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Abstract: In this work, we propose a transition wave equation from quantum to classical regime in
the framework of the von Neumann formalism for ensembles and then obtain an equivalent scaled
equation. This leads us to develop a scaled statistical theory following the well-known Wigner-Moyal
approach of quantum mechanics. This scaled nonequilibrium statistical mechanics has in it all
the ingredients of the classical and quantum theory described in terms of a continuous parameter
displaying all the dynamical regimes in-between the two extreme cases. Finally, a simple application
of our scaled formalism consisting of reflection from a mirror by computing various quantities
including probability density plots, scaled trajectories and arrival times are analyzed.
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1. Introduction

The most general formulation of quantum mechanics is given in terms of a density operator, a
statistical mixture of state vectors. Furthermore, in an open or composite quantum system, the system
of interest is described by the reduced density operator which is obtained by tracing out the total density
operator over the remaining degrees of freedom. Using the method of protective measurements,
Anandan and Aharonov have proposed the observation of the density matrix of a single system, thus
presenting a new meaning of the density matrix in this context [1]. In this regard, it has been shown
that the density matrix can be consistently treated as a property of an individual system, not of an
ensemble alone [2]. In addition to the statistical (mixture) and reduced density matrices, the conditional
density matrix, conditional on the configuration of the environment, has been discussed [3] and argued
that the precise definition is possible only in Bohmian mechanics.

On the other hand, Bohmian mechanics [4-7] is clearly a complementary, alternative and new
interpretive way of introducing quantum mechanics, providing a clear picture of quantum phenomena
in terms of trajectories in configuration space. A gradual decoherence process could then be devised
by using the so-called quantum-classical transition differential wave equation, originally proposed by
Richardson et al. [8] for conservative systems. Doing so, the corresponding dynamics are governed
by a continuous parameter, the transition parameter, leading to a continuous description of any
quantum phenomena in terms of trajectories, scaled trajectories [9,10]. In other words, one is thus
able to describe any dynamical regime in-between the quantum and classical ones in a continuous
way emphasizing how this decoherence process is established (a scaled Planck’s constant is defined
in terms of the transition parameter covering the limit i — 0). Scaled trajectories also display the
well-known non-crossing property even in the classical regime. Chou applied this wave equation
to analyze wave-packet interference [11] and the dynamics of the harmonic and Morse oscillators
with complex trajectories [12]. Stochastic Bohmian and scaled trajectories have also been discussed
in the literature for open quantum systems [13]. Moreover, by assuming a time-dependent Gaussian
ansatz for the probability density, Bohmian and scaled trajectories are expressed as a sum of a classical
trajectory (a particle property) and a term containing the width of the corresponding wave packet (a
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wave property) within of what has been called the dressing scheme [7]. Analogously, this scheme is also
observed in the context of nonlinear quantum mechanics [14] where, for example, solitons also possess
this wave-particle duality; their wave property appears in the form of a travelling solitary wave and
their corpuscle feature is analogous to a classical particle.

The procedure of using a continuous parameter monitoring the different dynamical regimes in the
theory reminds us to the well-known WKB approximation, widely used also for conservative systems.
Several key differences are worth stressing here. First, the classical Hamilton-Jacobi equation for the
classical action is obtained at zero order in this approximation whereas the so-called classical wave
(nonlinear) equation [15] is reached by construction. Second, the hierarchy of the differential equations
for the action at different orders of the expansion in : is substituted by only a transition differential
wave equation which can be solved in the linear and nonlinear domains. Third, the transition from
quantum to classical trajectories is carried out in a continuous and gradual way, stressing the different
dynamical regimes in-between the quantum and classical ones. And fourth, this continuous transition
can also be seen as a gradual decoherence process (let us say, internal decoherence) due to the scaled
Planck’s constant, allowing us to analyze what happens at intermediate regimes [16]. However,
decoherence effects have also been analyzed in interference phenomena using a class of quantum
trajectories, based on the same grounds as Bohmian ones, associated with the system reduced density
matrix [17]. Such a study has been carried out for statistical mixtures and studied in the framework of
Bohmian mechanics [18], the minimal view i.e., without any reference to the quantum potential. Even
more, by writing the density matrix in polar form, a Bohmian trajectory formulation for dissipative
systems has been proposed where a double quantum potential being a measure of the local curvature of
the density amplitude is responsible for quantum effects [19]. A different approach has been taken
for the hydrodynamical formulation of mixed states [20] where a local-in-space formulation has been
adopted in the sense that a hierarchy of moments contains the non-local information associated with
the off-diagonal elements of the density matrix.

