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Abstract: This article develops duality principles and numerical results for a large class of non-convex variational
models. The main results are based on fundamental tools of convex analysis, duality theory and calculus of
variations. More specifically the approach is established for a class of non-convex functionals similar as those
found in some models in phase transition. Moreover, we develop a general duality principle for quasi-convex
relaxed formulations for some models in the vectorial calculus of variations. Concerning applications of such
results are presented for a non-linear model of plates and for non-linear elasticity. Finally, in some sections we

present concerning numerical examples and the respective softwares.
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1. Introduction

In this section we establish a dual formulation for a large class of models in non-convex optimiza-
tion. It is worth highlighting the main duality principle is applied to double well models similar as
those found in the phase transition theory.

Such results are based on the works of J.J. Telega and W.R. Bielski [1-4] and on a D.C. optimization
approach developed in Toland [5]. About the other references, details on the Sobolev spaces involved
are found in [6]. Related results on convex analysis and duality theory are addressed in [7-13].

Similar models on the superconductivity physics may be found in [14-16].

At this point we recall that the duality principles are important since the related dual variational
formulations are either convex (in fact concave) or have a large region of convexity around their critical
points. These features are relevant considering that, from a concerning strict convexity, the standard
Newton, Newton type and similar methods are in general convergent. Moreover, the dual variational
formulations are also relevant since in some situations, it is possible to assure the global optimality of
some critical points which satisfy certain specific constraints theoretically established.

Among the main results here developed, we highlight the duality principles for the quasi-convex
formulations in the context of the vectorial calculus of variations. An important example in non-linear
elasticity is addressed along the text in details.

Also, for the applications in physics in the final sections, we believe to have found a path to
connect the quantum approach with a more classical one in a unified framework.

Indeed, we have presented a path to model a great variety of chemical reactions through such a
connection between the atomic and classical worlds.

Finally, in this text we adopt the standard Einstein convention of summing up repeated indices,
unless otherwise indicated.

In order to clarify the notation, here we introduce the definition of topological dual space.

Definition 1.1 (Topological dual spaces). Let U be a Banach space. We shall define its dual topological
space, as the set of all linear continuous functionals defined on U. We suppose such a dual space of U, may be
represented by another Banach space U*, through a bilinear form (-,-)y : U x U* — R (here we are referring
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to standard representations of dual spaces of Sobolev and Lebesgue spaces). Thus, given f : U — R linear and
continuous, we assume the existence of a unique u* € U* such that

fu) = (u,u*)y,Vu € U. ©)
The norm of f, denoted by || f ||+, is defined as

[ fllur = sup{|(w, u*)ul : [[ullu <1} = [[u*|u- (2)
uel

At this point we start to describe the primal and dual variational formulations.

2. A General Duality Principle Non-Convex Optimization

In this section we present a duality principle applicable to a model in phase transition.

This case corresponds to the vectorial one in the calculus of variations.

Let Q) C R" be an open, bounded, connected set with a regular (Lipschitzian) boundary denoted
by 0Q).

Consider a functional | : V — R where

J(u) = F(Vuy,--- ,Vun) + G(ug, - -+ ,un) — (u;, hi) 2,

and where

F(Vuq,---,Vuy) = /Qf(Vul,- -+, Vuy) dx
f: RN*" — R is a three times Fréchet differentiable function not necessarily convex. Moreover,
V={u=(u, - ,uy) € WP RN) : u=uyonaQ},

h=(hy, -, hy) € L2(;RN),and 1 < p < +o0.
We assume there exists & € R such that

a = inf J(u).

ueV

Furthermore, suppose G is Fréchet differentiable but not necessarily convex. A global optimum
point may not be attained for | so that the problem of finding a global minimum for | may not be a
solution.

Anyway, one question remains, how the minimizing sequences behave close the infimum of J.

We intend to use duality theory to approximately solve such a global optimization problem.

Define Vo = Wy (Q; RN) and

Vo(u) ={¢p € Vo : supp¢ C B(u)},

where
B(u) ={x € Q : f(Vu(x)) < f(Vu(x))}.

Moreover, Y1 = Y = L2(Q;RN*M) Y, = Y; = L2(O;RN*M) vy = Y; = L2(Q;RN), so that at
this point we define, F; : Vx Vp =R, G1: V=R, G :V =>R,G3:Vy 2 Rand G : V = R, by

K
Fi(ug) = F(Vur+ Yy, Vuy+ Voy) + 5 /Q Vuj - Vu; d

K
+5 [ Ve Vgy dx ®)
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and K
Gi(uy, -+ ,up) = G(uy, -+ ,un) + 71 /Q uj uj dx — <ui,fi>L2,
K3
Ga(Vity, -+, Vun) = 5 [ V-V
K>
Go(Vr, -+ Vgn) = 3 [ Vagy- Ve dx,
and K
1
G4(u1,' e ,HN) = 7 /Qu] u]- dx.
Definenow J; : V x Vj — R,
Ji(u,¢) = F(Vu+ Vo) + G(u) — (u, hz’>L2~
Observe that
hw,¢) = F(u,¢)+Gi(u) = Go(Vu) — G3(V) — Gy(u)
< R(u,@) +Gi(u) = (Vu,21) 12 = (V§, 23)12 — (1, 23) 12
+ sup {(01,21) 12 — Ga(v1)}
v1€Yq
+ sup {(02,23) 12 — G3(v2) }
€Yy
+sup{(u,23) 12 — G4(u)}
uev
= R ¢)+Gi(u) — (Vu,z1)p2 = (V§,23) 12 — (4, 23) 12
+G3(21) + G3(22) + Gy (23)
= h(we,z), (4)
VueV, ¢ cV(u), 25 =(z],25,23) €Y' =Y x Y5 x Y5,
From the general results in [5], we may infer that
inf , = inf (u, ¢, 2%). 5
(u,gb)eer/leo(u)](u 2 (12 €V < Vo (1) XY S, ¢.27) ©)
On the other hand

inf > inf .
L}QV](M) - (u,q))elll;lxvo(u) ]1(14, (P)

From these last two results we may obtain

inf > inf “(u, ¢,z").
L}IQV](M) - (u,¢,z*)€\1/'r>l<VO(u)><Y* ]1 (M 4) z )

Moreover, from standards results on convex analysis, we may have

inf Ji(n,¢,2) = inf {Fi(,6) + Gi(u)
—(Viu,28) 2 — (V4,32 — (0,25) 2
+G3(2f) + G3(23) + Gi (3)}

= sup {-F (0] +21,¢) = Gi (03 +23) = (V§,23) 2

(v3,03)eC*

+G3(21) + G3(22) + Gi(z3) (6)
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where
C*={v" = (v],0v3) € Yy xY5 : —div(v]); + (v3); =0,Vie {1,--- ,N}},
Fi (vl +21,¢) = Sug{@lr —div(z; +07))p2 — B (w,9)},
ue
and
G1(v3 +23) = sup{(u,v3 + z3)1> — G1(u) }.
ueV
Thus, defining
L (¢,2",0") = F{(v] +21,¢) — GI(v3 +23) = (V,23)12 + Gy (27) + G3(23) + Gy (23),
we have got
f > inf ,
inf J(u) 2 oy, Ji(u, ¢)
— : f * 0, *
(1,2 €V x Vi (1) XY Jiw9,27)
— inf { inf 5 (¢,2%,0%) b b 7
zzlgw{;gw{;‘gg Bz >}} 0
Finally, observe that
f
inf J(u)
> inf inf < sup J5(¢,z%, 0"
Z*EY*{(PEV()(H){U*EIS* 2(4) )}}
> su inf (e, z*,0* } (8)
v*elg*{(z*r(l’)GY*XVo(“) 29207

This last variational formulation corresponds to a concave relaxed formulation in v* concerning
the original primal formulation.

3. Another Duality Principle for a Simpler Related Model in Phase Transition with a Respective
Numerical Example

In this section we present another duality principle for a related model in phase transition.

Let Q = [0,1] C R and consider a functional | : V — R where

2/ 2 12 x4 2 /u dx — (i, f) 12,

and where
V={uecW"¥Q) : u(0)=0and u(1) =1/2}

and f € L2(Q).
A global optimum point is not attained for | so that the problem of finding a global minimum for
J has no solution.
Anyway, one question remains, how the minimizing sequences behave close the infimum of J.
We intend to use duality theory to approximately solve such a global optimization problem.
Denoting Vy = W&A(Q), at this point we define, F: V — Rand F; : V x Vj — Rby

)= [ (-1
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and 1
_ / N2 1\2
R g) =5 [ (0 +¢) =17 dx.
Observe that
F > inf F , V.
(u) > 4)13/0 1(u,¢), Yu €

In order to restrict the action of ¢ on the region where the primal functional is non-convex, we
redefine a not relabeled
Vo = {<p eWH(Q) ¢ (¢)2—1<0,in Q}

and define also
F:VxVy— R,

F32V><V0—)R

and
G:VxVy—R
by
1 ! / 1
Bag) = 5 (/' + 9P =12 dx+5 [ wPdx—(uf)2
K "2
F(u,¢) = Fz(u,¢)+§/0(u) dx
Ki N2
) (@) dx 9)
and
K !/
G(u,¢) = E/Q(u)zdx
+% | (9) dx (10)

Denoting Y = Y* = L?(Q) we also define the polar functional G* : Y* x Y* — R by

G (v%v) = sup {(u,0") 2+ (9, 09)12 = G(u, @)}

(M,(P)EVXVO
Observe that
. > . Kok k) * _ * )
Iz G ) = () 4 B(g)

With such results in mind, we define a relaxed primal dual variational formulation for the primal
problem, represented by J; : V x Vp x [Y*]2 — R, where

Ji(u, ¢, 0%, 09) = G*(v", 05) = (u,0%) 12 = ($, 05) 12 + B3 (u, ).

Having defined such a functional, we may obtain numerical results by solving a sequence of
convex auxiliary sub-problems, through the following algorithm (in order to obtain the concerning
critical points, at first we have neglected the constraint (¢')> — 1 < 0 in Q).

1. Set K~ 0.1 and K1 =120.0and 0 < ¢ < 1.
2. Choose (u1,¢1) € V x Vp, such that [|u1][1,00 < 1and [|¢; 100 < 1.
3. Setn = 1.
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4. Calculate (v;;, (v)n) solution of the system of equations:

a]f (unr Pn, 0y, (08)11)

Jou* =0
and
a]‘r(unr()bﬂ/v;;/ (US)H) _ O
v !
that is 3G* (5%, (v))
v, (v
anv* 0 —up =0
wnd 9G* (o3, (@)
o, (0g)n)
v}, Pn =0
so that
«_ 9G(un, Pn)
On = ou
and 2G( )
%\ k u 4
(@) = gy

5. Calculate (141, ¢,+1) by solving the system of equations:

OJF (nt1, Pur1, 05, (V5)n)

ou =0
and . .
a]l (un—i-l/ ¢n+1; (2 (Uo)n) —0
dp
that is
ot aF3(”ngbll/ Pni1) _ 4
and SF
(o) + Slntduit)

6. If max{||un — tty+1]lco, [|Pn+1 — Pnllo} < &, then stop, else set n := n+ 1 and go to item 4.

At this point, we present the corresponding software in MAT-LAB, in finite differences and based
on the one-dimensional version of the generalized method of lines.
Here the software.

T —
1. clear all
m8=300;
d=1/mS§;
K=0.1;
K1=120;
for i=1:m8
uo(i, 1) =i *d/2;
vo(i,1)=i*d/10;
yo(i,1)=sin(i*d*pi)/2;

end;
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k=1;

b12=1.0;

while (b12 > 10~43) and (k < 230000)

k=k+1;

for i=1:m8-1

duo(i,1)=(uo(i+1,1)-uo(i,1))/d;
dvo(i,1)=(vo(i+1,1)-vo(i,1))/d;

end;

m9=zeros(2,2);

m9(1,1)=1;

i=1;

f1=6x(duo(i,1) +dovo(i,1))> - 2;

m80(1,1,i)=-f1-K;

m80(1,2,i)=-1;

m80(2,1,i)=-f1;

m80(2,2,1)=-f1-K1;

y11(1,i) = K* (uo(i +1,1) — 2% uo(i, 1)) /d*> — yo(i, 1);
y11(2,i) = K1 (vo(i +1,1) — 2% vo(i, 1)) /d%;

m12 = 2% m80(:,:,i) — m9 x d?;
mb0(:,;,1)=m80(:,:,i)*inv(m12);

2(:)=inv(m12)*y11(:i)*d?;

for i=2:m8-1

f1=6x(duo(i,1) +dvo(i,1))> — 2;

m80(1,1,i)=-f1-K;

m80(1,2,i)=-f1;

m80(2,1,i)=-1;

m80(2,2,1)=-f1-K1;

y11(1,i) = K* (uo(i +1,1) — 2% uo(i,1) + uo(i — 1,1)) /d*> — yo(i, 1);
y11(2,i) = K1 (vo(i +1,1) — 2% vo(i,1) + vo(i — 1,1)) /d?;
m12 =2+ m80(:,:,i) — m9 x d> — m80(:,:,i) * m50(:,:,i — 1);
mb50(:,:,1)=inv(m12)*m80(:,:,i);

z(:,1) = ino(m12) * (y11(:,i) * d*> + m80(:,:, 1) x z(:,i — 1));
end;

U(1,m8)=1/2;

U(2,m8)=0.0;

for i=1:m8-1

U(:,m8-1)=mb50(:,:,;m8-1)*U(:, m8-i+1)+z(:,;m8-i);

end;

for i=1:m8
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u(i,1)=U(1,1);
v(i,1)=U(2,i);
end;
b12=max(abs(u-uo))
uo=u;

VO=V;
u(m8/2,1)
end;

for i=1:m8
y()=i*d;
end;

plot(y,uo)

For the case in which f(x) = 0, we have obtained numerical results for K = 0.1 and K; = 120. For
such a concerning solution 1 obtained, please see Figure 1. For the case in which f(x) = sin(7x)/2,
we have obtained numerical results also for K = 0.1 and K; = 120. For such a concerning solution u
obtained, please see Figure 2.

0.5 T T T T T T T T T

0.4 g

03[ 7

02 7

0.1 4

_0.1 1 1 1 1 1 1 1 1 1
0 0.1 02 03 04 05 06 07 08 09 1

Figure 1. solution uy(x) for the case f(x) = 0.
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0.25 4

0.2 4

0.1 7

0.05 1
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0 0.1 02 03 04 05 06 07 08 09 1

Figure 2. solution ug(x) for the case f(x) = sin(7x)/2.

Remark 3.1. Observe that the solutions obtained are approximate critical points. They are not, in a classical
sense, the global solutions for the related optimization problems. Indeed, such solutions reflect the average
behavior of weak cluster points for concerning minimizing sequences.

3.1. A General Proposal for Relaxation

Let QO C R” be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 0Q.
Consider a functional | : V — R where

J(u) = F(Vu) + G(u) = (u, fi)12,

where
V= {u c W1'4(Q;RN) : U =ugon 80},

up € CH,RN),
fi € L2(O;RN), G : V — Ris convex and Fréchet differentiable, and
F(Vu) = /Q F(Vu) dx,

where f : RN*" — R is also Fréchet differentiable.
Assume there exists N € N such that

W= {y e RN £ (y) < fn)} = U W,

where for each j € {1,---, N} W; C RN*" js an open connected set such that dW; is regular. We also

suppose
WiN W =Q,Vj #k.
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Define

~

W; = {z;]- € W&A(Q;]RN) ; Voi(x) € Wj, ae. in Q}

and define also

W={v=(vy,---,0g) : vje Wj¥je{l,---,N}and supp v; N supp vy = @,Vj # k}.

At this point we define
) f(Vu(x) + Voi(x)), if Vu(x) e W;,
h5(u(x),v(x)) - { f(Vu(x)), / if VM(X) g I/V]h/ (11)
and
H(u) = 1€r11Af] /Qh5(u,v) dx,
where

W, ={oeW : Vu(x)+ Voj(x) € W, if Vu(x) € W;, ae.inQ, Vje {1,--- ,N}}.
Moreover, we propose the relaxed functional

Ji(u) = H(u) +G(u) = (u, fi)12.

Observe that clearly
inf J;(u) < inf J(u).
uevVv

ueV

4. A Convex Dual Variational Formulation for a Third Similar Model

In this section we present another duality principle for a third related model in phase transition.
Let Q = [0,1] C R and consider a functional | : V — R where

) = 5 [min{( =12 ' + 172} dx 5 [ dx— (frn,

and where
V={uecW?Q) : u(0)=0and u(1) = 1/2}

and f € L2(Q).

A global optimum point is not attained for | so that the problem of finding a global minimum for
J has no solution.

Anyway, one question remains, how the minimizing sequences behave close to the infimum of J.

We intend to use the duality theory to solve such a global optimization problem in an appropriate
sense to be specified.

At this point we define, F: V — Rand G : V — R by

Fu) = %/ﬂmin{(u’—l)z,(u’+1)2}dx

— 1 "2 o /
- 2/0(u) dx /Q|u|dx+1/2
Fi(u')

(12)

and
G(u) = %/ﬂuz dx — (u, f) 2.
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Denoting Y = Y* = L?(Q)) we also define the polar functional F; : Y* — Rand G* : Y* — Rby

F(v") = Sg§{<vrv*>L2—F1(U)}
- %/Q(v*)z de+ [ o] dx, (13)

and

G ((v")) = Sgg{%u’,v*)Lz*G(u)}

= %/ﬂ((z}*)’ +f)?dx — %v*(l). (14)

Observe this is the scalar case of the calculus of variations, so that from the standard results on
convex analysis, we have
inf /(1) = max {—F (") — G*(=(v")")}.
uevV v*eY*
Indeed, from the direct method of the calculus of variations, the maximum for the dual formulation

is attained at some ¢* € Y*.
Moreover, the corresponding solution 1 € V is obtained from the equation

o= 2 — @y + 1.

Finally, the Euler-Lagrange equations for the dual problem stands for

(U*)” +f/ — ot — sign(v*) =0, in O, a3
(v*)'(0) + f(0) =0, (v")'(1) + f(1) = 1/2,

where sign(v*(x)) = 1if v*(x) > 0, sign(v*(x)) = —1,if v*(x) < 0 and
—1 < sign(v*(x)) <1,

if v*(x) = 0.

We have computed the solutions v* and corresponding solutions 1y € V for the cases in which
f(x) =0and f(x) = sin(mx)/2.

For the solution ug(x) for the case in which f(x) = 0, please see Figure 3.

For the solution u¢(x) for the case in which f(x) = sin(7rx)/2, please see Figure 4.
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03[
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0 | Il L 1 1 1 1 1
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Figure 3. solution ug(x) for the case f(x) = 0.

0.6 T T T T T T T T T

0.4 g

03[ g

0.1 4

0 1 1 1 1 1 1 1 1 1
0 0.1 02 03 04 05 06 07 08 09 1

Figure 4. solution uy(x) for the case f(x) = sin(mx)/2.

Remark 4.1. Observe that such solutions ug obtained are not the global solutions for the related primal
optimization problems. Indeed, such solutions reflect the average behavior of weak cluster points for concerning
minimizing sequences.
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4.1. The Algorithm through Which We Have Obtained the Numerical Results

In this subsection we present the software in MATLAB through which we have obtained the last
numerical results.

This algorithm is for solving the concerning Euler-Lagrange equations for the dual problem, that
is, for solving the equation

(v*)// +f/ _o*— sign(v*) =0, inQ,
{ (v*)(0) =0, (v*)'(1) =1/2. (16)

Here the concerning software in MATLAB. We emphasize to have used the smooth approximation
[0 &/ (v*)? + e,

where a small value for ¢; is specified in the next lines.
B R R R R R R R s

. clear all
. mg = 800; (number of nodes)
.d= 1/7118,'
. e1 = 0.00001;
. fori=1:mg
yo(i,1) = 0.01;

y1(i,1) = sin(wr xi/mg)/2;

Gl = W N~

end;
6. fori=1:mg—1

dy1(i,1) = (y1(i+1,1) —y1(i, 1)) /d;

end;
7. for k =1:3000 (we have fixed the number of iterations)

i=1;

hs = 1/+/v0(i,1)2 + e
myy =1+ d? % hy +d>%;
ms (i) = 1/myy;

Z(Z) = m50(i) * (dyl(i,l) * dz);
8 fori=2:mg—1

hy =1/+/vo(i, 1) +ey;

mip =2+ hy *d> +d*> — m50(i — 1);
mb0(i) = 1/myy;

z(i) = mso (i) * (z(i — 1) + dy; (i, 1) x d?);
end;

9. v(mg,1) = (d/2+z(mg —1))/ (1 — msop(mg — 1));
10. fori=1:mg—1

v(mg —i,1) = mso(mg — i) x v(mg —i+1) 4 z(mg — i);

end;
11. v(mg/2,1)
12. vo = v;

end;
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13. fori=1:mg—1
u(i,1) = (v(i+1,1) —o0(i,1))/d + y1(i, 1);

end;

14. fori=1:mg—1
x(i) =ix*d;
end;

plot(x,u(:, 1))

b R R R R R R

5. An Improvement of the Convexity Conditions for a Non-Convex Related Model through an
Approximate Primal Formulation

In this section we develop an approximate primal dual formulation suitable for a large class of
variational models.

Here, the applications are for the Kirchhoff-Love plate model, which may be found in Ciarlet, [17].

At this point we start to describe the primal variational formulation.

Let O C R? be an open, bounded, connected set which represents the middle surface of a plate
of thickness h. The boundary of (), which is assumed to be regular (Lipschitzian), is denoted by 0Q2.
The vectorial basis related to the cartesian system {x1, xp, x3} is denoted by (a,, a3), where « = 1,2 (in
general Greek indices stand for 1 or 2), and where a3 is the vector normal to (), whereas a; and a; are
orthogonal vectors parallel to Q). Also, n is the outward normal to the plate surface.

The displacements will be denoted by

a= {ﬁa, 123} = flga, + fizas.
The Kirchhoff-Love relations are

g (21, X2, %3) = g (X1, X2) — X3W(X1, X2) «

and 123(3(1, X2, X3) = w(xl, JCQ). (17)
Here —h/2 < x3 < h/2 so that we have u = (u,, w) € U where

u

{1 = (ua,10) € WH(O,E2) x W22(Q),

ow
ua:w:a—n:OOnBQ}
= Wy (O R?) x WA (Q).
It is worth emphasizing that the boundary conditions here specified refer to a clamped plate.
We also define the operator A : U — Y x Y, where Y = Y* = [2(Q; R?*?), by

Au) = {y(u),x(u)},

Uy p T Ugy WaWp

'thﬁ(”) = 2 + 2 ’

K“ﬂ(u) = —Wup-

The constitutive relations are given by
Nacﬁ(u) = Htxﬁ/\y’YAy(”)/ (18)

Maﬁ(”) = htx/S)\yK)\y(u)/ (19)
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where: {H, B Ay} and {ha pAn = %H,Xﬂ A }, are symmetric positive definite fourth order tensors. From

now on, we denote {Hupry} = {Haprn} " and {happn} = {Hapru}
Furthermore {N,z} denote the membrane force tensor and {M,p} the moment one. The plate
stored energy, represented by (Go A) : U — R is expressed by

(GoA)w) = 5 [ Nupl0)7ap) dx+ 5 [ Map(u)eg(u) d (20)
and the external work, represented by F : U — R, is given by
F(u) = (w, P)2 + (tta, Pa) 12, (21)

where P, P, P, € LZ(Q) are external loads in the directions a3, a; and a, respectively. The potential
energy, denoted by | : U — R is expressed by:

J(u) = (GoA)(u) — F(u)

Define now J3 : U — R by
J3(u) = J(u) + Js(w).

where
aKbw K(bw—1/100)

In such a case fora =2.71, K =185,b = P/|P| in O and

U={uecl : ||w|es<00land Pw > 0a.e. in O},

we get
a(u) _ 9J(u) +3]5(“)
ow  ow ow
~ a]( 4) 4 0(+30), 22)
and
() PJ(w +32]5(u)
ow?  ouw? ow?
2
J a] W | o(850). 23)

This new functional J3 has a relevant improvement in the convexity conditions concerning the
previous functional J.

Indeed, we have obtained a gain in positiveness for the second variation a; (2), which has
increased of order O (700 — 1000).

Moreover the difference between the approximate and exact equation

9J (u)

Jw =0

is of order O(+£3.0) which corresponds to a small perturbation in the original equation for a load of
P = 1500 N /m?, for example. Summarizing, the exact equation may be approximately solved in an
appropriate sense.

d0i:10.20944/preprints202302.0051.v91
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5.1. A Duality Principle for the Concerning Quasi-Convex Envelope
In this section, denoting
Vi={¢p=0¢(xy) e WAHQAxQGR?) : ¢ =00nQ x 3O},
we define the functional [; : U x V; — R, where
1 1
H) = Gilfag)) + o {Juag + ) + guny + 0ats )

_<w,P>L2 - <M,X,P,X>L2. (24)

where ,
Gi({wap}) = 5 /Q Roprp@ ap@ py dx

and,

1 1
Gy ({ > (ua,ﬁ + uﬁ,zx) + 471x,y5 + Ew,lxw,ﬁ})
1 1 1
= ﬂﬁléxfﬂmﬂ§U%w“%0+¢wA%W+§WWw
1 1
X (E(“A,y + uA,y) + 4’A,y,,(x/3/) + zw,x\w,y> dx dy

We define also

Ja({ua}, ¢) = inf  Ji(u,¢),

weWy(Q)

and

B({n}) = inf fa({us). 9)

It is a well known result from the modern Calculus of Variations theory (please, see [18] for details)

that
inf J(u) = inf I3({un})-
nf )= g ()
At this point we denote
Yy =Y = Y3 =Y = L2(Q x ;RY)
and

Yo = Y5 = L2(Q x O;R?).
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Observe that

J(u)
1 1
= Gl({w,‘xﬁ}) + Gy ({ E(u,xlﬁ + ulg,,x) + 4)06,%3 + Zw,,xw,ﬁ})
—(w, P)p2 — (ua, Pa) 2
= Gi({wap}) — (Wap Mag) 2 + (Wap, Map) 2

1
+@/Q/Qw,a(x)rQa(x,y) dx dy — (w, P);2
1 1 )
_@/ / W,a(x)rQa(xr]/) dx dy-i-Gz({z(ua,‘B—l-u/g’a)+(Pa,yﬁ+2w,¢xw,ﬁ})
1 *
|Q|//< ”aﬁ+uﬁa)+¢ayﬁ+2wawlg> Uap(x,y) dx dy

1 *
_I_@ /() A) (z(u“/ﬁ + u/gllx) ~|— ¢D‘1yﬁ + zw,aw,ﬁ>/vaﬁ(x/y) dx dy - <utX/ PIX>L2
Usirelf {—((Ua)aﬁl Ma5>L2 =+ Gl((US)txﬁ)}

+wew”< >{< wpr Map L2+|o|// x) Qu(x,y) dx dy — <w,P>L2}

L o)
+ inf {|Q|//< uaﬁ+u’3a)+¢lxy‘3 ;(Uz)a(xry)(UZ)ﬁ(x/y))

(v2,{11a}) EYa x WA (QR?)

v

X3 (xy) dxdy — Gua, Pz + ey @) Quty) dx dy}
> —Gi(M) — m /Q/Q(v“ﬁ) Qu Qp dx dy — m /Q/QH“/“P‘UWUAH dx dy, (25)
Vuel, (M,Q) € C*,v = {v,s} € A" where A* = A7 N A; N B,

A7 = {{oip} €Y7+ (vjp)y, =0, inQ},

* * * 1 *
A2 = {{leﬁ} (S Yl . @ (/Q leﬁ dy)
X

= {{vipt €Y7 {oip(x,y)} is positive definite in O x O f.

+ P, =0, inQ},
B

and

Xa

C*:{(M,Q)GY§XY2* : M“ﬁ,ﬂéﬁ<‘/ﬂQD¢dy> —P=0, inQ}.

(i) = (o}

{Ha‘[%/\y } = {HIX‘B/\‘M }

Also

and

in an appropriate tensor sense.
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Here it is worth highlighting we have denoted,
Gi(M) = sup {{(v3)ap, Map);2 — G1(v3)}
U3€Y3
1 [ —
= 3 /Q hzxﬁ)\yMa,BM/\y dx, (26)
where we recall that
{haprn} = {haprn}
in an appropriate tensorial sense.
Summarizing, defining J* : C* x A* — Rby
* * * 1 %
F(MQ") = ~GiM) g [ [ (075) Qe Qp dxdy
1 T * *
7@/0/01_1"‘/5”0"‘/502‘” dx dy, (27)

we have got

lnf ](M) Z Sup ]*((M/Q)/U*)
et ((M,Q),0*)eC* x A*

Remark 5.1. This last dual functional is concave and such a concerning inequality corresponds a duality
principle for the relaxed primal formulation.

We emphasize such results are extensions and in some sense complement the original duality principles in
the works of Telega and Bielski, [1-3].

Moreover, if ((Mo, Qo),v;) € C* x A* is such that

6] ((Mo, Qo), vp) = 0,

it is a well known result from the Legendre transform proprieties that the corresponding (uo, ¢o) € V x Vi such
that

(WO),zxﬁ = EDC,B/\# (MO)/\]U

and

(08)ap = Hﬂﬁ)\((uo)w 72L (10) 0 N (P0) Ay, ;L (90) N ;(UZO)A(UZO)y>/

(US)rxﬁ,yﬁ =0,

is also such that
5]1 (uOI 4)0) =0

and

J1(uo, o) = J*((Mo, Qo), vp)-

From this and

infJ) = inf hwe)>  sp  J(MQ),0),
ueV (u,p)eVxVy ((M,Q),v*)€C* x A*


https://doi.org/10.20944/preprints202302.0051.v91

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 July 2024

19 of 302
we obtain

= i f
J1 (o, o) (u,fp)lngl Ji(u, )

= sup J¥((M,Q),v")

((M,Q),v*)eC*x A*
= J*((Mo, Qo) vg)
= InfJ(u). (28)

Also, from the modern calculus of variations theory, there exists a sequence {u,} C V such that

uy — ug, weakly in'V,

and
J(un) = J1(uo, ¢0) = inf J(u).
ucV
From this and the Ekeland variational principle, there exists {v,} C V such that
[un = onllv < 1/n,
J(vn) < inf J(u) +1/n,
uev
and
6] (vn) |l < 1/n, ¥n €N,
so that
vy — ug, weakly in'V,
and

J(vn) = J1(uo, ¢o) = 32{/](“)-

Assume now we are dealing with a finite dimensional version of such a model, in a finite elements of finite
differences context, for example.
In such a case we have
v, — ug, strongly in RN

for an appropriate N € N.
From continuity we obtain

8] (vn) — 8] (1) = 0,
J(@n) = ] (uo)-

Summarizing, we have got

J(up) = inf J(u),

ueVv
6] (ug) = 0.

Here we highlight such last results are valid just for this finite-dimensional model version.

6. A Duality Principle for a Related Relaxed Formulation Concerning the Vectorial Approach in
the Calculus of Variations

In this section we develop a duality principle for a related vectorial model in the calculus of
variations.

Let 3 C R” be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 02 =T.

d0i:10.20944/preprints202302.0051.v91
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For 1 < p < 400, consider a functional | : V — R where

J(u) = G(Vu) + F(u) = (u, f)12,

where
V= {u c WLP(Q;]RN) DU =ugon BQ},

ug € CL(Q;RN) and f € L2(Q;RN).
We assume G : Y — Rand F : V — R are Fréchet differentiable and F is also convex.
Also

G(Vu) = /Qg(Vu) dx,

where ¢ : RN*" — R it is supposed to be Fréchet differentiable. Here we have denoted Y =
LP(Q; RN>m),
We define also J; : V x Y7 — R by
I, @) = G1(Vu+ Vy) + F(u) = (u, f)12,

where
Y; = W (Q x O;RY)

and

1
Gi(Vu+Vy¢) = al /Q /Qg(Vu(x) + Vyp(x,y)) dx dy.
Moreover, we define the relaxed functional J : V — R by
= i f
() = inf Ji(9),

where
Vo={¢peY: : ¢(x,y) =0, onQ x 9O}

Now observe that

B(w9) = Gi(Vurt Vi) +F(w) — G f)
- —|10|/Q/Qv*(x,y)~(Vu+Vy4>(x,y))dydx+G1(Vu+Vy4>)
+|10|/Q/Qv*(x,y)-(w+vy¢(x,y))dydx+P(u)—<u,f>Lz
inf{—@/g/ﬂv*(x,y).v(x,y) dydx—l—Gl(v)}

0eYs
(v,¢)ig£xvo{|(1)| /Q /Qv*(x,y) (Vu+Vyp(x,y)) dy dx + F(u) — <u/f>L2}
= i)~ F (diws (i [ m) ) +5)

1 x
+@ o (/Qv (x,y) dy) ® nug drT, (29)

v

+

V(u,¢p) € Vx Vy,v* € A*, where

A*={v"eY; : div,o*(x,y) =0, inO}.
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Here we have denoted

Gj(v*) = sup{@/ﬂ/ﬂv*(x,y) co(x,y) dy dx — Gl(v)},

veEY)
where Y, = LP(Q x O; RN*"), Y5 = L1(Q x (; RN*"), and where

S
P 9

Furthermore, for v* € A*, we have

F* (divx (|;)|/Qv*(x,y) dy) —|—f> - |10| o </Q v*(x,y) dy) ® nug dT

1 *
B <v,¢§1§5w0{_|0| /a /o” (x,y) - (Vu+ Vyp(x,y)) dy dx — F(u) + <u,f>Lz}, (30)

Therefore, denoting J5 : Y5 — R by

J5(v*) = —Gj (v*) — F* (divx (/Q v (x,y) dy) —l—f) + |10| /aa (/Q v*(x,y) dy) ®nug dr,

we have got

inf Jo(u) > sup J5(0%).
uev v*EA*

Finally, we highlight such a dual functional J; is convex (in fact concave).

6.1. An Example in Finite Elasticity
In this section we develop an application of results obtained in the last section to a model in
non-linear elasticity.

Let O C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by o).

Concerning a standard model in non-linear elasticity, consider a functional | : V — R where

J(u)
1 uiitui; 1 U +ui; 1
- 3 /Q Hijg <11211 n zum’ium’j> (211 n Zum,kumll) dx
—(ui, fi) 2 (31)

where f € L>((;R3) and V = Wg’z(Q;R3).

Here {Hijkl} is a fourth-order and positive definite symmetric tensor (in an appropriate standard
sense). Moreover, u = (u1,up,u3) € V is a field of displacements resulting from the f load field action
on the volume comprised by Q).

At this point, we define the functional J; : V x V; — R, where

J1(u, ¢)
1 uij+uji  Piy + Py 1
= 2|Q|/Q/0Hijkl( >t > E(um,i+¢m,yi)(um,j+¢m,y]-)
ug tupg  Pry, TP 1
(B PO 2P 2 s g s+ i) )

—(ui, fi) 2, (32)
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where
Vi={pcW2Qx %R : ¢ =00nQ xo0}.

We define also the quasi-convex envelop of |, denoted by Q; : V — R, as

Qj(u) = inf J1(u,¢).

peV;
It is a well known result from the modern calculus of variations theory (please see [18] for details),
that
f = inf
inf J(u) = inf Q;(u).
Observe now that, denoting Y1 = Y; = L2(Q x O;R%), Yo = Y5 = L?(Q x (;R3), and
uij+uji Py Ty 1
G1< ij . iy T > + z(um/l-—|—4)m’yi>(um,j+47m,yj)>

1 uij+upi Pyt Py 1
= Hip | L~ (i Y (it .

ugl + i Py, TP
><( k1 : Lk | Thy 5 Yk +2(“mk+¢7ﬂyk)(umll+¢m'y1)> dx dy (33)

we have that

J1(u, ¢)

uijtui Py TPy 1
— G1< b > Iy > + Z(Mm,i+¢m,yi)(“m,j+¢m/y/)> — (ui, fi)2

1 uiitup; Py TPy 1
— _!Q|/Q/Q( ”2 L 12 +z(um,l-+4>m,yi)(um,j+¢m,yj))aijdxdy

uiit+up; Py Py 1
+G1( L] 5 ]t + ] 5 + 2<Mm,l‘+(Pm,yi)(um’]'+4)m,yj))

1 uijtuji Pyt Py 1
+|Q|/Q/Q( S ST b ) s+ Piny) ) dy — (g, i)

. 1
> vlglﬁl{_W/(),/()vijUij dxdy—Gl({vij})}
+v;2{/1{_|0/ /(vz)ij Qjj dx dy+|Q|/Q/Q<aij 2((vz)mi(vz)mj)> dx dy}
wij+ i Piy +¢j/]/i> }
dx dy — (u;, f;
u¢ erV1{|Q| / / Ql] < 2 + 2 x dy — (ui, fi) 12
>

_m /Q /Q Hijkl ij Okl dx dy

1 _
~210] /0 /Q ij Qmi Quk dx dy, (34)
V(u,¢) € VxVy,(0,Q) € A*, where A* = AT NA;NAS,

AT ={(0,Q) e i X Y] : 0yy, + Qijy; =0, in QA x O}

AEZ{(U,Q)GY{‘fo : |1|(/Q((Tij) dy) + |(1)|</ (Qu)dy) +fi=0, inQ},

Xj
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A3 ={(0,Q) € Y] x Y] : {0y} is positive definite in O x Q}.

Hence, denoting

* 1 + 1 _
I(U,Q)Z*m/n/ﬂHijkl Tij O dXdy*m/Q/QUij Qmi Qui dx dy,

we have obtained

inf J(u) > sup J(c,Q).
ueV (U’,Q)GA*

Remark 6.1. This last dual functional is concave and such a concerning inequality corresponds a duality
principle for the relaxed primal formulation.

We emphasize again such results are also extensions and in some sense complement the original duality
principles in the works of Telega and Bielski, [1-3].

Moreover, if (09, Qo) € A* is such that

0J* (00, Qo) =0,

it is a well known result from the Legendre transform proprieties that the corresponding (ug, ¢o) € V x Vi such

that

up+ug | Pry T, 1
(00)ij = Hijkl( 2 + 2 % 4+ E(um,k + Pmyi) (Umg + Py, )

and
(Q0)ij = (00)im(v2y)mjs
is also such that
6J1(uo,¢0) =0

and
J1 (o, o) = T* (0, Qo)-
From this and
inf J(u) = inf u,¢) > *(o,Q),
l}lélV]( ) (u,(p)lngVl I ) 2 (;;54*] (@Q)
we obtain
, = inf u,
J1(uo, ¢o) (u,gb)lngVl J1(u, ¢)
= sup J'(0,Q)
(0,Q)eA*
= J"(00,Qo)
= Infj(u). (35)
Also, from the modern calculus of variations theory, there exists a sequence {u,} C V such that
uy — ug, weakly in 'V,
and

J(un) = Ji(uo, o) = inf J(u).
ueVv
From this and the Ekeland variational principle, there exists {v,} C V such that

|un —vully < 1/n,

d0i:10.20944/preprints202302.0051.v91
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J(on) < inf J()+1/n,

and
6] (vn)|lve <1/n, Vn €N,
so that
vy — ug, weakly in 'V,
and

J(0n) = Ji(uo, ¢o) = L}Iel‘f/](”)-

Assume now we are dealing with a finite dimensional version of such a model, in a finite elements of finite
differences context, for example.
In such a case we have
v, — g, strongly in RN

for an appropriate N € N.
From continuity we obtain

6] (on) = 6](uo) = 0,
J(wn) = ] (uo)-

Summarizing, we have got

J(uo) = inf J(u),

ueV
5](1/1()) =0.

Here we highlight such last results are valid just for this finite-dimensional model version.

7. An Exact Convex Dual Variational Formulation for a Non-Convex Primal One

In this section we develop a convex dual variational formulation suitable to compute a critical
point for the corresponding primal one.

Let O C R? be an open, bounded, connected set with a regular (Lipschitzian) boundary denoted
by 0Q).

Consider a functional | : V — R where

J(u) = F(uy, ”y) —u, f)r2,

V =W,*(Q) and f € L2(Q).
Here we denote Y = Y* = L2(Q)) and Y; = Y{ = L[*(Q) x L?(Q)).

Defining
Vlz{uEV : ||u 1,00§K1}
for some appropriate K; > 0, suppose also F is twice Fréchet differentiable and
O°F(uy, uy)
det{ 00107, 70,
Yu € Vj.

Definenow F; : V =+ Rand F, : V — Rby

— € 2 € 2
Fy(ux,uy) = F(uy, uy) + 5 /Q uy dx + 5 /Quy dx,

and . .
Fy ity 1) = E/Qui dx+§/0u§ dx,

d0i:10.20944/preprints202302.0051.v91
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where here we denote dx = dxdx,.
Moreover, we define the respective Legendre transform functionals Fj and F; as
F (0") = (01,07) 2 + (v2,03) 12 — F1(v1,02),
where v1,v, € Y are such that
o — 9fi(01,02)
1 avl !
x 8P1 ('01, "02)
27 75 ’
2
and
F;(0") = (01,01 + fi)2 + (v2,03) 12 — F2(v1,02),
where v1,v, € Y are such that
0F(v1,02)
* —
Ul +f1 - 801 s
of = aPz(Zil, ”02)
2 avz ’
Here f; is any function such that
(fl)x = f, in Q.
Furthermore, we define
J'(0") = —F{@©")+F(@")
1 2 1 2
_ _p;(m)Jri/Q(val) dx+£/0(v§) dx. (36)

Observe that through the target conditions
vl + f1 = ey,

vy = ey,

we may obtain the compatibility condition

(01 + fi)y — (v2)x = 0.

Define now
A* = {v* = (v],v3) € B,(0,0) C Y] : (v] +f1)y —(v3)x =0, in Q},

for some appropriate r > 0 such that [* is convex in B, (0, 0).

Consider the problem of minimizing J* subject to v* € A*.

Assuming r > 0 is large enough so that the restriction in r is not active, at this point we define the
associated Lagrangian

Ji(@ @) =T (") + (¢, (01 + fly — (02)x)12,

where ¢ is an appropriate Lagrange multiplier.
Therefore

R = ~FE)+ o [ @+ AP dxs o [ (02 ax
e, (05 + 1)y - @) @)
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The optimal point in question will be a solution of the corresponding Euler-Lagrange equations
for J;.
From the variation of J{ in v] we obtain

COR) vitf dp

* (38)
Jv] € ay
From the variation of ] in v; we obtain
L G S (39)
vy e Ox
From the variation of ] in ¢ we have
(01 + f)y — (v2)x = 0.
From this last equation, we may obtain u € V such that
vl + f = euy,
and
vy = Elly.
From this and the previous extremal equations indicated we have
aF* *
_ 71 (f ) Uy — 874) = O,
v} ay
and oF; (v) 2
_9nt 9% _
303 Uy + o 0.
so that oF, )
* o Uy — @y, Uy + Px
U1 +f - avl ’
and
. OB (ux — @y uy + 9x)
Uy = .
avz
From this and Equations (38) and (39) we have
(81—"1*(0*)) (81—"1*(0*))
—€ * —¢€ *
] /. vy y
+(UT +f1)x + (Uﬁ)y
= —€lUyy — €Uy + (0] )x + (v3)y + f = 0. (40)
Replacing the expressions of v} and v into this last equation, we have
aFl(ux - Goy,uy‘f‘(/)x) aFl(”x _(I’y/uy+(Px)
_suxx_su]/]/+ < avl >x+ ( avZ )y+f_0’
so that
(aF(”" ~ Pylty ¥ (P")> + (aF(”" ~ Pyt ¥ m) =0, inQ. 1)
01 X 00, y

Observe that if
Vip=0
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then there exists # such that u and ¢ are also such that

ux_(l)y:ﬁx

and
uy + ng = uAy.
The boundary conditions for ¢ must be such that 7 € W&’z.
From this and Equation (41) we obtain
o] (i) = 0.

Summarizing, we may obtain a solution 7 € W&’z of equation 6] (1) = 0 by minimizing J* on A*.

Finally, observe that clearly [* is convex in an appropriate large ball B, (0,0) for some appropriate
r>0

8. Another Primal Dual Formulation for a Related Model

Let O C R® be an open, bounded and connected set with a regular boundary denoted by 9Q).
Consider the functional | : V — R where

J(u) = %/QVqudx—l—%/Q(uz—[S)zdx
—(u, f)12, (42)

«>0,B>0,7>0,V=W>Q)and f € L*(Q).
Denoting Y = Y* = L?(Q), definenow J; : V x Y* — Rby

Ji(u,v5) = —%/QVM-Vudx—Wz,vS)Lz
K
2 Jo

1 *\2 *
o [ @) dx+p [ o5 ax, (43)

+ (—yV2u+205u — £)? dx + (u, f);2

Define also
AT={ueV :uf>0 ae inQ},

Vo={ueV : |ul|lo <Kz},

and
Vi=WnN AT

for some appropriate K3 > 0 to be specified.
Moreover define
B ={og € Y" : [loglleo < K}

for some appropriate K > 0 to be specified.

Observe that, denoting
¢ = —yV2u+205u — f
we have 5 ( )
o7 i (u, v 1 2
————=" =~ 4+4K
9(vg)? g T
82]1*(11, v5)

32 =V2 - 205 + Ki(—yV? + 27}6)2
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and
I (u,v5)

_ 72 * _
230, =Ki1(2¢ 4+ 2(—yV u +2v5u)) — 2u

so that

det{6?J; (u,v5)}
i (wop) 2 (u,05) <a2]f(u,v;;)>2

o(v})? ou? ouov;

Ki(—yV2+205)% V24205 + dau?
® B o
—4K3¢? — 8K1p(—yV? + 20%)u + 8Ky pu
4Ky (—yV2u + 205 u)u. (44)

Observe now that a critical point ¢ = 0 and (—yV?u + 205u)u = fu > 0in Q.
Therefore, for an appropriate large K; > 0, also at a critical point, we have

det{0?Jf (u,v5)}

2 _ 2 2 *\2
— 4K1fu_5]T(u)+Klw > 0. (45)

Remark 8.1. From this last equation we may observe that J{ has a large region of convexity about any critical
point (ug, 0), that is, there exists a large r > 0 such that | is convex on B, (ug, 03).

With such results in mind, we may easily prove the following theorem.
Theorem 8.2. Assume Ky > max{1, K, K3} and suppose (ug, 03) € V4 x B* is such that
0J7 (ug, 05) = 0.

Under such hypotheses, there exists r > 0 such that J{ is convex in E* = B(uo,9;) N (V4 x B¥),

6] (ug) =0,
and
—J(uo) = Ji(uo, 09) = inf  Ji(u,vp).
(u,0f)E€E*

9. A Third Primal Dual Formulation for a Related Model

Let Q C R3 be an open, bounded and connected set with a regular boundary denoted by 9Q.
Consider the functional | : V — R where

J(u) = %/{)Vu-Vudx—k%/Q(uz—ﬁ)zdx
—(u, )2, (46)

«>0,B>0,7>0,V=W>2Q)and f € [3(Q).
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Denoting Y = Y* = L?(Q), definenow J; : V x Y* x Y* — Rby

* x % _ z . 1 2
Ji(u,v5,07) = Z/QVu Vudx—I—Z/QKu dx
S (01)?
_<M101>L2+§A) (_208+K) dx
1 02 a2
e Jo@ a2 =) dxt

—% /0(276)2 dx—ﬁ/ﬂvé dx, (47)

where ¢ > 0 is a small real constant.
Define also
AT={ueV :uf>0 ae inQ},

Vo={ueV : ||ulls <Kz},

and
Vi=WmnNnAT

for some appropriate K3 > 0 to be specified.
Moreover define
B' = {05 € Y* ¢ [0}l < Ku}

and
D* ={v] € Y" : [jo]| < K5},

for some appropriate real constants K4, K5 > 0 to be specified.

Remark 9.1. Define now
Hy(u,08) = —yV? + 20§ + 4au?

For an appropriate function (or, in a more general fashion, an appropriate bounded operator) M, define
Bf ={vy € B" : 2v5+ M > €1},

for some small parameter g1 > 0.

Moreover, define
E*={ueVy : Via|u| > /|My +yV?2|.

Since for (u, US) € Vi x Bf we have u f > 0, in (), so that for uy, up € Vi we have
sign (uy) = sign (up) in Q,

we may infer that E* is a convex set.
Moreover if (u,v§) € E* x B}, then

Vaalu| > /My + V2|

dau? > My + 'yVZ

so that

and
205+ M1 > &
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so that
Hy(u,08) = —yV? +20) + 4au® > e;.
Such a result we will be used many times in the next sections.
Observe that, defining
9 =05 —a(u?—p)
we may obtain
9%J; (u, v, v5) « «
LV — AV K ——du? -2
du? Ve +1x—|—su Pate
Pliwog o) 1
9(vr)2 205 +K
and
L (n,05,0) _
0udv}
so that
9J; (u,05,0})
det{ 0udvy
2
(o) P (woi05) (9 (,01,05)
9(v7)? Ju? ouov;
2
_ —yV2 4205 —|—4ﬂf‘—+€u2 — 2559
—2v5+K
= H(u,v)). (48)

However, at a critical point, we have ¢ = 0 so that, for a fixed vj € B* we define the non-active
but convex restriction

(C)yy ={ueVi: (9 <e},

for a small parameter ¢ > 0.
From such results, assuming K >> max{K3, K4, K5}, and 0 < ¢ < &1 < 1, we have that

H(u,vy) >0,

forvj € B andu € E* N (Cl)ZS'
With such results in mind, we may easily prove the following theorem.

Theorem 9.2. Suppose (ug, 07,05) € (E*N (Cl);gg) x D* x Bj is such that
05 (uo,93,05) = 0.

Under such hypotheses, we have that
6] (ug) =0

and
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u = inf u
J (uo) ue?cnzg J(u)
= Ji(u0,91,9;)
= inf sup Ji(u,07,05)
(u,v;)e(cl)géxp*{USGE* AP0 }
= sup inf Ji(u,07,05) ¢- (49)

USGB* (u,UT)G(Cl);a x D*

Proof. The proof that
6] (ug) =0
and
J(uo) = Ji (10,91, )
may be easily made similarly as in the previous sections.
Moreover, observe that for K > 0 sufficiently large, we have
aZ * , A*, *
)i (uo. 01, %) _ 0, Voj € B*
9(v5)?

so that this and the other hypotheses, we have also

“(ug,07,05) = inf “(u, 05,04
Ji (uo, 97, 9p) (u,vf)e(cl);*xD*h( /01, 0p)
0

and
Ji (uo, 97,99) = sup Ji (o, 07, p)-
vy EB*
From this, from a standard saddle point theorem and the remaining hypotheses, we may infer
that

J(uo) = Ji(uo,07,9p)

inf { sup Ji(u, vi‘,vS)}

(u,vi‘)G(Cl)gs x D* B

= su inf i (u,08,08) b 50)
USEII;* (u,v{)e(cl);;éxD* 1 1-90
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Moreover, observe that

“(ug, 0%,05) = inf “(u, v, 0
Ji (uo, 97, 9p) (u,vT)E(Cl)Z*XD*h< /01, 0p)
0

z/ Vu~Vudx+5/ u? dx
2 Ja 2 Ja

ok K
+<u2,vo)Lz—E/Qu2 dx

1 A%\ 2 ok
—ﬂ/n(vo) dx ﬁ/ﬂvodx

2(“18) /0(173 —a(u? — ﬁ))2 dx — (u, f) 2

sup {g/QVu-Vu dx + (u?,v})

vpEY*
—%/0(03)2 dx—ﬁ/nvé dx
S ol =802 =) dr = () |

= %/QVqudx—i—%/Q(uz—‘B)zdx
~{u, fhiz, V€ (1) o)

IN

IN

Summarizing, we have got

J(uo) = Ji(uo,07,05) < inf  J(u).
uE(Cl)ZS

From such results, we may infer that

J(up) = inf J(u)

”e(cl),%
= Ji(uo, 07, 0p)

— inf { sup J;(u, vi‘,vé)}

(u,zzi‘)e(Cl);f]6 x D* 5B

*
0,

= sup{ in mu,vr,vm}. 52)

vgeB | (1o1)E€(Cr)5 XD
The proof is complete. [

10. An Algorithm for a Related Model in Shape Optimization

The next two subsections have been previously published by Fabio Silva Botelho and Alexandre
Molter in [8], Chapter 21.

10.1. Introduction

Consider an elastic solid which the volume corresponds to an open, bounded, connected set,
denoted by Q C R3 with a regular (Lipschitzian) boundary denoted by 9Q = To UT; where Ty N T; = @.
Consider also the problem of minimizing the functional | : U x B — R where

X 1 1 "
J(u,t) = 5w, fi) 2 () + 5 i fid 12 r)

d0i:10.20944/preprints202302.0051.v91
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subject to
(Hijp (t)ew (1)) + fi = 0in Q,
(53)
Hijkl(t)ekl(u)nj - fl = 0/ on rt: Vi e {1/ 2/3}

Here n = (19,12, n3) denotes the outward normal to 0Q) and

U = {u=(uy,upuz) € WAHQR3) : u=(0,0,00=00nTp},

B= {t : 3 — [0, 1] measurable : / f(x) dx = t1|0|},
o)

where
0<th <1

and |Q)| denotes the Lebesgue measure of Q.

Moreover u = (uy,up, u3) € W 2(Q; R3) is the field of displacements relating the cartesian system
(0, x1, x2, x3), resulting from the action of the external loads f € L?((Q); R3) and f € L2(T;R3).

We also define the stress tensor {0j;} € Y* =Y = L?((; R¥*3), by

0ij(u) = Hija (t)e (u),

and the strain tensor e : U — L2(Q; R3*3) by

1 .
eij(u) = 5 (wij+uj), Vi j €{1,2,3}.

Finally,
{Hiju(t)} = {tHj, + (1 = ) Hj},

where H corresponds to a strong material and H' to a very soft material, intending to simulate voids
along the solid structure.

The variable ¢ is the design one, which the optimal distribution values along the structure are
intended to minimize its inner work with a volume restriction indicated through the set B.

The duality principle obtained is developed inspired by the works in [1,2]. Similar theoretical
results have been developed in [7], however we believe the proof here presented, which is based on
the min-max theorem is easier to follow (indeed we thank an anonymous referee for his suggestion
about applying the min-max theorem to complete the proof). We highlight throughout this text we
have used the standard Einstein sum convention of repeated indices.

Moreover, details on the Sobolev spaces addressed may be found in [6]. In addition, the primal
variational development of the topology optimization problem has been described in [7].

The main contributions of this work are to present the detailed development, through duality
theory, for such a kind of optimization problems. We emphasize that to avoid the check-board standard
and obtain appropriate robust optimized structures without the use of filters, it is necessary to discretize
more in the load direction, in which the displacements are much larger.

10.2. Mathematical Formulation of the Topology Optimization Problem

Our mathematical topology optimization problem is summarized by the following theorem.

Theorem 10.1. Consider the statements and assumptions indicated in the last section, in particular those
refereing to Q) and the functional | : U x B — R.
Define ] : U x B — Rby

]1(”/t) = _G(e(”)/t) + <ui/fi>L2(Q) + <ui/ﬁ'>L2(rt)/
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where .
Gle(u),t) = 5 [ Hyu(t)ey(w)en(w) dx,
and where
dx = dx1dxdxs.
Define also J* : U — R by
J*(u) = inf{J1(u,t)}
teB
= Inf{—Gle(u), t) + (ui, fi) o) + (i fi) 2y - (54)
Assume there exists ¢y, c1 > 0 such that
Hz(‘)jklzijzkl > C0ZijZij
and
Hiljklzz-]-zkl > c1zijzij, Vz = {z;j} € R3*3, such that z # 0.
Finally, define ] : U x B — R U {+oo} by
J(u,t) = J(u,t) + Ind(u,t),
where
)0 if (u,t) € A%,
Ind(u, t) = { +o00, otherwise, (55)
where A* = A1 N Ay,
Ay ={(u,t) eUxB : (;i(u)),;+ fi=0,inQ, Vie {1,2,3}}
and
Ay ={(ut) €U x B : oz(u)n;— f; =0, on T}, Vi € {1,2,3}}.
Under such hypotheses, there exists (g, tg) € U X B such that
,t = inf St
J (10, to) (u,t)lgLIxB](u )
= sup /(1)
ael
= J*(uo)
f(u(]/ t(])
= inf  G*(o,t)
(to)eBxC*
= G*(O'(Llo),to), (56)
where
G*(o,t) = sup{(vij, 0ij) 120) — G(v, 1)}
veY
1 —
= 3 /Q Hijp (t)0ijon dx, (57)

{Hia(t)} = {Hya(t)} !
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and C* = C1 N Cy, where
C = {0’ cY* : Uij,j+fi =0,inQ), Vie {1,2,3}}
and
C = {0’ ey : oijn; *fi =0,only Vie {1,2,3}}.
Proof. Observe that
it 0D = ot e f>}
= {ueu inf / Hiji (t)eij (u)ex (1) dx
’2 Hl]kl( )ekl( )) +fl>
—(fi, Hijra () ex (u)nj — fi>L2(1"t)}}}
. ) 1
= ?25{225{5251{2/ Hijr (t)eij(u)ex (1) dx
/ Hijp (t)eij () ex (u) dx
+ (i, fi)12(0) + <uirfi>L2(l"t)}}}
= ;gg{ilelg{ /QHijkz(f)eij(ﬁ)ekl(ﬁ) dx
(@, fid 12y + (i, fi) 12ry }}
= inf? inf G* .
gm0} )
Also, from this and the min-max theorem, there exist (1, fg) € U x B such that
inf )y = f t
iyt 1) %Qg{i‘ggfl(“ >}
= sup{lnf J1(u, t)}
uelr L€B
= Ji(uo, to)
= o)
= J"(uo). (59)

Finally, from the extremal necessary condition

9]1(uo, to)

ou =0
we obtain
(Hijw (to)ew (0)) j + fi = 0in Q,
and
Hij(to)ew (uo)nj — fi = 0onTy, Vi € {1,2,3},
so that

—_

Gle(wo)) = 5 {(0)i bz + 5 (0N Frary
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Hence (ug, ty) € A* so that Ind(ug, tp) = 0 and o (up) € C*.
Moreover

J*(uo) = —Gle(uo)) + {(u0)i fi)2(0) + ((40)i fi) 21
= G(e(uo))
G(e(ug)) + Ind(ug, tg)
J (uo, to)
= G"(o(uo), to)- (60)

This completes the proof. [

10.3. About a Concerning Algorithm and Related Numerical Method

For numerically solve this optimization problem in question, we present the following algorithm

1. Sett; =05inQand n = 1.
2. Calculate u, € U such that

J1(tn, tn) = sup J1(u, ty).
ueld

3. Calculate t,,11 € B such that
Ji(un, typ1) = tlgg J1(un, t).

4. If ||tys1 — tulleo < 107% or n > 100 then stop, else set 1 := n + 1 and go to item 2.
We have developed a software in finite differences for solving such a problem.

Here the software.

1. clear all
global Pm8 d w u v Ea Eb Lo d1 z1 m9 dul du2 dv1 dv2 c3
m8=27;
m9=24;
¢3=0.95;
d=1.0/mS8;
d1=0.5/m9;
Ea=210 % 10°; (stronger material)
Eb=1000; (softer material simulating voids)
w=0.30;
P=-42000000;
z1=(m8-1)*(m9-1);
A3=zeros(z1,z1);
for i=1:z1
A3(1,i)=1.0;
end;
b=zeros(z1,1);
1u0=0.000001*ones(z1,1);

ul=ones(z1,1);
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b(1,1)=c3*z1;

for i=1:m9-1

for j=1:m8-1

Lo(i,j)=c3;

end; end;

for i=1:z1

x1(i)=c3*z1;

end;

for i=1:2*m8*m9
x0(i)=0.000;

end;

XW=XO0;

xv=Lo;

for k2=1:24

c3=0.98*c3;

b(1,1)=c3%*z1;

k2

b14=1.0;

k3=0;

while (b14 > 1073?) and (k3 < 5)
k3=k3+1;

b12=1.0;

k=0;

while (b12 > 10~49) and (k < 120)
k=k+1;

k2

k3

k
X=fminunc(’funbeam’,xo);
x0=X;
b12=max(abs(xw-x0));
xw=X;

end;

for i=1:m9-1

for j=1:m8-1

El = Lo(i,j)? * (Ea — Eb);
ex=dul(ij);

ey=dv2(ij);
exy=1/2*(dv1(ij)+du2(i;));

: 11 July 2024
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Sx = E1x (ex +wxey)/(1 —w?);
Sy = E1x (wxex+ey)/(1 —w?);
Sxy=E1/(2*(1+w))*exy;
dc3(i,j)=-(Sx*ex+Sy*ey+2*Sxy*exy);
end;

end;

for i=1:m9-1

for j=1:m8-1
£(j+(i-1)*(m8-1))=dc3 (i)

end;

end;

for k1=1:1

k1

X1=linprog(f,[ ],[ ],A3,b,uo,ul,x1);
x1=X1;

end;

for i=1:m9-1

for j=1:m8-1
Lo(i,)=X1(+(m8-1)*(i-1);

end;

end;

bl4=max(max(abs(Lo-xv)))
xv=Lo;

colormap(gray); imagesc(-Lo); axis equal; axis tight; axis off;pause(le-6)
end;

end;

B R R R ]

Here the auxiliary Function "funbeam’

function S=funbeam(x)
global P m8 d w u v Ea Eb Lo d1 m9 dul du2 dv1 dv2
for i=1:m9
forj=1:m8
u(i)=x(+(m)*(i-1);
v(i,j)=x(M8*m9+(i-1)*m8+j);
end;
end;
for i=1:m9
end;
u(m9-1,1)=0;
v(m9-1,1)=0;
u(m9-1,m8-1)=0;
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v(m9-1,m8-1)=0;

for i=1:m9-1

for j=1:m8-1
dul(i))=(u(ij+1)-u(i})/d;
du2(i,j)=(u(i+1,)-u(i)) /d1;
AV1(j)=(v(i,j+1)v(i)/d;
dv2(i))=(v(i+1))-v(i,)/d1;

end;

end;

S=0;

for i=1:m9-1

for j=1:m8-1

El = Lo(i,j)® * Ea+ (1 — Lo(i,)3) = Eb;
ex=dul(ij);

ey=dv2(i,j);
exy=1/2*(dv1(ij)+du2(i;));

Sx =Elx(ex +w=xey)/(1—w?);
Sy = Elx (wxex +ey)/(1 —w?);
Sxy=E1/(2*(1+w))*exy;
5=5+1/2*(Sx*ex+Sy*ey+2*Sxy*exy);
end;

end;
S=5*d*d1-P*v(2,(m8)/3)*d*d1;

33 o e 4 343836 36 36 36 3 3 3 o o S8 3836 3636 3 3 3 3 o o b 3838 36 36 3 3 3 o o o S S S e e e

For a two dimensional beam of dimensions 1m x 0.5m and t; = 0.63 we have obtained the following
results:

1. Case A: For the optimal shape for a clamped beam at left (cantilever) and load P = —4 10°Nj at
(x,y) = (1,0.25), please Figure 5.

