Pre prints.org

Article Not peer-reviewed version

A Common Approach to Three Open
Problems in Number Theory

Apoloniusz Tyszka -

Posted Date: 17 April 2023
doi: 10.20944/preprints202303.0420v3

Keywords: Brocard's problem; Brocard-Ramanujan equation x!+1=y*2; composite Fermat numbers;
composite numbers of the form 24(2”n)+1; Erd\"os' equation x(x+1)=y!

Preprints.org is a free multidiscipline platform providing preprint service that
is dedicated to making early versions of research outputs permanently
available and citable. Preprints posted at Preprints.org appear in Web of
Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This is an open access article distributed under the Creative Commons
Attribution License which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.



https://sciprofiles.com/profile/320143

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 17 April 2023 doi:10.20944/preprints202303.0420.v3

Disclaimer/Publisher’'s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and

contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting
from any ideas, methods, instructions, or products referred to in the content.

Article
A Common Approach to Three Open Problems in
Number Theory

Apoloniusz Tyszka

University of Agriculture, Faculty of Production and Power Engineering, Balicka 116B, 30-149 Krakéw, Poland;
E-mail address: rttyszka@cyf-kr.edu.pl

Abstract: The following system of equations {xj-x] = xp, X3 - X3 = X3, 22x1 = X3, X4 X5 = X,
Xe - X7 = X, } has exactly one solution in (N \ {0,1})7, namely (2,4, 16,2,2,2,2). Hypothesis 1 states
that if a system of equations & C {x;-x; = xx :i,j,k € {1,...,7} }U {22x] =xc:jked{l,...,7}}
has at most five equations and at most finitely many solutions in (N'\ {0,1})’, then each such
solution (x1,...,xy) satisfies x1,...,x7 < 16. Hypothesis 1 implies that there are infinitely many
composite numbers of the form 22" + 1. Hypotheses 2 and 3 are of similar kind. Hypothesis 2 implies
that if the equation x! 4+ 1 = y? has at most finitely many solutions in positive integers x and v, then
each such solution (x,y) belongs to the set {(4,5), (5,11), (7,71) }. Hypothesis 4 implies that if the
equation x(x 4+ 1) = y! has at most finitely many solutions in positive integers x and y, then each
such solution (x, y) belongs to the set {(1,2),(2,3)}.
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n
1. Composite numbers of the form 22" 11

Let A denote the following system of equations:

{xi-x]-:xk: ijke {1,...,7}}u{22xj = X j,ke{l,...,7}}

The following subsystem of A

XI'XIZXZ
Xy Xy = X3
X
271
2 —X3
X4'X5—X2
X6 X7 = X2 X4 X5 =X = X6 X7

has exactly one solution in (N'\ {0,1})7, namely (2,4, 16,2,2,2,2).

Hypothesis 1. If a system of equations S C A has at most five equations and at most finitely many solutions
in (N\ {0,1})7, then each such solution (x1,...,x7) satisfies x1, ..., x7 < 16.

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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Lemma 1. ([7, p. 109]). For every non-negative integers x and y, x + 1 = y if and only if 22% 2% _p2Y

Theorem 1. Hypothesis 1 implies that 221 + 1 is composite for infinitely many integers x1 greater than 1.

x
Proof. Assume, on the contrary, that Hypothesis 1 holds and 22" 4 1is composite for at most finitely
many integers x; greater than 1. Then, the equation

X
XQ~X3=22 1+1

has at most finitely many solutions in (N '\ {0,1})3. By Lemma 1, in positive integers greater than 1,
the following subsystem of A

221 _ 2" +1
XS X X5 = = = = = PXTX K3
22x5 =X
%6
22 =x 52 220
X6 * X6 ~ X7
squaring

X2 X3 = X4 X( e X7

has at most finitely many solutions in (N \ {0,1})” and expresses that

X
Xp X3 = 221+1
X
xy = 22141
X
X5 = 221
2X1
2
X = 22
X1
2271 41
X7 = 22 +

5
Since 641 - 6700417 = 22° +1 > 16, we get a contradiction. [

Most mathematicians believe that 22n + 1is composite for every integer n > 5, see [2, p. 23].
n
Open Problem 1. ([3, p. 159]). Are there infinitely many composite numbers of the form 227 417

n
Primes of the form 22" + 1 are called Fermat primes, as Fermat conjectured that every integer of
n 0 1 2
the form 22 + 1is prime, see [3, p. 1]. Fermat remarked that 22 +1=3, 22 +1=25, 22 +1=17,
3 4
22° +1=257,and 22" + 1 = 65537 are all prime, see [3, p. 1].

