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Abstract: Hessenberg differential algebraic equations (Hessenberg-DAEs) with high index play a
critical role in the modeling of mechanical systems and multibody dynamics. Motivated by the
widely used Lie Group Differential Algebraic Equation (LGDAE) method which only handles index
2 systems, we propose a Modified Extended Lie Group Differential Algebraic Equation (MELGDAE)
method for solving index 3 Hessenberg-DAEs, and provide theoretical analysis to deepen the
foundation of the MELGDAE method.The performance of the MELGDAE method is compared with
the standard methods RADAU and MEBDF on index 2 and 3 DAE systems, and it is demonstrated
that the MELGDAE integrator exhibits competitive performance in terms of high accuracy and the
preservation of algebraic constraints. In particular, all differential variables in index 3 Hessenberg
DAE:s achieve second-order convergence using the MELGDAE method, which suggests potential for
extension to Hessenberg-DAEs with an index of 4 or higher.

Keywords: differential algebraic equations; lie group; Hessenberg; high index

1. Introduction

Differential-Algebraic Equations (DAEs) are a class of mathematical models that arise in various
fields, such as multibody dynamics [1], electrical circuits [2], fluid mechanics [3], optimal control
[4] and chemical reactions [5]. DAEs are a natural extension of ordinary differential equations that
also involve algebraic equations. As such, they offer a convenient way to model complex systems
that involve both dynamic and algebraic components. The study of DAEs has been an active area of
research for many years, and numerous numerical methods have been developed to solve these DAEs,
particularly for low index systems. These methods include well known Runge-Kutta methods [6-8],
backward differentiation formulae [9,10],and others. However, the efficient solution of DAEs remains
a challenging problem due to the presence of algebraic equations that may be nonlinear, implicit, and
of high index.

Hessenberg differential algebraic equations (Hessenberg-DAEs) are an important type of
differential equation which are also commonly used in the modeling of mechanical systems and
electrical circuits.Because of their unique structure, numerical methods for solving Hessenberg-DAEs
can differ significantly from those used for other types of differential equations. Over the years, some
approaches have been proposed for the numerical solution of Hessenberg-DAEs, including variational
iteration method [11], adomian decomposition method for [12], exponential integrators [13]. These
methods either lack rigorous theoretical analysis or are only suitable for low-index systems.

One promising approach is the Lie group method whose several variations have been developed
specifically for solving (Hessenberg) DAEs with high index in recent years. Lie group methods mostly
constitute one-step extensions of classical methods, including Runge-Kutta type formulas [14]. In
mechanical engineering, BDF methods, which have traditionally been used, have been extended to Lie
groups as well [15]. Despite their usefulness, these methods suffer from a numerical disadvantage.
Various numerical techniques can be used to compute the matrix exponential, but the properties
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of these methods, such as stability, accuracy, and efficiency, can impact the results of the Lie-group
methods. Based on the structural information of Hessenberg DAEs, C.S.Liu [16-18] propose a Lie-group
differential algebraic equations (LGDAE) method. By converting the canonical representation of the
governing equations for nonholonomic systems, the LGDAE method expresses them in the form
of DAE systems, comprising of nonlinear ordinary differential equations and nonlinear algebraic
equations. The method is composed of two components: the first component pertains to the Lie-group
structure and concerns the numerical solution of nonlinear ordinary differential equations. The second
component, the Newton iterative scheme, is used to solve the nonlinear algebraic equations. The
LGDAE method has been successfully employed to solve various practical problems such as the heat
source recovery problem [19,20], sliding mode control problem [21], and inverse nonlinear vibration
problems [22]. However, it is noteworthy that the LGDAE method is only applicable to systems with
index 2.

The main focus of this paper is to investigate Lie group methods for Hessenberg-DAEs with an
index of 3 or higher. We present a modified extended Lie group method that incorporates the benefits
of Liu’s original method, along with the structural characteristics of Hessenberg-DAEs. Our proposed
method enables the accurate solution of high-index Hessenberg-DAEs and effectively captures the
behavior of solutions to algebraic constraints. We demonstrate the effectiveness of our method through
numerical experiments on some benchmark problems.

