On .
T — &, as N — co.
(14 OnAty/2)
Hence, there exists Ny € N such that if N > N, then
On .
—_— R < g.
(146548, /2) !
From these results, if N > Nj, we have
2 OnALy > (2— (& + €)A) >0
- K —(a .
(1+68A8,/2) ) = VN
Therefore, defining @ = & + €1, we have got,
(2 - “At%\z> lu1]l12,0 < (Jualliz0 + lldoll12,0 + KssA).-
so that
luilli2,0 < atlluzlli2,0 + Billdolliz0 + 71,
where
w = (2—ant3) L,
B1 =
and 7 = D(1K85At%\[.
Reasoning inductively, for n > 2 having
lun—1ll12,0 < an—1llunlli20 + Bu-1lldolli2,0 + Yn-1,
we are going to obtain a;, B, and yy.
Similarly as above, we may obtain
(2 — DcAtlz\]) ||un 1,2,0)
< Nlupsllipo + lun-1lliz,0 + KssAta,
< Nlupsllipo + an—tllunlli20 + Ba-tlldoll12,0 + 1u-1 + KesAts. (369)
Thus,
(2 — aA — ay—1) ||un 12,0
< Nunsallizo + Bu-tlldollio0 + Yn—1 + KssAty. (370)
Consequently,
lunlliza < anlltniilli20 + Bulltiolli20 + Y,
where
o 1
T2 —aAB -y
,Bn = “n,Bn—lz

and
Yn = an(yu_1 + KesAtR)).
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We recall that & = ¢|| V?|| + &;. Here we assume T > 1 and
1
T? < ..
=2
Consider the sequence {b, } C R such that
bhh=1/2,
and .
bn+1 = m, Vn € N.
We may easily obtain by induction that
n
b =
" n+1
Define 1
a, =b, 1= n- ,Vn > 2.
n
Observe that
. +20¢T2 . N-1 +2aT2
"' N - N N
N-1 1
N N
= 1,Vvne{l,--- ,N—1}. (371)
Observe that
1
ap < 2
2 — lxm
1 n 1 1
2 2 _ a}{]_zz 2
1 aT?
< 4=
= 2T\
aT | aT?
< — 4+ —. 72
S m + N N2 (3 )

At this point we shall prove by induction that

aT aT?
. San%—w—l-nﬁ, Vne{l,---,N—1}.

For n = 1 we have already proved it above.
Suppose now that for n > 1, we have

aT aT?

‘Xngan‘f‘w‘i‘nv-
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Observe that
1

n+1 = =
2—0411\}7—%_1

1 1 1
2—(1” 2_“%_0("_1 2—{1n

api1+ ! !
= 1 J—
" Z—aN—Zz—ocn 2 —ay

T2
un+1+( an"‘lxn"‘“Nz)

IN

aT = aT? T?
ﬂn+1+w+nv+ﬂém
aT?

N2 °

IN

aT
=ttt )z (373)

The induction is complete, indeed we have proven that

aT
ocn<an-|- +n Nz,Vne{l -, N—-1}.

Thus, we have obtained

ﬂn+£+n“—T2

N N2
a+¢x_T2+uc_T2
"N N

. +2¢xT2
" N

1, Vvne{l,---N—1}. (374)

Xn

IN

IN

IN

Summarizing,
0<a,<1,Vne{l---,N—-1}

Now denoting more generically a)Y = &, we may infer that
0<all <1,Vne{l,---,N-1}, VN > N,.

From such results we may also obtain that there exist Ki5 > 0 and Ky > 0 such that

1B | < Kis,
and
[7n' | < K,
Vne{l,---N—1}, YN > Np.
We recall that
u% = uy,

so that since

from this and these last results we may infer that

||”1I1\I||1,2,Q < Kis,
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Vn e {0,---,N—1}, VN > Ny, for some appropriate real constant K15 > 0.
Define now N N N
WN(x t) _ Uyl — 2u, + Uy 1
A3,
if (x,t) € Q x (nAty, (n+1)Aty], V(x,t) € Q x [0,T], and
N N EToN
u (x, 1) = g (x) + () (x) t+/0 /0 WN(x, 1) du dr,
where (u})'(x) is such that
udl (x,T) = ug(x).
Here we highlight that
0%ull (x,t)
—0 7 = WN(xt
o2 (/1)
_ uf;’H —2ull +ulN 375)
AR '
if (x,1) € Q x (nAty, (n+1)Aty], V(x,t) € Q x [0, T].
Observe that
Puf (x,t) _ wly —2u gl
ot? B At
= eVl + o) + fu, (376)
ift € (nAty, (n+1)Aty], V(x,t) € Q x [0, T].
Fix ¢ € C2(QO).
Thus, fixing t € (nAty, (n + 1)Aty], we have
azué\l N N
52 9 < eV, Vo)l + [(g (), 9) 1]
L2
+{ @, fu) 12
< elullizallellizo + Kiollull1i20ll¢ll20
+Kos|lell120
< Kyllollip0 Ve € CZ(Q)), (377)

for some appropriate Ky > 0.
Since ¢ € C(Q) is arbitrary, we may conclude that

uniformly in ¢ on [0, T], for some appropriate constant Ks > 0.
Also, from the definition of ué\] we have that there exists Ky > 0 such that

2. N
0 ug
ot2

< K, VN > Ny,
H1(0)

[ud 1,20 < K7, YN > Ny

also uniformly in t on [0, T].
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From such results, there exist 1y € L?([0, T], H}(Q2)) and v € L?([0, T]; H1(Q)) such that

udl — up, weakly in L2((0, T); W*(QQ)),

and
o2ulY
atzo — vy, weakly-star in L2([0, T], H 1 (Q)),
so that we may easily obtain
- 82u0
T2

in a distributional sense.
At this point, we provide more details about this last result.
Fixt € (0,T). Thus, there exists n € {0,1,--- ,N — 1} such that t € (nAty, (n + 1)Aty].
Letp € CX(Q2x (0,T)).
From this, we may infer that

o%ul
/Q at20 ¢(x,t) dx

N N N

Uyiq 2uy’ +u,
= ,t) d
/( )(p(x ) dx

2
AR,

IN
—
<
=
=z
<
s
8
=

(Ks(J|uy 12,0 +Kao)llelli20
Koll@ll1,2,0/ (378)

IN A

for some appropriate constants Kg > 0, Kg > 0, Ky > 0.
Hence,

T r %ul
/0 /()Tz()(p(x,t) dx dx

K / dt
9 o ||€0H1,2,Q
Kigllg

IN

IN

1,2,0%(0,T) (379)

for some appropriate K19 > 0.
Since such a ¢ € CX(Q x (0, T)) is arbitrary, we may infer that

2. N
0”1,

< Kis,
H-1(Qx(0,T))

for N > N, for some Ky5 > 0.
From such a result and from the Banach-Alaoglu Theorem, there exists vg € H~1(Q x (0, T))
such that, up to a not relabeled subsequence

2. N
0 ug
ot2

— vy, weakly-star in H1(Q x (0, T)).
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Therefore,

A ' dx d
/()/()at2¢xt—>/()/()vogoxt,

as N — o0, Vo € H{(Q x (0,T)).
On the other hand
g

02,0x(0,T) < Kie,

VN > Ny, for some Ky > 0.
From this and the Kakutani Theorem, there exists ug € L2(Q x (0, T)) such that, up to a not
relabeled subsequence,
ud) — up, weakly in L2(Q x (0, T)).

Now fix again ¢ € C(Q x (0, T)).
Observe that

T T
dedt = i //N dx dt
/0 /Quoq)tt X I\[lirloo ) 0”0 Pt Ax

) T a2ué\]

o &Egbjg jgz ot?
T

- / /vo(p dx dt, (380)
0 O

Since such a ¢ € C°(Q) x (0, T)) is arbitrary, we may infer that

@ dx dt

82u0

0= e

in a distributional sense.
Moreover, from such results we may also obtain, again up to a subsequence,

lim /
N—oo JO

oulY %ug
FYe) q)dx:/Qth @ dx,

Vo € HY(Q).
Observe also that, as a consequence of the Rellich-Kondrashov theorem, through appropriate
subsequences, we have
ué\lk(t) — ugp(x, t), strongly in L?(Q)), for almost all t € [0, T].

so that, up to subsequences,
ué\[k(t)(x, t) — ug(x, t), a.e. in Q, for almost all t € [0, T].

Here we emphasise the sequence {Ni(t)} C N may depends on t.
Since g is continuous we have that

g(ué\lk(t)(x, t)) — g(uo(x,t)), a.e. in Q), for almostall t € [0, T].

Fix t € (0,T).
Let ¢ > 0. From the Egorov Theorem, there exists a closed set F such that m(Q \ F) < € and
ko € N such that if k > kg, then

() (x,)) — g(uo(x,£))| < ¢, for almostall x € F.
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Let ¢ € CX(Q)). Observe now that

[ 80550, 1)) = gwo(x 1)) g dx

< [ 180" (e 1)) = gluo, )] o] dx

= /F|g(u(]]\]k(t)(x,t>) —g(uo(x, t))l |q)| dx + /Q\F |g(u(1)\]k(t)<x’ t)) _g(uo(x, t))| |q)’ dx

< [ellollo dxt [ 106" (5, 1) = guo(x, )] Iolxone

< ellpllem(@) + (10" oz + lgwo)loz)llellosalxalosn

< ellglom(0) + Kot gllosam(0\ B)!/*

< e ll@leo m(Q) + Kallglloan €'/*, vk > ko, (381)

for some appropriate constant Kp; > 0 which does not depend on ¢.
Since such a & > 0 is arbitrary, we may infer that

/ g(ué\]"(t))q) dx — / g(uo)@ dx, ask — oo,
Q Q
V¢ € CX(Q)). From such results, we have

azuNk(t)

0 = 1im</Q 8(;2 (pdx+e/QVu(I)\’k(t).v¢dx

k—o0

B Ni(t) d
/08(”0 )@ dx

— /()ka(t)q) dx)

. E)Zuo
= Qw¢dx+s/0Vuo-prdx

_ /Q o dx. (382)

so that, from this and by the density of C°(Q2) in H}(Q2), we have got

0%u
/QTZO qodx+s/QVu0-Vq)dx
—/Qg(uo)q?dx

- /Q Fodx =0, Vo € HY(Q), (383)

a.e. on [0, T.
Hence, we have obtained that ug is a solution, in a weak sense, of the hyperbolic non-linear
equation in question.
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58. A Numerical Procedure Combining the Euler Method and the Hyper-Finite
Differences Approach
Let Q) = [0,1] C R and consider the equation
" _ 3 — 3
e’ (x) — Au’(x) + Bu(x) +1=0, inQ, (384)
u(0) =0, u(1) =0.

Here A > 0, B > 0and u € Wy2(Q).
We may represent such an equation, as a first order system

o' — Aul/e+Bu)/e+1/e=0, inQ,
W =0, inQ, (385)
u(0) =0, u(1) =0.

Consider now such a system with generical unknown boundary conditions iy and 9y, that is,

v — Aul/e+Bu/e+1/e=0, inQ,
U =v, inQ, (386)
M(O) = ﬁ(), U(O) = UA().

Defining d = 1/mg, where mg is total number of nodes, in finite differences we have

Il — Aud_ /e+ Buy_1/e+1/e=0,
un*;nfl — Un—l (387)
Upg = ﬁo, 0Up = UA().

