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Abstract

This article develops applications of the generalized method of lines to numerical solutions of
the time-independent, incompressible Navier-Stokes system in fluid mechanics. We recall that
for such a method, the domain of the partial differential equation in question is discretized in
lines (or more generally in curves), and the concerning solutions are written on these lines as
functions of the boundary conditions and the domain boundary shape.
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1 Introduction

In this article, we develop approximate solutions for the time independent incompressible
Navier-Stokes system, through the generalized method of lines. We recall again, for such a
method, the domain of the partial differential equation in question is discretized in lines and
the concerning solution is written on these lines as functions of the boundary conditions and
boundary shape. We emphasize these last main results are established through applications of
the Banach fixed point theorem.

Remark 1.1. We also highlight the first two paragraphs in this article ( a relatively small part)
overlaps with the Chapter 27, starting page 512, in the book F.S. Botelho, [2], published in 2020,
by CRC Taylor and Francis. However, we emphasize the present article includes substantial new
parts, including a concerning software not included in the previous version of 2020. Another
novelty in the present version is the establishment of appropriate boundary conditions for an
elliptic system equivalent to original Navier-Stokes one. Such new boundary conditions and
concerning results are indicated in section 2.

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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At this point we describe the system in question.

Consider 2 C R? an open, bounded and connected set, whose the regular (Lipschitzian)
internal boundary is denoted by I'g and the regular external one is denoted by I';. For a two-
dimensional motion of a fluid on 2, we denote by u : £ — R the velocity field in the direction
x of the Cartesian system (z,y), by v : © — R, the velocity field in the direction y and by
p: Q — R, the pressure one. We define P = p/p, where p is the constant fluid density. Finally,
v denotes the viscosity coefficient and g denotes the gravity field. Under such notation and
statements, the time-independent incompressible Navier-Stokes system of partial differential
equations stands for,

vV2u — udyu — vOyu — Oy P+ g, =0, in Q,

V20 — ufpv — v0yv — Oy P + g, =0, in Q, (1)
Oru + Oyv = 0, in Q,
u=v=0, on Iy,
(2)
U=1Us, V=0, P=Py, onl}y

At first we look for solutions (u, v, P) € W22(Q) x W22(Q) x Wh2(Q2). We emphasize details
about such Sobolev spaces may be found in [1]. Finally, standard results on finite differences
and existence theory and other results for similar systems may be found in [10, 6, 7, 9, 8] and
[11], respectively.

2  Details about an equivalence of a concerning el-
liptic system
Consider again the Navier-Stokes system

vV2u — udyu — vOyu — 0P+ g, =0, in (),

V20 — udpv — vdyv — 9y P+ g, =0, inQ, (3)
Ozu + Oyv = 0, in €,
u=uv=0, on Iy,
(4)
U= 1Us, V=0, P= Py, only

As previously mentioned, at first we look for solutions (u,v, P) € W?22(Q) x W22(Q) x
wWh2(Q
().
We are going to obtain an equivalent Elliptic system with appropriate boundary conditions.
Our main result is summarized by the following theorem.

Theorem 2.1. Let Q C R? be an open, bounded, connected set a regular (Lipschitzian) bound-
ary.
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Assume u,v, P € W*2(Q) are such that
VVQU—uux—vuy—Pm+gx:O, mn €,
vW2 —uvy —vvy — Py+g,=0, inQ, (5)

V2P +ul + v§ + 2uyv, — Vg =0, inQ,

u=ug, v =1g, on 0L,
{ Uy + vy = 0, on 0.
Suppose also the unique solution of equation in w
yvzw—uwx—va:(), in Q

with the boundary conditions
w =0 on 0N,

18
w =0, n Q.
Under such hypotheses, u,v, P solve the following Navier-Stokes system
VVZU—uuz—vuy—Px—Fg;c:O, in €,
VW2 —uv, —vvy— Py+g,=0, inQ, (7)

Uy + vy =0, in €,

u=ug, v="1vg, on I,
(8)

Uy + vy = 0, on 0.