The structure of this paper is as follows. Section 2 presents a brief introduction to
Hessenberg-DAEs and Lie group methods. In Section 3, we present our novel modified extended Lie
group DAE method for Hessenberg-DAEs with an index of 3,and provide a theoretical justification for
the proposed method. Section 4 presents the results of numerical experiments on several benchmark
problems. Finally, we conclude with a discussion of our results and directions for future research in
Section 5.

2. Preliminaries

In this section, we provide a concise overview of Hessenberg-DAEs and an implicit GL(n, R) Lie
group methods.

2.1. Hessenberg DAEs

A system of ordinary differential equations (ODEs) with algebraic constraints which can be
written in the general form as

£(t,x(t),x'(t)) =0 @

is called differential algebraic equation, where % may be singular and the structure and rank of
the of this Jacobian matrix may depend on the solution x(#). An important special case of 1 is the
semi-explicit DAE of the form

)

{xl'(t)z f1(t,x1(t), x2(t))
0= f(t,x(t),x2(t)),

whose index is 1 if the Jacobian matrix function % is assumed to be nonsingular for all t. Hessenberg
Index-1 is also often referred to as a semi-explicit index-1 system.

Definition 1. Hessenberg Index-2
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where f; are sufficiently differentiable, the variables x, of the algebraic part is absent from the constraint and the

% %

product of Jacobians 32 57

a pure index-2 DAE.

is nonsingular. Thus, all algebraic variables play the role of index-2 therefore this is

Definition 2. Hessenberg Index-3
x'(t) =fi(tx(t),x(t),x3(t)), (4a)

x' (1) =fo(tx1 (1), x2(t)), (4b)
0 =f5(t,x2(t)). (4¢)
In this case the product of three matrix functions F = %g%g% is nonsingular, where x1, xp and x3 are

n1, np and ng dimensions respectively. The index of a Hessenberg DAE is found, as in the general case, by
differentiation. However, only the algebraic constraints must be differentiated.

Definition 3. Hessenberg Index-r

xll =f1(t/xl/x2/ to /xr)/ (5a)
le :fZ(t/xlle e /xr—l)/ (5b)
(5¢)

X; =fi(t/xi—lrxir‘ %), 3<i<r—1,5d)

: (5e)
0 :fr(t,xr_l) . (5f)
o o h A

0X;_1 0Xyr_p dxy oxy

In this case the product of three matrix functions

is nonsingular.

2.2. Lie group structure of ODEs

A Lie group is a differentiable manifold equipped with a group structure that is consistent with
the underlying topology of the manifold. The general linear group is a Lie group, whose manifold
is an open subset GL(1,R) := {G € R"*"| detG # 0}. Thus, GL(n,R) is also an n x n-dimensional
manifold. The group composition is given by the matrix multiplication.

The general linear group GL(n,R) gives uniquely a real Lie-algebra gl(n,R). Consider a
one-parameter subgroup G(t), t € R, of the general linear group GL(n,R), which is a curve passing
through the group identity at t = 0, G(0) = I,,, and which left acts on the n-dimensional Euclidean
space R", resulting in a congruence of curves in R",

X(t) = G(H)X(0) = [G()G ™ (to)]X(to), to,t ER. )

Owing to the closure property of the Lie group, G(t)G(t) also belongs to GL (1, R). When tg
is put very close to t, G(t)G!(tg) is very close to the identity I,,. Moreover,

Al = 360G W) =606 7)

defines a string of tangent vectors on the tangent space at the group identity of the group manifold,
more precisely, a continuously singly parametrized series of one-dimensional sub-algebra of the real
Lie algebra gl(n, R).