This is simply the explicit Euler method. We may symbolically obtain {u, } and {v,} as functions
of iy and 9y (by using the MATHEMATICA or MAPLE software and by truncating the concerning
polynomial solutions), through the iterations

3 d_py ,d_d

Uy =0Up-1+ Aun,lg e/
Up = Uy1+0,1d (388)

ug = tly, vg = 9g.
However, it is well known the error in this process could be big. In order to minimize such an error,
we use the hyper-finite differences approach for the one-dimensional analogous of the generalized

method of lines. More specifically, we will subdivide the interval [0.1] into N; sub-interval of same
measure, and redefine a not relabeled d as

1
B mgNl‘

Hence, on each sub-interval ["N;ll, Nil] , using the MATHEMATICA or MAPLE software we may
obtain an approximate solution
{”i,kr Ui,k}
as functions of the initial conditions
{uo ks Z?o,k}
wherei € {0,---,mg}, Vke {1---,Np}.
In order to obtain such a solution,
{ujf, vig}
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we use following interactions

Unk = On—1k + Auz—l,k% - Bunfl,k% - %/
Upjk = Un—1k + Z)n—l,kd (389)
ok = Uok, Yok = Dok
Observe that for obtaining an approximate solution for the original equation in question, we must
calculate {1, 9o} though the solution of the system:
For the boundary conditions:
u0,1 = 0, umSINl =0.

For the solution and its derivative continuity on the nodes related to the N; sub-intervals,

Umgk = Uk+1, Umsk = Vok+1, Yk € {1,--- Ni}.

Having obtained {1, 99k}, Vk € {1,---, N;} we may obtain
{un,k,vn,k} Vn € {0,' . ,mg}, Vk € {1,- . er}-

Here we present the software in Mathematica through which we have obtained the numerical
results, for the case e = 0.01, A = B = 1 and N; = 16 subintervals.

1. m8 =100;
N1 =16;
d=1.0/m8/N1;
el =0.01;
A=10;
B=1.0;
For[k=1,k < N1+1, k++,
Print[k];
u[0, k] = uo[k];
v[0, k] = vo[k];
For[i=1,i <m8 + 1, i++,
z1=(v[i—1,k| + Axd/el xu[i— 1,k]> = Bxuli —1,k] xd/el —1.0xd/el);
z2=u[i-1,k] + v[i-1,k]*d;
z1 = Series[z1, { uo[k], 0, 8}, { vo[k], 0, 8 }];
z2 = Series[z2, { uo[k], 0, 8 }, {vo[k], 0, 8 };
z1 = Normal[z1];
z2 = Normal[z2];
v[i, k] = Expand[z1];
uli, k] = Expand[z2]]];
S =ul0,1)* + u[m8, N1)%;
For[k =1, k < N1, k++,
S=S+ (u[m8,k|] —ul0,k+1])%
S=S+ (v[m8,k] — [0,k +1])%];
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sol = FindMinimum[

S, {uo[1], uo[2], uo[3], uo[4], uo[5], uo[6], uo[7], uo[8], uo[9],
uo[10], uo[11], uo[12], uo[13], uo[14], uo[15], uo[16], vo[1],
vo[2], vo[3], vo[4], vo[5], vo[6], vo[7], vo[8], vo[9], vo[10],
vo[11], vo[12], vo[13], vo[14], vo[15], vo[16]}]

Clear[U];

For[k=1,k < N1+1, k++,

wlk] = uo[k] /. sol[[2, k]]]

For[i=1,i <N1+1,i++,

Uli- 1] =wli]]

U[N1] = u[m8,N1];

For[i=0,i < N1 +1,i++,

Print["uo[", i+ 1, "]=", U[i]]]

uo[1]=1.14453*10"%, in fact u(0) =0

uo[2]=0.817448

uo[3]=1.17018

uo[4]=1.28552

1=1.32107
uo[6]=1.33205
uo[7]=1.33546
uo[8]=1.3365
uo[9]=1.33677
uo[10]=1.33667
uo[11]=1.33596
uo[12]=1.33331
uo[13]=1.32382
uo[14]=1.2902
uo[15]=1.175
u0[16]=0.820243

uo[17]=0, in fact u(1) = 0.

uo[5

B R R R R R R R R R R R R R R R R R 2

Remark 58.1. Observe that along the domain the solution is approximately 1.33 which is close to 1.3247, which
is an approximate solution of equation u® — u — 1 = 0. This is expected since ¢ = 0.01 is a relatively small
value.

59. A Proximal Numerical Procedure Combined with the Euler Method
Let Q = [0,1] C R and consider the Ginzburg-Landau type equation

(x) — Au?(x) 4+ Bu(x) +1=0, inQ,
{u(O)zO, u(1) = 0. (390)
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Here A >0, B > 0and u € W,?(Q).
We may represent such an equation, as a first order system

v — Aul/e+Bu/e+1/e=0, inQ,
Y=o im0, o)
u(0) =0, u(1) = 0.

Consider now such a system with generical unknown boundary conditions iy and 9y, that is,

v — Aul/e+Bu/e+1/e=0, inQ,
W= 0, 692
M(O) = ﬁo, ”U(O) = 'UA().

Defining d = 1/mg, where mg is total number of nodes, in finite differences we have

=l — Aud_/e+Buy_1/e+1/e=0,
el = g, (393)

Uup = 120, Up = 130.

This is simply the explicit Euler method. Setting 1y = 0, we may symbolically obtain {u, } and
{vn} as functions of vy = 9 (by using the MATHEMATICA or MAPLE software and by truncating the
concerning polynomial solutions), through the following iterations, which already include a proximal
formulation about an initial fixed solution {(Ujp), }.

— Bu,,— 4—1

Un—vnl—{—Aun 18 =
Up = U1+ 0, 1d— 3 ( - (u0>n)d (394)

Uup =0, g = ’(30.

Vne{l, --,mg}.
Indeed, in such a case we have

d
Uy = Up_ 1+Aun 18 —Bu, 1% —

d
Uy = (un L+ op1d + K (Up) ) 8( ) (395)
uy =0, vg = .

Vne{l,---,mg}.

We emphasize such a procedure may make the error in the explicit Euler method very small, in
fact proportional to .

Thus, having obtained u, = u,(vo), we may obtain v, through the boundary condition u(1) =0,
that is, through a solution of equation u,,g(vp) = 0.

With such an v calculated, we may obtain explicitly u, = u,(vg), Vi € {1, - - - mg}. The next step
is to replace { (Up)» } by {u,} and then to repeat the process until an appropriate convergence criterion
is satisfied.

We have obtained numerical results for ¢ = 0.01, A = B =1, m8 = 100 and K = 10.

Here we present the software through which we have obtained such results.

We highlight in this software we have fixed a total number of 800 iterations.

R R R R S R S R S

1. m8 =100;
Clear[z1, z2, u, v, vo];

d=1.0/mS;
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el =0.01;

A=10;

B=1.0;

K=10.0;

For[i=0,i <m8 + 1, i++,

uoli] = 0.01];

For[k =1, k < 800, k++, (here we have fixed the number of iterations)
Print[k];

Clear[vo];

u[0] =0.0;

v[0] = vo;

For[i=1,i <m8 + 1, i++,

z1 = (v[i- 1] + A*d/el*u[i — 1]3 - B*u[i - 1]*d/el - 1.0*d/el);
z2 = (ufi-1] + v[i- 1]*d + K*uol[i]*d/el)/(K*d /el + 1.0);
z1 = Series[z1, {vo, 0, 9}];

z2 = Series[z2, {vo, 0,9}];

z1 = Normal[z1];

z2 = Normal[z2];

v[i] = Expand[z1];

u[i] = Expand|[z2]];

S = (u[m8])?;

sol = FindMinimum([S, vo];

w =vo /.sol[[2, 1]];

Vo =W;

For[i=0,i <m8 + 1, i++,

uoli] = u[i]l;

Print[u[m8/2]]];

For[i=0,i <m8/10 + 1, i++,

Print["u[", 10*1, "]=", u[10*1]]]

u[0]=0.
u[10]=1.09119
u[20]=1.29955
u[30]=1.32239
u[40]=1.32427
u[50]=1.3245
u[60]=1.32386
u[70]=1.31754
u[80]=1.27924
u[90]=1.04636
u[100]=7.31252 « 10~ 18
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Remark 59.1. Observe that along the domain the solution is close to 1.3247, which is an approximate solution
of equation u® — u — 1 = 0. This is expected since ¢ = 0.01 is a relatively small value.

60. A Proximal Numerical Procedure Combined with the Euler Method for Solving Partial
Differential Equations

Let Q = [0,1] x [0,1] C R and consider the Ginzburg-Landau type equation

eViu— A +Bu+f=0, inQ,
{ u=20, onoQ. (39)
Here A > 0,B >0, f € L2(QQ) and u € W,*(Q).
We may represent such an equation, as a partially first order system
vx+uyy—Au3/s+Bu/s+f/e:0, in Q),
Uy =v, in(Q), (397)
u =0, onoQ)
Defining d = 1/mg, di = 1/mg and denoting
[ -2 1 0 0 ]
1 -2 1 0 0
1 -2 1 --- 0
my= | . .. - (398)
0 o0 1 -2 1
L 0 0 1 -2 ]

where mg is total number of nodes in x, and mg is the number of nodes in y, in a finite differences
context, we may have

Il ’;—%Zun_l —Aud_/e+Buy_1/e+ fu/e =0,
Wy g (399)
Up = 0, 0p = @0.

This is simply an adaptation of the explicit Euler method. Observe that we may obtain {u,}
and {v, } as functions of vy = 9 through the following iterations, which already include a proximal
formulation about an initial fixed solution {(Ujp), }.

d
Op = 0Up—_1 — %un—ld + AM5’171% — Bu,,_ Z — fT’
g =ty + Vp1d — ¢ (n — (Uo)n)d (400)

Ll():O, Z)O:ﬁo.

Vne{l, --,mg}.
Indeed, in such a case we have, through a concerning linearization,

_ m 2 d d d d
Un = Vp1 — Fup—1+3 A (o), _qun15 —2 A (10)3_1% — Buy_12 — f"g ,

1
Up = (unfl + vnfld + KTd(UO)n) / (1 + KTd> (401)
upg = 0, [ 130.

Vne{l,---,mg}.
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We emphasize such a procedure may make the error in the explicit Euler method very small, in
fact proportional to .
Observe now that in particular for n = 1, we have

d
U1 = g *flg
= (Mi)190+ (y1)1, (402)
where
(My)1 = I identity matrix (mg — 1) x (mg — 1),
and p
(1)1 = _flg-
Also,
d d
U = (vo d+ K(uo)le) / <1 + K€>
= (M2)1vo + (y2)1, (403)
where L d
(M) = 4
(1 +Kg)
and

(y2h = <K(u2)1d> / (1 + Ki)

Reasoning inductively, having

Up—1 = (M1)n—190 + (V1) n—1,

and
Uy—1 = (Mp)n—120 + (Y2)n-1,

and replacing such relations into the concerning system (411), we obtain

o = (M)a1 + ()t = (M2)as + (72)a-0)d
43 A2y (M)t + (2)1)? 2400032
~B((M)y1 + () 1) o
= (Mi)n+ (y1)n, (404)
where
(M) = (M) = 2 (M 1) 43 AG)hoa (M) 1)~ BM21 ),
and
n = 1)1 = (@) 3 A (00

d

d d
—2A(u0)u1 7 — B(W2)u1) — fur (405)
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Moreover,
d d
Uy, = ((Mz)n—lvo + (y2)n—1 + (M1)n—190d + (y1)n—1d + K(1g) n—1 E) / (1 + K;)
= (MZ)nUO + (yz)n, (406)
where Y M p
1+ _
(MZ)n:( 2)11 1 ( l)n 1
(1 +1<§)
and

(y2)n = <(_1/2)n1 + (Y1)n—1d + K(Mo)m%) / (1 + K%)

Summarizing, we have obtained

Un = (Ml)nUO + (yl)n/

and
Uy = (MZ)nUO + (yz)n,

Vned{l, -, mg}.
Consequently, from this and the boundary condition u,,, = 0, we may have

tmg = 0= (M2)mg00 + (Y2)mg

so that
00 = —[(M2)mg) ™" (y2)ms-

From such results we have obtained {u, } and {v,}, Vn € {1,--- ,mg}.