2. Case B :For the optimal shape for a simply supported beam at (0,0) and (1,0) and load P =
—410°Nj at (x,y) = (1/3,0.5), please Figure 6.

In the first case the mesh was 28 x 24. In the second one the mesh was 27 x 24
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Figure 5. Density t(x,y) for the Case A.

Figure 6. Density t(x,y) for the Case B.

11. A Duality Principle for a General Vectorial Case in the Calculus of Variations

In this section we develop a duality principle for a general vectorial case in variational optimization.
Let O C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 0Q). Let ] : V — R be a functional where
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J(u) = G(Vuy, -, Vun) = (u, f)rz,
where
V =W, (RY)
and
f = (flr' e lfN) € LZ(Q;RN)‘
Here we have denoted u = (uq,- -+ ,uy) € V and
(u, )iz = (ui, fi) 12,
so that we may also denote
J(u) = G(Vu) = (u, f)2
Assume
G(Vu) = /Qg(Vu) dx
where ¢ : R3N — R is a differentiable function such that
8(y) = +oo
as |y| — oo. Moreover, suppose there exists « € R such that
o g 100,
It is well known that
« = inf J(u)
-
= inf{(GoV)™(u) = (u f)r2}. (61)
ucV
Under some mild hypotheses, from convexity, we have that
inf {(Go V)™ (u) = (u, f)r2}
uev
= sup {—=(Go V) (—divv’)} = —(Go V)*(f), (62)

v*EA*

where
A*={v* e Y =Y" = 2(;RN) : divo* + f = 0}.

Now observe that the restriction v = Vu for some u € V is equivalent to the restriction

curlv; =0, in Q)
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where v = {v;} = {vij}?zl, Vie {1,---,N}, with appropriate boundary conditions, so that with an
appropriate Lagrange multiplier ¢ = {¢;}, we obtain

(GoV)*(—divv*) = sup{(u, —divov*);» — G(Vu)}

ueV
= sup{(Vu,v*);2 — G(Vu)}
ueV
< inf <¢sup{(v,0");2 — G(v) + (¢, curl v);2
PEY | ey
= inf G*(¢v* 14). 63
4;121/* (v* + curl ¢) (63)

where we have denoted
curl v = {curl v;}

and

curl ¢ = {curl ¢;}.

Joining the pieces, we have got

infj(u) = inf{G(VH) ~ (u.f)12)
> sup {—G"(v" +curl¢)}, (64)
(0% ) EA* X Y*

where we recall that Y = Y* = L2((); R3N).
We emphasize such a dual formulation in (v*, ¢) is convex (in fact concave).

12. A Note on the Galerkin Functional

Let O C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by o).
Consider the functional | : V — R where

- : Sl
J(u) = Z/QVu Vudx+4/0u dx

—g /Q W2 dx — (u, f) 2 (65)

Here V = W&’Z(Q), >0, a>0 g>0.
We denote also
Y =Y*=L*Q).

At this point we define
AT={ueV :uf>0inQ},

Va={ueV : [lullo < Ks},
for some appropriate real constant K3 > 0 and
Vi= AtTN V5.

Observe that
J'(u) = —yV2u+au® — B —f,
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so that we define the Galerkin functional J; : V. — R by
1 1
R) = SI1@IB = 5 [ (~7V2u+au’ = pu— f)? dx.
0
From this, we get
9?J1(u) 3
o (—yVu+au” — pu — f)6au
+(—yV? +3au® — B)2. (66)

Define now
@2 = (—yV2u +au® — pu — f)éau.

At this point, for an appropriate small real constant €; > 0 and bounded constant operator
M > g1, we set the intended non-active restriction

V3alu| > /My + V2 + B,
By ={ue Vi : V3alu| > /|M; +9V2+ B|}.

Observe that since for u € V; we have u f > 0in Q) so that if 1, up € Vj then

and define

sign(u1) = sign(uy),in Q,

we may infer that By is a convex set.

Furthermore, if u € By, then
V3alu| > 4/ |My + V2 + B,

3au? > My + V2 +B,

so that

and hence
PJ(u) = =y V24 3au®> — B> M; > €1 > 0.

Observe now that 5
9“2 2 2

From such a result we may infer that

az q)z
ou?

>0, on By,

so that ¢, is convex in Bj.
For a small parameter ¢ > 0 we define the intended non-active restriction

lpa] < ¢ inQ),

and define
By ={u€ By : |2 <e¢ inQ}.

Assuming 0 < e < g1 < 1,
Summarizing, if u € B3, then
8%J1(u) > 0.
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With such results in mind, we define the following optimization problem for finding a critical
point of |.
Minimize 1 1
R = G118 = 5 [ (=79 + e’ — pu— f)? dx,
2 2 Jo
subject to
u € Bs.

Finally, we may also define the optimization problem of minimizing

J3(u) = KiJi(u)+J(u)

_ K o2 3 p 2
= 3 Q( YVu+au® — pu— f)° dx
+I/ Vu-Vudx—kﬁ/ u* dx
2 Ja 4 Jo
—g/nuz dx — (u, f)2, (67)

subject to
u € Bs.

Here K; > 0 is a large real constant.

13. A Note on the Legendre-Galerkin Functional

Let O C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by o).

Consider the functional | : V — R where
Y . Sl
J(u) = Z/QVu Vudx+4/0u dx
B
-2 /Q w2 dx — (u, f)}2 (68)

Here V = W&'Z(Q), ¥y>0,a>0 8>0.
We denote also

Y =Y* =12(Q)

and Fi: V=R, FE:V—=RandF:V — Rby

Fi(u) = %/QVu-Vu dx,

F(u) = %/Qu‘1 dx,

F(u) = g/ﬂuz dx.

Moreover, we define F, F;, F5 : Y* — R by

Ff(vi) = sgg{<u,vT>Lz—F1(u)}
1 (99)?

2 Ja —yV2 o 69)
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Fy(v2) = sup{(u,03)12 = Br(u)}
ueV
_ 3 @)~
= 1o anm dx, (70)
Fs(v3) = sup{(u,v3);2 — F(u)}
uev
_ 1 %12
= 2 /0(03) dx. (71)
Observe now that these three last suprema are attained through the equations,
oF (u) 2
*
a1 IV
oF(u) 3
*
=3, au
0F3(u)
*
BE g P
From such results, at a critical point, we obtain the following compatibility conditions
P ()/_
-2\ B B
From such relations we have By
v v
—7V2 - B ’
and 3
,U*
i5=5(3)
so that .
v
i (%)
and 3
,U*
()
Moreover, we define the functional FI :Y* = R, by
Fy(0%) = sup{{u, v + 03 —v3)12 — (u, f)12}-
uev
Therefore
0 ifo] +05 -0 — f=0,inQ
F* *) 4 1 2 3 4 ’ 72
1 (07) { 400, otherwise. (72)

Hence, a critical point of | corresponds to the solution of the following system of equations
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and
v]+v;—v3—f=0,inQ.

From this last equation we may obtain
v} =—v; +0v3+f,

so that the final equations to be solved are
—3 +v§+f+'yV2<?§’> =0

and
*

3
U;—L\C(;) =0,inQ,

u:v—3:0, on 0Q).

p

With such results in mind, we define the Legendre-Galerkin functional J* : [Y*]?> — R, where

s}

with the boundary conditions

2
o 1 . . VZU*
T (v*) = 2/()<—v2+v3+f+7ﬁ 3) dx

A (ma(3)) )

At this point, defining
vy 3
=v;—al-—=>),
o=vi=o(3)
we obtain
82]* (’0*) .
L
T (v*) < w2>2 942 (03)*
— = (-1- + +0(9),
(03 2 B R
92" (v*) _ —3ua(v})? (o %
90300 3 B )

From such results we may infer that

det<82]*<v*)> — 32]*(0*)32]*(11*)_<82]*(U*)>2

00500} o(v3)?  9(v})? 00500}
2 *)2 2
(—1 - 7; +3a(z;333) > +0O(g) (74)

Observe that a critical point ¢ = 0 so that 6>]*(v*) > 0 at a neighborhood of any critical point.
At this point we define

AT = {v* = (v3,93) € [Y*)? : %3]‘ >0, in Q},

D* = {v" = (v3,05) € V'] : o*[lw <K},
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for an appropriate real constant K > 0.
Define now E* = At N D*,
Ci={v" = (v3,05) €E" : ¢* <& inQ},

for a small real constant ¢ > 0,

CZ_{U :(02,03)613 . (-1—7‘[3"’3“(;3) ) >81}/

and
C*=CinG;.

Similarly as done in the previous section, we may prove that C* is a convex set.

Furthermore, for 0 < ¢ < ¢; < 1, we have that J* is convex on C*.

Summarizing, we may define the following convex optimization problem to obtain a critical point
of the primal functional J,

Minimize [*(v3,v3) subject to v* = (v3,v3) € C*.
We call J* the Legendre-Galerkin functional associated to J.

13.1. Numerical Examples

We have obtained numerical solutions for two one-dimensional examples.

1. Fory =1.0,a = 3.0, = 30.0, f = 10, in Q = [0,1].

For the respective solution please see Figure 7.
2. Fory=10.01,a =3.0, =300, f =10, inQ = [0,1].

For the respective solution please see Figure 8.

3.5

Figure 7. Solution u(x) = v3(x)/p for the example 1.
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3.5

251 b

Figure 8. Solution u(x) = v}(x)/p for the example 2.

14. A General Concave Dual Variational Formulation for Global Optimization

Let O C R? be an open, bounded and connected set a regular (Lipschitzian) boundary denoted
by 0Q).
Consider a functional | : V — R where

J(u) = G(u) — (u, f)2, Yu € V.

Here V = W,?(Q), f € L*(Q2) and we also denote Y = Y* = L2(QQ).
Assume there exists &« € R such that

a = inf J(u).

ueV

Furthermore, suppose G is three times Fréchet differentiable and there exists K > 0 such that

9°G(u)
ou?

+K>0VYueV.
Define now J; : V X Y — R where,
]1(“/ U) = Gl (1/[, 'U) + F(u)r

where
and

Moreover, we define the polar functionals Gj : Y* x V. — Rand F* : Y* — R, where

Gi(v*,u) = sup{(v,v");2 — Gi(u,v)}
veY

K
= —Gg (v" +Ku) + 5 / u? dx, (75)
o)
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Gg. (v* + Ku) = supq (v,0") —G(v)—E vzderE/ 0% dx
Ke _veg o 2 Ja 2 Ja ’
and
F'(=v") = sup{—(u,0")2 — F(u)}
ueV
_ l * _ \2
= 5 /Q (0" — f)? dx. (76)

At this point we define the functional [; : Y* x V — R by

K
J5 (0%, u) = —G, (0" + Ku) + / W2 dx — F*(—o").
Q
With such results in mind we define

Vi={ueV : |ul|os <Kz},

and
D*={v" €Y" : [[v"]l < Ku},

for appropriated real constants K3 > 0 and K4 > 0.
Moreover, we define also the penalized functional J5 : Y* x V — R where

2
(o) = Ji(e ) = 5 [ (0= 25 e ) e

Finally, we remark that for ¢ > 0 sufficiently small and K; > 0 sufficiently large, ] is concave in
D* x Vj around a concerning critical point. We recall that a critical point

. 0G(u)
v Ju

+eu =0, in Q.

15. A Related Restricted Problem in Phase Transition

In this section we develop a convex (in fact concave) dual variational for a model similar to those
found in phase transition problems.

Let Q = [0,1] C R. Consider the functional | : V — R where

) = %/Qmin{(u’+1)2,(u’—1)2}dx
—1—%/0142 dx — (u, f)2
_ %/O(u')z dx— [ /| dx+1/2
+%/Qu2 dx — (u, f) 2. 77)

Here
V={uecW2Q) : u(0) =0and u(1) = 1/2}.

We also denote V; = Wy?(Q),and Y = Y* = [2(QQ).
Furthermore, we define the functionals Gand F : V x V; — R by

G(u',v'):%/ (u' +')? dx—/ W' +9'| dx +1/2,
Q Q
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and 1
F(u,v) = E/Qu2 dx — (u, f)2.

Moreover we define J; : V x V; — Rby
Ji(u,0) = G(u',v') + F(u,v),
and consider the problem of minimizing J; on the set
A={(u,0) € VxV : (v)? <Ky inQ}.
Already including the Lagrange multiplier ¢ concerning such restrictions, we define

(1t,0,60) = a(1,0) + 3 (9%, (o) — Koy

Observe now that

—_

(% (v) — Ka) 2

1
G o)+ 10 (0 — Kl
+F(u,v)
= —(,0}) 2 — (0, 03) 2+ G, 7))
1
+§(¢2, (v')? = Ka)p»
(', 07) 12 + (¢, v3) 12 + F(u,v)

inf {_<01/UT>L2 - <02,U§>L2 + Gl(Ul,Uz,(l))
('Ul,'Uz)GYXY

43 (0% (022~ Koz

+ inf  {(,01) 2 + (0, 03) 12 + F(w,0)}
(u,v)eVxV;

= —Gj(v1,v3,¢) — F*(v1,93), V(u,0) € V x W, (v],03,9) € [Y'F, (78)

L(u,v,¢) = J1(u,0)+

N

v

where 1
Gi(', v, ¢) = G(u',v") + §<¢2, (0')? = Kp) 2.

Also,

Gi(v1,03,9) = sup  {(01,97)2 + (v1,07) 12 — G1(v1,02,¢) }
(v1,02)€EY XY

_ 1 *\2
= 5/0(01) dx
* 1 (UT_UE)Z
—l—/0|vl|dx+§/07¢2
K
_‘_?2/0472 dx, (79)

where

1 *\/ % . o/ .
F*<U*> — { i&((vl) +f)2 dx — ’()1 (1)u(1), loftf:;izlvlgeo, m Q, (80)

From this we may infer that v = ¢, in (), for some c € R.

d0i:10.20944/preprints202302.0051.v91
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Summarizing, denoting v* = (v},v3) = (v}, ¢), and
J'(0%,¢) = =Gi(v",¢) — F*(v")
we have got
inf Ji(wo)>  sup  J'(079).
(u,0)€A (v p)EY* XRXY*
We have developed numerical results by maximizing the dual functional [* for two examples,
namely.
1. Example A: In this case, we consider f(x) = cos(rtx)/2, K, = 10~%.
For the optimal
up = (01)' + f,
please see Figure 9.
2. Example B: In this case, we consider f(x) = cos(mx)/2, K, = 30.
For the optimal
uo = (o) + f,

please see Figure 10.

0.5

0451 b

035 ]

031 ]

0.25 ]

02 ]

0.15 b

0.05 ]

Figure 9. Solution u((x) for the example A.
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0.5

0.4 r b

031 ]

0.2 ]

01r b

041 F 1

0.2 b

-0.3 1 b

Figure 10. Solution ug(x) for the example B.

16. One More Dual Variational Formulation

In this section we develop one more dual variational formulation for a related model.
Let O = [0,1] C R and consider the functional | : V — R defined by

2/ 2.1 dx+2/u dx — (u, f)2,

where
V={uecW"Q) : u(0) =0and u(1) = 1/2}.

We define also the relaxed functional [; : V x Vp — R, already including a concerning restriction
and corresponding non-negative Lagrange multiplier A%, where

Ji(u,v,A) = %/Q((u’—kv’)z—l)z dx—i—%/ﬂuz dx — (u, f)2 + (A%, (v/)* = K) 2.

where
={veW;*(Q) : (v)*-K<0inQ}.
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Observe that

1 1

5 /Q((u’ +9)2 - 1) dx + 5 /Q u? dx — (u, f)2 + (A%, (V) = K)p2

= (o5, (W +0)2 1)+ %/ (W' +0")?—1)% dx
0
(g, (' + )2 = 1) 2 + (A% (0) = K) 2 — (', 07) 2 — (0, 03) 12
1

(o) 2+ (@, 0302 + 5 [ dx = ()
o 1/ )
ul)ré{/{ (vg, W) 2 + 5 Q(w) dx

inf {(Ué, (07 +v2)% — 12+ (A2, (v5)% — K)p2 —(v1,0]) 2 — (vz,zﬁ)Lz}
(v1,02)€Y XY

1
+  inf {(u’,v’{)Lz—l—(v’,v;)Lz+Z/Quzdx—(u,f>Lz}

Y

(u,0)eVXVy
— 1 *\2 _ *
= =3 Q(vo) dx /Qvo dx
Sl )? 1 e -m)?
4 Ja v 2Ja  2A?
_1 */ 2 _1 2 *
2/0((01) + )2 dx Z/QKA dx + v} (1)u(1). (81)

Here, we highlight v; = ¢ € R in (), for some real constant c.
Hence, denoting

(o', A) = —%/(vé)zdx—/ o dx
O 9]
@R, 1 @-n)
1o v 2Jo 2A2

ST SIS F RV O -

dx

and

Jo(u,v) = %/Q((u’—l-v’)z —1)2 dx+%/0u2 dx — (u, )2,

we have obtained

inf  Jo(u,0)} > sup Ji (@, A).
(u,0)eEVXVy (v*,A)EA* X [Y*]xRxY*

Finally, for
A*={vy €Y" : v5 >ein O}

we emphasize J{ is concave on A* x [Y*] x R x Y*.
Here € > 0 is a small regularizing real constant.

Remark 16.1. The constraint (v')? — K < 0, in Q) is included to restrict the action of v on the region where
the primal functional is non-convex, through an appropriate constant K > 0.

17. A Model in Superconductivity through an Eigenvalue Approach
In this section we intend to model superconductivity through a two phase eigenvalue approach.
Let QO = [0,5] C R be a straight wire corresponding to a one-dimensional super-conducting
sample.
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Consider the functional ] : V x V x R — R where

_ 1oy G o
J(u,v,E) = 5 /QVu Vudx + > /Q|u| dx

=5 ([ w2+ 12 =) )

Here, in atomic units, mr is the total electronic charge, V = W&’Z(Q) and we set a3 = 10*
corresponding to higher self-interacting energy which is related to a normal phase. We also set
ay = 107! corresponding to a lower self-interacting energy which is related to a super-conducting
phase and respective super-currents.

Moreover, we set y; = 72 = 1, and initially w = 1.8 which is gradually decreased to w = 1.0.

Furthermore, we define

2 _ |ul?
|¢N| |u|2+|v|2
and
2
2 _ v
|¢S| |u|2_|_ ‘U|2

where ¢y corresponds to a normal phase and ¢g to a super-conducting one.

At this point we observe that the temperature T = T(x, t) is proportional the frequency w/ (27)
of vibration for the normal phase.

We start the process with w = 1.8 which in atomic units corresponds to a higher temperature and
gradually decreases it to the value w = 1.0

Between w = 1.2 and w = 1.0 the system changes from an almost total normal phase to an almost
total super-conducting phase, as expected.

We highlight that the temperature is proportional to the vibrational kinetics energy

1 ory(x,t) oryn(x,t
Ba(r) = 5 [ up 2l oD g,

so that for
rn(x,t) = e’“’tW5(x)

and for a suitable vectorial function ws, we have

T < E] w?
so that we may model the decreasing of temperature T through the decreasing of w?.

For w = 1.8, for the corresponding normal phase ¢ and super-conducting phase ¢g, please se
Figures 11 and 12, respectively.

For w = 1.0, for the corresponding normal phase ¢ and super-conducting phase ¢g, please se
Figures 13 and 14, respectively.
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Figure 12. Solution ¢g(x) for the w = 1.8.
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Figure 13. Solution ¢y (x) for the w = 1.0.

Figure 14. Solution ¢s(x) for the w = 1.0.

Finally, we have set w; /K3 ~ 1 which for large w; corresponds to the super-currents.

18. A Simplified Qualitative Many Body Model for the Hydrogen Nuclear Fusion

In this section we develop a qualitative simple model for the hydrogen nuclear fusion.

Let QO = [0,L]® C R® be a box in which is confined a gas comprised by an amount of ionized
deuterium and tritium isotopes of hydrogen.

Though a suitable increasing in temperature, we intend to develop the following nuclear reaction

Deuterium®™ + Tritium* — Helium*" + Neutron (energetic).

We recall that the ionized Deuterium atom comprises a proton and a neutron and the ionized
Tritium atom comprises a proton and two neutrons.

Under certain conditions and at a suitable high temperature the ionized Deuterium and Tritium
atoms react chemically resulting in an ionized Helium atom, comprised by two protons and two
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neutrons and resulting also in one more single energetic neutron. We emphasize the higher kinetics
neutron energy level has many potential practical applications, including its conversion in electric
energy.

At this point we denote by mp, mr, mp, and my the masses of the ionized Deuterium, Tritium
and Helium atoms, and the single neutron, respectively.

Therefore, we have the following mass relation

mp +mr = my, + my.

To simplify our analysis, in such a chemical reaction, denoting the total masses of ionized
Deuterium, Tritium, Helium and single Neutrons by (mp)r, (m7)r, (mg,)r and (my)r we assume
there is a real constant ¢ > 0 such that

(mp)r = c¢mp, (mr)r =cmr, (my,)r =cmy,, (MN)T = my.

With such statements and definitions in mind, we define the following functional J, where

(¢, x) = ](¢D, ¢1, ¢r. N, ¥) = G(VP) + F(¢) + Ec(¢, 1),
where, in a simplified many body context,

1
6o (x, )2 = [y (1)I* + |¢5(x,y)|2|¢5(y)l2m7

1
o (2, y)I = 1y (1) + (g, (x, )2 + |¢§2(x,y)!2)|¢§(y)\2@/

1

[br, ()17 = 1035 )17 + (e () P + |¢ﬁ§(x/y)|2)!¢fﬁ(y)lzm/

N = Pn(x).

Here x,y € Q) C R3 refers to the particle densities.
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Furthermore, weassume'yp >0, 'yp > 0, 7N>0 'le > 0, 'yNz > 0, 'y > 0, TN, He > 0,
’)/N2>O yN >0, andap >0, a7 > 0, &, >0, any >0,apTr >0, ag, v >0, sothat

D
G(vVg) = L

'YzN [ (VoR) - (VoR) dx dy

Vey) - (V) dy

A

T [ (Ve - (VD) dy

,),T

5t (VR (Vel,) dx dy
T

+ 202 [ (k) (Vok,) dx dy
2 Q 2 2

Yoy

5 | (Vo) - (V) dy
H,

i

+5t | (Vo) (VoRi) dx dy
H,

v

+52 | (VoR:) - (Vore) dx dy

+ 20 [ (Vgn) - (Vgn) dx, (84

and,

DéD \4’D(x—§1,y &) *l¢p (81, 82)[?

F(¢) = R dx dy d¢y déo
le |<PT X — 61,y Cz()€|1/|g’2T)(|§1'§2)|2 dx dy d&y d&
txDT |<PD(X - ley %2?5?&,@)' dx dy d; dé,
L, / |¢pn, (x va) §2<3:|1’|§21§|(§1,§2)\ dx dy 4, de

/tf/ | (x K _|2||<PN( )1 dx de

+ZIXH9N/ |pm, (x1 — &1,y — G2) Plon ()12

dxdy dé, d
(x,y) — (61, &) x dy déy dé (85)

and the kinetics energy is expressed by

R = 5 [ looP D220 av gy
2/ ¢ F%T aﬂd x dy
o3 Lo 7
b [ lonl? S g gy, 86)
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where we also assume
iwt
rp =~ e“'ws(x,y),
~ plwt
rr = e 'we(x,y),
so that considering such a vibrational motion, the temperature T is proportional to w?, that is

T « 2.

Therefore, an increasing in T corresponds to a proportional increasing in w?.

Summarizing, we have supposed

15 2 2 L5 2
Ec(p, 1) ~ —w dx C1+ =w / dx Cy,
(@)~ 5@ [ 1goP +lgrP dx €+ 50t [ pnlax G
so that we represent the increasing in T through an increasing in w?.
Moreover, we denote by my the mass of a single neutron and by m,, the mass of a single proton.
Thus, denoting also by A1, A; the proportion of non-reacted and reacted masses respectively, we
have the following constraints.

1.

[ 18Ry dx = my,
2.

[ 108, (o) P dx = m,
3.

|10, (o) P dx = m,
4.

[ 08 ey P e = m,
5.

|08 ey P e = m,
6.

| #P W) dy = Ay cmy,
7.

185w dy = Ay cm,,
8.

| 1655 dy = 2z (20 my),

Similar constraints are valid corresponding to the charge of a single proton.
We have also the following complementing constraints,

1.
/Q |¢p|* dx dy = Ay (mp)T,
2.
/Q \pr|* dx dy = Ay (m7)7,
3.
/Q |, |* dx dy = Ay (mp, )T,
4.

/Q [pn|* dx dy = Az (mn)T,
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AM+A =1

With such results and statements in mind and simplifying the interacting terms, we re-define the

functional | now denoting it by J;, here already including the Lagrange multipliers concerning the
constraints, where

D
g, EX) = - [ (VD) (VD) dy

2

D
W (VoR) - (V9R) dx dy

+

+50 (VR - (Von, ) dx dy
T
w8 [ (Tok,)- (Vol,) dx dy

5 [, (V95 (V3y) dy

2 | (VN - (Vo) dx dy

2 [ (Tl - (Tolk) dx dy

+ 20 [ (Von)- (Vou) dx

+2 [ 1gol* dx+ L [ lorf* ax
2 [+ 2 [ g dx
—? [ (140l + o) dx

_w% /Q |¢N|2 dx + J Aux, (87)
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e
where the functional J4,,, stands for
T = = [ ERs)( [ 108 dr—my ) dy

= (R Delw) ([ 168, ) = ) dy

- /Q<E£2>7<y> (108 o) dx = ) ay

= s (ot ol = ) dy

-/ <Eﬁ;>9<y> (] otk —my ) dy

~(Ep)a( [ 1050 dy— dacm

~(Ena( [ 10702 dy ~ daem, )

~(Ena ([ It ol dy 22 20m, )

~£s( [ 0l dx dy — A (mo)r )

o [ lor ? dx dy = da(onr)r

<7 (] o2 dx dy = dalons )1

s [ lowl? dx dy ~ ra(my) )

—Eg(Ay + Ay —1). (88)

Remark 18.1. In order to obtain consistent results it is necessary to set

((XN, "‘Hg) > (B(D,IXT).

In such a case, a higher temperature corresponding to a large w?, though such a nuclear reaction, will result
in a small Ay and a higher kinetics energy for the neutron field, corresponding to a large w? and A, closer to 1.

19. A More Detailed Mathematical Description of the Hydrogen Nuclear Fusion

In this section we develop in more details another model for the hydrogen nuclear fusion.

Remark 19.1. Denoting by i € C the imaginary unit, in this and in the subsequent sections, for the time-
dependent case we generically define the gradient of a scalar function u(x,t) with domain in R*, denoted by
Vu(x,t),as
Vu(x, t) = (iug(x, 1), e, (%, 1), Uy, (X, 1), they (%, 1)),
so that ;
. 2 2
Vu-Vu [h —i-]; Uy,

Let QO C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by o).
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Here such a set () stands for a control volume in which an ionized gas (plasma) flows. Such a gas
comprises ionized Deuterium and Tritium atoms intended, through a suitable higher temperature, to
chemically react resulting in atoms of Hellion and a field of single energetic Neutrons.

Symbolically such a reaction stands for

Deuterium®™ + Tritium® — Helium*™ + Neutron (energetic).

We recall that the ionized Deuterium atom is comprised by a proton and a neutron and the ionized
Tritium atom is comprised by a proton and two neutrons.

Moreover, the ionized Helium atom is comprised by two protons and two neutrons.

As previously mentioned, resulting from such a chemical reaction up surges also an energetic
neutron which the higher kinetics energy has a great variety of applications, including its conversion
in electric energy.

We highlight the model here presented includes electric and magnetic fields and the corresponding
potential ones.

Denoting by t the time on the interval [0, ], at this point we define the following density functions:

1. For the Deuterium field
oo (e y, 1> =193 (v, ) + |¢5(x/y,t)l2|¢5(y/f)|zr;/
2. For the Tritium field
o1 (e y, 12 = 15 (O + (o, (xy, )P+ [0k, (2, v, ) ) 19 (v, t)lznip,
3. For the Helium field
H, H,

1
pre (3,9, 8) 2 = 195 (0, OF + (g (00 + long (e, D) g (v 6) P
p

4. For the Neutron field
N = ¢n(x, 1),

5. For the electronic field resulting from the ionization
pe = Pe(x,y,1).

Furthermore, we define also the related densities

po(yt) = [ on(xy ) dx,

pr(w.t) = [ 1gr(xy ) dx,
put(0,) = [ 101 ()2 dx,
on(x8) = Ipn (3,02

pe(y,t) = /Q e (x,y,t)|? dx.
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For the chemical reaction in question we consider that one unit of mass of fractional proportion
«p of ionized Deuterium and a7 of ionized Tritium results in one unit of mass of fractional proportion
ap, of ionized Helium and ay of neutrons.

Symbolic, this stands for

1:06D+IXT:1XH8+IXN.

Concerning the control volume () in question and related surface control d(), we assume such
a volume has an initial (fot t = 0) amount of ionized Deuterium of (mp ) and an initial amount of
ionized Tritium of (mr)g. The initial amount of ionized Helium and single neutrons are supposed to
be zero.

On the other hand, about the surface control d(), we assume there is a part )y C 9Q) for which is
allowed the entrance and exit of Deuterium and Tritium ionized atoms.

We assume also there is another part d(); C dQ) such that 9021 N 92y = @ for which is allowed
only the exit of ionized Helium atoms and neutrons, but not their entrance.

In 00, is allowed the exit only (not the entrance) of ionized Deuterium and Tritium atoms.

Indeed, we assume the following relations for the masses:

1. ,
(mp, N)T(t) = mp,N(t) +/O /m (on,(x,T) + pn(x,T))u-n dS dr,
2,
mp,N(t) = mpy,(t) +my(t),
3.
mpy, (t) = /QpHe(x,t) dx,
4,
my(t) = /QpN(x,t) dx,
5.
(mp,)r(t) = /QPHE(X, t) dx + /Ot /aQ pm, (x, T)u-ndldr,
6.
(mN)7(t) = /QpN(x,t) dx+/0t /BQ on(x, T)u-n dldr,
: (m)r() _ ay
(mp)r(t)  ap,’
so that
anmp,)1(t) = ap, (my)T(t),
8.
0m0)() = om0~ [ [ (ol m)us S de — ap ()1 (0,
9.
(nr)(8) = (o [ [ (pr(e)u-ndS dr—ar(ma, )7 (),
10. ,
(me)r(t) = me(t) +/O /802 (pe(x,7))u - n dS dr,
11.

me(t) = /Qpe(x,t) dx.
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12.
/|<pp xt|2dx—+/|¢pxt|2dx—+/|¢ xt|2dxm—p.

Here n denotes the outward normal vectorial fields to the concerning surfaces.
Having clarified such masses relations, we define the functional

J(¢,p,t,u,E A,B)

where

] = G(Vu) +F(¢) + Ec(¢,r) + F + F, + F3,

andwhereweassumeyp > 0, 'yp > 0, 'yN>0 ')/Nl > 0, 'yN2>0 7 > 0, 7 > 0, ’y§;>
0, yv >0, 'ye>0andocD>O at >0, ‘XHE>O any >0,apr >0, DCH8N>0 IXg,g>0 IXHE,E<OSO
that

6 = [ [ (VoD (VR dya
W[ [ (94R)- (VR dxdy
'3/”/ (V45)- (VoF) dy dt
S 2 [ vk - (Vak,) dx ay a
m 2 [0 [ (Vok) - (Vo) dxdy ai
72”/ / (Vplt ) dy dt
le /tf/ VoL He) dx dy dt
7N2 / v / Vo) - (Vo) dx dy dt
T /ngvN»(wN) d dt
+ I /0 v /Q (Vo) - (Vo) dx dy dt, (89)

and
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ff/ . x‘%az ;f” é'i'?sﬁw'z et
DéDT ff/ |¢p(x Clrz y)@'(é'i'gf)fl’gz’ OF 4y dy dgy dcy dt
Lo [ [ ety )ém%}?gfﬁvg& I v dy azy azy a
ff \4>N x—|xC_t€ t||‘PN( OF 4y az ar
+szH,3 / / |9, (1 — Cl,y) izél’)ézg‘l’”\’(g]’ s dx dy dgy dg dt

and the internal kinetics energy is expressed by
b orp Or
E(gr) = 2/ [ 160l SP - 5P dxy d

A g

L Lo e

L

2/ /|¢e|2 a(.;t"-%d x dy dt, 1)

Here it is worth highlighting we have approximated the initially discrete set of indices s of
particles as a continuous positive real variable s.
Moreover,

F —i/tfﬂcurlA—B |I2 dt
1*47_[0 0112 ’

b
/ / Eing - Kp|¢p |2( ) dx dy dt
ty T2 a rT
+/ /Eind.prcpp| u+a— dx dy dt
t
+/f/ Eina - KP|¢ < )dx d]/ dt
+/ / E; - Ke|4>e|2(u+> dx dy dt, (92)

where K, and K, are appropriate real constants related to the respective charges.
Here u = (u1, up, u3) is the fluid velocity field and
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Ip, rT, Iy, IN, Te

are fields of displacements for the corresponding atom fields.

Also A denotes the magnetic potential, By an external magnetic field and B is the total magnetic
field.

Moreover, E;;,; is an induced electric field.

Finally,
Cp [ oty
BB = 7 /O /Q v(x,y)l'D . V(x,y)rD dx dy dt + 7 /0 /Q v(x,y)rT ) V(x/y)rT Jx dy it
S [ Cn [t
T ~/O /Q V(x,y)rHe . V(X/y)ng dx dy dt + 7 /0 /Q V(x/y)rN . v(x,y)rN dx dy dt
C, [tr
> /0 /Q V(g te - Vg Te dx dy dt, o

for appropriate real positive constants Cp Cr, Cg,, Cy, Ce.
Such a functional | is subject to the following constraints:

1. The momentum conservation equation for the fluid motion

auk auk
p( ot +u ]ax ) _Pfk +Tk]]+(FE)k+<FM)k,

Vk € {1,2,3}.
Here p = pp + pr + pH, + pN + pe is the total density and P is the fluid pressure field.

Furthermore,

~ (ou;  ouj 2
Tz]_;l(ax] aixl_ l]zaxk>

Vi, j€{1,2,3},

Fe = {(Fe)) = (K09 + g+ Ioli?) + K. [ I v )5

and

v = {(Fmi}

_ (K,,<|¢},?|2<u + a;f)
d
o3P (u+ 57)

12 aI‘He
gt |( iz ))

d
+I<g|4>e|2< + ;:)) x B. (94)
2. Mass conservation equation:
%
5 + div (pu) = 0.

3. Energy equation

d0i:10.20944/preprints202302.0051.v91
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De N N . aQ . au]

E M E P = — — .
th+Vx( 1) u+ Ey+ P(divu) o dlvq—f—l']kaxk,
where we assume the Fourier law

q=—KVT,

where T = T(x, t) is the scalar field of temperature and Q is a standard heat function.
Also,

~ P 4. PDOD 91D
A S S VR T
pr orr drp
o o o
PHe aI'He ) arHe
2 ot ot

PN dtN Oty
2 ot ot
Oe % ore

2ot ot

+

+ (95)

where the densities £; and E, are defined through the expressions of F(¢) and F, so that

P((])):/Otf/ﬂﬁldxdt

tf N
F2 = / / E2 dx dt.
0 Q

Here we recall that since rp is highly oscillating in ¢t we approximately have

and

u-rp~0

in a weak or measure sense. The same remark is valid for the other internal velocity fields.

Moreover,
De  oe de

Finally, for a calorically perfect gas we may assume

e=C,T
where R
Cy=—,
v r)/ _ 1
for appropriate constants R > 0, v > 1.
4.
P=Fl(p,T),

for an appropriate scalar function F;.
5. Mass relations

(@)
mo(t) = [ pp(xt) dx,
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(b)
mr(t) = /QpT(x,t) dx,
(c)
mie(t) = [ pn (1) dx,
(d)
my(t) = /QpN(x,t) dx,
(e)
me(t) = /Q 0e(x, ) dx,

(®) t

(my,)r(t) = /QpHg(x,t) dx+/0 /802 o, (x, T)u-n dldr,
(8) t

(mn)T(t) = /QPN(x, t) dx+/0 /602 pn(x,T)u-n dldr,
(h)

(mn)r(t) _ an
(my,)r(t) oy,
so that
anmp,)T(t) = ap, (mn)7r(t),
where,

(a) t

(mp,N)T(t) = mp,N(t) +/0 o (pm,(x,7))u-ndSdr,
(b)

mp, N(t) = mp,(t) + mn(t),
(c)
(mD)(t) = (mD)O - /Ot /{)Qluanz(pD(x' T))u -ndSdt— ocD(mHE,N)T(t),
(d) t
(mr)(t) = (mr)o — /0 /anluanz(pT(x' T))u-ndSdt —ap(mp, N)r(t),
(e)
(me)r(t) = me(t) + /Ot /BQ2 (pr(x,7))u - n dS dr.

()

_ D 2 4. Me T 2 4. Me H, 2 4. Me
me) = [0 0P aie + [ lgfe 0P axgie + [ logh e 0P .

6. Other mass constraints

(@)

S 1R Gy, O dx = my,
(b)

185, Gy, 2 dx = my,
(©)

8% Gy, 2 dx = my,
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(d)
/ |<,I>N1 x,y,t) 2 dx = my,
(e)
/ |¢N2 X, yr dx = MN.
7. For the induced electric field, we must have
1 A D2 arD
curl E;,,y + z curl <Kp|4)p | (u + at>
. or
T2 T
+KP|(Pp | <ll + at)
. or
H, |2 H,
+Kp|¢2p| <u+ at )
% a 7 /t
e [ 1gcte 0P (w0 + 245 0 ) )
) ot
10
X(curl A—By) — —=(curl A—By) =0, (96)

c ot

where K, and K, are appropriate real constants related to the respective charges.
8. A Maxwell equation:

divB =0,

where
B = By — curl A.

9. Another Maxwell equation:

divE =4 (K9P P + 95 + 1035 ) + K | lgeCo 1) ),

where the total electric field E stands for
E = E;,y + Ep,

and where generically denoting

t
¢) = /0 /Q o9, %, & ) dx dE dt,

£ { [ 2080 )

we have also
E)xk

At this point we generically denote

t
<h1,h2>L2 = /0 /th hy dx dy dt.

Thus, already including the Lagrange multipliers concerning the restrictions indicated, the
extended functional J3 stands for

d0i:10.20944/preprints202302.0051.v91
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Iz = ]3((p,u,r,P,A,B,E,A,E)
= G(V¢)+F(p)+E(pr)+F+FE+F
duy  ouy P
—|-<Ak,P< 3 4oy ) —pfi+ o Tjj — (FE)k — (FM)k>L2
) .
+<A4/ a_f: + div (Pu)> ) + ]Auxl + ]Auxz + ]AMX3 + ]Aux4/ (97)
L
where,
]Auxl
= <A5, th + Vi(E)) -u+ Ey ++P(divu) — FT d1vq—rjka—x](>L2
]AMXZ = <A7/mD(t) _/ pD(xr t) dx>
Q 12
+<A8rmT(t) —/ pr(x,t) dx>
Q 12
<A9,mHe(t) —/ o, (x,1) dx>
Q 12
(Ao my(o) = [ putat) )
Q 12
<A11,me —/ pe(x,t) dx>
@) 12
ty
| B2 (enma )1 (6) = g (ma) 1 (1) ©9)
tr
Jauy, = —/0 /Q ER)s(y,t ( o8 (%, y, 1) dx—mzv> dy dt
Tl e H2d dy dt
—/0 /Q N6 t) / o%, (x,y, )P dx —my | dy
Tl (e )2 d dy dt
—/0 /Q )7 () /|¢N2xy, )7 dx —my ) dy
ty
—/ / (EN)s(y, ¢ (/ [N (x,y, 1) dx — N> dy dt
0o Ja
t
- [ Es ([ o P gy ) dya, (100)
0
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Jaux, = (A12, curl By
+% curl (Kp|¢?|2 (u L aarf)
+Rylgh? (w57
—I—Kp|¢£fpe|2 (u+ a;?)
K /Q e (x,y, 1) (u(y, t) + W dx))

x(curl A —By) — li( curlABo)>

c ot 12

+(A13, div B) ;2

~|—<A14, divE—4n<K,,(|¢,?|2+|4>§|2+|¢f;|2)+1<e/0|¢e(x,y,t)|2 dx)>L2. (101)

Here we recall the following definitions and relations:

1. For the Deuterium field
o0 (e y, 1)1 = 10y (v, ) + |9R (x, v, 1) P19y (v, t)|2n1p'
2. For the Tritium field
(90e 31 = 199 0,0 + (98, (2.9, O + 148, ()P P O
3. For the Helium field

1
b, (2,9, )2 = |9y (0, OF + (9 () + Lo (2,9, D) gy (0, 6) P~
P

4. For the Neutron field
N = ¢n(x, 1),

5. For the electronic field resulting from the ionization

e = ge(x,y,1).
po(yt) = [ eo(xy, O dx,
or(w.) = [ lgr(xy ) dx,

o) = [ lgn.(xy, 0 dx,
ox(x8) = Ipn(x B2

pe(y, t) = /Q e (x, y,1)|? dx.

Also,
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0 = pPp +PT + PH, + ON + Pe,

1.
(mp,N)1(t) = mpy,n(t) +/o /802 (o, (x,T) + pn(x,T))u-n dS dr,
2.
mp, N(t) = my,(t) + my(t),
3.
m, (1) = /Q o, (x, ) dx,
4.
my(t) = /QpN(x,t) dx,
5.
(mp)(1) = (mo)o— [ [ (p(x 1)u-nds dv—ap(mx)r(1),
6.
(mT) (t) = (mT)O - /OtL /anlanZ(PT(x, T))ll -ndSdrt — aT(mHe,N)T(t),
7.
(mp,)r(t) = /QpHc(x, t) dx+/0 /802 on,(x, T)u-n dldr,
8.
(myn)r(t) = /QpN(x,t) dx + /Ot /802 on(x, T)u-n dldr,
9.
(mn)r(t) _ an
(mp,)T(t)  am,’
so that
anmpy,)T(t) = ap, (mn)r(t),
10. t
(me)r(t) = me(t) — /o /802 (pe(x,T))u-ndS dr,
11.
me(t) = /Q pe(x, 1) dx.
12. - " .
m@iéwwwwmﬁ%W%wwﬂé+AW$wwﬂé-
Finally,

E = Eind + Ep/

and where generically denoting

F@) = [ fs(0,%,) dx dz,

r = { [ 2050 )

axk

we have also

and,

B = By — curl A.
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20. A Final Mathematical Description of the Hydrogen Nuclear Fusion

In this section we develop in even more details another model for the hydrogen nuclear fusion.

Let QO C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by Q).

Here such a set () stands for a control volume in which an ionized gas (plasma) flows. Such a gas
comprises ionized Deuterium and Tritium atoms intended, through a suitable higher temperature, to
chemically react resulting in atoms of Helium and a field of single energetic Neutrons.

Symbolically such a reaction stands for

Deuterium®™ + Tritum™ — Helium*™ + Neutron (energetic).

We recall that the ionized Deuterium atom is comprised by a proton and a neutron and the ionized
Tritium atom is comprised by a proton and two neutrons.

Moreover, the ionized Helium atom is comprised by two protons and two neutrons.

As previously mentioned, resulting from such a chemical reaction up surges also an energetic
neutron which the higher kinetics energy has a great variety of applications, including its conversion
in electric energy.

We highlight the model here presented includes electric and magnetic fields and the corresponding
potential ones.

Denoting by t the time on the interval [0, ¢ ], at this point we define the following density functions:

1. For a single Deuterium atom indexed by s:

1
b (x,y,t,5)12 = |97 (v, t,5)* + 9% (x, v, 1,5) |9 (v, t,S)Iszp,

2. For a single Tritium atom indexed by s:

1
o (v, t,5)17 = 19y (v, £,5)1% + (9, (6, y,1,5) P + ok, (2,9, ,5) )y (v, t,S)Iszpf

3. For a single Helium atom indexed by s:

1
pr, (3,9, )% = [y ()12 + (Lo (6,9, 8,5) P+ Lo (6w, 1,5) P by (v, £ 9) P,
p

4. For the Neutron field:
¢N = ¢on(x,t,5),

5. For the electronic field resulting from the ionization
4)6 = 4’e(x/]// tls)‘

Furthermore, we define also the related densities

Np(t) 2
oo )= [ [ en(ey bR dx ds

Nr(t) 5
prv )= [ [ Ior(xy b s dx s,

NHe(t)
o (v, 1) = /0 /Q i, (5,1, 1,5)|2 dx ds,
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Nn(t)
pN(xr t) = /0 |¢N(xr t,5)|2 dS,

Ne(t) )
pe(y,t)=/0 /Q|¢e(x,y,t,s)\ dx ds.

For the chemical reaction in question we consider that one unit of mass of fractional proportion
«p of ionized Deuterium and a7 of ionized Tritium results in one unit of mass of fractional proportion
ap, of ionized Helium and ay of neutrons.

Symbolically, this stands for

1=ap+ar=uay, +an.

Concerning the control volume () in question and related surface control d(), we assume such
a volume has an initial (fot t = 0) amount of ionized Deuterium of (mp ) and an initial amount of
ionized Tritium of (mr)g. The initial amount of ionized Helium and single neutrons are supposed to
be zero.

On the other hand, about the surface control d(), we assume there is a part {3y C 9() for which is
allowed the entrance and exit of Deuterium and Tritium ionized atoms.

We assume also there is another part d(); C dQ) such that 0021 N9y = @ for which is allowed
only the exit of ionized Helium atoms and neutrons, but not their entrance.

In 9(); is allowed the exit only (not the entrance) of ionized Deuterium and Tritium atoms.

Indeed, we assume the following relations for the masses:

" (my, N)1(t) = mp,n(t) + /Ot /anz(pHe(x,T) +pon(x,T))u-ndS dr,
’ i (6) = i 1)+ ()
’ ) = [ ow.(5,0) d,
" () = [ on(x0) dx,
' m0)(0) = (modo— [ [ (polx, ) dS de — ap(m)r(0),
' o) (0= (o= [ [ (o, 7)) dS dr = (g )1 ),
" (mp,)T(t) :/QpHe(x,t) dx—l—/ot/anpHe(x,T)u-ndl"dT,
) (mn)T(t) :/QPN(X,t) dx—l—/ot /aQZpN(x,T)u-ndrdr,
" (m)r() _ s
(ma)r()
so that

anmy,)T(t) = ap, (mn)7(t),
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10. t
(me)7(t) = me(t) /O/anz(pe(x,r))u n dS dr,
11.
me(t) :/QPe(X,f) dx
12.
Np(#) m Nr(t) m
met) = [ [P tis) P dy st + | [ 8 wts) dy s
N, (£)
+/ ’ /|4> y,ts|2dyds "y (102)

Here n denotes the outward normal vectorial fields to the concerning surfaces.
Having clarified such masses relations, denoting by Np(t) Nr(t), Ng,(t), Nn(t), N.(t) the
respective indexed number of particles at time ¢, we define the functional

](CP/P/ r,u,E A, B, {NDI NT/ NHE/ NN/ NE})

where

J = G(Vu)+ F(¢) + Ec(¢,xr) + F, + F, + F3+ Fy,

andwhereweassume'yp >0, 'yp >0, 78 >0, 'yN >0, 'yN >0, 'y >0, 'y > 0, fyfé>

0, 7 >0, 7o >0and ap >0, ar >0, (XHF>O any >0,apr >0, “HN>0 DCe,g>0 DCHe,e<OSO
that

Dt Np(h)
oo = 77’7 of/o /Q(V‘P;?) (Vo)) dy ds dt

¥Rty [No(®) b 5

2 /o /0 /Q(W’N) - (V¢R) dx dy ds dt

Tty pNp(t)
of/o /Q(W’;)'(qu,?) dy ds dt
’YT te rNr(t)
L [ (98- (Vo) dy ds
7N2 / ! / " / (VoN,) - (VoR,) dx dy ds dt
%p / ’ / - / (Ve o) dy ds dt

/tf/NHE(t/ V4> )dxdydsdt
7N2 /tf/ et /(V(p Pl dx dy ds dt
+ /Otf /ONN /Q(V‘PN)'(V(PN) dx ds dt

Lt Ne(d)
> /0 /Q (Vo) - (Vo) dx dy ds dt, (103)

and
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F(<P) =
tr (Np®) (Np®) ¢ |pp(x— &1,y — §z ts — s1)[2¢p (&1, &2, b 51) 2
/ / / / ,y) — (61,82)] dx dy dgy da ds dsy dt
/tf /NT /NT / |pr(x — &1,y — 52 t,s — 1) ¢r (81, &2, t,51) e dy dis 4 ds doy b
,y) — (§1,82)]
L aor tr (No® Nr® o gp(x =iy — 52,“*51)\2|¢T(§1,§2,t,s1)\2
/ / / / [(x,y) — (81, 62)] dx dy dgy dg dt
+ /tf /NHE([ /NHE(' 1o (x =&, y &ootys =) Plgme (G, 80P dE, dE, ds dsy dt
,y) = (81,82,81))| y d&y dgs 1
i/ff /NN /NN / [pn( Xfr;‘,t,sfsl V21pn (&, t51) 2 e ds o
lx—¢]
ocHg Ny, () pNp(t) [pre (x1 — gl y &, t)|2\¢N(§, e
= 1 / / / / — (81,82l dx dy dgy dg ds dsy dt
DLHe e /’f /NHg t) /Ne f)/ |Pr, (x — &1, y 52 t)sf(sl 2 I)Te &1,8,t,51) [ dx dy dy d&, ds ds, dt
1,62
DLee te Ne(t) rNe(t [pe(x — &1,y — gz'tfs751)|2‘¢e(§1,§2,t,51)‘2
/ / / / [(x,y) — (61, &) dx dy d, dg, ds ds, dt (104)
and the internal kinetics energy is expressed by
tf ND(t) aI‘D arD
EC((P/r) = 2/ / / ‘ D|2 at dx dydsdt
t Nz (
f T 2 BrT arT
dx dy ds dt
S5 / o2 2
tr N
f HE 5 arH arH
. —2¢ dx dy ds dt
2/ / / | He| at y
—— dx dy ds dt
2 / / / PN | 3 y
froNelt or ar
2/ / / |¢e|2 ate c——dx d]/ ds dt, (105)

Moreover,
k= in /tf | curl A — By||, dt
1 0 0 2 4

t N;
/f/ bl /Emd Kyl |2< aD> dx dy ds dt
o [ Eina- Kpl]
ind ,,|<pp| u—i—— dx dy ds dt
tf NHL’
/ / /Eznd KPM) |2(

tp Ne(t) or
+/0 /0 /QEind~Ke|¢g|2(u+ a:) dx dy ds dt, (106)

where K;, and K, are appropriate real constants related to the respective charges.
Here u = (11, up, u3) is the fluid velocity field and

"’) dx dy ds dt

Ip, r7, Iy, IN, Te

are fields of displacements for the corresponding particle fields.

Also A denotes the magnetic potential, By an external magnetic field and B is the total magnetic
field.

Moreover, E;;,; is an induced electric field.
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Also,

Cp [t [No(t)

F3 = 7 0 /0 /Q v(x,y)rD . V(x,y)rD dx d_l/ ds dt
ty Nz (

[ | Vit Ve dx dy ds d

C tf
+ He

NHg
/ / V(xy)tH, = V (x,y)H, dx dy ds dt
tf NN
+7 /o /o /Q V(xy)IN V()N dx dy ds dt
Ce tr o Ne t) e dsa ]
Shh T Ve dxdyds a, (107)

for appropriate real positive constants Cp Cr, Cg,, Cy, C..

Finally,
ONp (t) ONp ()2
Eo= ( ) ( dt
2 ot
aNN() en, (U (ONg(t)\?
+ < at ) att+ = /0 o)

€e tf IN,(1)\?
+= ; ( = dt, (108)

where ep, €7, €N, €H,, €. are small real positive constants.
Such a functional | is subject to the following constraints:

1. The momentum conservation equation for the fluid motion

ou ou
p( atk + faxk) =pfi— +Tk]]+(FE)k+(FM>k,

Vk € {1,2,3}.
Here p = pp + p1 + pH, + N + pe is the total density and P is the fluid pressure field.

Furthermore,

auz aM]
= V(Bx ox; 3 i Z’ Bxk>

Vi, je€{1,2,3},

Fp = {(Fe)i} =

Np(t) Nr(t) Ng, (1) Ne(t)
(Kp</0 |¢,’?\2ds+/0 |4>,§|2ds+/0 |¢£’;I2ds)+1<e/0 |¢e|2ds)E,
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and
Fv = {(FEmi}
or
— D2 91D
= ( /0 |(pp|<u+ 8t>ds
) s orr
/0 |¢p| ( +at> ds
He
[ it (s O ) )
Ne(t)
+K / 4>e|2< are> ds> x B. (109)
ot
2. Mass conservation equation:
9% _
5 + div (pu) = 0.
3. Energy equation
g%—V (E1) -u+E+P(divu) = = — divq + T ou;
Ppr T VrH 2 = ot 1T Tk g,
where we assume the Fourier law
q = —KVT,
where T = T(x, t) is the scalar field of temperature and Q is a standard heat function.
Also,
_ Py.u 09D 9D
A N TR
prorr Oty
MERETIET
OH, al‘HE ) E)rHe
MY
PN al‘N arN
2 ot ot
Qe OF, are
=== 11
2o o (110)

where the densities £; and E, are defined through the expressions of F(¢) and F, so that

tr .

F :/ /Ed dt
(9) y Jo Frdx
oo
FzZ/ /Ezd.’xdi’.
0o Jo

Here we recall that since rp is highly oscillating in t we approximately have

and

ll-l‘on

in a weak or measure sense. The same remark is valid for the other internal velocity fields.
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Moreover,
De oe de

Df ~ or Yian

P=FpT),

for an appropriate scalar function F;.
5. Mass relations

(@)
mp(t) = /QpD(x,t) dx,
(b)
mr(t) = /QpT(x,t) dx,
(©)
mie(t) = [ pn(x,1) dx,
(d)
my(f) = /QpN(x,t) dx,
(e)
me(t) = /Qpe(x,t) dx,
where,
() t
()7 (F) = mp, n(F) + /0 [ (ou(x,7))u-n ds dr,
(b)
mp, N(t) = mpy,(t) +my(t),
(©) t
(mo)(1) = (mo)o — [ [ (oo, ))u-ndS dr—an(m,n)r (D),
(d) t
(o) (®) = (mr)o— [ [ (pr(x)u-ndS dr—ar(mx)r(t),
(e) t
(g, )7 (1) :/QpHe(x,t) dx—i—/o /aQ pr,(x, T)u - n dTdr,
® t
(mn)T(t) = /QPN(x,t) dx+/0 /an pn(x,T)u-n dldr,
(8)
(mn)r(t) _ an
(mp,)r(t)  an,’
so that
anmp,)r(t) = apg,(mn)7(t),
(h)

(me)7(t) = me(t) + /Ot /302 (or(x,T))u-ndSdr.


https://doi.org/10.20944/preprints202302.0051.v91

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 July 2024 doi:10.20944/preprints202302.0051.v91

80 of 302

(i)

Np(t) M, Nr(t) M,
me(t) = 19w (ot s) [ dy dy ds = + ¢y (y,t,5)|* dy ds—
m 0 (@) m

+/ / |([7 (y,t,8)|* dy ds— (111)
mp
6. Other mass constraints

(a)

[ 68w ) dx = my,
(b)

/Q \4717\}1 (x,y,t,8)[* dx = my,
(©)

S 108 G ) P dx = m,
(d)

/ \(le x,y,t,5)|? dx = my,
(e)

| e Gyt ) dx = my,
(f)

/Q |gb5(x, t,s)|? dx = mpy,
(8)

/Q 97 (x,t,5) dx = my,
(h)

/ |([) °(x,t,5) |2dx—2mp,

mp(t) = my Np(t) +my Np(t)
mr(t) = mp Nr(t) + my Nr(t),
mp, (t) = 2my Np,(t) +2my Ng,(t),
me(t) = me Np(t) + me Np(t) +2 m, Np, (t).

8. For the induced electric field, we must have

o)
curl E;,; + 1 curl <Kp/ ’ |‘Pz?|2 <u+ a;—f) ds
. or
2 T
+1<,,/ |<pp| ( e ) ds
) ar
e |2 I'H,
&y [ 0t ( o )ds
L (Ne(t) ore(x,y,t
ok [ |¢e<x,y,t,s>|2(u<y,t>+% i) ds)

x(curl A —By) — 1%( curl A —By) = (112)
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where Kp and K, are appropriate real constants related to the respective charges.
. A Maxwell equation:
divB =0,
where
B = By — curl A.
Another Maxwell equation:
Np(t) Nr(t) N (1)
divE = 4n(1<,, (/0 9|2 ds+/0 9 1 ds+/0 |4>,§;|2 ds)
Ne(t)
—I—Kg/ / e (x,,t,8)|* dx ds), (113)
0 Q

where the total electric field E stands for
E = Eind + Ep/

and where generically denoting

t
F(¢) = /Of/Qf5(¢,x,t§,s) dx d¢ ds dt,
we have also

E, = {/QafS(gb’x’t’g’s) 4z ds}.

axk

At this point we generically denote

t
(i, h) 2 :/0 /th Iy dx dy dt.

Thus, already including the Lagrange multipliers concerning the restrictions indicated, the

extended functional J3 stands for

]3 = ]3(47/ ur, P/ A/ B/ E/ A/ E/ {ND/ NT/ NHEINN/ NE})
= G(V¢)+F(p)+E(pr)+h+h+E+F

auk auk dP
+<Ak,p (at + ujaxj> —pfi+ v Tjj — (FE)k — (FM)k>

where,

LZ
d .
+<A4/ ait) + div (PU)> 2 +Jauxy + Jaux, + JAuxs + JAuxy + JAuxss (e
L
De ) ‘ Q0 . du,
Jaun, = <A5, P T Vx(Er) - ut P(divu) — == + divq - Tf"axk>Lz

+(Ae, P—F(p,T))2, (115)

d0i:10.20944/preprints202302.0051.v91
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Jau,, = <A7, mo(®)— [ ol dx>L2
+<A8rmT(t)—/QPT(X,t) dx>L2
<A9/mHB(t) — /QpHE(x,t) dx>L2
<A10/mN(t) —/QpN(x,t) dx>L2
<A11,me(t) - /Qpe(x,t) dx>L2
/otf Evp(t) (anmp, )1 (t) — ap, (my)7(t)) dt, (116)
J Auxs _/Otf/a 5(y,t,8) < R (x, 1, t,5)|? dx—mN> dy dt
_/Otf/Q (EX,)s(y,t,s (/ N, (X, Y.ty |2dx—mN> dy dt
/otf/n (Eny)s v, 45 (/ o (%, v, t,) | dx — N) dy dt
—/Otf/Q(szb (vt (/ N (x,y,,5) 2 dx—mN) dy dt,
ARG ( 185wt dy m,,) ds di,
—/Otf/Q(Eb(f,s) </ 9y (v, t,9)[? dy—mp> ds dt,
_/otf/o Exp) (/ CHUEDIE 2mp> ds dt, 117)
Jaux, = (A2, curl By
+1 curl (K,, |¢p |2( 9ro)

+KV/ |4>p|2< TT)
A Ny,

¢, [ ore(x,y,t,5)
2 ITe\X, Y, L,S)
+Ke/o Ut (uw) ) 1) )

x (curl A — BO)*li(curlA Bo)>

c ot b

+{A13, div B)»

. No(t) = 1o Nr(t) o Nue()) | oo

+<A14, dlvEf47r(Kp(/0 |¢p| ds+/0 ‘¢p| ds+/0 |¢2p| ds)
K, o|? dx d . s
i /QM)' xs)>L2 (118)
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Jauxs = (M5, mp(t) — (mp Np(t) +my Np(t))) 2
(A1, mr(t) — (my Np(t) +my Nr(t))) 2
+{A17, my,(t) — (2mp Ng,(t) +2my Ng,(t))) 2
+<A18/ me(t) - (me ND(t) + me NT(t) +2m, NHe (t))>L2- (119)

Here we recall the following definitions and relations:

1. For the Deuterium field

1
b (x,y,t,5)12 = |95 (v, t,5)* + 9% (x, v, 1,5) |9y (v, t/S)IZ@/

N

. For the Tritium field

1
pr(x,v,t,9)1> = 19 (v, 1,9) > + (198, (x, v, £,9) > + |98, (x, v, £,5) D) |95 (v, trS)Iszp,
3. For the Helium field

1
1, (6, 1,5) 2 = [y (v, )12 + (10 (v, )12 + o (6,9, 1,9) ) g (v, 1,5) P,
p

i~

. For the Neutron field
¢N = on(x,t,5),

5. For the electronic field resulting from the ionization

Pe = Pe(x, Y, t,5).