Proof. In (5), taking the derivative in x of the first equation and adding with the derivative in
y of the second equation, we obtain

I/VQ(ux +vy) — u(ug + vy)a — v(ug + vy)y
~V?P —u2 — vs — 2uyv, + Vg =0, in Q 9)

Assume now u, v, P are such that
V2P + ui + UZ + 2uy vy — V2 =0, in Q,
From this and (9), we get
UV (ug + vy) — ulug +vy)s — v(ug +vy)y =0, in Q. (10)
Denoting w = u; + vy, from this last equation we obtain

V2w — uw, — vwy = 0, in €.

3
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From the hypothesis, the unique solution of this last equation with the boundary conditions
w =0, on Jf, is w = 0.
From this and (10) we have
Uy + vy =0,

in © with the boundary conditions
Uy + vy = 0, on ON.

The proof is complete. O

3 An approximate proximal approach

In this section we develop an approximate proximal numerical procedure for the model in
question.

Such results are extensions of previous ones published in F.S. Botelho, [3] now for the Navier-
Stokes system context.

More specifically, we solve the equation

vV2u — udpu — vOyu — 0, P = 0, in €,
V20 — udyv — vyv — Oy P = 0, in Q, (11)

V2P + (0;u)? + (9yv)? + 2(0yu)(0,v) =0, in Q,
We present a software similar to those presented in [3], with » = 0.0177, and with
Q=10,1] x [0,1]

with the boundary conditions

u=1wug=0.65y(1 —y), v=v9 =0, P=py=0.150n [0,y],Vy € [0, 1],
u=v=P, =0, on [z,0] and [z,1], Vz € [0, 1],

uy =0, =0, and P =py =0.12 on [1,y], Vy € [0,1].

The equation (11), in partial finite differences, stands for

U Upt1 — 2Up + Up—1 + a2un — (Un - Un—l) Oun
d? Oy?
Pn - Pnfl
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Pn+1 - 2Pn + Pn—l 82Pn (un - Un—l) 87}71 2
( 7z o2 )T (Un = un-1)—3 W

Ouy, ((Vp — Vp—1
2 = 0. 14
i ay< d ) ’ )

After linearizing such a system about Uy, V), Py and introducing the proximal formulation,
for an appropriate non-negative real constant K,we get

Upt1 — 2Up + Up—1 azun . (un — (Uo)nfl) B %
y (PRt y S - o, e = Gt g S
_(Po)n _d(PO)"—l — Kup + K(Ug)n = 0, (15)
Ung1 = 200 +vn1 | OP0n\ (vn = (Vo)n-1) vy
14 ( d2 + 8y2 ) (UO)n d (‘/O)n 8y
_B(PO)n o K'Un +K(V0)n — 07 (16)
dy
Pn+1 - 2Pn + Pnfl aQPn ((u)nJrl - (Uo)n> a(vb)n ?
< iz T o > * (s = (o)) d? oy
+28(g;)" (””“ ;(VO)”> ~ KP, + K(Py), = 0. (17)

At this point denoting v = ey, we define

- (UO)nfl)

(T1)n = ((Uo)n(“" y &2,

aUn (PO)n - (PO)n1> d72 + 8271%

~ (Vo)n oy d er  Oy?

_ (vn = (Vo)n-1) ov,,  O(Po)n\ & 9vy,
(TZ)n = <_(U0)nd — (‘/O)naiy — ay ) a + ayg d2,
and
2
(T = (s = O 0 2 0 o (200N )
+28(8Uy0)n <Un+1 _d(v())n> d2—|— 862yP2nd2. (18)

Therefore, we may write

2

d
Unp+1 — 2Uup + Up—1 + Kunzl + (Tl)n + (fl)n = 0,
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where

(fl)n = _K(UO)na7

Vne{l,---,N —1}.
In particular for n = 1, we obtain

ug — 2uy +uo + (T1)1 + (f1)1 =0,

so that
up = ajug + byug + c1(T1)1 + (h1)1 + (Er)1,

2N\ —1
a1:(2+Kd—> ,

where

€1
b = a1
€1 =a
(h1)1 = a1(fi)1,
(Er)1=0.