The next step is to replace {(up),} by {u,} and then to repeat the process until an appropriate
convergence criterion is satisfied.

We have obtained numerical results fore = 001, A=B =1, f =1, in ), m8 = 100 and K = 100.

For the solution u = u(x, y) obtained, please see Figure 42.

15

Figure 42. Solution u(x, y) for ¢ = 0.01

Here we present the software in MAT-LAB through which we have obtained such results.


https://doi.org/10.20944/preprints202302.0051.v80

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 4 June 2024 d0i:10.20944/preprints202302.0051.v80

259 of 299

34 434 34 6 3 3 3 3 S S A A3 3 AN A A3

1. clear all
m8=100;
m9=100;
d=1/mS§;
d1=1/m9;
e1=0.01;
A=1;
B=1;
K=100;
f=ones(m9-1,1);
for i=1:m8
uo(:,i)=1.4*ones(m9-1,1);
Yo(:,i)=f;
end;
m2=zeros(m9-1,m9-1);
for i=2:m9-2
m2(i,i)=-2.0;
m2(i,i+1)=1.0;
m2(i,i-1)=1.0;
end;
m2(1,1)=-2.0;
m2(1,2)=1.0;
m2(m9-1,m9-1)=-2.0;
m2(m9-1,m9-2)=1.0;
Id=eye(m9-1);
b12=1.0;
k=1;
while (b12 > 10710) && (k < 9010)
k
k=k+1;
M1(,:,1)=Id;
y1(:,1)=-Yo(:,1)*d/el;
M2(:,;,1)=Id*d/(K*d /el+1);
y2(;,1)=K*uo(;,1)*(d/el)/(K*d/el+1);
for i=2:m8
MI(:,:1)=M1(:,:,i-1)-m2 /d1?*d*M2(:,:,i-1)+3* A*diag(uo(;,i-1).*uo(:,i-1))*M2(;,;,i-1)*d /el;
M1(,:1)=M1(:,:,1)-B*M2(:,:,i-1)*d / el;
yl(:,i):yl(:,i—l)—m2/d12*d*yZ(:,i—l)+3*A*(uo(:,i—1).*uo(:,i—l)).*y2(:,i—1)*d/e1;
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y1(:1)=y1(,i)-2*A*(uo(:,i-1).*uo(:,i-1).*uo(:,i-1))*d /el-B*y2(;,i-1)*d /el-Yo(:,i-1)*d /el;
M2(:,: 1)=(M2(:,:i-1)+d*M1(:,:,i-1)) /(K*d /e1+1);
y2(:,1)=(y2(:i-1)+d*y1(:,i-1)+K*uo(;,i)*d /el) / (K*d /el+1);
end;

vo(:,1)=-inv(M2(:,;,m8))*y2(:,m8);

for i=1:m8

u(:,1)=M2(:,;,i)*vo(;,1)+y2(:,i);

end;

u(m9/2,m8/2)

b12=max(max(abs(u-u0)));

uo=u;

end;

for i=1:m8

x1(i,1)=i*d;

end;

for j=1:m9-1

y3(j,1)=j*d1;

end;

mesh(x1,y3,u)

e 4 343438 36 36 36 3 3 3 3 o e S8 38 36 36 36 3 3 S S o b S 3%

Remark 60.1. Observe that along the domain the solution is close to 1.3247, which is an approximate solution
of equation u® — u — 1 = 0. This is expected since ¢ = 0.01 is a relatively small value.

61. A Proximal Numerical Procedure Combined with the Euler Method for First Order Systems
Applied To A Flight Mechanics Model

Let Q) = [0, t] be a time interval.

Consider the first order system of ordinary differential equations given by

{ B f({w}), on 0,4, Vi€ {1, 4}, o
Lll(O) =0, uz(O) =0.12, u4(0) =0, ul(tf) = 11000.

Here f] : Dj C R* — R is a smooth function on its domain Dj, Vied{l, -, 4}
In finite differences, such a system stands for

W=t f(fuy 1}), Vi € {1, 4}, (408)
(u1)o =0, (uz)p = 0.12, (1g)g =0, (11)ms = 11000.

Vn € {1,---,mg}, where mg is number of nodes and d = ¢ ¥ /mg. This is just the explicit Euler method.
It is well known, at first the error in this procedure may be big.

However, such an error may be made very small by introducing a proximal formulation and
related linearization about a fixed initial solution { (1), }, in a Newton type approach context.


https://doi.org/10.20944/preprints202302.0051.v80

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 4 June 2024 d0i:10.20944/preprints202302.0051.v80

261 of 299
In such a case the approximate system stands for
(41)n—(1)n—1
a = fif(uo)n-})
+ Sy PG (1 = (0, )n-1) = Ks((n)n = (0,)n),
S (1) ) .

Wbt — £ Gao)1}) + Ty OG0 () = (a0, ) ), (409)

Vi e {2,3,4},

(u1)0 =0, (uz)o =0.12, (u4)0 =0, (u1)mg = 11000.

Indeed, setting the boundary conditions
(u1)o =0, (uz)o =012, (u3)o = vo, (us)o =0
we will calculate
{(uj)u(vo) }
through the following iterations
(u1)n = ((1)n—1 + fr({(uo)n—1})d+
wot_y 2UG0d) (), 1 — (o, )u—1)d + Ks d ((ug,)) ) /(1+ Ks ),
ofi({(ug),—

()0 = () no1 + Fi({ (o)1 + Ty LGOI ()1 (ug)n)d, (410)
Vj e {2,3,4},
(ul)o =0, (uz)() =0.12, (Ll3)0 = 0o, (u4)0 =0.

Observe that the boundary condition u;(ff) = 11000 corresponds to (u1)mg(vo) = 11000 so
that, through this last equatlon we may obtain vy. Having obtained vy, we may obtain {(u;),} =
{()u(00)}, ¥ € {1, -, mg}, ¥j € {1,--- ,4}.

The next step is to replace {(uo,)n}) by {(uj)n} and then to repeat the process until an appropriate
convergence criterion is satisfied.

We have obtained numerical results for a model in flight mechanics.

More specifically, we model an in-plan climbing motion of an airplane AIR BUS 320, through the
variables 1, ¢, V, x where h denotes the airplane altitude, vy is the angle between its velocity and the
axis x, V is the airplane speed and x corresponds to its horizontal coordinate.

The concerning system of equations is given by

i = Vsin(vy)
5= ﬁ(l—"sin(u +agp)+L)— % cos(y)
V= mi(Fcos(a +arp) — D) — gsin(y) (411)

X = Vcos(y), on [0, t],

1(0) = 0, v(0) = 0.12, x(0) = 0, h(t;) = 11000.
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Here ty = 515s, F = 240000N, my = 120000Kg, S = 260 m?,a =0.138, ¢ = 9.8m/s?,

0.0065 1\ +2%
p(h)—1.225<1— 288'1&3) Ke/m®,

ar = 0.0175, (C1)o = 0, (C1)a = 5.0, (Cp)o = 0.0175, K; = 0, K» = 0.06,
CL=(CL)o+(CrL)aa,
Cp = (Cp)o + KiCL + K2C3,

1 2
L= §P(h)V CLSy,

1 2
D= Ep(h)V CDSf.
For numerical purposes, we define
up =h, up =y(=0b), us =V, ug = x.

Here we present the software in MATHEMATICA through which we have obtained the numerical
results.

1. m8 =20000;
tf = 515.0;
d = tf/mS§;
K5=10.0/d;
h1 =11000.0;
Clear[h, b, V, x, u, a, c];
h=u[l];
b = u[2];
V=u[3];
x =ul4];
mf = 120000.0;
g=98;
Sf =260.0;
a=0.138;
af = 0.0175;
CLo =0.0;
CLa=5.0;
CDo = 0.0175;
K1=0.0;
K2 =0.06;
CL =CLo + CLa*a;
CD =CDo + K1*CL + K2*CL?;
F =240000.0;
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r=1.225% (1.0 — 0.0065 * h/288.15)4225;
Lzl/Z*r*VZ*CL*Sf;
D1=1/2%r* V%% CDx*Sf;

f[1] = V*Sin[b];

f[2] = 1/mf/V*(F*Sin[a + af] + L) - g/ V*Cos[b];
f[3] = 1/mf*(F*Cos|a + af] - D1) - g*Sin[b];
f[4] = V*Cos|b];

For[i=0,i <m8 + 1, i++,

uoli, 1] = 11000*1/mS8;

uoli, 2] = 0.15;

uoli, 3] = 120;

uoli, 4] = 50000*1/m8];

Clear[u];

For[i=1,i <5, i++,

For[j=1,j <5,j++,

cli, jI = DIt[i], u[jlIT;

uol0, 1] = 0.0

uo[0, 2] =0.12;

uo[0, 3] = 120;

uo[0, 4] = 0.0

For[k3 =1, k3 < 30, k3++, (Here we have fixed a total of 30 iterations)
Print[k3];

Clear[vo, UJ;

uU[o, 1] =0.0;

U[0, 2] =0.12;

U[o, 3] = vo;

UI0, 4] =
For[i=1,i <m8 + 1, i++,
Clear[u];
u[l]=uol[i-1,1];
u[2] =uo[i-1,2];
u[3] =uol[i-1,3];
u[4] =uoli-1,4];
z1 = Expand[U[i- 1,1

z2 = Expand[U[i- 1, 2

1+ K5*(uo[i, 1])*d + f[1]*d];
/2]
]
]

+ 0.0*K5*(uoli, 2])*d + f[2]*d];
+ 0.0*K5*(uoli, 3])*d + f[3]*d];
+ 0.0*K5*(uoli, 4])*d + f[4]*d];

z3 = Expand[U[i- 1, 3
z4 = Expand[U[i- 1, 4
For[k =1,k <5, k++,

z1=z1+c[1,k]*(U[i-1,k]-uoli-1, k])*d;
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72 =72+ c[2, k]*(U[i- 1, k] - uoli- 1, k])*d;
z3 =23 + ¢[3, k]*(U[i- 1, k] - uoli - 1, k])*d;
74 =74 + c[4, K]*(U[i - 1, k] - uoli - 1, k])*d;];
U[i, 1] = Expand[z1/(1.0 + K5*d)];

U[i, 2] = Expand[z2/(1.0 + 0.0*K5*d)];

Uli, 3] = Expand[z3/(1.0 + 0.0*K5*d)];

Uli, 4] = Expand[z4/(1.0 + 0.0*K5*d)]];
Print[U[mS8, 1]];

S = (U[mS8, 1] - hl);

sol = NSolve[S == 0, vo];

vo=vo /. sol[[1,1]];

Print[vo];

Print[U[m8, 2]];

Print[U[m8, 3]];

Print[U[mS, 4]];

For[i=0,i <m8 + 1, i++,

For[k =1,k <5, k++,

uoli, k] = U[i, k]]J;

Print[U[m8/2, 1]]];

S 3434 38 36 3 3 3 S A S A A K 3K KK KKK

1. For[i=1,1< 11, i++,
Print["h(", 2000*i*d, "s)=U[", 2000%*i, ",1]=", U[2000*1, 1]]]

h(51.5s)=U[2000,1]=1099.37
h(103.5)=U[4000,1]=2199.41
h(154.5s)=U[6000,1]=3299.45
h(206.5)=U[8000,1]=4399.5
h(257.5s)=U[10000,1]=5499.6
h(309.5)=U[12000,1]=6599.74
h(360.5s)=U[14000,1]=7699.8
h(412.5)=U[16000,1]=8799.76
h(463.5s)=U[18000,1]=9899.89
h(515.5)=U[20000,1]=11000.

