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Abstract: We approximate the trigonometric function sine and cosine on the interval [O, g] This analysis
provides two formulas to approximate sine and cosine. At first, we try to derive the formula which involves a
square root, and then we derive another formula that does not require any use of a square root. Nevertheless,
after deriving the procedure which requires no square root, we further try to increase its accuracy and then
derive another formula that approximates trigonometric functions more accurately on the interval [0, %] So,
this analysis provides mainly two types of procedures. One uses square roots, whereas the other does not. We
also focus on ensuring the accuracy of these trigonometric functions in the interval [0, g] This accuracy analysis
is portrayed using the graph. This graph shows the difference between the values generated by the functions
defined here and the actual value of these functions. So, these graphs also indicate the error of these functions
on the interval [0, %] Finally, we compare our approximation with the approximation formula of the 7th-

century Indian Mathematician Bhaskara I.

Keywords: sine; cosine; Bhaskara I's formula

1. Introduction

Trigonometry is a branch of mathematics that works on the relationship between the side lengths
and angles of triangles. It is quite helpful in various contexts, including surveying, navigation, etc.
There are six fundamental functions in trigonometry. These functions mainly relate an angle of a
right-angled triangle to ratios of two side lengths. The most widely used of these functions are sine,
cosine, and tangent. The cosecant, secant, and cotangent are their reciprocals, respectively. This article
mainly discusses sine and cosine functions. The sine function means the ratio of the length of the
opposite side to that of the hypotenuse in a right-angled triangle. The cosine function means the ratio
between the leg adjacent to the angle of the hypotenuse, and the tangent function means the ratio of
sine and cosine. As the length of the hypotenuse is always greater than any other side in any right-
angled triangle, the value of both sine and cosine is always a real number between 0 and 1, but the
value of the tangent function can be any positive or negative real number. Moreover, sine, cosine,
and tan are periodic functions. The period of both sine and cosine functions is 2rt. Whether the value
would be positive or negative depends on the quadrant. If we can calculate the values in one quadrant
successfully, then we can quickly get the values in any quadrant. So, this paper shows a different

approach to approximate sine and cosine on the interval [0, g] Throughout the history of the

development of trigonometry, many ways have been developed to calculate these functions
accurately. In computers, the Taylor series is used to calculate sine [1].

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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2. Derivation and Accuracy
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Figure 1(a): Graphical presentation of sin(x).
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Figure 2. Geometrical structure and isosceles triangle.
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Figure 1(b): Graphical presentation of cos(x).

Here, ABC is an isosceles triangle; AQBGH is a circle, and AC and BC are its radii. Let AC=BC=a
and AD is perpendicular to BC which means AD is the height of this triangle. Let <ACB=x radian, the
chord AB=k, the arc AQB=s, and AD=h. So, the length of the arc AQB= ax [2]. Now, s= ax.

If we apply the cosine law [3], AB:\/AC2 + BC? — 2(AC)(BC)cos x

Let 2
k

N

=fok=2ak

o

= AB=\/a? + a? — 2(a)(a) cos x

= AB=a./2(1 — cos x).

. Here, PC is perpendicular to AB, and as it is an isosceles, AP=BP

and applying the Pythagorean theorem [4], BP=VB(? — CP? = BP=Va? — CP2.
Now, AB=AP+ BP = AB=BP+ BP => AB=2BP =>2BP=AB
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=22vVa? — CP2=AB =4(a? — CP?)=AB?
24q? — 4CP? = k? [as chord AB=k]

s CpLi
ax 4a2—a2x2
2_p2 2_12 f?
Area of the isosceles ABC== AB.CP = lk\/m K2 _ kf4e?k? [as k = |
2 2 2 4 4f f
(BC)(AD) ah

Also, the area of isosceles ABC is —, or — [5].

ax 4-:12—azxZ x 4a2—a2x2
2 ah r? h x\/4a2f2-a2x2 h ax+/4f2-x2 h 2x\/4f2—x2
So, —— = = =- ! = 7 = s =—- s =

h
af 2 4f T2 4f2 4f2 2 4f2 a
/ 22
XX iy [according to Figure 2,E =22 —in x]
2f2 a AcC
Thus, sinx = x—‘”zz_xz
2f
s _ ax _ x
Now, as f—; E:>f_a\/ﬁ E>f_\/ﬁ' ........................................................ (1)
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Figure 3(a): Graphical presentation of f= Joticos)

