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Extrinsic Quaternion Spin

Bryan Sanctuary

Emeritus Professor, McGill University, Canada; bryan.sanctuary@mcgill.ca

Abstract: We present an analysis of the Dirac equation when the spin symmetry is changed from
SU(2) to the quaternion group, Q8, afforded by multiplying one of the γ-matrices by the imaginary
number i. The resulting spin equation separates into distinct and complementary Hermitian and
antiHermitian spaces. The former describes a 2D structured spin and the latter its helicity, generated
by a unit quaternion. We discuss some consequences.
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Introduction

Spin, first observed by Stern and Gerlach [1], reveals two states of up and dn (dn = R(π)up).
Spin is measured to be angular momentum of

√
3

2 h̄ magnitude, a vector quantity, and belongs to the
SU(2) group. Spin is a fundamental property of Nature, purely quantum with no classical analogue.
The mathematical basis for spin is the Dirac equation [2]. Dirac’s analysis introduces his relativistic
equation by linearizing the Klein-Gordon Equation while respecting conservation of mass and energy.
He was led to his gamma matrices with four states rather than the two that are measured [3]. He
surmised that his equation described two spins rather than one. The second spin with negative energy
and opposite sign was interpreted as the antimatter twin to the other spin [2]. From this hole theory,
antimatter production, and the sea of electron model followed [4].

In this paper a small change is made whereby one of the gamma matrices is multiplied by the
imaginary number i and the effect is to change the symmetry from SU(2) to the quaternion group Q8.
The gamma matrices still anti-commute, but the modified Dirac equation reveals a single spin has
four states, rather than two: spin has structure under Q8, [5,6] rather than being the point particle that
Dirac found. Quaternion spin carries two complementary properties: polarization and coherence. The
former results from the usual magnetic moment of spin whereas the coherence is generated by a unit
quaternion. This quaternion spins the spin axis in free flight making the intrinsic angular momentum
of Dirac spin extrinsic. In addition, two mirror states, [7] emerge from the Dirac field. Quaternion spin
has two orthogonal polarization axes that are perpendicular to the axis of linear momentum. Figure 1
shows that a quaternion spin 1

2 is geometrically equivalent to that of a photon.
To motivate the discussion here, consider the well know equation for a dyadic of Pauli spin

components,
σiσj = δij + εijkiσk (1)

Arising from Geometric Algebra, [8,9] the first term describes a symmetric component (the scalar
product) that gives rise to polarization and measured Dirac spin. The second term, (the wedge product)
is anti-symmetric and generates the helicity. In 3D Cartesian space the wedge product becomes the
vector cross product. Dirac spin does not treat this component which requires a bivector, iσ2 = σ3σ1.
The only way to get the bivector is to change the spin symmmetry to the quaternion group. It is the
purpose of this paper to include this term.

Spin coherence, expressed by a quaternion [10], exists on the S3 hypersphere [11–13] beyond
Minkowski spacetime. It describes spin hyper-helicity as an additional property of spin from the
second term in Equation (1). The name hyper-helicity is used formally to distinguish it from the usual
helicity found in particle physics [14]. The two are entirely different, albeit both describe spinning the
axis of linear momentum. Here hyper-helicity is in S3 hyper-space while particle helicity is constructed
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in Minkowski spacetime. Since we do not treat particle helicity, we call hyper-helicity simply the
helicity.

A spin 1
2 in free flight.

Figure 1. Two properties of spin: its polarization, σi, perpendicular to its helicity. The helicity is in the

direction of propagation and spins R or L with energy ±
√

m2 + p2
1 + p2

3. The polarization carries a
spin of magnitude 1. These properties show spin is geometrically equivalent to that of a photon.

This paper is the first of three in which the mathematical foundations of quaternion spin are
presented. A second paper, “Spin with hyper-helicity” [15] follows in which the ideas of this paper are
used to study helicity applied to an EPR pair and which is responsible for the observed correlation
without non-local connectivity. It shows the anti-symmetric part of a spin generates the spinning of
the axis of linear momentum in free flight. The third paper, Ref. [16] presents a computer simulation
which shows that both polarization and coherent states are responsible for the apparent violation of
Bell’s Inequalities.