2. For[i=1,i < 11, i++,
Print["gamma(", 2000%i*d, "s)=U[", 20004, ",2]=", U[2000%}, 2]]]

gamma(51.5s)=U[2000,2]=0.120754
gamma(103.s)=U[4000,2]=0.120085
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gamma(154.5s)=U[6000,2]=0.117905
gamma(206.s)=U[8000,2]=0.116329
gamma(257.5s)=U[10000,2]=0.119054
gamma(309.s)=U[12000,2]=0.125181
gamma(360.5s5)=U[14000,2]=0.122861
gamma(412.5)=U[16000,2]=0.111435
gamma(463.55)=U[18000,2]=0.115118
gamma(515.5)=U[20000,2]=0.115257

3. Forli=1,i < 11, i++,
Print["V(", 2000*i*d, "s)=U[", 2000%, ",3]=", U[2000%, 3]]]

V(51.5s)=U[2000,3]=107.325
V(103.5)=U[4000,3]=113.338
V(154.55)=U[6000,3]=119.7
V(206.5)=U[8000,3]=126.381
V(257.55)=U[10000,3]=133.568
V(309.5)=U[12000,3]=142.044
V(360.5s)=U[14000,3]=152.19
V(412.5)=U[16000,3]=162.209
V(463.55)=U[18000,3]=172.269
V(515.5)=U[20000,3]=185.79

4. For[i=1,i< 11, i++,
Print["x(", 2000%*i*d, "s)=U[", 2000*i, ",4]=", U[2000%*, 4]]]

x(51.5s)=U[2000,4]=5318.63
x(103.5)=U[4000,4]=10930.8
x(154.55)=U[6000,4]=16860.9
x(206.5)=U[8000,4]=23137.6
x(257.55)=U[10000,4]=29795.8
x(309.5)=U[12000,4]=36872.5
X(360.55)=U[14000,4]=44395.
x(412.5)=U[16000,4]=52396.6
x(463.55)=U[18000,4]=60960.3
x(515.5)=U[20000,4]=70129.5

B R
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62. A Review of the Convergence of Newton’S Method Combined with a Proximal Approach

Firstly we highlight similar results to those presented in this section have been presented in my
book entitled "Functional Analysis, Calculus of Variations and Numerical Methods for Models in
Physics and Engineering", ref. [8], in Chapter 25, page 488.

Let f : R" — R be a C? class function and consider the problem of finding a critical point of f,
there is, to find a point £y € R" such that

f'(%0) =0
Fixk € Nand let x;, € R".
Define F : R” x R" — R by
1
Flx,xe) = fla)+ f () - (x —x) + E[f”(xk)(x —x)] - (x — x)
K
=l 412)
for some K > 0 to be specified.
Let x¢.1 € R” be such that
[BP(X, xk)} “ o
ox X=Xk+1 ,
so that
FH(xe) + £ () (g — %) + K3 — x5) = 0,
that is

X1 = X — (" () + KIp) L (xp).

Now, assume xy € R" is such that
1" (x)|| <Ky, Vx € By(xq)

for some r > 0.
Assume K; > 0 is such that
K— K] > 0.

Suppose also 0 < a7 < 1is such that
f(x) > a1 (Ry + K)I
and N .
(1= )1 < (F(0) +KL) M (f"() +Kly) = Hxy) < (14 ),

Vx,y € By (xp).
We recall that
()l <Ky,

so that
(K—Ky)I; < KIg+ f"(x),

and therefore

1" -1
(f"(x) + K1) SK—fcl’

Vx € Br(XQ).
Suppose also

f'(x) = f'(y) = Hs(x,y) - (x — ),
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where Hs(x,y) is a symmetric matrix such that
Hs(x,y) a1
< (1- )1,
S K-K (1 2>Id
and
Hs(x,y) > a1 (K+ Kq)Iy,
Vx,y € By(xp).
Assume also K > 0 is such that
X1 € By1_gp)(%0),
where
3
Ny = (1 - ZD(1> .
Reasoning inductively, suppose
X0, X1, - /xk+1 € By(xo).
Observe that
Xpso — X1 = —(f" (1) + K1) 7 (),
and
X1 — X = —(f" () + KIg) 7' f (xe),
so that
(f" (k1) + Klg) (X2 — Xpes1) = —f (xp41),
and
(f" (xx) + Klg) (31 — x5) = — ().
Hence,
(f" (xks1) + Klg) (g2 — x1) = (F" (k1) + Klg) (o — x) = f (1) + f (x0),
so that
(k2 — k1) = (F" (k) + KL) T (oprn) + KIg) (rin — xi) — f (xks1) + £/ ()]
= (f"(xks1) + KIg) (" (k1) + KLg) (K1 — x0)
—Hs (%1, %) (X1 — X%)]
= (f"(xks1) + KI) (" (i) + KLa) (1 — x50)]
—(f" (xks1) + KIg) " Hs (g1, xk) (xp1 — Xx)
= [H(xer1, x6) — (f" (xir) + KLg) 7 Hs (1, )] (31 — k). (413)
Observe that
Hs(xpi1,x0) > a1(Kq +K)y
>y (f" (xe41) + Klg), (414)
so that

(f”(xk+1) + KId)_1H5(xk+1, xk) > wqly.

d0i:10.20944/preprints202302.0051.v80


https://doi.org/10.20944/preprints202302.0051.v80

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 4 June 2024 d0i:10.20944/preprints202302.0051.v80

268 of 299
Consequently, from such results we may infer that
3
Id (1 - Zﬂq)
= Id<1 + %) - alld
> H(x1, ) — (" (xig1) + Klg) ™ Hs (001, %)
o1 5o\ —
> Id(l - Z) — (K= RKq) Mg Hs (xgs1, %)
&1 &1
> ] (1——)—1 (1——)
= g 2 d >
_ lam
4
> 0. (415)
from such results we may infer that
7 -1 3aq
1H (o1, x6) = (F (oka) + Kla) ™ Hs (v, 1) | < (1= == )
Defining
3061
— (12
0= (%)
we have got
16j42 = X1l < wollxj1 = xjll, Vi€ {1, k}.
Therefore
%12 = x1ll < aollxja — x5l
< agllxg = xja]
i+1
A (416)
Thus,
2 =2l = o2 = X1 + X — - — 2+ 22— 1|
< g = Xl F e — 2l 4+ llxz — x|
k+1
< ) gl — xol|
j=1
< 0‘6||x1 —xo|
j=1
o
= C|lx1 — xo|- (417)

1—0&0
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Therefore
X2 = xoll < Ilogg2 — %1 + %1 — 0|
< w2 — 2l 4 [l — xo|
< 0y — ol + 1 — x|
S 1 a 1 0 1 0
= 1—oc0”x1_x0”
< ! (1—ag)r
S 1 a 0
= r (418)
Summarizing,
[ X542 — X0l <7,
so that

Xk42 € Br(xo).

The induction is complete, so that
X € BT(XO), Vk € N.
From such results we have also obtained
%642 = Xes | < ol k41 — xkll, Vk € N.

Thus, from these results and the Banach fixed point theorem, there exists £y € B,(x() such that

lim X = XA(].

k—o0

Hence,

0 = lim xpq —x
k—o0
= Jim (" () + KIg) " f (o)
—00
= —(f"(%0) + Klg) "' f'(%). (419)
Since det(f”(£9) + KI;)~! # 0, from this last equation we obtain
f'(20) = 0.
The objective of this section is complete.

62.1. Applications to a Ginzburg-Landau Type Equation
Let Q = [0,1]® C R3 and consider a functional F : V — R where

F(u) = %/()Vu-Vudx—l—%/Qu‘ldx
—g /Q W2 dx — (u, f) 2, (420)

where V = H}(Q), f € L2(Q),a >0, > 0and y > 0.
Letu € H}(Q) and ¢ € Hy(Q).
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Observe that
OF(u; ) = 'y/QVu-V(pdx

a/ﬂu3godx—,8/0uq)dx
(¢, f)12: (421)

Consider the problem of finding 1y € H}(Q) such that
0F(ug; ¢) =0, Yo € HA(Q).

Fixing N € N, consider now a mesh in finite elements for (), where we define d = 1/N and the
related grid
Qn = {(i/N,j/N,k/N) Vi,j,k € {0,1,--- ,N}.

Denoting by Vy the finite-dimensional space in a finite elements context corresponding to V and
considering the functional F, we assume there exist 1y € V, the corresponding u}Y € Vyy and r > 0
such that the hypotheses indicated in the last section also for the corresponding function Fy : Vy — R
are satisfied so that, as developed in such a previous section, we may obtain a solution uy : QO — R
such that

Fy(un) =0
that is,
—WV%\]uN + au‘;’\, —Pun — fn =0,

where V3, is the finite dimensional operator corresponding to the Laplace operator V2.
Also,
Fi(u) = —yV3 + 3a diag (1) — I,

so that

Fy(ur) = Fy(u2) = —yViun +aui — pus — fy
— (—fyv%\]uz + IXM% — Buy — fN>
= =V —u2) + a(uf —u3) — Blur — u)
=~V —u) +3a (#%) (uz — u1) — B(u1 — u2)
= (*’)/V%\[ + 3 diag 17[2 — ‘Bld) (u2 — Ml)
= Fn()(uz —uy) (422)

where (ul)]' < 17[] < (uz)]', Yuq,up € Br(u()).
From such results, concerning the notation of the last section, we may infer that

Hs(uy,up) = Fy(i(ug,u))
=~V +3a diag {[(#) (11, 12)]*} — la. (423)

Now fix M, N € N.
Observe that

—yVun +aud; — Buy — fy =0,
and
— V3 un + aud — Buy — far = 0,
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so that
—’szuN + zxu?\, — Bun = fn — 'szuN + 'yV%\,uN,
and
—V2up + au?w — Bup = fm— YV 2up + ’yV%\]uM.
From these results, we obtain
—yV2(un —up) + oc(u:;’\] - u‘;’w) — Blun —up)
= fn—fm— (V2= V3)un + (V2 = V3)uum. (424)
Therefore
—yV2(un — upm) 4 3a(uiy pp) (un — pg) — Blun — up)
= fn—fu— (V= VR)un +7(V? = Vipum. (425)
so that
(un —um)

= (—V?+3adiag (13 n) — Bla) '(fn — fm — 1(V* = V)un +7(V2 = V3)um),

for some appropriate iiy; N € Br(up).
From such results, since {u} is bounded in H} (QY), for appropriate constants Kg > 0 and Ky > 0,
we may obtain

02,0+ Kol V2 = V|| 4+ Ko| V2 = V3]

12,0 < Ksl|fn — fm

lun — um

Let € > 0. Thus there exists Ny > 0 such that if M, N > N, then
I = fulloza < 5
N M110,2,02 ZKS/

2 o2 e

and .
2 72 <

Consequently, if M, N > Ny we have got
lun —umlli20 <e.
Therefore, {uy} is a Cauchy sequence in H} (Q) so that there exists iy € H}(Q) such that
un — flp, strongly in H ().