In the present article, our purpose is to provide a clear formulation of pure and mixed ensembles
in terms of the Bohmian mechanics by using the polar form of the density matrix within the von
Neumann equation framework. In this way, the corresponding quantum potential is introduced, and a
momentum vector field is defined for both forward and backward in time motions. Once this is carried
out, within the quantum-classical transition equation framework, a scaled Schrodinger equation is
easily derived leading to the so-called scaled von Neumann equation. Afterwards, Moyal’s procedure
[21] used to interpret quantum mechanics as a statistical theory is then applied to the scaled theory by
considering a characteristic function which is a standard function in statistical mechanics [22]. The
expectation value of the so-called Heisenberg-Weyl operator [23] is treated as the characteristic function.
Then, the inverse Fourier transform of the characteristic function is considered as the probability
distribution function and its time evolution was thus obtained. In this way, the classical Liouville
equation is again derived within this scaled theory. The foundations of nonequilibrium statistical
mechanics are based on the Liouville equation which is assocaited with a Hamiltonian dynamics (in
general, in phase space). In other words, with this theoretical analysis, we have clearly shown that
a scaled statistical mechanics is well established and ready to be applied. This new nonequilibrium
statistical mechanics would be valid for any dynamical regime, going from the quantum to the classical
ones. As a simple illustration of our new formulation, scattering of a statistical mixture of Gaussian
wave packets from a hard wall is studied and compared to the corresponding superposed state. The
application of the new scaled nonequilibrium statistical mechanics will be postponed for a future
work.
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2. Theory

When an isolated physical system is described by a density operator p instead of a state vector |¢),
the equation of motion ruled by the density operator is the so-called Liouville-von Neumann equation
or simply von Neumann equation which is written as

L00 A
1Fzg = [H,p], (1)

where H is the Hamiltonian operator of the system and [, -] represents the commutator of two operators.
For a single particle and in one dimension, this Hamiltonian is expressed as

N p?
H = ﬁ+u(x), )

where the first term is the kinetic energy operator and the second one, the external interaction potential,
U(%). This equation reads as

2oy = (2P gy + U - UGy o
ot  2m \o9x?2  oy? PR YIPRE L)y

in the position representation. Diagonal elements of the density matrix give probabilities while the

non-diagonal elements represent coherences.

2.1. Pure Ensembles in the de Broglie-Bohm Approach

Before considering mixed ensembles, it is important first to look at pure ones in the framework
of the von Neumann equation. Density operator elements, in coordinate representation, for the pure
state p = |¢) (| are given by p(x,y,t) = ¢(x, t)P*(y, t) where the wave function ¢ (x, t) is governed
by the Schrodinger equation

ih2 (x,t) = —h—zi + U(x) | p(x,t) 4)
at"" o 2m ox? Pl t),
and its complex conjugate ¢*(y, t) is governed by the complex conjugation of the same equation i.e.,
L9 B h? o2 i
—ihet(y,t) = <_2may2 + U(]/)) Py, b). ©)

This equation reveals that ¢*(y, t) is the wave function corresponding to the time-reversed state
[24]. Writing the wave function in its polar form

Yl t) = a(xt)esEDM ©6)

a(x,t) and s(x, t) being both real functions the amplitude and phase of the wave function, respectively.
By substituting this polar form in Eq. (4) and splitting the resultant equation in its real and imaginary
parts, one obtains

2
—%s(x,t) = ﬁ (aaxs(x, t)) + U(x) +q(x,t) (7a)

%(a(x,t))Z + % ((u(x,t))ziaaxs(x,t)> —0, (7b)
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which are respectively the generalized Hamilton-Jacobi and the continuity equations where

o1 R
q(x,t) = —%m@“(%ﬂ ®)

is the well-known quantum potential. These equations suggest the definition of the momentum field as
(01 = () ©)
p 4 - ax s )

and the velocity field as
o(x,t) = Lp(xb) (10)
7 - m P st).
Bohmian trajectories x(x(9), t) are thus constructed from the guidance equation as

e _ v(x,t) , (11)
dt x=x(x(0),t)

x(%) being the initial position.
By applying the operator dy to Eq. (7a) and using Eq. (10), one reaches a Newtonian like equation
according to