Similarly, for n = 2 we get
us —2ug +ui + (T1)2 + (f1)2 =0,

so that
ug = agus + baug + c2(11)2 + (h1)2 + (Er)2,

2 —1
a2:<2+Kd——a1) y

€1

where

by = ashy
ca =az(c1 +1)
(h1)2 = az((h1)1 + (f1)2),
(E1)2 = az(er((Ti)r — (T1)2))-
Reasoning inductively, having

Up—1 = Ap—1Up + bp—1u0 + cn—1(T1)n—1 + (h1)n—1 + (Er)n—1,

we obtain
Up = ApUpt1 + bnuo + Cn(Tl)n + (h1>n + (Er)n7 (19>

&2 -
an=<2+K__an—1) )
€1

b, = anbp—1

where

Cn = an(cn—l + 1)

6
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(h1)n = an((hl)n—l + (f1)n)s
(Er) - an((Er)n—l + Cn—l((Tl)n—l - (Tl)n))y
Vne{l,---,N—1}.
Observe now that n = N — 1 we have uy_1 = uy, so that
un—1 ~ any—1un—1+bn_1uo +en—1(T1)N—1 + (h1)N—1

aN—1uN—1 + by_1ug
82uN_1

+cN-1 Ty2d2
rews (~o)a 2= Godomt) _ (g, Bt _ (o= (Pt )
+(h1)n-1 20)

This last equation is a second order ODE in uy_1 which must be solved with the boundary
conditions

UN_l(O) = UN_l(l) =0.

Summarizing we have obtained uy_1.

Similarly, we may obtain vy_1 and Pn_1.

Having ux_1 we may obtain uy_o with n = N — 2 in equation (19) (neglecting (E,)n—2.)

Similarly, we may obtain vy_o and Pn_s.

Having uxn_92 we may obtain uy_3 with n = N — 3 in equation (19) (neglecting (E,)n—3.)

Similarly, we may obtain vx_3 and Py_s.

And so on up to obtaining u,v; and P;.

The next step is to replace {(Uo)n, (Vo)n, (Po)n} by {tn, vn, Py} and repeat the process until
an appropriate convergence criterion is satisfied.

Here we present a concerning software in MATLAB based in this last algorithm (with small
changes and differences where we have set K = 0)

Kk sk sk >k sk sk sk ok ok skosk sk sk sk ok sk sk ok kokoskoskok kokoskoskkokok

1. clear all

mg = 3000;
d=1/m8;
mg = 120;
dy = 1/my;
e; = 0.1;
K =0.0;

mg = zeros(m9 — 1, m9 — 1);
2. fori=2:mg—2

m2(i,i) = —2.0;

ma(i, i+ 1) = 1.0;

ma(iyi—1) = 1.0;
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end;
ma(1,1) = —1.0;
ma(1,2) = 1.0;

ma(m9 —1,m9 —1) = —1.0;

m2(m9 —1,m9 — 2) = 1.0;

mag = zeros(mg — 1,mg — 1);
3. fori=2:mg—2

mao(i,i) = —2.0;

maa(i,i + 1) = 1.0;

man(iyi — 1) = 1.0;

end,

mas(1,1) = —2.0;

mas(1,2) = 1.0;

maa(mg — 1,mg — 1) = —2.0;

maa(mg — 1, mg — 2) = 1.0;

mla = zeros(mg — 1,mg — 1);

mlb = zeros(mg — 1,mg — 1);
4. fori=1:mg—2

mla(i,i) = —1.0;

mla(i,i+ 1) = 1.0;

end,;

mla(mg — 1,mg — 1) = —1.0;
5. fori=2:mg—1

mlb(i, i) = 1.0;
mlb(i,i — 1) = —1.0;
end,

mlb(1,1) = 1.0;

ml = (mla+ mlb)/2;
Id = eye(m9 — 1);

a(l) =1/(2+ K *d?/el);
b(1) =1/(2+ K x d*/el);
c(1) =1/(2+ K xd?*/el);