Let ¢ € H}(Q).
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From such results and from the Sobolev Imbedding theorem, we may infer that
0 = A%Lnlo(y<qu’ Vo)
ta(ud, )1z = Blun, @)z
— (N, 9)12)
= (7<Vﬁ01 V(P> 2

+a (i}, ¢) 2 — (o, 9) 12

—{fr9)12)- (426)
Thus,

V(Vito, V)2 + (g, )12 = Blio, 912 = {f, @)12 = 0,
Vo € H}(Q)).

From this result we may infer that 7 is a weak solution of equation F/(7y) = 0.

63. On the Convergence of the Newton’S Method Combined with a Proximal Formulation for a
General Parabolic Equation

Let 3 C R™ be an open, bounded and connected set with a regular (Lipschitzian) boundary

denoted by 0Q).
Consider the parabolic non-linear equation

W= eV2u+g(u)+f, inQx(0,7T),
u(x,0) = iy, in Q), (427)
u=0, onoQ) x [0, T)].

Heree > 0, f € L2([0, T], W2(Q)) N L*(Q x [0, T]), flg € H}(Q2) N L®(QY), where t denotes time
and [0, T] is a time interval.

Also g : R — Ris a continuous function neither necessarily linear nor convex.

We assume there exists » > 0 such that

18" (1) [leo < Ko,

and
llg(u)llo < K7

Yu € B, (1), for some K, > 0 and K7 > 0.
Here
B, (fg) = {u € H{(Q) : |lu—

12,0 < 1’}.

We assume also there exists K; > 0 such that

—KiI; < —8v2 —g’(u) < Kil;, Yu € Br(ﬁ())
Moreover, fixing N € N and defining

T
Aty = —,
NTN

in a partial finite differences context, discretizing in ¢ consider the approximate equation system

Up+1 — Un

A = V1 8(n) + fu, i O,
tN

vne{0,1,--- ,N—1}.
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Fix M € N. In a finite elements context for the variable x € R", denoting hy; = Lo/ M, for an
appropriate fixed Ly > 0 consider a mesh with a concerning thickness /1, and a related solution u}! of
the following system

M unM

Uy —

AtN = Ev%wu%‘,l +g(1/l%‘,l) +f;{lw, in Q,

vne{0,1,---,N—1}.
Here V3, is the operator in a finite elements context corresponding to the Laplace operator V2.
We highlight in the next lines, as the meaning is clear, we may denote simply VZ, = V2.
Observe that there exists a not relabeled r > 0, K; > 0 and K, > 0 such that

8" (™) < Ko,
and
*Klld < feV%,I —g’(uM) < Klld,

vuM € B.(ad"), vM € N.
Observe also that there exists Ny € N such that if N > N, then

K+ 2K)Aty

0 - e v
S KT1-Khty

<L

Indeed, we may find &g € R such that

K+ 2K)AtN

0 L S S,
< K+1- KAty

<wap <1, VN > Nj.

Let My C N be a sequence such that My < My41, YN € N.

Fix N > Nj.

For n = 0, we are going to calculate u; = uiw"’N though the following iterations, which already
include a proximal formulation and concerning linearization.

Having u£, let u* ™ be such that
uk Ty = eV2ukT ALy + g(uh)) Aty
+¢' (u}) (W™ — ) Aty + filty — K(u™ —uf), (428)
Here we suppose K = K > 0 is large enough so that
u% € Br(lﬂxo) (uo).
N
Reasoning inductively, suppose u(l], u%, cee, u]lchl €B L (up), and observe that

ub Tt — g — eVEET ALy — g(uf)) Aty
—&'(u}) (i Tt — ) Aty — ity + Ky T - u)
— 0, (429)


https://doi.org/10.20944/preprints202302.0051.v80

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 4 June 2024 d0i:10.20944/preprints202302.0051.v80

274 of 299
and
k+2 — 1y — szulchrZAtN _ g(ulchrl))AtN
-9 (u’f"’l)(u’f‘Ir2 - u’fH)AtN — ity + K(u’lcJrz - u’{“)
=0, (430)
oo ok
so that for an appropriate 7,
(Id — eViAty — ¢ (Wb Aty + KId)( k2 ke
= (=) + g (™) Aty + Ky ) (! = uf). (431)
Hence,
||u11<+2 _ ullc—‘rl H
-1
< H Iy — eV Aty — ¢ (W Aty + KId) ((—g’(a’{) + g (W) Aty + Kld) ‘
et ]
< K+2K2At1\] Huk+1 —uk”
~ K+1-KAtyll? 1
< el -] o
Thus, we have got
+2 1 j .
I} = ] < wollh " —wlll, Vi€ {1, k).
Therefore
i+2 j+1 j+1 j
2 —al < ol =
‘ ]
< agfuy —uy |
< o — ]l (433)
Thus,

k+2 k+1 + uk-i—l

[ —udl] = ] = ud — |
k k k
< uft? - 1+1||+||u1+1—u1||+---+||u%—u%||
k+1
< ZaoHul—ulII

j=
< Zw]ollu% —uf
j=1

b4
= — Ollu% —ul]. (434)

1—uw
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Therefore
k2l <l ud - )
< U2 = bl — )
X0 1 0 1 0
< 1 7060H“1 —uy ||+ flug — uy]
1 1 0
= m\lul —u|
1 r
< 1—ag)—
T (XO( ) 5
r
= —. 435
. (435)
Summarizing,
’
a2 ] <
so that

The induction is complete, so that
e Br(u)), Vk e N
uj € ﬁ(”o)/ Vk € N.
From such results we have also obtained
k+2 k+1 k+1 k
Jug ™ —uy 7| < wolluy™ —ugl], Vk € N.

Thus, from these results and the Banach fixed point theorem, there exists 17 = uiw"’ N e By (ud)
such that
klim uk =up = uiVIN’N.
— 00

1 k41 o
0 = ICILTO (”1 1
—sVzulﬁlAtN — g(uk)) Aty
—g/ () (T — ) Aty — froty + KA —uf))
= uy — 1y — eViu Aty — g(u1) Aty — fiAty, (436)
so that .
Uy — Up
Afy

= 8V2u1 +g(u1) +f1, in O,

Reasoning inductively again having u1 € B, (o) and u; € By (uj_1), Vj € {2,--- ,n} similarly
as we have obtained u; in the last lines, we may obtain

My,N
Upy1 =u, N € Bﬁ(un),

such that
Upy1 — Un

AL = £V2un+1 +g(un+]) +fn, in Q.
N

The induction on 7 is also complete.
Fixne {1,--- ,N—1}.
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Observe that
[un —doll = lun —thy—1+tp—1 — -2+ —ug+uy —up|
< lun —upall - [Jug — o]
n

< —

= N”

< r (437)

Summarizing u, € B,(dy), Vn € {0,1,--- ,N —1}.
From these results, denoting now more generically u, = ulytnvN — ul), we may infer that there
exists K4 > 0 such that

[uN|| <Ky, Vj€{0,1,--- ,N},VN € N.

With a completely analogous reasoning, we may obtain that

||M]I\] 1,2,Q0 S K4/ v] € {0/1/ IN}IVN S N/

for some K4 > 0.
Define now

t t
) = 0 (41 ) a0 (=),

ift € [nAty, (n +1)Aty], Y(x,t) € Q x [0, T].
Observe that
ué\](x,t) = u,I;](x), if t = nAty, Yvn € {0,1,---,N},

and
oud (x,t)  up g —uy
ot - Aty
= eVaull +gul )+ fu, (438)

ift € [nAty, (n+1)Aty], Y(x,t) € Q x [0, T].
Fix ¢ € CZ(Q).
Thus, fixing t € [nAty, (n + 1)Aty], we have

aué\f
L2

< el(Vig' o, Vo) | + (g ('41), 9) 2]

+(@, fn) 12|
5||”nN+1

Ks|o

1,2,Q |§0 12,0 T K18||MnN+1 12,0 |(P 12,0+ K3||(P 1,2,Q
12,0, 79 € CZ(Q), (439)

IN A

for some appropriate K5 > 0.
Since ¢ € C(Q) is arbitrary, we may conclude that

uniformly in ¢ on [0, T], for some appropriate constant Ks > 0.
Also, from the definition of ué\] we have that there exists K7y > 0 such that

N
duy

< Ke, VN > N,
ot = Re, VN > No

H-1(Q)

||U6V||1,2,Q <Ky, VN eN
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also uniformly in t on [0, T].
From such results, there exist 1y € L%([0, T], H}(Q2)) and vy € L?([0, T}; H~1(Q)) such that

ud — up, weakly in L2((0, T); W% (QQ)),

and
Jug 72 -1
5 o weakly-star in L([0, T], H " (Q))),
so that we may easily obtain
vy = 20
07 ot

in a distributional sense.
At this point, we provide more details about this last result.
Fixt € (0,T). Thus, there exists n € {0,1,--- ,N — 1} such that t € [nAty, (n +1)Aty].
Let 9 € CX(Q2x (0,T)).
From this, we may infer that

/ at‘”t

_ n+1 un
— /07&}1\] ¢(x,t) dx

< e [ Vil Vol dx
+ [ 180u0) o(x )] dx+ [ Ifug] dx
< (Kglluly
< Kolllliz0, (440)

for some appropriate constants Kg > 0, Kg > 0, Ky > 0.

Hence,
0
// uo ) dx dx

K9/Q||§0H1,2,Q dt
. (@41)

IN

for some appropriate K9 > 0.
Since such a ¢ € CX(Q) x (0, T)) is arbitrary, we may infer that

for N € N, for some Kj5 > 0.
From such a result and from the Banach-Alaoglu Theorem, there exists vg € H~1(Q x (0, T))
such that, up to a not relabeled subsequence

N
dug

< Ky,
ot =15

H-1(Qx(0,T))

aué‘]
ot

// godxdt—>//voq)dxdt

— vy, weakly-star in H~1(Q x (0, T)).

Therefore,
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as N — oo, Vo € H{(Q x (0,T)).
On the other hand
149’ llo2,0x(01) < Kies

VN € N, for some Ki¢ > 0.
From this and the Kakutani Theorem, there exists g € L?*(Q x (0,T)) such that, up to a not
relabeled subsequence,
ull — up, weakly in L2(Q) x (0, T)).

Now fix again ¢ € CZ(Q x (0,T)).
Observe that

T T
dxdt = i // N, dx dt
) T Bué\’
= _Z%ILI}»/() /Q—at godxdt
T
= —/ /vofpdxdt, (442)
0 Jao

Since such a ¢ € CX(Q) x (0, T)) is arbitrary, we may infer that

ou
W=

in a distributional sense.
Moreover, from such results we may also obtain, again up to a subsequence,

aN
lim /Q%godx:/ﬂaait%pdx,

N—oo

Vo € H}(Q).
Observe also that, as a consequence of the Rellich-Kondrashov theorem, through appropriate
subsequences, we have

ué\lk(t) — ug(x, t), strongly in L*(Q)), for almost all ¢ € [0, T].

so that, up to subsequences,
uévk(t)(x, t) — up(x,t), a.e. in Q, for almostall t € [0, T].