In Figure 3(a), the part of the graph where x is between 0 and g radian can be considered as a
part of a parabola [6]. The equation of that parabola would be like: (x — 0)? = m(y — 1) =x? =my —
x2+m
-2

. . . s .
Where, m is a constant. Now, it can assume that when x is between 0 and 3 radian, f =

m':t>y

T e
x%4+m

because

this parabola approximates the function of f on the interval [0, g]. Hence,

2

2
X 4-(x +m) —x2
m

sinx ~ — ... (3)
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Figure 3(b): Modular difference between exact sinx and Equation (3) for different
values of m.

For m=23, it can be noted from Figure 3(b) that Equation (3) provides a relatively good estimate
when the angle is between 0 and % radian.
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Figure 3(c): Comparison of f = \/ﬁ andy = ad 2223 on the interval [0, %]
) x 4("22+323)2_xz
From Figure 3(c), f~ = 2+323. Let q(x) = W Replacing x with (g - x),
2 X 232

¢ (E B x) ~ 23(§—x)\/4((§—x) +23)2-529(3-x) |

E—x)2+23)2

2((

N
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Figure 4(a): The absolute difference
between q(x) and sinx.

Figure 4(b): An evaluation of
q(x) and sinx.
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Figure 4(c): The absolute difference Figure 4(d): An evaluation of

between q (g — x) and cos x. q (g — x) and cos x.

From Figures 4(a), 4(b), 4(c), and 4(d), it is examined that the error is very negligible on the
interval [0, g].

So, q(x) = sinx, and q (g - x) =~ cosx . Hence,

23x/4(x2+23)2-529x2

sinx = 2G2123) ceivieennn(4) cOSX
23(71' b1 2 2 T 2
N 2-x)J4(3-x) +23)2-529(3x) )
~ 2 2 eee e06 00 see s0s 00 s0s s00s see s0e s0s see see seeceee
2((§—x) +23)
x2+23 x . x
NOW,fN 23 =~ \/m [Slncef—\/ﬁ]
x%+23 x x?%+23)? x? 529x2
= =~ ( Y & 2 1l—-cosx ~ ——cosx=1-
23 J2(1-cosx) 529 2(1-cos x) 2(x2+23)2
529x2
2(x2+23)%

529x2
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Replacing x with (g - x) gives, sinx
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Figure 5(a): The absolute difference Figure 5(b): The absolute difference
between cos x and Equation (6). between sin x and Equation (7).

In Figure 5(a), when x is between 0 and = radian, Equation (6) provides better approximation
g 2 q p pp

value. So, in order to approximate sine and cosine more accurately, we can use this formula:

cosx = 2 (cos %)2 — 1 [7]. This formula is helpful because % = % . % So, replacing x with g, cosg ~
529(’—2‘)2 ) x.2 . .
- ——¥—. Since cosx = 2(cos3) — 1, we get the following expression
2((5) +23)
coOsx = 2(1—M)2 -1 =nk) (8)
~ (x2+92)2 ®9% S0 S0e e SEE L TEE SEL TEEL SEL S S GG e S S
le-3
1.0
1.4
—— Error
et | 0.8/
1.0
G 0.8 %8
s >
W 0.6 0.4
0.4
0.2
0.2
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Figure 6(a): The absolute difference Figure 6(b): An evaluation of
between cosx and n(x). cosx and n(x).

2
T 2
1058(2~
Replacing x with (g - x),sinx =2|1- (—ZX)Z =1 = W) o (9)

((g—x)zwz)
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Figure 6(c): The absolute difference Figure 6(d): An evaluation of
between sinx and w(x). sinx and w(x).

All these formulas approximate well when x is between 0 and gradian.