6. fori=2:m8—1
a(i)=1/(2—a(i — 1)+ K xd?/el);
b(i) = a(i) x b(i — 1);

c(i) = (c(i — 1)+ 1) xa(i);
end,;
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7. fori=1:mg—1
ub(i,1) = 0.65 % i x dl x (1 — i * dl);

end;
Pf =0.12*ones(mg — 1,1);
U0 = ud;

vo = zeros(mg — 1, 1);
po = 0.15 x ones(mg — 1,1);
Uo = 0.25 % ones(mg — 1,1);
Vo =0.05 % ones(mg — 1,1);

Po =0.05 % ones(mg — 1,1)
8. fori=1:m8—-1

Ul(:,i) =Uo;

V1(:,i) = Vo

P1(:,i) = Po;

end;
9. fork7=1:28

el = el x.94;

bl4 = 1.0;

k1l =1;

klmax = 500;

while (b14 > 107%) and (k1 < 1000)

k1= k14 1;

b12 = 1.0;

kmazx = 100;

k=1;i=1;

while (b12 > 107%) and (k < kmax)

k=Fk+1;

M50 = (Id — a(m8 — 1) * Id — ¢(m8 — 1) x m22/d1? x d?)

M50 = M50 4 c(m8 — 1) * diag(Vo) * m1/dl x d?/el;

21 =b(m8 — 1) xuo+ K« UL(:;m8 — 1) * d? * ¢(m8 — i) /el;

M60 = (Id — a(m8 — 1) * Id — ¢(m8 — 1) x m22/d1?% x d?)

M60 = M60 + c(m8 — 1) * diag(Vo) * m1/dl x d?/el;

22 =b(m8 — 1) xvo+ K x V1(:;m8 — 1) * d? x ¢(m8 — i)/el;

M70 = (Id — c(m8 — 1) * m2/d1? x d?);

23 =a(m8 — 1) x Pf +b(m8 — 1) * po + ¢(m8 — 1) * ((m1/d1 * Vo). * (m1/d1 * Vo) * d?)

23 =23+ K * P1(:;m8 — 1) * d* x ¢(m8 — i) Jel;

U(:,m8 — 1) = inv(M50) * 21,

V(:;,m8 — 1) = inv(M60) * 22;

P(:;m8 — 1) = inv(M70) * 23;

I
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b12 = max(abs(U(:,m8 — 1) — Uo));
Uo=U(:,m8 —1);
Vo=V(;,m8 —1);
Po=P(:,m8 —1);

end,;
10. fori=2:m8—1
b12 = 1.0

kmax2 =100k = 1;

while (b12 > 107%) and (k < kmax2)
k=k+1;

M50 = (Id — c(m8 — i) * m22/d1? * d?)

do0i:10.20944/preprints202302.0422.v1

M50 = M50 + c(m8 — i) * (—diag(Uo) * d + diag(V o) x m1/d1 * d*)/el;

21 =b(m8 —i)*xuo+a(m8—14)«U(:;m8 —i+1)

zl=21+¢(m8 —i)* (—Uo.*xU(:,;m8 —i+1)xd+ (P(:,m8 —i+ 1) — Po) xd)/el,;

21 =21+ K*U1(:,m8 — i) * d* x c(m8 — i) /el;
M60 = (Id — c(m8 — i) * m22/d1? * d?)

M60 = M60 + c(m8 — i) * (—diag(Uo) * d + diag(V o) x m1/d1 * d*)/el;

22=b(m8 —i)*xvo+a(m8—1i)*xV(;,;m8 —i+1)

22 =22+ c(m8 —i)* (—Uo.* V(:,m8 —i + 1) d +ml x Po/dl  d?)/el;

22=22+ K *V1(:;m8 — i) * d* x c(m8 — i) /el;
M70 = (Id — c(m8 — i) * m2/d1% x d?);
23 =b(m8 — i) * po+ a(m8 — i) x P(:;m8 —i+ 1)

23=234+c¢(m8—1)* ((U(t,m8—i+1)—Uo).x(U(:;m8 —i+1) —

23 = 23+ (m1/d1 % Vo). * (m1/dl * Vo) * d?);

23=23+4+2%(ml/dlxUo).x (V(:,m8—i+1)—Vo)x*d

23 =23+ K * P1(:,m8 — i) x d* x ¢c(m8 — i) /el;
U(:,m8 — 1) = inv(M50) x z1;

V(:;,m8 — 1) = inv(MG60) * 22;

P(:,m8 — i) = inv(M70) x 23;

b12 = max(abs(U(:,m8 — i) — Uo));

Uo=1UC(:, m8—i)'

Vo=V(;m8—i);

Po = P(:,m8 —1i);

end; end,;

b14 = max(max(abs(U — U1)));
Ul =U,

Vi=V;

Pl =P;

k1

10

Uo)
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Figure 1: solution U(x,y) for the case v = 0.0177.