Do) = o (U() +alx ), (12)

which shows that regarding g(x, t) as a potential on the same footing as U(x) is consistent.
Now let us consider evolution of *(y, t). As stated above, its evolution is governed by Eq. (5)
and expressed again in polar form

Py, 1) = (y, 1) O, (13)
one has that
2\ 1 /9, 2 .
~(51) w0 =5 (50 + UG+ (142
9, s 0, ,19 B
—5; (@ W) * oy ((a (1)) oy’ (y,t)> =0, (14b)
where
) ®”o1 9,
q(yt) = _%WW{Z (y,t)- (15)

By comparison to Egs. (7a) and (7b), d; has been replaced by —d; as the result of time reversal.
With respect to these new equations, one defines the momentum field, in the y direction, as

/ Jd ,
pyt) = ET (v, 1), (16)

which using Egs. (14a) and (14b) yields again a Newtonian like equation

GPOD = S+, 7)
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Note that the minus sign in Eq. (16) reflects the time-reversed dynamics in the y direction [19].
However, note that a comparison between Eq. (6) and Eq. (13) reveals that

{u’(y,t) =a(y,t) (18a)
s'(y,t) = —s(y,t),(18b)

and, as one expects, p'(y,t) = —p(y, t).
By subtracting now Eq. (14a) from Eq. (7a), and using Eqgs. (18a) and (18b) we have that

st —styn) = ECOZ s BRI ZSIIR (g - ug)
2
N ;W(ai—aﬁ)[a(x,t)a(y,t)], 19)

Multiplying Eq. (7b) by (a(y, t))? and Eq. (14b) by (a(x, t))?, subtracting the resulting equations
and using Egs. (18a) and (18b) yields

Slotx 0,08+ 5 (laCDay 0P S s(,0) = (0] )
= 5 (I a0 st = (0] ) =0 20)

Note that the real functions a(x, t)a(y, t) and s(x,t) — s(y, t) appearing in Egs. (19) and (20) are
the amplitude and phase of the pure density matrix, respectively

Py t) = Yl (y, 1) = alx, Da(y, t)e =W/, (21)

One could directly reach Egs. (19) and (20) by introducing this polar form in the von Neumann
equation (3).

2.2. Mixed Ensembles in the de Broglie-Bohm Framework

Let us now consider a mixed state. The hermiticity of the density operator g implies

plryt) = p(yxh). (22)
From this property and the polar form of the density matrix
o(x,y,t) = A(x,y,t)eSE¥D/M (23)

one has that
{ A(x,y,t) = A(y,x,t) (24a)

S(x,y,t) = —S(y, x,t),(24b)
i.e., the amplitude (phase) of the density matrix is symmetric (antisymmetric) under the x < y

interchange. Now, by introducing Eq. (23) into the von Neumann equation (3) and splitting the
resultant equation in real and imaginary parts, one again obtains the Hamilton-Jacobi equation for the

phase
2 PSP RSy bP )
8y, 1) = 220 VUL F U - U]+ Q) (29
and the continuity equation
iy L (00405 - 3,49,5) + - A(@25 — 25) =
3 (x/y/t)‘Fa(x xS — dyA dy )+% (0:5—9,5) = 0, (26)
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for the amplitude where

P

Qx,y,t) = —%W(ai—a@f‘(%%ﬂ (27)

is again the corresponding quantum potential. By defining the two-component momentum vector
field as

P(x,y,t) = (9:5(x,y,t),—0yS(x,y,t)), (28)

Eq. (26) can be written in compact form as

%A(x, y,t)+V(x,yt) VA(x,yt) + %A(x,y, t)yV-V(x,y,t) = 0, (29)
or
2 Ay )+ V(A y V(Y 0]~ S Ay Y Vit = 0 (30)

where we have introduced the velocity vector field

V(x,y,t) = %P(x,y, £). (31)