Differentiating Eq. (6), setting tp = t and then using Eq. (7) yields

X(t) = A(H)X(t). 8)

The flow generated by such a gl(n, R) vector field is the congruence of curves resulting from
solving the system (8). Essentially, it is very important that when one wants to establish a local
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coordinate on a smooth manifold on which a finite dimensional Lie-group of transformations is acting,
the solution of the differential equations system is necessary.

The Lie-group method possesses a greater advantage than other numerical methods due to its
Lie-group structure, and it is a powerful technique to solve ordinary differential equations (ODEs).
Here we give a new form of the dynamics in Eq. (4a) or (4b) from the GL(n, R) Lie-group structure.
In order to fit the format in Eq. (8), the vector field f; on the right-hand side of Eq. (4a) or (4b) can be

written as
X1 = A1t x1,x2,%3)x1 (%a)
XIZ = A2 (t/ X1, x2)x2 (9b)
£ .
where A; = | |xl I ® | |§Z I is the coefficient matrix and a ® b denotes the dyadic operation of a and b,
i i

ie., (a®b)c= (b-c)a. Here we suppose that ||x;|| > 0.

2.3. An implicit GL(n, R) Lie-group method

The equation (9) provides a new starting point for constructing the Lie-group GL(n, R) approach.
In order to develop a numerical scheme, we suppose that the coefficient matrix A; is constant with

>_<I

- i
a; = rbi:

1
L, (10)
k1

which can be obtained by taking the values of f; and x; at a suitable mid-point of fe [to =0, t], where

t < to+ hand h is a small time stepsize.
By introducing new variables w;(t) = b; - x;(t), we obtain an augmented dynamical system

d (x(t)\ _ (0 & x;(t)
at (wi(t)> = (0 aiTBl-) <w,-(t)>' (1)

Because the state matrix in Eq. (11) can be decomposed as

0 a L, 2\, o\ (1 2\
< ff) =" alp; <" _T_> " alb; , (12)
0 a; bi 0 1 0 a; bi 0 1

(¥

the solution of the linear dynamical system can be written analytically as follows

xi(t) ) _ 0 & xi(te) \ _ (In pleit —t)a; | [ xi(te)
<wi<t)>‘e"p[<o a?&) (=t (w(t’l))‘(o exp[@(t—ktk)]) (wiu]b)f 13)

ut

where p(u, t) = i = iiTBl-. We reduce the augmented x; — w; system to the x; system, obtaining

u
x;(t) = [+ p(ci t — t)ab;] Ixi(t) = Gilt — t)x;(ty), (14)

and detG;(t — t;) > 0. Note that G; is indeed an element in the Lie group GL(n, R). Therefore, by
introducing the auxiliary variable w; and the augmented system, we are able to derive an explicit
expression for the components of a one-parameter group GL(n, R).

3. MELGDAE method for index-3 Hessenberg-DAEs

In this section, we present a novel modified extended Lie group DAE (MELGDAE) method for
Hessenberg-DAEs with an index of 3,and provide a theoretical justification for the proposed method.
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We first calculate the solution x;(f;11) by the given variables x;(t), x2(t), then obtain the
solution xq (;41) via given variables x (), x3(tx) and xa(f;1). Moreover, we compute the solution
x3(tr1 1) by the resulting value of x; (5, 1) and x, (¢, 1). Hereafter, we denote the loop that solves for
the variable x; as the x;-loop. The MELGDAE method, which is presented in detail below, utilizes the
notation X;; = x;(tx).