Here we emphasise the sequence {Ni(f)} C N may depends on ¢.
Since g is continuous we have that

g(ué\lk(t)(x, t)) — g(up(x,t)), a.e. in Q, for almostall t € [0, T].
Fix t € (0,T).
Let ¢ > 0. From the Egorov Theorem, there exists a closed set F such that m(Q\ F) < € and

ko € N such that if k > kg, then

18(ud* ) (x, £)) — g(uo(x,£))| < ¢, for almost all x € F.
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Let ¢ € CX(Q)). Observe now that

[ 80550, 1)) = gwo(x 1)) g dx

< [ 180" (e 1)) = gluo, )] o] dx

= /F|g(u(]]\]k(t)(x,t>) —g(uo(x, t))l |q)| dx + /Q\F |g(u(1)\]k(t)<x’ t)) _g(uo(x, t))| |q)’ dx

< [ellollo dxt [ 106" (5, 1) = guo(x, )] Iolxone

< ellpllem(@) + (10" oz + lgwo)loz)llellosalxalosn

< ellglom(0) + Kot gllosam(0\ B)!/*

< e ll@leo m(Q) + Kallglloan €'/*, vk > ko, (443)

for some appropriate constant Kp; > 0 which does not depend on ¢.
Since such a & > 0 is arbitrary, we may infer that

/ g(ué\]"(t))q) dx — / g(uo)@ dx, ask — oo,
Q Q

Vo € CX(Q).
From such results, we have
(I)\Ik(t) Ne(6)
I k(t)
0 = 1}5&(/0 o (pdx—i—s/QVuO Ve dx
~ Ne(t)y , 4 _/ Ne(t) d)
/Og(uo Jpdx— | fq dx
_ auo
= Qjcpdx—ks/QVuO-prdx
- d —/ dx. 444
/Qg(uo)fp x— | fodx (444)

so that, from this and by the density of C°(Q2) in H}(Q2), we have got

auo
/QW qodx+£/QVu0-V(pdx
- /Qg(uo)(p dx — /Qf(p dx =0, Vo € H}(Q), (445)
a.e. on [0, T1.

Observe now that
(O x (0,T)) = (02 x [0, T]) U (8[0, T] x ﬁ)

Let 9 € C2(Q % (0, T)).

Hence ; N ;
. duy dug
1\111310/0 /()7¢dxdt—/() /Qﬁgodx dt.

From this, since C2°(Q x (0,T)) is dense L?(Q) x (0, T)) we may infer that

. T 1 oul T 1 dug
dim [0 Gredvai= [ [ e,

Vo € L2(Q x (0,T)).
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Let ¢ € C*(Q) x [0, T]) such that
¢(x,T) =0, in Q.

From such results, we may obtain

N—>oo/ / ot (P dx dt
. (P . N
I\ljgr;( / / uo dx dt /Q up (x,0)¢(x,0) dx>

S / / o q)dx dt — / o (x,0)(x,0) dx. (446)

However, since u}Y — 1, weakly in L>(Q x (0,T)), we obtain

lim/ /uo (dedt //uo (dedt
N—o00

From these last results, we may infer that

R L N
/Q”o ¢(x,0)dx = lim | uy(x,0)¢(x,0)dx

_ /Q 1o(x,0) ¢(x,0) dx, (447)

so that

/Qﬁo(x)cp(x,O) dx = /Quo(x,O)qo(x,O) dx,

Vo € C*(Q x [0, T]) such that ¢(x,T) =0, in Q.
Therefore, we may infer that 1 (x,0) = p(x) in this specified weak sense.
Similarly, it may be proven that

ug =0, onaQ) x [0, T],

in an appropriate weak sense.
Hence, we have obtained that u is a solution, in a weak sense, of the parabolic non-linear equation
in question.

64. On the Convergence of Newton’S Method Combined with a Proximal Approach for an
Eigenvalue Problem

Let O C R3 be an open, bounded and connected set a regular (Lipschitzian) boundary denoted
by 0Q).

Consider the eigenvalue problem of finding u € V and A € R such that

—eV2u+g(u)—Au=0, inQ,
u =0, onodQ), (448)
Ja u? dx = ||u||%’2’Q =1.

Heree >0,V = H}(Q),and g : R — Ris a C! class function, such that either g is linear or such
that
g(tu) =tg(u),vt >0, Vu e R


https://doi.org/10.20944/preprints202302.0051.v80

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 4 June 2024 d0i:10.20944/preprints202302.0051.v80

281 of 299

In a finite differences or finite elements context, already including a proximal formulation, we
shall look for a sequence {u,} C RN for an appropriate N € N such that

u
—eVuy 1+ 8(tng1) — m + K(up1 — un) =0,

Vn € NU{0}.
Now considering a concerning linearization of g, such an equation approximately stands for

u
—eV2uyg1 + §(un) + &' (un) (tys1 — un) — m + K(upp1 —uy) =0,

Vn € NU{0}.
Assume 1y € RY is such that there exists r > 0 such that

Klld S g’(u) S KZId/

Vu € B, (uy), for some K, Kp > 0.
Suppose there exists a symmetric matrix Hg (1, v) such that

u
u

S|

and
—K3l; < He(u,v) < Kzly,

Yu,v € B,(ug), for some K3 > 0
And also there exists a symmetric matrix Hs(u, v) such that

8(u) —g(v) = Hs(u,v)(u —0),

and
Kyl; < Hs(u,v) < Ksly,

Yu,v € By(up), for some Ky, K5 > 0. Moreover, we assume that these last constants, K > 0 and
0 < a7 < 1 are such that

(1—a1)(—eV* + K1) + Kyly — K3y — Kply) > aqKly = K I — (1 — a1)K I,
so that
(—€V2 + Kl + Kld)_l(—K4Id + Kol; + K3l; + KId) < (1 — D(l)Id.

Observe that
eV2 4+ (u)+KI; > —eV2+ K I;+KI; >0
and

0 < —Hs(u,v) + He(u,0) + g'(v) + K Iy < —KyIg + Kp1y + K31; + Ky,
Yu,v € Br(up) so that
(eV2+g'(u) + K Ig) ' (= Hs(,v) + He (u,0) + &' (v) + K 1)

(—eV? + Ky Ig + KIg) 7 (= Kyl + Koy + Kz 1y + K1)
(1 — (X])Id, (449)

IN A

Yu,v € By(up).
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Summarizing, defining oy = 1 — a3 we have got
1(eV2 + g/ (1) + K 1) ™ (— Hs(u,0) + Hs(u,0) + g/ (0) + K L) < g < 1,
Yu,v € By(up).
Suppose K > 0 and a; > 0 are such that uy € By(1_g)(u0)-
Reasoning inductively, suppose also
Ug, U1, , Up+1 S BT’(MO)‘
From the results above we have
2 / Upt1
—eVoupio + §(tny1) + 8 (Unt1) (Uns2 — Uns1) — Ttmall + K(tpgp — tiyp1) =0,
n+
and u
—fvzunﬂ + g(un) +gl(”n)(”n+1 —Up) — m + K(tpq1 —uy) =0,
n
so that
—&(VZuni2 — Vi) + 8 (ng1) (ngo — 1) + K(tpgo — 1)
u u
= —gluns1) + gtn) + e — = 8 () (1 — 1) + K(tg1 — )
lunsall [lunl]
= (—Hs5(ups1,un) + Ho(upy1,tn) + & (un) + Klg) (i1 — ). (450)
Therefore
Up42 — Up41
= ((—=eV? 4§ (uny1) + Klg) " (—Hs(p 41, ) + Ho (41, ) + 8’ (1) + K1)
X (un+1 - ”n), (451)
so that
||un+2 — Up41 H
< ((=eV? + & (ung1) + Klg) ™ (= Hs (1, 1un) + Ho (g1, 1n) + & (1n) + K1) |
X[t +1 — un|
< wol|upgr — unl|. (452)

Summarizing, we have got

tjr2 — ujpall < aollujrr —ujll, Vi€ {1,---,n}.

Therefore
lujro —ujall < aollujrr —ujll
< aglluj—uj||
i+1
< ) ur - uol. (453)
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Thus,
luns2 —wall = |tny2 = tpg1 +tpyr — - —up +up —uq |
< lunt2 = wpgr || + ungr = unll + -+ [Jug — uq |
n+1
< Z "‘6””1 — up|
j=1
0 .
< Y afllug — ug
j=1
L)
= 7=l —uoll. (454)
— g
Therefore
luni2 —uoll < |ltny2 —ug +ug — ugl|
< g2 — ] 4 [Jug — uol|
X0
< 1z o [ — uoll + flur — uo|
= 1_“0”1’[1_“0”
< ! (1—ag)r
1 — 0
= 71 (455)
Summarizing,
lung2 — uoll <1,
so that

Upt2 € Br(up).

The induction is complete, so that
Uy € Br(up), ¥n € N.
From such results we have also obtained
[tn2 = tniall < aollunis — unll, ¥n € N.
Thus, from these results and the Banach fixed point theorem, there exists iy € B, (1) such that
nh_r)rolo U, = tp.

From such results we obtain

0 = lim (—eV2uup1 + ) + & () (tns1 — 1)
Un
—— + K(pp1 —u
“un” ( n+1 ﬂ))
R N i
= V209 + g(ilg) — IIﬁgll (456)
Summarizing, we have got
—€V2ﬁ0 +g(ﬁ0) _ ko _ 0.
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Consequently, defining
o
ldollo20”

and recalling that
g(ty) = tg(ip), ¥t >0,

we have obtained
—eV2iiy + g(iip) — Adig = 0,

and

The objective of this section is complete.

Remark 64.1. For the general case we may drop the hypotheses of g being linear or g(tu) = tg(u), vt >
0, Yu € R, by defining the following iterations:

eV? Uyt + [[unl| g( ” ”) ” "H + K(tpy1 —un) =0, ¥n € NU{0}.

However in such a case some changes on the hypotheses are necessary in order to obtain the related theoretical
results.

65. On the Convergence of Newton’S Method Combined with a Proximal Approach for a General
Parabolic Non-Linear System

Let ) C R™ be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 0().
Consider the parabolic non-linear system

u; .
% =¢jV2uj+gj(u) + Tp_; Yty gjkl(u)% +fj, inQx(0,T),
uj(x,O) = (ﬁo)]', in Q, (457)

uj=0,on0Q x [0,T], Vj € {1,---,r}.

Here
U= (M1,~ o /ur) = {u]} € H(%(Q/Rr)/

ej > 0, f = {fj} € L*([0, T, W2(uR")) NLY(Q x [0, T;R"), 4 = {(dp);} € HH(LR")N
L®(C;R"), where f denotes time and [0, T] is a time interval.

Also g; : R — Rand gjy : R — R are C! class functions neither necessarily linear nor
convex, Vi, ke {1,---,r}, 1 € {1,--- ,m}.

We define

r m
Fj(u )_gv uj+ gj(u ZZ&H ax +f]’

Vj e {1, --,r}, so that the system in question stands for

B~ Ew), Ve {1, 1.

Fixing N € N and defining Aty = T/ N, in a finite differences context we may define the following
approximate system

Upy1 — Un

A = Filw), Vi€ {1 r), vne {0 N1},
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Fix n = 0. In a Newton’s method context combined with a proximal approach, we shall obtain 14
through the following iterations,
Define u{ = 11y and having uk let u’f“ be such that

k+1 k aFj(”If) k+1_  k k1 k
uy —up = Fi(uy) Aty + Aty 21 (uy™ —uy) — K(uy™" —uy).