In this work, there are no Local Hidden Variables (LHV) and consequently Bell’s theorem is either
not applicable or is not violated.

We show the above symmetry change leads to a more detailed description of spin and there are
compelling reasons to believe that quaternion spin is more fundamental that Dirac’s spin and should
replace it in some applications.

Formally this four state spin is called quaternion spin to distinguish it from the usual Dirac spin.
We show here that quaternion spin has the same mathematical foundation as usual point particle Dirac
spin. An extended form of the Dirac equation is presented that admits both polarization and helicity.
It describes spin as it exists in the absence of interactions including measurement, and therefore in free
flight.

Spin Spacetime Algebra

Dirac spin is measured in a direction n̂ and has states with outcomes of ±1. These are expressed
as usual by |±, n̂〉. Quaternion spin, however, is more than a polarization vector and must include
helicity with two states of hg = ±1, expressed as a product,

|±, n̂〉
∣∣hg
〉

. (2)

This leads to the 4x4 space of the Dirac field. Quaternion spin describes one particle with two
polarization axes and its chirality, (which is the same as handedness and helicity).

A point particle spin 1
2 is described by the three Pauli spin components which along with the

identity, gives the set (I, σX, σY, σZ), which belongs to the SU(2) group. Simply by multiplying one
gamma matrices by the imaginary number i, here chosen to be σ2, changes the spin components to
(I, σ1, iσ2, σ3), giving two spatial axes of polarization, and the needed bivector, iσ2 = σ3σ1. This set
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forms a normal subgroup of the quaternion group, Q8, and gives spin structure. This requires defining
a different Cartesian basis set (e1, e2, e3), called the Body Fixed Frame, BFF, since every structured spin
can have a different orientation relative to the Laboratory Fixed Frame of (X, Y, Z).

Take the spatial components of Minkowski spacetime as the LFF. In contrast, the BFF (e1, e2, e3)

refers to the coordinates of a particle in spin spacetime, see Figure 2. The two spatial components,
(σ3, σ1) denoted by (3, 1), are, up to a phase, simply a rotation away from Minkowski spacetime. This
structure is shown in Figure 2 in the top left insert which contrasts quaternion spin with the usual
Dirac spin vector. Note that the two axes of quaternion spin couple to form a resonance component of
length

√
2 which is a pure coherent state. The bivector, iσ2, denoted by (2), orients the two dimensional

plane formed from (3, 1) axes by its normal component to the plane. We assume here that the particle
propagates in the Y = e2 direction. Whereas (β, X, Y, Z) with β = ct is usual Minkowski spacetime,
the set (β′, e3, e1, e2) is spin spacetime. The spin polarized structure can be expressed in Minkowski
spacetime. The bivector cannot.

Minkowski and spin spacetime.

Figure 2. A spin is oriented in spin spacetime by the BFF basis vectors (e1, e2, e3) which spins about the
axis e2 so that in Minkowski spacetime, with components (X, Y, Z), only a smeared out image of the
precessing spin is projected. The upper left insert contrasts Dirac spin and quaternion spin, which is
displayed as the resonance formed from the coupling of the (3,1) axes.

The bivector (2), is introduced by choosing to multiply γ2
s by the imaginary number i,

γ̃2
s ≡ iγ2

s =

(
0 iσs2

−iσs2 0

)
(3)

rendering γ̃2
s Hermitian. Each Pauli component becomes a bivector. The set of gamma matrices in spin

space, indicated by subscript s,
(
γ0

s , γ3
s , γ1

s , γ̃2
s
)
, anticommute. They have a different signature from

Minkowski spacetime,

η̃
µν
s =


+1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 +1

 (4)
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The order of the components is (0, 3, 1, 2) and the term γ̃2
s is not a spatial component but a

frequency, Hermitian like the time variable, γ0
s . This dimension is the origin of quantum coherence

that leads to the formulation of helicity.
The commutation relations are changed from the usual three dimensional generator of rotations

in Minkowski spacetime,

Sij
(3) =

i
4

[
γi, γj

]
=

1
2

εijkσk I4 (5)

to ones that generate rotations in only two dimensions in spin spacetime

Sij
(2) =

i
4

[
γi

s, γ
j
s

]
=

i
2

εi2jσ̃s2 I4 (6)