For the x-Loop:
S1: Give O S 92 S 1, Xl[k], X2[k]'
52: Estimate X;;q] via Euler method as follow,

Xafky1) = Xk + M2 (t Xq (i, Xo[k))- (15)
S3: Let ip = £ + 6>h.
S4: Compute Xy 1j:
Xn = (1= 02)x + 02Xk (16a)
o0 £2(2, X1, X1
a = — = - 16b
W Tygll ~ (Rl (o)
_ )_(Z[k]
b = 16¢
M Tyl (169
G =a by (16d)
dogg =% bypy (16e)
} e 1
Py =p(Gopy h) = Tow (16f)
Sprr) = 1+ p(Eapg, 1) as bo 1o = Xop + (Cag, Mgy (168)

S5: If X[ 1) convergers according to a given stopping criterion
[Xopkr1) — Xopry | < €2, (17)
then let xp 1] = Xg[x41); Otherwise, let X1 = Xp[x41] and goto S4.
For the x;-Loop:

SI: Give 0 < 61 <1, Xy, X3jx, X2[k+1] Tesulting from the x,-Loop.
52: Estimate X; ;1] via Euler method as follow,

X [kt1] = Xa k] + hf1 (b X, Xo k41, X3[1))- (18)
S3: Let iy =t + 61h.
S4: Compute Xy qj:
Xipy = (1= 00)xq + 01%q ] (19a)
5 _ fi _ fi(n Xy Xapk 1) (k) (19b)
1 %1 7x ] %11
_ )_(1[;(]
b = 19¢
1M el (199)
Gy =a by (19d)
digg  =xqq - by (19¢)
L |
pig =p(C,h) = a (19f)
_ _ - T _ 7=
Xikr1 = I+ p(Cipy, hayxbiylxir = xi + 0(Copg, h)diar g (19g)
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S5: If X;[x4.1) convergers according to a given stopping criterion
[X1er1) — Xy < €1, (20)
then let Xy 1] = X4 1); otherwise, let Xy, 1) = Xy ;1) and goto 54.
For the x3-Loop:
Sl: Letts =t + 93h')_(3[k+1] = X3[k]-
52: Compute X3 ;1) via Newton iterative method:
Kafs1) = Xapeat) — a3t xa(a (Kapgr))))s (21)

where Xy = (1 — 63)xq ) + 03%q k11,

ve — _ af3 _ 8f3 ax2 Bxl .

X = (1= 03)%9 + 03%0p111d = 3¢ = S0 e o | - } ) . We could obtain
(K] (K] [ ] X3 dxy 0Xq 0X3 X1 =% X2 =Ko ) X3 =X341)

o

aX3

7
X1 =X [k] X2 =X k] X3 =X3[k+1]

o from Eq. (14).

Pl =0, a=%y
9x) 5 ~ 9 ~ ~ 9
e = dio {812k 3, P20k) T P2[K] 3, A120K) ¥ (22a)
. f£2(t,x1,%2)
121K x| ‘thﬁqil[k] X2 =Xk (220)
3
o _ a*xlfz(tthxz)
—a == 22¢
oxq 124 |2 ‘tTB/xlil[k]/XZ;‘z[k] (229
~ X2
b = 22d
2 Tl b 229
C12[K] =a[ - bropy (22e)
9 - T -
a2 = by %alz[k} (22f)
12k =X - brojy (22g)
_ _ eut -1
P2k = p(Cro 1) = — ety b (22h)
0 _(ut —T1)exp(ut) +1 9 ~ .
ax = [ 2 N t:h]acu[k] (22i)
or1] = =% * P2k 12 A2 (22))
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8x1 7 ~ ~ ~ ~
s = dy1 a1 55 P + P1iK) g Ar g} (23a)
3 . — f](t,X], X2, X3) ’ (23b)

1A x| E=13,X1 =Xq ] X2 =X [ X3 =X3 [k 4 1]

d
2 £1(t,x1,Xp, X

iaum _ aehltx ) \ (23¢c)
0x3 |[x1]] b=13,%1 =X )] X2 =Ko [k] X3 =X3[ 11
~ X1
b = 23d

T Tl b 25
C11[K] =ayp - bryg (23e)

~ ~ d ~

Gk = b1 (k) 35 11 (K] (23f)
dipy =Xy - iy (23g)
_ . eut -1
P1iK - P(Cll[k}/ h) - u u=tyy [y, t=h (23h)