U(m9/2,10)
end,

k7

end,

fori=1:mg—1

y(i) =1 xdl;

end,;
fori=1:m8—-1
xz(i) =1 xd;

end,
mesh(x,y,U)

>k sk sk ok >kok sk sk ok skok sk ok ok skosk sk sk sk okosk skok kokosk sk ok kokoskosk >k

For the field of velocities U, V' and the pressure field P, please see figures 1, 2 and 3, respectively.

4 The generalized method of lines for the Navier-
Stokes system

In this section we develop the solution for the Navier-Stokes system through the generalized
method of lines, which was originally introduced in [4], with further developments in [5].

11
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0.04

Figure 2: solution V(x,y) for the case v = 0.0177.

0.15 |

Figure 3: solution P(z,y) for the case v = 0.0177.
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We present a software in MATHEMATICA for N = 10 lines for the case in which

vV2u — udpu — vOyu — 0, P = 0, in Q,
V20 — udyv — viyv — Oy P = 0, in Q, (21)

V2P + (0,u)? + (9yv)? + 2(0yu)(0,v) =0, in Q,

Such a software refers to the algorithm presented in Chapter 27, in [2], in polar coordinates,
with v = 1.0, and with

Q={(r0)cR*: 1<r<2 0<60<2n},

o0 ={(1,0) e R?* : 0<0<2r},

and
00 = {(2,0) e R?* : 0 <6 <27}

The boundary conditions are
u=v=0, P=0.15 on 084,

u = —1.0sin(f), v =1.0cos(f), P = 0.10 on 9.

We remark some changes have been made, concerning the original conception, in order to
make it suitable through the software MATHEMATICA for such a Navier-Stokes system.

We highlight the nature of this approximation is qualitative.
SRk ok R KR KRR KRR KR K SRR R R KR KK R R KR K

1. mg = 10;
2. Clear|z1, 22, 23, u1, u2, P, b1, ba, b3, a1, as, asl;
3. Clear[Py,t,a11, a12,a13, b11, b1z, b3, t3];
4. d =1.0/m8;
5. e; = 1.0;
6. a; = 0.0;
7. a3 = 0.0;
8. a3z = 0.15;
9. For[i=1,i <m8,i+ +,
Printl[i];
Clearlby, by, b3, u1, ug, Pl;
bilz—] = wifi + 1][z];
boz_] = ugli + 1][z];
bs[z_] = P[i +1][z];
ti] =1+ix*d,

dulx = Cos[z] * (by[x] — a1)/d * t3 — 1/t[i] * Sin[z] * D[b1[z], z] * t3;
duly = Sin[z] % (b1[z] — a1)/d * t3 + 1/t[i] * Cos[x] * D[bi[x], x| * t3;

13
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10.

11. z1

du2x = Cos[z] * (ba[x] — a2)/d * t3 — 1/t[i] * Sin[z] * D[ba[z], x| * t3;

du2y = Sin[x] x (be[x] — az)/d * t3 + 1/t[i] x Cos|x| * D]be[x], 2] * t3;

dPzx = Cos[z] * (bs[x] — ag)/d = t3 — 1/t[i] * Sin[x] * D[bs[x], x| * t3;

dPy = Sin[x] x (bs[x] — a3)/d * t3 + 1/t[i] x Cos[z] x D[bs[z], x] * t3;

Forlk = 1,k < 6,k + +, (in this example, we have fixed a relatively small number of
iterations )

Print[k];

21 = (ur[i + 1][x] + by[z] + ay + 1/t[i] * (b1[x] — a1) * d + 1/t[i]? x D[by[x], x, 2] * d?
—(b1[x] * dulz + bo[z] * duly) * d?/el — dPx * d?/e;)/3.0;

