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Abstract: In the polar region, the gravity vector and Earth's rotation vector tend to be in the same
direction, leading to slower convergence speed and longer alignment time of the moving base
alignment. When the alignment time is short, the alignment cannot converge, resulting in low
azimuth accuracy. To address this issue, we propose a polar moving base alignment method based
on backtracking scheme. Notably, this work first derives a polar coarse alignment method with the
inertial frame based on the transverse Earth model. On this basis, we design a polar coarse
alignment method based on backtracking scheme and optimize the data storage scheme. Then, an
inverse navigation algorithm based on the transverse inertial navigation mechanical arrangement
scheme was derived, and a polar fine alignment method based on backtracking scheme was
designed. Semi-physical simulation experiments showed that the alignment algorithm based on
backtracking scheme can converge in a short time with high alignment accuracy.

Keywords: inertial navigation system; initial alignment; backtracking scheme; polar region

1. Introduction

In recent years, global warming has accelerated the melting of polar ice caps, leading to an
increase in the value of strategic, economic, scientific, environmental, navigational, and resource in
the polar region [1]. To achieve smooth and safe navigation or operations in the polar region, various
types of marine carriers must rely on high-precision navigation systems [2]. The high-precision
strapdown inertial navigation system (SINS) has become the core navigation technology to meet the
application of polar regions with its autonomy and resistance to external environmental interference
[3]. As one of the key technologies of SINS, moving base alignment is also a research hotspot in the
field of polar navigation.

Auxiliary navigation information is necessary to achieve the moving base alignment. However,
the arctic geophysical field may impair the electrical or optical-based auxiliary navigation systems
[4,5], resulting in performance degradation or even failure occurs, which in turn lead to alignment
failure. For example, affected by intense magnetic storms, the accuracy of Global Navigation Satellite
System (GNSS) decreases, and sometimes even fails. Moreover, common meteorological conditions
in the polar region, such as fog, low clouds, snow, and polar night, limit the visibility, which affects
the observation of starlight by astronomical navigation sensors, rendering astronomical navigation
unusable. In contrast, the Doppler Velocity Log (DVL) is preferred to assist in moving base alignment
since it is not affected by the unique geography of the polar region [6].

The initial alignment process is divided into two stages: coarse alignment and fine alignment
[7]. The main task of the coarse alignment is to obtain a rough attitude matrix of the carrier in a short
time and provide it to the fine alignment [8]. The fine alignment aims to obtain a high-precision
attitude matrix of the carrier, which takes a long time to complete [9].

The coarse alignment of the moving base is usually achieved through the use of inertial
alignment methods [10-13]. In the polar region, the convergence of meridians with increasing latitude
leads to the amplification of longitude errors, which increases the alignment error of traditional
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inertial alignment algorithms that involve longitude terms in the solution process. To address this
issue, Liu proposed a polar inertial-frame alignment algorithm with pseudo-SINS modeling, which
eliminated the impact of longitude error amplification on polar alignment [13]. However, the use of
a spherical Earth model in the pseudo-SINS modeling leads to the principle error in this alignment
algorithm, while the transverse Earth ellipsoid model is an ellipsoidal model, and there is no
amplification of errors in the transverse latitude and longitude directions in the polar region [14].
Therefore, this paper designs a ¥'” aided inertial alignment algorithm under the transverse Earth
model to eliminate the principle error and the amplification of longitude errors.

During the fine alignment of the moving base, an integrated alignment method is usually used
[15-19]. In the polar region, as the latitude increases, the gravity vector and Earth's rotation vector
tend to be in the same direction, the gyrocompass effect weakens, and the azimuth accuracy of the
coarse alignment of the inertial system decreases. This results in difficulties in achieving the
integrated alignment aided by DVL under small misalignment. To address this issue, Wang proposed
a DVL-aided integrated alignment algorithm for large misalignment angle in the polar region [18].
However, linearization was performed when deriving the differential equation of the velocity error,
resulting in large azimuth errors of the alignment. Liu re-derived the DVL-aided integrated
alignment algorithm under large azimuth misalignment, which improved the azimuth accuracy [19].

Currently, research on polar alignment algorithms has focused on improving alignment
accuracy, but not on alignment speed. In order to improve the alignment speed of SINS, [20-22] have
proposed integrated fine alignment methods based on a backtracking scheme, which effectively
shortens the alignment time. In the polar region, the gyrocompass effect weakens, and the
convergence time of the inertial-frame coarse alignment is increased, resulting in the coarse
alignment time exceeding the backtracking fine alignment time. Therefore, when designing a polar
region backtracking alignment algorithm, not only a backtracking fine alignment algorithm needs to
be designed, but also a backtracking coarse alignment algorithm needs to be designed to shorten the
coarse alignment time. Reference [23] proposed a backtracking coarse alignment algorithm that
effectively shortens the coarse alignment time. However, their research was implemented based on
the North mechanics arrangement and cannot be directly applied to the polar region. In addition,
during the backtracking coarse alignment process, the parameters in the backward coarse alignment
update process have already been calculated in the forward coarse alignment update process.
Recalculating the parameters using the gyroscope and accelerometer data in the backward coarse
alignment update process will lead to wasted computational resources. Furthermore, the integrated
fine alignment algorithm under large azimuth misalignment in the polar region can quickly reduce
the azimuth error to small misalignment. Therefore, when designing the polar backtracking fine
alignment algorithm, the large azimuth misalignment integrated fine alignment algorithm only needs
to be run once, and subsequent backtracking fine alignment process can be realized using the small
misalignment integrated fine alignment algorithm.