Si2
(2) =

i
4

[
γi

s, γ̃2
s

]
=

i
2

εi2jσsj I4 (7)

The former equation describes rotations in the 31 plane about the direction 2; whereas the
imaginary term in the latter equation damps all rotation attempts out of the 31 plane.

Mirror States and Parity

The new equation in spin-space follows from the gamma algebra as usual which gives a
non-Hermitian equation by virtue of γ̃2

s ,(
iγ0

s ∂0 − iγ1
s ∂1 ± iγ̃2

s ∂2 − iγ3
s ∂3 −m

)
ψ± = 0 (8)

and we suppress the subscript s on the derivatives. By treating a spin in free-flight in an isotropic
environment, the two axes (1, 3) are indistinguishable. Therefore, permutation with the parity operator,
P13 does not change the (1, 3) dependence in Equation (8), but the bivector, iσ2 = σ3σ1 is antisymmetric
to 13 permutation. Therefore the above equations admits two solutions in left and right handed
coordinate frames, which are mirror states, see Figure 3, P13ψ± = ψ∓, [7,17]. The anti-commutation of
the γ

µ
s matrices ensures that energy is conserved and the Klein-Gordon equation is recovered.

Mirror states of spin 1
2 .

Figure 3. The mirror states of a quaternion spin 1
2 , with ψ+ on the left and ψ− on the right. Note that

adding these states is independent of e2 and subtracting them is independent of e1 and e3.
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The separation of the Dirac field into reflective states identifies each axis as carrying a spin such
that each precesses in opposite direction. These two polarization axes each, with a magnetic moment
µ, constructively interfere producing a resonance which is a purely coherent spin, see Figure 4.

Resonant quaternion spin.

Figure 4. The two polarization axes form quaternion spin of even parity from the coupling of two
mirror states.

Adding and subtracting the two equations in Equation (8) leads to separation of the Hermitian
part of the spin spacetime from the anti-Hermitian part,(

iγ′0s ∂0 − iγ1
s ∂1 − iγ3

s ∂3 −m
)

Ψ+ = 0 (9)

γ̃2
s ∂2Ψ− = 0 (10)

where the two mirror states combine into those with odd and even parity, P13Ψ± = ±Ψ± with the
definition,

Ψ± =
1√
2

(
ψ+ ± ψ−

)
(11)

We identify the even parity state with quaternion polarization. The odd parity state describes
quaternion coherence.

Therefore spin spacetime separates into two distinct spaces: polarization spacetime, (0, 3, 1),
Equation (9); and coherent space (not spacetime) (2), Equation (10). The Hermitian part, Equation (9),
is the same as the usual Dirac equation, but in two dimensions rather than three.

The bivector component, (2), carries a massless Weyl spinor in coherent space, Equation (10).
Below it is shown that the spinning of the axis is generated by a unit quaternion, which has one real
dimension, (2) and three imaginary axes. This describes the helicity in the 4th dimension hypersphere
S3. Within coherent space, (2), time does not exist beyond the constant frequency of its spinning. Time
and rest mass remain in polarization space.

Constructive interference of the two spin axes is expressed by their superposition leading to the
addition of the two spin 1/2 vectors to give a total spin of 1 for the resonant spin,

σs13 ≡
1√
2
(σs3+σs1) (12)

An identical calculation as for a single spin, œ, can be applied to quaternion spin showing it too
is a Lorentz invariant [3].
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Hermitian space carries the polarizations, |±〉 〈±| which support magnetic moments, charge,
etc.; the anti-Hermitian space carries coherence, |±〉 〈∓| which support chirality, such as the helicity.
Similar to the two complementary inverse spaces of position and momentume, here the Hermitian and
anti-Hermitian spaces carry the two complementary properties of spin, polarization and coherence.