1.
Np(t) 5
polyt) = [ [ ooy ts) P dx ds
2.
Nr(t) )
prwt) = [ [ lorCey.to)P dras,
0 Q
NHe(t) 2
oy t) = [ [ Ipu oyt )P dx s,
0 Q
Nn(t) 5
onCet) = [ lgn (i tys) P s,
wo= [ [y beRica
e\Y, - e\ X, Y,L[,S X ds.
Pely 0 0 Pe(x,y
Also,
P =PD +PT + PH, + PN + Pe,
1. ,
(mig () =m0+ [ [ (on(x,7) + pn (o 0)u - mds d,
2
2.

mp, N(t) = mpy, (t) +my(t),
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3.
mi(t) = [ pr(x.) dx,
4.
ma(t) = [ pn(xt) dx,
5. .
(mp)(1) = (mo)o— [ [ (po(x,1)u-nds dv—ap(mx)r(r),
6. .
(mr)(1) = (mro— [ [ (or(x 0w ndS d—armig n)r(0),
7.
t
(mp,)T(t) :/QpHe(x,t) dx+/0 /aa pr, (x, T)u-ndldr,
8.
t
(mN)7(t) = /QpN(x,t) dx+/0 /BQ pon(x, T)u-n dldr,
9.
(mn)r(t) _ an
(mu,)r(t)  an,’
so that
an(mp,)1(t) = ap, (mn)r(t),
10. .
Muh@):nQU%—Ad&h@JLT»uquﬁdn
11.
me(t) = /Qpe(x,t) dx.
12.
Np(t) Me Nr(t) M,
) = [ PP aydydsie [T [ g7t dydsye
N, (1) .
—i—/o ’ /Q|¢gf(y,t,s)|2 dy ds;%. (120)
Finally,
E =Ej; + Ep,

and where generically denoting

t
F((])) = Af/g)f5(¢,x,t,§,s) dx dg ds,

we have also

%:{LWM””QQ@%}

axk

and,

B = By — curl A.

21. A Qualitative Modeling for a General Phase Transition Process

In this section we develop a general qualitative modeling for a phase transition process.
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Let O C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by Q).

Such a set () is supposed to a be a fixed volume in which an amount of mass of a substance A
with a density function u will develop phase a transition for another phase with corresponding density
function v. The total mass mT is suppose to be kept constant throughout such a process.

We model such transition in phase through a functional | : V x V' — R where

- n : e Y
J(u,v) = 5 /QVu Vudx + > /Qu dx
2 [ vo-vodr+ 2 [ vt
2 Ja 2 Jo
_1 2042 4 o2 _E/ 22y g
5 Qcu(u +0%) dx 2<Q(u +0%) dx —mr ). (121)

Here y; >0, 72 >0, a1 >0, ap > 0and V = WH2(Q).

The phases corresponding to # and v are connected through a Lagrange multiplier E, which
represents the chemical potential of the chemical process in question.

We assume the temperature is directly proportional to the internal kinetics E¢ energy where

/ 2 aru aru

2 ot 8t

For a internal vibrational motion, we assume approximately
ru ~ elth5(x),

for an appropriate frequency w and vectorial function ws.
Thus, the temperature T = T/(x, t) is indeed proportional to w?, that is, symbolically, we may
write

To<E10<w2.

Therefore, we start with the system with a phase correspondingtou ~ land v = 0 at w = 1.
Gradually increasing the temperature to a corresponding w = 15, we obtain a transition to a phase
corresponding to u ~ 0 and v ~ 1.

At this point, we also define the index normalized corresponding densities

i u u2 UZ
and
Po uz 02 :

Finally, we have obtained some numerical results for the following parameters:
=[0,1]CR,y1=72=1,a=01,a, = 10%.
1. We start with w = 1 corresponding to ¢, ~ 1 and ¢, ~ 0in Q).

For the corresponding solutions ¢, and ¢, please see Figures 15 and 16, respectively.
2. We end the process with w = 15 corresponding to ¢, ~ 0 and ¢, ~ 1in Q0.

For the corresponding solutions ¢, and ¢, please see Figures 17 and 18, respectively.
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Figure 15. Solution ¢y (x) for w = 1.
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Figure 16. Solution ¢, (x) for w = 1.
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Figure 17. Solution ¢ (x) for w = 15.
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Figure 18. Solution ¢, (x) for w = 15.

22. A Mathematical Description of a Hydrogen Molecule in a Quantum Mechanics Context

In this section we develop a mathematical description for a hydrogen molecule.
Let O C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by o).
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Observe that a single hydrogen molecule comprises two hydrogen atoms physically linked
through their electrons.

We recall that each hydrogen atom comprises one proton, one neutron and one electron.

Since the electric charge interaction effects are much higher than those related to the respective
masses, in a first analysis we neglect the single neutron densities.

Denoting (x,y,z) € Q x Q x Qand time ¢ € [0, tf], generically, for a particle pj; at the atom Ay
in the molecule M;, we define the following general density:

o P (w2 P oay (v, 2, 1) Pl (2, 1)
M A MM, '

|(P(ijl)T(x’y’Z’t)|

Here we have the particle density |¢p,, (x, v,z ) |2 in the atom Ay, with density |pa,, (v, 2, 1), at

the molecule M; with a global density |¢p, (z, £)[*.
Here we have also denoted, Mpy) the particle mass, m Ay the mass of atom Ay; and my,, the mass

of molecule M;, so that we set the following constraints:

1.
/Q |¢ijl(xry/ z,t)|> dx = My,
2.
| 10a, .2 0P dy = ma,
3.

[ 0,z dz = g,
At this point we denote for the atoms A e A; of a hydrogen molecule:

1. me; = m,: mass of electron ¢; in the atom Aj, where j € {1,2}.
2. my; = myp : mass of proton p; in the atom A;, where j € {1,2}.

Therefore, considering the respective indexed densities for the particles in question, we define the
total hydrogen molecule density, denoted by |¢n, (x,v,z,t)|* as

|py (2, 9,2, 1) Pl¢a, (v, 2, 1) Plpm(z, 1)
ma, My

e G,z ) Plpa, (v,2, ) Plém (2, 1) 2

ma, My
19 (e y, 2, ) Plgay (0,2, O PIgm (1)

ma,Mm
UACYER 2IZA2 EZ’ZI HPlgm(z D) (122)

A, MM

|br, (%, y,2, 1)

Such system is subject to the following constraints:

1. From the proton p; in the atom A;:

S 0 Gy 2, D dx = my,

2. For the proton p; in the atom Aj:

L |¢pz(x/y/Z, t)|2 dx = mPI
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3. For the atom Aj:

[ 64,z 0 dy = ma,
4. For the atom A»:

a2 O dy = ma,

5. For the electrons e; and ey, concerning the physical electronic link between the atoms:

[0z P dx+ [ 19 (ry,z 0 dx = 2me.

6. For the total molecular density:
/Q (2, D)2 dz = .

Therefore, already including the Lagrange multipliers, the corresponding variational formulation
for such a system stands for | : V — R, where

J(@,E) = G(V$) + F(¢) + Jaux(¢, E).

Here we denote

(@) 7]? = |¢Pj(x’y'2't)|2|¢Aj(]/,Z,t)|2|¢M(Z,t)|2
Pj - ,

mA].mM

2 00y, z )P 0a; (4,2, ) Plgm(z 1)

ma;mm

()7 Vi€ {1,2)

we assume ’)/(pj) >0, ')’e]- >0, ’)/A]. >0, ™ > 0, lX(p],)T >0, lx(fj)T >0 Dé(pj e

1r <0, Vi ke {1,2},

Yp, [t
G(Vg) = %/Of/()(ij)-(v(ppj) dx dy dz dt

Yej [if
+7’/0 /Q(chg].)-(V4>ej)dx dy dz dt

YA,
(V9 - (Tea) dy dz dt
™ [t
+7/O /Q(Vq)M)-(chM) dz dt (123)
and
F(¢) =

| 2

‘X(p]-)T /tf / |¢(p]-)r(x - Cl/y — 82,233, t)|2|4)(pj)]-(§1/ 2,83, t)
2 Jo Jo |(x,y,2) = (81,82,¢3)]
Xyt 1P (x = 8Ly — 82,2 - 33, t)|2|¢(ej)T(Cl,§2, &3, 1)]?
2 /0 /Q |(x,y,2) = (81,82,83)|
+Dé(pj )T /tf/ ]qb(pj)T(x—gl,y—éjz,z—€3,t)|2|¢(ek)T(§1162/€3, t)|2
2 0 Q |(x/ylz) - (gll 52/ 53)‘

dx dy dz; dEy A&, dEs dt

+

dx dy dz d¢y dép ds dt

dx dy dz &y A&, dEs dt
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Finally,

Q

t
B (0 920+ b 52,0 =2 ) dy iz

/ /EA zt(/ P, (y,z,t)* dy — mA)dzdt
/Of(E (/ a2, 1)2 dz—mM> dt. (124)

Remark 22.1. We highlight the two electrons which link the atoms are at same level of energy E.. Morever, each atom has
its energy level E 4, and the molecule as a whole has also its energy level Epy.

b
Jaux (¢, E) /0 / (Ep)i(y,zt) (/ pp, (x, ¥, 2, £)[? dx—mp) dy dz dt

23. A Mathematical Model for the Water Hydrolysis

In this section we develop a modeling for a chemical reaction known as the water hydrolysis.

Let Q C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary denoted by 9Q).

In such a volume () containing a total mass mr of water initially at the temperature 25 C with pressure 1
atm, we intend to model the following reaction

H,0O=0H +H"

which as previously mentioned is the well known water hydrolysis.

We highlight H»O stand for a water molecule which subject to an appropriate electric potential is decomposed
into a ionized OH~ molecule and ionized H™ atom.

It is also well known that the water symbol H,O corresponds to a molecule with two hydrogen (H) atoms
and one oxygen (O) atom.

Moreover, the oxygen atom O has 8 protons, 8 neutrons and 8 electrons whereas the hydrogen atom H has
one proton, one neutron and one electron.

Remark 23.1. Here we have assumed that a unit mass of HyO reacts into a fractional mass ag of OH™ and a fractional
mass ac of HT.
Symbolically, we have:
1=ap+ac.

To clarify the notation we set the conventions:
1. H>O molecule generically corresponds to wave function ¢;.
2. OH™ molecule corresponds to wave function ¢,.
3. H' hydrogen atom corresponds to wave function ¢;.

At this point we define the following densities:

1. For the H,O water density (for charges), denoted by |¢; |2, we have

lp1(x,y,z, 0> = K, :Zl (@), (69,2, 6)P [(¢1) 4, ((y,;:)%) |(2;1|1(1<§3M(Z, b2
+Kp Ji |(69)p; (x,1,2,1)]? (‘P?)A(V(Z;; |(2n|1(14;11\iM(z, 12
B .5 ety Pt -
where (1) p is the mass of a single water molecule and generically | (¢11),,,(x, y, 2, 1)|? refers to the hydrogen

proton p; at the hydrogen atom A; concerning the H>O molecular density and so on.
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2. For the OH™ density, denoted by |¢> |2, we have

(03 a2, )Pl @2z, )P
() (m2)
(08) .2, P (@) ma(z, )P
() (1)
z 2
+Ke|<¢?H’>ez<x,z,t>\Zi'("’z(%()ﬂj)'
L0902 DRl )

(m)§ (m2)m

8, 0 (#9)a(02 DP (@) 1)
R 00 (e O G

025z = K6z t)P

Kl (e (5,2, )P

8
+Kp ), |(¢§))Pj(x’y'2't
=1

, (126)

where (m5) ) is the mass of a single molecule of OH ™.
3. For the ionized hydrogen atom have

9306y, B)* = Kpl (¢4))p (2,9, t)|2w.
(m3) A

where we have denoted (m3) 4 is the mass of a single atom of H™.

Here K, > 0 and K, < 0 are appropriate real constants concerning a proton and an electron charge,
respectively.

The system is subject to the following constraints:

1.
/Q (@), (x,y,2,)|* dx = mp, Vj € {1,2},
2.
1980 (2, P dx = me, ) € {1,2),
3.
/o @)y (x,y,2,£) 2 dx = my, Vj € {1,8},
4.
/n [(@9)e; (x,y,2,t)* dx = m,, Vj € {1,8},
5.
L 1@z 0 dx = m,
6.
108 (o2 ) dx =
7.
/Q |(¢aD)e, (x,y,2, 1) dx = m,
8.
16900 (.2, 0 dx = my, v € 1,8,
9.
S @90 (e v,z D dx = me, v € (1,8},
10.
/Q |(¢§{)p(X,Z,t)\2 dx = my,
11.
1@ a2 0P dy = mll v e (1,2,
12.
190040,z 0P dy = mg,
13.

1@z 0P dy = m,
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14.
L1620 dy = m,
15.
@Az 0 dy = mf,
16.
/Q(|(¢’1)M(Z,t)\2 + (@) m(z D) + [(93)m(z t) ) dz = mr,
17.

/()(ac|(¢2)M(Z’ t)> — ap|(¢3)m(z t)[?) dz = 0.

Already including the Lagrange multipliers for the constraints, the variational formulation for such system.
denoted by the functional J(¢, E) stands for

J(¢,E) = G(V¢) + F(¢) + Fi(¢) — Jaux (¢, E),

where

2 ot
G(Ve) = % Z/Of/QV@{*)pj-V(qa{’),,f dx dy dz dt

=1
Ye 2ty H o

+7];/0 /QV((Pl Je; - V(1" )e; dx dy dz dt
T & [

_’_7;: Z:/()f/(lv(¢?)p/~V(¢?)pj dx dy dz dt
+5 Z/ | V@00 V(g0 dx dy dz at

+l/ /V(q»?) V() dx dy dz dt
/ / 472 eV ch Ve, dx dy dz dt

*%; [ [ 969 ) VP )y iz at
+7;]§ L[ 5@ V9, vy dz
+72‘f]f{/0tf/0w¢9)ef -V (99)e; dx dy dz dt
+%i/otf/0v(¢5l>p-w¢?>p dx dy dt

,YAH Z/ / (@) a - Vgl )a; dy dz dt

+280 [ [ 9904 V(40 dy dz i
+5" / | V@8 A V(gH) s dy dz at
$220 [0 [ G (99)0- V(9)a dy dz
+7341/0 /QV(q)l)M-V((pl)Mdzdt
#2087 G2 V() d=

t
% /0 f /Q V(¢3)a-V(¢3)a dy dt.
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Here vp >0, 7. > O,fyf > 0,,72 >0, >0,7m, >0,74, >0.
Moreover,
F(¢)
Lo tf/ 1 (x — &1,y — &2 — G3,t) P11 (81, 82, 85, 1)
= — dx dy dz dxq dx, dx3 dt
2 ) Jo [(0y,2) — (61,62,8)] YR
a [t / |2 (x — &1,y — 82,2 — &3, 1) ||¢2 (81, 82, 83, 1) |
+-= dx dy dz dxqy dxy dxs dt
2 Jo Jo [(r,9,2) — (1,82,85)] YRR e
a3 tf/ |3 (x — &1,z — Ga,t) *|¢p3(G1, 83, 1) |2
+—= dx dy dz dxq dxs dt
2 Jo Jo [(x,1,2) — (21,62,33)] yazan e
23 tf/ P2 (x — &1,y — &2z — &3, ) Plp3(E1, 83, 1) |2
+—=— dx dy dz dxq dxy dx3 dt
2 Jo Ja (,y,2) — (61,62,8)] Yzt e
where a7 > 0, 2y > 0, a3 > 0.and a3 > 0.
Furthermore,
ty
R = [ [ venzn(en+ iR +1¢af?) dx dy dz at, (127)

where V = V(x,y,z,t) is an electric potential originated from an external electric field E applied on Q.
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Finally,
J Aux(¢, E)
= Z/tf/ p] (y,z,t) (/ €% )pi (%Y, 2, £ dx—mp) dy dz dt

+];/0f /Q(El)g(y’z’t) (/Q ‘(4’{{)%("/%2/0‘2 dx — mg) dy dz dt
+Jf‘é 08 w0 ([ 1690 Gz 0 e my ) dy dz
+]é /;f /(.)(El)g(y,Z,t)< /Q [(D)e, (2,2, 1) dx—me) dy dz dt
w7 EEw ([ 1@z 02 dx—m, ) dy dz at

0o Ja Q
+],228 /Otf /Q(Ezﬁ(wf ) (/Q (@), (x,y,2,1)2 dx — m,,) dy dz dt
+]§ €280z 0( [ 1609 5wz 02 b~ me ) dy =
o 7L EE ([ 1@ 0P dx—m,) dy d

0 Q Q
’ .zzlfotf S € (00t 2,0 dy =l )z as

£
[, G ( [ dengznp dy—ng) =
+/tf/ (Bs)a (21 (/§(|(¢2)§(y,z,t)lz dywnﬁ) dz dt
+/tf/ (Es)4(z, (/ (1(¢2)3 (v, 2, t)[* dy — mA) dz dt
[ o ([ (@R dy—nt) ar
NG >( 1@z 0P + 1@2uE D + | (s)m(z 1)) dzfmT) gt
+ [T e ( | (acl @2z 0 = sl @)z D) dz) dt. 129)

24. A Mathematical Model for the Austenite and Martensite Phase Transition

In this section we consider a phase transition of a solid solution of v — Fe (y — iron) and carbon with a
0.75/100 proportion of carbon, known as austenite, initially at a temperature above and close to 723 C and rapidly
cooled to a temperature of about 25 C, developing a phase transition which generates a solid solution of « — Fe
(a — iron) and carbon known as martensite.

Let Q C R3 be an open, bounded and connected set with a regular boundary denoted by 9Q) which contains
an amount of austenite at 723 C and which, as previously mentioned, is rapidly cooled to a temperature 25 C on a
time interval [0, ¢ f}, resulting a phase known as martensite.

We recall the oy — Fe of austenite phase presents a multi-faced cubic crystalline structure in a micro-structure
with carbon atoms.

On the other hand, & — F; structure of the martensite phase has a CCC cubic centralized crystalline structure
in a micro-structure with carbon atoms.

At this point, we also recall that the F, (iron) atom has 26 protons, 26 electrons and 30 neutrons.

On the other hand a Carbony, atom has 6 protons and this same number of electrons and neutrons.

Here we define the density function ¢, representing the Austenite phase, where:
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lpr(x,y, 2t = Z|¢p, vz )Pk 2 ) Ple] (2P —

(mA)2

—_

+2|¢ (wy DR Wz e P s

L N

+ 2 0% " ez, P94 (.2 1) P19 (2, 1) P

=

(my)?
1

>0

+ 21 (@1 p; (%, v, 2, )21 (67) a (v, 2, 1) P11 (2 1) (mC 2
=

[y

6
+ 11D )e (0, v, 2 P17 a (v, 2, 1)1t (2 1)

j:1

—~

m

)2

_ 0

+Z|¢1 (%2 ) Pl(9) a y,z,t)\2|¢$(z,t)\2(mg)z~ (129)

Similarly, we define the density function for the Martensite phase, which is denoted by ¢,, where:

pa(x 2t = ZI¢"‘ (a2 Oz 0 Pl O ;)
+2|¢“ "2 PO 2 DT P
+2|¢ oz ORI 2 O O
Y100 (12 D16 a2, ) 2105 (2. : -~
j=1 mz)
6
+ L 105)q (20,20 PI0S) a0 2 PO (D
j=1 A
+2| P 2 P95 a2 OIS (O 1)2. (130)

For the CFC vy — F, (y — iron) corresponding to the Austenite phase, such density functions are subject to
the following constraints:
Defining
Cy ={(e1,0,0), (0,€2,0), (0,0,¢3), : ¢ € {+1, -1}, Vj € {1,2,3}},

(Cy)1 =A{(e1,e2,83), : gj € {+1, -1}, Vj € {1,2,3}},

and

(Cy)2 = {(e1,€2,0), (e1,0,3), (0,2, €3), : ¢j € {+1,—1}, Vj € {1,2,3}},

we must have

F. —F, < ~ -
N (Y, 21+ €10z, 20 + €202, 23 + €302, t) = P4 (Y, 21 + 8102, 20 + 8202, 23 + 8302, t),

Ve, & € Cy, where 6, € R™ is a small real parameter related to v — F, crystalline structure dimensions.
We must have also,

—F, —F, - - -
N (y, 21+ €10z, 20 + €202, 23 + €302, t) = PN (Y, z1 + 8102, 20 + 8202, 23 + E302, 1),
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Ve, & € (Cy)1 and,

(<P1C)A(y, z1 +€10z,2p + €205, 23 + €305, 1) = (¢5)A(y,21 + 810,20 + 820,23 + €305, 1),

Ve, & € (C'y)z-
For the CCC « — F, (« — iron) corresponding to the Austenite phase, such density functions are subject to
the following constraints:
Defining
Cy = {(61,82,83), HESRS {-‘r-l, —1}, Vj e {1,2,3}},

(Ca)1 = {(e1,€2,€3), : €1, &2 € {+1,—1} and e3 = 0},

(Ca)2 = {(e1,€2,€3), : €4 =¢ex =0and ez € {+1,-1}},

we must have
¢% (Y2 + 18z, 20 + €262, 25 + 6382, 1) = @Y T (y,21 + 8162, 20 + 8282, 23 + 8362, 1),

Ve, & € C,, where §, € R is a small real parameter related to @ — F, crystalline structure dimensions.
We must have also,

(‘PZC)A(}/, 21 + €102, 20 + €262, 23 + €362, ) = (<P§)A(y,21 +£102, 20 + 20,23 + 8302, 1),

Ve, & € (Ca)l U (Ca)2-
The other constraints for the densities are given by:

1. For the Austenite phase:

(a)

/ b5, By, z b)) dx = my, Vi € {1,26},
(b)

/ 9e Fe(x,y,2,1) dx = m,, Vj € {1,26},
(©)

/Q |<P%]._F”(x,y,2, H? dx = my, Vj € {1,30},
(d)

[ 104 Gy z ) dx = nr,

(e)

1950 (2, P dx = my, ) € (1,63,
()

100 (2 0P dx = me, v € {1,6),
(®

/ (@5 ), (%, y,2, 1) dx = my, Vj € {1,6},
(h)

J 160,20 dx =,
2. For the Martensite phase:

(a)

/Q |cp"‘ Fe(x,y,2,t)> dx = my, Vi € {1,26},
(b)

/ |gb”‘ F(x,y,2,t)* dx = m,, ¥j € {1,26},
(c)

/ ‘qb“ Fg x y,Z,t)|2 dx:mN/ V]E {1/30}/
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(d)
/Q |¢T47F“(9C, v,z ) > dx = mf,

(e)

/Q [(95)p; (x,y,2,8)[* dx = my, Vj € {1,6},
€y

/Q [(95)e; (x,y,2,t)* dx = m,, Vj € {1,6},
(8)

L1609 (20 dx = my, vj € {16},
(h)

L 16S)a w2 0P dx = S

3. For the total F, (iron) mass,

|17 0R dz+ [ 1610 dz = (i),

4. For the total Carbon mass

[ 5 OP dz+ [ 195 (0P dz = (me)r.

At this point we define the functional | which models such a pahse transition in question, where

J(¢,E) = G(V¢) + F(¢) + F1(¢) + Jaux (¢, E)

where
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~r—F
G(Vg) = vp / [ Vo e e dy
]
26 ~v—F .t
+272 /f/w,v BT dx dy dz d
j=1
30 A'Y*Fe t
Jr;')’Nz /f/ qury F, v‘l’}\y];FedXdydzdt
]:
26 ,?'X F.
+,Z; pz / / Vet Vgt dx dy dz dt
]:
26 u—F o
+.Z%%2 /f/ Ve V" dx dy dz dt
]:
+§ﬁlu]\]ﬂ a—F, vzxfped dddt
2 47 4’1\[]. xXayadz
/ / (Voh " (,2t)- V) " (y,2,1)) dy dz dt
'?"‘ -
+7A/o /(V‘P (2 t) - Vel Ty, 2, t)) dy dz dt
6 4C .t
v f
S ) [ VD, b dy iz
]:
6 AC i
e 2 I ] 900 VD), dx dy de
= 2 Jo Ja
=1
6 ~C t
i f
DR AR
6 4C .
Y f
+Zl/ /V(q’z) V(95)p, dx dy dz dt
=2 Ja
6 AC ot
+Z£/f/ V(5 )e; - V(@5 )e; dx dy dz dt
j=1 2 Jo (@)
6 ~C t
i f
LT V0 dxdy iz
AC ¢ ,
Y f ’
+ 2 7 [ (V@14 T g)a iy ars 05 / )1V d e
A’y t .
Y f ’
+7T/0 /Q(v((pl) ((Pl)) dz dl’+ / 471 )) dz dt
Ly % s c
+7/ /(v(4>1) V(¢f)) dz dt + 7/ / (@S) - V(¢S)) dz dt (131)
0o Jo
Also,
F(¢)

trorolpr(x — &,y — 8o,z — 83, t) 2| (81,82, 83, t) |2
J Gy, 2) — (31,6, 83)] dx dy dz dgy Gy G dt

Yo ga(x — &Ly — &,z — &, ) Pl 92 (81, &2, & )2
J [ y,2) — (0,62, 8o) o dy dz ey dez dts

= [7 [ @G0 0P + ga(z 0 dz
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Finally, Jaux = Jaux, + JAux, + JAuxs + JAux, + JAuxs, Where

Jaue, = i/tf/ E"Y F‘ (v,z,t) (/ |4>7 F”(x,y,z,t)|2 dxfm,,) dy dz dt

+E/ /E7 N2 (/ P xy,zt)lzdx—me) dy dz dt

+Z/ / EAY F (y,z,t) (/ |¢ x,y,z t)|2dxme) dy dz dt

;/tf/ E”‘ Fe( (y,z,t) (/ |gb"‘ Fe( xy,z,t)|2dx—mp> dy dz dt

+2/ /E”‘Fy,zt</ |<p xy,zt)\ dx—me>dydzdt

+g/tf/ E“ Fe( (y,z,t) (/ |4>“ Fe(x, y,z,1)|? dxme) dy dz dt

+/tf/ EV Ryt (/ 07 (g, 2, )2 dy — mA)dzdt

+/tf/ S Fe(y, ¢ (/ 195 (y,2,8)] dy—mfg) dz dt (132)
Jauw, = i/tf/ (ED)p (v, 2,1) ( (@) (x,y,2, 1) dx_mp) dy dz dt

=

%/tf/ (EC Jej(y,2,1) ( [ 4)1 (%Y, 2, t)[? dxfme) dy dz dt

j=1

2fi/tf/ (Ef)N (v,2,1) ( (¢ (XY, 2, t)|2dx_mN) dy dz dt

i=

i/tf/ Ez p; (y,z,t) ( |q>2 p; (x,y,2, t)| dx—mp) dy dz dt

j=

ZZi/tf/ E2 ¢ (y,z,1) ( [( gb2 ¢ (x,y,z2, t)|2dx—me) dy dz dt

j=

ZZi/tf/ Ez y,zt( |<p2 xy,zt)| dx—mN)dydzdt

i=

s ([ 168 a2 0 dy =S ) dz

[ E a0 ([ 165140020 dy = n ) dz 13)

and,
e ' 2t 2
T = [ BP0 (f 101G+ g3 0P dz— (g ) )
+ [ ESW( [ 10F @R+ 105G 0P dz - o)y ) . (139
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]AMX4

te z _
= 4 Z /0 /Q Ey (v, zt)(¢) Fe (y,21 + €162, 20 + €205, 23 + €30, 1)

g, geC,

fqbzx_P” (y,21 + 8162, 20 + 8267, 23 + €30, t)) dy dz dt

b : _
Y / / EZ (v,2,t)¢) 5 (y, 21 + €162, 20 + €282, 23 + €302, 1)
. o Ja
g, €€(Cy )1

—(PZ;FE (v, 21 + 8162, 20 + &30, 23 + E30,, 1)) dy dz dt
tf ~
’ Z(;3 ) /0 /Q E¢*(v,z, D (@) 4 (Y, 21 + €102, 20 + €202, 23 + €302, 1)
el

—(4)1C)A(y,21 + 5152,22 —+ 5252,23 + 53(52, l’)) d]/ dz dt

tf - A A A
+ / / E7 (y,z, t)(<pff(5 (Y, 21 + €102, 20 + €20z, 23 + €305, 1)
g ee(Cy) 0 /O

—(Pifp" (v, 21 + 8102, 20 + 820,23 + 830, 1)) dy dz dt

tf ~ A A~ A~
+ ) / / ES (v, 2 )(95) Ay, 21 + €162, 20 + €282, 23 + €365, 1)
6, 8€(Ca)1U(Ca)2 70 72

—(¢5) Ay, 21 + E162, 20 + 8282, 23 + 836, 1)) dy dz dt. (135)

Finally, for a field of displacements u = (uy,up,u3) resulting from the action of a external load field
f = (f1, f2, f3) and temperature variations, we define

]Aux5
- % /otf /Q (A (e, £ H (e () = €y () (ea () — ey ()
+ Aoz, ) Higy ((ei (1) — () (e (u) — eﬁ,(w)))) dx dt

,%/Otf /Qp(x,t)ut(x,t)-ut(x,t) dx dt
_<ui/fi>L2/ 56

where
1 (ou; | du;
ejj(u) = 2(8x] + 8xi>’
pr(zt) = [ |1,z ) dxdy,
pa(zt) = [ |2,z ) dx ay,
p(z,t) = p1(zt) + p2(2,t),
and (1)
p1(z,
Az ) = — P&
B N X EN ey
p2(z,1)
Ay(zt) = —P2ED
2(z1) p1(z,t) +p2(z,t)

Remark 24.1. The system temperature is supposed to be directly proportional to w(z, t)2, which in this model is a known
function obtained experimentally. Finally, the strain tensors {e}](w)} and {elzj(w)} refer to austenite and martensite phases,
respectively. Such tensors also depend on the temperature and must be also obtained experimentally.

25. A Note on Classical Free Fields through a Variational Perspective
This section is strongly based on the first chapter of the book [20], by N.N. Bogoliubov and D.V. Shirkov.
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Therefore, the credit for this section is of these mentioned authors. This section is a kind of review of such a
book chapter indicated. In fact, what we have done is simply to open more and clarify some calculations, specially
about the first variation of the functional L, in order to improve their understanding.

Let O = O x [0, T] C R* where Q) C R? is a bounded, open and connected set with a regular boundary
denoted by Q).

Consider the Lagrangian density L : RN x RN*" — R and an action A : V — R where

Au) = /QL(u,Vu) dx

V = W, (;RN).
We denote

and
ou;
TX; = (ui)X,"
Assume u € V is such that
SL(u,Vu) =
so that
oL(u,Vu) & d <8L(u, Vu)) . .
—_— = — | —=———=1=0,inQ, Vie{l,---,N}.
E)ui k=21 dxk B(ui)xk { }

We define a change of variables
(¥ )k = xp + Oxg,
where x; = (xg,x1, X2, x3) and xg = ¢ (here t denotes time).
Also
gk =0,ifj #k goo=—1and g1 = g2 = g33 = L, {g/*} = {gu} "

N .
oxp =Y X}‘s w,
i=1

where |¢| < 1 denotes a small real parameter.
We define also
uj(x") = ui(x) + du;(x),

where

Sui(x Z pijewl,

j=

and

37 = ul(x) — uy(x).

Observe that
Sui(x) = ui(x) —u;(x)
= wi(x) —ui(x) + uj(x) — ui(x), (137)
so that
Sui(x) = ui(x) —u;(x)
= Sui(x) — (ul(x") — ui(x))

" Qul (%)

N .
Y i w = ) — o
j=1 = dx

a”’ 5k+0( 2), (138)

N .
= Lwjew - Z
=1
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Summarizing, we have got

= oy 0ui(X) ok 2
=€ (Z (1/}1‘]‘71)] — g dlixkxf ZU] + O(S )
j=1 k=1
Define now
(1,91, 922) = [ Llu(x +ega(x)) + 1 (x)] det ] (x)
where we have generically denoted
L{u] = L(u, Vu),

Llu(x +ega(x)) +e1(x)] = L(u(x + e@2(x)) + 91 (x), Vu(x + e2(x)) + V1 (x)),

and
ox’,
J(x) = {E)x;](}
{3(xj+8(4’2)j(x))}

Bxk

- {5,~k L)) } (139)

oxy

From such a last definition we have

det](x) =1+¢
I =1 4e 3 A0
so that
3def](x)| _ i 9(2)k(x)
o =0 = o

At this point we define
d
Au, @1, ¢2) = d*( (4, 91, 92,€)) |e=0,

so that
N (OL(u, Vu)
SA(u, p1,92) = L(;(aui((m)i
" 9L (u, Vu
Z( 8 ) (Pl)i)xk)
mu] o, #2)i
+k=21 ou; ax )+ZL axk o o
From this and OL(u,Vu) d (L(u,Vu)
1wV u, Vu _ . H
L) dxk<W)_0,mQ, Vie{l,-- N},
we obtain
N n d L
Ao = Y3 /T (4’1)k dx
i=1k=1 &

(141)

_|_

- u](¢2)x
Z/Qidxk dx.

k=1

In particular, for
N .
k=) X
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and
N . n Ui ok
(pr)i= Y| gy = ) S Xjw |,
=1 =1 7%
we obtain
SA(u, 91, 92)
Nz d [ oL[u] [ ¥ au;(x)
— y Xiw/ dx
lg,g/ﬂ(dxk a(u,)k ]; lP;] lzl Bxl 1
n OL[u] Xkw
+ / dx
isi/o dx
N[ & d (& oL [ " oui(x)
= — — X w]
]; (kzl (/Q dxy ,; (1) E vi l; ox;
+L[u]xj.<wf) dx)). (142)
Moreover, we define
N n
oL[u] ;i
6 = + LX L(u)X
k i=1<a(ui k( P l;ax ] (u)X;
so that )
: ) % i d(6fw)
u,¢1,¢2) = — / dx,
ol o LSS
V{w'} € C(Q;RN).
In particular, for
P;; =0
and
k _ sk
Xj = 5]-
we obtain the Energy-Momentum tensor T,ﬁ, where
. N n
i=1i=1 )xe axl
25.1. The Angular-Momentum Tensor
In this subsection we define the following change of variables
Xpo=x0+ Y g xme Wk,
m#k
where
wkm _ _wmk
With such relations in mind, we set
oxp = X —xx
= ¢ Z Y w" (g gk — 8" xmgf). (143)
=1m<lI

We define also,
ui(x") = u;(x) + du;(x)

where

E ) A o)l (x)e wP!.

I=1j,p<l
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Moreover, we define
n .
_ ]
lpi(m”) - ;Ai(mn)
j=
where
A]( = gzp —&i 5]
Hence,
Pi(m ZAZ (mn) ”]( X) = Ginttm(x) _gjmuﬂ(x)~
]_
For the general variation, we define again
A(u, @1, ¢2,€) = /Q Llu(x +e@a(x)) +e@1(x)] det]J(x) dx
where we have generically denoted
L{u] = L(u, Vu),
Llu(x +epa(x)) + ep1(x)] = L(u(x + ea(x)) + e (x), Vu(x + ega(x)) +eV1(x)),
ax;
J(x) = a
d(xj +e(g2);(x))
Bxk
- o) »
9xy
and p
5A(u/ (Pll (P2) = % (A(ur (Plr (P2/ 8)) |€:0/
Moreover, we set
(92)f" = w™ (8" x,8% — g™ xm0}),
and
Su; = ul(x) — u;(x).
Thus,
Sui(x) = ui(x) —u(x)
= wp(x) —ui(x) + uj(x) — ui(x), (145)
so that

- s(i A{ ) i (x E ) Z au,(x (g xi8% — g mxm‘s;()) +0(&),

I=1jk<I =1m<lk=


https://doi.org/10.20944/preprints202302.0051.v91

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 July 2024 doi:10.20944/preprints202302.0051.v91

105 of 302
With such results in mind, we define
(‘Pl);ﬂl = 2 A i(kl) u](x
k<l
du;(x
-y (%k)wm’(g”xzéi‘n " ) )) (146)
k=1
Similarly as in the previous section, we may obtain
(1, @1, 92)
_ dA(u, 91, 92, )|
- de &=
= i i%/ ( i (x) + ou; mmy P _ ou; Ty,sb )™ ) dx
I=1 jm<l k=1i=1 0 dxy {my™ axpg T oxy o, S M
- d 0. sk omm, sky. ol
+ Z Z / d—(L[u](g X0 — §"" Xy )w ) dx (147)
k=11=1 jm<li=1 ' 4¥k
Thus,
- k ml d
(M 9011902) ];EI/QE(M"HW ) X,
where
ou; ou;
MK = ( U — —gMMy +—1”x)
ml gga ilm*™]j axlg m axmg 1
+L[u) (8" 18, + g xmd]), (148)
so that
M, = (g’”’”me{‘ —g”sz")
- Z r uj(x)
i= 1]<la m) "1
= L+, (149)
where
Ly = (8" xnTf — ¢"x/T))
and

ZZ

i=1j<I

)u-(x).

auz xk

The tensor {L¥ w1} is said to be the Orbital angular momentum tensor and {sk w1} is said to be Spin one.

25.2. A Note on the Solution of the Klein-Gordon Equation

For O = R4, 0O = R3 and denoting as usual by i € C the imaginary unit, consider the Klein-Gordon
equation in distributional sense
o%u o%u 5 Q,
*ﬁJr]Z;afzfm u=0,in
where u € V = W2(Q).
Defining the Fourier transform of u, by

o(p) = W /()e’ip'xu(x) dx,
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in the momenta space, the last equation is equivalent to
2 3 2 2
po— Y p; —m* |¢(p) =0, inQ,
j=1
where we have denoted p = (po, p1, P2, p3) € R, and x = (xg, x1,x2,x3) € R4
Observe that a general solution for this last equation is given by the wave function
5 R 2
dlp) =0\ p5— Y ri—m*|op),
=1
where ¢ € W2(Q).
Indeed,
R 2| % A 2 SRR ) 2
po— Y pi—m*|dp) = |p5—Ypi—m* || p5— Y pi—m*|¢(p)
j=1 j=1 j=1
= 0,inQ. (150)
Here, we recall that generically for the Dirac delta function §(t), we have
0, ift £0,
— 151
o) { 400, ift=0. (151)

Observe that, for the scalar case in the previous section, we have

2
3
219 = Y <$> + mPu.

j=0\ 9%
Also, from
2u S %u
———i—Z——m u=0,1inQ,
ot2 = ax]Z
we get
2 3 2
/(a—u) dx—Z/ a—u dx—mz/uzdxz ,
o\ ot pgle! ox; Q
so that

2
Ju 2 3 Ju 2 2
/Q<§) de/Q(BJg) dx +m /Qu dx.

From such results, we may infer that

u\?
00 _
/QT dx = /Q(at> dx

3 2
Z/(}(gg) dx+m2/0u2 dx. (152)
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On the other hand,
3 ou ?
E/o<axf> .
3 . . -
B = (/mlp] P)’”“dp)(/gii#¢(#)ew'xdﬂ) dx
13 . (-
_ ! i(p+p')-x i
= 2n3]§//( pj pj ¢ 4>(P)/QE’”” dx>dpdp
1 P, / ’
= 27[)3/22// —pip; ¢ ¢(p)5(p+iﬂ)) dp dp
1 $
- 27'[)3/22/ 72 $(p) §(-p)) dp. (153)
Thus, denoting p = (p1, p2, p3), dp = dpy dp, dps, and
po(p) = 42m+W
we may infer that
L1 = o [ Ept 4] 6) d(-p) dp
Q (27-()3/2 o\ S ]
- L) o[- -nt) o) ep) dp
(2m)3/2 Jao = j 0 = j
1
= Gz o, (P08 9p0(0).P) (=polp). ~)) . (154)
Summarizing we have got
1
o = g [, (pol8) 9pop). ) 6= po(), ) ) dp
2
:‘%U, (155)

so that

/Toodx: a—uz
(@) ot 12

may be expressed as a kind of average expectance of p3 related to the function ¢(p).

25.3. A Note on the Dirac Equation
In this subsection we denote
3 .
A* =3 ¢ Ly,
j=0
where 5
| B
Li=ig ax; vj € {0,1,2,3}.

We recall that the relativistic Klein-Gordon equation may be written as

(A> —m®)u =0, in Q) = R,

Moreover, for 4 x 4 matrices 'yk indicated in the subsequent lines, we may obtain
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where

and
D =0, ifi # j, ¥i,j € {0,1,2,3}.
Here
u = (ug,u1,up,u3)’ € V.=W2(Q;CH.

In such a case the fundamental Dirac equation stands for

3 .
[1’ (]Z(:)v]aij) m]u =0ecR* inQ.

Summarizing, if (ug, uy, u, u3)T € V is a solution of this last Dirac equation, then ug, uy, up, u3 are four
solutions of the Klein-Gordon equation.
In the momentum configuration space, through the Fourier transform proprieties, the Dirac equation stands

for
(p+m)a(p) =0, in R4,
where
3 ..
p=2 "p.
j=0

Observe that
i(p) = 6(p+m)u(p)

corresponds to a general solution of the Dirac equation.
Indeed,

A

(p+m)i(p) = (p+m)d(p+mu(p)=0¢ R* in Q.
On the other hand

3
a(p) =6 (p% - 21 p7 - mz) u(p)
=

correspond to four solutions of the Klein-Gordon equation.
At this point, we assume such a 7i(p) corresponds to a solution of the Dirac equation as well.
Furthermore, here we recall that (please see the first chapter of the book [20], by N.N. Bogoliubov and D.V.

Shirkov for details):
10 0 0
01 0 0
0
= 1
Y 00 -1 o0 ([ (156)
00 0 -1
0 0 0 1
0 0 10
1
- , 157
7 0 -1 0 0 (157)
-1 0 0 0
0 0 0 —i
0 0 i O
2
= , 158
¥ 0 i 0 0 (158)
—i 0 0 O
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0 01 0
0 0 0 -1
3
= 159
7 ~1.0 0 0 (159)
0 1 0 O
and
0 0 —i 0
0 0 0 —i
5
_ 160
7 i 0 0 0 (160)
0 —i O 0
where we also denote
aj = 'yo'y], vje {1,2,3},
i =iv’y%/, Vj € {1,2,3},
and
p=1"
On the other hand, a variational formulation for the Dirac equation corresponds to the functional A : V — R
where .
Au) = 3 /QL(u, Vu) dx,
where
3 *
L(u,Vu) =i Z <u*'y]§3 - (—;L; fy]u) —m?utu,
j=0 ] ]
where here
U= (uo,ul,uz,ug)T € Wl'Z(Q;C4).
From such statements and definitions, similarly as in the previous sections (please see [20] for details), we
may obtain
j Ju dJu*
Tkz:j (kS8 0% k)
2g e E)xl E)xl v
and
ghim _ dL(u, v”)Au,lmu R AW Am oL(u, Vu)
Buxk auxk ’
where )
Au,lm _ %Uml,
Au*,lm _ i lml
7
and where el
S el
2 7
so that
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Thus,
/ ghlm g,
0
_ 1 kgl _ glm.k
- 411 2n)3/ (// el (ot lm—‘flm?k)ﬁ(r]’)eip/'x) dp dV/) ax
1 1
= 1 / o k)3 (p 4 )a(p')) dp dp
11 )
= 3 271)3/2 /Q ot — lm,yk)u(_P)) dp
- 1 / k lmiglm,yk)é pzfipzfmz u(—p) | dp
271)3/2 Q 0 F=1¢
1 ), p) ., R R
= zﬂ)a/z / 0(p), P) (7™ — " u(—po((p), —p)) dp, (161)
where

Summarizing, we have got

), =) dp,

"G)

kim 4. _ 1 ), p) (7km — glmak
Jo 8" = g o, (u(po(0). Pk Ju(=pol
where Q1 = R3, p = (p1, p2, p3) and dp = dpy dp, dps.

26. A Note on Quantum Field Operators

This section is strongly based on the chapter 3, page 53 of the book [21], by G.B. Folland.
Therefore, here we have done a kind of review of these pages of such a book chapter indicated. In fact, we
have simply opened more and clarified some calculations, in order to improve their understanding.
Let QO = Q x [0, T] C R* where () C R3 is a open, bounded and connected set with a regular boundary
denoted 90).
Define V = W'2(Q) and
Vo = WA (Q).

Consider an operator H : V; = Vo N W??(Q) — Y where in a distributional sense,

H(u) = —%Tz + V2u — m*u,

and where
Y =Y* = L2(Q).

Suppose there exists operators B; : Y — Y and By : Y — Y such that

1
B1By(u) = H(u) + Sl
and 1
ByBy(u) = H(u) — Sl Yu € V.
Assume also ¢g € Vj is such that
Igollr2 =1,
and B¢y = 0.
Now define .
B
b = 5(¢0) VkeN
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Observe that
[B1By] = B1By — BBy = .
We shall prove by induction that
[By, B§] = kBX~1, vk € N. (162)
Indeed, fork =1
[By,By] = I; = 1BY,
so that (162) holds for k = 1.
Suppose now (162) holds for k € N, so that
(By, BS] = kBE1.
In order to complete the induction, it suffices to prove that (162) holds for k + 1.
Observe that
[Bi, B3] = (BiBy" —B;'B)
(B1B5)By — BS 1By
(BB + kB3 ~")By — B5 By
B5(B1Ba) + kBj — BS 1By
BY(ByBy + 1) + kBy — BS™' By
= BY''By + BS + kBS — BS'1By
= (k+1)Bk (163)
Thus, the induction is complete, so that
[By, BS] = kBS~1, Vk e N.
Moreover, we recall that
Bigp =0,
so that
Bi¢o
B = By 2
19k 1 ( N/ )
_ (B3B1 +KBS ')go
V!
_ ke (k=1)!
V!
_ ki
vk
= Vk¢e_q, VkeN. (164)

Summarizing, we have got

Bi¢y = \/%4)](,1, Vk € N.

Now, we shall prove that

By = Vk+ 1¢giq1, Vk e N
Observe that

k
Bz+14’o

Prr1(y/ (k+1)!

By (BS¢)
(Bagp) VK. (165)
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Summarizing, we have got
(Bagi) VK = i (y/ (k+ 1)1,
so that

(Bag) = Vk + 1¢p 1, Vk € N.

Finally, from such results, we may infer that

BiBopy = Bi(Vk+ 1gpi1)
= Vk+1Bigpq
\/m\/Wqu

= (k+1)¢, VkeN. (166)

Similarly,

BBy = Ba(Vkfy_1)
VkByy 1
\/k\/%(ﬁk
= kqbk. (167)

Therefore we have got
1 1 1
H ¢ = BiBogy — s¢1 = (k+ D)o — S ¢ = (k+ 5)4’1«

that is .
Hepyp = (k+ E)‘Pk’ Vk € N.

Thus, foreach k € N, k + % is an eigenvalue of H with corresponding eigenvector ¢.

26.1. An Application Concerning the Harmonic Oscillator Operator in Quantum Mechanics

In this section we have the aim of representing the relativistic Klein-Gordon equation through the creation
and annihilation operations related to the harmonic oscillator in quantum mechanics.
Consider first the one-dimensional Hamiltonian, corresponding to the harmonic oscillator, namely

Define now the operators

and . p

]
2 7

Clearly,
Hy = B1By — 121 = ByBy +

so that
[A, A*] = [By, B2] = B1By — B2By = 1.

Similarly, as in the previous sections, by induction, we may obtain

[By, B§] = kBX~1, vk € N.
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For R
—1/4 —*
po=m V4T,

we define .

‘Pk:ﬁ

Also from the previous section, we may obtain

Bsgo, Vk € N.

By = A% = Vk+ 141,

Big = Ady = Vkdy_1, Yk € N.

BBy = A" Ay = k¢,

and
B1Bypy = AA*(Pk = (k + 1)¢k,Vk e NU {0}
so that
H047k = (k + 1/2)¢k, Vk € N.
Here we recall that
Bi¢g = Ago =0,
and
1oLz = 1.
In reference [21], page 54 it is proven that such a sequence {¢y} is an ortho-normal basis for L?(R).
Finally, observe that for R* we may define
1 (0
and
(By)=Af = [~ 2 4 1), vie{01,23}
2 ] ] - \/E ax] B ] rLr &y .
Here generically,
X = (xo,xl,xz, X3) S R4.
Observe that clearly
3 V2
— =-——(A—A)),
ax/' 2 ( / ] )

and

2 .
led = %(A] —I-A;K), V] S {0,1,2,3}.

Denoting x¢ = t where t stands for time, consider the relativistic Klein-Gordon equation,

92 02
at(erzl_m(P

From the previous results, we may represent such an equation by

3
1
( (Ag — A})? ZEA —AY) —mzld)4>—0.

We highlight from the previous results we know the action of A; and A; on an appropriate basis of L?(R*)
obtained though an appropriate tensorial product of the bases

{{9x(x;)}, forje{0,1,2,3}}.
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We shall call the operators A]’-‘ and A; as the creation and annihilation operators concerning the original
harmonic operator in quantum mechanics.
To justify such a nomenclature, we recall that A]’on(x]-) = ¢1(x;) and A;po(x;) =0, Vj € {0,1,2,3}.

27. A Dual Variational Formulation for a Related Model

In this section we develop a concave dual variational formulation for a Ginzburg-Landau type equation.
Let QO C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary denoted by 9.
Consider a functional | : V — R defined by

- .
J(u) = > /QVu Vu dx
X7
+5 =B dx = (u, )iz, (168)
wherey > 0,2 >0,>0, f € L2(Q), and
V = WA(Q).

We also denote Y = Y* = L2(Q).
Define now
Vi={ueV: ||u|lo <Kz},

for some appropriate K3 > 0and, J; : VXY — Rby

K
Ji(,05) = () + =5 [ (=7V2u+205u— )2 dx,

where
K= L
'y aK?+e
for some small parameter 0 < & < 1.
Observe that
* _ Y 2 %
J(u,v5) = 5 QVu -Vudx + (u°,v5) 12
K
+71 Q(—qu +205u — f)2dx — (u, )12

~05)a+ 5 [ (2= p) ax

. Y 2k
> I .
> u1g‘2{2/QVu Vu dx + (u”,v5)12

+% Q(—'yvzu—l—Zvau—f)z dx — (u,f}Lz}

+ inf{ — (v, v5) —i—ﬁ/(v—ﬁ)zdx

veY 770712 2 Ja

= —F(v)—G"(v)
= J(v5),Vue v, vy eYr, (169)

where we have denoted
F*(v5) = sup{—(u?,05) 12 — F(u,05)},
uevy

F(u,v5) = %/QVqu dx + %/ﬂ(—’yV%—i—ZUéu—f)z dx —(u, f)12,

and

Go) =5 [ (0—BP

G'(vg) = SIEJIYJ{@/ZJS)LZ—G(U)}

= %/0(03)2 dx+[3/006 dx. (170)
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Observe that SF(u, 1)
u,v
TZO = —yV? +20% + K1 (= V2 +20)?,
so that we define
B* = {vf € Y* 1 —yV2 4208 + Ky (—V? +20)% > 0}.
With such assumptions and definitions in mind, we may prove the following theorem:
Theorem 27.1. For [*(v) = —F*(v§) — G*(v{), suppose 0 € B* is such that
5T (85) = 0.
Let uy € Y be such that
E)H(uo, UAS)
=0,
ou
where
H(u,vy) = F(u,v5) + (u”, v5) 12
Suppose
up € Vi
Under such hypotheses,
F*(09) = H(uo, %),
6] (ug) =0,
and
J(uo) = J1(uo, %)
= inf , 0
= sup J*(vp)
vpEY*
— Y. (171)

Proof. The proof that
F*(95) = H(uo, %),
is immediate from 9y € B*.
Moreover, the proof that
] (ug) =0,
and
J(uo) = J1(uo, 95) = J*(95)
may be done similarly as in the previous sections.

Observe that
J*(vg) = —F*(v5) — G*(vg) = uiggl{H(u,vé) —G*(v)}

so that [* is concave in v as the infimum of a family of concave functionals in vj.
From this and §]* (9) = 0 we get
J*(95) = sup J*(v5)-

voEY*
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Furthermore observe that

J(uo) = Fi(uo, %)
1 (1, 0%)

F(u,05) + (u2,95) 12 — G*(85)
F(u,95) + sup {(u,95) 12 — G*(8) }

vyEY*

IN

IN

= F(u,05) + G(u?)
= T(udp), Yu € V. (172)

Hence
J(uo) = J1(uo, 85) = inf Jy(u, ;).
ueVy

Joining the pieces, we have got

J(uo) = Ji(uo,9))

= inf J;(u, 8}
ulgwh( , 0)

sup J*(v5)

vpEY*

J*(5)- (173)

The proof is complete. O

28. The Generalized Method of Lines Applied to Fourth Order Differential Equations

In this sections we develop an application of the generalized method of lines to a fourth order equation.
We start by addressing the following ordinary differential equation (ode):

d*u(x) .
e —f=0,in]0,1],
with the boundary conditions

u(0) =u'(0) =0
and
u(l) =4'(1) =0.

In terms of linear elasticity, such a boundary conditions corresponds to a bi-clamped beam.
In a finite difference context, this last equation corresponds to

<un+2 —4uy 1 +6uy —4uy 1t uy o
€
44
where N is the number of nodesand d = 1/N.
Considering that, from the boundary conditions, u_; = 1y = 0, for n = 1 we get

>—fn:0, Vne{l,---N-2},

d4
6uy —4uy + uz = flT,
so that
up = ajup +biuz +c1,
where

4
111:2/3, b1_1/6andC1:%'

Similarly, for n = 2, we obtain

d4
—4uq + 6uy — 4u3 +uy = sz
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Hence, replacing the value of u; previously obtained in this last equation, we have
d4
—4(ajuy + byus +c1) + 6uy — duz +uy = sz,
so that
Uy = apuz + bouy + ¢y,
where defining mq; = (6 — 4a1), we have also
4b) +4
a) = ——
mi2
1
bZ - T
my
1 4
0 =— (fzd +4c )
mio 3
Now reasoning inductively, for 1, having
Uy = Ap_1Un + by_1tly1+cu_1,
and
Up_p = Ap_oUy_1 + by_ouy +cy_p
we obtain
Up_p = ay_2(ay_1un + by_1up1 + Cu—1) + by_otn +cy_3,
so that from this and
fud?
Upyo — 4y +6Uy —duy 1 +uy o= P
we obtain
an—2 (anflun +by 11+ Cnfl) +by—oun +cp2
d4
—4(ay 1 + by qty1 +Cyo1) + 6Up — Aty + U2 = fn?, (174)
so that

Un = Anllp1 + bullyig +on

where defining
mip = (un—Z(anfl) +by—o —4a,_1+ 6)

we obtain .
an = _miu(an—anfl —4by 1 — 4)
1
bn =
mip
and
1 d*
Cn = @ (an—ZCnl +ep—p —4cy1 — fng )

Summarizing, we have got
Up = Aptlyi1 + bty +cn,Vn € {1,-N —2}.
Observe now that from the boundary conditions,
un—1 =un =0.
From these last two equations, we may obtain

UN-2 = CN,,
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and
UN_3 = aN_3UN—2 + bN_3uN_1 +CN_3,

and so on up to obtaining
Uy = aquy + byus +cq.

The problem is then solved.

28.1. A Numerical Example

We develop a numerical example considering

e=1,
and
f=1,in0,1].
Thus, we have solved the equation
dAu(x .
dx(4 ) —f=0,in[0,1],

with the boundary conditions

and
u(l) =4'(1) =0.
In a finite differences context, we have used N = 100 nodes and d = 1/N.
For a solution u(x), please see Figure 19.
3 %1078 :
251 1
2r i
15 ,
1r i
0.5 i
0 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Figure 19. Solution u(x) for the example B.
In the next lines, we present the concerning software in MAT-LAB
R R P ]
1. clear all
m8=100;
d=1/msS;
el=1.0;
for i=1:m8

f(i,1)=1.0;
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end;

a(1)=2/3;

b(1)=-1/6;

c(1)=£(1,1)*d*/ (6el);

m12=(6-4*a(1));
a(2)=(4*b(1)+4)/m12;

b(2)=-1/m12;
c(2)=1/m12*(4*c(1)+£(2,1)*d*/el);
for i=3:m8-2
m12=(a(i-2)*a(i-1)+b(i-2)-4*a(i-1)+6);
a(i)=-1/m12*(a(i-2)*b(i-1)-4*b(i-1)-4);
b@i)=-1/m12;

c(i)=1/m12*(f(i,1)*d*/ el-c(i-2)-a(i-2)*c(i-1)+4*c(i-1));
end;

u(ms8,1)=0;

u(m8-1,1)=0;

for i=2:m8-1;
u(m8-i,1)=a(m8-i)*u(m8-i+1,1)+b(m8-i)*u(m8-i+2,1)+c(ms-i);
end;

for i=1:m8

x(i)=i*d;

end;

plot(x,u)

b R R S R

29. A Note on Hyper-Finite Differences for the Generalized Method of Lines

In this section we develop an application of the hyper finite differences method through an approximation
of the generalized method of lines.
Consider the equation

{ —eu"(x)+aud —Bu—f=0, inQ=][0,1], 175)

u(0) =0, u(l)=0

As ¢ > 0 is small, in order to decrease the error concerning the approximations used we propose to divide
the domain Q) = [0, 1] into Nj sub-intervals of same measure. Thus we define

X = Nil, Vk € {0,1,--- /Nl}-

For each sub-interval Iy = [x;_1,x;] we are going to obtain an approximate solution of the equation in
question with the general boundary conditions

u((k—=1)/Nq) = Ufk - 1],
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and
u(k/Ny) = Ulk].

Denoting such a solution by

{uli, K]}
where
X = k-1 +id
1 Nl 7
and o
- mg Ny’

where mg is the fixed number of nodes in each interval I.
Observe that in a finite differences context, linearizing it about a initial solution {u|[i, k] }, the equation in
question stands for:

_ i Lk = 2”;2"‘] b= LK) | sl KPuli, K] — 20u0fi, kP

—Buli,k] — fli,k] =0, Vi € {1,--- ,mg —1}. (176)

In particular, for i = 1, we obtain

(u[2,k] — 2u[1, k] + 1[0, k])

—¢ 2 + Baug[1, kJ2u[1, k] — 2aug[1, k]
so that
ullLkl] = a[l,klu[2,k] + b[1,k]u[0, k] + c[1,k]T[1, k]
+e[l,k] + E;[1,Kk], (178)
where
a[]'/ k] = 1/2/
b[1,k] =1/2,
c[L,k] =1/2,
d2
e[l,k] = f[1,k| 5%
2
T[1,k] = (—3aug[1, k|?uli, k] + 2aug[1, kJ* — ﬁuu,k])d?
and
E/[1,k] =0.
Now reasoning inductively, having
uli—1,k] = a[i—1,kluli, k] +0b[i —1,k]u[0,k] 4+ c[i — 1,k]T[i — 1,k
+eli —1,k] + E/[i — 1,k], (179)
and
—€ (uli+1,K] - 2”{52' K+ uli = 1,K]) + Baug[i, k]2uli, k] — 20 i, k]?
—puli,k| - fli,k] =0, (180)
so that )
(uli + 1,k] — 2u[i, K] + uli — 1K) + T[i, K +f[i,k]% —0,
where,

Tli, k] = (=3augli, k|?uli, k] + 2auo[i, k] + /Su[i,k})d?z,
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we obtain
uli,k] = ali kluli, k] + b[i, k]u[0, k] + c[i, k] T[i, k]

+eli, k] + E/[i, k], (181)
where,

ali,k] = (2 —ali—1,k))7%,

bli, k| = ali, k|b[i — 1,k],
cli, k] = ali, k](c[i — 1,k] + 1),
eli, k] = ali, k] (e[i -1k + ﬂ%k]dz)

and

E.[i,k] = ali,k](E/[i — 1,k]) + c[i, k] (T[i — 1,k] — T[i, k]).
Observe that in particular for i = mg — 1, we have u[m8, k] = U[k] and u[0, k] = U[k — 1], so that from above,
neglecting E,[1, k], we also obtain
ulmg — 1,k| = a[mg — 1]u[mg, k| 4+ b[mg — 1, kJu[0, k]
+clmg — 1,k|T[m8 — 1, k| (u[mg, k], u[0,k]) + e[mg — 1, k|
= Hyg1 (U[K], Uk —1]). (182)
Similarly, for i = m8 — 2 we may obtain
u[mg — 2,k|] = almg — 2Ju[mg — 1,k| + b[mg — 2, k|u[0, k|
+c[mg —2,k]T[m8 — 2, k](u[mg — 1,k], u[0,k]) + e[mg — 2, k|
= ngfz(u[k]r U[k - 1])! (183)
and so on, up to finding
u[l,k] = Hy(Uk],U[k —1]), Vk e {1,--- ,Nq }.

At this point we connect the sub-intervals by setting
U] =U[N1] =0
and obtaining {U[1],- - - ,U[Ny — 1]}, by solving the equations

(s — 1, k] - ZszI[k] Tullk+1)) + Baug[m8, k2 U[k] — 2aug[m8, k]°

—BU[K] — fmg,k] =0, Vk € {1,--- , Ny —1}. (184)

—&

Having obtained {U[k], Vk € {1,---,N; — 1} } we may obtain the solution {u[i,k]} wherei € {0,--- ,mg}
andk e {1,---,Np}.

The next step is to replace {ugi, k] } by {u[i,k]} and then to repeat the process until an appropriate conver-
gence criterion is satisfied.

The problem is then approximately solved.

We have obtained numerical results for e = 0.001, f =1,on ), N; =10, mg =100 and a = § = 1.