22 = (wali + 1][&] + bala] + 02 + 1/2[i] % (bale] — az) # d + 1/t[i2 # Dbala], 2,2] x &
—(by[z] * du2x + bo[x] * duy) * d?/el — dPy x d*/e1)/3.0;

z3 = (Pli + 1[x] + ba[x] + a3 + 1/t[i] * (bs[z] — a3) * d + 1/t[i]* * D[bs[x], z, 2] * d*
+(dulz * dulz + du2y * duy + 2.0 x duly * duz) * d*)/3.0;

= Series[z1, {u1[t + 1][z], 0,2}, {u1[i + 1)'[z], 0,1}, {ws[i + 1]"[2],0, 1},
{wrfi +1]"[x], 0,0}, {ua[i + 1"[x], 0,0}, {ua[i + 1][x], 0,1},

{UQ[i + 1]/[37]7 0, 0}7 {u2[2 + 1]1/[33]7 0, 0}’ {uQ[Z + l]lll[x]a 0, 0}7

{usgli +1]""[x],0,0},{P[i + 1][z],0,1},{P[i + 1]'[x], 0,0},
{Pli+1]"[x],0,0}, {P[i +1]"[x], 0,0}, { P[i + 1]"[x], 0,0},
{Sin[z],0,1},{Cos[z],0,1}];

z1 = Normal[z1];

= Exzpand|z];
Print[z];
12. z9 = Series|zo, {u1[i + 1][z],0,1}, {ui[i + 1) [z],0, 1}, {u1[i + 1]"[z], 0,1},
{ua[i +1]"[2], 0,0}, {ua[i +1]""[2], 0,0}, {uzli + 1][], 0, 2},

13. zZ3 =

[
{uali +1]'2], 0,0}, {uali +1]"[2], 0,0}, {uzli + 1"[x], 0,0},
{ugli + 1)"[x],0,0}, {P[i + 1][z], 0,1}, { P[i + 1]'[z], 0,0},
{Pli +1]"[2],0,0}, {Pfi + 1"[a], 0,0}, {Pfi + 11""[x], 0,0},
{Sin[z],0,1},{Cos[z],0,1}];

= Normal[z);
z9 = Expand|zs);
Print[z];
Series|zs, {ui[i + 1][z], 0,2}, {ui[i + 1) [x], 0,1}, {u1[i + 1]"[z],0,1},
{ui[i +1)"[x],0,0}, {u1 i + 1]"[z], 0,0}, {ua[i + 1][x], 0,2},
{uali +1)'[2], 0,1}, {usg[i + 1)"[z], 0,0}, {uali + 1]"[2], 0,0},
{uali +1]""[x],0,0}, {P[i + 1][x], 0,1}, {P[i + 1]'[z], 0,1},
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{P[i +1]"[z], 0,0}, {P[i + 1]"'[z], 0,0}, {P[i + 1]"[x], 0, 0},
{Sin[z],0,1},{Cos|z],0,1}];

z3 = Normal[zs);
zg3 = Expand|zs);
Print|zs];

14. b x) = 21;

15. all[i = 011;