Based on the above analysis, this paper proposes a moving base backtracking alignment method
in the polar region. The main contribution of this paper is the derivation of an auxiliary inertial
alignment algorithm under transverse Earth model, which improves the coarse alignment accuracy
in the polar region. On this basis, a polar coarse alignment and fine alignment method based on
backtracking scheme were designed, which shortened the alignment time for both coarse and fine
alignment. The structure of this paper is as follows: Section 2 introduces all frames involved in the
polar backtracking alignment algorithm, derives the polar coarse alignment method with the inertial
frame based on the transverse Earth model, and introduces the polar fine alignment algorithm.
Section 3 proposes the polar coarse and fine alignment methods based on backtracking scheme.
Section 4 analyzes the experimental results. Finally, Section 5 gives the conclusion.

2. The Polar Coarse and Fine Alignment Methods

In this section, the frames used in the polar coarse and fine alignments are firstly introduced.
Then, the polar coarse alignment method with the inertial frame based on the transverse Earth model
is derived to eliminate the effect of the polar alignment algorithm caused by longitude error
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amplification. Finally, the integrated fine alignment algorithm under large azimuth misalignment
and the integrated fine alignment algorithm under small misalignment used in the backtracking fine
alignment process are respectively introduced in the polar region.

2.1 Transverse Earth Model and the Definition of Transverse Frame

The definition of the transverse Earth model and the inertial navigation arrangement in this
paper are consistent with reference [14], as shown in Figure 1. In the transverse Earth model, the
transverse North Pole is the intersection point between the 90°E meridian and the equator, the
transverse equator is the meridian circle composed of the 0° and 180° meridians, and the transverse
prime meridian is the meridian circle composed of the 90°E and 90°W meridians. The transverse
latitude Lr is the angle between the normal PO of point P on the ellipsoid and the transverse
equatorial plane, and the transverse longitude Ar is the angle between the projection MQ of PQ

on the transverse equatorial plane and X' axis.

Figure 1. The transverse ellipsoid Earth model.

Following reference [14], the transformation matrix between the Earth frame and the transverse

Earth frame is as follows:
0 0 1
c;"=[1 0 0 M

010

To facilitate subsequent problem description and formula derivation, all frames involved in the
algorithm are defined as right-handed Cartesian frames, which are defined as follows:

1. The Earth-Centered inertial frame I: the origin ¢ is at the center of the Earth, the %% axis

points towards the vernal equinox, the %%  axis points towards the north pole;

2. Earth-Fixed frame ¢: the origin % is at the center of the Earth, the %¥¢ axis points to the

9eZe axis points to the north pole;

prime meridian, the
3. The transverse Earth frame 7: The origin %7 is at the center of the Earth, the %7¥ axis
points to the transverse prime meridian, the %" axis points to the transverse north pole;
4. The transverse geographic frame 7: The origin 7 is the center of mass of the carrier. The

OTYT axis points to the north in the transverse direction, the 747 axis is perpendicular to the
local transverse plane and points to the sky;
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5. Thebody frame ©:Theorigin % is at the center of mass of the body. The % axis points to

the right of the body, the o,y, axis points forward along the longitudinal axis, and the %

axis points upward along the body axis;
6. The initial transverse inertial frame : The origin %70 is at the center of the Earth, the

OITOZIT0  axis points to the transverse North Pole, the %70%70 axis is parallel to the OM i1 the
transverse equatorial plane;

7. The initial transverse Earth frame €70: The frame €’ at the initial moment;

8.  The initial transverse geographic frame To. The frame 7 at the initial moment;

9.  The initial body frame 0. At the initial moment, the frame 0 coincides with the frame 7 ,
and after the alignment begins, the frame 0 remains fixed and does not move with the body.
Among them, the frame i, iro and i remain fixed in the inertial space and do not change

with time. The frame e, er,ero and Ty maintain the same orientation as the Earth's motion. The
frame » and T are fixed to the body.

2.2. The inertial-frame coarse alignment algorithm aided by the V" based on the transverse Earth model

In the polar moving base alignment algorithm, all time-varying variables are represented in [{¢)

. The attitude matrix C; (¢) attime ¢ is decomposed into the product of three matrices as follows:

Gy (1)=Cy, ()C G (1) 2

b0

T .
where G, (t ) is the transformation matrix from the frame 70 to the frame 7 wunder the

iho .
horizontal Earth model. Gy (t ) is the attitude matrix of the frame b relative to the frame 0, both

iro

of which can be obtained through navigation information. Cii' s the attitude matrix of the frame
o relative to the frame 70 under the transverse Earth model, which is a constant matrix.

T
Based on the analysis above, G, (t) can be obtained as follows:
cl (1=l (n(cz) ¢ (o) ©)

T ero
where Ca (1) and Ca' can be obtained from the transverse longitude and latitude of the body's

ero

location, and G (1) can be obtained in real time using the Earth's rotation rate @e and the

ibO
transverse longitude Ao of the body's location at the initial moment. G () is the attitude matrix

of the frame b relative to the frame 0.
—sin A7 (¢) cos Ar (t) 0

C! (t)=|-sinLr (t)cos Ar (¢) —sinLy (¢)sinAr () cosLr (t) (4)
cos Ly (t)cosAr (t)  cosLy (t)sinAr (t) sinLy (1)

where Ar(t) and Lr(t) represent the transverse longitude and latitude of the body location at ¢.

cosAro sindrg O
C.* =|—sindro cosAro 0 (5)

0 0 1

iro _ iro ero(t—1
Cero (t) - Ceru (t - 1) Cern((l) ) (6)

et sin|@° ‘ I—cos|g” (-

oty =1va +¢2T[‘/%Zl x]+ 00 ] 7)

o
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5
where the initial value of matrix Cé’r ’ (¢t) is the identity matrix Cé’r ' (0)=Isa, ie, C:I’:((:)_ ) is the
change in rotation of the frame ero relative to the frame i from time ¢—1 totime ¢. ¢ is the

Lero

equivalent rotation vector of the frame ero relative to the reference frame i from time ¢—1 to

time ¢, which can be obtained from the angular velocity @’ between frame ero and frame i.