For the related software in MATHEMATICA we have obtained U[1],--- ,U[9],

Here the software and results:

I ——
1. Clear[u, U, z, N1];

m8 = 100;

N1 =10;

d=1/m8/N1;

el =0.001;

For[k =1,k < N1+ 1, k++,
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For[i=0,i < m8 + 1, i++,

uoli, k] = 1.01]];

A=1.0;

B=1.0;

a[1l]=1.0/2;

b[1] =1.0/2;

c[11=1/2.0;

e[1] = d?/e1/2.0;

For[i=2,i < mS8,i++,

ali]=1/(2.0-a[i-1]);

b[i] = b[i - 1]*a[i];

c[i] = a[i]*(c[i- 1] + 1.0);

e[i] = a[i]  (e[i — 1] +d?/el);

I

For[kl =1, k1 < 10, k1++,

Print[k1];

Clear[U, z];

For[k =1,k < N1+ 1, k++,

ul0, k] =U[k - 1];

u[m8, k] = U[k];

For[i=1,i <mS8,i++,

z =a[m8 - i]*u[m8-1i+ 1, k] + b[m8 - i]*u[0, k] +
c[m8 - i]*(-3*A*uo[m8 - i + 1, k]**u[m8 -i + 1, k] +
2*A*uo[m8 -i+ 1, k]° + B*ru[m8 - i + 1, k])*d? /el +
e[m8 -i];

u[m8 - i, k] = Expand[z]]];

U[0] =0.0;

U[N1] = 0.0;

S=0;

For[k =1, k < N1, k++,

S =5+ (el*(-u[m8 - 1, k] + 2*U[K] - u[1, k + 1])/d% +
3*A*U[k]*uo[ms8, k]? - 2*A*uo[mS8, k]° - B*U[Kk] - 1)2];
Sol = NMinimize[S, U[1], U[2], U[3], U[4], U[5], U[6], U[7], U[8], U[9]];
For[k =1, k < N1, k++,

wi4[k] = U[K] Sol[[2, k]II;

For[k =1, k < N1, k++,

ULk] = wa[K]];

For[k =1,k < N1+ 1, k++,

For[i=0,i <m8+ 1, i++,

uoli, k] = u[i, k]]];

Print[U[5]]];

For[k =0,k < N1 + 1, k++,

Print["U[", k, "]=", U[K]]]

U[0]=0.

Ul[1]=1.27567

U[2]=1.32297

U[3]=1.32466
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U[4]=1.32472

U[5]=1.32472

U[6]=1.32472

U[7]=1.32472

U[8]=1.32472

U[9]=1.32471
[

U[10]=0.

Remark 29.1. Observe that along the domain we have obtained approximately the constant value u = 1.32472. This is
expected since e = 0.001 is small and such a value u is approximately the solution of equation

aud — pu—1=0.

30. Applications to the Optimal Shape Design for a Beam Model

In this section, we present a numerical procedure for the shape optimization concerning the Bernoulli beam
model.

Let O = [0,1] C R corresponds to the horizontal axis of a straight beam with rectangular cross section
b x h(x), that is, the beam has a variable thickness 11(x) distributed along such a horizontal axis x, where x € [0,1].

Define now

V={weWQ) : w(0)=w(l) =0},

which corresponds to a simply supported beam.

Consider the problem of minimizing in V x B the functional

:%/()H(x)wxx(x) dx

subject to
(H(x)wxx (x))xx — P(x) =0, in Q,
where 5
_ h(x)°b
H(x) 5 E,

h(x) is variable beam thickness, A(x) = bh(x) corresponds to a rectangular cross section perpendicular to the x
axis, and E is the young elasticity model.
Also, we define

B = {h :[0,1] — R measurable : hy,;;, < h(x) < hyax and / ) < Cohmﬂx},

where 0 < ¢y < 1 and
C*={weV : (Hx)wk(x))xx — P(x) =0, in Q}.

Observe that

inf i
oo )

= inf{ inf J(w, h)}

heB | weC*

= inf
heB

mf H(Jc)wm(x)2 dx — (D, (H(x)wxx (%) )xx — P(x)) 2 } }}

wEV wEV Q

= inf{sup H(x)@?%, dx + (@ P)Lz}}
{

heB wevV
M2
= inf d . 1
;123 MED*{ H(x) x}} (185)
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where
D*={MEeY* : Myxy—P=0,inQ, and M(0) = M(1) = 0}.

Summarizing, we have got

inf  J(w,h) = inf { E / M dx}
(w,h)eC*xB a (M,h)eD*xB 2 Ja H(x) '
In order to obtain numerical results, we suggest the following primal dual procedure:

1. Setn =1and
hy(x) = cohmax-
2. Calculate w;, € V solution of equation

(Hn(x) (wn)xx)xx = P(x),

where s
_ Ebhy(x)
Hulx) = =5

3. Calculate h,11(x) € B such that
J* (My, hyi1) = inf J*(My, h),
heB
where
My = Hy(wn)xx,
1 M2 P
2 Jo H(x)
4. Setn :=n+ 1 and go to step 2 until an appropriate convergence criterion is satisfied.

J* (M, )

We have developed numerical results for ¢y = 0.65, E = 210 107, b = 0.1 m, P(x) = 36 10> N, l,y;, = 0.072 m
and K0 = 0.18 m.
We have also defined
h(x) = t(x)hmax,
where
04 <tx) <1, ae inQ.

For the optimal solution w = w(x), please see Figure 20.
For a corresponding optimal solution t = f(x), please see Figure 21.

%1078

0.6 ]

04r b

Figure 20. Optimal solution w(x) for a simply supported beam.
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0.65

06

0.55

051

0.45

0.4

Figure 21. Optimal shape solution t(x) for a simply supported beam.
Remark 30.1. For such a simply-supported beam model, for the numerical solution of equation
(H(x)wxx)xx = P,

with the boundary conditions
firstly we have solved the equation
with the boundary conditions
Subsequently, we have solved the equation

with the boundary conditions
w(0) = w(1) = 0.

Here we present the software developed in MAT-LAB.
38 33 6 3o 6 A

1. clear all
global m8 d d2wo H el ho h1l xo b5
m8=100;
d=1.0/mS8;
b5=0.1;
e1=210*107;
ho=0.18;
A=zeros(m8-1,m8-1);
for i=1:m8-1
A(1,1)=1.0;
x0(i,1)=0.55;
x3(i,1)=0.55;
end;
Ib=0.4*ones(m8-1,1);
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ub=ones(m8-1,1);
b=zeros(m8-1,1);
b(1,1)=0.65*(m8-1);

for i=1:m8

£(i,1)=1.0;

LG,1)=1/2;

P(i,1)=36.0*102;

end;

i=1;

m12=2;

m50(1)=1/m12;
2(i)=1/m50(i)*(-P(i,1)*d?);

for i=2:m8-1

m12=2-m50(i-1);

mb50(i)=1/m12;
2(1)=m50(0)*(-P(i,1)*d2+z(i-1));
end;

v(m8,1)=0;

for i=1:m8-1
v(m8-i,1)=m50(m8-i)*v(m8-i+1,1)+z(m8-i);
end;

k=1;

b12=1.0;

while (b12 > 107%) and (k < 10)
k

k=k+1;

for i=1:m8-1

H(i,1)=b5*L(i,1)3 * ho® /12%¢1;
f1(1,1)=v(i,1)/H(,1);

end;

i=1;

ml12=2;

m70(i)=1/m12;
z1(1)=m70(i)*(-f1(i,1)*d2);

for i=2:m8-1

m12=2-m70(i-1);

m70(i)=1/m12;
z1(1)=m70(i)*(-f1(1,1)*d2+z1(i-1));
end;

w(m§,1)=0;

for i=1:m8-1
w(m8-i,1)=m70(m8-i)*w(m8-i+1,1)+z1(m8-i);
end;
d2wo(1,1)=(-2*w(1,1)+w(2,1))/d?;
for i=2:m8-1
d2wo(i,1)=(w(i+1,1)-2*w(i,1)+w(i-1,1))/d2;
end;
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ko=1;

b14=1.0;

while (b14 > 10%) and (k9 < 120)
k9

k9=k9+1;
X=fmincon(’'beamNov2023’,x0,A,b,[ ], [ ],Ib,ub);
bl4=max(abs(x0-X))

x0=X;

end;

b12=max(abs(x0-x3))

x3=x0;

for i=1:m8-1

L(@,1)=x0(i,1);

end;

end;

333 3 A A

With the auxiliary function "beamNov2023":

1. function S=beamNov2023(x)
global m8 d d2wo H el ho h1 xo b5
S=0;
for i=1:m8-1
S=S+1/(x(i,1)3)/ho®/b5/e1*(H(i,1)*d2wo (i, 1))>*12;

end;

We develop numerical results also for
V =W (Q) = {w € W¥(Q) such that w(0) = w(1) = w'(0) = w'(1) = 0}.

Such boundary conditions corresponds to bi-clamped beam. The remaining data is equal to the previous
example

For the optimal solution w = w(x), please see Figure 22.

For a corresponding optimal solution t = f(x), please see Figure 23.
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x10

181 ]

14+ ,
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06 ]

Figure 22. Optimal solution w(x) for a bi-clamped beam.

09 r ]

081 b

0.7 ]

051 ]

0.4 . . I . . . I . .

Figure 23. Optimal shape solution ¢(x) for a bi-clamped beam.
Remark 30.2. For such a bi-clamped beam model, for the numerical solution of equation
(H(x)wxx)xx = P,

with the boundary conditions

firstly we have solved the equation

with the boundary conditions
Subsequently, we solved the equation

H(x)wyy =v+ax+b

with the boundary conditions


https://doi.org/10.20944/preprints202302.0051.v91

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 July 2024

d0i:10.20944/preprints202302.0051.v91

obtaining a,b € R such that the boundary conditions
w'(0) =w'(1) =0

are also satisfied.
Here we present the software developed in MAT-LAB.

1. clear all
global m8 d d2wo H el ho h1 xo b5
m8=100;
d=1.0/mS;
b5=0.1;
e1=210*107;
ho=0.18;
A=zeros(m8-1,m8-1);
for i=1:m8-1
A(1,1)=1.0;
x0(i,1)=0.55;
x3(1,1)=0.55;
end;
Ib=0.4*ones(m8-1,1);
ub=ones(m8-1,1);
b=zeros(m8-1,1);
b(1,1)=0.65*(m8-1);
for i=1:m8
f(i,1)=1.0;
L@,1)=1/2;
P(i,1)=36.0*10%;
end;
i=1;
ml12=2;
mb50(1))=1/m12;
2(i)=1/m50()*(-P(i,1)*d?);
for i=2:2m8-1
m12=2-m50(i-1);
mb50(i)=1/m12;
2(1)=m50(i)*(-P(i,1)*d%+z(i-1));
end;
v(ms8,1)=0;
for i=1:m8-1
v(m8-i,1)=m50(m8-i)*v(m8-i+1,1)+z(m8-i);
end;
k=1;
b12=1.0;
while (b12 > 107%) and (k < 10)
k
k=k+1;
for i=1:m8-1
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H(i,1)=b5*L(i,1)3 * ho® /12%¢1;
f1(4,1)=v(i,1)/H(G,1);

f2(1,1)=i*d/H(,1);

£3(1,1)=1/H(,1);

end;

i=1;

ml12=2;

m70(i))=1/m12;

z1(1)=m70(i)*(-f1(i,1)*d?);
22(i)=m70(i)*(-£2(i,1)*d?);
Z3(i)=m70(i)*(-£3(1,1)*d?);

for i=2:m8-1

m12=2-m70(i-1);

m70(i)=1/m12;
21(1)=m70()*(-f1(1,1)*d%+z1(i-1));
22(1)=m70(i)*(-f2(1,1)*d%+22(i-1));
23(1)=m70(i)*(-£3(1,1)*d2+23(i-1));

end;

wl(ms8,1)=0;

w2(m8,1)=0;

w3(m8,1)=0;

for i=1:m8-1
w1(m8-i,1)=m70(m8-i)*w1(m8-i+1,1)+z1(m8-i);
w2(m8-i,1)=m70(m8-i)*w2(m8-i+1,1)+z2(m8-i);
w3(m8-i,1)=m70(m8-i)*w3(m8-i+1,1)+23(m8-i);
end;

m3(1,1)=w2(1,1);

m3(1,2)=w3(1,1);

m3(2,1)=w2(m8-1,1);

m3(2,2)=w3(m8-1,1);

h3(1,1)=-w1(1,1);

h3(2,1)=-w1(m8-1,1);

h5(;,1)=inv(m3)*h3;

for i=1:m8
wo(i,1)=w1(i,1)+h5(1,1)*w2(i,1)+h5(2,1)*w3(i,1);
end;

d2wo(1,1)=(-2*wo(1,1)+wo(2,1))/d%;

for i=2:m8-1
d2wo(i,1)=(wo(i+1,1)-2*wo(i,1)+wo(i-1,1)) /d2;
end;

ko=1;

b14=1.0;

while (b14 > 107%) and (k9 < 120)

k9

k9=k9+1;

X=fmincon(’"beamNov2023’,x0,A,b,[ ], [ ],Ib,ub);
bl4=max(abs(x0-X))
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xo0=X;

end;
b12=max(abs(x0-x3))
x3=x0;

for i=1:m8-1
L(@,1)=xo(i,1);

end;

end;

Remark 30.3. About the numerical results obtained for these two beam models, a final word of caution is necessary.

Indeed, the full convergence in such cases is hard to obtain so that we have obtained just approximations of critical
points with the functionals close to their optimal values. It is also worth emphasizing we have fixed the number of iterations
so that the solutions and shapes obtained are just approximate ones.

31. Applications to the Optimal Shape Design for a Plate Model

In this section, we present a numerical procedure for the shape optimization concerning a thin plate model.
Let Q = [0,1] x [0,1] C R? corresponds to the middle surface of a thin plate with a variable thickness 1(x, y).
Define now

V={weW*(Q) : w=00naQ},

which corresponds to a simply supported plate.
Consider the problem of minimizing in V' x B the functional

I ) = 5 [ ) (Pl )? dx
subject to
V2[(H(x,y)V?w(x,y))] - P(x,y) =0, inQ,

where )
h(x,
Hxy) = "0 wd),

h = h(x,y) is variable plate thickness, E is the young elasticity model and ws = 0.3.
Also, we define

= {h : O — Rmeasurable : h,;, < h(x,y) < hyay and / h(x,y) < cohm,m},
Q

where 0 < ¢y < 1 and
C* ={weV : V2[H(x,y)Viw(x,y))] — P(x,y) =0, in Q}.
Observe that

inf h
(et )

= inf{ inf J(w, h)}

heB (weC*

= inf
heB

sup mf A (x,y>[v2w(x,y>]2dx—<w,v2[H<x,y>v2w<x,y>]—P<x,y>>Lz}}}

eV weV

heB weV

it o) s

= mf{sup H(x,y)[V?D (,y)}de+(w,P>Lz}}
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where
D*={MecY* VEM—-P=0,inQ, and M =0, on Q}.

Summarizing, we have got

. . 1 M?
inf  J(w,h)= inf f/ —— dx ;.
(w,h)€C* < B (Mh)eD*xB 2 JO H(x,y)
In order to obtain numerical results, we suggest the following primal dual procedure:

1. Setn =1 and

hy(x) = cohmax-
2. Calculate wy, € V solution of equation

V2 (Ha(x,y)V2wn(x,y)) = P(x,y),

where
Ehy (x )

Hu(xy) = 12(1—wd)’

3. Calculate k1,1 € B such that
]*(Mmhn+1) = lnf] (Ml’lr )/
where
M, = Hy(x, y)Vz Wy,

P | M2
J* (M, 1) = 3 O Hy) dx

4. Setn :=n+ 1 and go to step 2 until an appropriate convergence criterion is satisfied.

We have developed numerical results for ¢y = 0.75, E = 200 105,
and gy = 0.12 m.

We have also defined

P(x,y) = 210% N, hyjp, = 0.45 % (0.12) m

h(x,y) = t(x,¥) hmax,
where

045 < t(x,y) <1, ae. inQ.

For the optimal solution w = w(x, y), please see Figure 24.
For a corresponding optimal solution t = #(x, y), please see Figure 25.

%107

Figure 24. Optimal solution w(x,y) for a simply supported plate.


https://doi.org/10.20944/preprints202302.0051.v91

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 July 2024 doi:10.20944/preprints202302.0051.v91

133 of 302

09
0.85
08

0.75 I N

Figure 25. Optimal shape solution ¢(x, y) for a simply supported plate.
Remark 31.1. For such a simply-supported plate model, for the numerical solution of equation
V2[H(x,y)V? w(x,y)] =P,

with the boundary conditions

w = 0on o),
firstly we have solved the equation

V% —P=0
with the boundary conditions

v = 0on Q.

Subsequently, we have solved the equation
H(x,y)Vw(x,y) = v(x,y)

with the boundary conditions
w = 0on o0

Here we present the software developed in MAT-LAB.

1. clearall
global m8 d d2xwo d2ywo H el ho xo b5
m8=40;
d=1.0/m§;
wb=0.3;
e1=200*10°/ (1 — w52);
ho=0.12;
A=zeros((m8 —1)?, (m8 —1)?);
for i=1:(m8 — 1)?
A(1,i)=1.0;
x0(i,1)=0.55;
x3(1,1)=0.55;

end;
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1b=0.45%ones((m8 — 1)2,1);
ub=ones((m8 — 1)2,1);
b=zeros((m8 — 1)2,1);
b(1,1)=0.75*(m8 — 1)?;

for i=1:(m8-1)

for j=1:m8-1

(1,j,1)=1.0;

L(i,j,1)=1/2;

P(i,j,1)=2*10%; end;

end;

for i=1:m8
wo(:,1)=0.001*ones(m8-1,1);

end;

m2=zeros(m8-1,m8-1);

for i=2:m8-2

m2(i,i)=-2.0;

m2(i,i-1)=1.0;

m2(i,i+1)=1.0;

end;

m2(1,1)=-2.0;

m2(1,2)=1.0;
m2(m8-1,m8-1)=-2.0;
m2(m8-1,m8-2)=1.0;
Id=eye(m8-1);

i=1;

m12=2*Id-m2*d? / d%; m50(:,:,i)=inv(m12);
2(:,1)=m50(:,:,i)*(-P(;,i,1)*d?);

for i=2:2m8-1

m12=2*I1d-m2*d? /d?-m50(:,:,i-1);
m50(;,:,i)=inv(m12);
2(:,1)=m50(:,:,i)*(-P(:,i,1)*d?+2(:,i-1));
end; v(:;,m8)=zeros(m8-1,1);

for i=1:m8-1
v(;,m8-1)=m50(:,:;, m8-i)*v(:, m8-i+1)+z(:, m8-i);
end;

k=1;

b12=1.0;

while (#12 > 107%) and (k < 12)
k

k=k+1;

for i=1:m8-1

for j=1:m8-1

H(j,i,1)=L(j,i,1)% * ho® /12%e1;
£16,4,1)=v(),0)/HGi,1);

end;

end;

i=1;
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m12=2*Td-m2*d? / d?;
m70(:,:,i)=inv(m12);

21(:,)=m70(,: 1)*(-f1(;,i,1)*d?);

for i=2:2m8-1

m12=2*Id-m2*d? /d2-m70(:,:,i-1);
m70(:,:i)=inv(m12);
Z1(;,1)=m70(,; i) (-F1(;1,1)*d%+21(:,i-1));
end;

w(:,;m8)=zeros(m8-1,1);

for i=1:m8-1

w(:;,m8-i)=m70(:,:;, m8-i)*w(:,m8-i+1)+z1(:,m8-i);
end;

d2xwo(:,1)=(-2*w(;,1)+w(;,2))/d?;

for i=2:m8-1

d2xwo(: 1) =(W(:,i+1)-2*w(: i) +w(:,i-1))/d%;
end;

for i=1:m8-1

d2ywo(:i)=m2*w(:,i)/d%;

end;

k9=1; b14=1.0;

while (b14 > 107%) and (k9 < 30)

k9

k9=k9+1;
X=fmincon(’beamNov2023A3’,x0,A,b,[ ],[ ], 1b,ub);
bl4=max(abs(x0-X))

x0=X;

end;

b12=max(max(abs(w-wo)))

WO=wW;

x3=x0;

for i=1:m8-1

for j=1:m8-1

L(ji, )=x0((i-1)*(m8-1)+j,1);

end;

end;

end;

for i=1:m8-1

x8(i,1)=i*d;

end;

mesh(x8,x8,L);

With the auxiliary function "beamNov2023A3’, where

1. function S=beamNov2023A3(x)
global m8 d d2xwo d2ywo H el ho xo b5
5=0;
for i=1:m8-1
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for j=1:m8-1

X1(j,{)=x((m8-1)*(i-1)+],1);

end;

end;

for i=1:m8-1

for j=1:m8-1

S=S+1/((x1(j,i))3)/ho® /el  (H(j,i,1))? * (d2xwo(j, 1) + d2ywo(j,i))? * 12;
end;

end;

Remark 31.2. About the numerical results obtained for this plate model, a final word of caution is necessary.

Indeed, the full convergence in such a case is hard to obtain so that we have obtained just approximations of critical
points with the functional close to its optimal value. It is also worth emphasizing we have fixed the number of iterations so
that the solution and shape obtained are just approximate ones.

32. A Note on the First Maxwell Equation of Electromagnetism

Let Q7 C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary denoted by
d Ql .

Suppose E: () — RR3 is an electric field of C! class in Q).

Let O C ()1 be also an open, bounded and connected set with a regular (Lipschitzian) boundary denoted by
S =0Q.

Observe that there exists a scalar field V : 3 — R such that

V2V = divE, in Q,

and
VV-.n=0,0onS =90.
Here n denotes the normal outward field to S.
Observe also that
V2V = div VV = div E,
so that defining
h=VV —E,
we have that
divh =0, in Q.

Hence, from such results and the divergence Theorem, we get

/E-ndS - /(VV)-ndS—/h-ndS
JS S JS
- - / divhdV = 0. (187)
Q
Summarizing, we have got
[E-nds=o.
S

Consider now a charge gq localized at the center of a sphere (), of radius R > 0 and boundary Sy = 9(,.
The electric field on the sphere surface generated by g is given by

_ 1 g
"~ 4meg R? 2

Ep

where n, is the normal outward field to S,.
Clearly

1T 40 2 90
E; - = 47TR*) = —.
/52 212 45 47teg R2( mR) €0
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Consider again the set () but now with a charge g localized at a point x inside the interior of (3, which is
denoted by Q.

At first the electric field E generated by qq is not of C! class on Q.

However, there exists R > 0 such that

Br(x) c Q="
Define Q3 = O\ Bg(x).

Therefore, E is of C! class on Q3.
Denoting the boundary of ()3 by S3, from the previous results, we may infer that

/ E-ndS; =0,
S3

so that
/E.nd53 _ /E‘ndsf/ E-ndS,
53 S aBR(X)
= /E-ndS—q—0
S €0
= 0. (188)

Therefore, we have got

/E~ndS:q—0.
S €0

Assume now on Q) we have a density of charges p(x).
For a small volume AV consider a punctual charge g¢ localized in x € () such that

qo = p(x)AV.

Denoting by AE the electric field generated by qg, from the previous results we may infer that

/AE~ndS: 0 . PJAV.
S €0 €0

Such an equation in its differential form, stands for:

/dE-ndS:p(x) v
S <]

Integrating in () we may obtain

/E-ndS = //dE‘ndVdS
S SJO

= p(x) v, (189)
O &

so that

/E~nd$:/ P 4y
s o €

From this and the Divergence Theorem, we have

/E~nd5=/ divEdV:/ PX) 4y
S Q QO €

/ divEdV:/ PX) 4y,
Q O &

This is the integral form of the first Maxwell equation of electromagnetism.

Summarizing, we have got
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For this last equation, the set Q) C (); is rather arbitrary so that for () as a ball of small radius r > 0 with
center at a point x € (01, from the Mean Value Theorem fot integrals and letting r — 0%, we obtain

divE=L, in0,.
€0

This last equation stands for the differential form of the first Maxwell equation of electromagnetism.

Remark 32.1. Summarizing, in this section we have formally obtained a mathematical deduction of the first Maxwell
equation of electromagnetism.

33. A Note on Relaxation for a General Model in the Vectorial Calculus of Variations

Let ) C R” be an open, bounded and connected set with a regular (Lipschitzian) boundary denoted by 9().
Consider a function g : RN*" — R twice differentiable and such that

g(y) — +oo, as |y| — +oo.

Define a functional G : V. — R by
1
G(Vu) = 3 /Qg(Vu) dx,
where
V = {WR2(;RN) : u = uyonadQ}.
Moreover, for f € L2(;RN), define also

We assume there exists « € R such that

o= g

Observe that from the convex analysis basic theory, we have that
a = inf J(u)
ueV
= inf J"* ()

ueV

= inf{(GoV)*™(u) —(u, fr2}. (190)

n%

On the other hand

(GoV)™(u) H(u)

= inf AG(Vw)+ (1—A)G(Vo
(A,(v,w))e[O,l]xB(u,)\){ ( ) ( ) ( )}

< G(Vu), (191)
where
B(u,A) ={(v,w) €V : Aw+ (1 —A)v =u}.

From such results, we may infer that

inf ] () = inf {H(w) — (u, f) 2} = inf J(u)

Furthermore, observe that
AVw+ (1—-A)Vo =V,

so that

Vo = Vu+A(Vo—-Vuw)
= Vu+AVy, (192)

where¢p =v—w € W&’Z(Q;]RN) so that
V¢ =Vv—-Vuw,


https://doi.org/10.20944/preprints202302.0051.v91

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 July 2024 doi:10.20944/preprints202302.0051.v91

139 of 302

and
Vw = Vv - V.
Therefore,
Vw=Vo—-V¢=Vu+AVp—-V¢p=Vu—(1-1A)V¢.
Replacing such results into the expression of H, we have
H inf G(Vu—-(1-A)Ve)+(1-A)G(Vu+AVe)},
(= 0 AG(Vu— (1= 0)V4) + (1= A)G(Vu+AV9))
where

Vo = Wa (O RY).

Joining the pieces, we have got

inf J(u) = inf J**(u)

ucV ucV
= inf{H() = f)r2}

= omed ey OV = (A=) V) + (1= MG(Vu+AVE) =, f 12}

This last functional corresponds to a relaxation for the original non-convex functional.
The note is complete.

33.1. Some Related Numerical Results

In this subsection we present numerical results for an one-dimensional model and related relaxed formula-
tion.
For O = [0,1] C R, consider the functional | : V — R where

:%/ﬂ((u’)z—l)zdaﬁ—%/ﬂ(u—f)de

V={uecW"?QQ) : u(0)=0and u(1) =1/2},

fey=Y"=12(Q).
Based on the results of the previous section, denoting Vy = W&’Z(Q), we define the following relaxed
functional J; : [0,1] x V x Vj — R, where

LA u ) = 2/ (0 — (1= A)g/)? )d+—/ (4 A2 — )de+%/ﬂ(u—f)2dx.

Indeed, we have developed an algorithm for minimizing the following regularized functional J, : [0,1] x
V x Vy = R, where

B(Au9) = 1A ug)+ 3 [ ()

for a small parameter €3 > 0.
For the case in which f(x) =
For the case in which f(x)
For the case in which f(x) =

sin(7tx) /2, for the optimal solution u, please see Figure 26.
cos(7tx) /2, for the optimal solution u, please see Figure 27.
0, for the optimal solution u, please see Figure 28.
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0.05 ]

Figure 26. Optimal solution u(x) for the case f(x) = sin(7mx)/2.

0.5

0451 ]

04r b
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Figure 27. Optimal solution u(x) for the case f(x) = cos(7x)/2.


https://doi.org/10.20944/preprints202302.0051.v91

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 July 2024 doi:10.20944/preprints202302.0051.v91

141 of 302

0.5

045 b

04r b

0.35 ]

0.25 ]

0.2 ]

0.15 b

0 0.1 02 03 04 05 06 07 08 09 1

Figure 28. Optimal solution u(x) for the case f(x) = 0.

We highlight to obtain the solution for this last case which f = 0 is harder. A good solution was possible
only using
X0 = 0
as the initial solution concerning the iterative process.
Here we present the software in MAT-LAB developed.

F——
1. clear all

global m8 d u e3

m8&=100;

d=1/msS;

€3=0.0005;

for i=1:2*m8+1

x0(i,1)=0.36;

end;

b12=1.0;

k=1;

while (b12 > 1077) and (k < 60)

k

k=k+1;

X=fminunc(’funDecember2023’,x0);

b12=max(abs(x0-X))

x0=X;

u(m8/2)

end;

for i=1:m8

x(i,1)=i*d;

end;

plot(x,u);

With the main function "funDecember2023"
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1. function S=funDecember2023(x)
global m8 d u e3
for i=1:m8
u(i,1)=x(1,1);
v(i,1)=x(i+m8,1);
yo(i,1)=sin(pi*i*d)/2;
end;
L=1+sin(x(2*m8+1,1)))/2;
u(ms8,1)=1/2;
v(m8,1)=0.0;
du(1,1)=u(1,1)/d;
dv(1,1)=v(1,1)/d;
for i=2:m8
du(i,1)=(u(i,1)-u@-1,1))/d;
dv(i,1)=(v(i,1)-v(i-1,1))/d;
end;
d2u(1,1)=(-2*u(1,1)+u(2,1))/d?;
for i=2:m8-1
d2u(i,1)=(u(i-1,1)-2*u(i,1)+u(i+1,1))/d%;
end;
S=0;
for i=1:m8
S=S+1/2% L * ((du(i,1) — (1 — L) xdo(i,1))?> — 1)%;
S=S+1/2% (1 — L) * ((du(i,1) + L+ dv(i,1))> — 1)%
S=S+(u(i,1) —yo(i,1))%
end;
for i=1:m8-1
S=S+e3*d2u(i,1)%;
end;

3o S A A KA AN

33.2. A Related Duality Principle and Concerning Convex Dual Formulation

With the notation and statements of the previous sections in mind, consider the functionals | : V — R and
J5:10,1] X V x Vj — R where

J(u) = G(Vu) + % /Qu cudx —(u, fre,
and
BAwg) = AG(Vu—(1—A)Ve)+ (1—A)G(Vu+ AVe)

+3 == Ng) - (= (1= 2)g)

a 2)‘) [ w29) - (u2g) i

M= (1= N, fiz — (1= A+ Ag, £)a. (193)

+

Here we have denoted
V={uecW2RY) : u=ugondQ =S},

1200y
Vo = Wy ((uRY),
Y =Y* = LA(O;RN*")
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and
Y, = Y; = L2(;RY).

Observe that
T (u) < min  J3(A,u,¢).

(Ag)€[0,1]x Vy

Moreover,

BAuw¢g) = —(Vu—(1-A)Ve,v])r2 +AG(Vu— (1—-A)Ve)
—(Vu—(1-=2A)Vp,v5)12+ (1= A)G(Vu+AVe)
= (=) + [ (1= ) (a— (- A)g) dx

s agaye + UM [ s ag) - (urag) dx

+HVu—(1-A)Vo, o)) 2 +(Vu— (1—-A)Ve,v7) ;2
+(u— (1= A)p,03) 12 + (u+ A, v3) 2
“AMu— A=A, flr — (L= A)(u+ A, f) 2. (194)

Therefore,

BAu,¢) = vill;fy{—<v1rvi‘>Lz+)\G(vl)}

+Uizréfy{—<vz,vﬁ>y +(1=A)G(v2)}

+int {—(oa o3}z + 3 [ (00)- (e2) i}

v3€Y)

+ inf {—(m,vZ}Lz + (1;)\) /0(04) - (v4) dx}

v4€Yq

1 f _ 1_)\ , * _ 1—A ) %
+(u,¢)1ngvo{<vu ( IVP,v1) 2+ (Vu— ( YV, 07) 12

+u—(1—A)p,v3)12 + (u+ Ap,v)) 12
“AMu—(1=N)¢, frz = (1 =A)(u+Ap, f)r2}
P < NN
= e (3)-0-ne (g 2y)
—F5(v3,A) — Ff (v, A)
+/S(UT)ijnj(”0)i d5+/s(0§)ij”j(u0)id5,
YA€ (0,1),ueV, ¢ € V,v* € A%, (195)

where

G*(v") = 8161};{@,0*&2 - G(v)},

[k % A
F(v3,A) = sup{(vg,v3)Lz—E/(203.v3dx}

v3€Y

1
7 /Qv§ - vy dx, (196)

* (% % 1-A
Ei(vj,A) = sup{(v4,v4>Lz—( 5 )/Qv4.v4dx}

€Y
1

_ * K
= 72(1_/\)/004 vy dx. (197)

Furthermore, A* = A] N A5 where

A} = {o" = (vf,03,08,93) € [Y'P x [{? + —div (v7); — div (03); + (05); + (v)); = f; = 0, in O},
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and
A3 = {o" = (o1,03,05,9)) € [V x []? -
—(=1+A)div (0]); — Adiv (v3); + (=1 + A)(v3); + A(v]); =0, in Q}. (198)
Summarizing, we have got
i f )\/ ’
(A,uqa)e(lg,ll)XVXVOk( ucp)
v} 2
> inf {—AG*( L) - 1—AG*<72)
> s, (o (3)-0-00 (2
—F5(03,A) — Ff (v, A) + /BQ(UT)ij"j(Mo)i ds + /E’Q(Uﬁ)ij"j(uo)i ds} } (199)
Remark 33.1. We highlight this last dual function in v* is convex (in fact concave) on the convex set A*.
33.3. A Numerical Example
For Q) = [0,1] C R consider a functional ] : V — R where
_ 1 . PN N2 (o) 2 1/ ey
J) = 5 [ min{((x) =12 /() + P dxt 5 [ (w— )% d
- %/Q(u/)z dx—/0|u’|dx+%/ﬂ(u—f)2 dx, (200)
where
V ={uecW-2(Q) : u0)=0and u(1) = 1/2},
Y=Y"=1%(Q)and f €Y.
DefineG:Y — Rand F: V — Rby
Gl') = 1/ () dx— [ | dx
2 Jo 0 ’
and 1
1 2
F(u) = 3 /Qu dx,
respectively.
Denoting Vy = W(}’Z(Q), definealso J; : V x Vp x (0,1) — Rby
L@, A) = AGW = (1=A)¢) + (1= MG +Ag))
+AF(u— (1= A)p) + (1 = A)F(u+ Agp)
—(u, f)r2- (201)
Observe that
(AG)"(v1) = sup{(v,v7)12 = AG(v1)}
mEeY
(U
- a6 (%)
= i/ (v5)? dx+/ v} | dx (202)
24 Jat ! o 1T
(1=A)G)"(v) = sup{(v,03)12 — (1= A)G(22)}
v EeY
R
- e ()

_ 1 *\2 *
= m/o(vz) dx—l—/0|vz\dx, (203)
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(AF)*(v3) sup {(v3,03)12 — AF(v3)}

v3€Y

_ «( 03

_ AF(/\)

— i/(*)zdx (204)
T2A QU3 !

and

(1 =A)F)"(v3) sup {(04,03)12 — (1 = A)F(v4) }

v €Y

= a-wr ()

1 *
- h /Q (05)? dx. (205)

Denoting v* = (v}, -+ ,v}) € [Y*]*, define J* : [Y*]* x (0,1) — Rby
X[k _ * ﬁ _ _ * U;
JF@,A) = —AG (A) (1-21)G ((1_A))

e (3) -0 (5 2y)
+o7 (Du(l) +ov3(1)u(1). (206)

Similarly as in the previous section, we may obtain
inf J(u) > inf *(v*,A) 3,
2w 2 A;{am{;‘;gﬁ < >}

where A* = A] N A3,

Al ={v*eY* : (v}) + (v)) —vf —vj+f=0,inQ},

and
A5 ={(v"A) € [Y*]4 x (0,1) : —(1=A)(0]) +A(03) + (1 = A)v5 — Avj =0, in Q}.
From such expressions of A] and A5 we may obtain
v = (0]) +Af,
and

vy = (v3) + (1= A)f.

Replacing such expressions for v3 and v; into the expression of [*, and from now and on denoting v* =
(v§,v5) € [Y*]?, we may obtain J; : [Y*]? x (0,1] — R where

~or @2 [ o] dx

—ﬁ/o(vgy dx— [ fogl dx

~or (@) + AR dx

717 o (3) + (1= ) dx

ol (D)u(1) + o5 (1)u(1). (207)

Ji(@%A)

Consequently, we have got

= U*i‘;;a]z{@fs&) e IM}

In order to obtain numerical results we have designed the following algorithm:
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1. Setn =1and A, = 1/2.
2. Calculate (v*), € [Y*]? such that

Ji((0*)n, An) = sup Ji (0", An).
vy

3. Calculate A, 41 € (0,1) such that
F(@)aAns) = inf B (@A)

4. Setn :=n+ 1 and go to item (2) until the satisfaction of an appropriate convergence criterion.

We have developed numerical results for the following cases

1.

f(x) =sin(mx)/2,
2.

f(x) = cos(mx)/2,
3.

fx)=o0.

Observe that for the optimal point we have

vy =u—(1-A)9,

and
vy =u+ AP,
so that
u=Avj+ (1—A)vj.
For the optimal solution u((x) found for the cases (1), (2) and (3), please see the Figures 29, 30 and 31,
respectively.

0.5

0.45 ]

0.35 b

031 ]

025 b

0.2 ]

015 b

0.05 b

Figure 29. Optimal solution ug(x) for the case f(x) = sin(7mx)/2.
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Figure 30. Optimal solution u(x) for the case f(x) = cos(mx)/2.

0.5

04 r b
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0.2 ]

0.1 . . . . . . . . .

Figure 31. Optimal solution ug(x) for the case f(x) = 0.

Here we present the concerning software in MAT-LAB.

1. clear all
globalm8 d L vl v2 v3 v4 yo dvl dv2el
m8=140;
d=1/msS§;
e1=0.0001;
L=1/2;
for i=1:2*m8
x0(i,1)=0.01;
end;
for i=1:m8
yo(i,1)=sin(pi*i*d)/2;
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end;

x1=1/2;

k=1,

bl12=1;

while (b12 > 10#) and (k < 100)
k

k=k+1;
X1=fminunc('funFeb24’,x0);
b12=max(abs(X1-x0))

xo0=X1;
X2=fminunc(’funFeb24 A’ x1);
x1=X2;

L=(sin(x1)+1)/2;

L

end;

u(m8,1)=1/2;

for i=1:m8-1
u(i,1)=L*v3(i,1)+(1-L)*v4(i,1);
end;

for i=1:m8

x(i,1)=i*d;

end;

plot(x,u);

Here the auxiliary function "funFeb24"

1. function S=funFeb24(x)
globalm8 d L vl v2 v3 v4 yo dvl dv2 el
for i=1:m8
v1(@i,1)=x(,1);
v2(i,1)=x(m8+i,1);
end;
for i=1:m8-1
dv1(,1)=(v1(3i+1,1)-v1(,1))/d;
dv2(i,1)=(v2(i+1,1)-v2(i,1))/d;
end;
S=0;
for i=1:m8
S=S+1/2/sqrt(L? +el) * v1(i,1)? + sqrt(v1(i,1)? +el);
S=S+1/2/sqrt((1 — L)* +e1) * v2(i,1)% + sqrt(v2(i,1)*> + €1);
end;
for i=1:m8-1
v3(i,1)=dv1(i,1)+L*yo(i,1);
v4(i,1)=dv2(i,1)-(L-1)*yo(i,1);
S=S+1/2/sqrt(L? +el) *v3(i,1)% + 1/2/sqrt((1 — L)* +e1) * v4(i,1)?;
end;
S=S-(v1(m8,1)+v2(m8,1))/d/2;
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Finally, the auxiliary function "funFeb24A"

1. function S1=funFeb24A(y)
globalm8d L vl v2v3v4yoel
L=(sin(y)+1)/2;
for i=1:m8-1
dv1(i,1)=(v1(i+1,1)-v1(,1))/d;
dv2(i,1)=(v2(i+1,1)-v2(i,1))/d;
end;
S=0;
for i=1:m8
S=S+1/2/sqrt(L* 4 el) x v1(i,1)* 4 sqrt(v1(i, 1)2 +el);
S=S+1/2/sqrt((1 — L)%+ e1) % v2(i,1)% + sqrt(v2(i,1)% + el);
end;
for i=1:m8-1
v3(i,1)=dv1(i,1)+L*yo(i,1);
v4(i,1)=dv2(i,1)-(L-1)*yo(i,1);
S=S+1/2/sqrt(L? +el) *v3(i,1)2 +1/2/sqrt((1 — L)*> +e1) * v4(i,1)%;
end;
S5=5-(v1(m8,1)+v2(m8,1))/d/2;
S1=-S;

34. One More Note on Relaxation for a General Model in the Vectorial Calculus of Variations

Let ) C R” be an open, bounded and connected set with a regular (Lipschitzian) boundary denoted by 9().
Consider a function g : RN*" — R twice differentiable and such that

g(y) — +oo, as |y| — +oo.

Define a functional G : V. — R by
1
G(Vu) = 3 /Qg(Vu) dx,

where
V = {WR2(;RN) : u = uyonaQ}.

Moreover, for f € L2(;RN), define also

J(u) = G(Vu) = (u, f) 2.

We assume there exists « € R such that

o= s

Observe that from the convex analysis basic theory, we have that
« = inf J(u)
ueV
= inf J"* ()

uevVv
= inf{(Go V)" () (w2 (208)
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On the other hand
(GoV)™(u) < H(u)
m
= inf G(Vv;)
(A,(vl,---,vml))EBxBl u,\) ; ]
< G(Vu), (209)
where
m
B= {A: (Ao Am) €ER™ 2 A >0, Vje{l,---,m}, and 2)‘]' = 1},
j=1
and
m
Bi(u,A) = qv=(v1,---,0m) € [V]" : Y} Ajoj =u ;.
j=1
From such results, we may infer that
o . B _
inf J**(u) = inf {H(u) — (u, f) 2} = inf J(u).
Furthermore, observe that
m
Y A Vo=V,
j=1
and
m—1
Am=1=3A;,
j=1
so that
m—1
Vo, = Vu-— Z )\]-(Vv]- — Vo)
j=1
m—1
= Vu+ ) AV, (210)
j=1

where ¢; = —vj 4+ oy € W&’2(Q;RN) so that
V(P] = —VU]‘ + Vo,

and
Vou = Vo;+Ve;, Vj € {1, ,m}.

Therefore,
-1

Voj = Vo, — V¢ = Vu + 21 MV — V.

Replacing such results into the expression of H, we have

(Ap)eBx (Vo)1

H(u) = inf { Y AG <Vu + Z Vi — V4>]> +AnG (Vu + mf AkV(Pk) }
k=1

where we recall that
Vo = Wy (O RN).

Joining the pieces, we have got
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Jnf J(uw) = Inf J"(u)

= inf{H(u) — (u, )2}

ueV

m—1 m—1
= inf Z /\]'G (Vu + Z ANV ey — V(P]>
i=1 k=1

(u//\ICP)GVXBx(VO)m—l

AnG (w Ly /\,szk)
=1
—(u, fr2}-

This last functional corresponds to a relaxation for the original non-convex functional.
The note is complete.

34.1. A Related Duality Principle and Concerning Convex Dual Formulation

With the notation and statements of the previous sections in mind, consider the functionals | : V — R and
J3:BxV x[Vp]" — R where

J(u) = G(Vu)%—%/ﬂu'udx— (u, 12,

and

]3(/\/ MI(P) =

M

m—1
AG (Vu + Z AP — V([)j)

k=1

m—1
+AmG (w + Y /\qu)k)

k=1

m—1 )‘j m—1 m—1
+ Z Z/Q<u+ Z /\k4>k—V4>]> . (M+ Z /\k(IJk—V(I)]) dx
j=1 k=1 k=1
m—1 m—1
—I—(/\m)/n(u+ ) /\k4>k> . (LH- ) )\k(pk) dx
k=1 k=1
m—1 m—1
- )‘j<u+ Y At <ijf>
j=1 k=1

L2

m—1

—(/\m)<u+ ) Ak¢k,f> ) (211)
k=1 12

Here we have denoted
V={uecW2RN) : u=uyonadQ =S},

Vo = Wi ((uRY),
Y =Y* = L2(O;RN*)
and
Y, = Y{ = L2(Q;RN).
Observe that

*k < . ]
AR - Y
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Moreover,

m

(A u,¢) = <w+ Z MV — Vo, (v1‘>j>

k=1

-
Il
_

12

3
R

m—1
+ )L]'G (VM + Z )LkV(Pk - V¢]>

k=1

T.
—

m—

1 m—1
2

k=1 k=1

m—1
- <”+ Y Ak¢k—¢j,(U§)j>
LZ
m—1 A m—1
+ 2/0<”+ Z Ak¢k—¢]> : <u+k;/\k¢k—¢j) dx

m—1
—<u+ Y Akr (Us)m>

k=1 12
Am m—1 m—1
+2/Q<M+ k; /\k(Pk) . <u+ kzzl Ak‘Pk) dx

T §
= —_
T
§
._-

Viu+ Z MV — Vo, (01) >
12

=1

k=1

m—1
+<”+ Y Mt (Ui)m> —(u, f)r2 (12)
LZ
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Therefore,

m—1
B(hug) > inf {z(—<<v1>,-,<v;>]->Lz+A]-G(<v1>]->)}
{

|
—~
N
[~
a
-
g
—
(s
—_ %
—
3
NS
=
o
+
>
3
O
—~
N
<
o
)
3
N
—

m—1 .
b ne { ¥ (~((wa)y @3+ 5 [ (o) o) d)}
]

+ it Lt @+ [ (o) (ea)

(v3)me€Y

m—1 m—1
+ inf Vu+ Mo — @i, (07);
(u,¢)€VX(VO)n1—1{];< k; VP 4)] ( 1)]>L2
m—1
+<Vu + Z MV ¢y, (UT)m>
k=1 12
m—1 m—1
+ ) <u+ Y Vix —¢]-,v§>
12

j=1 k=1

m—1
+<u+ Y At (U§)m> —<”rf>L2}
k=1 L2

m—1 . (*) . *m
= - Y AG < ?j’)—)\mc ((7;3")1 )

VA€ BucV, ¢pec (V)" 1o e A%, (213)

where

G (v%) = s:l;{<vrv*>L2 -G()},

E; 38 = sup { (o) @)~ [ 00 (wa)

v3€Y)

1 .
- = [ (@) (@) dx, Vi€ {1, m). (214)

Furthermore, A* = A} N A3 (A) where

m

Al = {v* = (oF,05) € [Y*]" x ;)" : — Z(div ((v1)))i + ((vg)]-)i) —fi=0, mQ},

j=1
and

A3(A) = {v" = (v],03) € [Y']" x [Y7]" :
Ak ; div ((07)); — div ((o])i)i — Ak Y ((03)))i + ((v3)k)i = O,

j=1 j=1
inQ, vke {1,---,m—1}, Vie {1,--- ,N}}. (215)

Summarizing, we have got
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i f )\/ 7
(A,uqz)eslxn\/x(vg)m—l Js(A,9)
> infq sup | — iA-G* (1)
T AeBlyea | 3 7 Aj
m m
— L E (@A) + L [ (@Din(wo)ids ¢ 16)
j=1 k=1

Remark 34.1. We highlight this last dual function in v* is convex (in fact concave) on the convex set A*.

35. A General Convex Primal Dual Formulation with a Restriction for an Originally Non-Convex
Primal One

Let QO C R3 be an open bounded and connected set with a regular (Lipschitzian) boundary denoted by 9Q.
Consider the functional | : V — R where

J(u) = %A)Vu-Vudx+%/()(u2—ﬁ)2dx
= iz, (217)

wherea > 0,8 > 0,4 >0,V = W,*(Q) and Y = Y* = [2(Q).
Define F; : V -+ Rand F,: V X Y* — Rby

Fl(u):%/{)Vu-Vudx—&-%/ﬂbﬁdx_<”rf>L2f

and

1 *\2 *
+ﬂ/0(00) dx—l—,B/QvO dx. (218)

Define also F;' : Y* — Rand F; : Y* x Y* — Rby

F*(vi) = sup{(u,v7);> — F(u)}
ueVv
_ 1y e (219)

2 Ja —yV2+K v

and

Fy(01,05) = sup{—(u,01)12 — Fa(u,0p)}
ueV
*\2
- 1 (1) dx
2 Ja 205K
1 *\2 *
—5 /Q(vo) dx ,B/Qvo dx. (220)

if v € B*, where
B = {v5 € Y* : [[oflle < K/2},

for some appropriate K > 0 to be specified.
At this point we define
Vo={ueV : |ulo <Kz},

At ={ueV :uf>0inQ},
V1:V20A+,
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D* ={v] € Y* : |v]|l <5/4K},
for appropriate K3 > 0 to be specified, and [ : D* x B* — R by
Ji(01,v5) = —F (1) + F; (v7,vp)-
Moreover, we define [ : V; x D* x B* — Rby
* Kl
J2(u01,09) = Ji(oy,09) + - log = (—yV2+ K)ull3
1
+—||oF — (=208 + K)ul|3 221
100K2 [v1 = (=2vg + K)ull3 (221)
Observe that 5
0-Jx (u, v, v} 1 1 1
]za( *12 0):— > —2* K+K1+ 27
(v) —yV2+K  205— 5aK2
0%J; (u, v3, v3) 1
—22 10— Ky (= V2 +K)? + —— (=205 4+ K)?,
52 1(=7V*+K) ‘*‘5“1(%( v +K)
and 5 ( )
0°J5 (u, v}, v 2 1
2L T 0 k(- K) — —— (=205 + K).
oudvy 1=V +K) 5041(%( % +K)
Now we set K7, K, K3 such that
Kl > maX{K/KSI 1/“1131711/0‘/1/711/:3}’
K> max{Ks,1,&,8,v,1/a,1/v,1/B},
and K3 = 3.
From such results and constant choices, we may obtain
. 215 (u, 0%, v3) 25 (w,0%,03) (02T (w05, 08) \
det{éu,v{b (ur Z)1r770)} a(vi‘)z auz - auavf
Kl(—7V2 +2‘06)2 2 (Kl)
= O ————— 42Ky (—9V 208) | + O = |,
( 5IXK§ + 1( Y + 0) K
in V; x D* x B*. (222)

Define now
C* — 06 c Y* - M
5041(%

where we assume that cy > 0 is such that if v € C*, then

+2(—9V2 +20) > ?gzd},

det{&ﬁ/vflf(u, v},v3)} >0, in B*NC*.

Finally, we also suppose the concerning constants are such that B* N C* is convex.
With such statements, definitions and results in mind, we may prove the following theorem.

Theorem 35.1. Let (19, 97,95) € Vi x D* x (B* N C*) be such that
875 (up,07,05) = 0.
Under such hypotheses,

] (up) =0,
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and
K .
J(uo) = J(uo) + %H —yV2ug +205uo — f3
. Ky 2 A~k 2
= f =7V 20qu —
ing {700+ 52 = 79w+ 255 - 113
= su inf 5 (u, 07,08
USEE*{(u,v{)EleD* 2 (1,1, %)
= J5(up, 97, 0p). (223)
Proof. The proof that
6] (ug) = —yV?uq +204ug — f =0
and
J(uo) = J5 (o, 01, 85),
may be done similarly as in the previous sections and will not be repeated.
Furthermore, since
5];(”01 ’U/\T/UAS) - 0/
vy € B* x C* and [3 is concave in v§ on Vi X D* x B*, we have
3 (ug,05,08) = inf 5 (1,07,05),
J (10,07, %g) (1 D J3 (u, 07, 85)
and
J2 (uo,01,99) = sup 5 (uo, 07, p)-
vy EB*
From such results and the Saddle Point Theorem we may infer that
Ky 2 Ak 2
J(ug) = J(uo) + = = vV7ug +205u0 — fIl2
= su inf 5 (u, 07,08
DSEE*{(u,v{)EleD* 2(1,21,%5)
= J2(uo, 97, 9p)- (224)
Finally, from evident convexity,
K .
J(mo) = J(uo)+ Il = vV2uo +205u0 — f1I3
K
= inf {](u)+—1\| —yV2u +2236u7f||%}. (225)
uev; 2
Joining the pieces, we have got
K .
J(wo) = J(uo) + Sl = vV2up +205u0 — f1I3
= inf {J(0) + 5L = 4 V2u 42050 — £13
uev; 2
= su inf I35 (u, 07,08
USGE*{(u,v{)EWXD* 2( ! O)
= J5(uo, 91, %) (226)

The proof is complete.
O

36. A General Convex Dual Formulation for an Originally Non-Convex Primal One

In this section we develop a convex dual formulation for an originally non-convex primal formulation.
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Let QO C R3 be an open bounded and connected set with a regular (Lipschitzian) boundary denoted by 9Q.
Consider the functional | : V. — R where

J(u) = %/QVu-Vudx—i—%/Q(uz—ﬁ)zdx
—(u, f)12, (227)

wherea > 0,>0,7v >0,V = W&’2(Q) and Y = Y* = [*(Q).
At the moment, fix a matrix K; > 0 and K > 0 to be specified.
DefineFj : VR, F:V—Rand F3: V xY* = R, by

K
F(u) = %/QVM-Vudx—&-E/Quzdx
—(u, f)12, (228)
F(u) = %/QVL{-Vu dx+§/0u2 dx, (229)

F3(u,v5) = —(u?,v}) 12 +K/ u dx—|——/ 7y dx+/3/ vg dx + (u, f)a.
Define also Fj : Y* — Rand F; : Y* = R,

Fi (o) = sup{(u,v1)2 — F(u)}
ueV
F(vy) = sup{(u,v3)12 — F(u)}
ueVv
_ 02)2
- 2/ IV21K ax, @31)

At this point we also define
B* = {vj € Y* : |[ofllo < K/2},

Vo={ueV: ||uls <Kz},
AT ={ueV :uf>0,inQ},
Vi=V,NnAT,

D* ={v* € Y* : ||[v*|l <5/4K},

for an appropriate K3 > 0 to be specified.
Furthermore, we define Fy : D* x D* x B* — R by

Fi(vi,03,v5) = sup{—(u,v] +03);> — F3(u,v5)}
uev
/ vﬁ—v2 f)? p
- x
2 22}0
- v3)* dx — /v* dx. 232
- [ G [ o @32)

Moreover, we define [{ : D* x D* x B* — R by
Ji (u,07,v5) = —F (v7) — Fa(v3) + F5 (07,03, 0p)

and J5 : D* x D* x B* — R by


https://doi.org/10.20944/preprints202302.0051.v91

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 July 2024 doi:10.20944/preprints202302.0051.v91

158 of 302
J2(v1,03,v9) = Ji(v1,03,0p)
Ky 2
5 Q(UT_UE) dx
2
K? v} v +v5 —
S I Tk St ) N (233)
2 Jo\=Jv2+K ~ —205+2K
Now observe that
2 7% (0% ok o0k 2
(v, 050) _ 1 LK 4K 1 1 _ 1
a2z —Iveiyk ! —IV24+K  2K-20; —2K + 203
and 5
Ph(v,050) 1 LKt K? B 1
o(v3)? -IV2+K (—2K+204)?  —2K+ 205’
and
aZ k(oK K ook (%—%)2
5 (03, v5,05) _ KR VK T K-25) 1
v} Jv} 2K — 20 —2K + 205"
We set K1 > K,
K> Kj,

and K3 ~ /3. Moreover, after a re-scale if necessary, we assume « ~ (0.15.
From such results and constant choices, with the help of the software MATHEMATICA, we may obtain

2
. 82]*(0*,0*,0*) 82]*(0*,1)*,0*) 82]*(0*,0*,0*)
et( i 07 03 09)) = ELER ) D) TIC
1
= (9(2K1((77V2+2v8)2+4(77V2+206))). (234)

Define now
H(v5) = 2((—7V? +205)* + 4(—7V? +205)),

Observe that we may obtain cg > 0 such that if v € (C* x B*), then
det{62, . J3 (01, 03,08)} > 0,

where
C* ={vy € Y* : H(v}) > coly}.

Furthermore, we assume K > 0 and ¢y > 0 are such that C* N B* is convex.
With such statements, definitions and results in mind, we may prove the following theorem.

Theorem 36.1. Let (95,05,0;) € D* x D* x (B* N C*) be such that
8J5(07,05,05) = 0.
Under such hypotheses,

0] (ug) =0,

and

J(uo)

sup § inf J3(07,3,0p)
vyeB | (01,03)€D* x D"

J5 (63, 05,05). (235)
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Proof. The proof that
J(ug) =0,
—yV2uy + 205up — f =0,
and
J(uo) = J5 (01,03, 0p),
may be done similarly as in the previous sections and will not be repeated.
Furthermore, since
613 (01,03,05) = 0,
vy € B*NC* and J; is concave in v§ on D x D* x B*, we have
B0 a0 = nt i (0,03,%),
and

J2(01,02,99) = sup J;(91,93,;)-
vy EB*

From such results and the Saddle Point Theorem we may infer that

J(uo)

Ji(61,04,3)
su inf 5 (05,05, 04
0 {035

= Jp01,93,7p). (236)

The proof is complete.
O

37. A Note on the Special Relativistic Physics

Consider in R? two observers O and O’ and related referential Cartesian frames O(x,y,z) and O'(x',y/,z’)
respectively.

Suppose a particle moves from a point (xo, yo,zo) to a point (xg + Ax, yo + Ay, zo + Az) related to O(x, y, z)
on a time interval At.

Denote

I} = Ax* + Ay? + AZ?,

and I, = At.

In a Newtonian physics context, we have

I = A%+ AP + A2 = AX? + Ay + A2,
and
L = At =AY,

that is, I; and I, remain invariant.
However, through experiments in higher energy physics, it was discovered that in fact is I3 which remains
invariant (this had been previously proposed in the Einstein special relativity theory in 1905), where

Iz = —C*A + Ax? 4+ Ay? + AZ?,
so that

—CZAt2+Ax2+Ay2+Azz _ —CzAt/2+Ax’2+Ay’2+Az'2 — I,

for any pair of observers O and O’. Here ¢ denotes the speed of light, and in the case in which v, 7' < ¢ we have
the Newtonian approximation
At ~ At.

From the expression of I3 we obtain
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2 AFE AX? Ay N Az
A2 AR T A2 T AR
_ A2 AX? AyE AZP 037
= CartarTar Tar (257)
Thus,
Y S S VA CaA Ve
Af? At? T OAPE A ] AR
AxZ A2 A2
2 Y
_ _2 A Ayt A 23
Ctar tTar Tane (238)
so that

2 (A2 A2 A2

<At’ 2« (Atz T tare

At T o5 Ax? | AV A%
= T am T A

ot 1_ @2

In particular for constant v and v’ = 0 we have
At 2
AN 2
At c?

At = [1— At

Letting At, At' — 0, we obtain

so that

Consider now that O is at rest and O’ has a constant velocity
v e

where {ej, 5, e3} is the canonical basis for R related to O.

Consider O(x,y,z) and O’ (x,y, z) such that the axis x” coincide with the axis x, axis y’ is parallel to axis y
and axis 2’ is parallel to z.

Since v is constant, we have

,_
A
and
v =0.
Assuming x(0) = 0, and the initial time f = 0, we have Ax = x, and At = f so that
2
;o v
t=4/1-— a2 t,
so that
v? — Lvt)
- 1_622 = (t sz ,
1-Z V1-%
and thus
(-%)
t = <
'(]2
-2

On the other hand we have v/ = 0.
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We may easily check that the solution

; _ x—uot
= =
-2
lead us to v’ = 0.
Indeed,
A 1% Ax
AV N
so that, considering that v is constant, we obtain
dx' B d(x‘;tvt) B % 0 v Y
T 2 2 >
VimE ioE 1eE
that is,
dx’ 0
dt ’
Thus,
d (x’ 1-— Z’—:)
dr' -
so that
2
v
x'y/1— Z=a
for some constant ¢; € R so that
’_
X = C2/
for some c; € R.
Therefore ,
dx
=" =0.
dt’

Summarizing, for the Newton mechanics we have

161 of 302

/!
Yy =Y
and
Z =z
On the other hand, for the special relativity context, we have the following Lorentz relations
X
J (-2)
=
-2
;_ x—uot
= =
-2
!
¥y =Y
and
Z =z

37.1. The Kinetics Energy for the Special Relativity Context

Consider the motion of a particle system described by the position field

r:Qx[0,T] - R4,
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where Q C R3, [0, T] is a time interval and
r(x,y,z,t) = (ct, X1(x,y,2,t), Xo(x,y,2,1), X3(x,y,2,1)).
In my understanding, this is the special relativity theory context.
The related density field is denoted by
p:Qx[0,T] - RF,
where
p(x,y,2,t) = molp(x,y,2,1),
my is total system mass at rest, and ¢ : Q) x [0, T|] — C is a wave function such that
/Q p(x,y,2,1)2 dx = 1, ¥t € [0, T.
The Kinetics energy differential is given by
or or
dEC = —dm & . g,
where
o a9 0% 0X) (3% 3% 0%
ot ot  \ ot ot ot ‘ot ot ot
X1\, (0X2\? | [9X3)?
- _2 92 7282 743
= () ) (%)
R S (239)
where ) ) )
S (XD (X)L (9X)?
ot ot ot
Moreover,
dm = szb(x,y,z, t‘)|2 dxdydz,
Ji-g
so that
dE, = ﬂz(c2 —0?)|¢p(x, v,z t)|* dxdydz
Vi-2
= mpcV/c? — v2|p|* dxdydz. (240)
Thus,

Ec(t) = /QdEc = /Qmocx/ 2 — 2|p|* dxdydz.
In particular for a constant v (not varying in (x, y, z, £)), we obtain
Ec(t) = moev/ ¢ — 02,

Hence if v < ¢, we have
Ec(t) = my c2.

This is the most famous Einstein equation previously published in his article of 1905.

37.2. The Kinetics Energy for the General Relativity Context

In a general relativity theory context, the motion of a particle system will be specified by a field

(roit): Qx[0,T] — R*
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where
(rod)(x,t) = (ct, X1 ((x, 1)), Xa((x, 1)), X3(A(x, 1)),
where
a(x, t) = (ug(t), uqr(x, t), uz(x, t), uz(x,t)),
up(t) =t,
x = (x1,%,x3) € Q CR?,
and t € [0, T], where [0, T] is a time interval.
The corresponding density is represented by
(pof): Qx[0,T] = RT,
where
(p o) (x,t) = mo|¢p(a(x, 1)),
my is total system mass at rest and ¢ : Q) x [0, T] — C is a complex wave function such that
| 9, ) /=g det{i (x, )} dx = 1, ¥t € [0,
where
dx = dxq dx; dx3,
-
/ au]
Sk =8j 8k Vi ke {0,1,2,3}.
and g = det{gj }-
Now observe that
or o ordw or du
ot 9t duj ot duy ot
_ Or or 9udm
h Bu] Buk of ot
ou; Ju
= S ot 40

Observe that

ou;
or or j ouy 24

of ot Sk ot
Moreover, the Kinetics energy differential is given by

Jr or

dEczfdmgﬁ,

where
dm =

0 |p(a(x, )2 /=8| det{a’ (x,1)}| dx,

Ji-g

so that the total Kinetics energy is expressed by

T
EC:/ /dECdt,
JO Q
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that is,
E = //FC—UZ)MJ i(x, 1) 2 /—g| det{d’ (x, £)}| dxdt
= //mocx/ —02|¢p(a(x, t))|?\/—g| det{d (x, ) }| dxdt
”]a”k
= //moc ~8jk at 0(x, t))>\/—g| det{d (x,t)}| dxdt. (242)

Summarizing, for the general relativity theory context

ou; Ju . .
E. = / / e\~ SEp(a(x, )12 y/~g| det{# (x, 1)} dxa.