J (ut — 1) exp(ut) +1 3 ~ .
P [ 2 N t:h]acn[k] (23i)
Kipeer] = =X + Py (23))

S3: If X3(x4.1) convergers according to a given stopping criterion
[X3[k41) — X3y || < €3, (24)

then let X3 1] = X3[x41); otherwise, let
X30k+1] = X3[k+1)s
Xo[k+1] = X2[k+1]/
X1[k+1] = X1[k+1)/
and goto S2.
Lemma 1. ([23]) Let U be an n x m matrix and V be an m X n matrix. Then
A AL, + UV| = A AL, + VU, (25)
where A is any scalar and Iy denotes the k x k identity matrix.

Lemma 2. Let U be an n x m matrix, V be an m x n matrix, and a and b be non-zero m x 1 vectors. Define
1

Q2 - [[all2 - [[b]]2

, where

the m x m matrix E = L, + hab® for h > 0. If UV is nonsingular and h <
Q = V(UV)~'U, then UEV is nonsingular.

Proof. To prove that UEV is nonsingular, we need to show that its determinant is nonzero.
To begin with, UV is nonsingluar, that is, # <= m. And it is noted that Q> = Q, then ||Q||, >= 1.
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For case n = m, we obtain

det(UEV) = det(U) det(E) det(V)
= det(U) det(V) det(E)
= det(UV) det(E)

and using Lemma 1, we have
det(E) =1+ hbTa > 0,

1

1QIl2 - [[al|2 - b2
Since both det(UV) and det(E) are nonzero, then det(UEV) is also nonzero. Therefore UEV is

nonsingular.
For case n < m, using Lemma 1, we obtain

where I <

det(UEV) = det(UV + hUab' V) (26)
= det(UV) det(I, + h(UV) 1Uab’ V) (27)
= det(UV)(1 + hbTV(UV)~!Ua) (28)

Moreover, |b'Qa| < |[b||2 - ||Qal|> < ||Ql|2-||al|2 - ||b]|2, then 1 + kb’ Qa > 0, which means that
UEV is nonsingular from equation (28). [

Lemma 3. Let Uj be an ny x ngz matrix, U, be an ny, X nq matrix, and Uz be an n3 X ny matrix. Let a; and by
be nonzero ny x 1 vectors, and let ay and by be nonzero ny x 1 vectors. Define the matrices Ey = I, + hay blT
and Ey = Iy, + hayb}, where h > 0. Suppose that U3U, Uy is nonsingular and that h satisfies

1 1 1
7 7 }/
3-1[Qill2- [lallz - [|bal[2" 3 [1Qall2 - [[az]l2 - [|ball2" 2|[M]]2

where Q; = Uy (UzUpUy) " U3, Q, = WUy (UsULUy) U3, and M = Uy (UzUpU;) ' Us
azsz Uy. Then, the matrix U3E,UpEq Uy is nonsingular.

h < min{

Proof. Firstly, UsU,U; is nonsingular, that is n3 < 17 and n3 < nj.
Let
V, =U,Uy,
1
3]1Qall2 - l[az[|2 - [b2]]2
U, Uy (U3U2U1)’1U3. By Lemma 2, U3E; V3 is nonsingular, which means U3E; U, U; is nonsingular.
Then, let

that is U3V; is nonsingular. And E; = I, + hazsz and h < , Where Q, =

U = U3EUy,
1

1Qi[I2 - [lar]]2 - [[ba]]2
Q| = U;(U3E,U,Up) " 'U3E,U,. By Lemma 2, U'E{ U is nonsingular, which means U3E,U,E; Uy
is nonsingular.

Now, we need proof

and U'Uj is nonsingular. In addtion, E; = L, + halblT LJifh < , where

h(1Q ]2 - larl]2 - [[b1l]2 < 1. (29)

It is noted that
Q) = (L, +1M)~'Qy (I, + M), (30)
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1
2[[M]l2°
Ly, +1MIJ> < (1L o+ 1M < .