As wl‘zr‘]o is always constant, it can be derived that:
B =T, 8)

ero __ vero oer € € _ (ero er e
. = Cer Ce (C@e + a)eem ) = Cer Ce' W

i | : ©)
=[@e cos Arg  —@e sin Arg 0]

where T is the duration of period [f—1,¢], @. is the angular rate of Earth rotation. Ci,Tn (t) can
be obtained by solving from (4)—(9).
Then, C;*(¢) can be calculated by the following equation

i ())=ci (=16t (10)

where the initial value of matrix Cg" (¢) is the identity matrix Cg" (0)=1Iss, ie, C:((;)_ ) can be
calculated in real-time through the equivalent rotation vector ¢/ ().

sin (@ —cos|@.
- 95, (1) 1—cos|gf (¢) :
O g RO g T
b

¢, () can be solved using the "single-sample + previous cycle" algorithm with the inertial

navigation sampled angle increment A6 .
Q%(t):Aﬁ(t)+éA0(t—l)xA0(t) (12)

According to the matrix decomposition in equation (2), the calculation of the transformation
matrix C, (f) can be coverted into the calculation of a fixed matrix C . This transforms a
traditional time-varying attitude error estimation problem into a time-invariant attitude error

estimation problem.
According to the SINS attitude and velocity update equation, we can obtain:

Gy (1)=Cy (1) @h, (1)x) (13)
() =G (o)1 (1)~ (2@, () + @y, (0)xV" (1)+G" (14)
Vi =6 (7" (1) (15)

where @), (¢) is the projection of the angular velocity between the frame 5 and frame T onto the
frame b, V' (t) and V" (t) are the vehicle velocities in the frame 7 and frame b, respectively,
V" (t) is measured by DVL, f”(¢) is the output of the ideal accelerometer, @, () is the

projection of the frame T relative to the frame er onto the frame 7, and a)l; (1) and G" arethe

projections of the Earth's rotation rate and gravitational acceleration onto the frame 7.
Taking the derivative of both sides of (15) and substituting (13), we obtain:
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V() =CL () (0)+ G (7" () =CF ([ P" () +aly (1" ()] (1)
By substituting (16) into (14) and simplifying, we obtain:
()7 (0)+ (@b, (1) + @ (0)xV" (1) " (1) | =6 17)
By substituting (2) into (17) and simplifying, we obtain:
Crecy (0] P! (1)+(ah, (0)+ay (0)xV" ()= 1" (1) | =" (1) 6" (18)

In order to reduce the influence of DVL velocity measurement errors and accelerometer
measurement errors, integrating both sides of Equation (18) and simplifying, we can obtain the

velocity vector observation aided by DVL velocity 7 (¢)

creol (1)=p" (1) (19)

b0

where,

& (1) =l (O ()1 (0)+ [t (O @, (37 ()7 ()}t (@0)

B (1)=[ ci (1) G"dr 1)
According to Equation (19), the solution for C;’O‘) is coverted into a Wahba problem when

o’ (t) and B’ (t) areknown [24]. For the Wahba problem, the singular value decomposition (SVD)

algorithm and quaternion-based methods such as g-method, are essentially equivalent in results, but
the SVD algorithm is more concise and intuitive [25]. Therefore, the SVD method is used to solved.
The specific solution method is as follows:

4=3" B[ ()] 22)

where the variable # represents the end time of the alignment process.
Matrix A can be decomposed using SVD as follows:

(0]] 0 0

A=U| 0 oo O VT (23)
0 0 03

where 0;(i=1,2,3) is the singular value of matrix A4 .

The attitude transformation matrix can be obtained from this equation.

cn =py? (24)

b0

Due to the unknown C; (¢) before coarse alignment and the unavailability of real-time
position information other than the velocity information provided by DVL, there are two
approximations made in the computation of the constant matrix C;* during the moving base coarse
alignment process. Firstly, in Equation (4), the initial position information is used as a substitute when

calculating C! (¢) . Secondly, in Equation (20), the variable @) (1)xV"(t) is ignored because
b

), (¢) is unknown. Therefore, the actual computation of Equations (4) and (20) are as follows:
—sin Arg cos Aro 0
C! (t)=|-sinLrocos Aro —sinLrosinAro cosLro (25)

cos Lo cosArg  cosLrosinArg  sin Lo
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o (1) =G ()" (0) =" (0)= [ Gl (1) * (1) (26)

where the variables Ar¢ and Lro represent the initial transverse longitudinal and latitudinal
positions of the body, respectively.

However, it should be noted that the approximation in calculating C;* results in relatively
large errors. However, in the process of solving Cj (¢) in Equation (2), both C* and C (¢)
contain the error caused by the first approximation, and the errors partially offset each other. As a
result, the accuracy of C/ (¢) is higher than that of C;ZD‘) when coarse alignment is completed.

In summary, the attitude matrix C; (t) can be obtained by using equations (2)-(12) and (19)-(26)
to achieve coarse alignment of the moving base. In the backward process, the initial attitude C; (0)

can be calculated by substituting the obtained C;:OO from the coarse alignment into Equation (2).

2.3. The polar Fine Alignment Method assisted by DVL under Large Azimuth Misalignment

The integrated alignment algorithm assisted by DVL under large azimuth misalignment angle
used in this paper is consistent with the approach in reference [19]. Based on the nonlinear error
equations of transverse inertial navigation, a state model is established. The velocity information
from DVL is used to establish a measurement model. The adaptive unscented Kalman filter (UKF)
algorithm is employed to achieve alignment. The state and measurement models are shown below.

The model can ignore altitude velocity error &v, and height error i . The platform

misalignment ¢’ , transverse horizontal velocity error [(fveT Svy ] , transverse longitude and

latitude error [SLr 7], constant gyro drift £”, and accelerometer bias V7’ are selected as states.