At this point we assume there exist ¥ > 0 and K; > 0, such that

aFj(u)
—Kil; < < Kilg,
Yu € Br(ﬁo).
Moreover, generically denoting F(u) = {F;(u) }, we assume there exists a matrix operator Hs(u,v),
such that
F(u) — F(v) = Hs(u,0)(u — v),
and

—K3l; < Hs(u,v) < K3ly,

Yu,v € B(1ly), for some appropriate real constant K3 > 0.
Now suppose K > 0 and 0 < a1 < 1 are such that there exists Ny € N such that if N > Nj, then

(1—a1)(lg — KilgAty) — KilgAty — KlgAty) > a K [; = K g — (1 —a)K I,

so that
(I — Ky jAty + KI) Y (K LAty 4+ KsIyAty + K 1) < (1 —ap)K I

Observe that such an Ny may be such that

oF;(u
I — { a]L(l )}AtN +KI; > I; — Ki LAty + KI; > 01,
I

and
IF;(v)
aul

0 < Hs(u,v)Aty — { }AtN + KI; < K1 Aty + K3I;Aty + K 1,

so that

- LOEU kg B H At IO pp 4 kI
<d_{ Ju; } N d) ( () N_{ du; } N d>
I; — Ki Aty + KId)il (Kl I; Aty + K3 I Aty + K Id)

<
< (1—m)y, (458)
Yu,v € Br(ﬁo), VN > Np.

Hence, denoting ap = (1 — 1), we have got

H <1d - { 81;]-15?) }AtN + Kld> B <H5(u, o)Aty — { az;jg;) }AtN + KId> H

H (I — Ky LAty + KI) "N (Kq LAty + K3LyAty + K 1) H
< ap. (459)

IN

Yu,v € Br(ﬁo), VN > Np.
Fix now anew N > Nj.
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Suppose now K = KN > 0and 0 < a; = (a1)) < 1 are such that
Ui € By (1-ap) (il0)-
Reasoning inductively, suppose u,ul,-- -, u¥"1 € B, r (up), and observe that
OF; (uk)
ui Tt —ug = Fi(uf) Aty + AtN{éull (T — k) — KT — by,
and
k2 _ 1 k41 oF;(uf*) k2 k+1 k2 k41
uy e —ug = Fi(uy" ) Aty + Aty “ou (uy™ —uy ) = K(uy™ —uy),
so that
oF; (uk+1)
<h—{%1Am+Ku(ﬁ”—ﬁ“)
oF;(uk)
= <(F(ull‘+1) — F(ub)) Aty — {éull Aty + K1y (u’frl —uk)
k+1 ok OF; (uf) k1 k
= | Hs(uy"", uy)Aty — Tul Aty + Kl | (uy ™ — uy). (460)
Thus,
U2 gy
OF (uk 1 ! OF; (uk
= <1d - {é) Aty + Ky Hs(uh™h ub) Aty — z])( i Aty + K1y
u U
x (1 — k) (461)
1 1)

Summarizing, we have got

k2 k1
o = |

OF (uk 1 - OF; (uk
- <1d— {(al)}AtNJrKld) Hs(uh™1 ub) Aty — a(ull> Aty + K1y

k k
x [l T — uf]|
< allub T — k). (462)

Thus, we have got
;% — Y] < aolluw] ™ —uf ], Vi€ {1, K}
Therefore
1 = < ol |

L
ag|uy — vy |

IN

IN

1
o) [l — ). (463)
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Thus,
32 —udll = ™ = T =] ] - |
< [ = T T = uf )
k+1 i1 0
< Y apllug —u3l
j=1
— 1 0
< Z“é”“l—”l”
j=1
X0 1 0
= 1_%””1—“1”- (464)
Therefore
2 =l < k2 =l ] - )
k
< bt — g || + [lug — )]
X0 0 0
< Tl = )+ ff o
1 1.0
= m”%‘”l”
r
1—an)—
< 1—110( &) 57
p
= —. 465
. (465)
Summarizing,
k r
o2 — ) < <,
so that

The induction is complete, so that
uf € By (ug), Vk € N.
From such results we have also obtained
||u’1ch2 - u’f+1|| < tx0||u’f+1 —uk||, vk e N.
Thus, from these results and the Banach fixed point theorem, there exists 17 € B (u}) such that

k

lim u] = u;.
k—o00
0 = lim (uftT —nq
k—o0 1

OF; (uk
_F(u'{)AtN — Ai‘N{%L:l)}(u]1‘+1 _ u’f)

+K(uf ! - u’f))
= U; — 120 - F(ul)AtN (466)
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so that A
U —upy

Aty
Reasoning inductively again having u; € B (flg) and uj € By (uj_1), Vj € {2,--- ,n} similarly
as we have obtained u; in the last lines, we may obtain

F(ul) in Q,

Upt1 € Bﬁ(”ﬂ)/

such that " y
1 .
HTI\IH = F(”n—l—l)r in Q.
The induction on 7 is also complete.
Fixne{l,---,N—1}.

Observe that
||un - MOH = Hun —Uy1+tUy1—Up2+- - -—uUp+u — MOH
< up = upall + - fJug — uol|
n
< —
= Nr
< T (467)

Summarizing u, € B,(#y), Vn € {0,1,--- ,N —1}.

From these results, denoting now more generically u,, = u}Y, we may infer that there exists Ky > 0
such that
120 <Ky, Vj€{0,1,--- ,N},VN € N.

N
||”j

Define now
t N t
ugi(x,t) = unN(x) <n+1 - AtN) +u"+1(x)<AtN —n>,

if t € [nAtn, (n+1)Aty], V(x,t) € Q x [0, T].

Observe that
ué\’(x, t) = unN(x), ift =nAty, Yne {0,1,--- ,N},
and
oudl (x,t)  ull g —uy
ot N Aty
= Flupy), (468)

if t € [nAtyn, (n+1)Aty], V(x,t) € Q x [0, T].
Fix ¢ € C®(Q;R").
Thus, fixing t € [nAty, (n + 1)Aty], we have

aué\’
< 7’ ¢>
L2

for some appropriate K5 > 0.
Since ¢ € CP(Q; R") is arbitrary, we may conclude that

< (Fa) o)

Ks|l¢ll12,0, Ve € CZ(QRT), (469)

IN

N
duy

< Ke, VN > Ny,
ot =76 0

H-1(QR")
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uniformly in ¢ on [0, T], for some appropriate constant K¢ > 0.
Also, from the definition of ué\] we have that there exists K7 > 0 such that

VN €N

also uniformly in ¢ on [0, T].
From such results, there exist ug € L?([0, T], H} ((;R")) and vy € L2([0, T]; H"}((;R")) such

that
udl — up, weakly in L2((0, T); W ((;R")),

and N

]

% — v, weakly-star in L2([0, T], H 1 ((Q; R")),
so that we may easily obtain

—L
07 o

in a distributional sense. At this point, we provide more details about this last result.
Fixt € (0,T). Thus, there exists n € {0,1,--- ,N — 1} such that t € [nAty, (n +1)Aty].
Let 9 € C(Q2 x (0, T);R").
From this, we may infer that

/ at go x,t) dx
M1~ Un
— n Un
— /Q A ¢(x,t) dx
= <F(”nN+1)r‘P>L2
< (470)
for some appropriate constant K9 > 0.
Hence,
T r oul

/0 /()W(P(x’t) dx dt

< Ko
QO

< Kullelli2,ax0,1) (471)

for some appropriate K9 > 0.
Since such a ¢ € CX(Q x (0, T);R") is arbitrary, we may infer that

for N € N, for some Kj5 > 0.
From such a result and from the Banach-Alaoglu Theorem, there exists vy € H~(Q x (0, T); R")
such that, up to a not relabeled subsequence

N
du

<K
ot > M5,

H-1(Qx(0,T);R")

oul 1
T weakly-star in H™ (Q x (0, T);R").

// qodxdt—)//voqodxdt

Therefore,
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as N — oo, Vo € H}(Q x (0, T);R").
On the other hand
149’ llo2,0x(01) < Kies

VN > N, for some Ky > 0.
From this and the Kakutani Theorem, there exists 1 € L2(Q x (0, T); R") such that, up to a not
relabeled subsequence,
ull — up, weakly in L2(Q x (0, T); R").

Now fix again ¢ € C°(Q x (0,T); R").
Observe that

T T
dxdt = i // N o, dx dt
) T Bué\’
= _Z%ILI}»/() /Q—at godxdt
T
= —/ /vofpdxdt, (472)
0 Jao

Since such a ¢ € C*(Q) x (0, T);R") is arbitrary, we may infer that

ou
W=

in a distributional sense.
Moreover, from such results we may also obtain, again up to a subsequence,

aN
lim /Q%godx:/ﬂaait%pdx,

N—oo

Vo € HY (O, R").
Observe also that, as a consequence of the Rellich-Kondrashov theorem, through appropriate
subsequences, we have

ué\]k(t) — ug(x, t), strongly in L2(Q);R"), for almost all ¢ € [0, T].

so that, up to subsequences,
uévk(t)(x, t) — up(x,t), a.e. in Q, for almost all t € [0, T].

Here we emphasise the sequence {Ni(f)} C N may depends on ¢.
Fixje{1,---,r}
Since g; is continuous we have that

gi(up(x,1)) = gi(uo(x,1)), ace. in Q, for almost all £ € [0, T].

Fix t € (0, T).
Let ¢ > 0. From the Egorov Theorem, there exists a closed set F such that m(Q \ F) < ¢ and
ko € N such that if k > kg, then

187 (ub Y (x,£)) — gj(uo(x,1))| < ¢, for almost all x € F.
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Let ¢ € CX(Q)). Observe now that

5 5,0) = g 1)

< /[ |gj<uk <x,t)>fgj<uo<x,t>>||<p|dx

= [ I8i00" e 0) ~ giluolo ) ol dx-+ [ g™ (x,1)) = g0l )| gl dx

< /angonoom 1185085 5, 1)) = g0 )] Il e

< ellgllom(@) + (Ig;(p* ) lo2.0 + lIgi (o) loz0) I loaalxarlosa

< ellpllom(Q) + Ka | @llogam(Q\ F)/*

< e pllo m(Q) +Kallgllog e'/*, vk > ko, (473)

for some appropriate constant Kp; > 0 which does not depend on ¢.
Since such a & > 0 is arbitrary, we may infer that

/g] (pdx—>/g] up)p dx, ask — oo,

Vo e C®(Q),Vje{l, - ,r}
Similarly, fixing j,p € {1,--- ,n},and 1 € {1,--- ,m}, since gjp! is continuous we have that

gipt ()" (x,£)) = i (uo(x, 1)), ace. in Q, for almostall ¢ € [0, T].
Fix againt € (0, T)

Let ¢ > 0 (a new value). From the Egorov Theorem, there exists a closed set F; such that
m(Q\ F) < eand kg € N such thatif k > ko, then

|8t (14 (t)(x t)) — gjp1(uo(x,t))| < foralmostall x € Fy.
Observe now that
[ 18506 (5, ) = (o, 1))
" (1)) = (o NP [ gy (g™ (1)) = (o, ) dx

[ dxt [ gt (v, 6) = gjur(uo(x, 1) P, dx
F O

INA
Eran
o9
=,

IN

AN
2
+
)
N
e\
5
P
)
—
G
[
=

< em(Q) 4 2K?¢, Vk > ko. (474)
Since such a € > 0 is arbitrary, we may infer that

N
/Q |gjpl(u0k(t)) —gjpl(u0)|2 dx — 0, ask — oo,

Viped{l,---,r},1e{l,--- ,m}.
Select again ¢ € C°(Q2). Since

N,
1801 (5= ™)) = i1 (o) 02,0 = 0, as k — oo
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and
Vug]k(t) — Vuy, weakly in L2(Q;R™™),
we obtain,
‘/ gt (4" (10)y" )y  dx — / 8jpt (o) ((4o)p)x ¢ dx
< (u ) ) dx — ug) ((u )N()) dx
= 3Jpl op @ g]pl 0)((uo Ny @
N(#) d d
|, 8irt (o )((u0)p™ " )x, @ dx — | 8jp1 (o) ((1o)p)x, ¢ dx
< lgjp(ug’ (t))—gjpl(u0)||0201<7||€0||oo
Ni
'/ Sipt (10) ((uo)yp 0, ?dx—/ Sip(10) ((10)p)x, @ dx
— 0, ask — oo, (475)
Vijped{l,---,r}, 1e{l,---,m}.
From such results, for an arbitrary ¢ € CZ((;R"), we have
3(1ug)
- 1 j N(t)
0 = klggo(/ﬂatqoj dx — (F(y ), gy} 2
d(uo);
= /O s @ dx +(V(u0);, Vg2 — (8j(t0), 9j)r2
T m
- lezl<gjpl(u0>((”0)r7)x1’(P]'>L2 —{fi @)1z (476)
p: =
so that, from this and by the density of C®(Q2;;R") in H}(Q; R"), we have got
d(uo);
/Q ot 71
= - '<V(”0)jrv§0j>L2+<gj(”0)/§0j>L2
+ Z Z it (10) (o) p)xy, @j) 12 + (fjr @) 12/ (477)

p=11=1

Vjie{l,---,r}, Vo € HY(Q;R"), ae.onl0,T],
Observe now that
(0 x (0,T)) = (02 x [0,T]) U (9]0, T] x Q).