Open Problem 2. ([3, p. 158]). Are there infinitely many prime numbers of the form 22" +17

2. An equivalent form of Hypothesis 1

If ke[10%,102° —1]NN, then there are uniquely determined non-negative integers
a(0),...,a(19) € {0,...,9} such that
(a(19) = 1) A (k= a(19) - 10" +a(18) - 108 + ... +a(1) - 10! +4(0) - 10°)

doi:10.20944/preprints202303.0420.v3
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For every ke [10%,102° —1]NN, we define a system of equations S C A. If
{a(0),...,a(19)} N {0,8,9} # @, then S =0. If {a(0),...,4(19)}N{0,8,9} =@, then & is
the smallest system of equations S C A satisfying the following conditions (1a)-(5b).

X
(1a) If a(3) € {1,2,3,4}, then the equation 22740 _ X,(1) belongs to S.
(1b) If a(3) € {5,6,7}, then the equation x,(g) - X,(1) = X,(2) belongs to S.

X
(2a) If a(7) € {1,2,3,4}, then the equation 22 _ X,(5) belongs to S.
(2b) If a(7) € {5,6,7}, then the equation x,4) - X,(5) = X,(s) belongs to S.

X
(3a) Ifa(11) € {1,2,3,4}, then the equation 227®) _ X,(9) belongs to S.

(
(
(
(
(3b) If a(11) € {5,6,7}, then the equation x,g) - X,(9) = X4(10) belongs to S.
(
(
(
(

)

)
. qu(lz) .
(4a) If a(15) € {1,2,3,4}, then the equation 2 = X,(13) belongs to S.
)
)
)

(4b) If a(15) € {5,6,7}, then the equation x,(15) - X,(13) = X,(14) belongs to S.

X
(5a) If a(19) € {1,2,3,4}, then the equation 02 e16) _ X4(17) belongs to S.

(6b) If a(19) € {5,6,7}, then the equation x,(14) - X4(17) = X,(18) belongs to S.
Lemma 2. {S;:k € [10Y,10%° —1]NN} = {S: (S € A) A (card(S) < 5)}.
For a positive integer 7, let p,, denote the n-th prime number.

Theorem 2. Hypothesis 1 holds if and only if the following semi-algorithm prints consecutive positive integers
starting from 1.

Vne{l,...,7} a, := 2 + the exponent of
Ppn in the prime decomposition of 2! .4

|k = 1019|

=1]
—)lj =7+ 1|—>
Vne{l,...,7} b, := 2 4 the exponent
of p, in the prime decomposition of j

!

No Is (max(bl,...,by) > max(al,...,a7))/\
((al, ...,ar) solves S = (by,...,br) solves Sk)'?

Yes
Is k< 1020—1?E>|k::k+1|—
No
Print 1 1:=1+1

Proof. It follows from Lemma 2. O
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3. The Brocard-Ramanujan equation x! + 1 = 12

Let B denote the following system of equations:

{xi-xj=x:i,j,ke{l,..., 6}y U{x! =x: (ke {l,...,6}) A(j #Kk)}

The following subsystem of B

X1 1=xy
X]* X] = X3
Xy + Xy = X3

X3! =x4

X4! = X5

X5! = Xg

has exactly two solutions in positive integers, namely (1,...,1) and (2,2, 4,24,24!, (24!)!).

Hypothesis 2. If a system of equations S C B has at most finitely many solutions in positive integers
X1,...,Xe, then each such solution (xq,...,xq) satisfies x1, ..., x¢ < (24!)!.

Lemma 3. For every positive integers x and y, x! - y = y! if and only if
x+1=y)Vx=y=1)

Theorem 3. Hypothesis 2 implies that if the equation x1! + 1 = x3 has at most finitely many solutions in
positive integers x1 and x, then each such solution (x1, x3) belongs to the set {(4,5), (5,11),(7,71)}.

Proof. The following system of equations B;
+1 squaring

|
X! = X3 X| P X3 = = = = = P X5 X

or X3 =Xs=1

X3 1= X4
! v
X5 1= X6 ’
X4 * X5 = Xg
X4 X5 = Xq
X2 . X2 = XS X4 X6
is a subsystem of B. By Lemma 3, in positive integers, the system B; expresses that x; = ... = x5 =1
or
xl! +1 = x%
X3 = x1!
X4 = (xl')'
x5 = xi!+1

X = (x!+1)!
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If the equation x1! + 1 = x3 has at most finitely many solutions in positive integers x; and xy,
then Bj has at most finitely many solutions in positive integers x1, ..., x4 and Hypothesis 2 implies
that every tuple (x1, ..., x¢) of positive integers that solves B satisfies (x1! +1)! = x4 < (24!)!. Hence,
x1 €41,...,23}. If vy € {1,...,23}, then x1! + 1 is a square only for x; € {4,5,7}. O

It is conjectured that x! 41 is a square only for x € {4,5,7}, see [8, p. 297]. A weak form of
Szpiro’s conjecture implies that the equation x! + 1 = y? has only finitely many solutions in positive
integers, see [6].