X=[¢§ o0 @ ol Svi SLr S e & e V. V, VZ]T (27)

The state equation can be obtained as follows:

¢"=Ca'[ (1-T") afy + T Sufy ~C[ " |
oVl = (I—CTT,)C,)T'/}” +CrL.Cl'V? —(25@2 +§weT7_T)><I}T
~(2ay, +af, )xor"
: 29 b 1 1
Sir=——2 St +—2 5Ly —— vl +— V]
7sin2Ar Ztan Ly 7 R,
. 28)
. 1 1 PA (
I S | S Y . —
R.cosLr tcos Ly Zcos Ly sin 2Ar
AT AT ~ N
4= vez _ W taliLT-Hi“ SLr
R.cos“ Ly “TcosLytan Ly
=0
Vi =0
where,
10 ¢
Col=| 0 1 —¢f (29)
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1 1 ).
—=| ———[sincos&
Ry Rwn

L: sin’ o + cos’ o (30)
R, Ry Ry
1 cos’a N sin® o
R, Ry Ry
{ﬁa = 9! sin26 -V} cos2& .
Py = DL cos2&+ V! sin 24 1)

where C] represents the attitude matrix between the computed navigation frame 7' and frame

T, @) represents the calculated value of commanded angular velocity, dw} represents the

navigation frame calculation error, C; represents the calculated value of attitude matrix, f”
represents the output of actual acceleration, (Z)L represents the calculated value of the projection of
Earth's rotation angular velocity in frame T, é)eTl o+ represents the calculated value of the projection
of frame 7T relative to frame er in frame T, 5a)i€ . represents the calculation error of Earth's

rotation angular velocity, @', represents the calculation error of the navigation system rotation

o
angular velocity, V' represents the calculated value of the carrier velocity in frame T, &V
represents the error of the carrier velocity in frame 7, Ly and Ar represent the calculated values
of the transverse latitude and longitude, respectively, dLr and JAr represent the errors of the
transverse latitude and longitude, respectively, 7. and ¥, represent the calculated values of the
transverse eastward and northward velocity, respectively, ¢ and ¢ represent the attitude
angles of rotation around the x-axis and y-axis, respectively, Ry and Ry represent the curvature
radii of the Earth's meridian and transverse circles, respectively, and « represents the angle
between frame 7T and the local geographic frame g.

The measurement equation for the difference between the velocity provided by SINS and DVL
in frame T is given by:
Zpn = I}STINS _'}gVL = I}STINS - CTT‘ (I}SY;NS - §VST1NS ) - 5VI_€I'/L
= (1CF P 4 CF Vi~V >
where I}SCNS and V2, represent the SINS and DVL outputs in frame T, respectively. Vs and

OVpy, represent the errors of the SINS and DVL velocity outputs in frame 7.

2.4. The polar Fine Alignment Method assisted by DVL under small misalignment

In the integrated alignment algorithm under small misalignment used in this paper, we
established a state model based on the transverse SINS linear error equation and designed a
measurement model using the velocity from DVL. We implemented the alignment using the Kalman
Filter. The state model is consistent with that in reference [17], and the measurement model is
designed as follows.

The model can ignore altitude velocity error &v, and height error &k . The platform

misalignment ¢ , transverse horizontal velocity error [5\/5 Svy ] , transverse longitude and

latitude error [SLr lr ], constant gyro drift &”, and accelerometer bias V7’ are selected as states.

x=[ol ol o S & SLr & e e e VoV, V.| 33
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The state equation can be obtained as follows:
" =—(0f x)¢" + 6w -] e’

VT =" xC) " - (2}, + ], )}V (200, +w], |xVT +C) V"

(Ry —Ry)sinacos o ST + Ry cos®> o+ Ry sin’ &
RNRM ¢ RNRM
(Ry — Ry )sinacos o

5LT = 5\/;

Ry sin? a+ Ry cos® &
ol +

Ry Ry cos Ly Ry Ry cos Ly

Shr =

Sv + (34)

n

tan Ly [ Ry sin® &+ Ry cos® & Ry — Ry )sinocoso
T( il M veT+( ) vl 6Ly

cos Ly Ry Ry RnRy
& =0
Vi =0

In this paper, the measurement equation is given by the difference between the velocity
provided by SINS and DVL in frame 7 . Firstly, the measurement of the DVL was modeled as the
superposition of true values and white noise errors, while ignoring the items that could be obtained
through experimental calibration, such as the scale factor error and installation error of the DVL. The
velocity output by the DVL can thus be obtained as:

I}DbVL =V’ + 5VDbVL (35)

where V'’ represents the actual velocity in frame b, and 6V}, represents the veloity random

walk error.
The velocity obtained by DVL is projected onto frame 7 and denoted as

Vo = [1_ (¢T X)]CbT (Vb + §VDbVL) (36)
Ignoring second-order terms, the DVL velocity in frame 7 can be obtained as:
Vi =V +vix¢" + v}, (37)
The velocity information output by the transverse SINS is obtained as:
Vans=V" + Vs (38)
The measurement equation is:

_ T 5T
Zpy = VSINS Vo

39
:_VTX¢T+5VSTINS_5VDTVL )

3. The Polar backtracking alignment method

3.1. The Polar backtracking coarse alignment method

Assuming that the carrier departs from point O at time 0 and arrives at point P at time 1, the
motion process is defined as the forward process, which takes 7 time. Then, from time # to time
0, the carrier moves from point P to point O, and this process is defined as the backward process.

The polar backtracking coarse alignment consists of two parts: one is to complete the forward
coarse alignment and store relevant data, and the other is to use the stored data to simulate and
generate the data required for the backward coarse alignment process, and complete the backward
coarse alignment, as shown in Figure 2. It should be noted that the backward coarse alignment
algorithm continues to operate based on the forward coarse alignment algorithm, rather than being
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an independent process, as shown in Figure 3. That is to say, the backtracking coarse alignment
actually uses the data with a length of to achieve alignment through coarse alignment algorithm.

forward process

Initial position and

velocity A

T
Initial coarse - a
alignment attitude 0 t
backward process

Figure 2. Timing arrangement of the polar backtracking coarse alignment.