Let o € CX(Q2 x (0,T);R").

Hence
lim// O gy g = //8”0 dx dt.
N—o0

From this, since C°(Q x (0, T);R") is dense L?(Q x (0, T); R") we may infer that

g [ Sreasa= [ Geeaar

Vo € L2(Q x (0, T);R").
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Let ¢ € C*(Q) x [0, T];R") such that
¢(x,T) =0, in Q.

From such results, we may obtain

N—>oo/ / ot (P dx dt
. (P . N
I\ljgr;( / / uo dx dt /Q up (x,0)¢(x,0) dx>

S / / o q)dx dt — / o (x,0)(x,0) dx. (478)

However, since u}Y — ug, weakly in L*(Q x (0, T);R"), we obtain

lim/ /uo (dedt //uo (dedt
N—o00

From these last results, we may infer that

R L N
/Q”o ¢(x,0)dx = lim | uy(x,0)¢(x,0)dx

_ /Q 1o(x,0) ¢(x,0) dx, (479)
so that
/Qﬁo(x)cp(x,O) dx:/ﬂuo(x,O)go(x,O) dx,

Vo € C*(Q x [0, T];R") such that ¢(x,T) =0, in Q.
Therefore, we may infer that 1 (x,0) = p(x) in this specified weak sense.
Similarly, it may be proven that

ug =0, onaQ) x [0, T],

in an appropriate weak sense.

Hence, we have obtained that u is a solution, in a weak sense, of the parabolic non-linear system
in question.
66. A Note on the Convergence of the Finite Element Method

In this section we develop some remarks on the convergence of the finite element method.
This section is based on ref. [18], Chapter 7.

For the proofs not presented here and for more details please see ref. [18], Chapter 7.

We start by recalling the following classical result.

Theorem 66.1 (Lax-Milgram). Let V be a separable Hilbert space with a inner product
(,): VXV =R,

and related norm
l-1:V— RT

llul| = \/(u,u), Vu e V.

where
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Leta:V x V — R be a bilinear form such that

1. ais continuous, that is, there exists M > 0 such that
la(u,0)| < Milu| [[o], Vu,0 € V,
2. a is coercive, that is, there exists « > 0 such that

a(v,v) > «l|v||?, Yu € V.

Moreover, let L : V — R be a linear and continuous functional.
Under such hypotheses, there exists a unique u € V such that

a(u,v) = L(v), Yo € V.

Definition 66.2. Let V be a Banach space. We say that a sequence {Vy, } of finite dimensional subspaces of V' is
Galerkin scheme for V. if for each v € V, there exists a sequence {vy} C U, V;, where vy € Vi, Vk € N, such
that

vx — v, strongly in norm, as k — oo.

Remark 66.3. Let Q C R? be a polygonal set. A triangulation T of Q) is a finite union of subsets of Q), such
that

1.
6 == UKeTK,

2. Each set K € T is a triangle,
3. For each pair K1, Ky € T, such sets are quasi-disjoints, that is, their interiors are disjoint.

We define
h(T) = ?g%(dzam(K) =h,
where
diam(K) = sup{|x,y| : x,y € K}.

In such a case we also denote T = T,.
Moreover, we define

Vi, ={v e C(Q) : visaffineon each K € Ty, and v = 0, on 902 }.
We denote by a i the vertices in the triangulation Ty, where
je{l, - I(h)}

Let ¢ € V}, such that
giax) =6k, V1 < j,k < I(h).

Here
1 ifj =k
S = (480)
0, ifj #k
Observe that { @1, , @y } is a basis for V.
At this point we define
I(h)
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Here we assume {Ty, }j~q be a reqular family of triangulations of Q.
Let {h,} C R be a sequence such that
0 <hyy1 <hy VneN,
and
lim h, = 0.
n—oo
We denote Vyy = V), and P, = P, , Vn € N.
Consider the Ginzburg-Landau type equation
—AV2u+aud —Bu—f=0, inQ,
(481)
u =20, on oQd.
Herey >0,a >0, > 0and f € L?(Q).
Assume u,, € Vy, is a weak solution of this last equation, in the following sense,
V(Vitn, Vo) 12 +a(u3, 9) 12
—B(un, )12 = {f, )12,
= 0, VpeV,. (482)
Let m,n € N be such that m > n.
Observe that uy, uy, € Vy, so that
')’<vumz v(un - um)>L2 + “<u3m/ (uﬂ - um)>L2
—,B<”m, (un — ”m)>L2 - <f/ (”n - um)>L2
= 0, (483)
so that, for ¢ € V,,, we obtain
PV (e — 1),V (st — ) ) 2 + a5y = 1a3,), (s — ttm)) 2
—B{(un — tm), (un — 1m)) 2
= YV (un = 1tm), V(ttn — @) 12 + (w5, — 13,), (un — 9)) 12
—B((un — ), (un — @)} 12
YV (1t — ), V(9 — ) 2 + (1 — 113,), (9 — ttn)) 12
—B{(un — tm), (¢ — tm)) 2
= (Y (n = ttm), V(@ = )2 + a((uy — u3,), (@ — tm)) 12
—B((un = tm), (¢ — tm)) 2. (484)

Summarizing, we have got

YV (1t — 1), V (thy — ) )2 + & (3172 (thy — 1), (U — 1)) 2
—B((un = um), (un — 1m)) 2
= Y (V(un—um), V(¢ —tm))2 + “(317%(”11 =), (¢ — tm)) 2
—B{(un — um), (¢ — tm)) 2 (485)
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Vo € Vi, where iy is on the line connecting u, and u,.
Here we assume there exist aq > 0 and M > 0 such that
YV (up — ), V(g — tm)) 2 + w (32 (1t — th), (U — Up)) 12
—B{(un — um), (tn — tm)) 2
> aiflun —umlisq (486)
and
YV (tn = ttm), V(@ = tm)) 12 + (3105 (ty — tum), (¢ — tm)) 2
—B{(un — um), (ttn — 9)) 12
< Mlum —unl120lle —umlli20/ (487)

where oy and M does not depend on m, n.
From such results, we may infer that

M
||”m - un”l,Z,Q < DZHMm — @l1,2,0/ VQD eV

so that

M
|t — unll120 < a—l\lum — Pu(um)|1,20, Vm > n.

Moreover, since u,, € H}(Q), there exists a sequence {v, = v{'} C C&(Q) such that

log! — umll120 — 0, as k — co.

From such results, for a not relabeled subsequence we have
o' = Uy, ae. in Q)
k my L. 7

Vot = Vuy, ae. in Q.

Lete > 0.
From the Egorov theorem, for each m € N there exists a closed set F,, C Q) such that m(Fy,) < e/2™ and

vyt — Uy, uniformly in Q\ Ey,

Vo' = Vuy, uniformly in QO \ Fy,.
Define F = U, _, Fy, so that

m(F) < 2 (Fn) < Z /2™ < e.
m=1 m=1
Observe that there exists kg = k' € N such that if k > ko = kiy!, then

o8 — umll120 <e

and
llog" — tmlloo,0\F < &

and
[IVoRt — Vi,

oo,Q\Fm < &
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Fixing m € N we may find jo € N (which does not depend on m) and I,, € N
||Pj(27§<) — Pi(ur)llo0\F < Kig,
and
IVPi(v}) = VPi(up) logans, < Kse, Vi > jo, VI > L € N, Vk > ky,
for some appropriate real constants Ky > 0, Ks > 0.
Fix n > jo and select m, > max{n, k{,1,} so that for Vm > m,, we have
Vi = VP (0 ) llo2,0/E,
< ||V1/lm — V'U;(n + V'U;;n — VPn(v,'c”) 0,2,Q/Fn
< |[Vum = Voe'lloga + [IVoR = VPu(vg) llo2,0/E,
< e+Ky/n, (488)
for some appropriate K7 > 0.
From such results, we may infer that
| 14m — Pu(um))ll1,2,0
< Mum = Palog') + Pu(vy’) — Pu(um)))ll1 2.0
< lum = Pu(@) 120 + 1Pa(0F') = Puum)ll1 2,078, + 1Pa(0F') = Pu(um)l125,
< Ko(e+Ky/n+¢€/?), (489)
for some appropriate K9 > 0, so that
M
lum —unlhza < 071||Mm = Pu(um) 120
< Kiole+Ky/n+€?), Ym > my, (490)
where M
Kyp = Kg—.
10 o
Therefore, if p,1 > my, then
M
g —unll120 < ;1”“1 = Pu(ur) 120
< Kyg(e+Ky/n+¢€V?) (491)
and
M
[up —unll120 < OTIHMp = Pu(up)lli20
< Kyle +Ky/n+e’?), (492)
so that
Jur —upllip,0 = lur—un+un—uplli20

lur — unll12,0 + lup — unll12,0

2Kqo(e + Ky /n +€'/2). (493)

IN A
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Consequently, from such results we may infer that {u,} is a Cauchy sequence in H}(QY) so that there
exists ug € H{(Q) such that
Uy — g, strongly in H(Q).

Let q) < UHENVVI'
Indeed, we have got

0 = nlgrc}o (fy(Vun,V(P>Lz +a(uy, @)p2

—Blun, @) 12 —(f, ¢)12)
= y(Vuo, V)2 + a{uy, )12
—B(un, )12 — (f, @) 12 (494)

Summarizing, we may infer that

Y(Vug, V)2 + "‘<”8r @)12
—Blun, @12 — (f, )12, Vo € Hy(Q). (495)

Therefore ug € HE(QY) is a weak solution of the equation in question so that, under the indicated hypotheses,
the finite element method is convergent.

67. Conclusion

In the first part of this article we have developed a relaxation proposal and duality principles
suitable for a large class of models in physics and engineering.

In a second part we develop duality principles for the quasi-convex envelop of some vectorial
models in the calculus of variations.

We highlight such dual variational formulations established are in general convex (in fact concave).

Finally, in the last sections, we develop mathematical models for some types of chemical re-
actions, including the hydrogen nuclear fusion and the water hydrolysis. Among such results, we
highlight our proposal of modeling the Ginzburg-Landau theory in super-conductivity as a two-phase
eigenvalue approach.

Data Availability Statement: Details on the software for numerical results avaialable upon request. e-mail:
fabio.botelho@ufsc.br.

Conflicts of Interest: The author declares no conflict of interest concerning this article.
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