4. Erdés’ equation x(x + 1) = y!
Let C denote the following system of equations:
{xi-xj=x: (G, ke{l,..., 6 ) NI #])IU{x! =x: (jke{l,...,6})AN(j#k)}

The following subsystem of C

_ +1
XI!_XZ X m = = = = ->X3
1— or XI_X3=1
X3.—X4
X2'X3:X4 ' '
X+ X3= %4
X4!=Xs | XX ! !
o 2 Xy = x5 =P g
5 6 XI'X3=X4

has exactly three solutions in positive integers, namely (1,...,1), (1,1,2,2,2,2), and
(2,2,3,6,720,720!).

Hypothesis 3. Ifa system of equations S C C has at most finitely many solutions in positive integers x1, . . ., Xp,
then each such solution (xy, ..., xe) satisfies x1, ..., x¢ < 7201

Theorem 4. Hypothesis 4 implies that if the equation x1(x1 + 1) = x! has at most finitely many solutions in
positive integers x1 and x, then each such solution (x1, x3) belongs to the set {(1,2),(2,3)}.

Proof. The following system of equations C;

+1 _
X! =x4 X[= = = = = = X5 X|*X57X3
or X =x5=1
X5! = Xg
_ ! !
X4'X5—X6 . '
X2!=X3
X4°X5:X6
X1 *X5=X3 %4 %6 X)
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is a subsystem of C. By Lemma 3, in positive integers, the system C; expresses that x; = ... = x5 =1
or
x-(x14+1) = xp!
x3 = x-(n+1)
xg = x1!
x5 = x1+1
x¢ = (x1+1)!

If the equation xq (x1 + 1) = x! has at most finitely many solutions in positive integers x; and x»,
then C; has at most finitely many solutions in positive integers x;, ..., xs and Hypothesis 3 implies
that every tuple (xy,...,x¢) of positive integers that solves C; satisfies xp! = x3 < 720!. Hence,
xp €{1,...,720}. If x, € {1,...,720}, then x,! is a product of two consecutive positive integers
only for x, € {2,3} because the following MuPAD program

for x2 from 1 to 720 do

x1:=round(sqrt (x2!+(1/4))-(1/2)):

if x1*(x1+1)=x2! then print(x2) end_if:
end_for:

returns2and 3. O

The question of solving the equation x(x + 1) = y! was posed by P. Erdos, see [1]. F. Luca proved
that the abc conjecture implies that the equation x(x 4+ 1) = y! has only finitely many solutions in
positive integers, see [4].

5. There is no hope for a hypothesis that is similar to Hypothesis 2 or 3 and holds for an arbitrary
number of variables

Let f(1) =2, f(2) =4,and let f(n+1) = f(n)! for every integer n > 2. Let U; denote the system
of equations {x;! = x;. For an integer n > 2, let U,, denote the following system of equations:

: |
X1=x X, squaring ' !
X) =g X3 = P X ——FpX
X1* X1 =X ] 2 TRt n
Vief2,...,n—1}x!=x. .
i i+1

For every positive integer #, the system U, has exactly two solutions in positive integers x1, . .., xy,
namely (1,...,1) and (f(1),..., f(n)). For a positive integer n, let ¥,, denote the following statement:
if a system of equations

SC{xi-xj=x:i,j,ke{l,... n}u{x! =x:jke{l,... n}}

has at most finitely many solutions in positive integers x1, ..., Xy, then each such solution (x1, ..., xy) satisfies
X1,..., %0 < f(n).

Theorem 5. Every factorial Diophantine equation can be algorithmically transformed into an equivalent system
of equations of the forms x; - xj = xy and x;! = x. It means that this system of equations satisfies a modified
version of Lemma 4 in [7].

Proof. It follows from Lemmas 24 in [7] and Lemma 3. [
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The statement Vn € N\ {0} ¥, is dubious. By Theorem 5, this statement implies that there is
an algorithm which takes as input a factorial Diophantine equation and returns an integer which is
greater than the solutions in positive integers, if these solutions form a finite set. This conclusion is
strange because properties of factorial Diophantine equations are similar to properties of exponential
Diophantine equations and a computable upper bound on non-negative integer solutions does not
exist for exponential Diophantine equations with a finite number of solutions, see [5].
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