Forward coarse Backward coarse
| alignment algorithm | alignment algorithm
Y b Y
T T
Y
2T

Figure 3. The Running Process of the Polar Backtracking Coarse Alignment.

The algorithm used in the forward process is directly adopted from Section 2.2 of this paper.

However, the solution method for variable o’ () in the coarse alignment algorithm used in the

backward process is different from that in Section 2.2. The reason for this difference is that at time #
when the forward process turns to the backward process, the projection of the body's velocity in

inertial frame undergoes a sudden change from 7' (#) to -V’ (). However, this velocity change
t .
is not reflected in the specific force integration term IOC£”° (¢)f"(¢)dt used in o (1), so

compensation needs to be added in ¢” (¢). The compensated variable &’ (¢) is as follows:
. t . .
o (t)=C ()W (1)-V" (0)- jo Cl () f* (¢)de+2C () V' (1) (40)

Apart from the compensation required for o’ (), B’(t) and other calculations are not
affected. That is, the method of obtaining the fixed attitude matrix CZ; in the inverse coarse

alignment algorithm is as follows:

cra’(1)=p4"(1) (41)

where,
o (1) =G ()" ()= (0)= L (1) 1" (1)e+2CJ (a) V" (1) @2)
B (0)=[ ci ()G dr (43)

The solution for C;ZD" can be obtained using Equations (41)-(43), and C; (0) can be obtained

using Equation (2). Furthermore, considering that all the parameters in o”(¢) and A”(¢) have

been calculated in the forward coarse alignment, to save computational costs and reduce the
computational burden, the proposed method for backtracking coarse alignment in this paper stores

the parameter datain o’ (¢) and A”(¢) during the forward coarse alignment process, and directly

provides it to the backtracking coarse alignment process.
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It is important to note that when the forward process turns into the backward process, the body
frame undergoes a sudden change, rotating 180° around the Z-axis. This means that the

transformation matrix C;;”“ (t) between frame b5 and frame iyo changes. Therefore, at the

backward moment 1, the transformation matrix between frame » and frame iy is given by:
G’ (12)=C;" (1) B (44)

where # represents the corresponding forward process time of the backward process f, that is,
T—-t;=t,—-T. B is the rotation matrix obtained by rotating counterclockwise 180° around the Z-

{—1 0 o]
B=|0 -10 (45)

axis.

0 01

In the backward process, except for the calculation of C;'(¢) using Equation (44), all

parameters in o’ (1) and Vi (t) correspond one-to-one with the corresponding forward process

moment. The required data sequence for the backtracking coarse alignment is shown in Table 1.

Table 1. Data sequence of the polar backtracking coarse alignment.

Initialization the forward process the backward process
0 1 T-1 T T+1 27 -1 2T
cp (0) () ... Cr(a-1) Gr(n) cr(w-1)B ... Cr()B Cr(0)B
v (0) vy o v (a-) V() Vi (a-1) L O A ()
£ (0) £ (1) fa-) ) fa-) ) ()
G0 () .. ) ) G-) . () (o)

In summary, the proposed backtracking coarse alignment method consists of the following
steps:
e  Use the inertial-frame coarse alignment algorithm in Section 2.2 to complete the forward coarse

b
alignment, and store the parameters in o (1) and A (1) , gyroscope, accelerometer, and DVL
data as the forward data;
e  Use the partially stored data in the forward process to simulate the data required for the
backward coarse alignment process, as detailed in Table 1;

e Continue the forward coarse alignment process and use equations (41)-(43) to perform the

T

backward coarse alignment. Finally, the initial attitude matrix G, (0) can be directly obtained.

3.2. The Polar backtracking fine alignment method

The polar backtracking fine alignment includes three parts in total. The first part is to complete
the forward navigation and coarse alignment using the stored forward data, after completing the
backtracking coarse alignment. The second part is to simulate and generate the necessary data for the
backtracking process using the stored data and complete the backward navigation. The third part is
to use the stored forward data to complete the forward navigation and fine alignment under small
misalignment, as shown in Figure 4.
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forward navigation +
Initial position integrated alignment under
1

. large azimuth misalignment
velocity and coarse 9 g
alignment attitude [K t

backward navigation

t
forward navigation +
integrated alignment

Initial position under small misalignment fine
. - .
and velocity 0 alignment attitude

Figure 4. Timing arrangement of the polar backtracking fine alignment.

The polar integrated fine alignment under large azimuth misalignment is achieved using the
algorithm in Section 2.3. The polar integrated alignment under small misalignment is achieved using
the algorithm in Section 2.4. The forward navigation algorithm, the backward data simulation
generation strategy, and the backward navigation algorithm are shown below.