Then, we obtain

1Qill2 = [1(Tn, + M) 1 Qy (I, + M)

< (T, +BM) |2+ [1Q ]2 -
< 3]|Q1]]2

1

Forh <
311Qull2 - l[a1]l2 - [[b1][2

, then we obtain the inequality (29).

doi:10.20944/preprints202304.0359.v1
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FEM) N < — Y < 2and
1—[|hM][2

(31)

|[Tn, + EM |2 (32)

(33)

O

Theorem 1. For the x3-Loop of Hessenberg DAEs with index 3, if h is sufficiently small, then the Jacobian

matrix J is nonsingular.

Proof. We first compute the 3% by Eq.(??).

ax J d
8x2 12K a2k 5 o Pafk + Paik 5 1alz[k}} (34)
. (ut —1)exp(ut) +1 s 0
= dypy{an| ” D t*h]aixlclz[k] "’"Pz[k]aalz[k]} (35)
- . (Crpph—1)exp(Epph) +1 g 0
= dpp{anK u 2 i (b5 o, dpa] + Pak 5 alZ[k]} (36)
120k
o (Crapgh — 1) exp(Eraph) + )
= dipg{P2yIn, + u ~ u a12[ 4b12 k]} a12[k] (37)
“12[k]
diok (Craih — 1) exp(Eppph) +1 -7 ofa(t, x1,x2)
= — 0oL, + a b _— . 38
o | {021 In, & 12K b2k ax, (38)
Similarly, we obtain the g% from Eq. (??).
M _gola + } (39)
axs 11[k] all[k]a O1[k] + P1jk 13 3311[1:}
: (Cryh —Dexp(Eyph) +1. -1 . 9 _
= dy g {P1In + 4 > 4 an[k}bu[k]}gan[k] (40)
[k 3
di1k (Clpgh —Dexp(Crph) +1_ -1 9fi(t,x1,x2,X
_ n[ 1 [Py + . 1[4 anmbn[k]}%- (41)
Futhermore, we are able to get
_ ¥ _9hondx
J N 8x3 N aXZ 8x1 aX3 (42)
d~12[k] d~11[k] of; _ dof, _ df;
= — - —E,—E —, 43
R )
Crigh — 1) exp(Cyiph) +1
where Ei[k} = pi[k]lni + ( ik ) p( Lilk ) ah[k k] i =1,2),and F = U3U,Uy( Uz =
1i[k]
%,Uz = %,Ul = %) is nonsingular.
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From Lemma 1, it is noted that

i1 (Crigh — 1) exp(Cypgh) + 1.7 i 3
B | = iy Yo + 1 1 by ani b = hoy " exp(&y;h) # 0.

i

For small h < H, Ejy = hlp, + hzéli[k}f){i[k] +O(h®) = hl,, + hzéli[k]ﬁfi[k]. Moreover, by using Lemma
3, if

h < min{ L ! L }
k2 311Qug 12 - Hanll2 - 1Byapgll2” 311Qapg 12 - szl |2 - [1B1apgl 2 21 Ml l2 ™

where Ql[k] =U; (U3E2U2U1)_1U3E2U2, Qz[k] =U,Uy (U3U2U1)_1U3 and
M, = Uy (U3U,Uy) ’1U3§12[k]l~)1T2[k] U,, then U3E, U, E 1 U; is nonsingular. Therefore, satisfying for small
h with

1 1 1
311Qug 2 - a2 - [1B11pgll2” 311Qapi |2 - Hasagg 12 - 11|12 21 Mkl 2

h < mkin{H, }

we are able to obtain J is nonsingular. O

4. Numerical Examples

In this section, we do numerical simulation experiments to illustrate the performance of the
MELGDAE. All codes are written under Windows 10 system and run on a personal computer with
Intel(R) Core(TM) i5-3570 CPU @ 3.40 GHz, 4.00 GB RAM and 64-bit operating system.