38. About an Energy Term Related to the Manifold Curvature Variation

In this section we consider a particle system motion represented by a field
r:Q— R

of C2 class where here Q = Q) x [0, T], O cR3isan open, bounded and connected set, and [0, T] is a time interval.
More specifically, point-wise we denote

r(w) = (ct, X1 (u), X(u), X3(u)),

where ug = t, and u = (uq, uy, up, uz) € Q.
Now, define

or(u
g -2,
and
Sjk = 8 8k Vi, k€{0,1,2,3}.
Moreover
{"y ={gu} ",
and
g = det{gj}.
We assume

{agi) for]e{0123}}

]

is a basis for R*, Vu € Q.
At this point we define the Christofel symbols, denoted by Fék, by

1 9Gkp 98y Igjk .
I _ 2olp) Z8kP | Z8jp _ Tojk
F]k 58 { au; + au, oy [’ vk, 1 € {0,1,2,3}.

Theorem 38.1. Considering these last previous statements and definitions, we have that

9%r(u) _r or(u)

B * o, , Vj,ke€{0,1,2,3}, Vu e Q.
]

Proof. Fixu € Qand j, k,m € {0,1,2,3}.
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Observe that
1 9kp | 98jp 98k
I - = IpJ ZofP | “oJp _ “oJK
Figim = 58mg {8144 T o " oup
_ Ly )98k 9%y 98k
B 2 ou; auk iy
_ 1) 98k , %8m0k
T2 auk oy,
_ 1 ar ~or(u) n 9 (or(u) or(w)\ 9 (or(u) dr(u)
o2 E)uk iy dug \ duj  Oup dup \ Ouj  Juy
_ 1 or(u + 9%r(u) _or(u)
2 ukau] Oy Qumduj  Juy
82 _or(u) n 0°r(u) _or(u)
E)ujauk duy, Oy, Oy Buj
B 9%r(u) or(u) 9%r(u) ~or(u)
aumauj auk 8um8uk aM]
_ 1f3%*(w) _or(u) n 9r(u) _or(u)
o oujour Oy Oujdu Ay
2
_ 01(u) ar(u). (243)

dujouy  dupy
Summarizing, we have got

! or(u) or(u) _ _ 0%r(u) _or(u)
*ou;  Qupy, jktm oujou  dum

or(u) )
{ 3 forje {0,1,2,3}},

]

Since

is a basis for R*, we may infer that

Pr(u) _ o or(w)
= T
dujouy 1% ouy

, Vj,k € {0,1,2,3}, Yu € Q.

The proof is complete.
O

38.1. The Energy Term Related to Curvature Variation

We define such an energy term, denoted by Eg, as

or 2/ ! Ipau <"’ aik)) au,(4’ au, >‘ﬁd”

where du = duydurdusdug.
Here ¢ : 3 — C is a complex wave function representing the scalar density field.
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Now observe that

B0 ()
_ (a¢ or(w) azr(u)),(aqp* ar(w) *a2r<u>)

du;j duy oujouy du; dup dujduy

Pr(u) 0%r(u)

oujouy au,au,,

99" r(u) Or(u)
ou; ou; auk oup
. 99 2°r(u) Or(u)
o duj oujoup  Juy
_ 9¢ 9" 2
= 8thauj Skp T |9 F}'ir?p 8mo

0
05T g4 97 "’r’ e (244)

_ 99 d¢” 20
o ou; augp+|4’|

+¢

From such results, we may infer that
1 K Op o™
- = g die SN
Eq(¢,1) > /Qg ou; V8

1 )

+7/ & g T T, grs 91 /=8 du

jk

2/gF< +"’au>’/ du. (245)

39. A Note on the Definition of Temperature

The main results in this section may be found in similar form in the book [16], page 261.
Consider a system with N = Z]l.\lz‘]l N; and suppose each set of N; particles has a set of C; possible states.
Therefore, the number of states of such N; particles is given by

(cpHNi
ATy =

where we have considered simple permutations as equivalent states.
Define

5=

j h’l(Ar]),

and define the system entropy, denoted by S, as

where A > 0 is a normalizing constant.
Thus,

No (C.)Nj
_ ]
S—Ag ln( N ),
j=1 ]

S=A (% (Nj In(C;) — ln(Nj!))> .

so that

j=1

If N]- is large enough, we have the following approximation
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In particular for Ci=1Vje {1,---, Np} we obtain

Ng N(]
S—A (Z S]-) ~—A (Z len(Nj)> ,
j= =1

J

At this point we define the following local density Nj where

N |9 (x, )2
NG = o™

where

No
p(x, ) =Y p;(x, 1)
=1

Here, ¢; : 2 — C denotes the wave function of the particles corresponding to the system part N;.

The final definition of Entropy is given by
No
S(x,t) = A[ Y Si(x,t)
j=1

where
S]-(x,t) = —Nj(x,t)ln(Nj(x,t))

[p(x, D)7 |9(x, )]
P N1n< eI (246)

Here we highlight the position field for each particle system part N; is given by
f]-(x, t) =X+ r]-(x, t),

where I is related to the internal energy, that is, related to the atomic/electronic vibrational motion linked with
the concept of temperature, as specified in the next lines.
The total kinetics energy is given by
1M or;(x,t) ori(x,t)
E(x,t) = —= m.~x,t2] L1 .
(xt) = =3 Lo by P =

At this point, we define the scalar field of temperature, denoted by T(x, t), such as symbolically

s 1
OE  T(x,t)
More specifically, we define
No %
— 7
T(x,t) = 2 55
J=1 9¢,
so that
T(x,t) —3 T mp, ¢y(x, 1) ) St
X =
’ AN g (162N
Afgrin(r +1)

39.1. A Note on Basic Thermodynamics
Consider a solid Q) € R3 where such a Q) is an open, bounded and connected set with a regular (Lipschitzian)

boundary denoted by 0Q).
Denoting by [0, T] a time interval, consider a particle system where the field of displacements is given by

1j(x,t) = r(xt) +u(xt) + (r3);(x, ),
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where r: Q) x [0, T] — R is a macroscopic displacement field, u : Q x [0, T] — R is the elastic displacement field
and (r3); : QO x [0, T] — R denotes the displacement field related to the atomic and electronic vibration motion
concerning the concept of temperature, as specified in the previous section.

In particular for the case in which

r(x,t) =x,
we define the heat functional, denoted by W, as
1T du(x,t) du(x,t)
W = 5/0 /Qp(x,t) 55 o dx dt

T
—/ /F~udxdt
0 @)

1 /T
+§ /0 /Q Hjjreij(u)eg (u) dx dt

10 /T 20(r3);(x, 1) 9(r3);(x, )
+2]Zi/0 /Qmpf\%'(x/t)l o v, (247)

where
No X
p(X,t) = E mp,-|¢j(x,t)\
=1
is the point wise total density,
1 T
2 /o /Q Hjjeij(u)eg (u) dx dt

is a standard elastic inner energy for small displacements u, F(x, t) is the resulting field of external forces acting
point wise on (), and for the term

1N T ,0(13)(x, 1) 9(r3)j(x,t)
5];/0 /Qmp].|¢/~(x,t)| Lo SRR

we are refereing to the definitions and notations of the previous section.
At this point we denote

1 No /T ' 23(r3)]'(xlt) a(r3)]'(x,t)
Ea =)y fymiont - ded

and
1T ou(x,t) ou(x,t)
o E/0 /Qp(x,t) o ot dx dt

T

_/ /F u dx dt

0 Ja

1 /T

+§/0 /QHijkleij(U)Ekl(u) dx dt. (248)

Hence W = E7 + E;;, and from the previous section we may generically denote
0 Ejy =T 48,
Therefore
OW = 0ET + JE;, = 6ET + T 4S.

For a standard reversible process we must have § Eg = 0.
so that

6W =TéS.
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For a general case in which other types of internal energy (such as E; indicated in the previous sections and
even E;;,) are partially and irreversibly converted into a ET type of energy, in which

0ET #0,

we may have
W < TéS.

Remark 39.1. Indeed, in general the vibrational motion related to Ej,, is of relativistic nature so that in fact we would need

to consider
1 N° o(13)j(x,t) 9(r3);(x,t)
= / / My, ¢ |§;(x,1)] \/ ajt . ajt —gjdxdt.

40. A Formal Proof of Castigliano Theorem

In this section we present the mathematical formalism of a result in elasticity theory known as the Cas-
tigliano’s Theorem.

Let O C R3 be an open, bounded and connected set with a regular (Lipischitzian) boundary denoted by Q).

In a context of linear elasticity, consider the functional | : V — R where

™=z

J(u) = Eiy — (uj, fi)p2 — ”i(xf)Pif'

1

j
u = (ug,up,uz) € Wy (R =V, f = (fi, fo, fa) € LH(GR3), Y = Y* = [2((;R%), and
PjeR, Vie{1,23}, je{l,--- N}

for some N € N.
Here we have denoted

1
Ein =35 /QHijkzeij(u)@kl(u) dx,

aul au]
EZ]( ) (ax] + axl

Moreover H;j is a fourth order positive definite and constant tensor.
Observe that the variation of | in u; give us the following Euler-Lagrange equation

(H,]klekl Z =0, in Q). (249)

Symbolically such a system stands for

9] (u)
8u,~

=0,V € {1,2,3},

so that
(Ein — (i, fi) 2 — LNy ui (%)) Py)
al/li
We denote 1 € V solution of (249) by u = u(f, P), so that multiplying the concerning extremal equation by
u; and integrating by parts, we get

=0, Vie {1,2,3}. (250)

N

Hi(u(f,P),f,P) = 2Eu(u(f,P)) = (ui(f, P), fi)r2 Z (xj, f, P)P;j

= 0,VfeY* PeR3N, (251)

Therefore p
@(Hl(u(f,P),f,P)) =0,
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so that
dE; d
dpl,r,l*d << (fp)flL2+2 x],fp 1]> ):0,
g ]
that is
dEin A(Ein — (ui, fid 2 — Ly wi(x))Py)  auy
dPl']‘ E)uk ! aP,] 12
p) N
=== | i, fid e + ) wi(x)) By
oP; =
= 0. (252)
From this and (249) we obtain
dE;,
dpi] o (XJ) I
so that
dE; d (1
) = G = g (5 Hawe 0 PYeututf P) ).
Vie {1,2,3},Vje{l,--- ,N}
With such results in mind, we have proven the following theorem.
Theorem 40.1 (Castigliano). Considering the notations and definitions in this section, we have
dE;, d (1
) = 5 = - (3, Fawes (. P)ea(ur P) d),
vie {1,2,3},vje{l,--- ,N}
40.1. A Generalization of Castigliano Theorem
In this subsection we present a more general version of the Castigliano theorem.
Considering the context of last section, we recall that
N
Hy(u(f.P),f,P) = 2En(u(f,P))— (ui(f,P), fi)r2 Z (xj, f, P)P;;
= 0,YfeY*, PeRN, (253)

Therefore, for x; € Q) such that
xp # x5, Vje{l,--- N},

we have d
<d7,-(H1(u(f, P),f, P)),J(xk)>L2 _o,

so that

2( 4 (Euulf, P08

p N
<f (ui(f, P), fi) L2+Z (xj, f,p)Pyj) 2 5(xk)>
LZ

= 0, (254)
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that is
d
A IERN
N duk
< ( fp)) < fP fl Zul x]'fp 1]) df 5(Xk)>
j=1 12
N
< ui(f,P), fidrz — Y ui(xj, f, )Py /5x(xk)>
j:1 12
(255)

From such results, we may obtain

(FE EnluE P80 ) = (1), 852 =

so that

d
(F7 Enlar, P00 ) =) =0,

that is

() = (37 Eulu(F,P))0%0))
Vi€ {1,2,3}, Vx; € Qsuchthatxy #x;, Vj € {1,--- ,N}.

With such results in mind, we have proven the following theorem.

Theorem 40.2 (The Generalized Castigliano Theorem). Considering the notations and definitions in this section, we
have

(o) = (G Eulu(F,P))0%))
Vi € {1,2,3}, Vxi € Q such that x; # x;, ¥j € {1,--- ,N}.

40.2. The Virtual Work Principle

Considering the definitions, results and statements of the previous section and subsection, we may easily
prove the following theorem.

Theorem 40.3 (The virtual work principle). Let x; € Q) such that x; # xj, Vj € {1,---,N}.
For a virtual constant load Py € R on x; at the direction of uy(x;), define now J : V.— R where
N
J(u) = Ein — (ui, fi) 12 = Y wi(x)) Pyj — Pruage(x;).-
j=1

Under such hypotheses,

Vk € {1,2,3}, Vx; € Q such that x; # xj, Vj € {1,---,N}.

() = <d Ein(”(ffprplk)))P .

Proof. The proof is exactly the same as in the Castigliano Theorem in the previous section except by setting the
virtual load Pj; = 0 in the end of this calculation and will not be repeated. [

41. Duality for a General Relaxed Primal Variational Formulation

Let Q C R3 be an open, bounded and connected set with a regular boundary denoted by 0Q).
Consider a functional | : V — R where

J(u) = %/QVu-Vu dx—l—%/o(uz—ﬁ)z dx —(u, f)12,
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where V = Wi (Q), ¥ > 0,a >0, >0,Y = Y* = [2(Q),V; = Y{ = L2((;R%),and f € L2(Q).
We define the associated relaxed functional J; : V x V x (0, 1) by
Jgd) = 5[ (Tu—(1-\)Vg) (Vu— (1-1)79) dx
+@ /Q(Vu—l—/\ch) (Vi + AV) dx
A 1-A
o [ (= =W = 2 S [ (29— 2 an
“Mu— A=A, flrz — (L= A)(u+Ap, f) 2. (256)

Moreover, we define, F; : VxV x (0,1) - R, F : VxVx(0,1) - R F:VxVx(01 — R,
Fi:VxVx(01) =R F:VxVx(01) -Rand F:V xV x (0,1) = R, by

Fy (i, ¢, A) = %7 ./Q(w (1= A)Vg)- (Vi — (1= \) V) dx

BE(u,¢,A) = w /Q(Vu +AV9) - (Vu+AVe) dx

Rug, >—A2"‘ [ (= (1= 292 - P d,

Fang ) = S [ (@ ag)? - p2 a,

Es(u, ¢, A) = =AMu— (1=, f)12,
Fo(u,¢,A) = —=(1 = A)(u+ A, f)r12,

respectively.
Observe that

]1(”,4),11) = Fl(ur¢//\)+F2(u/¢/A)
F3(Ll, ¢, /\) + F4(u, 4),}\)
Fs5(u, ¢, A) + Fs(u, ¢, A), (257)

Thus,

Ji(w,¢u) > F(u,¢ )+ F(u,¢,A)
+((u— (1= 2A)p)> — B,03)12
+<(u+?\4>) - B vy
Fs(u,,A) + Fo(u, ¢, A)
F3(u, <Pr A) + Fy(u, ¢, M)
vlg,réfy{_ (v3,03) 12 + F3(v3,A)}

+ inf {—(04,v}) 2 + Fa(vs,A)} (258)
vy€Y

where

F(v3,A) =

2
. (1-A)a
Fy(vg,A) = 7 /Qvﬁ dx,
Therefore, defining £ : Y* x (0,1) - Rand Fj : Y* x (0,1) — Rby

2
A v3 dx,

F(v3,A) = SUI;{(U&U;)LZ—Fa(%A)
v3E

1 *
= o /Q (v%)? dx, (259)
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and
Ff(vi,A) = sup{(vg.vj);> — Fy(vg, A)
v €Y
1 *\2
= — dx, 2
20((1 —A) /0(04) X ( 60)
we may also infer that
Ji(u, ¢, A) > Umf {(v1,07) 12 + Fi(v1,A)}
1
1r1f {{vp,03) 12 + B2 (v2,A) }
172 Y1
+ inf { (vs, div o7)}2 +/ — B)vj dx — <”05,f>L2}
vs€Y
+ 1réf { (v, div v3) 12 + /Q(v% —B)vpdx—(1— A)(v6,f>Lz}
(43
—F (v3,7) — F{ (01, A)
= —F(v,A) - F(03,1)
—F5(v7,03,A) — Fg (03,03, )
—F; (v3,A) — F{ (03, ), (261)
if v* = (v],---,v}) € A* where,
A* = {v* € [Y{]?x [Y*]? : v§ >0and v} >0, inQ},
" A
Fi(v,A) = 77 /Qvl v dx,
- A
Fy(oa,0) = 5 [ 020z,
Fo(os,03,4) = [ (o = B)o3 dx = Mos, iz,
Fo(os, 04, 0) = [ (0F = B)oj dx — (1= 1) (06, )12,
and
Fi(vi,A) = sup {(v1,0])12 — Fi(v1,A)}
11EY]
ISR
= o /Q ot ot dx, (262)
FE(v3,A) = sup {(v2,05)12 — Fa(v2,A)}
€Y
= ¥/ 05 v dx (263)
29(1=A) Ja 2 277
Fi(o,05,0) = sup{(05,0])12 — Fs(vs, 03, 1)}
vs€Y
(divoy +Af)” Af)? .
= 264
2/ N dx+;3/0v3dx, (264)
and
Fg(v3,03,A) = sup{(ve,07) 12 — Fs(vs,03,A)}
ve€Y

B (divol +(1— )f)2
= 3 / 2 o dx + B / o dx. (265)
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Denoting, as above indicated, v* = (v},v3,05,0}) € [Y{]? x [Y*]?, we define J* : [Y;]2 x [Y*]? x (0,1) = R

by
@A) = =K @,A) =030
—F5 (01,03, 4) = Fg (03,03, )
—F5(v3,A) — Ff (v}, 1), (266)
Observe that we have got
inf > inf S, A
uugV](u) o (u,¢,/\)€1\1}><V><[0,1] N, 1)
> inf sup J*(v*,A) 3. (267)

Ae(O,l){v*EE*

41.1. A Numerical Example

We have obtained numerical results for y = 0.1, « = 3.0, = 5.0 and f = 10, in (), for the special case in
which Q = [0,1] C R.
Such results have been performed through the following algorithm:
1. Setn =1and A, =1/2.
2. Calculate v}; € A* such that
I* (v, An) = sup J*(0", Au),

v*EA*
3. Calculate A, 1 € (0,1) such that

]* (UZr /\'rH-l) = Aeu(}]f,l) ]* (UZr /\)r

4. Setn :=n+ 1 and go to step 2 until the satisfaction of an appropriate convergence criterion.

Here, we recall that for the optimal points

div o} +Af
and divos+(1-2) f
v o, +(1— .
20} =utAg,
so that . -
w= A(idw Ulj”) +(1 —A)(—dw Ehats /\)f).
2713 20y

For such a corresponding optimal 1 please see Figure 32.
For the solution u; of the primal problem obtained through the generalized method of lines, please see
Figure 33.
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25

051 ]

Figure 32. Optimal solution uy(x) through the concerning dual formulation.

25

Figure 33. Optimal solution u; (x) through the concerning primal formulation.

We may observe the solutions 1y and u; are qualitatively similar, as expected.
Here we present the software developed to perform such numerical results.

1. clear all
globalm8dLA3AByouveldvldv2dv3v5v6v3v4vlv2K5e5L1 1213
m8=100;
d=1/msS;
e1=0.00001;
e5=0.001;

K5=10000.0;
A3=0.1;
A=3.0;
B=5.0;
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for i=1:m8

uo(i,1)=5;

yo(i,1)=10.0;

end;

L=1/2;

for k=1:50

k

i=1;

m12=2+ 6% Axuo(i,1)>*d>/ A3 — 2% A+ B/ A3 x d>;
mb50(i)=1/m12;

2(i)=m50(i) * (yo(i,1) xd?/ A3+ 4 x Axuo(i,1)3 x d>/ A3);
for i=2:m8-1

mi12=2+ 6 A*uo(i,1)>*d>/A3 — 2% Ax B/ A3 d> —m50(i — 1);
m50(1)=1/m12;

2(i)=m50(i) * (yo(i,1) * d*/ A3+ 4% Axuo(i,1)> xd>/ A3+ z(i — 1));
end;

w(m8,1)=0;

for i=1:m8-1
w(m8-i,1)=m50(m8-i)*w(m8-i+1)+z(m8-i);
end;

uo=w;

uo(m8/2,1)

end;

for i=1:4*m8

x0(i,1)=3.0;

end;

for i=1:1

x1(1,1)=1/2;

end;

for k1=1:10

k1

k=1,

b12=1.0;

while (12 > 107%) && (k < 50)

k

k=k+1;

X=fminunc(’funFeb30LG’,x0);
b12=max(abs(x0-X))

x0=X;

end;

X1=fminunc('funFeb31LG’,x1);

x1=X1;

end;

u(ms8,1)=0;

for i=1:m8

x(i,1)=i*d;

end;

plot(x,u);
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With the auxiliary function "funFeb30LG", where

1. function S=funFeb30LG(x)
globalm8d LA3 AByouvel dv2dvldv3v3v4v5v6vlv2K5e5L112L3
for i=1:m8
v1(@i,1)=x(,1);
v2(i,1)=x(m8+i,1);
v3(i,1)=x(2*m8+i,1);
v4(i,1)=x(3*m8+i,1);
end; for i=1:m8-1
dv1(i,1)=(v1(i+1,1)-v1(i,1))/d;
dv2(i,1)=(v2(i+1,1)-v2(i,1)) /d;
end;
S=0;
for i=1:m8-1
S=S+(yo(i,1)> * L> + 2 x yo(i, 1) * L x dv1(i, 1) + dv1(i,1)> + 4 x B+ v3(i,1)*) / (4 x v3(i,1)?);
S=S+(yo(i,1)>* (1 — L)2 +2xyo(i,1) * (1 — L) xdv2(i, 1) +dv2(i,1)® + 4 * B* v4(i,1)*)/ (4 % v4(i,1)?);
S=S+v1(i,1)2/sqrt(L? + 1) /2/ A3 +v2(i,1)? /sqrt((1 — L)? +el) /2/ A3;
S=S+v3(i,1)*/2/sqrt(L* +e1)/ A + v4(i,1)*/2/sqrt((1 — L)> + 1)/ A;
end;
for i=1:m8-1
u(i,1)=L * (yo(i,1) * L + dv1(i, 1))/ (v3(i,1)?) /2;
u(i,1)=u(i,1)+(1 — L) * (1 = L) xyo(i,1) + dv2(i,1)) /2/ (v4(i,1)?);
end;

Finally, we present the auxiliary function "funFeb31LG"
T T T ——
1. function S1=funFeb31LG(x)
globalm8d LL1L2L3 A3 AByouvel dv2dvldv3v5v6v3vdvlv2K>5eb
L=(sin(x(1,1))+1)/2;
for i=1:m8-1
dvi1(i,1)=(v1(3i+1,1)-v1(,1))/d;
dv2(i,1)=(v2(3i+1,1)-v2(i,1)) /d;
end;
5=0;
for i=1:m8-1
S=S+(yo(i,1)> * L2 + 2% yo(i,1) * L * dv1(i,1) + dv1(i,1)> + 4 * B v3(i, 1)*) / (4 % v3(i,1)?);
S=S+(yo(i,1)>* (1 — L)2 +2*yo(i,1) * (1 — L) xdo2(i, 1) + dv2(i,1)® + 4 * B* v4(i,1)*)/ (4 * v4(i,1)?);
S=S+v1(i,1)2/sqrt(L? + 1) /2/ A3 +v2(i,1)? /sqrt((1 — L)? +el) /2/ A3;
S=S+v3(i,1)*/2/sqrt(L*> +e1)/ A + v4(i,1)*/2/sqrt((1 — L)> + 1)/ A;
end;
S1=-5;

Remark 41.1. Observe that the functional [* is convex in A* however, the restrictions vy > 0 and vy > 0 in ) may cause
a difference between the solution obtained through [* and the solution got through the primal formulation ], a so-called
duality gap.
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Anyway, through such a relaxation process, utilizing the dual functional J* we may still obtain a good qualitative
approximation of the global optimal point for the primal formulation J.

Indeed, such a global solution obtained through the dual functional J* may be an excellent initial solution for obtaining
a more accurate one through the standard Newton Method, for example.

42. A Global Existence Result for a Model in Non-Linear Elasticity

Let QO C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary denoted by
0 =S.
Define a functional ] : V — R by

) = 5 [ Hingu) i ) dx = s, i),

where . .
Wi
Yij(u) = % + 5 tm,ithm,js
V={uecW2R? : u=95y0onS; CoQ}.

We also denote Y = Y* = L?(();R3), so that f = (f1, f2, f3) € Y.
Here {Hijkl} is a fourth order constant, positive definite and symmetric tensor.
With such assumptions and statements in mind, we may prove the following theorem.

Theorem 42.1. Assume {Hjy } is such that

lim  J(u) = 4oo.
[[llv—e0

Under such hypothesis, there exists uy € V such that

J(ug) = min J (u).

ueV
Proof. From the hypotheses, there exists & € R such that

o= gy

Let {u,} C V be a sequence such that
1
o < J(up) < a+ E,Vn e N.
Suppose, to obtain contradiction, there exists a subsequence {rn;} C N, such that

l[tn|lv — 0.

From the hypotheses, we have
J(uy,) = +00, ask — oo.

This contradicts
lim J(uy) =a € R.
k—o0

From such results we may infer that there exists K > 0 such that

llunlly <K, Vn e N.

Consequently, from this, the Sobolev Embedding and Rellich Kondrashov theorems, there exists 1y €
VNL®(Q; R3) for which, up to a not relabelled subsequence, we have

uy — ug, weakly in W1'4(Q; R3),

Uy — up, strongly in L4(Q),
Uy — ug, strongly in L*(Q); ]RS).
Let ¢ € C°(Q)).
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Thus,
<a<un)l _ Awo); (P>
Bx]- ax] 12
0
= ‘ <(”n)i — (uo)i, af>
7/ 12
< )i — (uo)illeo o,
1
— 0, asn — oo. (268)
Since ¢ € C°(Q) is arbitrary and C®(Q) is dense in L*(Q)) we may infer that
I(un)i  9(uo); 4
Bx]- ij , weakly in L*(Q)),
vi,j € {1,2,3}.
Define W = L4(Q) with the norm
[ollw = sup{(v, )12, ¢ € C7(Q), [[9ll12 < 1}
We may easily verify that
A(un)i _, 9(uo)i .
Bx]- — 8x]- , strongly in W,
vi,j € {1,2,3}.
Thus,
{ 9(un)i }
Bx]-
is a Cauchy sequence in W.
Hence, for each n € N there exists 1, € N such that m, [l > ny, then
Oum)i _O(m)i|| _ 1
ax]- ax] k2 '
w
where 1y, may be taken as an increasing subsequence in N.
In particular, we have got
H a(unk+1)i _ a(“nk)i l
0x; ax; ||, k2
Define now
o= ‘awm)l [P an);
ax] =1 ax] ax]
and
a(unl)i = a(u"k+1)i a(unk)z
§= +)
’ E)xj =1 E)xj E)xj
Observe that
9(un, )i - a(”"k 1)i 9(un,)i
Iglw < S+ ) - -
ax]- W =1 ax] ax] W
a(u”l)l o 1
< +)
an w o k=1 k2
< oo (269)

From such results we may infer that g(x) € R, a.e. in Q.
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Moreover, since an absolutely convergent series is also convergent, we may infer that
Otn )i _ 9(um )i + Zi (a(unk“)i - a(u"")i> — hjj, ae. in Q,
ax]' ax/' =1 an ax]»
for some hjj € LY(Q)), Vi, j € {1,2,3}.
From such results, we have
a(um)i — hij/ a.e. in Q)
ax]‘
e i), i)
Un, )i N up)i lvi L4 O
ij axj , weakly in L*(Q2),
so that 5
(o)i = hjj, a.e. in Q).
an
Consequently, we have got
Ot )i — a(MO)i, a.e. in Q.
an ax]
Now fix i,j,m € {1,2,3}.
Observe that from the Cauchy-Schwarz inequality, we have
2
/ 9 (e, )m 9(thn; )m d
— x
Q ax]' ax/'
2
H (ttn ) m ? (tn ) m
8x,- 4 ax] 4
< Ky, VIEN (270)

for some appropriate real constant K; > 0.
Therefore, up to a not relabeled subsequence there exists vy € L2(Q) such that

Ot ) i), vy, weakly in L2(Q)

ax,- ax]
Since
9 (ttn, )m O(thn,)m . 9(uo)m O(to)m ae in0
axi E)x]- axi E)x]- o !
we obtain 3(1to)m (i)
U )m 9(UQ)m .
vy = o, Bx]- ,a.e.in (),
so that

O(tn )m O(ttn) )m (o) m 9(1g)m

E)xl- ax] axi ax]

, weakly in LZ(Q),

Vi, j,m € {1,2,3}.
Therefore, from such results we may infer that

ij () = 7ij(up), weakly in L*(Q), Vi, j € {1,2,3}.
Moreover, since ] is convex in {7;;} we finally obtain
& = Timinf [ (1) 2 J (o),
so that

J(uo) = min J (u).

2%

The proof is complete.
O
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43. A Note on a General Relaxation Procedure for the Vectorial Case in the Calculus of Variation

Let O C R” be an open, bounded and connected set with a regular (Lipschitzian) boundary denoted by 0Q).
Consider a continuous and bounded below functional F : V' — R where

V ={uecW2(QRN) : u=uyonaQ}.
Define H; : V — R by
Hi(u) =inf{AF(v1) + (1 = A1)F(w1); 0< A <1, vy,wy €V, Aoy + (1 — Ap)wy = u}.
Observe that as it has been shown in a previous section, we have
F**(u) < Hy(u) < F(u), Vu e V.
Moreover, also as indicated in a previous section, we may obtain

Hy(u) = (¢1’A1)i€fl‘£ox[0’1]{/\11‘"(” —(T=M)¢p1) + (1= A)F(u+A1¢1)},

where Vy = W&’Z(Q; RN).
Reasoning inductively, having Hy : V — R, define Hy,1 : V — R by

Hiypq(u) = inf{A 1 Hi(0pq1) + (1= Aggr) Hi(wiey1) 5
0 < Ap1 <1, g, Wiyt €V, App10kgr + (1= Agp) Wiy = u}e (271)
Thus
Hypq(u) = inf { M Hie (v = (1= Aggr)Prgn) + (1= Ager) Hye (4 + Agg1 Pregn) )
(Prs1, 1) EVOx[0,1]
Observe that

F**(u) < Hgy1(u) < Hi(u) < F(u), Vk € N.

Define Hy : V — R by

Hy(u) = kgrrw Hi(u) = Igglg Hi(u), Yu e V.

Suppose, to obtain contradiction, that Hy is not convex.
Hence, there exists 7 € V such that
(Ho)1(#) < Ho(#),

where
(Ho)l(u) = inf{/\lH()(‘Ul) + (1 — Al)H()(wl) ;0< A <1, v,w €V, Mo+ (1 — /\1)&)1 = M}.

This contradicts
Ho(u) = lim Hi(u) = kinIng(u), YueV.
€

k—+4o00

Therefore Hy is convex on V so that from this and
F**(u) < Ho(u) < F(u), Vvuev

we may infer that
Ho(u) = F**(u), Vu e V.

44. A Note on Another General Relaxation Procedure for the Vectorial Case in the Calculus
of Variation

Let O C R” be an open, bounded and connected set with a regular (Lipschitzian) boundary denoted by 9().
Consider a continuous and bounded below functional F : V — R where

V={uecW2O;RN) : u=ugonadQ}.
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Fixk € N.
Define (Hy )i : V — Rby
k
(Hi)g(u) = inf¢ Y AjF(vj) : 0<Aj<landov; €V, Vje{l,--- k},
j=1
k k
. Aj=1and Z Ajv]- =1u,. (272)
=1 =1
Observe that
F(u) < (Hy)gsa(u) < (Hy)(u) < F(u), Vu € V.
Define H, : V. — R by
Hz(u) = lim (Hl)k(u) = inf{(Hl)k(u)},Vu eV.
k—o0 keN
Reasoning inductively, having Hy, : V — R, we may obtain (Hy); : V — R by
k
(Hm)k(u) = inf /\]Hm(”l)]) :0< A] < 1and vj ev, V] S {1,~ . ,k},
=1
k k
Aj=1land ) Ajpj=u ;. (273)
= =
Observe that

F (1) < (Hm)iga (u) < (Hm)i(u) < F(u), Yu e V.

Now we define
Hy1(u) = lim (Hp)g(u) = inf {(Hn)x(u)}, Vu €V,
k—o0 keN

Vm € N.
Therefore, we have obtained a sequence {H,, : V — R} such that

F**(u) < Hyyq1(u) < Hy(u) < F(u), Vu e V.
Thus, we may define H : V — R by
0 _ . —
H"(u) = n}l_l}l’flx) Hpy(u) = &{’\I{Hm(u)}, VueV.
Suppose, to obtain contradiction, that H? : V — R is not convex on V.

Hence, there exists 11 € V such that
(H%)1(2) < H(2),

where
(H%)q(u) = inf{A;H (1) + (1 = A)H(wy) : 0< Ay <1, 0,01 €V, Moy + (1 — Ay)wy = u},

YueV.
This contradicts
0 _ N .
H”(u) = mhn;o Hy(u) = nllrng{Hm(u)}, YueV.

Therefore, H is convex on V so that from this and
F*(u) < H(u) < F(u), Yu €V,

we may infer that
HO(u) = F**(u), Yu € V.
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45. A Proximal Relaxed General Approach also Suitable for the Vectorial Case in the Calculus
of Variations

Let QO = [0,1] C R and consider a proximal relaxed functional J; : V x Vp x [0,1] X Y* — R where

B A=) = 5 [ - 1= AR - 17 dx
“;J/()((u’+)t¢’)2—1)2 dx
+%/Q(u—f)2dx+§/0(u—f)2dx
f/ﬂz*(uff) dx+% [ () dx, (274)
where

V={uecW"?QQ) : u(0)=0and u(1) =1/2},

Vo = WA (Q), and Y = Y* = [2(Q).
In order to obtain a critical point of such a proximal relaxed primal formulation, we propose the following
algorithm:

1. Setn=1,e=10"%and z}; = 0.
2. Calculate (uy, ¢, An) € V X Vy x [0,1] such that

Un, O, An,z20) = inf u,¢, A,z
J1 (v, Py Ay z3) (u,gb,)\)EleVox[O,l]h( ¢ n)

3. Calculate z; 1€ Y* such that

]1(“?11 4’nr)\nrzfl+1) 1211:/* ]1(“?11 4’n,)\nlz*),

_Z*

so that indeed,
Zpy1 = K(un = f).
4. If [|z;_; — 2]l < &, then stop. Otherwise set n := n + 1 and go to item 2.

We have obtained numerical results for K = 100 and
f(x) = sin(mx) /2.

For the optimal solution u(x) obtained, please see Figure 34.

0.6

Figure 34. Optimal solution u(x) for the case f(x) = sin(7mx)/2.
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At this point we present the software in MAT-LAB we have developed to obtain such numerical results.

1. clear all
globalm8duvyoel Kz
m8=100;
d=1/msS;
e1=0.0005;

K=100.0;

for i=1:m8
yo(i,1)=sin(pi*i*d)/2;
7(i,1)=0;

end;

for i=1:2*m8+1
x0(i,1)=0.3;
x1(1,1)=0.3;

end;

k1=1;

b14=1.0;

while (b14 > 107%) && (k1 < 11)
k1

k1=k1+1;

k=1;

b12=1.0;

while (b12 > 107%) && (k < 16)
k

k=k+1;
X=fminunc(’funMarch24PhaseT’,x0);
b12=max(abs(X-x0))
x0=X;

u(m8/2,1)

end;
bl4=max(abs(x1-x0));
z=K*(u-yo);

x1=xo0;

u(m8/2,1)

end;

for i=1:m8

x(i,1)=i*d;

end;

plot(x,u)

Here the auxiliary function "funMarch24PhaseT"

1. function S=funMarch24PhaseT(x)
globalm8duvLyoel Kz
for i=1:m8
u(i,1)=x(i,1);
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v(i,1)=x(i+m8,1);

end;

L=(sin(x(2*m8+1,1))+1)/2;

u(ms8,1)=1/2;

v(m8,1)=0.0;

du(1,1)=u(1,1)/d;

dv(1,1)=v(1,1)/d;

for i=2:2m8

du(i,1)=(u(i,1)-u(i-1,1))/d;
dv(i,1)=(v(i,1)-v(i-1,1))/d;

end;

d2u(1,1)=(-2*u(1,1) + u(2,1))/d%

for i=2:m8-1

d2u(i,)=(u(i+1,1) = 2% u(i,1) +u(i —1,1))/d>%;
end;

S=0;

for i=1:m8

S=S+L * ((du(i,1) — (1 — L) * do(i, 1))
S=S+(1—L) * ((du(i,1) + L xdov(i, 1))
S=S+(u(i,1) —yo(i,1))%/2;

S=S+K * (u(i,1) —yo(i,1))2/2 — z(i,1) * (u(i,1) — yo(i, 1));
end;

for i=1:m8-1

S=S+el * d2u(i,1)%;

end;

2 1)2/2;
2 1)2/2;

46. Another Proximal Relaxed General Approach also Suitable for the Vectorial Case in the
Calculus of Variations

Let Q = [0,1] C R and consider a proximal relaxed functional J; : V x [Vy]® x B x Y* — R where

i(u, ¢,A,2%) = (0 29+ Aagh + Asgh — 9) = 1)% dx
+2 / W+ M+ Aagh + Asgh — ¢3)2 = 1)? dx
#3229+ dagh + At — g4)2 — 1)
#0004+ g+ Aagh + gy — 1)
K
by = praxe 5 [ w2 dx
f/f)z*(uf dx+—/ (z")? dx, (275)
where
V={uecW?QQ) : u(0)=0and u(1) =1/2},
Vo =Wy (Q), Y = Y* = [%(Q), f € L*(Q) and

4
B= {/\_(Al,~~~,/\4) €R* : A;>0,Vje{l,--,4} and ZAJ»_l}.
j=1
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In order to obtain a critical point of such a proximal relaxed primal formulation, we propose the following
algorithm:
1. Setn =1,e =10"* and z; = 0.
2. Calculate (uy, ¢y, Ay) € V x [Vo]? x B such that

7 /A 7 n) = i f ’ /)\/ . .
1 P A 22) (u,¢,/\)€1\£1><[V0]3><B]1(u(P )

3. Calculate z}, 1€ Y* such that
N1 (unr bn, A, Z:+1) = z*lglf/* N1 (unr bn, A, Z*)/

so that indeed,
zp 1 = K(un — f).
4. If [|z;_; — 23]l < &, then stop. Otherwise set 7 := 1 + 1 and go to item 2.

We have obtained numerical results for K = 100 and

f(x) =0.0.

For the optimal solution u(x) obtained, please see Figure 35.

0.5

031 b

0.2 ]

0.1 . . . . . . . . .

Figure 35. Optimal solution u(x) for the case f(x) = 0.

At this point we present the software in MAT-LAB we have developed to obtain such numerical results.

1. clear all
globalm8duvyoelKz
m8=100;
d=1/msS§;
e1=0.0007;

K=100.0;

for i=1:m8
yo(i,1)=0.0*sin(pi*i*d)/2;
z(i,1)=0;

end;

for i=1:4*m8+3
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x0(i,1)=0.3;

x1(31,1)=0.3;

end;

k1=1;

b14=1.0;

while (b14 > 107%) && (k1 < 11)
k1

k1=k1+1;

k=1;

b12=1.0;

while (b12 > 107%) && (k < 16)
k

k=k+1;
X=fminunc(’funMarch24PhaseTC’ xo);
b12=max(abs(X-x0))

x0=X;

u(m8/2,1)

end;

bl4=max(abs(x1-x0));
z=K*(u-yo);

x1=xo;

u(m8/2,1)

end;

for i=1:m8

x(i,1)=i*d;

end;

plot(x,u)

With the auxiliary function "funMarch24PhaseTC"

1. function S=funMarch24PhaseTC(x)
globalm8duvLyoel Kz
for i=1:m8
u(i,1)=x(@4,1);
v(i,1)=x(i+m8,1);
v1(i,1)=x(i+2*m8§,1);
v2(i,1)=x(i+3*m8,1);
end;
L1=(sin(x(4*m8+1,1))+1)/2;
L2=min((sin(x(4*m8+2,1))+1)/2,1-L1);
L3=min((sin(x(4*m8+3,1))+1)/2,1-L1-L2);
L4=1-L1-L2-L3;
u(ms8,1)=1/2;
v(m8,1)=0.0;
v1(m8,1)=0.0;
v2(m8,1)=0.0;
du(1,1)=u(1,1)/d;
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dv(1,1)=v(1,1)/d;

dv1(1,1)=v1(1,1)/d;

dv2(1,1)=v2(1,1)/d;

for i=2:m8

du(i,1)=(u(i,1)-u(i-1,1))/d;
dv(i,1)=(v(i,1)-v(i-1,1))/d;
dvi1(i,1)=(v1(i,1)-v1(-1,1)) /d;
dv2(i,1)=(v2(i,1)-v2(i-1,1)) /d;

end;

d2u(1,1)=(-2*u(1,1) + u(2,1))/d%

for i=2:m8-1

d2u(i,1)=(u(i4+1,1) = 2% u(i,1) + u(i —1,1))/d>%;
end;

S=0;

for i=1:m8

+ L1 xdov
+ L1 xdov
+ L1 xdv
+ L1 xdv
1) —yo(i,1))*/2;
S=S+K * (u(i,1) —yo(i,1))2/2 — z(i,1) * (u(i,1) — yo(i, 1));
end;

for i=1:m8-1

S=S+el * d2u(i,1)%;

end;

+ L2 x dvl(i,

(i,1) + L3 * dv2(i,
+ L2 * dol(

(

(

i, (i
+ L3 xdov2(i
(i
(i

du(i, i, i,
+ L2 x dovl

+ L2 x dovl(i,

+ L3 x dv2
+ L3 x dv2(i,

i i, i,

—~ o~ o~
_ = =
— — ~— ~—
_ e =
—_— — ~— ~—

lr

47. A Dual Variational Formulation for a Non-Convex Primal One

Let Q C R3 be an open, bounded and connected set with a regular boundary denoted by 9.
Consider the functional | : V. — R where

Ju) = %/QVqudx
+5 02 =B dx = (u f)pe (276)

Here V = W,?(Q),a > 0,8 > 0,9 > 0,and f € [2(Q) =Y = Y*.
Denoting Y1 = Y{ = L2(O;R3), define F; : Y| = R,F,:VxY —Rand F3: Y — Rby

F(Vu) = 'Y/ Vu-Vudx,

Bau0) = 5 [ (2= p)? dx+2/ W2 dx — (u, f) 12,

:g/ouzdx.

Define also, F; : Y{ — R, b Y xXY*xY* - Rand F3:Y* =R, by

and

Fi(v1) = sup {(v1,07)12 = Fi(v1)}

11E€Y]

1 *2
= L[ P 277
27,/0| q @77)
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B(oioh,2) =  sup {—(Vioi)p+ (2
(n0)eVxY
+(v,00)12 — Fa(u,0)}
1 (divey +z* +f)? 1 2
= E/Q 20 + K dx+ﬂ/0(v0) dx
+[3/ vg dx, (278)
o)
if v; € B*, where
B*={v5 €Y" : |20l < K/2}.
Moreover,
F5(z") = sup{(u,z")r2 — F3(u)}
ueV
1 *\2
= — . 7'
ZK/Q(Z )2 dx 279)
At this point we define [* : Y] X B* x Y* — Rby
Ji (01,95, 2%) = —F{ (0]) = F5 (0,95, 2") + 3 (27).
Assume (95,9,2*) € Y{ x B* x Y* is such that
8]*(07,05,2%) =0
Observe that
J1(@1,0,27) = —F(o]) = F (o], 05,2") + B (2)
< —(Vu,0)12 + R (Va)
K
+<Vu,z71‘)Lz+<u2,7§3>Lz+§/ﬂu2 dx
1 Ak Ak
—20‘/0'00 dx—ﬁ/Qvo dx
1
=, flra = (w22 + 52 Q(i*)2 dx
1
< F(Vu) +U§1€1};*{<u2,vé>Lz -5 /QUS dx —/3/003 dx}
0
—(u, f) +5/ W2 dx — (u,2%) z+i/(2*)2dx
«
= R(Vu)+5 [ (2= pPdx—(u iz
K 2\?
K 2\?
= J)+s /Q(u - f) dx, Yu € V. (280)
Define now ug € V by
2*
uo = f.

From this and (280) we have

J*(07,95,2%) < inf{](u)—i—g/ﬂ(u—uo)z dx}.
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Furthermore, from the variation of [* in v] we obtain
o (divﬁ]‘Jrﬁ*Jrf)_O

9
Y 205 + K
div 0} + 2" + f
Ak 1
”1_W< 205 + K )

so that
From the variation of [* in z*, we get
2* divﬁ?—l—i*—&-f —0

K 205 + K B

so that
2% div o] + 2% + f
Uy = - = .
K 205 + K

From the variation of [* in vj, we obtain
div 0% 4+ 2% + £\ 2
1 f ) =0

%
205 + K

%
so that
05 = a(u§ — p)
Joining the pieces, we have also
01 = vV,
2 = Kuy,

so that from this and
div 9] + 2" + f = (205 + K)uo,
we obtain
YV2ug + Kug + f = a(ud — B)2ug + Kuy,
so that
—yV?ug + a(u§ — B)2ug — f =0,
6] (ug) = 0.

that is,
Finally, from the Legendre transform proprieties, we also obtain

F{(97) = (Vug, 97) 12 — F1 (Vuy),

Fz(ﬁl,ﬁs,f*) = —<Vu0,5T>L2 + (ug, )12
+<0, ﬁa)Lz - FZ(HQ,O) (281)
and
F3(z*) = (u,2") 12 — F3(up).
Therefore
J(07,05,2°) = —F(0]) — F(07,04,2%) + B (27)
F1(Vug) + F2(u,0) — F3(uo)
(282)

= J(uo).

Observe now that from 6] (ug) = 0, for K > 0 sufficiently large, we have

(o) = ggg{ﬂu) P ) dx}.
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Joining the pieces we have got

1) = inf{i0+ 5 [ o w0 dx ]

= J01,05,2%). (283)

We have obtained numerical results for the case A, where v = 0.1, « = 3.0, = 5.0, f(x) = 10.0 and K = 120.
For the optimal solution #(x), where

(01%) +z* + f

) = T K

7

please see Figure (36).

25

051

05 I I I I I I I I I

Figure 36. Optimal solution u(x) for the case A.

Here we present the software in MATLAB through which we have obtained such results.

1. clear all
globalm8 dyozl Kel dvldv2v3v4viv2AA3BLu
m8=100;
d=1/msS;
A3=0.1;
A=3.0;
B=5.0;
K=120;
€1=0.0007;
for i=1:m8
yo(i,1)=10.0;
z1(1,1)=0.0;
end;

L=1/2;

for i=1:2*m8
x0(i,1)=3.0;
end;

for k1=1:30
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k1

k=1;

b12=1.0;

while (b12 > 107%) && (k < 15)
k

k=k+1;
X=fminunc(’funMarch24L.GA7’ xo);
b12=max(abs(X-x0))

x0=X;

u(m8/2,1)

end;

for i=1:m8-1
z1(i,1)=K*(dv1(i,1)+z1(3,1)+yo(i, 1))/ (2*v2(i,1)+K);
end;

end;

for i=1:m8

x(i,1)=i*d;

end;

plot(x,u);

With the auxiliary function "funMarch24LGA7"

1. function S=funMarch24LGA7(x)
globalm8dyozlz2Kel dvldv2v3v4vliv2AA3BLu
for i=1:m8
v1(i,1)=x(,1);
v2(i,1)=x(i+m8,1);
end;
for i=1:m8-1
dvi1(3,1)=(v1(3i+1,1)-v1(i,1))/d;
end;
5=0;
for i=1:m8-1
S=S+v1(i,1)?/2/ A3 + 1/2  (dvl(i, 1) +z1(i,1) + yo(i,1))? /(2 ¥ v2(i, 1) + K);
S=S+v2(i,1) * B+ v2(i,1)?/2/ A;
end;
for i=1:m8-1
u(i,1)=(dv1@,1)+z13,1)+yo(i,1))/ (2*v2(i,1)+K);
end;
u(ms8,1)=0;

48. A Convex Dual Variational Formulation for a Relaxed Non-Convex Primal One
Let O = [0,1] C R and consider a functional | : V — R where

J) =5 (P =02dx g [ -2
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where
V={uecW4?Q) : u(0)=0and u(1) = 1/2}.

Denoting Vy = Wé’z(Q), we define J1 : V x Vp x [0,1] — R where

]1(ul¢//\) = 2/ u' — 1_ ¢)2_1)2dx

—A)

+ 5 /Q(( +A¢')? — 2dx+%/0(u—f)2dx. (284)

Observe that

R A) =~ = A=A =105+ [ (= (1= 2 12 dx

u' +A¢')? —1,UZ>L2+(1;)\) /Q((u'—l—)up’)2—1)2 dx

—((
(' = (1=A)¢")* = 1L,05) 2 — (' — (1= A)¢',0}) 2
(W +Ap')* —1,05) 12 — (' + A, 03) 12
(W' = (1 =A)p", 1) 2+ (' + A9, 03) 2

% /Q (u— f)? dx. (285)

+
+
+
+

Therefore

A
Ji(u, ¢, A) > mf{ (v3,0§>Lz+E/Q(U3)2 dx}

v3€Y

1-2)
i U [
+vifé{ (04, 03) 12 + 2 Q(04) x
+ inf {—(3,0}) 12 + (73 — 1,05) 2

D3€Y

+ inf { (04, 07) 2 + (05 — 1,03) 12

€Y

+ g0 {0 (1= 09 (0])) 2 = (0449, (45 )

g 0= P o 1)+ o3 (1)}

— 1 *\2
- ZA/ %) 20-A) /Q(U‘*) dx
[ v —/ d
/003 x 004 x
[ R,
a 4ug a 4vy
3 @ AR a5 [ (@) + (- )2 dx
2 Jo ! 2 )2
= J(v},v3,05,05,A), (286)
V(u,¢,A) € V x Vo x [0,1], V(v],05,03,05) € [Y*]? x B, where
B* ={(v3,v;) €Y" xY* : v5 >0and v >0, inQ},

and

1 1
¥k ok k% _ - *\2 o *\2
Fee e o) = g (@ sy [ ) ar

— [ vk dx—/ v dx
Jors dx= [vi
*\2 *\2
—/ (vlz dx—/ (v3) dx
o 4o a 4v;

f% Q((v’{)’+/\f dxff/ )+ (1= A)f)? dx. (287)
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From such results, we may infer that

Ji(u,¢,A) > inf { sup ]*(vi‘,vz,vé,vz,)\)}.
(

inf =
(,9,1) €V x Vo x[0,1] A€[01] UT,’D;,T);,UI)E[Y*] « B*

We have developed numerical results for the cases f(x) = sin(7rx)/2and f(x) =0
For the corresponding optimal solution u(x) for the case f(x) = sin(7rx)/2, please see Figure 37.
For the corresponding optimal solution u(x) for the case f(x) = 0, please see Figure 38.

0.6

Figure 37. Optimal solution u(x) for the case f(x) = sin(7mx)/2.

0.6

031 b

02r b

01 F 1

Figure 38. Optimal solution u(x) for the case f(x) = 0.

Here we present the software in MATLAB through which we have obtained such numerical results.

1. clear all
globalm8dyouL vl v2v3v4dvldv2Kdzl zlel
m8=100;
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d=1/msS§;

K=1.0;

e1=0.0007;

L=1/2;

for i=1:m8
yo(i,1)=0.0*sin(pi*i*d)/2;
end;

for i=1:4*m8

x0(i,1)=0.8;

end;

x1(1,1)=1/2;

for k1=1:12

k1

k=1;

b12=1.0;

while (b12 > 107%) && (k < 15)
k

k=k+1;
X=fminunc(’funMarch24A18’,xo0);
b12=max(abs(X-x0))
u(m8/2,1)

x0=X;

end;
X1=fminunc(’funMarch24A19’ x1);
x1=X1;

u(m8/2,1)

end;

for i=1:m8

x(i,1)=i*d;

end;

plot(x,u);

With the auxiliary functions "funMarch24A18" and "funMarch24A19":

SRR AR AR ERRAAAR AR

1. function S=funMarch24A18(x)
globalm8d youel vlv2v3v4ddvldv2L
for i=1:m8
v1(i,1)=x(,1);
v2(i,1)=x(i+m8,1);
v3(i,1)=x(i+2*m8,1);
v4(i,1)=x(i+3*m8,1);
end;
for i=1:m8-1
dv1(,1)=(v1(i+1,1)-v1(,1))/d;
dv2(i,1)=(v2(i+1,1)-v2(i,1)) /d;
end;

S=0;
for i=1:m8-1
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S=S+(v1(i,1))2/(2 * ©3(i,1)%)/2 + 03(;,1)*/2/(L + el) + 03(;,1)> + (dvl(i1)
+L*yo(i,1))?/2+01(i,1)2/2/ (L +el);

S=S+(0v2(i,1))%/ (2 * v4(i,1)%) /2 + v4(i,1)*/2/((1 — L) +el) + v4(i,1)%;

S=S+(dv2(i,1) + (1 — L) % yo(i,1))?/2 + v2(i,1)2/2/((1 — L) +el);

end;

S=S-v1(m8,1)/2/d-v2(m8,1)/2/d;

for i=1:m8-1

u(i,1)=L*(dv1(i,1)+L*yo(i,1))+(1-L)*(dv2(i,1)+(1-L)*yo(i,1));

end;

u(m8,1)=1/2;

1. function S1=funMarch24A19(x)
globalm8dyoel vliv2v3v4dvldv2Lu
L=(sin(x(1,1))+1)/2;
S=0;
for i=1:m8-1
S=S+(v1(i,1))2/(2 * v3(i,1)%)/2 + v3(i,1)*/2/(L + el) + ©3(i,1)> + (dvl(i,1) + L * yo(i,1))?/2
+01(i,1)2/2/ (L +el);
S=S+(v2(i,1))%/ (2 % v4(i,1)%) /2 + v4(i,1)*/2/ ((1 — L) + e1) + v4(i,1)?
S=S+ (dv2(i,1) + (1 — L) *yo(i,1))2/2 +v2(i,1)2/2/((1 — L) +el);
end;
S=S-v1(m8,1)/2/d-v2(m8,1)/2/d;
S1=-S;

49. A Dual Variational Formulation for the Shape Optimization of a Beam Model

Let Q C [0,1] C R be the horizontal axis of a straight beam with a variable thickness H(x).
Consider the problem of minimizing a relaxed functional J : V x [0,1] x B — R, where

ALy Le) = 250 [ (L) - (1= A (L), d
+% /Q %(H(Ll) + AH; (L)), dx, (288)
subject to
(A0 g3 (H(L1) = = ) H(La) P )
(= DB (H(Ly) + AB (1) P ) =P
—0, inQ. (289)
Here

H(x) = L1(x)ho,
Hy(x) = La(x)ho,
ho = 0.2m, b = 0.15m, Eg = 107 Pa, P = 400N.
Also, for a simply supported beam,

V={we W?(Q) : w(0) =wx(0) = w(1) = wy(1) = 0},
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B = {(Ll,L2) : () — R? measurable : 03<L; <1,

—07<L,<07 inQ, /Q Li(x) dx = 0.61 and /Q Ly(x) dx = 0}. (290)

Moreover, we define Y = Y* = L2(Q), and
A = {(wAL,L)eVx[01]xB :

(AEo g (L) - (1= M (22 P

xx

(= WEo5 () + B (12) P ) =P

xXx
=0, inQ}. (291)
Observe that

inf w,A, Ly, L
(w,/\,L1,L2)€A ]( ! 2)

! f ALy, L
<A'L1sz?[01JxB{Z‘§",{;2 {I(w, A, Ly, L)

(@ (B (L) — (1= W) (L2) P )

XX

n ((1 _ )\)EO%(H(Ll) + /\H1(L2))3wxx) T P>L2 } }}

AEy [ b
(ALlLZ)f[Ol]XB{ZléI‘?/{HIE{,{ 20 [ (H(L) — (1= A)Hy (1) Py d

+m/ 1172(H(L1)+)\H1(L2)) W d¥

~( (B0 gy (H(L2) = (1= (L) P )

( 15012 (Ll)+/\H1(L2))3wxx)xx_P>L2}}}

AEg
inf 20 H(Ly) — (1 - A)Hy(L d
(AL L) [01le{§02€{ 2 012( (ba) = (1= V)Hy (L) Pt d

7%/ 1E’2(H(L1)+AH1(L2)) W3y dH(wrW}}

inf inf { / (M1)2
(ALiL2)e01]xB | (Mi,My)ec | 2AEgb/12 Jo (H(L1) — (1= A)Hi(L2))?

(My)?
BRI Eob/lz/ H(L1) + AH;(Lp))? d"}}' (292)

dx

where
C* = {(Ml,Mz) cY xY* : (M1)xx + (Mz)xx +P =0, in Q}

We have obtained numerical results through the following algorithm. It is worth highlighting the conver-
gence criterion in this software slightly differs from the one in the algorithm.

1. Setn =1,e =10"*and (L1)y = 1/2, (Lp)n = 0.1, A, = 1/2.
2. Calculate w,, € V such that
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b 3
(o5 (L0 = (1= A) (L)) o)
(U M) B (L)) + A (L)) ) P
—0, in0, (293)
3. Calculate A, 41 € [0,1] such that
J(wn, Ani1, (L1)n, (L2)n) = Aé%fl]]((wnr)‘r(Ll)nr(LZ)n)~
4. Calculate ((L1)y41, (L2)y+1) € B such that
J (M), (M2)n, Aus1, (L1)nsts (L2)ng) = (LliLr;f)eB]*((Ml)nr(M2)nr/\n+1rLlrL2)/
where )
(Mi)n = —An+1EOﬁ(H((L1)n) — (1= A1) (L2)n) (wn)x,
(Mz)n = —(1— )‘n+1)EO%(H((L1)n) + /\n+1(L2)n)3(wn)xXr
and
x 1 (M1)?
J (M, My) 2AEgb/12 /Q (H(Ly) - (1 - N (L) &
1 (Mp)?
T2 - NEb/12 /Q (H(L) + )ZLHl(L2))3 dax. (294)
5. If

[1((L1)n+1, (L2)ns1) — ((L1)n, (L2)nlleo <&,

then stop, otherwise n := n + 1 and go to item 2.

We have obtained numerical results for a case A with the constant values above specified.
For the optimal solution L1 (x), please see Figure 39.

0.8

0.75

0.65

06

0.55

051

0.45

0.35

0.3

Figure 39. Optimal solution L (x) for the case A.