This paper establishes a transverse inertial forward navigation algorithm based on the
transverse inertial mechanics arrangement proposed in Reference [14], and derives the transverse
inertial backward navigation algorithm. The attitude, velocity, and position update algorithms for
transverse SINS are as follows[14]:

¢ =G (@, %) (46)

V=l 1 (2w + @, )<V +GT (47)
Lo 1 7
Lr=——v. +—v,

T==2 R (48)
; 1 1

Ar eT— Vr{ (49)

= v
R, cosLr TcosLy

In the actual execution of the algorithm, it is necessary to discretize Equations (46)—-(49) to obtain
the corresponding recursive algorithm and define it as the forward navigation algorithm, which is
shown below:

CZ:k_lcb(k_l)

T _ ~T(k)
Cb,k - CT k-1 b(k)

(k=1)

(50)
=~ Mry [Ts (_a’;,k )J Cb]:k—lMRV [Ts@i,k :I

VD=V AT Cl (20, 4+ @l )3V +GT | (51)

1 T 1 T
LT,k =LT,k—1 +T5 Ve k-1 + Vi -1 (52)

Ti-1 Ry ™

A = Arj +T, ! v - : vy 53

T T AT Ry k-1 €08 Ly j—1 k1 ) cos Ly j- i 53)

where,
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Mgy [Tsa)] = [.,.w
T

(Tyx)+

— D (Kox)’ (54)

where k represents the recursive cycle, (k=1,2,3...), T, is the inertial solving cycles. C;((Ql)

represents the rotation change of frame 7 with respect to the reference frame i from time & to

time k-1, and CZ((:)_ ! represents the rotation change of frame » with respect to the reference

frame i fromtime k-1 totime k.
The inverse navigation algorithm can be obtained by rearranging Equations (50)—(53) through a
series of variable substitutions and algebraic manipulations.

CbT,k—l = C;((:)_I)Clikczf((gl) -
= Mgy []}a)z‘];',k—l ] Cp My [Tf (_wsy,k—l )J o
(_VkT—l ) = (_VkT ) +T; |:C}Z:k—1f}cb - (2 (_a),g,,k—l ) + (_wez;T,k—l )) x (_VkT—l ) +G' J
56
= (_VkT ) +T5 [CbT,kfkh—l - (2 (_wizr,k ) + (_(‘)ej;r,k ))X(_VkT ) + GT} ©0
Lrg1=Lr +T; {—L(—VTH )"' L(_VTk—l )}

’ | Tt O Ryt "
| | (57)

LT, [_;(_vgk e )}

1 1
Ar e = Ar g + T [m(_‘{,kl )_m(_"fim )}

(58)

1 1
At [Rx,k cos Ltk (—vik )_ Ty cOS Ly k (_V"T’k )}

Clearly, by comparing (50)—(53) and (55)—(58), it can be seen that to achieve backward navigation,

it is only necessary to take the negative of the results of a); , a)eT,-T, VT, and QZ . Therefore, the
specific method of simulating backward data using the stored data from the forward process is as
follows:

Firstly, the stored data of the gyroscope and accelerometer in the forward process are reversed,
and then the Earth's rotation angular velocity ., gyroscope output angular rate «,, and initial

velocity for reverse navigation are negated to obtain the simulated reverse data.
In summary, the proposed backtracking fine alignment method consists of the following steps:

e  Using Equations (50)-(53) and the algorithm in Section 2.3 to perform forward navigation and
achieve the polar integrated fine alignment under the large misalignment;

e  Utilizing the data required for the backward navigation process generated through forward data
simulation, and using the initial navigation parameters estimated for the forward navigation
process, which consist of the attitude, velocity, and position at the final time, to perform
backward navigation with Equations (55)-(58);

e  Using the known initial position and velocity at the starting time for the forward navigation
process, the attitude obtained from the backward navigation process at the final time is
employed as the initial attitude for the forward navigation process. Equations (50)—(53) and the
algorithm in Section 2.4 are then used to perform forward navigation and achieve precise

T
alignment of the small misalignment angle combination, resulting in the attitude matrix Cy (1)
at the final time and completing the alignment of the dynamic base.
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4. Experimental Results and Analysis

In this section, we carry out numerical experiments to evaluate the validity of our algorithm.
Limited by the geographical location of the authors' country, far from the Arctic, this paper conducted
semi-physical experiments. The definite latitude and longitude determine navigation systems' ideal
output, not affected by wherever the carrier is. Thus, the truth value generated by the trajectory
generator and the sensor error extracted from SINS and DVL is synthesized to construct the semi-
physical experimental data. The experiments are conducted to verify the performance of the inertial-
frame coarse alignment algorithm aided by the ¥* based on the transverse Earth model, the polar
backtracking coarse alignment algorithm, and the polar backtracking fine alignment algorithm
proposed in this paper.

4.1. Semi-physical Experimental Conditions

The inertial measurement unit (IMU), composed of the three-axis gyroscope and accelerometer,
provides the measured data of SINS, as shown in Figure 5. The inertial measurement unit is installed
on the high-precision turntable, as shown in Figure 6.

Figure 6. High-precision three-axis turntable with SINS.

The ideal output, @), and f,, can be inverted from the determined trajectory, and IMU

outputs the practical @}, and f . Thus, the measurement error is
b _ b b
{5 Oy = Oy, — By
b_ 2b_ b
Ofip = fio~

After subtraction, the sensor errors are as follows. The 3-axis gyro constant drift is 6.3895x10-
9rad/s, -4.0947x10-%rad/s and -1.9605x10-%rad/s. Its random drift is 3.917x10-¢rad/s, 3.264x10-6rad/s and

(59)
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1.534x10rad/s. The 3-axis acceleration constant drift is 5.0024x10-*m/s?, 2.7952x10m/s? and -
7.2110%10-¢m/s2. Its random drift is 0.00161m/s?, 0.001698m/s2 and 0.0003726m/s2.

The measurement error of DVL-based velocity is extracted from the data resource of the sea trial
near Dalian. The trial carries a ship-borne SINS/GNSS integrated navigation system and DVL. The
SINS/GNSS integrated navigation system outputs a velocity reference V, and DVL outputs the

measured velocity I}DbVL . Thus, the measurement error of DVL is:
b b
Vo =V =V (60)

The measurement error of DVL is shown in Figure 7. Due to the interference by the actual

environment, the noise contains large gross errors.

DVL noise(m/s)
(=)

i L 1 I | i 1

time(h)
Figure 7. The measurement error of DVL.