3. Comparing with Bhaskara I's formula to approximate Sine

There is a formula of 7th century Indian Mathematician Bhaskara (c.600 — ¢.680) to approximate

16x(m—x) __ 23x/4(x2+23)2-529x2

sine [8]. That formula is sinx ~ ErCRs——" and Equation (4) is sinx = 2 i3 . Let v(x) =
16x(m—x)
5m2—4x(m—x)"
le-3
1.6 / 1.0 -
1 \\ = Enew (X) ,”
1.4 q s
I 7~y == Eou 0.8 /
121 |\ / \ —-—= Vv(xX)
_1o | \ / \ 0.6 d
] I \ / \ ' /
=081 | \ I/ \ > /
Woel I v ! \ 0.4/ P
I
I \ \ /
0.4 I
! \ 0.2 /
0.2 | \ /
Vv \ /
0.0 ~b 0.0 /
0.0 0.2 04 0.6 0.8 10 12 14 16 0.0 0.2 0.4 0.6 0.8 1.0 1.2 14 16
x X
Figure 7(a): Visual representation of Enew Figure 7(b): An evaluation of
_ q(x) and v(x).
= |q(x) —sinx | and Eoid =| v(x) —
sin x |

Figures 7(a) and 7(c) show that Equations (4) and (9) approximate Sine better than Bhaskara I's
formula in many points, respectively.
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Figure 7(c): Visual representation of Enew Figure 7(d): An evaluation of

- |W(X) —sinx | and Eold :| v(x) — w(x) and v(x).

sinx |

4. Comparing with Bhaskara I's formula to approximate Cosine

2_ 2
The cosine approximation of Mathematician Bhaskara I [8] is cosx = ’;i

N 23(§—x)\/4((§—x)2+23)2—529(§—x)2

2452

2_ 2
2 . Lete(x) = 7;2:;.
z((g—x) +23)
le-3
1.6 1 N 1.0 =
1.4 Enew Il \ \\\\
’ == Foid N /| \ 0.8 \\
1.2 // \ ;) .
L 1.0 / \\ I ! 0.6 \\
) / I 1 N\,
= 0.8 / \ [} 1 > \
w | 1 0.4 \
0.6+ / v ! T o \
/ = — \
4 y, ‘\ ,’ 1 0.2 qG =X %%
.21 u
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Figure 8(a): Visual representation of Enew

=|q(§—x)—cosx |andE01d =|c(x) — cosx |

Figure 8(b): An evaluation of q (g - x) and
c(x).

According to Figures 8(a) and 8(c), the cosine is more closely approximated by Equations (5) and
(8) than by Bhaskara I's formula in many instances.

and Equation (5) is cosx
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Figure 8(c): Visual representation of Enew=|n(x) — Figure 8(d): An evaluation of n(x) and
cosx | and Eoia =|c(x) — cosx |. c(x).

5. Conclusion

In this paper, we have derived two types of formula to approximate sine and cosine. One type
involves square root and another type does not require any use of square root. The formulas are

23x,/4(x2+23)2-529x2

1. sinx =
2(x2+23)2

23(g—x)J4((§—x)2+23)2—529(§—x)2

2((§—x)2+23)2

u

2. cosx

- 529x2
3. cosx =] — 2(XZT3)Z
2
529(Z-x
4. sinx =1- (22 ) 5
2((g—x) +23)
1058x2 \?
5. cosx =2 (1 - (X2+92)2) -

2
T 2
sinx =2 1—M -1

((g—x)zwz)z
All of these formulas approximate well when x is between 0 and g radian. As sine and cosine

are periodic functions, their value keeps getting the same after a certain angle, which is 2 © radian.
The value of both sine and cosine is positive when x is between 0 and g radian, which means the

first quadrant. Moreover, the value of sine and cosine is also positive when x is in the second and
fourth quadrants, respectively. So, the value of sine is negative when x is in the third or fourth
quadrant. On the other hand, the value of cosine is negative when x is in the second or third quadrant.
But as both are positive in the first quadrant, these approximations achieved in this paper can be
considered as the approximation of their absolute value. So, if we use these formulas to approximate
their absolute value and then consider the quadrant, we can get a proper approximation for any value
of x by deciding whether it is negative or positive. Thus, we can use these formulas to approximate
sine and cosine in any quadrant. Moreover, these formulas provide a more accurate value than
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Bhaskara I's formula in most of the cases on the interval [0, g] Thus, these formulas can be used as a

better substitution for the Mathematician Bhaskara I's formula.
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