Here we present the software in MATLAB through which we have obtained such results.
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1. clear all
global m8 d you L1 L2 ho Eo BL HH1 Ho Hol
m8=100;
d=1/msS;
P=400;
Eo=107;
for i=1:m8 yo(i,1)=P; end;
ho=0.20;
B=0.15;
for i=1:m8
L13,1)=1/2;
1.2(i,1)=0.3;
uo(i,1)=0.1;
Ho(i,1)=L1(i,1)*ho;
Ho1(i,1)=0.1*L2(i,1)*ho;
end;
L=1/2;
for i=1:m8
H(1,1)=L1(i,1)*ho;
H1(1,1)=L2(i,1)*ho;
end;
for i=1:2*m8
x0(i,1)=0.3;
end;
x1(1,1)=1/2;
A=zeros(2*m8,2*m8);
for i=1:m8
A(1,1)=1.0;
A(2,i+m8)=1.0;
end;
b=zeros(2*m8§,1);
b(1,1)=m8*0.61;
for i=1:m8
1b(i,1)=0.3;
Ib(i+m8,1)=-0.7;
end;
for i=1:m8
ub(i,1)=1;
ub(i+m8,1)=0.7;
end;
i=1;
ml12=2;
mb50(i)=1/m12;
2(1)=m50(i) * (—yo(i, 1) * d?);
for i=2:m8-1
m12=2-m50(i-1);
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m50(1))=1/m12;

2(i)=m50(i) * (—yo(i,1) *d*> + z(i — 1));
end;

v(m8,1)=0;

for i=1:m8-1
v(m8-i,1)=m50(m8-i)*v(m8-i+1,1)+z(m8-i);
end;

k1=1;

b14=1.0;

while (b14 > 107%) && (k1 < 15)

k1

k1=k1+1;

for i=1:m8

y1G,1)=0(i, 1)/ (Eo % L* B/12 % (H(i,1) — (1 — L) % H1(i,1))3 + Eo* (1 — L) * B/12% (H(i,1) + L * H1(i,1))3);
end;

i=1;

ml12=2;

m60(i)=1/m12;

21(1)=m60(i) * (—y1(i, 1) * d?);

for i=2:m8-1

m12=2-m60(i-1);

m60(i)=1/m12;

21(1)=m60(i) * (—y1(i,1) * d> +z1(i — 1));
end;

u(ms,1)=0;

for i=1:m8-1
u(m8-i,1)=m60(m8-i)*u(m8-i+1)+z1(m8-i);
end;

k=1;

b12=1.0;

while (b12 > 107%) && (k < 100)

k

k=k+1;
X=fmincon(’'funMarch2024Beam1’,xo,[ ],[ ],A,b,Ib,ub);
b12=abs(max(xo0-X))

x0=X;

L1(m8/2,1)

end;

Ho=H;

Hol=HI;
X1=fminunc(’funMarch2024Beam?2’ x1);
x1=X1;

bl4=max(abs(u-uo))

uo=u;

end;

for i=1:m8

x(i,1)=i*d;

end;

plot(x,L1);
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With the auxiliary function "funMarch2024Beam1"

1. function S1=funMarch2024Beam1(x)
global m8 d you L1 L2 ho Eo B L Ho Hol
for i=1:m8
L1(i,1)=x(,1);
L2(i,1)=x(i+m8,1);
end;
d2u(1,)=(—2*u(1,1) +u(2,1))/d?
for i=2:m8-1
d2u(i,)=(u(i4+1,1) = 2% u(i,1) +u(i —1,1))/d>%
end;
for i=1:m8
H(i,1)=L1(i,1)*ho;
H1(i,1)=L2(i,1)*ho;
end;
S=0;
for i=1:m8-1
S=S+L* (Eo * B/12% (Ho(i,1) — (1 — L) * Ho1(i,1))3 * d2u(i,1))?/(Eo * B/12 % (H(i,1) — (1 — L) * H1(i,1))3);
S=S+(1— L) % (Eo* B/12 % (Ho(i,1) + L * Ho1(i,1))3 » d2u(i,1))?/(Eo * B/12 (H(i,1) + L * H1(i,1))%);
end;
S1=S;

And the auxiliary function "funMarch2024Beam?2"

1. function S=funMarch2024Beam?2(x)
global m8 d you L1 L2 ho Eo B L Ho Hol
L=(sin(x(1,1))+1)/2;
d2u(1,1)=(—=2*u(1,1) + u(2,1))/d%
for i=2:m8-1
d2u(i,)=(u(i4+1,1) = 2% u(i,1) +u(i —1,1))/d>%;
end; for i=1:m8
H(i,1)=L1(i,1)*ho;
H1(i,1)=L2(i,1)*ho;
end;
5=0;
for i=1:m8-1
S=S+L* Eo* B/12% (H(i,1) — (1 — L) * H1(i,1))3 * d2u(i,1)%;
S=S+(1—L)*Eo*B/12% (H(i,1) + L » H1(i,1))3 % d2u(i,1)%;

end;

50. A Dual Variational Formulation for a Relaxed Primal Formulation Related to a Shape
Optimization Model in Elasticity

Let QO C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary denoted by 9.
Consider the problem of minimizing a relaxed functional J : V x [0,1] X B — R where
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Tl A A) = 5 [ i A (0, Aa () e (e (w)
subject to
(Hiji (A, A1(x), A2 (x))ega () j + fi = 0, in Q, Vi{1,2,3}.

Here for simplicity V = Wy 2 ((;R?), Y = Y* = L2((;R?), Y; = Y{ = L2((;R¥3), and f € L2(O;R?).
Also, u = (u1,up, u3) € V denotes the field of displacements resulting from the action of f,

(e (w)} = { <u1]+u,z>}, vije (1,23},

and E, < E(A, A1, Ap) < Eg, Eq > E, > 0, where A1(x) = 1 corresponds to the presence of a stronger material
with Young modulus E, at the point x € (). Moreover, A1 (x) = 0 corresponds to the presence of a much weaker
material with elasticity model Ej, simulating a void space at the point x € Q). On the other hand, A and A, (x) are
a real parameter and a function related to the relaxation process for the minimization of [ in A;.

Furthermore,
B (), A2(0) = Al (x) = (1= M) *Ea + (1= (a(x) = (1= Mha(x)))°Ey
(1= A)[(A1(x) + Ada(x))?Eq + (1 = (A1 (x) + AA2(x))) Ep], (295)
Hijet (A, M (x), A2(x)) = E(A, A1 (2), A2 () A,
where

A = Adijyg + (6051 + 6 i),
Vi, j k1€ {1,2,3}.
Here {0;;} is the Kronecker delta and A >0, fi > 0 are appropriate real constants.
At this point we define

B = {(/\1,)\2) : ) — R? measurable : 0 < Aq(x) <1,

—0.8 < Ay(x) <08, inQ, //\1 ) dx = coVol(Q /Az } (296)
and

A = {(AAL ) EVX[0,1]xB :
(Hijkl()\,)\l,/\z)ekl(u)),j +f1 =0,inQ), Vi € {1,2,3}}. (297)

Observe that

inf ](u A AL, AR)
14 )\/\1 /\2

lnf (, A, A, A2) + (i, (Hijra (A, A, A2) e () + fi) 2 } } }

up ulg{/ /szkl (A, A1, Ag)eij(w)e (w) dx
ne

T e[01 xB{ueV

)L/\1 /\2 6[01 ><B

+(;, ( ijkz()h}\l,)\z)ekz(u))'+fi>L2}}}
/Hz]kl /\/\1/)\2)61]( ey (&) dx + (i, fi) 1 }}

= inf
/\/\1 Az 6[01 ><B

(A, /\2 e[01 XB{MGV

ot {5, Fia O Ao dx . (298)
(TEC*

where
{Hya (A1, A2)} = {Higa(V,A1,02)}
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in an appropriate tensor sense and
C* = {(7 = {0',]} € Yl* : (71‘]‘,/‘+f,' =0,inQ), Vi e {1,2,3}}

We have obtained numerical results concerning the optimal shape of a two-dimensional beam though the
following algorithm:

1. Setn=1,e=10"% A, = 1/2, (A)u(x) = 1/2, (A2)n(x) = 0.
2. Calculate u,, € V such that

(Hijkt (An, (AM)n, (A2)n)ew(un)) j + fi = 0, in Q, Vi € {1,2,3}.
3. Calculate A, 41 € [0,1] such that

](un/ A}’H»l/ (/\1 )‘rl/ O) = )\élibfl]{](un’ A/ (/\1 )n/ 0)}
4. Calculate ((A1)n+1, (A2)y+1) € B such that

_](un/ /\n+1/ (/\1)71+1r ()‘2)1’!+2) = inf {_I(unl /\nJrl/ A1r)\2)}'
(/\1,/\2)63

5. Set (A2),41 =0.
6. If |(A1)n+1 — (A1)ulleo < &, then stop. Otherwise n := n+ 1 and go to item 2.
We developed numerical results for a two-dimensional beam, in a two-dimensional elasticity context for two
cases, namely, case A and case B.
For the case A we consider a two-dimensional beam of dimensions 1m x 0.5m, clamped at x = 0 and with a
vertical load of P = —42000000 (4) 500j applied to the point (xg, o) = (1, 0.25).
For the case B, we consider a a two-dimensional beam of dimensions 1m x 0.5m, simply supported at (x,y) =
(0,0) and (x,y) = (1,0), with a vertical load P = —42000000 500j applied to the point (xg,yo) = (1/3, 0.5).
Denoting u = (1, v), for both cases we define the strain tensor as

e(u) = (ex(u),ey(u),exy(u))T,
where ey (u) = uy, e,(u) = v, and

exy(u) = %(uy + vy).

We also set E; = 205 10° P, and E, =300 P;, v = 0.33 and ¢y = 0.6091 for both the cases.
Moreover the stress tensor ¢ is given by

o = H(e(u)),
where
1 v 0
H = w v 1 0 . (299)
v 0 0 i1-v

For the optimal shape obtained through A; for the case A, please see Figure 40.
For the optimal shape obtained through A; for the case B, please see Figure 41.
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Figure 40. Optimal shape A1(x, y) for the beam of case A.

Figure 41. Optimal shape A;(x,y) for the beam of case B.

Here we present the software through which we have obtained such results, in a finite differences context
for the case B.

We highlight the convergence criterion in the software is a little different from the one in the algorithm above
described.

1. clearall
global Pm8 d w Ea Eb Lo d1 zZ1 m9 dul du2dvl dv2c3 Lol Luv
m8=24;
m9=22;
c3=0.95;
d=1.0/m§;
d1=0.50/m9;


https://doi.org/10.20944/preprints202302.0051.v91

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 July 2024 doi:10.20944/preprints202302.0051.v91

205 of 302

Ea=410 % 10° % 500;
Eb=300;

w=0.30;
P=-42000000*500;
z1=(m8-1)*(m9-1);
A3=zeros(2*z1,2*z1);
for i=1:z1
A3(1,i)=1.0;
A3(2,i+21)=1.0;
end;

L=1/2;
b=zeros(2*z1,1);
b(1,1)=c3%*z1;
fori=1:z1
uo(i,1)=0.0;
uo(i+z1,1)=-0.80;
end;

for i=1:z1
ul(i,1)=1.0;
ul(i+z1,1)=0.80;
end;

for i=1:m9-1

for j=1:m8-1
Lo(i,j)=c3;
Lo1(i,j)=0.1*c3;
end;

end;

for i=1:21*2
x1(i,1)=c3*z1;
end;

x3(1,1)=1/2;

for i=1:4*m8*m9
x0(i,1)=0.000;

end;

XW=XO;

xv=Lo;

for k2=1:22
¢3=0.98*c3;
b(1,1)=c3*z1;

k2

b14=1.0;

k3=0;

while (b14 > 1073%) && (k3 < 5)
k3=k3+1;
b12=1.0;

k=0;

while (b12 > 10749) && (k < 120)
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k=k+1;

k2

k3

k

X=fminunc(’funbeamMarch24’,x0); xo=X;
b12=max(abs(xw-x0))

xw=X;

end;
X1=fminunc(’funbeamMarch24A1’,x3);
x3=X1;

for i=1:m9-1

for j=1:m8-1

E1=3% L* ((Lo(i,j) — (1 — L) * Lo1(i,j))? * Ea — (1 — (Lo(i,j) — (1 — L) x Lo1(i, j)))? * Eb);
E1=E1+3 % (1 — L) * ((Lo(i,j) + L * Lo1(i,j))? * Ea — (1 — (Lo(i,j) + L * Lo1(i, j)))? x Eb);
E2=3 % L * (Lo(i,j) — (1 — L) * Lo1(i,j))? * Ea* (—(1 — L)) — (1 — (Lo(i,j) — (1 — L) * Lo1(i,)))? * Eb %
(-(1-1L));

E2=E2+3 (1 — L) * ((Lo(i,j) + L * Lo1(i,j))? * Eax L — (1 — (Lo(i,j) + L * Lo1(i,j)))* * Eb* L);
ex=dul(ij);

ey=dv2(ij);

exy=1/2*(dv1(ij)+du2(i,;));

Sx1=E1* (ex + w*ey) /(1 — w?);
Syl=E1* (w * ex +ey)/ (1 — w?);
Sxyl=E1/(2% (1 4+ w)) * exy;

Sx2=E2 * (ex +w x ey) /(1 — w?);

Sy2=E2 x (w xex +ey) /(1 — w?);
Sxy2=E2/(2% (1 4+ w)) * exy;
dc31(i,j)=-(Sx1*ex+Syl*ey+2*Sxyl*exy);
dc32(i,j)=-(Sx2*ex+Sy2*ey+2*Sxy2*exy);
end;

end;

for i=1:m9-1

for j=1:m8-1

f(+(@1-1)*(m8-1))=dc31(i,j);
f((m9-1)*(m8-1)+j+(i-1)*(m8-1))=dc32(i,j);
end;

end;

for k1=1:1

k1

X1=linprog(f,[ 1,[ ,A3,b,uo,ul,x1);

x1=X1;

end;

fori=1:z1

x1(i+z1,1)=0;

end;

for i=1:m9-1

for j=1:m8-1

Lo(i,j)=X1(j+(m8-1)*(i-1);
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Lo1(i,j)=X1((m8-1)*(m9-1)+j+(m8-1)*(i-1))*0.0;

end;

end;

bl4=max(max(abs(Lo-xv)))

xv=Lo;

colormap(gray); imagesc(-Lo); axis equal; axis tight; axis off;pause(le-6)
end;

end;

With the auxiliary function "funbeamMarch24"
1. function S=funbeamMarch24(x)
global Pm8 d w u v Ea Eb Lo d1 m9 dul du2 dvl dv2 Lol L
for i=1:m9
for j=1:m8
u(i)=x(+(m8)*(i-1);
v(i,j)=x(m8*m9+(i-1)*m8+j);
end;
end;
u(m9-1,1)=0; v(m9-1,1)=0; u(m9-1,m8-1)=0; v(m9-1,m8-1)=0;
for i=1:m9-1
for j=1:m8-1
dul(ij)=(u(ij+1)-u(ij)/d;
du2(ij)=(u(i+1,j)-u(ij)/d1;
Av1(ij)=(v(ij+1)-v(ij)/d;
dv2(ij)=(v(i+1))-v(ij)/d1;
end;
end;
5=0;
for i=1:m9-1
for j=1:m8-1
El=L  ((Lo(i,j) — (1 — L) * Lo1(i,j))® * Ea + (1 — (Lo(i,j) — (1 — L) * Lo1(i,})))3 * Eb);
E2=(1— L) * ((Lo(i,j) + L * Lo1(i,j))® * Ea + (1 — (Lo(i,j) + L * Lo1(i, j)))? = Eb);
ex=dul(ij);
ey=dv2(ij);
exy=1/2*(dv1(ij)+du2(i,;));
Sx=(E1+ E2) * (ex + wey) /(1 — w?);
Sy=(E1+ E2) * (w xex +ey) /(1 — w?);
Sxy=(E1+ E2)/(2* (1 +w)) * exy;
5=5+1/2*(Sx*ex+Sy*ey+2*Sxy*exy);
end;
end;
5=5*d*d1-P*v(2,(m8)/3)*d*d1;

And the auxiliary function "funbeamMarch24A1"



https://doi.org/10.20944/preprints202302.0051.v91

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 July 2024 doi:10.20944/preprints202302.0051.v91

208 of 302

1. function S1=funbeamMarch24A1(x)
global Pm8 d w u v Ea Eb Lo d1 m9 dul du2 dvl dv2 L Lol
L=(sin(x(1,1))+1)/2;
for i=1:m9-1
for j=1:m8-1
dul(ij)=(u(ij+1)-u(ij)/d;
du2(ij)=(u(i+1))-u(if)/dL;
dv1(j)=(v(ij+1)-v(i)/d;
dv2(i,j)=(v(i+1,)v(i})/dL;
end;
end;
S=0;
for i=1:m9-1
for j=1:m8-1
El=L * ((Lo(i,j) — (1 = L) % Lo1(i,j))® * Ea + (1 — (Lo(i,j) — (1 — L) * Lo1(i, j)))? » Eb);
E2=(1—L) = ((Lo(i,j) + L Lo1(i,j))® x Ea + (1 — (Lo(i,j) + L * Lo1(i, j)))? = Eb);
ex=dul(ij);
ey=dv2(ij);
exy=1/2*(dv1(i,j)+du2(ij));
Sx=(E1+ E2) * (ex + w xey) /(1 — w?);
Sy=(E1+E2) % (wx*ex +ey) /(1 —w?);
Sxy=(E1+ E2)/(2* (1 +w)) * exy;
5=5+1/2*(Sx*ex+Sy*ey+2*Sxy*exy);
end;
end;
S1=S;

51. An Existence Result for a General Parabolic Non-Linear Equation

Let O C R™ be an open, bounded and connected set with a regular (Lipschitzian) boundary denoted by 0Q2.
Consider the parabolic non-linear equation

%= eV2u+g(u) + L () +f, nOx (0,T),
M(X, 0) = ﬁo, in Q, (300)
u =0, onoQ x [0, T].

Here e > 0, f € L2([0, T], W2(Q)) N L®(Q x [0, T)), fig € H}(Q2) N L*(Q2), where ¢ denotes time and [0, T]
is a time interval.

Also g : R — Rand g; : R — R are continuous functions neither necessarily linear nor convex, Vj €
{1, cee, m}

We assume there exist K33 > 0 and Ky > 0 such that

K33
(o] < 71

K
illoo < T
Ijlls < -

vie{l,--,n}

At this point, we recall that fixing ¢y > 0,

(Ia =7V L2(Q) — Hy(Q)
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is a bounded and linear operator, so that for each i € L?(Q)) there exists a unique u € H}(Q) such that
(I —yV?)u =h.
In such a case we denote
u=(I; —yV?)~1h,
so that
o0 < (= oV~ HiA
Moreover, fixing N € N and defining

02,0

T
Aty = N’

in a partial finite differences context, discretizing in ¢ consider the approximate equation system
Un+1 — Un 2 - .
——— =¢V Uyl +g(un) + Zg'(un)(un)x Jrfnr inQ),
Aty = ] j
vne {0,1,---,N—1}.
From such a system, for n = 0, we obtain

m

uy — flg = eV (u1) Aty + g (o) Aty + Y, gj(0) (o), Aty + fobrtn.
=1

Hence

m
uy = (I — e(V3)Aty) " | g+ g(1ho) Aty + Y, &;(1ho) (o), At + folty |,
=

so that

lu1ll1,2,0
< Ig—e(VHAn) !

m
02,08tN + ) [18;(i0) (),
j=1

x| [lfo

02,0+ 11g(io) 02,0 AN+ [ follo2,0AtN |- (301)

Observe that there exists K > 0 such that || f||.,qx[0,r] < K2 so that

[ fn

120 < Kz, Vn € {0,1,--- ,N -1},

for some appropriate K3 > 0.
From such results and the hypotheses, we may infer that

lurlliz0 < (s = e(V2)Atn) [ (1l
< s = e(V2)atn) (0

12,0 + KasAtn + Kq[[ilg[l1,2,00tN + KasAtn)
12,0AtN + K3Aty), (302)

12,0 + Kq g

where
K3 = K33 + Kgzg,

so that

lluilli2,0 < a1lldolli20 + a2,

where
a1 = [|(I; — e(V*)Atn) (1 + KyAty),

and
wy = || (I — e(V?)Aty) 71| KaAty.

In fact, generically we may similarly obtain

lunsilli2,0 < arllunlli20 + a2,
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vne{0,1,---,N—1}.
From such a result, inductively we may obtain
. i1
lujllip0 < (@) lolliza + Y afas.
k=0
In particular for j = N, we get
lunlli20
N RS
< (a)Vdolp0+ Y afan
k=0
1—alN
_ N4 1
= (a1)"olli20 + T (%)
N
T\ T\N
= I —e(V?)— 14+ K= ) |a
’ (n-evrg) | (1+xg) Inlhza
1—alN
Lg,. (303)
1-— o
Observe that
) —1||N TA\N
Iy — — 1+K1—
‘(d €(V)N) (+ 1N)
N
< 1+ K=
(1+x)
= 5T as N = co. (304)

Also,
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2
1—0unq
[CRUSDN
11— aq]
< Ky
T 1—a]
_ K3%
" el o)
= K3
¥h-] (zd—ew%)*\ (1+x%)]
= K3
¥7( (Id—e(Vz)%)_l 71+1)(¥+K1)
= K3
(DN B CI R
: K3
R (CREEON RO ([N I
_ K
(| mmalem) | -1) (3 )lef(H(Idfe(vz%)_lufl)&
= K3
K1+( Id+z;';1(e(v )%) H—l)( + (H(Id—s(w)%)*lHq)Kl
< X
kot (= e (co ) | 1) (3) + (| (e =em28) - 1)x
< : Ks
o Qe 1) () + (o eomm) - 1)
< Ks
(e He<vz>%uf’><%>+(H(a—swz%)* e
< K
" o i (e T
- m, as N — co. (305)
From such results we may infer that
i s o))
so that
imsup (2102 < GO
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From these results, denoting now more generically u, = ul) joining the pieces, we have got
: N . (1+eMT)Ks
N—soo T K = VR
Consequently, we may infer that there exists K4 > 0 such that
[uNll120 < Ky, ¥j€{0,1,--- ,N},¥N € N.
Define now
t t
N _ N
o) =) (1= g ) (0 (5 =),
ift € [nAty, (n+1)Aty], V(x, ) € Q x [0, T].
Observe that
ué\](x,t) = u,l:](x), ift =nAty, Yne {0,1,--- ,N},
and
aué‘](x, ty ML\IH —uly
ot o Aty
= eVl +g(uy) + Zg] <+ fur (306)
ift € [nAtn, (n+1)Aty], Y(x,t) € Q x [0, T].
Fix ¢ € CX(Q).
Thus, fixing t € [nAty, (n+ 1)Aty], we have
uy' N N
TR < eV, Vel + g (), 9)12]
I2
-, Zg, o dx -+ (g, fure|
< eljuly
< Vo € CZ(Q), (307)

for some appropriate K5 > 0.
Since ¢ € C(Q)) is arbitrary, we may conclude that

uniformly in ¢ on [0, T}, for some appropriate constant K¢ > 0.
Also, from the definition of uf)\f we have that there exists Ky > 0 such that

N
ou

< K¢, VN €N,
ot = Re VN €

H=1(Q)

H”(I)\IHLZ,Q <Ky, VNeN

also uniformly in ¢ on [0, T].
From such results, there exist uy € L?([0, T], H{(Q)) and v € L?([0, T]; H~1(Q2)) such that

udl — ug, weakly in L2((0, T); W2(Q)),

and
dup .12 -1
5 v weakly-star in L*([0, T], H " (Q0)),
so that we may easily obtain
vy = 2o
0= ot

in a distributional sense.
At this point, we provide more details about this last result.
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Fixt € (0,T). Thus, there exists n € {0,1,--- ,N — 1} such that t € [nAty, (n+ 1)Aty].
Let p € CX(QA % (0,T)).
From this, we may infer that
Bué\]
/Q 7(;7(3(, t) dx
N N
Uyt — Uy
/Q Ay @(x, t) dx
< e f Vil Vol dx
N e N N
+ [ Iy @Cx ) dx+ [ 13 gyl dx
0 o|H
+ [ |fugl dx
< (Kslluy[l20 + Kao)ll@ll120
< Kollolhizo (308)
for some appropriate constants Kg > 0, Kg > 0, K9 > 0.
Hence,
T r oulN
0
./0 /Q T @(x, t) dx dx
< Ko /Q lll1,20 dt
< Kplelizaxor): (309)

for some appropriate Kig9 > 0.
Since such a ¢ € CX(Q x (0,T)) is arbitrary, we may infer that

for N € N, for some Ky5 > 0.
From such a result and from the Banach-Alaoglu Theorem, there exists vg € H~1(Q x (0, T)) such that, up

N
duy

<K
at —_ 15/

H-1(Qx(0,T))

to a not relabeled subsequence

oul)
ot

T aué\f T
/()/(27¢dxdt—>/()/(200¢dxdt,

— g, weakly-star in H~1(Q x (0, T)).

Therefore,

as N — o0, Vo € H{(Q x (0, T)).
On the other hand
||”6V\|0,2,Qx(o,T) < Kie,
VN € N, for some K14 > 0.
From this and the Kakutani Theorem, there exists g € L?(Q x (0,T)) such that, up to a not relabeled

subsequence,
udl — ug, weakly in L2(Q x (0, T)).

Now fix again ¢ € C°(Q2 x (0, T)).


https://doi.org/10.20944/preprints202302.0051.v91

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 July 2024 doi:10.20944/preprints202302.0051.v91

214 of 302
Observe that
’ dx d 1 ’ Ny dx d
r = i t
/0 /Quo(pt X Nligo/o /Quoq)t X
. T Bué\]
= ‘135“@./0 ), o et
T
- / / oo dx dt, (310)
0 Q

Since such a ¢ € CX(Q) x (0,T)) is arbitrary, we may infer that

ou
W=

in a distributional sense.
Moreover, from such results we may also obtain, again up to a subsequence,

. aué\f auo
135“00/9 ot P9x= /Q ¢ ¢ 4%

Vo € H(Q).
Observe also that, as a consequence of the Rellich-Kondrashov theorem, through appropriate subsequences,
we have

ué\]k(t) — ug(x, t), strongly in LZ(Q), for almost all t € [0, T].
so that, up to subsequences,

ug]k( )(x, £) = up(x, t), a.e. in Q, for almostall t € [0, T].

Here we emphasise the sequence {N(t)} C N may depends on t.
Since g is continuous we have that

g(u(l)\]k(t) (x,t)) = g(up(x,t)), a.e. in Q), for almost all t € [0, T].

Fixt € (0,T).
Let ¢ > 0. From the Egorov Theorem, there exists a closed set F such that m(Q \ F) < e and kg € N such that
if k > kg, then
\g(ué\]k(t) (x,1)) — g(ug(x,t))| <e, foralmostall x € F.

Let ¢ € C(Q)). Observe now that

s (5) = sl ) d

< [ 180" (5, ) = gluo(x, )] o] dx

= [ 18050~ sCuo(e )l gl dt [ 10" (x,0) ~ gl 1) Il

< [ellollodx+ [ 180" (x,1)) = gluo(x, )] Iglxon dx

< ellgllom(Q) + (||8( )H020+”g(uO)HOZQ)H(PHO4QHXQ\FHO4O

< ellllom(Q) + Kall@lloaam(Q\ F)/*

< ellgllo m(Q) +Kallpllosn €74, Vk > ko, (311)

for some appropriate constant Kp; > 0 which does not depend on ¢.
Since such a £ > 0 is arbitrary, we may infer that

/()g(u(l;]k(t))¢dx—>/()g(u0)q)dx, as k — oo,
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Vo € CX(Q).
Similarly, fixing j € {1,--- ,n}, since gj is continuous we have that

gj(ué\’k(t) (x,1)) — gj(uo(x,t)), ae. in Q, for almostall t € [0, T].
Fix againt € (0, T)
Let ¢ > 0 (a new value). From the Egorov Theorem, there exists a closed set F; such that m(Q \ F;) < ¢ and
ko € N such that if k > kg, then
|g]( )(x t)) — gj(uo(x,t))| <e, foralmostall x € F.

Observe now that

[ 185" 1)) = g (o) v
< [, 5" n) — giluolo )P [ g™ () ~ g0z )P d
< [ @t / 870" (1)) = (o (. ) P, x
< Em(Q) +2K2 /Q Xong, dx
< Em(Q) +2K2e, Vk > k. (312)

Since such a € > 0 is arbitrary, we may infer that
/Q |g/(”é\lk(t)) *gj(uo)F dx — 0, ask — oo,

vjie{l,---,n}
Select again ¢ € C®(Q)). Since
”g]'(”g]k(t)) —8j(uo)lloz,n — 0, ask — oo

and
Vué\]"(t) — Vug, weakly in L2(C;R™),

we obtain,

‘/ g] ())qu)dx_/g] up) uO)x,47dx
< ‘/ th) ())x]godx /g]uo N())qu,dx
’/ 8j(uo)( x, ¢ dx — / gj(uo)(uo)x; ¢ dx
< gyl “>>—gj<uo>uomz<7||¢noo
’/ gj(uo)( X,(de_/g] uo) (uo)x; ¢ dx
— 0, ask — oo, (313)

Vie {1, ,n}
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From such results, we have
uNk(f)
0 = kh_)n;)(/ﬂ L (pdx+s/ Vi) . v dx
N, - N N
~ [ 8" gax =Y [ gi(ug")ug )y, dx
0 fasfle!
[ Ny g )
/Qf ¢ dx
/% dx+e/ Vug - Ve dx
oot ? o ove
m
- [ guo)pdx =Y [ gi(uo)(uo)y e dx
o) o
— dx. 314
| fodx (19
so that, from this and by the density of C®(Q) in H} (Q), we have got
Iy dx+s/ Vug - Ve dx
q ot ¢ 0" Ve
~ [ stwolgdx— Y- [ glun) (o) dx
0 o
- [ fodx =0, vg c Hi(Q), (315)
a.e. on [0, T].
Observe now that
(% (0,T)) = (02 x [0, T]) U (3]0, T] x Q).
Letp € CX(Q % (0,T)).
Hence
. dug
S [ oo
From this, since C2°(Q x (0, T)) is dense L2(Q) x (0, T)) we may infer that
. aMo
B [ oo
Vo € L2(Q x (0,T)).
Let ¢ € C*(Q) x [0, T]) such that
¢(x,T) =0, inQ.
From such results, we may obtain
) T r oul
Jim [ e e
= lim / / a(p dx dt — / ubl (x,0)@(x,0) dx
N—oo Q 0
= —/ /uo 9 gy dt - /Quo(x,o)q)(x,O) dx. (316)

However, since u} — 1y, weakly in L2(Q x (0, T)), we obtain

lim/ /”0 aqDulxalt / /uo (pdxdt
N—oo
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From these last results, we may infer that
lo (x,0)dx = i 5 (x,0)p(x,0) d
[iog@0dx = lim [ (x,0)9(x0) dx
= /Quo(x,O) ¢(x,0) dx, (317)

so that

/Qﬁo(x)q)(x,O) dx = /ng(x,O)(p(x,O) dx,

Yo € C*®(Q2 x [0, T]) such that ¢(x,T) =0, in Q.
Therefore, we may infer that 19 (x,0) = 7ip(x) in this specified weak sense.
Similarly, it may be proven that
ug =0, on Q) x [0, T],
in an appropriate weak sense.
Hence, we have obtained that ug is a solution, in a weak sense, of the parabolic non-linear equation in

question.

52. An Existence Result for a General Hyperbolic Non-Linear Equation

Let QO C R™ be an open, bounded and connected set with a regular (Lipschitzian) boundary denoted by o).
Consider the hyperbolic non-linear equation

‘?;—t? =eVau+gu)+f, inQx(0,T),

u(x,0) = iy, in Q, (318)
u(x,T) = uy, inQ,

u =0, ondQ x [0, T].

Here e > 0, f € L2([0, T], W2(Q)) N L®(Q x [0, T]), o, us € H}(Q) N L®(Q), where t denotes time and
[0, T] is a time interval.

Also g : R — R is a continuous function neither necessarily linear nor convex.

We assume there exists K33 > 0 such that

K33
[18lleo < Q)72

Fixing N € N and defining

T
Aty = —
N N’

in a partial finite differences context, discretizing in ¢ consider the approximate equation system

Upy1 — 2Up + Uy q
2
Aty

= eVu, + g(un) + fu, inQ,

vne{l,---,N—1}.
From such a system, for n = 1, we obtain

Uy —2uq + il = eVZ(ul)AtZZV + g(ul)At%\] + flAt%\,.

Hence
(21,11/[ + €V2At%\])ul = (Mz + iy — g(ul)At%\, - flAt%\]),
so that
[|uq 1,2,0
< IR +e(VHAR) |
X (H“z 02,0+ ltollozn + 18(u1)llo2,0A + || fi 0,2,0Af%\1)- (319)

Observe that there exists K > 0 such that || f||e,0x[0,7] < K2 s0 that
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||fn 1,2,0 < K3, Vn e {0,1,' -+ ,N— 1},
for some appropriate K3 > 0.
From such results and the hypotheses, we may infer that
12,0 < (211 +e(VHAR) M (lualli 2,0 + KssARy + [loll2,0 + K3 ALy
<@L+ e(VHAR) M (lualliz0 + ol 2,0 + KesAt), (320)
where K85 = K33 —+ K3.
n the other hand, through a symbolic auxiliary notation, we have
On the other hand, through a symboli iliary i h
1
(2L; + a(Vz)AtN)’1 _
(21 +e(V2)ALR)
_ 1
2(1; + e(V2)At%,/2)
V2)At2, /2
R A\ T )2N/2 , (321)
2 I +e(V )AtN/Z
so that
1 e(V2)AR, /4
2L+ e(VHAtN) Y < = + N .
Now denote
Oy = (V2) .
(I +e(V2)AL3,/2)
Thus,
1 ONAR
2L +e(V)atn) | < 5+ =,
so that

12,0 + KssAt).

12,0 + [l

1 ONAL
< _
lurlli20 < (2 + 1 ([[u2

Consequently, from such results, we may infer that

-1
(i + 9N4At%\l> 120 < (lualliza + o120 + KesA8),
so that 2
2(1 - %) lrlhae < (lallizg + 0120 + KssAB).
Therefore, 2
<z - %) i lhoa < (lallon + ol on + KssAB).

Let e1 € R be such that
0 < &1 < max{e, 1}.

Define & = ¢||V?|| and observe that

_ O
(1+6NAL3,/2)

Hence, there exists Ny € N such that if N > N, then

— &, as N — oo.

On )—56 < €1.

(1+6nA1%, /2
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From these results, if N > Nj, we have
ONAL
2 — N ) > (2 (a+ e)A%) >0.
( 1+ GNAt%\,/Z))
Therefore, defining « = & + €1, we have got,
(2 - “At%\r) lu1l120 < ([u2ll120 + [f0ll20 + KesAER).
so that
lurll12,0 < atllualliz0 + Billdoll120 + 71,
where
ap = (2 —ant3) L,
B1=m
and 7 = IX1K85Ai’%\I.
Reasoning inductively, for n > 2 having
lun-1ll120 < an1llunlli2,0 + Br=1lldoll12,0 + Yn-1,
we are going to obtain a;;, B, and vy.
Similarly as above, we may obtain
2 —anty)unl120
< Nupslhzo + lun—illhpa + KssAf,
< Nungallizo + an—1llunllizo + Baoillfolliz0 + va—1 + KesAta. (322)
Thus,
(2 — aAy — ay1)|[un 120
< Nunalhzo + Baallfollizo + 11+ KesAf. (323)
Consequently,
lunlli20 < anllunsilliza + Bulldolli2,0 + v
where
o — 1
n— < . 7
2— ocAtZZV — 0,
ﬁn = “nﬁnfll
and

T = n(1n-1+ KesAEy).
We recall that & = ¢||V2|| + &;. Here we assume T > 1 and

1
T2 < .
=3
Consider the sequence {b,,} C R such that
by =1/2,

and 1
b?’l“rl = m, Vn € N.

We may easily obtain by induction that
n

n+1

by =

Define 1
ap =b, 1= n; ,Vn > 2.
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Observe that
. +204T2 . N-1 +21xT2
" N - N N
N-1 1
< -4 =
- N N
= 1,vne{l,--- ,N-1}L (324)
Observe that
o < 1
1 =
2—u 1522
1, (11
2 2 — “I]\'% 2
o1 aT?
< + Nz
aT  aT?
< m4 g+ (325)
At this point we shall prove by induction that
< ol T e n 1
ay an+ﬁ+nN2, ne{l,---,N—1}.
For n = 1 we have already proved it above.
Suppose now that for n > 1, we have
< aT aT?
ay < ap + — +n N
Observe that
N 1
n+l = 712
2— zx{]—zz —
- 1 n 1 1
2—an 270(1’1\%70(11_1 2-11;1
_ . n 1 1
n+1 2 alt g, 2 _a,
T2
< ay41+ ( an + &y +th2)
- aT  aT? T?
S Ap4l + — + nﬁ +a N2
T aT?

The induction is complete, indeed we have proven that

T
an <t LTt e, N1y,

N N2 !
Thus, we have obtained

< aT aT?

Ay < ay—+ W + nﬁ
LT ar
= n N N
- 20T?
= n N
< 1,vne{l,---N—-1}. (327)
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Summarizing,
0<a, <1, Vne{l,---,N—1}.

Now denoting more generically a)Y = &, we may infer that
0<al <1,V¥ne{l,---,N—1}, YN > No.
From such results we may also obtain that there exist Kj5 > 0 and K¢ > 0 such that

BN < K5,

and
7| < Ku,
Vne{l,---N—1}, VN > Nj.
We recall that
u% = uy,
so that since
120+ TN-1/

12,0+ BN_1lo

120 < aN_llun

||”zl\\§—1

from this and these last results we may infer that
lun 2.0 < Kis,

Vne{0,---,N—1}, YN > Ny, for some appropriate real constant K5 > 0.

Define now N N N
Upq— 2uy + w4

WN(x,t) = >
AR,

7

if (x,t) € Q x (nAty, (n+1)Aty], Y(x,t) € Q x [0,T], and
t ot
(e, 8) = o)+ @Y ()t [ [T WN ) dm
where (1))’ (x) is such that
ull (x,T) = ug(x).
Here we highlight that

o%ull (x,t)

FTe = WN(x,1t)
N N ,N
—2uy +u, 4

un+1
(328)
At

7

if (x,t) € Q x (nAty, (n+1)Aty], V(x,t) € Q% [0, T].
Observe that

o*ul (x, t) unI\I_’_1 —2ull +ulV
2 2
ot At
= eV2u) +g(u)) + fu, (329)

ift € (nAty, (n+1)Aty], Y(x,t) € Qx [0, T].
Fix ¢ € CX(Q)).
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Thus, fixing t € (nAty, (n+ 1)Aty], we have
Puy N N
S ? < e(Vup, Vo) o] + [(8(un ), @) 12
L2
(@, fu) 2]
< elluy lzalelhza + Kolluy l12al9lh20
+Kos¢lli20
< Kxllelhza Ve € CP(Q), (330)
for some appropriate Ky, > 0.
Since ¢ € C(Q) is arbitrary, we may conclude that
a2 N
‘ = < K, YN > No,
H1(Q)
uniformly in ¢ on [0, T}, for some appropriate constant K¢ > 0.
Also, from the definition of ué‘] we have that there exists Ky > 0 such that
[ug 12,00 < K7, YN > N
also uniformly in ¢ on [0, T].
From such results, there exist uy € L?([0, T], H{(Q)) and vy € L2([0, T]; H~1(Q2)) such that
ull — ug, weakly in L?((0, T); W2(Q)),
and
Puy 72 -1
s o weakly-star in L“([0, T], H " (Q))),
so that we may easily obtain
- 82u0
07 o2
in a distributional sense.
At this point, we provide more details about this last result.
Fixt € (0,T). Thus, there exists n € {0,1,--- ,N — 1} such that t € (nAty, (n+ 1)Aty].
Let p € CX(QA % (0,T)).
From this, we may infer that
o%ul
/Q 3R @(x,t) dx
N N N
) —2uy +u
- / ntl =) g(x, t) dx
0 A,
< s/ |Vl - Vol dx
Q
+ [ 8 ol 0] dx
+ [ fugl dx
< (Ks([lun' 120+ Ka0) 9l 20
< Kollglliz0. (331)

for some appropriate constants Kg > 0, Kg > 0, K9 > 0.
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Hence,
T r 92ulN
0
/0 /Q?(p(x,t) dx dx
< K9/Q||§0 12,0 dt
< Kyllelhizaxor) (332)

for some appropriate Kj9 > 0.
Since such a ¢ € C(Q x (0, T)) is arbitrary, we may infer that

for N > Ny, for some Ky5 > 0.
From such a result and from the Banach-Alaoglu Theorem, there exists vg € H~1(Q x (0, T)) such that, up
to a not relabeled subsequence

2. N
“ug
ot2

< Kis,

H-1(Qx(0,T))

2. N
9w,

Fromia weakly-star in H~1(Q x (0,T)).

Therefore,
aZ N
0

! "0 o dx d ’ dx d
t t
Jy e axar= [ f v dxar

as N — o0, Vo € H} (Q x (0,T)).
On the other hand
g’

020x(0,7) < Kie,

VN > Ny, for some K4 > 0.
From this and the Kakutani Theorem, there exists uy € L?>(Q x (0,T)) such that, up to a not relabeled

subsequence,
udl — ug, weakly in L2(Q x (0,T)).

Now fix again ¢ € CZ°(Q x (0, T)).
Observe that

T T

dxdt = 1 //N dx dt
/0 /Quosﬂtt X Nlinoo 0 Q”O Pt ax

T r 92uly

li 0 o dx dt
o [,
T
/O/Qvoq)dxdt, (333)

Since such a ¢ € C(Q x (0, T)) is arbitrary, we may infer that

82140
0= e

in a distributional sense.
Moreover, from such results we may also obtain, again up to a subsequence,

. azu(lf 82u0
1\}%/0 o PO = J o ¢

Vo € H}(Q).
Observe also that, as a consequence of the Rellich-Kondrashov theorem, through appropriate subsequences,
we have

uévk(t) — ug(x, t), strongly in L?(Q), for almost all ¢ € [0, T].
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so that, up to subsequences,

ué\]k(t) (x,t) = up(x,t), a.e. in Q), for almostall ¢t € [0, T].

Here we emphasise the sequence {N(¢)} C N may depends on t.
Since g is continuous we have that

g(ué\]"(t) (x,1)) = g(up(x,t)), a.e. in Q), for almost all ¢t € [0, T].

Fix t € (0,T).
Let ¢ > 0. From the Egorov Theorem, there exists a closed set F such that m(Q \ F) < e and kg € N such that
if k > ko, then
18(ub Y (x,£)) — g(ug(x, £))| < ¢, for almost all x € F.

Let ¢ € CX(Q)). Observe now that

6 (1) = sl ) d

< [ 18" (5, 1) = gluo )] o] dx
Ni(t Ni(t
= 1800 0) — glante )l ol dx+ [ s (1)) s(uo(x,0)] gl dx
< [ellollodx+ [ 190" (x, 1)) = gluolx, )] Iglxon dx
< ellollom(Q2) + (||g(”é\[k(t))\|o,2,o + ||8(u0)||0,2,Q)||(PH0,4,QHXQ\FH0,4,Q
< ellpllem(@) +Knllglloaam(@\ F)/*
< el m(Q) + Katlplloan €/, vk > ko, (334)

for some appropriate constant Kp; > 0 which does not depend on ¢.
Since such a € > 0 is arbitrary, we may infer that

/Qg(u(l)\]"(t))(p dx — /Og(uo)go dx, ask — oo,
Yo € CZ(Q)). From such results, we have

) aZu(I)\Ik(t) Ne(t)
0 = hm</Qatzq)dx+s/QVu0 -V dx

k—ro0

_ Ni(t) d
/Qg(”o )@ dx

7/()ka(1’)¢ dx)

o 82u0 d d
= /Qﬁ(p x—l—s/OVuO-V(p x

- /Q 8(uo)g dx
_ /Q fo dx. (335)
so that, from this and by the density of C2°(Q) in H}(Q2), we have got
Q% (pdx—l—s/QVu0~V(pdx
- /Q 8(uo)g dx
- /Q Fodx =0, Yo € HY(Q), (336)

a.e. on [0, T].
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Hence, we have obtained that 1 is a solution, in a weak sense, of the hyperbolic non-linear equation in
question.

53. A Numerical Procedure Combining the Euler Method and the Hyper-Finite
Differences Approach

Let QO = [0,1] C R and consider the equation

(337)

Here A >0, B > 0and u € Wy?(Q).
We may represent such an equation, as a first order system

v —Aud/e+Bu)/e+1/e=0, inQ,
' =0, inQ, (338)
u(0) =0, u(1) =0.

Consider now such a system with generical unknown boundary conditions 1y and 9, that is,

v —Aud/e+Bu/e+1/¢e=0, inQ,
' =v, inQ, (339)
M(O) = ﬁo, 'U(O) = 130.

Defining d = 1/mg, where mg is total number of nodes, in finite differences we have

=Pl — Aud_ /e+ Buy_1/e+1/e =0,
el = v, (340)
Uug = ﬁo, 0y = ”50.

This is simply the explicit Euler method. We may symbolically obtain {u, } and {v,} as functions of 1y and
9g (by using the MATHEMATICA or MAPLE software and by truncating the concerning polynomial solutions),
through the iterations

3 d_p, d_d

Up = 0Up—1+ Aun,1 rl i
Uy =ty 1+ 0y 1d (341)
Uy = ﬁo, Uy = ‘00.
However, it is well known the error in this process could be big. In order to minimize such an error, we use
the hyper-finite differences approach for the one-dimensional analogous of the generalized method of lines. More
specifically, we will subdivide the interval [0.1] into Nj sub-interval of same measure, and redefine a not relabeled

d as
1

mgNy

Hence, on each sub-interval [kﬁ—]l, Nil] , using the MATHEMATICA or MAPLE software we may obtain an
approximate solution

{uin, vk}
as functions of the initial conditions
{uo vox}
wherei € {0,--- ,mg},Vke {1---,Ny}.
In order to obtain such a solution,
{ui,k/ Z}i,k}

we use following interactions

gl
Up g = U1k + Vp_14d (342)
ug . = ok, Vo = Op-

_ 3 d d d
Onk = Un—1k + Aun_l/kg - Bunfl,kg B
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Observe that for obtaining an approximate solution for the original equation in question, we must calculate
{fox, Do} though the solution of the system:
For the boundary conditions:
Upy = 0, Umg, Ny = 0.

For the solution and its derivative continuity on the nodes related to the N; sub-intervals,
Umsk = U0k+1, Umsk = Vok+1, Yk € {1,---Ni}.

Having obtained {#, 9o}, Vk € {1,---, N1} we may obtain
{uppvni} Vne{0,---,mg}, Vke {1,---,Nq}.

Here we present the software in Mathematica through which we have obtained the numerical results, for the
case ¢ = 0.01, A = B =1 and N; = 16 subintervals.

1. m8 =100;
N1 =16;
d =1.0/m8/N1;
el =0.01;
A=10;
B=1.0;
For[k =1,k < N1+ 1, k++,
Print[k];
u[0, k] = uo[k];
v[0, k] = vo[k];
For[i=1,i <m8+1,i++,
z1=(v[i— 1,k + Axd/el xuli —1,k]® = Bxufi — 1,k xd/el —1.0xd/el);
z2=ufi-1,k]+v[i-1,k]*d;
z1 = Series[z1, { uo[k], 0, 8}, { vo[k], 0, 8 }];
z2 = Series[z2, { uo[k], 0,8 }, {vo[k], 0, 8 }];
z1 = Normal[z1];
z2 = Normal[z2];
v[i, k] = Expand[z1];
u[i, k] = Expand[z2]]];
S=u[0,1)2 4 u[m8, N1]?;
For[k =1, k < N1, k++,
S=S+ (u[m8,k] — ul0,k+1])%;
S=S+ (v[m8,k] — v[0,k+1])%];
sol = FindMinimum|[
S, {uo[1], uo[2], uo[3], uo[4], uo[5], uo[6], uo[7], uo[8], uo[9],
uo[10], uo[11], uo[12], uo[13], uo[14], uo[15], uo[16], vo[1],
vo[2], vo[3], vo[4], vo[5], vo[6], vo[7], vo[8], vo[9], vo[10],
vo[11], vo[12], vo[13], vo[14], vo[15], vo[16]}]
Clear[U];
For[k=1,k < N1+ 1, k++,
w[k] = uo[k] /. sol[[2, k]]]
For[i=1,i < N1 +1,i++,
Uli-1] = wli]]
U[N1] = u[m8,N1];
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For[i=0,i < N1+1,i++,

Print["uo[", i+ 1, "]=", U[i]]]
uo[1]=1.14453*10"%, in fact u(0) =0
uo0[2]=0.817448

uo[3]=1.17018

uo[4]=1.28552
uo[5]=1.32107

1=1.33205

1=1.33546
uo|[8]=1.3365
uo[9]=1.33677
u0[10]=1.33667
uo[11]=1.33596
uo[12]=1.33331
uo[13]=1.32382
uo[14]=1.2902
uo[15]=1.175
uo[16]=0.820243

uo[17]=0, in fact u(1) = 0.

uo[6

uol[7

Remark 53.1. Observe that along the domain the solution is approximately 1.33 which is close to 1.3247, which is an
approximate solution of equation u® — u — 1 = 0. This is expected since e = 0.01 is a relatively small value.

54. A Proximal Numerical Procedure Combined with the Euler Method
Let Q = [0,1] C R and consider the Ginzburg-Landau type equation

{ (:) w3(x) + Bu(x) +1=0, inQ, 13

u(0) =0, u(1) = 0.

Here A >0,B >0and u € W&’Z(Q).
We may represent such an equation, as a first order system

v — Aud/e+Bu/e+1/¢e=0, inQ,
w=v, inQ, (344)
u(0) =0, u(1) =0.

Consider now such a system with generical unknown boundary conditions 7y and 9, that is,

v —Aud/e+Bu/e+1/e=0, inQ,
W' =v, inQ, (345)
M(O) = ﬁ(), ‘0(0) = ﬁo.

Defining d = 1/mg, where mg is total number of nodes, in finite differences we have

D=t — Aud_ /e+ Buy_1/e+1/e =0,
WUy _ gy (346)
up = 120, 0y = 230.

This is simply the explicit Euler method. Setting uy = 0, we may symbolically obtain {u,} and {v,} as
functions of vy = 9y (by using the MATHEMATICA or MAPLE software and by truncating the concerning
polynomial solutions), through the following iterations, which already include a proximal formulation about an
initial fixed solution {(Up) }


https://doi.org/10.20944/preprints202302.0051.v91

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 July 2024 doi:10.20944/preprints202302.0051.v91

228 of 302

d d
Bul’l 1 = &~

& (n — (Uo)n)d (347)

Uy = Uy_ 1+Aun 1
Uy = Uy + 0y 1d
u0:0, 00:‘00.

d_
€

Vne{l,---,mg}.
Indeed, in such a case we have

d
Uy = Uy 1+Aun 1E—Bun 18

d
Uy = (un,l + 0, 1d+ X ) S( K?) (348)
ug =0, vg = p.

vne{l,---,mg}.

We emphasize such a procedure may make the error in the explicit Euler method very small, in fact
proportional to .

Thus, having obtained u, = u,(vy), we may obtain vy through the boundary condition #(1) = 0, that is,
through a solution of equation u,,3(vg) = 0.

With such an vy calculated, we may obtain explicitly u, = u,(vg), Vi € {1,---mg}. The next step is to
replace {(Up)n} by {u,} and then to repeat the process until an appropriate convergence criterion is satisfied.

We have obtained numerical results for e = 0.01, A = B =1, m8 = 100 and K = 10.

Here we present the software through which we have obtained such results.

We highlight in this software we have fixed a total number of 800 iterations.

1. m8=100;
Clear[z1, z2, u, v, vo];
d=1.0/m§;
el =0.01;
A=10;
B=1.0;
K =10.0;

For[i=0,i <m8 +1,i++,

uol[i] = 0.01];

For[k =1, k < 800, k++, (here we have fixed the number of iterations)
Print[k];

Clear[vo];

u[0] =0.0

v[0] = vo;

For[i=1,i <m8+1,i++,

z1 = (v[i- 1] + A*d/el*u[i — 1] - B*u[i - 1]*d/el - 1.0*d/el);
72 = (u[i- 1] + v[i - 1]*d + K*uo[i]*d/el)/(K*d /el + 1.0);

z1 = Series[z1, {vo, 0, 9}];

72 = Series[z2, {vo, 0, 9}];

z1 = Normal[z1];

z2 = Normal[z2];

v[i] = Expand[z1];

u[i] = Expand[z2]];

S = (u[m8])?;

sol = FindMinimum[S, vo];

w =vo /.sol[[2, 1]];

VO =W,
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For[i=0,i < m8 + 1, i++,
uoli] = uli]];
Print[u[m8/2]]];

For[i=0,i < m8/10 + 1, i++,
Print["u[", 10*, "]=", u[10*i]]]

u[0]=0.
u[10]=1.09119
u[20]=1.29955
u[30]=1.32239
u[40]=1.32427
u[50]=1.3245
u[60]=1.32386
u[70]=1.31754
u[80]=1.27924
u[90]=1.04636
u[100]=7.31252 * 10~ 18

Remark 54.1. Observe that along the domain the solution is close to 1.3247, which is an approximate solution of equation

u? —u — 1= 0. This is expected since e = 0.01 is a relatively small value.

55. A Proximal Numerical Procedure Combined with the Euler Method for Solving Partial
Differential Equations

Let Q = [0,1] x [0,1] C R and consider the Ginzburg-Landau type equation

2, A3 _ :
eVu—Auw+Bu+f=0, inQ, (349)
u=20, ondQ.
Here A>0,B>0,f € L>(Q)and u € W&’z(ﬂ).
We may represent such an equation, as a partially first order system
Ux+uyy—Au3/s+Bu/£+f/£:0, in Q,
Uy =0, in(}, (350)
u =0, onod()
Defining d = 1/mg, dy = 1/mg and denoting
[ —2 1 0 0 |
1 -2 1 0 0
1 -2 1 --- 0
my = . ) ) . s (351)
0 0 1 -2 1
| 0 0 1 =2 ]

where myg is total number of nodes in x, and myg is the number of nodes in y, in a finite differences context, we may
have
Daznd 4 ';’—%Zun,l — Aud_ /e+Buy_1/e+ fu/e =0,
7“"*;"*1 =0,_4 (352)
Uupg = 0, Uy = 270.

This is simply an adaptation of the explicit Euler method. Observe that we may obtain {u, } and {v,} as
functions of vy = 9y through the following iterations, which already include a proximal formulation about an
initial fixed solution {(Up)x }
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-
Uy = Up_1— ’;—%Zun,ld +Aud 4 —Bu, 19— f?,
Up =ty 1+ Uy 1d — %(un — (Uo)n)d (358)
upg = 0, 0y = ﬁo.
Vne{l, -, mg}.
Indeed, in such a case we have, through a concerning linearization,
n d
Uy = Uy 1 — ’;—%Zun_1 +3A (u0)? quy 12 —2 A (u)3 % —Bu, 14— L2
Unp = (”nfl +vp_1d + KTd(UO)n) / (1 + KTd) (354)

Uup =0, Uy = 130.

Vne{l, - ,mg}.

We emphasize such a procedure may make the error in the explicit Euler method very small, in fact
proportional to &.

Observe now that in particular for n = 1, we have

d
v = 7 _flg
= (Mp)1vo+ (1)1, (355)
where
(My)1 = I identity matrix (mg — 1) x (mg — 1),
and
d
(Y11= —f
Also,
d d
5% = <Uod+K(l/t0)1g>/(1+Kg)
= (M2)1v0+ (v2)1, (356)
where I d
(M) = did,
(1 + Kg)
and

= (K014, (1)

Reasoning inductively, having

Up—1 = (Ml)nflvo + (yl)nfll
and
Up—1 = (MZ)nflvO + (.1/2)"71/

and replacing such relations into the concerning system (364), we obtain

on = (Mi)u—1+ Y1)n-1— %((Mz)nq + (y2)n-1)d
1
+3 A0 (M1 + e 1) ~24000)3 1
~B((Ma)y 1+ () 1)t~
= (Mi)n+ Y1)n (357)

where
d

my
R s
€

(M) = (M)t = Z2 (M) 1) +3 Aluo iy ((M2)a1) % = B((Mz)y-1)
1
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and
m d
W)n = W1)na— ?;((yZ)n—l)d +3 A(”o)i_l((yz)n—l)g
1
d d d
—ZA(uo)iqg - B((]/Z)nfl)g —fng- (358)
Moreover,
d d
Uy = ((Mz)n—lvo + (Y2)n-1+ (M1)n—190d + (y1)n—14 + K(”O)n—lg) / (1 + Ks)
= (Mp)nvo+ (Y2)n, (359)
where M M p
1+ _
(M) = (M2)n—1+ (M1)n—1
(1 + Kg)
and p p
(2D = (2hior + )ad 4 Kluha 2 )/ (14 K5 ).
Summarizing, we have obtained
vy = (M1)nvo + (Y1)n,
and

un = (M2)nvo + (y2)n,
Vne{l,---,mg}.
Consequently, from this and the boundary condition u,,; = 0, we may have

Umg =0 = (M2)mg00 + (Y2) ms

so that
20 = —[(M2)ms] ™ (¥2)ms-
From such results we have obtained {u,} and {v,}, Vn € {1,--- ,mg}.

The next step is to replace {(u9)n } by {1, } and then to repeat the process until an appropriate convergence
criterion is satisfied.

We have obtained numerical results fore = 0.0, A=B =1, f =1, in (), m8 = 100 and K = 100.
For the solution u = u(x,y) obtained, please see Figure 42.

15

05

|
‘JH

|
\Hlmm mlmm

Figure 42. Solution u(x,y) for ¢ = 0.01


https://doi.org/10.20944/preprints202302.0051.v91

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 July 2024 doi:10.20944/preprints202302.0051.v91

232 of 302

Here we present the software in MAT-LAB through which we have obtained such results.

1. clear all
m8=100;
m9=100;
d=1/msS;
dl=1/m9;
el=0.01;
A=1;
B=1;
K=100;
f=ones(m9-1,1);
for i=1:m8
uo(:,i)=1.4*ones(m9-1,1);
Yo(:,i)=f;
end;
m2=zeros(m9-1,m9-1);
for i=2:m9-2
m2(i,i)=-2.0;
m2(i,i+1)=1.0;
m2(i,i-1)=1.0;
end;
m2(1,1)=-2.0;
m2(1,2)=1.0;
m2(m9-1,m9-1)=-2.0;
m2(m9-1,m9-2)=1.0;
Id=eye(m9-1);
b12=1.0;
k=1;
while (b12 > 10719) && (k < 9010)
k
k=k+1;
MI1(,:,1)=Id;
y1(;,1)=-Yo(;,1)*d/el;
M2(:,:;,1)=Id*d/(K*d /el+1);
y2(;,1)=K*uo(;,1)*(d/el)/(K*d/el+1);
for i=2:2m8
Ml(:,:,i)le(:,:,i—l)—m2/d12*d*MZ(:,:,i-l)+3*A*diag(uo(:,i—1).*uo(:,i—l))*MZ(:,:,i-l)*d/el;
MI1(,:,1)=M1(:,;,i)-B*M2(:,:,i-1)*d / el;
yl(:,i)=y1(:,i-l)-mZ/d12*d*yZ(:,i-1)+3*A*(uo(:,i-1).*uo(:,i-l)).*yZ(:,i-l)*d/el;
y1(:1)=y1(;i)-2*A*(uo(,i-1).*uo(:,i-1).*uo(:,i-1))*d /e1-B*y2(;,i-1)*d /el-Yo(:,i-1)*d /el;
M2(:,: i) =(M2(:,:,i-1)+d*M1(:,:,i-1)) / (K*d /e1+1);
y2(:1)=(y2(:,i-1)+d*y1(:,i-1)+K*uo(:;,i)*d /el) / (K*d/el+1);
end;
vo(:,1)=-inv(M2(:,:,;m8))*y2(:,m8);
for i=1:m8
u(:,i1)=M2(:,.,i)*vo(;,1)+y2(:i);
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end;
u(m9/2,m8/2)
b12=max(max(abs(u-uo)));
uo=u;

end;

for i=1:m8
x1(i,1)=i*d;
end;

for j=1:m9-1
y3(,1)=j*d1;
end;
mesh(x1,y3,u)

Remark 55.1. Observe that along the domain the solution is close to 1.3247, which is an approximate solution of equation
u® —u —1 = 0. This is expected since e = 0.01 is a relatively small value.

56. A Proximal Numerical Procedure Combined with the Euler Method for First Order Systems
Applied to a Flight Mechanics Model

Let QO = [0, tf] be a time interval.

Consider the first order system of ordinary differential equations given by

G =fi{w}), on[0ts], Vjie {1, - 4},
{ i (0) 20, ;2( )_o.1zf, 14(0) = 0, () = 11000. (360)

Here f; : D; C R* — R is a smooth function on its domain D;, Vje{l,--- 4}
In finite differences, such a system stands for

(uj)nid(u,‘)"il = .][j({un—l})/ V] € {1/ e 14}/ (361)
(ul)() =0, (uz)o =0.12, (u4)0 =0, (ul)mg = 11000.

Vn € {1,---,mg}, where mg is number of nodes and d = ¢ f /mg. This is just the explicit Euler method. It is well
known, at first the error in this procedure may be big.

However, such an error may be made very small by introducing a proximal formulation and related
linearization about a fixed initial solution { (i), }, in a Newton type approach context.

In such a case the approximate system stands for

w fi{(uo)n-1})
+ Y Mw«uk)nfl — (o)1) = Ks((#1)n — (10, )n),

(uj)n*d(uj)n f]({(”O)n 1}) + 24_1 af/ {(;I:J:n—l}) ((uk)nfl o (uOk)nfl)/ (362)
Vi€ {2,3,4},

(1/[1)0 =0, (uz)o =0.12, (1/[4)0 =0, (Hl)mg = 11000.
Indeed, setting the boundary conditions
(u1)o =0, (u2)o = 0.12, (u3)o = vo, (ug)o =0

we will calculate
{(uj)n(vo)}

through the following iterations
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(u1)n = ((u1)n—1 + fr({(uo)n—1})d+
woty LG (), 1 — (0, )u-1)d + K5 d (w0, )n) ) /(1 +Ks ),
(j)n = ()1 + Fi({uo)ua Dt + Ty 08D (), (g, )01)d, (363)
Vj c {2,3,4},
(u1)o =0, (u2)o =0.12, (uz)o = vo, (u4)g =0.

Observe that the boundary condition u(t;) = 11000 corresponds to (i1 )mg(vp) = 11000 so that, through
this last equatlon we may obtain vy. Having obtained vy, we may obtain { (u )n} {(u ) (vo)},Vne{l,---,mg},
vjie {1, -, 4}

The next step is to replace {(uo;)n}) by {(u;)n} and then to repeat the process until an appropriate conver-
gence criterion is satisfied.

We have obtained numerical results for a model in flight mechanics.

More specifically, we model an in-plan climbing motion of an airplane AIR BUS 320, through the variables
h,v,V, x where h denotes the airplane altitude, -y is the angle between its velocity and the axis x, V is the airplane
speed and x corresponds to its horizontal coordinate.

The concerning system of equations is given by

it = Vsin(vy)
7= ﬁ(Fsin(a +ap)+L)— % cos(7)
V= mif(F cos(a+ap) — D) — gsin(y) (364)

% = Vcos(7y), on [0, tf],

h(0) =0, 7(0) = 0.12, x(0) = 0, h(tf) = 11000.

erety = s, F = ,Me = y = m*,a = 0.138, ¢ = 9.8m/s*,
H f 515s, F = 240000N, i 120000K Sf 260 m? 0.138,g =9.8 /s?

0.0065 i\ #2% 3
288.15 Kg/mr,

p(h) =1.225 (1 -
ar = 0.0175, (Cr)o =0, (CL)a = 5.0, (Cp)o = 0.0175, K; = 0, K, = 0.06,
CL=(Cr)o+(CL)aa
Cp = (Cp)o+KiCp + KoCE,
1 2
L= 3p(h)V=CLS5y,
1 2
D= Ep(h)V CpSy.
For numerical purposes, we define
uy=h, up=7(=0b), u3 ="V, uy = x.