To simulate the actual movement of the body in mid-latitude and polar regions, we designed a
trajectory for the transverse Earth model, with parameter settings as follows:

(1) The navigation parameters in mid-latitude region

The initial position is [1°N ,50°FE ,Om] (The initial position in the Earth model is

[39.99°N,1.31°E,0m] ), The transverse eastward and northward errors are both 10m, the initial
attitude is [0°,0°,60°], the initial velocity is 5m/s;

(2) The navigation parameters in the polar region

The initial position is [1°N,2°E,Om] (The initial position in the Earth model is
[87.76°N,26.57°E,0m] ), The transverse eastward and northward errors are both 10m, the initial

attitude is [0°, 0°, 60°] , the initial velocity is 5m/s.

4.2. Performance verification of the inertial-frame coarse alignment algorithm under transverse Earth model

In order to validate the feasibility of the proposed inertial-frame coarse alignment algorithm
under transverse Earth model in Section 2.2, this study employs mid-latitude and polar motion
scenarios designed in Section 4.1, and conducts coarse alignment using both the traditional inertial-
frame coarse alignment algorithm [11] and the proposed algorithm under the transverse Earth model.
The simulation duration is set to 600s, and the experimental results are presented in Figures 8 and 9,

as well as Table 2.
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Figure 8. Performance comparison of inertial-frame coarse alignment algorithm in mid-latitude region.
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Figure 9. Performance comparison of inertial-frame coarse alignment algorithm in polar region.
Table 2. Coarse alignment results of different inertial-frame coarse alignment algorithms with
simulation duration of 600s.

Algorithm Estimation error Mid-latitude  Polar
. . . Pitch/(' -0.6292 -0.2342

The polar inertial-frame coarse alignment based /(, )
on the transverse Earth model Roll/() 0.0523 -0.0256
Transverse azimuth/(°) -0.6614 -35.16
Pitch/(’) 0.6503 0.2747
The traditional inertial-frame coarse alignment Roll/(") -0.1848 -0.0372
Transverse azimuth/(°) -0.6665 -40.15

Based on the analysis of Figures 8 and 9, and Table 2, it can be observed that the alignment errors
of both the traditional inertial-frame coarse alignment algorithm and the proposed algorithm under
transverse Earth model gradually decrease with the increase in alignment time in different regions.
In the mid-latitude region, the experimental results reveal that both algorithms have similar accuracy
at 600s, with attitude errors of less than 1', and can achieve coarse alignment of the moving base.
Therefore, the feasibility of the proposed algorithm is verified in this region. In the polar region, the
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experimental results indicate that both algorithms have a horizontal attitude error of less than 1' at
600 seconds, with transverse azimuth errors of -35.16° and -40.15°, respectively. The proposed
algorithm under transverse Earth model exhibits higher azimuth accuracy, with an improvement of
12.43% compared to the traditional inertial-frame coarse alignment algorithm. This improvement is
attributed to the fact that the proposed algorithm eliminates the impact of longitude error
amplification on the alignment in the polar region.

Additionally, a comparison of Figures 8 and 9 reveals that the horizontal attitude error of both
algorithms is not affected by increasing latitude, while the transverse alignment error increases with
latitude. This is due to the fact that as the latitude increases, the earth vector and gravity vector tend
to be aligned, reducing the coupling effect between the north direction and the azimuth loop, leading
to a decrease in transverse alignment capability, while the horizontal attitude alignment capability is
not affected. Therefore, in the polar region, although the transverse alignment error of the inertial
coarse alignment algorithm under the transverse earth model is smaller than that of the traditional
inertial-frame coarse alignment algorithm, it still results in a large alignment error.

4.3. Performance Verification of the polar Backtracking Coarse Alignment Algorithm

To verify the performance of the polar backtracking coarse alignment algorithm presented in
Section 3.1, we utilized the polar motion scenario designed in Section 4.1 and performed coarse
alignment using both the inertial-frame coarse alignment algorithm under the transverse earth model
and the polar backtracking coarse alignment algorithm. The simulation lasted for 180s, and the
experimental results are shown in Figure 10 and Table 3. It should be noted that since the
backtracking coarse alignment algorithm does not affect the final velocity and position error of the
moving base alignment, this section only presents a comparison of the attitude error between the two

algorithms and analyzes the attitude accuracy and alignment time of the polar backtracking coarse
alignment algorithm.

attitude error

o [N
& e o 1 s, O Fsrsasme
= H
£ - ' 0 0.1
e : 150 180 150 .
2 i H : i 60
--------- polar backtracking coarse alignment
polar inertial-frame coarse alignment
2 T i}
0 ; (4] ;
s 2 o e A e o P oy g
< ! R E T T E O 60 |
&
=3 T T T T =
g 100 : 50 e 23
8 60 [Pt : P B i
0 -36
iy B o 3
g -100 i ] 150" 180 150 : EﬁO 1
é 0 60 120 180 120 60 0

time(s)

Figure 10. Comparison of attitude errors between two algorithms.

Table 3. Alignment results of two coarse alignment algorithms.

Algorithm Pitch/()  Roll/() Transverse azimuth/(°)

The inertial-frame coarse alignment based on the
transverse Earth model

The polar backtracking coarse alignment -0.0084  -0.1285 -35.37

0.2522 -0.3251 -59.86

Based on the results presented in Figure 10 and Table 3, both algorithms achieved horizontal
attitude error less than 1' after 180s of semi-physical simulation data. The transverse azimuth error
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for the inertial-frame coarse alignment algorithm under the transverse Earth model was -59.86°, while
that for the polar backtracking coarse alignment algorithm was -35.37°, indicating a 40.91% higher
azimuth accuracy for the polar backtracking coarse alignment algorithm than that for the inertial-
frame coarse alignment algorithm under transverse Earth model. The experimental results show that
both algorithms have small horizontal attitude error, which meets the alignment requirements. The
polar backtracking coarse alignment algorithm has smaller transverse azimuth error than the inertial-
frame coarse alignment algorithm under transverse Earth model. This is mainly because the inertial-
frame coarse alignment algorithm under transverse Earth model requires a longer time to complete
the alignment in the polar region, and its alignment result cannot fully converge within 180s, leading
to a larger transverse azimuth error. However, the polar backtracking coarse alignment algorithm
extends the alignment time, and its alignment result can further converge, resulting in a smaller
transverse azimuth error.