We consider a Hessenberg DAESs system with index 3 as follows, which can be found in [24].

z2'(t) = g1 = (z3(H)za(t) +z1(H)22(t))25(t), (44a)
2'(t) =g = —z3(t)za(t)?22(t)%25(t), (44b)
23/ () = g3 = 2z3(t)za(t)z1(t)2a(t), (440)
zi/ (1) =gs = —z3(t)za(t)z2(t)?, (44d)
0 =g5s = z3(H)za(t)* — 1, (44e)

where t € [0,1], z1(0) = z2(0) = z3(0) = z4(0) = 2z5(0) = 1 are the consistent initial values. And the
exact solution is given by

Letx; (t) = (z1(t), 22(t)) T, xa(t) = (2z3(t), z4(t)) T, x3(t) = z5(t), and f1 = (g1,82)", f2 = (3,84) ", f3 =

gs, then F = 35 8290 — 27, (1) (225 (t)223(t) + 1)

To obtain DAEs with index 2, we differentiate the constraint g5 to obtain the following equation.

0=gs = 2z1(t)z4(t) — za(t)z3(t). (45)

Then, we are able to obtain index 2 DAEs below.

z21'(t) = g1 = (23(t)za(t) +z1(t)22(t))25(t), (46a)
z2'(t) =g = —z3(t)za(t)?22(t)%25(1), (46b)
z3'(t) = g3 = 2z3(t)z4(t)z1(t)2a(t), (46¢)
zd' () =g4 = —z3(t)zg(t)za(t)?, (46d)
0 =86 = z1(t)za(t) — za(t)z3(t). (46e)
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We compared the numerical results of the MELGDAE method with those of RADAU, a code
based on implicit Runge-Kutta methods, and MEBDFI, a code based on the MEBDF method that
has better theoretical properties than BDF methods, to demonstrate the capability of the MELGDAE
method. The comparison was made using the Hessenberg DAEs with index 2 or 3 mentioned above.

Without loss of generality, we assume the absolute error (g1,€2,€3) is 1078, the relative error is 107>,
the (initial) step size is h = 1073,6; = 6, = 63 = 0.5. Based on Figures 1 and 2, the MELGDAE method
showed comparable accuracy with the RADAU method for the differential variables z; (f) and z3(t)
for both index-2 and index-3 Hessenberg DAEs. In contrast, the MEBDFI method was less accurate for
these variables. For the algebraic variable z5(t), both RADAU and MEBDFI methods provided more
accurate results than the MELGDAE method. However, for the algebraic constraints gs(t) and gs(t),
the MELGDAE method exhibited significantly higher accuracy compared to the RADAU and MEBDFI

methods.
5 «10°® RADAU 3 «10° MEBDFI 15 «10°MELGDAE
—~
= 4 2 1
N
<2 1 0.5
N
0 0 0
0 0.5 1 0 0.5 1 0 0.5 1
(a1) (b1) (c1)
-6 -5 -6
5 x10 3 x10 6 x10
-
o 2 4
N1
= 1 2
N
0 0 0
0 0.5 1 0 0.5 1 0 0.5 1
(a2) (b2) (c2)
-4 -6 -3
1 x10 6><1O 15 x10
“A\ 4 | 1

| |
il 2 il | 05
/» ‘“‘ “w{\‘\(‘\ il ‘VA\ // '

0 0
0 0.5 1 0 05 1 0 0.5 1
(a3) (b3) (c3)
-6 7 12
4 X10 ; x10 g 10
NZ 4
X2 0.5
= 2
o
0 0 0
0 05 1 0 05 1 0 0.5 1
(a4) (b4) (c4)