Here we present the software in MATHEMATICA through which we have obtained the numerical results.
I
1. m8 = 20000;
tf = 515.0;
d =tf/mS;
K5=10.0/d;
h1 =11000.0;
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Clear[h, b, V, x, u, a, cJ;

h=u[1];

b =u[2];

V =u[3];

x = ul4];

mf = 120000.0;

g=98;

Sf = 260.0;

a=0.138;

af =0.0175;

CLo =0.0;

CLa=5.0;

CDo =0.0175;

K1=0.0;

K2 =0.06;

CL =CLo + CLa%*a;

CD = CDo + K1*CL + K2*CL?;

F =240000.0;

r=1.225% (1.0 — 0.0065 * 11/288.15)*225;
L=1/2%r%V?%CL*Sf;
D1=1/2%r*V2%CD *Sf;

f[1] = V*Sin[b];

f[2] =1/mf/V*(F*Sin[a + af] + L) - g/V*Cos|[b];
f[3] = 1/mf*(F*Cos[a + af] - D1) - g*Sin[b];
f[4] = V*Cos[b];

For[i=0,i <m8 + 1, i++,

uol[i, 1] = 11000%*1/m8;

uoli, 2] = 0.15;

uoli, 3] = 120;

uoli, 4] = 50000*i/m8];

Clear[u];

For[i=1,i<5,i++,

For[j=1,j <5,j++,

cli, jl = DIf[i], uljllIL;

uo[0, 1] =0.0;
uo[0,2] =0.12;

uo[0, 3] = 120;

uo[0, 4] =0.0;

For[k3 =1, k3 < 30, k3++, (Here we have fixed a total of 30 iterations)
Print[k3];

Clear[vo, U];

U[0, 1] = 0.0;

U[0, 2] = 0.12;

UJ0, 3] = vo;

U[0, 4] =0.0;

For[i=1,i <m8+1,i++,

Clear[u];
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u[l] =uoli-1, 1];

u[2] =uoli-1,2];

u[3] =uoli-1, 3];

ul4] =uoli-1,4];

z1 = Expand[U[i - 1, 1] + K5*(uo[i, 1])*d + f[1]*d];

z2 = Expand[U[i - 1, 2] + 0.0*K5*(uo[j, 2])*d + f[2]*d];
z3 = Expand[U[i - 1, 3] + 0.0*K5*(uoli, 3])*d + f[3]*d];
z4 = Expand[U[i - 1, 4] + 0.0*K5*(uo[i, 4])*d + f[4]*d];
For[k=1, k <5, k++,

z1=z1+c[1,k]*(U[i-1, k] - uoli- 1, k])*d;

z2 =72 +c[2,k]*(U[i- 1, k] - uo[i- 1, k])*d;

23 =273 + ¢[3, k]*(U[i- 1, k] - uoli - 1, k])*d;

z4 =74 + c[4, k[*(U[i- 1, k] - uo[i - 1, k])*d;];

Uli, 1] = Expand[z1/(1.0 + K5*d)];

Uli, 2] = Expand[z2/(1.0 + 0.0*K5*d)];

Uli, 3] = Expand[z3/(1.0 + 0.0*K5*d)];

Uli, 4] = Expand[z4/(1.0 + 0.0*K5*d)]];

Print[U[m§, 1]];

S=(U[m§, 1] - hl);

sol = NSolve[S == 0, vo];

vo=vo /. sol[[1, 1]];

Print[vo];

Print[U[mS§, 2]];

Print[U[mS8, 3]];

Print[U[mS§, 4]];

For[i=0,i<m8+1,i++,

For[k =1,k <5, k++,

uol[i, k] = UL, k]IJ;

Print[U[m8/2, 1]]];

1. For[i=1,i <11,i++,
Print["h(", 2000*i*d, "s)=U[", 2000*, ",1]=", U[2000%, 1]]]

h(51.5s)=U[2000,1]=1099.37
h(103.5)=U[4000,1]=2199.41
h(154.55)=U[6000,1]=3299.45
h(206.5)=U[8000,1]=4399.5
h(257.5s)=U[10000,1]=5499.6
h(309.5)=U[12000,1]=6599.74
h(360.5s)=U[14000,1]=7699.8
h(412.5)=U[16000,1]=8799.76
h(463.55)=U[18000,1]=9899.89
h(515.5)=U[20000,1]=11000.

2. Forli=1,i< 11, i++,
Print["'gamma(", 2000**d, "s)=U[", 2000, ",2]=", U[2000*;, 2]]]
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gamma(51.55)=U[2000,2]=0.120754
gamma(103.5)=U[4000,2]=0.120085
gamma(154.5s)=U[6000,2]=0.117905
gamma(206.s)=U[8000,2]=0.116329
gamma(257.5s)=U[10000,2]=0.119054
gamma(309.s)=U[12000,2]=0.125181
gamma(360.5s)=U[14000,2]=0.122861
gamma(412.s)=U[16000,2]=0.111435
gamma(463.5s)=U[18000,2]=0.115118
gamma(515.5)=U[20000,2]=0.115257

3. For[i=1,i <11, i++,
Print["V(", 2000%*i*d, "s)=U[", 2000*, ",3]=", U[2000*, 3]]]

V(51.55)=U[2000,3]=107.325
V(103.5)=U[4000,3]=113.338
V(154.55)=U[6000,3]=119.7
V(206.5)=U[8000,3]=126.381
V(257.55)=U[10000,3]=133.568
V(309.5)=U[12000,3]=142.044
V(360.55)=U[14000,3]=152.19
V(412.5)=U[16000,3]=162.209
V(463.55)=U[18000,3]=172.269
V(515.5)=U[20000,3]=185.79

4. Forli=1,i<11,i++,
Print["x(", 2000%i*d, "s)=U[", 2000%*i, ", 4]=", U[2000*1, 4]]]

x(51.55)=U[2000,4]=5318.63
x(103.5)=U[4000,4]=10930.8
x(154.55)=U[6000,4]=16860.9
x(206.5)=U[8000,4]=23137.6
x(257.55)=U[10000,4]=29795.8
x(309.5)=U[12000,4]=36872.5
x(360.55)=U[14000,4]=44395.
x(412.5)=U[16000,4]=52396.6
x(463.55)=U[18000,4]=60960.3
x(515.5)=U[20000,4]=70129.5

57. A Review of the Convergence of Newton’s Method Combined with a Proximal Approach

Firstly we highlight similar results to those presented in this section have been presented in my book entitled
"Functional Analysis, Calculus of Variations and Numerical Methods for Models in Physics and Engineering”,
reference [8], in Chapter 25, page 488.

Let f : R" — R be a C? class function and consider the problem of finding a critical point of f, there is, to
find a point £y € R" such that

f'(%) =0.

Fix k € Nand let x;, € R™.


https://doi.org/10.20944/preprints202302.0051.v91

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 July 2024 doi:10.20944/preprints202302.0051.v91

238 of 302

Define F : R” x R" — R by

Flom) = fOo) +f () (r—x) + 5 1 () (r = )] (x— )
o=, (365)

for some K > 0 to be specified.
Let x; 1 € R" be such that

{BF(x, xk)} —0
0x X=Xk+1 '

so that
F () + £ (o) (i1 — ) + K(xpqq — %) =0,
that is
X1 = X — (f" () + KIg) 71 F (xp).-

Now, assume xo € R” is such that
1F" ()] < Ry, ¥x € By(xo)

for some r > 0.
Assume K; > 01is such that
K— Kl > 0.

Suppose also 0 < a1 < 1is such that
f'(x) = a(Ry + K) I

and
(1= )1 < (F"0) +KL) () + Kko) = H(xy) < (1+ )L,
Vx,y € By(xg).
We recall that
IF" (Il < Ky,
so that
(K=Kl < KIg+ f"(x),

and therefore
Iy

K—Fk'

(f"(x) + Klg) ' <

Vx € Br(xp).
Suppose also
fx) = f(y) = Hs(x,y) - (x = y),
where Hs(x,y) is a symmetric matrix such that

0< Hsxy) (1— %)Id,

-~ K-K

and
Hs(x,y) > a1 (K+Ky)ly,

Vx,y € B(xp).
Assume also K > 0 is such that
X1 € By(1-4y) (%0),

oy = (1 — lel).

X0, X1, , Xe1 € Br(x0).

where

Reasoning inductively, suppose
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Observe that
X2 = Xsr = —(F" (1) + KI) 7 (),
and
X1 — = — (" () + Klg) 7' (xx),
so that
(f" (xxg1) + KLg) (xp g2 = Xq1) = —f' (X541),
and

(f" (x) + KIg) (31 — x5) = —f" (x)-

Hence,
(F" (xks1) + KLp) (g2 = k1) = (F" (vagr) + KIg) (e — x50) — f (ig) + f/ (),
so that
(k2 = xkp1) = (F" (k1) + KL) 7 " (o) + KL) (X1 — x0) — f (1) + F (x)]
= (f"(xes1) + KL) T (" (k1) + KIg) (31 — X))
—Hs (g1, %) (X1 — xx)]
= (f"(xr41) + KL) 7" (oesr) + KIg) (g1 — xi)]

—(f" (xk+1) + KIg) " Hs (g1, X5) (X1 — Xk)
= [H(xkr1,x6) — (f (1) + KIg) ™ Hs (X1, %)) (1 — Xk)- (366)

Observe that

%1 (121 -+ K) Id
a1 (f" (xp11) + Kly), (367)

Hs (xg41, Xx)

v v

so that
(f" (xks1) + Klg) " Hs (xpq1, %) > w11y

Consequently, from such results we may infer that

3
Id (1 — Zﬂ(l)

Id(l—i—%) gl

H(xpi1, %) — (f" (1) + KlLg) ' Hs (241, X))
— (K= Ky) 'y Hs(xp i1, %)

Vol

%
~
/
|
\

Y
B
/
—_
|
IR
N——

|
B
S
[
|
N2
N——

v
o

(368)

from such results we may infer that

1H (esn, 1) — (F (xisn) + KI) ™ s (e, 50 | < (1 - T)

Defining

we have got
[xj12 = xj41ll < aollxjrr —xll, Vjie{l, -k}
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Therefore

IN

%12 — %1l aollxjr1 — x|

N

gl x; = x|

IN

i+1
ah™ |2y — xo]- (369)
Thus,

[|%kt2 = X1 + X1 — -+ — X2+ X2 — x1]|

%2 = X | + xa = ell + -+ + [z — x|
k+1

Y agllxn = xo

j=1

e .
Y allxg — x|
=1

X0
1—0(0

k2 — x1|

IN

IN

IN

llx1 — xo]- (370)

Therefore

IN

[l Xk42 — xoll [l %42 — 21 4+ 21 — 0|

IN

6642 — 21| + [lx1 — xo|
X0
1—0(0

IA

11 = xoll + [[x1 — xo|

-l

1
1_“0(1—%)7’

= r (371)

Summarizing,
[xk42 = x0l| <7,

so that
Xk12 € Br(xp).

The induction is complete, so that
Xk € B,(xo), Vk € N.

From such results we have also obtained
xk+2 = xpa || < @ollxp1 — xell, Vk €N
Thus, from these results and the Banach fixed point theorem, there exists £y € B, (xp) such that
fim 5=

Hence,

0 = lim xpq — x4
k—o0
= lim (—f"(xx) + KL;) " f (xx)
k—o0

= —(f"(%0) + KIy) " ' (%0). (372)
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Since det(f"(%g) + KI;) ™! # 0, from this last equation we obtain
f'(%0) =0.
The objective of this section is complete.

57.1. Applications to a Ginzburg-Landau Type Equation
Let O = [0,1]? C R3 and consider a functional F : V — R where

Flu) = %/QVqudx—i—%/Qu‘ldx
—g /Q W2 dx— (u, fpz, (373)

where V = H}(Q), f € L*(Q)), &« >0, B> 0and y > 0.
Letu € H}(Q) and ¢ € H}(Q).
Observe that

0F(u;9) = 'y/QVu-Vq)dx

a/Qqu)dxfﬁ/Qu(pdx
—(@, flre- (374)

Consider the problem of finding 1y € H} (Q)) such that
SF(up; @) = 0, Yo € HY(Q).

Fixing N € N, consider now a mesh in finite differences for (), where we define d = 1/N and the related
grid
Qn = {(j/N,k/N) ¥j,k € {0,1,--- ,N}.

Denoting by Vy the finite-dimensional space in a finite diferences context corresponding to V and considering
the functional F, we assume there exist #y € V, the corresponding u)\' € Viy and r > 0 such that the hypotheses
indicated in the last section also for the corresponding function Fy : Viy — R are satisfied so that, as developed in
such a previous section, we may obtain a solution uy : O — R such that

Fy(un) =0
that is,
—yViun +agy — puy — fn =0,
where V73 is the finite dimensional operator corresponding to the Laplace operator V2.

Also,
F (1) = —yV3; + 3a diag (%) — By,

so that

Fy(u1) — Fy(ua) = —yViur +auf — Bug — fy
- (f'yv%\]uz + au3 — Buy — fN)
= =V —up) +a(u] —u3) — Blug — up)
= =V —up) +3a (#) (g — uy) — B(ug — up)
= (=73 +3a diag 72 — Bl ) (12 — 1)
= F{()(up — uy) (375)

where (u1); < i; < (u2);, Vuy, up € Br(ug).
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From such results, concerning the notation of the last section, we may infer that
Hs(up,up) = F(ii(ug,u2))
= —yVi + 3udiag {[(#)(u1,42)]"} — Bla- (376)
Now fix M, N € N.
Observe that
—yV3un + aul; — Buy — fn =0,
and
—’YV%\/J”M + au‘?\/{ — Bupy — fm=0.
At this point, denoting ulN = {uﬁ(}, we define
N, if i—1)d,jd k—1)d kd],
Ny - Uk ) € (G g < (1) dkd] -
Vi, ke{l,---,N}.
We also denote for a not relabeled operator V%\],
upl  —2uf + bl —2ulu
2 /N a2 2 ’
V(g (xy) = if(xy) € ((—1)d,jd] x ((k—1)dkd, (378)
Vi, ke{l,---, N}
and
V3 (@Y (x,y) = [V2a)|(x —d,y —d), if x € (1—d, 1] ory € (1—4d,1].
Moreover, we define
u (x,y) = (V2) (VR () (x,y))), in Q.
Observe that
—V2) = —Via)
= —a(my)’ +pig + fn
= —a(uy)’+pug + fn
—af(a)> = (uf)’] + B(ay —ug), (879)
Similarly, we may obtain
VY = VR
= —a(ug")’ + pu + fu
—af(") = (uf")’] + p(ag" — ug"). (380)
Consequently, from such results, we have
uy —up!
= (=7V2+3a(@¥M)? - ply) 7!
<[ v = fan = 3@ () — 1) + 3a(aM)? (! — )
+B(ud — b)) — By’ — ap)] (381)

where 7V is on the line connecting ué\’ , ﬁé\] and #M is on the line connecting ué’f and ﬁ and #NM is on the line

connecting 1}’ and u}!.
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From these results, we obtain
llug — Hf)w 12,0
= [[(=yV? +3a(@™M)? — p1y) 7
X [”fN = fmlloz.a +3all(@N) 15 4 o ll () — 30 loz,0 + 3all (@) 15 4.0l (15" — 15" o0
+Bll ) — 1) lloa0 + Bl () — 7)) 020
< [Ksllfv = fullosa + Kol () = @) 0.0+ Koll ()" = 2") o] (382)
for some appropriate constants Kg > 0, K9 > 0.
Lete > 0.
Observe that there exists Ny € N such that if M, N > N, then
Ifn = fulozo < 5
N Ml0,2,Q2 3K8,
I = 1)lloz0 < 5
0 0 /1020 > 3K9,
and .
M_ =M < &
[(ug” — 119" ) [Jo2,0 < 3Ky’
so that,
||M(I)\] — MSA 12,0 < €.
Therefore, {u}'} is a Cauchy sequence in H} (Q2) so that there exists 1 € H}(Q2) such that
ull — 1, strongly in H}(Q0).
Let ¢ € H{(Q).
From such results and from the Sobolev Imbedding theorem, we may infer that
. N
0 = lm (’Y<V“0 Vo)1
+a((u) )’ @) 2 — Bluf, )12
— (N 9)12)
= (1(Vilo, V)2
+a (g, )2 — B, @) 12
— (£, 9)12)- (383)
Thus,
7(Vido, Vo) 12+ a(ig, )12 — Blio, ¢) 12 — (f,9)12 =0,
Vo € H(Q).

From this result we may infer that 7 is a weak solution of equation F/(1y) = 0.

58. On the Convergence of the Newton’s Method Combined with a Proximal Formulation for a
General Parabolic Equation
Let QO C R™ be an open, bounded and connected set with a regular (Lipschitzian) boundary denoted by 0Q).
Consider the parabolic non-linear equation

%:Evzu+g(u)+f/ anX(O/T)r
u(x,O) =1y, in ), (384)
u =0, ondQ) x [0, T].

Heree > 0, f € L2([0, T], W2(Q)) N L®(Q x [0, T)), fig € H{(Q) N L*(Q2), where t denotes time and [0, T}
is a time interval.

Also g : R — R is a continuous function neither necessarily linear nor convex.

We assume there exists ¥ > 0 such that
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I8 (1) lleo < Ko,

and
llg(u)]leo < K7

Yu € B, (1), for some K, > 0 and K7 > 0.
Here
By (flg) = {u € Hy(Q) : |lu—dol120 <7}

We assume also there exists K; > 0 such that

—KiI; < —eV? — ¢/ (u) < Kily, Yu € By(ip).
Moreover, fixing N € N and defining

T
Aty = —,
NTN

in a partial finite differences context, discretizing in ¢ consider the approximate equation system

Upp1 — U .
%Nn = szu”+1 + g(uﬂ+1) + fn/ in ),

vne{0,1,---,N—1}.

Fix M € N. In a finite elements context for the variable x € R", denoting hy; = Lo/ M, for an appropriate
fixed Ly > 0 consider a mesh with a concerning thickness /s and a related solution u! of the following system

gy — ' 2 M M M

T = SVMun+1 +g(un+1) +f}’l , 1IN Q,
vne {0,1,---,N—1}.

Here V%A is the operator in a finite elements context corresponding to the Laplace operator V2.

We highlight in the next lines, as the meaning is clear, we may denote simply V3, = V2.

Observe that there exists a not relabeled r > 0, K; > 0 and K; > 0 such that
g’ @) < Ka,

and
_Klld < _Sv%\/l —g’(uM) < Klld/

vuM € B,(a}"), VM € N.
Observe also that there exists Ny € N such thatif N > Ny, then

K+ 2Ky Aty

SAcRAIN
K+1- KAty ©

0<

Indeed, we may find &9 € R such that

K+ 2KpAty

< KFi-Kiaty

<apg <1, VN > Np.
Let My C N be a sequence such that My < My41, YN € N,
Fix N > Nj.
For n = 0, we are going to calculate u; = uiw”'
proximal formulation and concerning linearization.
Set uj = ilg = ﬁSAN’N,
Having u’l‘, let u’{“ be such that

N though the following iterations, which already include a

ub T — gy = eV2ukTI ALy + g(ub))Aty
g (uF) (kY — b Aty + fioty — Kk — k), (385)
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Here we suppose K = K > 0is large enough so that
uj € B (t0)-
Reasoning inductively, suppose ”(1)' u%, S, u]{'H €Br (ug), and observe that
Wbt — g — eV2uk ALy — g(uf)) Aty
—§'(u )( T = u)any — Ay + KT - )
= 0 (386)
and
u}1€+2 _ uAO _ vz +2AtN g( k+1))AtN
—g (uk+1)( k+2 ]{_H)AtN _ flAtN + K(ullc+2 _ u11<+1)
= 0 (387)
ot ik
so that for an appropriate 7,
( 4~ eVAty — ¢/ (uf ) Aty +K1d)( uyt? -t
= (g (@) + g () Aty + K1y ) (w1 — k). (388)
Hence,
k k
||u1+2 _ u1+1H
-1
< (- Rt - g Aty -+ k) () + gt k)|
e ]
< K+ 2KyAtN H”kH_”kH
- K+1-KjAty 1 1
< aoluktt - uf (389)
Thus, we have got
i+2 j+1 j .
72 = 7] < ol —uf |, Vi€ {1, k).
Therefore
j+2 j+1 j+1 ]
[ T e Y ||
. -
< agfluy -l
j+1
< oy fup-udl (390)
Thus,
k k k k
[ T e T e A Bt it 1
k k
< =T T gl e
k+1 i
< Y apllug -l
j=1
< Yoagllui —
j=1

&0 1 0
- g —a3]- (391)


https://doi.org/10.20944/preprints202302.0051.v91

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 July 2024 doi:10.20944/preprints202302.0051.v91

246 of 302
Therefore
™=l <l =g 4 ug — )|
< 2 —udll + flug — )
L) 1 0 1 0
S 9 _leHul —u|| + [Jug — il
1 1.0
= ol =)
1 r
< 1—a0)—
. “0( &) 55
r
= —. 392
¥ (392)
Summarizing,
.
k2 =)l < .,
so that

k+2 1
up = € Br (ug).
The induction is complete, so that
uk € Br (u}), Vk € N.
1 T

From such results we have also obtained
k+2 k+1 k+1 k
k2 — k1| < a1 — uk, vk e N.

Thus, from these results and the Banach fixed point theorem, there exists 1; = uiw NN e Bﬁ (utl)) such that

Jim i =y = ™,
0 = lim(u1—ng
k—o0 1

—sVzullﬂ'lAtN - g(ulf))AtN
g/ () (T — ) Aty — sty + Kkt —uf) )
= uy — g — eViu Aty — g(ur) Aty — fidty, (393)

so that .
B0 oV2uy + g(uy) + f1, in Q,
Aty
Reasoning inductively again having uy € B (1) and u; € Br (u;_1), Vj € {2, -+, n} similarly as we have
obtained u; in the last lines, we may obtain

Mny,N
Up+1 = ”nﬁ1 € Bﬁ(””)/

such that
Uyl — Un
Aty
The induction on 7 is also complete.
Fixne {1,--- ,N—1}.

= szun+1 +g(upt1) + fu, in Q.

Observe that
lun —doll = |lun —thy—q +thy_1 — U2+ —uy +uy —tp|
< lun =gl 4o+ lug — ol
<
- N
< r (394)

Summarizing u, € B,(#y), Vn € {0,1,--- ,N —1}.
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unMN’N N

From these results, denoting now more generically u;, = = u, , we may infer that there exists K4 > 0

such that

[uN| < Ky, Vj€{0,1,--- ,N},VN €N.

With a completely analogous reasoning, we may obtain that

”u]N 1,2,Q) < K4/ v] € {0/1/' c IN}/\V/N S Nr

for some Ky > 0.
Define now

t t
ug (x,£) = up (x) (” +1- m) +”nN+1(x) <m - ")/

ift € [nAtyn, (n+1)Aty], Y(x,t) € Q x [0, T].

Observe that
ué\](x,t) = u,lq\’(x), ift =nAty, Yne {0,1,--- ,N},
and
oul (x,t) B ”111\[+1 —uly
ot o Aty
= VAl gl )+ fu (395)

ift € [nAty, (n+1)Aty], Y(x,t) € Q x [0, T].
Fix ¢ € C(Q)).
Thus, fixing t € [nAty, (n+ 1)Aty], we have

aué\]
LZ

< (Vi Vo) 2]+ (gl ), 9) 12|

+{@, fn) 2
< elullhpalleliza + Kislluhllizalelhza + Ksllellizo
< Ksllglliza Ve € C2(Q), (396)

for some appropriate K5 > 0.
Since ¢ € CX(Q) is arbitrary, we may conclude that

N
duy

< Kg, YN > Ny,
ot < Ke, VN > No

H=1(Q)

uniformly in ¢ on [0, T}, for some appropriate constant K¢ > 0.
Also, from the definition of u(l)\] we have that there exists Ky > 0 such that

[

12,0 < K7, VYN eN

also uniformly in ¢ on [0, T].
From such results, there exist uy € L?([0, T], H{(Q)) and vy € L2([0, T]; H~1(Q2)) such that

ul — ug, weakly in L?((0, T); W2(Q)),

and
a”(])\] .12 -1
o v weakly-star in L*([0, T], H " (Q0)),
so that we may easily obtain
0y = 20
0= ot

in a distributional sense.
At this point, we provide more details about this last result.
Fixt € (0,T). Thus, there exists n € {0,1,--- ,N — 1} such that t € [nAty, (n+ 1)Aty].
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Let g € CX(QAx (0,T)).
From this, we may infer that

/at (1)

_ o t) d
= /0 A ¢(x,t) dx
€ /Q |Vull., V| dx

+ [ s el dx+ [ |fupl dx

(Ksllul, 111120 + K20) | @ll1,2,0
Kollgll120, (397)

IN

INIA

for some appropriate constants Kg > 0, Kg > 0, Kpp > 0.

Hence,
E)uo
[, s

< K9/O lloll120 dt
Kigllelli2,0x(0,1), (398)

A

IN

for some appropriate K19 > 0.
Since such a ¢ € CX(Q x (0,T)) is arbitrary, we may infer that

N
au

< Kis,
ot =

H-1(Qx(0,T))

for N € N, for some Ky5 > 0.
From such a result and from the Banach-Alaoglu Theorem, there exists vp € H -1 (Q x (0,T)) such that, up
to a not relabeled subsequence

au(l)\]
ot

// godxdt—>//vo(pdxdt

— v, weakly-star in H~1(Q x (0,T)).

Therefore,

as N — o0, Vg € H} (Q x (0, T)).
On the other hand
HM(IJ\IHO,Z,QX(O,T) < Ky,
VN € N, for some Ky > 0.
From this and the Kakutani Theorem, there exists uy € L>(Q x (0,T)) such that, up to a not relabeled
subsequence,
udl — ug, weakly in L2(Q x (0, T)).

Now fix again ¢ € C°(Q x (0, T)).

Observe that
tr dx d tim [ [ uNepdxd
¢ i / / ¢
/0 /QMO(Pt X Ngrclxz 0 Quo (Pt X

. T aué\]
- [,

- -/ ' [ vop ax at, (399)
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Since such a ¢ € C°(Q x (0, T)) is arbitrary, we may infer that

ou

in a distributional sense.
Moreover, from such results we may also obtain, again up to a subsequence,

. Bu(l)‘] dug
Jim [ = [ Gedx

Vo € H}(Q).
Observe also that, as a consequence of the Rellich-Kondrashov theorem, through appropriate subsequences,
we have

ug]"(t) — ug(x, 1), strongly in L2(Q)), for almost all ¢ € [0, T].

so that, up to subsequences,

ué\]"(t) (x,t) = ug(x,t), a.e. in Q, for almost all t € [0, T].

Here we emphasise the sequence {N(t)} C N may depends on .

Since g is continuous we have that

g(ué\]"(t) (x,t)) = g(up(x,t)), a.e. in Q), for almost all ¢t € [0, T].

Fixt € (0,T).
Let ¢ > 0. From the Egorov Theorem, there exists a closed set F such that m(Q \ F) < e and kg € N such that

if k > kg, then
\g(ué\]k(t) (x,1)) — g(up(x,t))| <e, foralmostall x € F.

Let ¢ € CZ(Q)). Observe now that

s (5,0) = gl )
< [ 18" (v, 1)) — gluo( )] gl dx

= 1800 0) — glnte )l ol dx+ [ s (1)) = s(uo(x,0)] gl dx

N,
< [ellgle dr+ [ 106" (5,1)) — (ol )] Il e dx
N,
< el @llom() + (I8 llozn + Igwo)llozo) l@llosalxoelosa
< e)|@llom(Q) + Kn1||@llogam(Q\ F)V/4
< e @lleo m(Q) + Koy ||@lloa0 €4, Yk > ko, (400)

for some appropriate constant Kp; > 0 which does not depend on t.
Since such a € > 0 is arbitrary, we may infer that

/Qg(ué\]"(t))(p dx—>/0g(u0)(pdx, ask — oo,

Vg € C2(Q).
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From such results, we have

auNk(t)
0 = lim ( =
k—oo QO ot

—/Qg(uévk“))cp dx—/ g dX)

= a;lto(pdx—l—e/ Vug -V dx

—/Qg(uo fpdx—/nfqux-

(pdx+e/ Vuo

so that, from this and by the density of C(Q) in H} (Q)), we have got

auo

0 o9t (pdx—l—s/ Vug -V dx

—/Qg(uo cpdx—/ﬂf(pdx:O, V(pGH&(Q),

a.e. on [0, T].
Observe now that

Q1 x (0,T)) = (3 x [0, T]) U (3]0, T] x Q0).

Let p € C®(QA % (0,T)).
Hence

. T aué\’ T auo

From this, since C°(Q x (0, T)) is dense L2(Q x (0,T)) we may infer that
. dug
[, o [ 2
Vo € L2(Q x (0,T)).

Let ¢ € C*(Q x [0, T]) such that
¢(x,T) =0, in Q)

From such results, we may obtain

lim / /
N—oo

(pdx dt

V(p dx

250 of 302

(401)

(402)

= I\%l—r{}m( //”0 godxdif /Qué\’(x,O)(p(x,O)dx)

= / /uo 9P gy dt — /Quo(x,o)(p(x,o) dx.

However, since ué\’ — up, weakly in L2(Qy x (0, T)), we obtain

lim/ /”0 aqot:lxalt / /uo (dedt
N—oo

From these last results, we may infer that

lim [ ull(x,0)¢(x,0) dx

N—=oo JO)

/Quo(x,O) ¢(x,0) dx,

/Q iy ¢(x,0) dx

so that

/Qﬁo(x)q)(x,O) dx = /ng(x,O)(p(x,O) dx,
Yo € C*(Q x [0, T]) such that ¢(x,T) =0, in Q.

(403)

(404)
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Therefore, we may infer that ug(x,0) = ip(x) in this specified weak sense.
Similarly, it may be proven that
ug =0, onoQ) x [0, T],

in an appropriate weak sense.
Hence, we have obtained that u is a solution, in a weak sense, of the parabolic non-linear equation in
question.

59. On the Convergence of Newton’s Method Combined with a Proximal Approach for an
Eigenvalue Problem

Let QO C R3 be an open, bounded and connected set a regular (Lipschitzian) boundary denoted by 9.
Consider the eigenvalue problem of finding # € V and A € R such that

—eV2u+g(u)—Au=0, inQ,
u =20, ond), (405)
Jo u? dx = ||u||%/2,Q =1.

Heree >0,V = Hé(()), and ¢ : R — Risa C! class function, such that either g is linear or such that
g(tu) =tg(u),vt >0, Vu e R
In a finite differences or finite elements context, already including a proximal formulation, we shall look for

a sequence {u,} C RN for an appropriate N € N such that

u
—eV2uy 11 + §(Uyg1) — HTZH + K(tyq1 — un) =0,

Vn € NU{0}.
Now considering a concerning linearization of g, such an equation approximately stands for
Upn

—eV21y 41 + §(tn) + 8 (n) (ps1 — n) — Tl +K(ttpy1 —un) =0,

VYn € NU{0}.
Assume 1 € RY is such that there exists ¥ > 0 such that

Klld < g/(u) < KZId/
Vu € By(ug), for some K1, Ky > 0.
Suppose there exists a symmetric matrix Hg (1, v) such that

u v
—— — —— = Hg(u,v)(u —0),
[l ol ) )

and
—K3ly < He(u,v) < Kzly,

Yu,v € Br(ug), for some Kz > 0
And also there exists a symmetric matrix Hs (1, v) such that

g(u) — g(v) = Hs(u,v)(u —v),
and
Kyly < Hs(u,v) < Ksly,

Yu,v € B,(ug), for some Ky, K5 > 0. Moreover, we assume that these last constants, K > 0 and 0 < a1 < 1 are
such that
(1 — le)(—sV2 + Klld) + K4Id — Kgld — KZId) Z lleId =K Id — (1 — lxl)K Id/
so that
(—eV2 + Kilg + KIy) "N (=Kyly + Kplg + Kl + KIg) < (1— 1)y
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Observe that
eV2+ g (u)+KIy > —eV2+ Kl +KI; >0
and
0 < —Hs(u,v) + Hg(u,v) +g'(v) +K1; < —Kyly + Kol + Kzl; + Ky,
Yu,v € By(up) so that
(V2 +g'(u) + K 1)~} (—Hs(u,0) + Ho(u,0) + 8'(v) + K Iy)
< (—eV2 4+ Kyly 4 Kly) "N (—=Kyly + Koy + Kzl + K1)
< (1-a)ly (406)
Yu,v € Br(up).
Summarizing, defining ay = 1 — a7 we have got
1(eV2 + g/ (1) + K 1) ™ (—Hs(1,0) + Ho(1,0) + ¢/ (0) + K Ip)|| < g < 1,
Yu,v € By(ug).
Suppose K > 0 and a; > 0 are such that u; € B,(;_)(10)-
Reasoning inductively, suppose also
Ug, U1, Up41 € Br(u())'
From the results above we have
2 ! Upt1 _
—eViupio + g(uny1) + & (Uns1) (Uns2 — Uny1) — Tt + K(upi2 —ttyy1) =0,
n
and u
—€V2“n+1 + g(un) + &' (un) (41 — n) — m + K(up1 —un) =0,
n
so that
—e(Vuyig — V1) + 8 (1) (a2 — tny1) + K2 — 1)
u u
= —gluns1) +glun) + T — g () (g1 — ) + Kt 1 — )
lngall [lual
= (—Hs(ny1,un) + He(ttpy1,un) + g/(”n) + KlIg) (U1 — tin)- (407)
Therefore
Up42 = Un41
= ((=eV2 + ¢ (uns1) + Klg) " (=Hs (g1, n) + He (1, ttn) + g (un) + Klg)
X (b 1 — 1), (408)
so that
l[ttnr2 — i1 |
< I((=eV? 4§ (1) + KLg) ™ (= Hs (w41, n) + He (41, 1tn) + &' (un) + Klg)|
X |t 1 — |
< apllungr — unl|- (409)

Summarizing, we have got

luj2 —uj |l < aollujrr —uyll, Vi€ {1,---,n}.


https://doi.org/10.20944/preprints202302.0051.v91

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 July 2024 doi:10.20944/preprints202302.0051.v91

253 of 302
Therefore
lujr2 —ujp1ll < aollujpr —ujll
< aglluj—uj ||
i+1
< ap [ —uol- (410)
Thus,
lupio —utll = lune2 = thpyr +thppr — - —up + 1z — uq |
< Nty = wpa ||+ 1 — unll + -+ fluz — |
n+1 i
< Y gl — |
j=1
00 .
< bllug — uo|
j=1
X0
= - . 411
1_“0”1‘1 ug | (411)
Therefore
luni2 —uoll < flunt2 —uy +ug — uo|
< unsa —wa ||+ flur — uol|
< el = ol + s
e G
1
< 1-—
. “0( )7
= r (412)
Summarizing,
uns2 —uol <,
so that
Upyo € Br(uo).
The induction is complete, so that
un € By(ug), Vn € N.
From such results we have also obtained
lunt2 = upiall < aolluns1 — unll, Vn € N.
Thus, from these results and the Banach fixed point theorem, there exists 1y € B, (ug) such that
lim u, = .
n—oo
From such results we obtain
0 = Jim (~eVPunin+g(un) + ' ttn) (41 = )
S Ky —u )>
(|14 | .
i
= —eV2i + g(g) — — (413)

=

ol
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Summarizing, we have got

N N Uo
7€V2u0 +g(u0) — m =0.
Consequently, defining

. )

o= 7=

l#0llo2,0
A= 1
o]l

and recalling that
g(tig) = tg(dp), Vt >0,

we have obtained
—eV2ig + g(ig) — Adig = 0,

and

lidollo2,0 = 1.

The objective of this section is complete.

Remark 59.1. For the general case we may drop the hypotheses of g being linear or g(tu) = tg(u), ¥t >0, Vu € R, by
defining the following iterations:
Un

u
m) - m + K(up1 —un) =0, Vn € NU{0}.

2
e + g
However in such a case some changes on the hypotheses are necessary in order to obtain the related theoretical results.

59.1. A Numerical Example

For Q) = [0,1] C R, we have obtained numerical results for the following eigenvalue equation

—eu” + Aud —Au=0, inQ,
u =20, ond(), (414)
Jo u?dx = ||u||%/2/Q =1,

wheree = 0.01,and A = 1.0
Observe that for a fixed K > 0 we may obtain for this last equation

—eu" + AP +Ku—Ku—Au=0,inQ,

so that
—e + A+ Ku—AMu=0,inQ,

where A; = K + A. In this example we have fixed K = 500.
In order to obtain such numerical results we have used the following algorithm:

1. Choose uq € W&’Z, setn =1, byp = 10~% and #0¢ = 100.
2. Calculate u, 1 € Wé’z solution of equation

3

" Uy
—eu! 4+ A— 4 Kuyq—
T a2 0 " 02,0

3. If ||ty 1 — tnlloo < b1 OF 11 > Mypgy, then stop. Otherwise n := n + 1 and go to item 2.

u .
1 =0,in (),

[[1n

For the optimal solution u obtained, please see Figure 43.


https://doi.org/10.20944/preprints202302.0051.v91

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 July 2024 doi:10.20944/preprints202302.0051.v91

255 of 302

06 ]

0.2 ]

Figure 43. Solution u(x) for ¢ = 0.01.

Here we present the software in MAT-LAB through which we have obtained such numerical results.

1. clear all
m8=100;
d=1/mS;
K=500;
A=1;
el=0.01;
for i=1:m8
uo(i,1)=0.1;
end;
b12=1.0;
k=1;
while (b12 > 10~%) && (k < 100)
k
k=k+1;
S=0;
for i=1:m8-1
S=S+uo(i,1)? * d;
end;
S=sqrt(S);
m12=2+K*d?;
m50(1)=1/m12;
2(1)=m50(1)*(uo(i,1)/S * d*-A*uo(i,1)3/S% x d* /el);
for i=2:2m8-1
m12=2+Kxd2-m50(i-1);
m50(i)=1/m12;
2(1)=m50(i)*(uo(i,1)/S  d*> — A xuo(i,1)3/S*> x d? /el + z(i — 1));
end;
u(ms8,1)=0;
for i=1:m8-1
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u(m8-i,1)=m50(m8-i)*u(m8-i+1)+z(m8-i);
end;

b12=max(abs(uo-u));

uo=u;

end;

for i=1:m8

x(i,1)=i*d;

end;

plot(x,uo/S)

Remark 59.2. With the high value K = 500 we have obtained the following eigenvalue for this problem:

A= (% - K) e = 133.8090 ¢ = 1.338.

60. On the Convergence of Newton’s Method Combined with a Proximal Approach for a General
Parabolic Non-Linear System
Let O C R™ be an open, bounded and connected set with a regular (Lipschitzian) boundary denoted by 0Q).
Consider the parabolic non-linear system

ouj .
O = V2 + gi(u) + Yy YO g]-k,(u)%y; +f, inQx(0,7T),
Mj(X,O) = (120)]', inQ), (415)

uj =0, on dQ) x [0,T], Vie{1,---,r}.

Here
w=(uy, -, u) = {u;} € Hy(QGR"),

ej >0, f ={f;} € L*([0, T, WI(Q;R")) N L®(Q x [0, T;R"), g = {(o);} € HY(Q;R") N LY (4, R"), where ¢
denotes time and [0, T] is a time interval.
Alsogj : R — Rand gjy : R — Rare C! class functions neither necessarily linear nor convex, Vj, k €
{1,---,r}, 1e{1,--- ,m}.
We define
5 T m auk
Fj(u) = &jVouj + gj(u) + k;l;gjkl(u)ajq +fi
Vj e {1,---,r}, so that the system in question stands for
M _ Ew), vie (1
o i(u), Vjie{L,--,r}
Fixing N € N and defining Aty = T/N, in a finite differences context we may define the following
approximate system

Upi1— U .
”*TN” =Fi(ups1), Vi €{1,---,r}, ¥ne€{0,--- ,N-1}.
Fix n = 0. In a Newton’s method context combined with a proximal approach, we shall obtain 1 through
the following iterations,
Define u7 = #ip and having u’lf let u11<+1 be such that

k+1 0 k aFj(”}f) k1 k k+1 _  k
uy —uy = F(ug) Aty + Aty ou (uy™ —uq) — K(uy™" —uy).

At this point we assume there exist # > 0 and Kj > 0, such that

k< JOEM L
—N1dg = aul >~ N1 44,

Yu e By(ﬁo).
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Moreover, generically denoting F(u) = {F;(u)}, we assume there exists a matrix operator Hs (1, v), such that
F(u) — F(0) = Hs(u,v)(u —0),

and
—K3l; < Hs(u,v) < K3y,

Yu,v € Br(ﬁo), for some appropriate real constant K3 > 0.
Now suppose K > 0 and 0 < a1 < 1 are such that there exists Ny € N such thatif N > Nj, then

(1 — 0(1)(1,1 — KlldAtN) — KlldAtN — K3IdAtN) > lle Id =K Id — (1 — Nl)K Id/

so that
(I — K1 LAty + K1) " (K Lidty + K3 LAty + K Ip) < (1—a1)K 1.

Observe that such an Ny may be such that

oF;(u
I — { a]LE ) }AtN+KId > Iy — Ky IyAty + Kl > 0 1,
1

and

oF;(v
0 < Hs(u,v)Aty — {a]i) }AtN + KI; < KyI;Aty + K3IzAty + K Iy,
!

-1
<1d - {81;2(:) }AtN + K1d> (H5(u,v)AtN - { al;fi:)) }AtN + sz)

(I; — Ky IjAty + KI;) YKy Iy Aty + K3 I Aty + K I)
(1—a1)lg, (416)

so that

IN N

Vu,v S Br(ﬁo), VN > N().
Hence, denoting &y = (1 — 1), we have got

-1
(Id _ {ag],:’l) }AtN + KId) (H5(u, 'U)AtN - {al;‘]ilv) }AfN + KId)

H (I — Ky LAty + KIp) Y (Ky LyAty + K [iAty + K 1) H
< (417)

IN

Yu,v € Br(flo),VN > Np.
Fix now anew N > Nj.
Suppose now K = KIY > 0and 0 < &7 = (a1)Y < 1 are such that

Ui € Br(1_gy)(h0)-

o : 0,1 ... k+l ,
Reasoning inductively, suppose uy, uj, -« ,u;" " € B (ug), and observe that
BF-(u’{)
uk T —ud = B(ub) Aty + AtN{ zj)iul (kT — k) — Kkt — u).

and

k
k+2 1 _ k+1 aFf(”1+1) k2 k+1 k2 k+1
up—uy = F]»(u1 VAtN + Aty 78111 (uy™ —uy ) = K(uy™ —uy ),
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so that
JF: le+1
(1,,,_ {f(l) Mt + K ) (42 )
E)ul
OF;(uk)
S (GUIR RTINS B ORI AR
OF; (k)
= <H5(u’;+1,u’{)AtN - {éu,l Aty + Kl | (ub 1 —uk). (418)
Thus,
u11c+2 _ u11c+1
-1
OF; (uft+1 OF: (uk
= (zd - {](aul) Aty + K, Hs (kM uk) Aty — é( i Aty + Ky
1 U
x (kT — uf). (419)
Summarizing, we have got
Hu1{+z _ u11c+1H
-1
OF; (uft+1 OF: (uk
- (Id - {ff_ml) Aty + Ky Hs(uf ™, ub) Aty — éi 0 Aty + K1,
1 !
[y T — uk
< | T — u. (420)
Thus, we have got
i+2 j+1 i+1 j .
[ = W < aollu T =L, Vi€ {1, kY
Therefore
j+2 i+1 i+1 i
[ =ul T < wollu]T — |
o
< allu) —ul ||
i+1
< a7 uf - ud). (421)
Thus,
k k k
[k T2 —ul| = b2l A 2
< =T T ] ]
k+1 i1 0
< Z "‘0””1 —uq|
j=1

A

o i1 0
< Y allui —
j=1

&0 1_,0
T—a 11— 4l (422)
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Therefore
k+2 _ 0 k+2 _ 1 1 0
[y ™ =l <l = +ug — g
k+2 1 1 0
< a2 = ugll + flug - |
X0 1_,0 1_,0
< — _
S 7 _leHul up |l + [lug —uyl
1 1.0
= ol =)
1 r
< 1—wag)—
. “0( &) 55
r
= —. 423
. (423)
Summarizing,
r
2 — ) < <
so that
ukt2 e Bﬁ(u(l)).
The induction is complete, so that
uf € By (up), Vk € N.
From such results we have also obtained
k+2 k+1 k+1 k
™2 — uy T < aplluy ™ —uf||, Vk € N.
Thus, from these results and the Banach fixed point theorem, there exists 11 € B L (u(l)) such that
lim u’l‘ =Uuj.
k—o0
0 = li ( k+1 _ »
Jim (1 —
OF;(u)
F()aty AtN{éu (T by
1
+K(uk T — u’{))
= U — ﬁo — F(ul)AtN (424)
so that R
IELMEN
Reasoning inductively again having u1 € B (1) and uj € Br (u;_1), Vj € {2, -+, n} similarly as we have
obtained u; in the last lines, we may obtain
Upt1 € Br (un),
such that y y
1— .
'H'TNn = F(uy41), in Q.
The induction on 7 is also complete.
Fixne{l,---,N—1}.
Observe that
[un —uoll = |Jun —thp—1 +up—1 — g2+ —up +ug —ug|
< lun —wpall 4 -+ Jlug = uo|
< £r
- N
< 1 (425)

Summarizing u, € B,(#y), Vn € {0,1,--- ,N —1}.
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From these results, denoting now more generically u, = ul), we may infer that there exists K4 > 0 such that

N
||”j

120 <Ky Vj€{0,1,--- ,N},VN e N.

Define now
t t
ul (x,t) = ull (x) (n +1-— m) +ul 1 (x) (m _ n){

if t € [nAby, (n+1)Aty], Y(x, 1) € Q x [0, T].

Observe that
u(l)\l(x,t) = u,l)’(x), ift =nAty, Vne {0,1,---,N},
and
uf (x,t) g —wy
ot o Aty
= Ful,), (426)

ift € [nAty, (n+1)AtN], V(x, ) € Q x [0, T].
Fix ¢ € CP (O, R").
Thus, fixing t € [nAty, (n+ 1)Aty], we have

< aué\’ >
-9 9
ot o
for some appropriate K5 > 0.
Since ¢ € CZ(Q;R") is arbitrary, we may conclude that

uniformly in ¢ on [0, T}, for some appropriate constant K¢ > 0.
Also, from the definition of u(l)‘] we have that there exists Ky > 0 such that

< |FG) o)z

IN

Ks||@lli2,0, Ve € CZ (O, RT), (427)

N
du

< Kg, YN > Np,
ot < Ko, VN > No

H-1(Q;R7)

g’

120 <Ky, YN €N

also uniformly in ¢ on [0, T].
From such results, there exist uy € L2([0, T], H} ((;R")) and vy € L2([0, T]; H 1 (C;R")) such that

udl — ug, weakly in L?((0, T); W-2(Q; R")),

and N
]
% — g, weakly-star in L2([0, T], H 1 ((; R")),
so that we may easily obtain
vy = 2o
07 o

in a distributional sense. At this point, we provide more details about this last result.
Fixt € (0,T). Thus, there exists n € {0,1,--- ,N — 1} such that t € [nAty, (n + 1)Aty].
Let g € CX(Q2x (0,T);R").
From this, we may infer that

oul
/Q a—f @(x,t) dx
N N

U1 — Un
= [ Lty d
/Q plxt) dx

Aty
N

< (F(uyi1), @)12

< Kololliza, (428)
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for some appropriate constant Ky > 0.
Hence,
T r ooul
—¢(x,t) dx dt
o et

< K dt

< Ko f lelhza

< Kollellhizaxor): (429)

for some appropriate K19 > 0.
Since such a ¢ € CX(Q x (0, T);R") is arbitrary, we may infer that

N
au

< Kis,
ot =

H-1(Qx(0,T);R")

for N € N, for some Ky5 > 0.
From such a result and from the Banach-Alaoglu Theorem, there exists vg € H1(Q x (0, T); R") such that,
up to a not relabeled subsequence

N
ou

5 Yo weakly-star in H1(Q x (0, T); R").

T ! dx d
/()/()Wq)xt_)/o/ovoq)xt’

as N — o0, Vg € H} (Q x (0, T); R").
On the other hand

Therefore,

[

020x(0,7) < Kie,
VN > Ny, for some Ky4 > 0.
From this and the Kakutani Theorem, there exists 1 € L2 (2 x (0, T);R") such that, up to a not relabeled
subsequence,
udl — ug, weakly in L2(Q x (0, T);R").
Now fix again ¢ € C°(Q x (0, T);R").
Observe that

T T
/0 /Quo(ptdxdt 1\}13(1)0/0 /Qué\lcptdxdt
. T au(l)\]
e
T
S / /vo(p dx dt, (430)
0 Jo

Since such a ¢ € CX(Q x (0, T); R") is arbitrary, we may infer that

ou

in a distributional sense.
Moreover, from such results we may also obtain, again up to a subsequence,

. aué‘] auo
135“00/0 ot P9 = /Q ¢ ¢4
Vo € HY (O;R").

Observe also that, as a consequence of the Rellich-Kondrashov theorem, through appropriate subsequences,
we have

ué\r"(t) — ug(x,t), strongly in L2(Q; R"), for almost all t € [0, T].
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so that, up to subsequences,

ué\]k( )(x, t) — ug(x, t), a.e. in Q, for almostall t € [0, T].

Here we emphasise the sequence {N(¢)} C N may depends on t.
Fixje{1,---,r}.
Since g; is continuous we have that

gi ()" (x,£)) — gj(uo(x,1)), a.e. in Q, for almostall £ € [0, T].

Fixt € (0,T).
Let ¢ > 0. From the Egorov Theorem, there exists a closed set F such that m(Q \ F) < e and kg € N such that
if k > ko, then
181 (b (x,£)) — gi(uo(x,£))| < ¢, for almost all x € F.

Let ¢ € CX(Q)). Observe now that

501 gy, )

< [ |g]-<uNk“)<x,t>> - gj(uo(x,0)] gl dx
= g0 o) — gyanCo ) ol dxt [ g (x,0) = gj(uo(x,0) gl
k(t)
< /Fsu(pnmm 11850865 (1) = (o ) gl v
< ellllom(Q) + (||8]( )H020+||8](u0)||020)||(PH04QHXQ\FH04Q
< ellglloom(0) + Katll pllos,am(@\ )4
< e gl m(Q) +Kall@llon €%, vk > ko, (431)

for some appropriate constant Kp; > 0 which does not depend on .
Since such a € > 0 is arbitrary, we may infer that

/g] (pdx—>/g] up)@ dx, ask — oo,

Vo e Co(Q), Vi€ {1, 1),
Similarly, fixing j,p € {1,--- ,n},and ! € {1,--- ,m}, since gjp! is continuous we have that

g]-pl(ué\]"(t) (x,t)) = gjpi(uo(x, 1)), a.e. in O, for almostall t € [0, T].
Fix againt € (0, T)
Let ¢ > 0 (a new value). From the Egorov Theorem, there exists a closed set F; such that m(Q\ F;) < ¢ and
ko € N such that if k > kg, then
|&jp1 (14 Ni(t) (x,t)) = gjpi(uo(x,t))| < e, for almostall x € Fy.
Observe now that
N,
I 13 052 (1)) = gjpa s, )2 i
N,
(0" 3)) = gipu (o (o )P et [ g )0, 0)) = gy (o ) P

2 Ni(t)
Sl et [ i (" () = i (ol )P

I
=
o9

3

IN

A\
B
+
N
=
EAN)
5
>
2
=
_[u
=

< Em(Q) +2K2e, Vk > k. (432)
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Since such a £ > 0 is arbitrary, we may infer that
N;
/Q |gjpl(u0k(t)) - g]-pl(uo)|2 dx — 0, ask — oo,
vipe{l,---,r},1e{l,---,m}.
Select again ¢ € C(Q)). Since
i1 (15" ") = 811 (10) 02,00 = 0, as k — 0
and
Vu(l)\]k(t) — Vug, weakly in LZ(Q; R™™),
we obtain,
(000" ) @ dx = [ gjpu(w0) (o)), ¢ v
N; Ni Ny
<m0 O w0 O gt = [ o) ()
'/ 8jp1 (u0) (o) p )0 ), dx — / gjp1 (10) ((10)p)x, @ dx
< g (™) = i1 (o) o2 0Krl|@len
| [ 00 ) g = [ i) () ) ¢
— 0, ask — oo, (433)
vipe{l,---,r}, 1€{l,--- ,m}.
From such results, for an arbitrary ¢ € C°(Q;R"), we have
a(uO)Nk(t)
_ 1 i Ni(t)
0 = jim </o gyt (5 ) g
9(up);
= [ =57 oy dx (T (w0);, Voy)iz — (g0, )i
- Z Z &jp1 (10) ((u0)p)x,, @j) 12 — (fi @) 12 (434)
p=1Il=
so that, from this and by the density of C*(();;R") in H(l) (C; R"), we have got
~ d(up);
/Q ot i dx
= —€j<V(u0)er€0j>L2 + (gj(u0), ¢j) 12
+ Z 2 g]pl up) ( )le(P]>L2 + <f]/ §0/>L2r (435)

p=1l=1

Vje{l,---,r}, Vo € HY(O;R"), ae.on|0,T],
Observe now that
(% (0,T)) = (02 x [0,T]) U (3]0, T] x Q).

Letp € CX(Q x (0,T);R").

Hence N
. T auo T 8u0
Jim [0 e dedr= [0 [ SR

From this, since C°(Q2 x (0, T);R") is dense LZ(Q x (0, T);R") we may infer that

. dug
o [ e
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Vo € L2(Q x (0,T);R").
Let ¢ € C*(Q x [0, T]; R") such that
¢(x,T) =0, in Q)
From such results, we may obtain
) T r oul
dm [, St
= lim —/T/ uNa—(P dxdt—/ ubl (x,0)@(x,0) dx
N—oo 0o Ja 9 ot q 0V !
= —/T/ uoa—(p dx dt — / up(x,0)¢(x,0) dx. (436)
0o Jao ot Ja ’ ’
However, since ué\’ — ug, weakly in LZ(Q x (0,T);R"), we obtain
T 5} T 0
- N 9 - °p
I\}gnoo/o /Quo o dxalt—/O /Quo Py dx dt.
From these last results, we may infer that
/Qﬁo o(x,0)dx = I\}lgnoo Qu(l)\f(x,O)(p(x,O) dx
= /Q up(x,0) ¢(x,0) dx, (437)

so that

/Qﬁo(x)q)(x,O) dx = /ng(x,O)(p(x,O) dx,

Vo € C*(Q x [0, T|; R") such that ¢(x, T) =0, in Q.
Therefore, we may infer that 1((x,0) = p(x) in this specified weak sense.
Similarly, it may be proven that
up =0, ondQ) x [0, T],
in an appropriate weak sense.

Hence, we have obtained that u is a solution, in a weak sense, of the parabolic non-linear system in question.

61. A Note on the Convergence of the Finite Elements Method

In this section we develop some remarks on the convergence of the finite elements method.
This section is based on reference [18], Chapter 7.

For the proofs not presented here and for more details please see reference [18], Chapter 7.
We start by recalling the following classical result.

Theorem 61.1 (Lax-Milgram). Let V be a separable Hilbert space with a inner product
() VxV =R,

and related norm
l-]|: V—=R"

where
llul| = +/(u,u), Yu e V.

Leta:V x V — R be a bilinear form such that

1. ais continuous, that is, there exists M > 0 such that
la(u,v)| < M|lul| o], Yu,0 €V,
2. ais coercive, that is, there exists & > 0 such that

a(v,v) > allo|?, Vu € V.
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Moreover, let L : V. — R be a linear and continuous functional.
Under such hypotheses, there exists a unique u € V such that

a(u,v) = L(v), Yo € V.

Definition 61.2. Let V be a Banach space. We say that a sequence {V,, } of finite dimensional subspaces of V is a Galerkin
scheme for V' if for each v € V, there exists a sequence {v} C U5, V; where vy € Vi, Vk € N, such that

v — v, strongly in norm, as k — co.

Remark 61.3. Let QO C R? be a polygonal set. A triangulation T of Q) is a finite union of subsets of Q), such that
1.
5 = UKGTK/

2. Each set K € T is a triangle,
3. For each pair K1, Ky € T, such sets are quasi-disjoints, that is, their interiors are disjoint.

We define

T)= jam(K) =
h(T) I?E::l%(dmm() h,

where
diam(K) = sup{|x,y| : x,y € K}.

In such a case we also denote T = Tj,.
Moreover, we define

V, = {v e C(Q) : visaffineon each K € Tj, and v = 0, on 9Q}.
We denote by a; the vertices in the triangulation Ty, where
je{t - 1m}.

Let {¢;} C Vj, be such that
@j(ax) = 0jg, Y1 < j,k < I(h).

Here
L ifi=k,
o = (438)
0, i #k.
Observe that {¢1, -, @)} is a basis for Vj,.
At this point we define
I(h)
Py(v) =Y o(aj)gj, Yo e V.
j=1

Here we assume {Tj, };,~0 be a regular family of triangulations of Q).
Let {hy} C R be a sequence such that

0<hysq <hy, VneN,
and
lim h, = 0.
n—oo
We denote Vyy = Vy, and Py = Py, Vn € N.
Consider the Ginzburg-Landau type equation

—nyZu +au® — pu—f=0 inQ,
(439)
u =0, on oQd.

Herey >0,a >0,B > 0and f € L*>(Q).
Assume uy, € Vy is a weak solution of this last equation, in the following sense,
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V(Vun, Vo) 2 + iy, ) 12
—Blun, )12 — (f, )12,
= 0, Vg€V (440)
We assume there exist ug € Hé N W1'°°(Q), r > 0,1 > 0and M > 0 such that
oy [|u *UH%,z,Q
< V(4 —0), V(1 —0))2 + a3 (u,0) (4 —0), (u—0))2 — B{(u—0), (4 —0))p2,
and
YV (1 —0), V(1 —w)) 2 + a3 (u,0) (u — 0), (4 — w)) 12 — B{(u — ), (u—w));2
< Mlu—vl1p0allu —wli20, (441)

Yu,v,w € By(ug).
Here ii(u,v) is on the line connecting u and v so that

u3 — v = 3% (u —v).

Similarly as we have done in previous sections, we assume ug and r > 0 are such that we may obtain u, € Br(up),
vn e N.

Also similarly as in the previous section, we may consider such a ball either related to the H(1) (Q) norm or the W= (Q)
one.

Let m,n € N be such that m > n.

Observe that uy, 1y, € Vi, so that

V(Vit, ¥ (s = thm)) 12 + (i, (= ) 2

—Bum, (n —um))r2 — (f, (un — tim)) 2
= 0, (442)

so that, for ¢ € V,, we obtain

PV (e — ), V (1t — )} 2+ a( (1t = 13, (= 4a)) 2

—B{(un — um), (un — tm)) 2
= YV (tn = 1tm), ¥ (un = )) 12 + a{ (105, — 113,), (1w — 9)) 2

—B{(un — um), (un — @))12

AV (1t — i), V(9 = ttm)) 2+ a( (1, — 113,), (9 — ttn)) 2

—B((un — i), (@ — tm)) 2
(V (it — 1), V(@ — um)) 2 + a{ (1, — 143,), (9 — ttm)) 2
—B{(un — um), (@ — um)) 2. (443)

I
)

Summarizing, we have ot

YV (U — ), V(U — m)) 12 + a3 (Un — Um), (Un — Um)) 2
—B{(un — um), (un — um)) 2
= AV (un — 1), V(@ — 1)) 12 + a3ty 1y — 1), (9 — tim)) 1
—B{(un — wm), (¢ — um)) 2 (444)

V¢ € Vy, where il is on the line connecting u,, and uy.
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Here we recall that aq > 0 and M > 0 are such that
YV (g — ), V (1 — 1)) g2 + (35 (1 — 14, (= thn)) 12
—B{(un — um), (un — um)) 2
> aqlfun — um %/2,0 (445)
and
YV (un —tm), V(p —um)) 2 + & (3iT5 (1 — ), (¢ —um))r2
—B{(un — wm), (un — @))12
< Mllum = unlli20lle — umlli20, (446)

where a1 and M does not depend on m, n.
From such results, we may infer that

llum — un

M
120 < DT1Hum = ¢ll20 Yo € Vu

so that

M
lum —unll120 < a””m — Pu(um)ll120, Ym > n.

Moreover, since w,, € H}(Q), there exists a sequence {vy, = o'} C C&(Q) such that

08" — umll1,20 — 0, ask — co.

From such results, for a not relabeled subsequence we have
o = Uy, ae. inQ,

Vot = Vuy, ae. in Q.