Re-define the spinor mirror states as ψ+ ≡ ψR and ψ− ≡ ψL.

The Weyl Spinor

From Equation (10) and using reference [3], a Weyl spinor transforms under boosts and rotations
as

ψR →
(

1− iØ
œ2

2
+ ifi

œ2

2

)
ψR (0) (13)

ψL →
(

1− iØ
œ2

2
− ifi

œ2

2

)
ψL (0) (14)

Since time exists only in polarization space, Equation (9), a boost of polarizations carries along
the spinor. There are no boosts in coherent space; the left and right components are equal;

ψR = ψL (15)

and the state is a unit quaternion which spins the axis of linear momentum in coherence space (2) by
angle χ, thereby generating the helicity.

ψL(χ) = exp
(
−i

χ

2
σ2

)
ψL (0) =

(
cos

χ

2
− iσ2 sin

χ

2

)
ψL (0) (16)

The usual definition [14] identifies helicity as the projection of the spin vector onto the axis of
linear momentum in Minkowski space. Here helicity is defined only in coherence space where there is
no momentum with which to contract. Helicity defined here, is represented by an anti-Hermitian, odd
to parity, second rank helicity operator in coherent space,

hg = ” · iσ (17)

Recall Y = e2, and the component, iσ2, drives the quaternion in Equation (16). Helicity no longer
determines the ±1 spin states along the direction of motion as usually defined. Rather hyper-helicity
is a distinct element of reality and complementary to observed polarized spin. In free flight, helicity
carries a quantum of energy in hyperspace, see Figure 1.

The 2D Spin Equation

Turning to the 2D Hermitian part, Equation (9), with states of even parity, we must first transform
from the spin space to Minkowski spacetime,

γ1
s =

(
− sin θγ3 + cos θ cos φγ1 + cos θ sin φγ2

)
(18)

γ3
s =

(
cos θγ3 + sin θ cos φγ1 + sin θ sin φγ2

)
(19)

p3 = p · e3 = (cos θpZ + sin θ cos φpX + sin θ sin φpY) (20)

p1 = p · e1 = (− sin θpZ + cos θ cos φpX + cos θ sin φpY) (21)

giving a relationship independent of θ,

γ1
s p1 + γ3

s p3 = γ3 pZ +
(

cos φγ1 + sin φγ2
)
(cos φpX + sin φpY) (22)
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Taking the linear momentum in the direction Y = e2 requires setting φ = 0,

γ1
s p1 + γ3

s p3 = γ1 pX + γ3 pZ (23)

The polarization in spin spacetime is essentially the same as in Minkowski spacetime. This
represents all that can appear of quaternion spin in Minkowski spacetime. The spinning from helicity
is in coherent space and the effect in Minkowski spacetime is to spin the polarization. In free flight
from our spacetime, a spin is a spinning plane, or worldsheet, [18], with mass and energy only (along
with any property the spinning polarizations generate). This changes when it encounters a measuring
probe.

Define a momentum vector p = pZZ + pXX = p3e3 + p1e1 and the 2D polarization equation
becomes (

E−m −p ·œ
+p ·œ − (E + m)

)(
u+

v+

)
= 0 (24)

where the even parity state is written as Ψ+ =

(
u+

v+

)
. This leads to the same Klein-Gordon equation

in Minkowski and spin spacetime,

(
∂0

2 − ∂Z
2 − ∂X

2 −m2
)

ψ = 0 (25)(
∂′0

2 − ∂3
2 − ∂1

2 −m2
)

ψ′ = 0 (26)

with eigenvalues,

E0 = E±
√

m2 + p2
3 + p2

1. (27)

The relativistic energy from linear motion in the direction Y is taken as E. The helicity splits this
giving, say, the + energy to R handed helicity and the − to the L handed helicity. Note that these carry
relativistic energy, via p2

1 + p2
3 = p2

X + p2
Z. Since there are no components of linear momentum in the

X, Z directions, these energies can only come from the relativistic precession of the (1, 3) axes, see
Figure 1.