Pli + 1][z) = b]a];
ay = Series[bi1, {ts,0,1}; {b1[x], 0,1}, {bo[z],0, 1}, {b3[z],0, 1},
{84121, 0,0}, {8 z], 0,0}, {85 z], 0,0}, {b{[z], 0,0}, {64l 0,0}, {¥[],0, 0} ;
a1 = Normalla1];
a1 = Expand|a;];
ay = Series[bia, {t3,0,1}; {b1[z],0,1}, {b2]x], 0,1}, {b3[x],0, 1},
{b1[z],0,0%, {b5[z], 0,0}, {b3[], 0,0}, {b7[], 0, 0}, {b5[x], 0,0}, {b5[x], 0, 0}];
az = Normallas];
ay = Fxpand|as];
as = Series|bis, {t3,0,1}; {b1[z],0,1}, {b2]x], 0,1}, {b3[],0, 1},
{b1[],0,0%, {b5[], 0,0}, {b3[], 0,0}, {b7[], 0, 0}, {b5[x], 0,0}, {b5[x], 0, O}];
a3 = Normallas];
a3 = Fxpand[as];
16. b1[r) = —1.0 * Sin[z];
ba[r) = 1.0 * Coslx];
bs[x) = 0.10;
17. Forli=1,i < m8,i+ +,
A1 = an[m8 —ij;
Ay = Series[A11,{Sin[z],0,2}, {Cos[z], 0, 2}];
A1 = Normal[Aq];
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A1 = Expand[Ai1];
Az = aia[ms — if;
A9 = Series[Ay2, {Sin[x], 0,2}, {Cos[z], 0, 2}];
A1 = Normal[A2];
A9 = Expand[Ai2);
A1z = ai3[mg —i;
A3 = Series[Ai13,{Sin[z],0,2}, {Cos[z], 0, 2}];
A13 = Normal[Alg];
A13 = Expand[Alg];
18. u1[m8 —i|[x_] = Ai1;
ug[m8 — i][x_] = Aio;
P[m8 —i|[z_] = Expand[A13];
19. t3 = 1.0;
20. Print["ui[",ms —1i,”]| =7, Anl;
Clear|ts];
bilr) = Au;
bolr) = A1z;
blz) = Az ];
21. t3 = 1.0;
22. Forli=1,i <mg,i+ +,
Print["ui[”,1,”] =7, uq[i][x]]]
Sk kKRR kR R KKK ARk kKR KKK o

Here the line expressions for the field of velocity u = {ui[n|(x)}, where gain we emphasize

N = 10 lines:
1.
ui[1](z) = 0.0044548Cos[x] — 0.174091Sin[z] + 0.00041254C0s[z]* Sin|[x]
40.0260471C0s[z]Sin[z]* — 0.000188598Cos|x]* Sin[z]? (22)
2.
ui[2)(z) = 0.00680614Cos[z] — 0.331937Sin[z] 4+ 0.000676383C 0s[x])*Sin|z]
40.0501544C 0sz] Sin[z]? — 0.000176433Cos|x])* Sin[z]? (23)
3.
ui[3](z) = 0.00775103C0s[z] — 0.470361Sin[z] + 0.000863068C0s[z]>Sin|x]
40.0682792C 05[] Sin[z]* — 0.000121656Cos|x]* Sin[z]? (24)
4.

ui[4](z) = 0.00771379C0s[z] — 0.589227Sin[z] + 0.000994973Cos[x]* Sin|z]
+0.0781784C 0s[x]|Sin[z]* — 0.00006958Cos[z]*Sin[z]> (25)
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5.
u1[5)(x)

6.
u1[6](x)

7.
uy [7)(x)

8.
uy[8](x)

9.
u1[9](z)

0.00701567Cos[z] — 0.690152Sin[z] + 0.00106158C os[z]*Sin|x]
40.0796091Cos|x] Sin[z]* — 0.0000330485C0s[z] Sin|x]? (26)

0.00589597C os[z] — 0.775316Sin[z] + 0.00104499C 0s[z]* Sin|z]
+0.0734277C 0sx] Sin[z]* — 0.0000121648C0s[z]*Sin|x]? (27)

0.00452865C 0s[z] — 0.846947Sin[z] + 0.000931782C0s[x]* Sin[x]
40.0609739C 0s[z]Sin[z]* — 2.74137 % 10~ °Cos[z]*Sin[z]? (28)

0.00303746Cos[z] — 0.907103Sin[z] + 0.000716865C 0s[2]*Sin|x]
40.0437018C 0s[x) Sin|x)? (29)

0.00150848C0s[z] — 0.957599Sin[z] + 0.000403216Cos[x]*Sin[x]
40.0229802C 05[] Sin[z]? (30)

5 Conclusion

In this article, we develop solutions for two-dimensional examples also for the time-independent
incompressible Navier-Stokes system, through the generalized method of lines. We also obtain
the appropriate boundary conditions for a equivalent elliptic system. Finally, the extension of
such results to R3, compressible and time dependent cases is planned for a future work.
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