Moreover, since the polar motion navigation parameters in section 4.2 are consistent with those
in section 4.3, a comprehensive comparison of Tables 2 and 3 shows that the transverse azimuth error
of the inertial-frame coarse alignment algorithm under the transverse earth model at 600s is -35.16°.
However, by utilizing semi-physical simulation data with a duration of 180s, the polar backtracking
coarse alignment algorithm yields a transverse azimuth error of -35.37°, which is similar to that of the
former algorithm. Therefore, employing the polar backtracking coarse alignment algorithm can
effectively save alignment time, while the alignment accuracy is not compromised.

4.4. Performance Verification of the polar Backtracking Fine Alignment Algorithm

According to reference [18], The polar integrated fine alignment under large azimuth
misalignment can complete alignment in 600s. To verify the performance of the polar backtracking
fine alignment algorithm proposed in section 3.2, we simulated the polar motion scenario designed
in section 4.1. Then we compared the attitude, velocity, and position errors at the end of alignment
using the backtracking fine alignment algorithm and the integrated fine alignment under large
azimuth misalignment in section 2.3 for 180s and 600s, respectively, after simulating 180s with the
backtracking coarse alignment algorithm. The results are shown in Figures 11-18 and Table 4. It
should be noted that, according to the backtracking fine alignment steps in section 3.2, the
backtracking fine alignment algorithm will use the known initial velocity and position to correct the
inertial velocity and position after inverse navigation. Therefore, to obtain the velocity and position
errors of the backtracking fine alignment algorithm, only the simulation results of step 3 need to be
presented, as shown in Figures 12 and 13.

attitude error
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Figure 11. The attitude error of polar backtracking fine alignment algorithm.
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Figure 12. The velocity error of the polar backtracking fine alignment algorithm.
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Figure 13. The position error of the polar backtracking fine alignment algorithm.
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Figure 14. The attitude error of the polar integrated fine alignment algorithm under large azimuth

misalignment.
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Figure 15. The velocity error of the polar integrated fine alignment algorithm under large azimuth
misalignment.
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Figure 16. The position error of the polar integrated fine alignment algorithm under large azimuth

misalignment.
Table 4. Alignment results of two precise alignment algorithms.
Algorithm The p.olar I?acktracking The-polar- integrated
fine alignment fine alignment
Alignment time/(s) 180 180 600

Pitch error/(") 0.0072 -0.0466 -0.0662

Roll error/(’) -0.0230 -0.1081 -0.0700

Transverse azimuth error/(') 0.9251 -3.502 0.1408

Transverse eastward velocity error/(m/s) -8.400x10-3 -0.0189 -0.0184

Transverse northward velocity error/(m/s) 2.879x104 -0.0200 0.0029
Transverse latitude error/(') 4.765x104 7.284x10*  4.297x10+*

Transverse longitude error/(’) 4.628x104 1.844x104  2.464x103
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According to Figures 11-15 and Table 4, the polar integrated fine alignment under large azimuth
misalignment achieves a transverse attitude error of less than 1' and a transverse azimuth error of -
3.502" at 180s. The attitude errors for the polar backtracking fine alignment algorithm are also less
than 1'. The transverse azimuth error is significantly improved by 73.59%. This is due to the fact
that the alignment time is short and the filtering of the polar integrated fine alignment algorithm
under large azimuth misalignment has not fully converged yet. At 600s, the polar integrated fine
alignment algorithm also achieves an attitude error of less than 1, which meets the alignment
requirements for the polar region. The difference in transverse velocity errors between the two
algorithms is not significant, mainly because both algorithms can obtain the body velocity provided
by the DVL. When the attitude error is small, the DVL velocity can be converted into transverse
velocity with small error and provided to the integrated alignment system. At both 180s and 600s,
the attitude errors for both algorithms are relatively small, which results in similar transverse
velocities. However, at 600s, the position error of the polar integrated fine alignment algorithm is
larger than that of the integrated alignment algorithm under large azimuth misalignment. This is
because the observability of the position of the integrated alignment system is poor when only the
body velocity is available for assistance, and the position error gradually accumulates as the
alignment time increases. Overall, compared with the integrated alignment algorithm under large
azimuth misalignment, the Polar backtracking fine alignment algorithm not only has smaller
positioning errors, but also requires less alignment time, which is 70% less than that of the integrated
precision alignment algorithm under large azimuth misalignment.

5. Conclusion

In this study, we proposed a polar moving base alignment method based on backtracking
scheme to achieve fast and high-precision alignment in the polar region. Firstly, a polar coarse
alignment algorithm in the inertial frame under the transverse Earth model is designed to eliminate
the effect of the alignment algorithm caused by longitude error amplification. Then, the polar coarse
and fine alignment methods based on backtracking scheme are designed respectively. In the coarse
alignment, the data storage scheme was optimized to reduce the computational burden. In the fine
alignment, we derive the forward and backward navigation algorithms for transverse SINS suitable
for polar regions. We design a backtracking scheme that combines the alignment with large azimuth
misalignment and small misalignment, which ensures alignment accuracy and reduces alignment
time. The results of semi-physical simulation experiments show that, compared with previous
methods, the coarse alignment algorithm in the inertial frame under the transverse Earth model has
increased the azimuth accuracy by 12.43%, the retrograde coarse alignment algorithm has increased
the azimuth accuracy by 40.91%, and the retrograde fine alignment method has increased the azimuth
accuracy by 73.59%. The algorithm proposed in this paper has a promising application prospect in
the polar region.
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