Further note that quaternion spin is naturally a 4x4 matrix due to the two spin axes, one L and the
other R, Equation (2). Expressing one spin axis as one of its polarization components, σi, and taking
the direct product with a helicity 2x2 matrix, Hg, naturally leads to the spatial gamma matrices,

. |n̂,±〉
∣∣hg
〉
→ σi ⊗ Hg = σi ⊗

(
0 +I
−I 0

)
= γi (28)

with Hg = γ1γ̃2γ3. The states, Equation (28) are elements of the Dirac field describing two axes carried
on the same particle with helicity, contrary to the two separate particles that Dirac introduced, [2].

The term γ5 = γ0Hg is normally used to project the R and L handed chiral states from a Dirac
field. In contrast here, from Equation (8), the odd and even parity states, Equation (11) are projected
from the mirror quaternion spin states in Equation (8),

Ψ± = ±1
2
(

I ± γ0Hg
) (ψ+

ψ−

)
(29)

It appears energy is stored and transported in the helicity. A particle, for example, created through
some decay with energy difference of hν, carries that energy in its hyperspace. This suggests how a
quantum of energy is transported after emission.
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Measured Spin

Quaternion spin, with elements of reality in both polarization and coherent spaces, projects only
its polarization into our spacetime, Equation (23). Whereas both the (1) and (3) axes are projected,
measurement reveals only one vector component. From this, Dirac built his theory. Successful
agreement with the Stern-Gerlach data confirmed its vector property.

Unaware of helicity and a second spin axis on a single particle, Dirac identified the 4x4 field as
evidence for two distinct particles with spin: opposite from each other in every way, i.e. the mirror
states. He set E = 0 and called it the vacuum state and antimatter and hole theory resulted [4].
At higher energies, however, it might be expected that quaternion spin would decay into a matter,
antimatter pair. The antimatter particle would soon be annihilated, but the matter fragment would
survive at these energies, as Dirac proposed. At lower energy, the quaternion spin would appear by
re-combining with other matter particles. The energies at which this would occur are much higher
than normal temperatures at which quaternion spin should be stable.

Dirac spin is obtained when the projected polarization, Equation (23) is measured, Figure 4.
Whereas in free-flight quaternion spin displays no polarization, it being averaged by the helicity, when
it encounters an anisotropic field, the two axes are no longer indistinguishable, quaternion spin is
destroyed and the helicity stops. Measurement causes spin polarization to appear. If the measuring
probe is closer to one of the two axes in Figure 5, then that axis is pulled to align while the other
randomizes. On the other hand, if the field lies along or close to the direction of the superposed spin
axis, see again Figure 4, then there is a competition as to which axis aligns. This is the source of the
observed quantum coherence that gives an apparent violation of Bell’s inequalities, [19]. Eventually,
however, only one polarization axis lines up anti-parallel with the probe field, Figure 4: this is Dirac
spin. The alignment stabilizes that axis and lowers its energy, while the second unobserved axis, spins
perpendicular to the probe field; has high energy; and its polarization is averaged to zero. It is this
unobserved spin axis that Dirac attributed to antimatter production.

Dirac spin

Figure 5. In the presence of a probe field, one polarization axis aligns with the field while the other
axis and the helicity are averaged away.

The quantization of the Dirac field for a measured spin is formally unchanged, [3] although in
two dimensions rather than three. However, the interpretation differs. Setting the vacuum state to
zero and using the fermionic condition to fill the negative energy states needs re-assessment. Since the
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“second particle" with negative energy is here found to be the “second axis" of the same particle, its
energy is not infinitely negative. We leave these questions for now.

All the internal energy from the 4th dimension helicity is transferred into our dimension upon
measurement.