Let e > 0.
From the Egorov theorem, for each m € N there exists a closed set Fy, C Q) such that m(Fy,) < /2™ and

v — wpy, uniformly in Q\ Fy,

Vot = Vuy, uniformly in Q\ Fy.
Define F = U3 _, Fy, so that

m(F) < i (Fu) < i e/2M < e.
m=1 m=1

Observe that there exists ko = k' € N such that if k > ko = k', then

o8 = umllho0 <&
and
1ok = tmlleo0\F, <&
and
Vo' — Vim0 F, <&
Fixing m € N we may find jy € N (which does not depend on m) and I,, € N
||Pj(U§<) = Pi(u)llop,0\F < Kig,
and

IV P (0k) — VBy(uy)

020\F < Kse, Vi > jo, V1 > Iy €N, Vk >k,

for some appropriate real constants Ky > 0, K5 > 0.
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At this point we highlight that concerning the finite elements method ||y ||1,c0 is uniformly bounded in m so that

{llo¢'

100, k> k', m € N}

is also uniformly bounded in m and k > ki'.
With such results in mind, fix n > jo and select my, > max{n, k{1, } so that for Ym > m, and k > k!, we have

IV — Vpn(vlrcn)

02,Q/F,

S ||Vum — VU;:Z + Vli;cn — Vpn (U;(n) 0,2,Q/E,
< | Vum = Vo loza + Voy' = VPa(0) lo20/E,
< e+Ky/n, (447)

for some appropriate K7 > 0.
From such results, we may infer that

| wm — Pu(um)) 12,0

< lum = Pu(0f") + Pu(0f') = Pu(um))) 12,0
< lum — PH(UIT) 12,0 T ||Pn(v,’f) — Pu(um) 12,Q/F, + \IPn(v?) — P (um) 1,2,Ey
< Ko(e+Ky/n+¢€?), (448)
for some appropriate K9 > 0, so that
M
lum —unllipa < aflllum = Py (um)ll12,0
< Kyple+Ky/n+ 51/2), Ym > my, (449)
h
where e M
10 = 9a1'
Therefore, if p,1 > my, then
M
lug —unlliz0 < a”ul = Pu(ug)ll120
< Kyge+ Ky /n+¢/?) (450)
and
M
lup —unllip0 < 071””;7 = Pu(up)ll120
< Kyole+Ky/n+e’?), (451)
so that
lur —upllip,0 = |l —un+un —uplliz0
<l = unllip0 + llup — tnlliz0
< 2Kyo(e+ Ky /n+€V/2). (452)

Consequently, from such results we may infer that {u, } is a Cauchy sequence in Hé(()) so that there exists ug €
H}(Q) such that
Uy — 1o, strongly in H(%(Q).
Let ¢ € UyenVar.
Indeed, we have got
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0 = }%(W(Vun,V@LGLa(uﬁ,(P)Lz

—B{un, @12 —(f, ¢)12)
= 1(Vug, V)2 +a(u, @)z
—Bun, )12 — (f, @) 12- (453)

Summarizing, we may infer that

Y(Viug, V)2 + a(ul, )2
—Bun, )2 — {f, @)1
= 0, Yo € H}(Q). (454)

Therefore ug € Hy (QY) is a weak solution of the equation in question so that, under the indicated hypotheses, the finite
element method is convergent.

62. A Dual Functional for a General Weak Primal Variational Formulation Combined with the
Newton’s Method

Let O = [0,1] C R and consider a weak variational formulation for a Ginzburg-Landau type equation
corresponding to a functional ] : V x V — R, where

J(u,v7) = /()v]*(—su”—kAu?’—B u—f)dx,

wheree >0,A>0,B>0and fe Y =Y"= L2(Q).
Moreover u € V = Wé'z(Q).
Observe that the variation in v] of ], which stands for

9J(u,07)

v} !
corresponds to the following Ginzburg-Landau type equation
—eu” + Aud —~Bu—f=0,inQ.
In a Newton type approach context, we linearize such an equation about a initial solution 1y € V, obtaining,
—eu” +3Aufu —2Aul —Bu—f=0,inQ.
With such results in mind, we define the functional J; : [V]3 — R, where
J1(u,ug,v7) = /Q vt (—eu” +3Audu —2Aul — B u — f) dx.

We also define the functionals F; : [V]> — Rand F, : V — R, where

K
Fl(u,ug,vi‘) :]1(u,u0,vf)+§/0u2 dx,

and
_K 2
F(u) = Z/Qu dx.

Moreover, we define the polar functionals F : [V]?> x Y* — Rand F; : Y* — Ras

Ff (g, 5, 2") = sup{ (,2") 2 — Fy (119, 07) },
ueV
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and
F(z") = sup{(v,z%)2 — B2(0)}
veY
- L / (z*)? dx (455)
2K Jo ’
Finally, we define the dual functional J* : [V]2 x Y* — Rby
J*(uo,v7,2*) = —Ff (ug,v3,2"*) + F5 (z¥).
Remark 62.1. Observe that
Fy(uo, 01,2%) = sup{(u,2%) 12 — Fy(u,u9,07)},
ueV
and such a supremum is attained through the equation
) X .
E((u,z Yz — Fi(u,up,07)) =0,
which stands for
z* — (—e(0})" 4 3Audv} — Buj) — Ku =0,
s0 that
e(v})" — 3Aubv} + Boj + z*
U= .
K
Consequently, we may obtain
1
Ef (up,07,2z%) = —/ (e(v)" — 3Audv; + Boj +2*)? dx
2K Jo
+ /Q (2Au} + f)v dx. (456)

Hence, the variation in v} of J*,
o _ oF(v]) _

*x * =Y
90} 9v]

stands for
—eu” +3Aufu —2Aul —Bu—f =0, inQ,
where, as above indicated,
e(v})" — 3Audv} 4 Bu; +z*
K .

u=

We have obtained a critical of J* through the following algorithm.

1. Setn =1, b1y = 1074, nax = 100, z; = 0 and choose (19); € V.
2. Calculate (v]), € V such that
9J* ((uo)n, (v1)n,25)

= 0’
90}
3. Calculate u,, € V such that
aH(”nr (”0)71/ (Uik)n/ Z;k,) .
=0,
ou
where
H(u, (uo),v7,2") = (u,z*) — Fi(u,up, v7),
so that
e(0})1 — 3A(u0)7 (v1)n + B(0])n + 2,
Uy = % .
4. Set (u9)y+1 = un and z*_ ; = Kuy,.

5. If || (40)ns1 — (o) nlloo n<+b12 Or 1 > My, then stop. Otherwise, n := n + 1, and go to item 2.

Here we highlight that if #g = lim;,—,c uy with corresponding limits 9] and 2* = Kily, the solution of
equation indicated in the item 2, given by
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aJ*(11g, 05, 2%)
87* = 0,
U1
will stand for
—ef) + A3 — Biig — f =0, in Q.
We have obtained numerical results fore =0.1, A=B=1and f =1, in Q.
For such an optimal solution 7iy obtained please see Figure 44.

0.8 ]

02r b

Figure 44. Solution il (x) through the dual functional for ¢ = 0.1.

Here we present the software in MAT-LAB through which we have obtained such numerical results.

1. clear all
globalm8d yo Kuouz ABel vl
m8=100;
d=1/msS§;

K=10;

A=1;

B=1;

el=0.1;
z(:,1)=0.1*ones(mS8,1);
yo(:,1)=ones(m8,1);
uo(:,1)=1.2*ones(m8,1);
for i=1:m8

xo(i,1)=1.2;

end

b12=1.0;

k=1;

while (b12 > 107%) && (k < 100)
k

k=k+1;

b14=1.0;
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ki1=1;

while (b14 > 107%) && (k1 < 35)
k1

k1=k1+1;
X=fminunc(’funJune2024C10’,x0);
bl4=max(abs(X-x0));

x0=X;

u(ms/2,1)

end;

b12=max(abs(u-uo));

uo=uy;

z=K*u;

end;

for i=1:m8

x(i,1)=i*d;

end;

With the auxiliary function "funJune2024C10", where

1. function S=funJune2024C10(x)
globalm8d yoKuouz ABel vl
for i=1:m8
v1(@i,1)=x(,1);
end;
v1(m8,1)=0;
d2v1(1,1)=(-2*v1(1,1)+v1(2,1))/d%;
for i=2:m8-1
d2v1(i,1)=(v1(i+1,1)-2*v1{,1)+v1(i-1,1)) /d?;
end;
for i=1:m8-1
u(i,1)=(el * d201(i,1) +z(i,1) — 3% A*uo(i,1)>* v1(i,1) + B*v1(i, 1)) /K;
end;
u(ms8,1)=0;
S=0;
for i=1:m8-1
S=S+(—el *d201(i,1) * u(i,1)) + v1(i,1) * 3% Ax uo(i,1)% * u(i,1)
—Bx01(i,1) xu(i,1) + K*u(i,1)>/2 — yo(i,1) * v1(i,1) — 2% A x uo(i, 1) x v1(i,1);
S=S —z(i,1) * u(i,1) — v1(i,1)2/2;
end;
S=-5;
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63. A New Convex Dual Variational Formulation for a Galerkin Type Non-Convex Primal One

Let QO C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary denoted by 0.
Consider a functional J : V x [Y]?> — R where

( ) = g (e bk k@) g
J(u,v9,v1) = 2 /o eViu+oou—f+u 5 > X
2
1 u? ZJ%
+2/Q<01+K2+K2 dx
1
+3 /0 (vo — A(u* — B))* dx. (457)

Heree >0, A>0, B>0, K>0,f € L2(Q)NL°(Q),uecV=W*Q), 05,0 €Y =Y*"=LQ).
Observe that the minimization of | corresponds to the solution of the following system of equations:

’ u o3 .
—eV u+vou—f+vl+K7+K7:O, inQ),
2 2
v1+1<”? +1<%°:0, inQ,

and
vg — A(u?> —B) =0, in Q.

From such a solution we may obtain the solution of the following Ginzburg-Landau type equation:
—eVou + A(u2 —B)u—f=0,inQ,

which is our final objective in this section.
Define the approximate relaxed functional J; : V x [Y]? — R where

€
J1(u,v9,01) = J(uo,00,v1) + 51 /QU% dx,

where €1 > 0 is a small real constant.
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Observe that

Ji(u,v9,01) = —<—sV2u+v0u—f—i—vl+K —&—K— 01>

2/ (—Sv2u+vou—f—i—vl+K2 +K2> dx

<01—|—K —|—K >
. u2 2
2/ (U1+K + K— > dx
Uo— A(u? —B), v3>Lz 2/ (vg — A(u® — B))? dx
u2 2
<—€V2u+vou—f+01+K -‘rK? Ul>
12

2
vl—i-K +1<0 >
27
LZ

vy — A(u® - B), v} + 2 vdx
< > 2 Jo !

inf { (1, v] 7/ 24

wllréY{ (i oi)ie 5 v x}
. 1

+ inf {—(wz,vﬁhz—l—i/ow% dx}

wr Y

1
+ mf{ <w310§>L2+§/Qw§ dx}

w3€Y

%

2 02
+ inf —£V2u+vou—f+v1+Kuf+KfO,UT
(u,00,01)EV X Y? 2 2 2

2
+<01 +K +K7 Uz>
27
12
* €1 2
oo =AM =B ) ,+ 5 [ o d"}
_ 1 2 1 12 1/ 2
= =5 a5 [ @) ar—3 [ (©3)?dx
—F*(v],v3,v3), Yo" = (v],05,03) € AY, (458)

where
A*={v* e [Y*]? : v] +v; >0andv; <0, inQ), v =0, ondO}.
Also

F*(0%) = F* (01,03, 03)

2
= sup {—<—£V2u+vou—f—|—vl+K +K—0 *>
(u,00,01)€V XY? 2 2’ 12

7
_uU *
01+K2 +K2
2

" €
_<UO —A(? - B),03>L2 - 51 /Qv% dx}. (459)

Hence, defining J; : A* — R by

Ji(v%) 2/ v]) x—f/ /Q(U;)z dx — F*(v"%),
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we have obtained

inf u,vg,01) > * (%),
oy 1 (8 20,01) = sup Ji (o)

Remark 63.1. We highlight that for K > 0 sufficiently large, |{ is concave on the convex set A*. Moreover, this last
inequality is in fact an equality so that there is no duality gap between such approximate primal and dual formulations.

63.1. A Numerical Example for a Related Similar Functional

In order to obtain numerical results we proceed in following fashion.

Firstly we define ) = [0,1] C R and in a Newton’s method context, we linearize the Ginzburg-Landau
equation in question namely,

u' 4+ Au® —Bu—f=0,inQ

about an initial solution ug, obtaining the following approximate equation
—eu' +3Aufu — 2Au} — Bu— f =0, in Q.

Now we define the functional J : [V]? x [Y*]*> — R, where

K
I3 (u,up, wq,07,05) = <—su”—|—3Au(2)u—2Au8—Bu—f—l—wl—l—Euz,vi‘>
LZ
K 2k 1 *\2 1/ *\2
+<wl+2u,vz>L2 2_/0(01) dx 3 Q(vz) dx. (460)

Again, similarly as in the Newton’s method approach, we obtain a quadratic approximation for the non-
quadratic terms

S (0] +03),

expressed by
K
Ku?((v})o + (v3)0) — Eu%(v? +03).
With replacements in mind, we define the functional J; : [V]2 x [Y*]> — R, where
J5 (u,up, w1, 05,95, (v5)o, (v3)0) = <78u" +3Audu — 2Au} — Bu — f, vi‘>L2
K 5
2
+<Ku (v1)o + (v2)o >L < 5 up, v} + Uz>
1
+(wy, 0] +03) 12 — 2/ 2 dx — 7/ x. (461)

Let 1 € V be such that
313 (1, g, w1, 03, 03, (v5)o, (03)o)
Ju

so that we define the functional J5 : V x [Y*]°> — R by

:0,

u=il

];:(MO, w1,'UT,'U§, (UT)O/ (UE)O) = ]; (ﬁr Uuo, ZU1,'UT,'U§, (UT)O/ (UE)O)

The variation in v} of ] stands for

J3 (ug, wy, 07,03, (07)o, (v3)0) 95 (@, ug,wy, 07,05, (07)o, (v3)o) A1
9} B Ju vy
a];(ﬁ/u()/wllvi(/vér (’UT)O/ (UE)O)
+ -
v}

_ 9J3(, 9, w1, 03,93, (v1)o, (03)0) 462)
v} ’
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Similarly, the variation of J; in v3, stands for
a]g(u()/wl/vT/vﬁr (UT)O/ (’U;)O) _ a];(ﬁ/u()/wlrvfrvél (UT)OI (U;)O) o1l
ov} Ju 003
+ a]; (ﬁ/ Up, wq, UT/ U;/ (UT)OI (U;)O)
v}
oJX (1, ug, wy, 0,05, (v)g, (V3
_ ]2( 0, W1, Yq *2 ( 1)0 ( 2)0). (463)
v

Summarizing, a critical point of J; must satisfy the following equations:

aJ; (2, up, w1, 03,93, (v1)o, (23)o)
u

=0,

which stands for
—&(0})" 4 3Audv} — Buj +2Ku((v3)o + (v5)0) = 0,

313 (1, g, 1,03, 93, (05)o, (03)o)

* = 0’
oo
which stands for K
—eu" + 3Audu — 2Aud — Bu — f +wy — Eu% -0 =0,
a];(ﬁ/ Uup, w1, UTI U;, (UT)OI (U; )0) =0
v} !
which stands for K
wl—zu%—vé =0,
and * (1 * ok * *
a]z (u/ up, w1, vl/ vzl (vl )0/ (02)0) -0
awl !
which stands for
v +v; =0.

It is worth highlighting such a system is linear in (1, w1, vy, v;) so that we have obtained numerical results,
in a Newton’s method context, through the following algorithm.

1. Setn =1, by = 1074, nax = 100, (v3)o = 0.4, (v3)o = 0.4 and (up) = 1.2.
2. Calculate (uy, (w1)n, (v1 )i, (03)n) such that the fozllowing linear system of equations is satisfied

(a)
95 (tn, (10)n, (@1)n, (1), (03)n, (01 )0)n, ((93)0)n) _ 0
ou !

(b)
3]5(“71, (10)n, (w1)n, (z’i‘)m (Ué)nr((vi)o)m((z’;)o)n) —0
v} !

(0)
a];(”n/ (10)n, (w1)n, (Uf)n, (vé)m((vi‘)o)nr((v;)o)n) —0
o} !

(d)
a];(”n/ (10)n, (w1)n, (UT)nr (vé)n/((vf)o)m((vé)o)n) —0
aw1 ’

3. Set (ug)n41 = ((Ul)o)n+1 (01)n, and ((v3)0)n+1 = (03)n-

4. If H(uO)n-H - (uo) loo < b12 Or 11 > Mypax, thert stop.
Otherwise n := n 4 1 and go to item 2.

We have obtained numerical results fore =0.01, A=B=1and f =1, in Q.
For such an optimal solution 7y obtained please see Figure 45.
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04r b

0.2 f i

Figure 45. Solution il (x) through the dual functional for ¢ = 0.01.

Here we present the software in MAT-LAB through which we have obtained such numerical results.

1. clear all
globalm8 d youKel A B vl v2uo vol vo2 K1
m8=200;
d=1/msS;
K=10;
K1=38;
e1=0.01;
A=1;
B=1;
uo(:,1)=1.2*ones(m8§,1);
yo(:,1)=ones(m8,1);
vol(;,1)=0.4*ones(m8§,1);
vo2(:,1)=0.4*ones(m8,1);
xo0=1.2*ones(4*m8§,1);
bl4=1;
k1=1;
while (b14 > 107%) && (k1 < 100)
k1
k1=k1+1;
bl12=1;
k=1;
while (b12 > 107%) && (k < 25)
k
k=k+1;
X=lIsqnonlin(’funJune2024DC25’,x0);
b12=max(abs(X-x0));
x0=X;
u(m8/2,1)
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end;
bl4=max(abs(u-uo));
uo=u;

vol=vl;

vo2=v2;

end;

for i=1:m8
x(i,1)=i*d;

end;

plot(x,u);

With the auxiliary function "funJune2024DC25",

1. function W=funJune2024DC25(x)
global m8 d youKel A B vl v2vol vo2 uo
for i=1:m8
u(i,1)=x(,1);
v1(i,1)=x(i+ms8,1);
v2(i,1)=x(i+2*m8,1);
w(i,1)=x(i+3*m8,1);
end;
v1(m8,1)=0;
u(ms8,1)=0;
d2v(1,1)=(-2 % v1(1,1) + v1(2,1)) /d>;
d2u(1,1)=(—2*u(1,1) +u(2,1))/d?
for i=2:m8-1
d2vi1(i,1)=(v1(i +1,1) = 2% v1(i,1) + v1(i — 1,1)) /d?;
d2u(i,1)=(u(i4+1,1) = 2% u(i,1) +u(i —1,1))/d>%;
end;
for i=1:m8-1
W(i,1) = —el*d2v1(i,1) +3 % A % uo(i,1)? * v1(i,1) — B+ v1(i,1) + 2% K % v01(,1) * u(i,1) + 2 % K *
002(i,1) xu(i,1);
W(i+m8,1) = —el *d2u(i,1) +3% Axuo(i,1)? xu(i,1) — 2% u0(i,1)3* A — Bxu(i,1) —yo(i,1) + w(i,1) —
K=*uo(i,1)?/2 — v1(i, 1);
W(i+2%m8,1) =w(i,1) — K*uo(i,1)2/2 — v2(i,1);
W(i+3xm8,1) =0vl(i,1) + v2(i,1);
end;

64. A Convex Dual Variational Formulation for a Burger’s Type Equation

LetQ = [0,1] C R.
Consider the Burger’s type equation

{ Viyy —U Uy =0, inQ), (464)

u(0) =1, u(1l) =0.

Here v > 0is a real constant.
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Define the Galerkin type functional ] : V' — R where
](u):l/ (Vitgy — 1t 11)? dx
2 Q xx X 7
and
V ={uecW4(Q) : u(0) =1, and u(1) = 0}.
Denoting Y = Y* = L2(Q), define F; : Vx Y* - Rand F, : V x Y* — Rby
1
Fi(u,0]) = > /Q(vuxx — U Uy + 0] + Ku? + I<ujzc)2 dx,
and
Fy(u,v7) 2/ (v} + Ku? 4+ Ku2)?* dx,
respectively. Here K > 0 is an appropriate large real constant.
Define also J; : V x Y* — R by
J1(u,07) = Fi(u,07) + B (u,07),
Observe that
Ji(w,07) = F(u,07)+ E(u,07)
= (o} + Vit 0])pz — (1, 03)12 — {10,035z + Fy(1,07)
—(01,97)12 = (,05) 12 — (ux, V)12 + Fa(u, 07)
(0] + Vixx, v3) 12 + (1, 03) 12 + (ux, 03) 12
+(01,97) 12 + (,05) 12 + (1, 06) 12
> inf  {—(v1,03)12 — (v2,03) 12 — (v3,05) 12 + F1 (v1,02,03) }
(v1,02,03)€[Y]?
+ inf  {—(v1,09)12 — (v2,03) 2 — (03,05) 12 + Fa(v1,02,03) }
('(Jl,'(lz,‘l}3)€[Y]3
+ inf  {{0] +vixy, 0h) 12 + (U, 05) 12 + (Ux, 05) 2
(u,07)eVXY*
+(01,07)12 + (4, 05) 12 + (ux, )12}
= —F(v},v3,03) — F3 (v7,03,05)
+v(v1)x(0)1p(0), V(1,0]) € V x Y*, Yo* € A*NB¥, (465)
where
A* = {0* = (0],03,03,08,05,05) € [Y*]° 1 v(0])xx +05 — (03)x =0, in O},
B*={v* € [Y*]® : v} >0, v5 >0, vj +v5 =0, in Qand v}(0) = v}(1) = 0}.
Moreover, denoting
Fi(v1,00,03) = 5 / v — v03 + K3 +KU3) dx,
and
Fi(v1,v2,03) = 2/ 01 + Kvj + Ku3)? dx,
for v* € B*, we have
Ff (v, 03,03)
= sup  {(01,93) 2 + (02, 93) 12 + (03,93) 12 — Fi(01,02,03) }
(‘Dl,‘l)z,‘l)g)e[Y]s
1 (20303 +2K((03)* + (v3)%)) 1 2
= dx+ 5 [ (@i dx, 466
Z(Kz_l) /Q vz X+2 0(04) X ( )
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E (v3,05,05)
= sup  {(01,05) 12 + (02,08) 12 + (v3,08) 12 — D> (v1,02,03) }
(v1,02,03)€[Y]?
17 (03)? 1 (v5)? 1 2
= — d — d — )< dx. 467
4K Jo o J““41</Q o x+2/0(v7) * (467)

Here we define J* : [Y*]® — R by
J*(v") = —F (v}, v3,03) — F (07,05,05) +v(0})x(0)uo(0).
It is worth highlighting we have got

inf  Ji(u,07) > sup J*(o%).
(uo7) €V XY* v*€A*NB*

Finally, we also emphasize that J* is convex (in fact concave) in the convex set A* N B* so that we have
obtained a convex dual formulation for an originally non-convex primal dual one.

Remark 64.1. The conditions which define B* must be replaced by those concerning the regularized set
Bf = {v* € [Y*]° : v} > v5 >¢ v} + 05 =3¢ in Qand v}(0) = v} (1) =€}

for an appropriate real constant 0 < e < 1. Therefore, through B, we may define an approximate dual formulation so that
will be particularly interested in the system behaviour as

e— 0.

65. A Convex Dual Variational Formulation for an Approximate Navier-Stokes System

Let O C R? be an open, bounded and connected set with a regular (Lipschitzian) boundary denoted by
0 =S.
Consider the approximate incompressible and time independent Navier-Stokes system, where

VW2 =y — v uy — Py =0,
szv—uvx—vvy—Pyzo,

468
V2P +uZ + vi +2uyo, =0, inQ, (468)
u=uy v=uvg P=D", onod() =S.
Here v > 0is a real constant. Moreover, n denotes the outward normal field to 0Q) = S.
Define the Galerkin type functional | : V. — R, where
py = 1 v2 P2 d
J(u,0,P) = 3 Q(1/ u—uuy —0uy —Py)"dx
1
+5 /Q(UVZ'U —UVy — VOV — Py)2 dx
1
+5 /Q (V2P 412 + 02 + 2uy05)? dx, (469)

and
V ={u=(u,0P) e W*(,R3) : u=up v=uvgand P = Py on d0}.

Denoting Y = Y* = [2(Q),define F; : VX Y* 2R, H:VxY* >R F:VxY" - R F:VxY* =R,
F5:VxY*—-Rand F:V xY* = Rby
1
Fi(u,vi) = E/Q(vvzufuuvauyfP,CJrKuz+I<uJZC+sz+l<u§+v§0)2 dx,
1
Fy(u,vy) = E/Q(vvzvfuvxfvvyny+Ku2+KU§+KUZ+Kv§+vZO)2 dx,

1 7
F3(u,v39) = 5 /O(VZP +u + vf, + 2uyvy + Ku? + Kvi + Ko + Ku§ + v3)% dx,
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Fy(u,vd)) = 2/ (Ku? + Ku2 + Kov? +Ku + v%)? dx,
F5(u, vg) =5 / (Ku? + Kv2 + Ko? +I<v +0%)? dx,
and
Fe(u,v3) =5 / (Ku? +KU + Ko? +Ku + v%)? dx,
respectively. Here K > 0 is an appropriate large real constant.
Define also J; : V x [Y*]3 — Rby
J1(w,v50,v60,070) = Fi(w,v5) + F2(u, vg9)
+F5(w,v70) + Fa(w,v5)
+F5(u,vfy) + F(u,v5). (470)
Observe that
J1(w, 050,060, 070) = Fi(w,v50) + F2(w, vg0)

+F3(u,079) + Fa(u,050)
+Fs5(u,v50) + Fe(u, v70)
= —(v3 +vVu = Py, o) 12 — (,03) 2 — (4, 03) 2
—(v,v3)12 — (uy, v5) 12 + F1 (u, 050)
— (040 + vV = Py, vg) 12 — (u,05) 2 — (0x, 05) 2
—(v,v3)12 — (vy, Vi) 12 + Fa(u, vgp)
— (039 + V2P, 0}1) 12 — (ux, 01) 12 — (0, Vi) 12
—(0x,074) 12 — (uy, vi5) 2 + F3(u,v79)
—(v50, Vg 12 — (1, 077) 12 — (Ux, Vig) 2
—(0,019) 12 — (uy, v30) 12 + Fa(u, v59)
— (060, U31) 12 — (0, 030) 12 — (Vx, U33) 12
—(0,034) 12 — (vy, V35) 12 + F5 (1, vgp)
—(v70,v26) 12 — (tx, 037) 12 — vy, V2g) 12
—(vx, v39) 12 — {1y, 030) 12 + Fe(u,v7)
(030 + vV = Py, 07) 12 + (1, 03) 12 + (1, 03) 12
(v,03)12 + (uy, v5) 12
(Vi +vV?0 — Py, vg) 2 + (1, 07) 12 + (0x,vg) 12
(v,09) 12 + (vy, V1) 12
(030 + V2P, 011) 12 — (1, 01) 12 — (0, 03) 12
(vx, 074) 12 + (y, 015) 2
(v50, 016) 12 + (U, 017) 12 + (ux, V1) 12
(v, 019) 12 + (uy, v30) 12
(v60, V1) 12 + (1, 032) 12 + (02, U33) 12
(v,094)12 + (vy, U35) 2
(v70,026) 12 + (Ux, V37) 12 + (Vy, V38) 12
(vx, U39} 12 + 1y, 030) 12 (471)

S O G O U G G
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From such a result, we obtain

J1(w, v59, 060, v70)

inf —(v1,07)12 — (v2,03) 12 — (03,03
(Ull'“/US)E[Y]S{ <1 1>L2 <2 2>L2 <3 3>L2

—(v4,05) 12 — (vs,v5) 2 + Fy (v, -+ ,05)}

inf  {—(06,06)12 — (07,07)12 — (08, 0g) 2
(v6,+ ,v10) E[Y]®

—(v9,v8) 12 — (v10, V1) 12 + F2(ve, - - -, v10) }

{—(v11,071) 12 — (v12, V1) 12 — (V13,073) 12

\%

inf
(7)11,~~~,7)15)€[Y]5
—(v14,v74) 12 — (015, 075) 12 + F3(v11, -+, 015) }

inf {—(v16,v16) 12 — (017, V17) 12 — (V18, Vig) 2
(2116,“*,020)6[1/]5

—(v19,V59) 12 — (v20,030) 12 + Fa(v16, - - - ,v20)}

inf {—(v21,031) 12 — (V2, V3) 12 — (V23,V33) 12
(v21,-+ v2s)€[Y]°

—(v24, Z’§4>L2 - <7’25/U;5>L2 + F5(021, T ,025)}

inf {—(v26,v5¢) 12 — (027, 057) 12 — (V28, V3g) 12
(7)25,~~~,1)30)€[Y]5

—(v29,059) 12 — (v30,30) 12 + Fo(v26, -+, v30) }

+ inf {{vdy + vV — Py, V)2 4+ (U,05) 12 + (U, U3 )12
W30, 050,050) EV X [Y]?

(
+(v,03) 12 + (uy, v5) 12
— (Vg0 +vV?0 = Py, v8) 2 + (,03) 12 + (03, 08) 12
+(v,v5) 12 + (0, v1p) 12
+(v50 + V2P, 051 )2 + (1, vip) 12 + (vy, 013) 12
0x, 014) 2 + (Uy, Vi5) 12

(
(
(
(
(v50, Vi) 12 + (1, 017) 12 + (1tx, V1) 12
(
(
(
(
(

+ o+ +

0, V1g) 12 + (ity, Vo) 12
Vg0, V1) 12 + (1, v3) 12 + (0x, V33) 12
+(v,034) 12 + (vy, U35) 12
+(v70, v36) 12 + (tx, 037) 12 + (vy, U3g) 12
+(vx, v39) 12 + (1y, 030) 12}
= —F(v], - ,v5) = F(vg, - ,vip) — F5 (01, -+, 0l5)
—F{ (vig, -+ ,039) — F5 (v3y, -+, 035) — Fg (03, -, 05)

+v /BQ ug(Vol -n) dS + 1//aQ vo(Vog -n) dS + /80 Py(Voi; -n) dSs, (472)

+

ifo* = (v],---,v3) € A*NB*, where A* = AJNA; N A},

A} = {v*e [Y*]BO : vvzvi‘ +05 — (v3)x — (V3)y
v7 — (vig)x — (vig)y + 017
—(vig)x — (v39)y — v — (v39)y = 0, in O}, (473)

A = {v*e [Y*]30 DUy —&-szvZ — (vg)x — V5
—(v10)y — (v15)x + 019 — (v33)x
+v54 — (035)y — (v38)y — (v39)x =0, in O}, (474)

Ay = {o" e YT (0)x+ (0])y + V05 =0, inQ}, (475)
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B* = {v*e [Y*]3O D 0] 4056 =0, v +vy =0, vj; + 05 =0,

v} >0, vg >0, 057 >0,
vig >0, v37 >0, v34 >0, in ),

v} =vg =vj; =0, ondQ}

Moreover, denoting

N 1
Fi(vy,--- ,05) = 3 /Q(vl — UpU3 — U405 + Kv% + Kv% + KUZ + Kv%)2 dx,

~ 1
F2(U6, . 1010) = E /Q(Ué — U708 — V9V1g + KU% + KU% + KU% + KU%O)Z dx,

1

B(v1y, -+ ,015) = 5 /0(011 + 03, + V33 + 2014015 + Ko, + Kvds + Kof, + Kois)? dx,

- 1
Fy(o1g,- -+ 00) = 5 /0(016 + Ko, + Kofg + Kogg + Kvgy) dx,

- 1
Fs(vg,- -+ ,0p5) = 5 /0(021 + Kvgy + Koy + Kvgy + Kvgs)? dx,

- 1
Es(va6, - - ,030) = > /Q(vzé + Kv%7 + KU%S + Kv%9 + Kv%o)2 dx,

we have

F (o1, ,3)

= sup  {{01,07) 12 + (02,03) 12 + (03, 03)12
('(]1,"',1)5)€[Y]5

(v4,03) 12 + (vs,v5) 2 — Fy (v, -+, 05)}

*

2(4K2 1) v

1 x
) /0(01)2 dx,

F5 (05, -+, vip)

= sup  {{v6,v6)12 + (07,97)12 + (vs, V8) 2
(vé,-»~,v10)€[Y]5

(v9,05) 12 + (v10,070) 12 — Fa(vg, - -+ ,v10) }

1 / 20503 + 20508 4+ 2K((03)? + (v5)% + (v])% + (v%)?) p
0

*

2(4K2 —1) v

1 *\2
+§/ﬂ(v6) dx,

Fg*(vﬁ,-“ ,V15)

= sup {{v11,071) 12 + (v12, V1) 12 + (013, 073) 12
(v11,-++ v15) €[Y]?

(014, 074) 12 + (v15,015) 2 — F3 (011, -+, v15) }

1 / 20505 + 2050, + 2K((07)* + (05)* + (95)* + (
Q

4(K2—1) U

1 .
+5 /0(7’11)2 dx,

B 1 / (=14 K)((055)? 4 (vi3)?) + K(v3,)? — 20},0}s + K(v}5)?
0
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x
(477)
UTO)Z) dx
(478)
dx
(479)
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Ff (vfg, -+, v3)

= sup {(v16,v16) 12 + (17, V17) 12 + (18, V]s) 12
(v16,-+ v20) €[Y]?

<Ul9,UT9>L2 + (020, 030) 12 — F2(015, -+ ,00)}
i ((017)2 + (01p)2 + (010)2 + (030)%)
4K Jao

dx
*
Y16

1 «
+5 /Q(vle)z dx, (480)

F (031, ,035)

= sup {(v21,v31) 12 + (V22,05 12 + (v23,U33) 12
(V21,7 ,025) €[Y]®

(024, 034) 12 + (v25,V35) 12 — FS(UZL <--,05)}
1 / ((v39)% + (v33)* + (v34)* + (035)*) d

= [ X
4K Ja v;l

1 X
+5 /Q (03)? dx, (481)

F§ (036, -+, 039)

= sup {(v26,v36) 12 + (v27,057) 12 + (v28,V2g) 12
(v26,+- ,v30) €[Y]®

(029, 039) 12 + (v30,030) 12 — Fs(v25,- - ,v30) }
1 / ((037) + (V36) + (0V39) + (059)?) p
—_— X
4K Ja 056

+% . /Q (v36)? dx. (482)

Here we define J* : [Y*]*Y — R by

@) = —F@, -, 05)-Fg 05— F(0f, -, vis)
—ﬁf(vfsr' “+,30) = Fé‘(l’;v'“ ,U35) —156*(036,--~ /U30)

+ Uup C'U ‘n dS+U/ (%) C'U ‘n dS—l—/ 1() CU -n dS, 48:;
It IS W ()rt]:l hlghllghtll’lg we haVe g()t

. inf (w050, 050,v79) = sup  J*(07).
(w,vE,v50,05) EV X [Y] v*€A*NB*

Finally, we also emphasize that J* is convex (in fact concave) in the convex set A* N B* so that we have
obtained a convex dual formulation for an originally non-convex primal dual one.

Remark 65.1. Here we highlight the conditions which define B* must be appropriately regularized through a small parameter
I<ex,

similarly as we have done in the previous section.

66. A D.C. Type Dual Variational Formulation for a Burger’s Type Equation

In this section we shall write a primal Galerkin type variational formulation for a Burger’s type equation as a
difference of two convex functionals (the so called D.C. approach) and establish a related convex dual variational
formulation.

LetQ=1[0,1] C R.
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Consider the Burger’s type equation

(484)

Viuyy —U Uy =0, in(),
u(0) =1, u(1l) =0.

Here v > 0 is a real constant.
Define a Galerkin type functional | : V — R, where

J(u) = %/Q(vuxx —uuy)? dx,

and
V={uecW4?(Q) : u(0)=1, and u(1) = 0}.
Denoting Y = Y* = L%(Q), define F;,F> : V x Y* - Rand F3,Fy: V — R by
Fi(u,viy) / Vibyy — U Uy + 059 + Ku? +Ku) dx + — /ude—l—ﬁ/uzdx
50 2 50 2 Ja 2 Jo X7V
1 . 2 212 K2 Ky
By (u,v3y) = 5 Q(U5O+Ku + Kug)® dx + 5 dx+ u dx,
F(u) = 2/ud+—/uxdx
and
_K 2 Ky 2
Fy(u) = 7/Qu dx+7/0uxdx,
respectively.
Here K, K; > 0 are appropriate large real constants such that
K;y > K.
Define also J; : V X Y* — R by
J1(w,v50) = Fi(u, 050) + Fa(u,v50) — F3(u) — Fy(u),
Observe that

inf J1(u,vgy) =0,
(u,v8)) €V XY™ (1, 050)

so that, denoting
. 1 5
F1(01,vz,v3):E/Q(vl—vzv3+1<v2+l<v3 dx-|-7/ ) dx—l——/ 03)? dx,
F>(v4,v5,06) = 2/ U6+KU4—I—KU5) dx + 2/ vy) 2 dx + 2/ dx,

B5(z1,20) 2 / z1) dx—i——/ 22 dx,

Ei(z1,20) > / 23) dx+—/ z4 dx,
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we have

0<h(wvsg) = F(u,v50)+ Fa(u,050) = F3(u) — Fa(u)
)

12 — (Ux,23) 12 + Fi(u, v5))

IA
|

+ sup {<er21>L2 + <22/ZZ>L2 —F3(z1,22)}
(z1,22)€Y

sup {(z3,23)1> + (24,2}) 12 — Fa(z3,24)}
(Z3,Z4)€Y

= —(z1,u)2 — (ux,23) 2 + F1 (4, v5))
—(u,z3) 12 — (ux, z3) 12 + Fa(u, v5p)
+F(25,25) + Ef(25,25), Yu eV, (z5,---,2}) € [V~ (485)

From such results, similarly as obtained in [5], we may infer that

0= inf u,vL
(u,v;o)EVth( )

IN

inf {—=(u,27,) 12 — (ux, 23) 12 + Fi (1, 05)
(u,05)€EVXY

—(u,z3) 12 — (ux, z3) 12 + Fa(u,05) }
+F5(z],23) + F5 (23,2}), V2" = (2, -+ ,z}) € [Y*]* (486)

On the other hand, observe that

—(u, 21, )12 — (ux, 23) 12

—(vixx +v50,07) 12 — (1, 03) 12 — (ux,03) 12 + F1 (1, 050)
—(u,z3) 12 — (ux, z3) 12

—(v50,v6) 12 — (1, 03) 12 — (1x, v5) 2 + Fa2(u,050)
+{vitxx + 050, 07) 12 + (1, 03) 12 + (1, 03) 2
+(v50, V6 )12 + (1,03 ) 12 + (ux, 05) 12

£ {—(op,27) 12 — (vs,
(vl:vz,lg)G[YP{ {02, 21)12 = (v3,22)12

—(v1,01) 12 = (v2,03) 12 — (03,03) 12 + Fi(v1,02,03) }

+ inf —U4,Z* 2 — "05,2* 2
(mlvs%)e[y]s{ (va,23)12 — (05,24)1

—(v6,v6) 12 — (v4,03) 12 — (U5, 05) 2 + F2(714/ v5,U6) }

+ inf  {(vuxx + 05,07 )2 + (U, 05) 12 + (Ux, U3)12
u,v5)EVXY

(
+(050, V)12 + (1, 03) 12 + (14x, 05 ) 12}
= — 1*(01,02,03,21,22)—F2(04,'05,2}6,Z§,ZZ)_‘V(UT)x(O)u(O), (487)

%

if v* = (vy,---,v}) € A* N B*, where
A* = AfN A3,
A7 = {0* € [Y*]° : v(v])ax + 03 — (V3)x + 0} — (v5)r =0, In Q},
Ay ={o* €[Y*]° : vi +v; =0, v] >0, vf >0, inQ},

and
B* ={v" e [Y*]6 : 01(0) = 01(1) = 0}.
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At this point we recall that
F (v}, 03,03,27,23)
= sup  {(v2,z7)2 + (v3,23)12
(01,02,03)€[Y]3
+(v1,07) 12 + (v2,05) 12 + (v3,03) 12 — Fi (01,00, 03) }
_ K )+ (+3)
T2 (ZKU;F +Kq)2 — (v])?
+/ (012 ((v5 +27) (0% + 25) + K(v5 4+ 2})? + K(0} +23)?) "
(2Kv; + Kq)% — (0F)?
2
+5 /Q(vf )" dx, (488)
F; (v}, v3,v5,23,2;)
= sup {<U4/Z§>L2 + <USrZZ>L2
(vs,05,06)€[Y]?
+(v6, V6 )12 + <U4/UZ>L2 + <05'U§>L2 - FZ(U4105106)}
(0 +23)* + (v3 +23) /
= 4
2/ (K + 2K0;) dx+3 (489)
F(z1,25) = sup  {{z1,2])12 + (21,2]) 12 — F3(21,22)}
(z1,22)€[Y]?
- i/( )d+i/(z*)2dx (490)
2K 2K, 2 ’
and
Fy(z3,2z5) = sup  {(z3,23)12 + (24,24)12 — Fa(23,24)}
(Z3,Z4)E[Y]2
- L / (25)? dx + 1 / (z5)? dx (491)
2K; Jo'® 2K; Jo'* :

Moreover, for K; > 0 sufficiently large, up to a restriction for the dual variables related to a ball of radius
proportional to Kj, from the standard results on convex analysis and duality theory, we have

(u,vgj)rgwy{—%z?/)m —(ux,23) 2

—(Vitxx +v50,01) 12 — (w,03, ) 12 — (ux, v3) 12 + Fi (1, 05)
—(u,23) 12 — (ux,24) 12

— (030, 06) 12 — (1,03, )12 — (ux, 05) 12 + Fa(u,v59) }

= sup {—F(v],03,03,71,23) — F5 (03, 05,0, 23, 21) — v(01)x(0)u(0)}- (492)
0 €A*NB*

Consequently, from such results and (486) we have got

0= inf , V%
(u,vg(gleVXYh(u USO)

< inf sup {—F*(v],03,05,2],25) — F* (v}, 03,0, 23, 25) — v(v7)x(0)u(0) }
Z*EY* | yrc A*NB*

+5(21,23) + B (z3,21) }- (493)
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Therefore, defining J* : [Y*]'? — R by
J*(0*,2*) = —F*(v},03,05,2,25) — F* (v}, v%, 08,25, 25) — v(v])x(0)u(0)
+ ~3* (z1,23) + F{(23,21), (494)
we have got
0= inf u, i) < inf su * U*, Z* )
(u,vgo)evxyh( %) < ZG[Y*]4{v*eA*‘I:;WB*] ( )}

Finally, we also emphasize that J* is concave in v* on the convex set A* N B* and convex in z*, so that,
after the supremum evaluation in v*, we have obtained a final convex dual formulation in z* for an originally
non-convex primal dual one.

67. A Convex Dual Formulation for the Rank-One Approximation of a Non-Convex Primal One

In this section, we develop a convex dual formulation for an approximate rank-one primal formulation
found in some vectorial phase transition models.

Let QO C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary denoted by 9.

Define a functional | : V — R by

2
J(u) = %/Q (”‘ijkl (gz; - 51‘]‘) (%’; - ﬁkl)) dx — (u;, fi) 12,

where {«;j;} is a a fourth order constant positive definite and symmetric tensor, {8;;} € R*N, f = (f1, f2, f3) €
L2(;RN) and
V = WA (uRN).

From now and on we denote Y = Y* = [2(Q) and

Yl _ Yl* _ [Y]3N+N+3+l.

DefinealsoF;: Y1 >R, F: Yy - Rand F3 : [Y]N""S"'l — Rby

Fy(w,&,1,v50)
1 2
= E/Q(lxijkz(wij—ﬁij)(wkz—ﬁkz)+K|C|2+K\’7|2+Uso) dx, (495)
N 3
K 2
By (w,&,1,v50) = ) 71/0(%017—Ciﬂj+K|§|2+K|f7\2+U50) dx,
b |
d
" Ky 2 2 2
Ba(&mos0) = 5 [ (KIEP +KInP +0s0) e,
respectively.

Here K, K; > 0 are real constants such that K1 > K > 1.
Moreover, define

]1(urwr€ri7/v50)
= —(Ginj, (01)ij) 12 + F1(w, &, 1,v50)
+F(w,&,1,vs50) 4+ F3(&, 17, 50)
9 i *
+<az (Ul)ij>L2 = (ui, fi) 2- (496)

]
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Observe that

Ji(u,w,&,1,vs0)

(\Y

i
(Em)elYPHN
+F(w, &, 1,vs0) + F3(8,17,v50) }

. aui *Y _ . f.
-l-uug‘f/{<axj,(z’l)zj>L2 <”1rfz>L2}

= —Fy(}), Vo] € A,

where

nf L@y, (@)1 + Fi(w,8,1,050)

289 of 302

(497)

F(vi) =  sup {(Ciﬂ/, (01)ij) 2 — Fu(w, &, 11, v50) — Fa(w, &, 17, v50) — F3(E, '7/050)}

(EmelY]PHN
and

A7 ={v; e [Y'PN ¢ (0])ij;+ fi=0,Vie{l,---,N}, inQ}.

On the other hand

W
= —(&mj, (07)ij) 12 + F1(w, &, 1,vs0)
+F2(wr gr 1, ’050) + F3(€, 1, ’050)

= —(Cimj, (01)ij) 12 — (wij, (wi)ij) 12 = (Gir (02)i) 12

ijh e — (i (v5)i) 12

/L2 — <050/v;>L2 + FZ(w/ gl T]/ 050)

(498)
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Thus,
W
> (w,mirfz}sfo)eyl{*@iﬂj/ (01)ij — (wij, (w))ij) 12 — (Gi (v3)i) 12
—(1j, (v3)j) 12 — (vs0,v4) 12 + Fi(w, &, 1, 050) }

inf —(wi;, (W3)i7) 12 — (&, (02);
+(w/6/7/1r1’7}50)€Y1{ <wl (wZ)]>L2 <C (1]5) >L2

— (15, (v§) )12 — (vs0,v7) 12 + F2(w, &, 1, 050) }
(§,q,v50)irel[y]3+N+1{ <€1/ (US) > <77], ('09) >L2

—(vs0,v1) 12 + F3(w, &, 17,050) }

+ _inf {<wij/ (w)ij) 12 + (Gi (03)i)12
w,,1,050) €Y

+(1j, (v3)) 12 + (vs0, V3 ) 12

(

( )

(wij, (w3)ij) 12 + (Gi, (v5)i) 12
( i)

<

+ +

1, (vg)j) 12 + (vs0,07) 12
Gi, (05)i) 12 + (nj, (v5)) 12 + (vs0, Vig) 12 }
= —F(w,0,95.03,v3) — B3 (w3, 05,05,07) — F5 (v5,05,0]),
V(w*,v*) € A%, (499)

+

where w* = (w},w}) € [YI*N =Y,
0" = (o, 03,03, 03,08, 98, 3, 08,05, 93g) € (YN0 = 5,
Ay = {(@"v") €Yy x Y5 : (wp)+ (wy);; =0, Vie{l,---,N}, Vj€ {1,238}, inQ,
(;)14—( )+(U§)IZO/VZG{1//N}/IHQ/
(v3); + (v5)j + (vg); =0, Vj € {1,2,3}, in Q,
vy +v5+0],=0,inQ}, (500)

[

A ={(w",v*) e Ys xY; : v € AT},
and
A* = AjN AL

Furthermore,

F (wj,0},v3,03,9})
= sup  {(&inj, (v1)ij) 2 + (wij, (W) 2 + (Gi (03)i) 12
(w,&1,050) €Y1
+<17]/ (Ué )j>L2 + <'U50, vZ>L2 - Fl (wr gr 1, 050)}, (501)

F; (w},v3,v5,v7)
= sup  {(wij, (w3)j) 12 + (&i, (05)i) 12
(w,&1,050) €Y1
+(11j, (v5)j) 12 + (vs0,07) 12 — F2(w, ¢, 17, 050) }, (502)

F3 (v5,v5,v1p)
= sup {46, (vg)i) 2 + (mj, (v5) )2
(&m,050) €[Y]PHNHT

+<USO/ .UTO>L2 - F3(§/ 1, 050)}' (503)
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Denoting
J*(w*,v") = —F (w], v}, 03,03,03) — B (w], 05, 05,07) — F3 (v, 05, 03o),
we have got
lnf > lnf u,w,q,n,0
uEV]( u) 2 (u,w,E,17,050)EV X Yq I 2 50)
> sup  J*(w*,0%). (504)
(w*,v*)eA*

Finally, we emphasize J* is a convex (in fact concave) functional.

68. A Dual Variational Formulation for a General Non-Convex Primal One

Let QO C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary denoted by 9Q).
Consider a functional | : V — R where

J(u) = %/QVqudx
+5 | 62 =B dx— (u, ), (505)
2 Jo
wherey >0,a >0, >0and f € L2(Q).
Hereu e V= Wl'z(Q) and we denote Y = Y* = L?(Q).
At this point, we define the functionals F; : V =+ R, F,: VXY — Rand F3: V — R, where
Fi(u) = z/ Vu-Vudx
2 Jo !

B(uo)= [[(2—p+oPdr+s [ e (uf)

and

for some constant K > 0.
Moreover, we define

and the following polar functionals

sup{(u, v} +z")12 — Fi(u)}
uevVv

_ (v] +27)°
- 5 / W2 dx, (506)

Fy(v1,27)

F(o1,00) = sup  {(u,—v7)12 + (0,05)12 — Fa(u, 0)}
(u,0)€VXY*

1 ok 2
U (o fP
2Jo 205+K

1 *\2 *
toa /Q(UO) dx+,B/Qvo dx, (507)

if v € B*, where

K
B — {vg €Y : 205 < g}
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and,
F5(z") = sup{(v,z%)12 = B3(0)}
veY
_ L / (z*)2 (508)
2K Jo
Finally, denoting
we also define [} : D* x B* x Y* — Rby
Ji(v1,00,2") = —F(01,2%) = K (o1, 09) + F5(27)
K o
—yVZ K
K N
Kif|zoitf 2" (509)
2 205 +K K|y,
Observe that if Ky > 0 is sufficiently large, then J{ is convex in (v],z*), Vv € B*.
Let (03,75,2%) € D* x B* x Y* be such that
613 (67, 5,2) = 0.
From such a concerning convexity of Jj in (v},z*) we may infer that
J1(95,95,2%) < Ji (0], 00,2%), Voi € D*,z* € Y*.
In particular fixing u € Vj, for v; = (2v§ + K)u and z* = Ku, we obtain
Ji(01,%,2%) < Ji(v1,00,27)
< —(uvy +z2% e+ 1/ Vu-Vudx
2 Ja
* 2 A% K 2
+(u, v7) 2 + (U5, 00) 12 + 7 /Qu dx
—(u, )2+ (u,z2%) 2—5 u? dx
’ L 7 L 2 0
1 Lk N
~5s /Q(UO)Z dx—,B/Qvé dx
2
Ky || —yV?u+205u — f
2 V2
v 0,2
< sup {%/ Vu-Vudx+ (42,0512 — (u, )12
voEY* Q
1 2
—ﬂ/ﬂ(vé) dx—ﬁ/ové dx
2
LK —yV2u +205u — f
B3 _ 2
2 v 02
= %/QVu-Vudx—l—%/Q(uz—lB)zdx
2
Ki || —yV?u +205u —
S| TGS
v 0,2
—yV2u+205u — f
=]J(u )+ 2 —2 o (510)
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Summarizing, we have got
K || —9v2u + 2050 — £
Ji(03,05,2%) < J(u) + =L | =2 0 , VeV
2 -V
02
Let up € V be such that
%
Ug = f.

Assume ugy € V7.
Similarly as in the previous sections, we may prove that
Ak 2
0o = a(ug — B),

6] (o) = —yV?uqg +20uy — f = 0,

and
J(uo) = J1 (91, 0,2%),
so that
. Ky || —yV2u+265u— f
= J{(01,0,2)
(511)

= inf Ji (01,95, 2%).
(v,z*)eD* xY* 1( 170 )

The objective of this section is complete.
69. A D.C. Type Duality Principle Suitable for Non-Convex Variational Optimization
In this section we develop results concerning a D.C. approach inspired by the results of J.J. Telega, W.R.

Bielski and co-workers, [1-4] and Toland, [5].
Let Q C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary denoted by 9Q).

Consider a functional | : V — R where
(512)

J(u) = %/QVqudx

+5 L0 B dx = (w12,

wheree > 0,0 >0, >0and f € L2(0).
Hereu € V = Wé’z(Q) and we denote Y = Y* = L*(Q).
At this point, for a large constant K; > 0, we define the approximate functional J; : V x Y — R, by

= E/QVu-Vudx—l—%/a(v—ﬁ)zdx
(513)

]1(”/0) - 2
Ky (v —u?) dx — (u, f) 2.

+ 2 Jo
We define also the functionals F; : V - R, KL :Y - R, F5: VxY - R,and F; : V — R, where

Fi(u) = %/QVqu dx — (u, f)12,

Fao) =3 [ (0= B2 dx

F3(u,v)*%/n(v—uz) dx—l—g/ouzdx

Fy(u) = g/ﬂ u? dx,

and

for some appropriate constant K > 0.
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Moreover, we define the following polar functionals
Fi(o1) = sup{—(u,v7)2 — Fi(u)}
ucV
-0 +
FE () = suwp{(v,0); - hk()}
veY*
1
- ﬂ/O(v;)z dx+/3/0z;; dx, (515)
F(v1,03,2) = sup {{(u0] +27) 2 = (0,03)12 — F3(u, 0)}
(up)eVxyY
_ vl +Z L *\2
- 2 ik S+ % /Q(vz) dx, (516)
if v5 € B*, where
K
B — {v; €Y ¢ |20l < 5}
and,
Fi(z") = sup{(w,z")2 — Fy(w)}
weY
1 *\2
= o /Q (z (517)
Finally, we define
D* — {z* EY* |2 < ZK}
and J; : D* X B* x Y* — Rby
Ji(v1,03,2") = =F (v7) = B3 (03) = B3 (01,03, 27) + Fy (27).
Let 1 € R be such that
inf ,0) = .
(u,v%I;Vth(u U) M
Observe that
a < Ji(w,0)
= F(u)+F(0) + F3(u,0) — Fy(u)
= —(w2") 2+ k() + F(0) + F(u,0)
+(u,2%) 12 — Fa(u)
< —(u,z")p+F(u)+ E(v) + F(u,0)
+SUP{ Z) 12 — By(w)}
= —( u,z") 2+ F(u) + B2(v) + F3(u,0) + Ff(z"), Vue V,veY, z* € D*. (518)

From such results we may infer that

o < inf {—(u,z") 2+ F(u)+ E(v) + F(u,0)} + Ff (z%).

(u,0)eVXY
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On the other hand, for an appropriate value of K > 0 and z* € D*, from standard results in convex analysis,
we have

(ufvigflxy{—@l*)y + Fi(u) + B(v) + F3(u,0) }

= sup  {—F(v1) - K (v3) — F5 (07,03, 2) }- (519)
(v3,v5)€Y* X B*

Joining the pieces, we have got

< sup {=F(07) = By (03) — B (v1,03,2%)} + i (27),
(v§,v3)€Y* X B*

so that
ap < inf{ sup {Fl*(vT)Fz*(vé)F§(vi‘,v§,Z*)}+FZ(2*)},
(

zrebr v},05)EY* X B*

that is,

ap = inf  Ji(u,v) < inf sup Ji(v3,0%,2) 5.
(u,v)erY z*eD* (UT,UE)EY* x B*
Let (03,05,2%) € D* x B* x Y* be such that

517 (87,03,2%) = 0.

Let (up,vg9) € V x Y be such that

K
and
o
Uy = ; + ‘B
Similarly as in the previous sections, we may prove that
6J1(uo,v9) =0,
and
J1(uo,vo) = J7 (97,03,2%),
so that
Ji(uo,v0) = Ji(07,95,£7)
= sup  Ji(0,03,2%). (520)

(v3,v5)€Y* X B*
The main objective of this section is complete.

69.1. A Numerical Example

We have obtained numerical results for an one-dimensional case where, Q = [0,1] CR,A=B=1,f=2
and
1. Case A:e=0.1
2. Case B: ¢ =0.01
3. Case C: e = 0.001.
For the optimal solutions uy € V obtained for the cases A,B and C, please see Figures 46, 47 and 48,
respectively.
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06 ]

04r b

0.2 ]

Figure 46. Solution uy(x) through the dual functional for the case A, ¢ = 0.1.

081 ]

0.6 7

04r b

0.2 . . . . . . . . .

Figure 47. Solution ug(x) through the dual functional for the case B, ¢ = 0.01.
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0.6 . . . . . . . . .

Figure 48. Solution ug(x) through the dual functional for the case C, ¢ = 0.001.

Here we present the software in MAT-LAB through which we have obtained such numerical results.

1. clear all
globalm8d AByoel Kle2uzKv2
m8=100;
d=1/msS;
yo(:,1)=2*ones(m8-1,1);
z(:,1)=1.2*ones(m8-1,1);
A=1;
B=1;
€1=0.001;
€2=0.00000001;
K1=1000000;
K=30;
for i=1:2*(m8-1)
x0(i,1)=0.7;
x1(1,1)=1.1;
end;
b14=1.0;
k7=1.0;
while (b14 > 107%) && (k7 < 70)
k7
k7=k7+1;
b12=1.0;
k=1;
while (b12 > 107%) && (k < 10)
k
k=k+1;
X=fminunc('funJuly2024A1’,x0);
b12=max(abs(X-x0));
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xo0=X;

u(m8/2,1)

end;

z=K*u;
bl4=max(abs(x1-x0));
x1=xo;

end;

for i=1:m8-1
x(i,1)=i*d;

end;

plot(x,u);

With the auxiliary function "funjuly2024A1", where

1. function S=funJuly2024A1(x)
globalm8d AByoel Kle2uzKv2
m2=zeros(m8-1,m8-1);
yl=ones(m8-1,1);
for i=2:m8-2
m2(i,i)=-2.0;
m2(i,i+1)=1.0;
m2(i,i-1)=1.0;
end;
m2(1,1)=-2.0;
m2(1,2)=1.0;
m2(m8-1,m8-1)=-2.0;
m2(m8-1,m8-2)=1.0;
for i=1:m8-1
v1(i,1)=x(,1);
v2(i,1)=x(i+(m8-1),1);
end;

S =1/2% (=0l +yo) * inv(—el x m2/d?) * (—vl +yo) +v2' xv2/2/ A+ Bxv2' xyl;
for i=1:m8-1

S =5+ (v1(i,1) +2(i,1))%/(2%v2(i,1) + K) /2 +v2(i,1)%/2/K1;

end;

u = inv(—el * m2/d*) x (—vl +yo);

70. A Concave Dual Variational Formulation for an Originally Non-Convex Primal One

In this section we develop results also inspired by the approach found in the articles of J.J. Telega, W.R.
Bielski and co-workers, [1-4] and Toland, [5].

Let Q) C R¥bean open, bounded and connected set with a regular (Lipschitzian) boundary denoted by 0Q).

Consider a functional | : V — R where

J(u) = %/QVqudx

+5 L= B dx () iz, G21)
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where y > 0, >0, > 0and f € L>(Q).
Hereu € V= W&’Z(Q) and we denote Y = Y* = L?(Q).
Consider also the functionals F; : VXY =R, F:V xY — Rand F3: V — R, where
F(u,vp) = I/ Vu-Vu dx—i—}(uz 5012
Y0 4 fo) 2 Y0
K
t /Qu2 dx — (u, f)r2
1 *\2 / *
- /Q (05)2 dx — B [ o dx, (522)
BE(uvy) = 1/ Vu - Vu dx
Y0 4 0
1 K
5020+ 5 [P, (523)
F(u) = K/ u? dx,
Q
for some appropriate constant K > 0.
Moreover, we define the following polar functionals
Z*
Ef(v,v5,2") = sup{<u,vf + —> - Fl(u,US)}
ueV 2/
_ 1/ (vf+z*/2+f)2 J
2 Jo (=yV2+205)/2+K
1 *\2 *
oo /Q (05)2 dx + B /Q o dox, (524)
k(ok Lk ok * z* *
E(vi,v5,z") = sup<(u,—v]+ — — B (u,v5)
ueV 2 /2
1 (—vi +2°/2)?
= = dx, 525
2/0(—W2+2vg)/2+1< * (525
if vj € B*, where
B ={uger s jle < 5,
and,
F5(z") = sup{{w,z")2 — F3(w)}
weY
_ 1 *\2
- = /Q (z)? dx. (526)

Finally, we define
At ={z"eY*: fz*>0,inQ},

D* = {z* €AY : 2o < gK}
and J5 : Y* x B* x D* — Rby
J2(v1,09,2") = —F (v1,05,2%) — B3 (v1,0,2") + F3(27).
Observe that the variation of J; in v} stands for

vy +zY/2+ f —vy +2z%/2

=0,
(—yV2+205)/2+ K (—yV2+205)/2+K
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so that
207+ f=0.
The variation of [} in z* stands for
1 o+ /2+f 0 1 —v] +2"/2 +i:0
2(=yV2+208)/2+K  2(—yV2+205)/2+K 2K
Finally, the variation of J; in v stands for,
1 vi 2 /24 f 2+1 —v} +2*/2 27ﬁ7ﬁ:0
2\ (—=yV2+205)/2+K 2\ (—=yV2+205)/2+K o '
With such results in mind, we define the functional 3 : Y* x B* x D* — R, by
J3(v1,05,2)
K
= B 05,2 - 120} + fI3
(VK| 1 eitz/24f 1 —vp4E/2 2 2
2 || 2(=VT+209)/2+K  2(—V2+205)/2+K | 2K,
2
VK|t ejrz24f L1 —0} +2°/2 2 o 527
2 12\ (=yV2+205)/2+K 2\ (—=yV2+205)/2+K o p 02
Observe that for K > 0 sufficiently large J3 : E* — Ris concave in v} on E*, where
J5(v1) = sta ( yepexp+J3 (v1,05,27),
and
E' = {vf € Y" : |20} + flloo < 5.
Let (05,05,2%) € E* x B* x D* be such that
8J3(07,05,2%) = 0.
Let ug € V be such that
2%
Uug = R
Similarly as in the previous sections, we may prove that
6] (up) =0,
and
J(uo) = J5 (91,99, 2"),
so that
J(uo) = J5(01,95,27)
= sup J3(v7,9p,2")
vj€E*
= sup J5(v7)
vjE€E*
— K. (528)

The main objective of this section is complete.

71. Conclusions

In the first part of this article we have developed a relaxation proposal and duality principles suitable for a
large class of models in physics and engineering.
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In a second part we develop duality principles for the quasi-convex envelop of some vectorial models in the
calculus of variations.

We highlight such dual variational formulations established are in general convex (in fact concave).

Finally, in the last sections, we develop mathematical models for some types of chemical reactions, including
the hydrogen nuclear fusion and the water hydrolysis. Among such results, we highlight our proposal of modeling
the Ginzburg-Landau theory in super-conductivity as a two-phase eigenvalue approach.

Data Availability Statement: Details on the software for numerical results avaialable upon request.

Conflicts of Interest: The author declares no conflict of interest concerning this article.
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