Figure 1. The abosulte errors of three methods for index -2 DAEs. (al)-(a4) are the absolute errors

of z1(t), z3(t), z5(t) and g¢(t) of RADAU respectively; (b1)-(b4) are the absolute errors of MEBDFI;
(c1)-(c4) are the absolute errors of MELGDAE.
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0 0.5 1 0 0.5 1 0 0.5 1
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_6 _5 _6
1 =10 4 x10 6 <10
>
o
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X,
i
0 0 ;
0 0.5 1 0 0.5 1 0 0.5 1
(a2) (b2) @)
_5 _3 _3
440 | 10 , 10
< |
Nz 2 ‘“U‘ i 0.5 ‘ f [‘ “\‘ ‘H‘ ! 1
=, I 1 | | N1y
F L il [t
N 0 \} I | \| v 0 N .
0 0.5 1 0 0.5 1 0 0.5 1
(a3) (b3) )
° 8 13
_2p 410 ; x10
=
™ ) o
=3
= O O
0 0.5 1 0 0.5 1 0 0.5 1
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Figure 2. The abosulte errors of three methods for Index 3 DAEs. (al)-(a4) are the absolute errors
of z1(t), z3(t), z5(t) and g5(t) of RADAU respectively; (b1)-(b4) are the absolute errors of MEBDFL;
(c1)-(c4) are the absolute errors of MELGDAE.

Upon observing Figures 1 and 2, it is clear that all three methods exhibit a reduction in the absolute
errors of z1(t), z3(t), and z5(t) as the index increases from 2 to 3. This reduction is not significant for
the MELGDAE and RADAU methods. Therefore, we can conclude that the MELGDAE method has
the potential to be extended for computing DAEs systems with an index higher than 3.

Furthermore, we conducted numerical experiments to verify the convergence accuracy of the
MELGDAE method for index 3 DAEs. We assumed h = {2719,279,278 27 2-6
275,274} and calculated their constants in —log, (max; |zij — zi(tk)|) = v(—logah) + (i = 1,2,3,4,5)
and —loga(maxy [g5(tx, zapk, Zay)|) = v(—logah) + p, which represents max |z — zi(t)| = O(h")
and maxy |g5(t, Z3(k), 245)| = O(h"), using the standard least-squares method. The results are
presented in Figure 3, which indicate that the MELGDAE method exhibits second-order convergence
for zq(t), za(t), z3(t), and z4(t) (all differential variables) and g5 (the algebraic constraints), and
first-order convergence for z5(t) (algebraic variable). Thus, this method may be extended to compute
systems with an index of 4 or higher and is suitable for DAE systems that cannot be directly solved
using other classical methods.
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Figure 3. The convergence order O(h") of MELGDAE for index 3 DAEs.

5. Conclusions

The Modified Extended Lie Group Differential Algebraic Equations (MELGDAE) method was
developed in this paper to solve Hessenberg-DAEs with index 3. While the LGDAE method presented
in [18] is only capable of handling index 2 systems, the MELGDAE method can solve higher index
systems by taking into account the differential equation components with respect to the index in
Hessenberg form. It is worth mentioning that the MELGDAE method demonstrates superior theoretical
properties compared to the LGDAEs, as illustrated in Theorem 1.

We conducted a comparison of the MELGDAE method with the standard methods RADAU
and MEBDFI on index 2 and 3 DAE systems. The MELGDAE method demonstrated promising
results in terms of solution errors when compared to RADAU and MEBDFI, which are known to
be powerful on different DAE systems. However, the MELGDAE method excelled in preserving
the algebraic constraints. Moreover, all differential variables in index 3 Hessenberg-DAEs exhibited
order 2 convergence with the MELGDAE method, whereas MEBDFI in [24] and RADAU in [7,25]
demonstrated order reduction. Although the MELGDAE method has high stability and accuracy when
solving strong nonlinear Hessenberg DAEs with index 3, there are still some theoretical gaps that need
to be addressed in the future. Additionally, the MELGDAE method can be further extended to solve
DAEs with an index of 4 or higher, which cannot be directly solved using standard methods.
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