Discussion

Introducing the bivector into spin algebra significantly changes our view of a spin from a
structureless point particle of intrinsic angular momentum in Minkowski spacetime to a four
dimensional structured spin with extrinsic angular momentum in spin spacetime. Any structured
particle can be expressed in its own coordinate frame and we find that the three spatial components of
Minkowski spacetime become a 2D plane of spin polarization which is spun about its axis of linear
momentum producing L or R handed helicity. The spinning 2D plane forms only in the isotropy of
free-flight.

The bivector component supports a massless Weyl spinor which in turn is a unit quaternion and
generates the helicity. Quaternions do not exist in polarization space, but rather in the 4th dimensional
hypersphere of S3 [11] which cannot be completely observed from any spacetime frame. Only the
stereographic projection, [10], is visible.

A Weyl spinor is considered not to be a Lorentz invariant for massive particles [20]. In the usual
treatment, helicity is defined in Minkowski spacetime and is, therefore, an observable. In contrast
here, helicity exists only in hyperspace. Any observer in our dimension would see only a particle
with kinetic energy (like in a bubble chamber). Neither the handedness of the spinor nor its internal
quantum of energy are visible from any spacetime frame, and therefore cannot violate special relativity.
A Weyl spinor is therefor a Lorentz Invariant for quaternion spin.

The question arises as to whether the quaternion spin exists and is more fundamental than
measured spin. First the intrinsic angular momentum of the Dirac spin becomes extrinsic for quaternion
spin. The axis actually spins. That the geometric structure of spin is equivalent to that of a photon,
Figure 1, is compelling. Other quantum observables come in complementary pairs, like position and
momentum etc, in spaces that are the inverse of each other. It is therefore reasonable that spin also
has two complementary properties, polarization in Hermitian space and coherence in anti-Hermitian
space. Furthermore, spin is described by its Dirac gamma matrices, and there are only three algebras:
(I, γ1, γ2, γ3); (I, γ1, iγ2, γ3). (I, γ1, iγ2, iγ3) with the first giving Dirac SU(2) spin and the second and
third belonging the quaternion group with respectively one and two axes of precession. Finally the
experimental proof for the existence of quaternion spin is given by the apparent violation of BI . This is
usually attributed as proof of non-locality. Quaternion spin, however, accounts for the violation locally
as shown in the other papers, [15,16].

The measurement problem has a central premise that the act of observation perturbs the system.
Quaternion spin makes a distinction between measurement (polarized) and free-flight (coherence).
They epitomize the particle-wave duality.

EPR believed that QM is incomplete [21] since it does not simultaneously describe two
complementary elements of reality. In support of Einstein, both polarization and coherence are found
to exist simultaneously on the same particle. On the other hand, supporting Bohr’s complementarity,
in free flight only the coherence is present since the spinning axis averages out the polarization. Upon
measurement, the helicity stops and only the polarization is realized. Although both properties exist
simultaneously, only one is manifest at any instant. QM is, therefore, incomplete because it is a
theory of measurement restricted to our space-time. QM does not include elements of reality that are
anti-Hermitian on the S3 hypersphere.

These observation are confirmed in companion papers, [15,16]. The former describes an EPR
pair and shows that the helicty introduces an antisymmetric component to spin which accounts for
the apparent violation of BI, [22–24]. To confirm this, the third paper gives a computer simulation
that evaluates the two contributions to spin from the polarization, (CHSH=2) and from the coherence
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(CHSH=1), [16] for a total of CHSH=3. Again we emphasize that there are no hidden variables, so
Bell’s theorem [25] is not applicable.

It was unforeseen that quaternion spin would give an alternate interpretation contrary to
antimatter production. Although the existence of antimatter is not disputed, its manner of production
is. The experimental evidence for antimatter appears to be scant and equivocal. Although high
energy data interprets antimatter, there is perhaps another possibility. In the Standard Model, [14]
SU(3)SU(2)U(1) replace SU(2) by Q8. It is suggested that antimatter would not be needed to balance
some of the lepton equations because the quarks would have an addition property of chirality, a
conserved quantity, on decay.

Acknowledgments: The author is grateful to Hillary Sanctuary, PhD, EPFL Switzerland, for suggesting the name
hyper-helicity to distinguish it from the usual definition of helicity.
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