Eq. (29) can thus be written as the usual continuity equation

%A(x, v, )2+ V- [Alx,y, ) V(x,y,t)] = 0, (32)

for the conservation of A(x, Y, t)2 in the two-dimensional space represented by x and y,
d (e8] (¢S] 5
' / / dxdy A(x,y,t) = 0. (33)
Using Egs. (28) and (25), one obtains the quantum Newton-like equation as
iP(x t) = 9 +V(x,y,t)-V | P(x,y,t)
dt 7 yl - at 7 y, 7 yr
= —-VU=+£Q), (34)

where the + (—) sign inside the parentheses stands for x () component of the momentum field.
If one uses the center of mass and relative coordinates according to

{R— Y 1Y (350)

2
r=x—1y, (35b)

Eq. (29) is rewritten as

d d 19 1/9 d
gA(R,r, £) + 3R (A(R,r, t)marS(R,r,t)> + p” (aRS(R,r,t)> <81’A(R’r't)> =0. (36)

Note that this equation can also be directly obtained from the von Neumann equation in the (R, 7)
coordinates,

[a o9  UR+r/2)—UR-r/2)
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From Eq. (24a), it is seen that A(R, r,t) is an even function of the relative coordinate r and thus its
derivative with respect to r is odd under » — —r. This implies that the last term of Eq. (36) is zero for
r = 0, i.e,, when considering diagonal elements. From this analysis, one arrives to

%A(x,t) + {(.3{ (A(R, r, t)%%S(RI g f)> }

for the conservation of probability, i.e., diagonal elements of the density matrix, p(R = x,r =0,t) =
AR =x,r=0,t) = A(x,t), from which the Bohmian velocity field is obtained as follows

=0, (38)
R=x,r=0

o t) = - 2SR 1, 1)

m or (39)

R=x,r=0

Note that this velocity field can also be deduced from the probability current density
(40)
y=x

2.3. The Scaled von Neumann Equation: A Proposal for Quantum-Classical Transition

. h 0
jlx,t) = mlm{axp(x,y,t)

through the ratio j(x,t)/p(x,t).

In an effort to describe a quantum-to-classical continuous transition, the following non-linear
transition equation was proposed to be in the Schrodinger framework

.0 B w9 W 92| pe(x, 1)
1hglp€(x,t) = [—Maxz—l—ll(x)—i-(l—e)zm o)

] lpé’(x/ t)/ (41)
containing the so-called transition parameter € going from one (quantum regime) to zero (classical
regime) and in-between. The equivalent scaled linear equation reads now as

~2 82

20 - h -
zhgtp(x,t) = l—zmaxz+ll(x) P(x,t), (42)

which was shown elsewhere [8], the so-called scaled Planck constant being

h = +eh. (43)

This study has been generalized to dissipative systems in the framework of the Caldirola-Kanai
[10] and the Kostin or the Schrodinger-Langevin [9] equations. Here our purpose is to generalize this
previous study to the von Neumann formalism of ensembles.

The last term of Eq. (25), the quantum potential, is responsible for quantum effects. Following
Rosen [25], by subtracting this term to the von Neumann equation and after splitting again the real
and imaginary parts, we reach the classical Hamilton-Jacobi equation, Eq. (25), without the quantum
potential. Because of this, we could call this equation the classical von Neumann equation (a similar
classical Liouville equation could also be reached) which reads as follows

nopaent) = (2 2 ) + (U - Upatrnt)
ot A\ X Y, 2m \ 9x2 ayz Pe{X, Y, Y))Pa\X, Y,
B2

1 2 02
2 |Jpatn,y, 0] \a2 ~ a2 ) lPalx v D)l palxy,t), (44)

doi:10.20944/preprints202304.0919.v1
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where the sub-index “cl” refers to “classical” and |pq(x, y, t)| means the modulus of p.(x,y,t). Now,
following [8], the transition equation is proposed to be

oy t) = (2PN ) + (U) - U)o
atpe /y/ - Zm axz ayz Pe /y, y Pe ;]/,
" 1 ? P
—€)r— |7 |l =5 — 5> . 4
From the polar form for the density matrix
pe(x,y,t) = Ac(x,y,t)eStvt/n, (46)
one obtains (0,5.)% — (3,5.)2 5
ase‘ _ xSe - ySg h 1 2 2
T o +U(x) - U(y) — e%z(ax dy)Ae (47a)
0A 1 1
o = _%Ae(a,% —9;)Se — — (9xAc 0xSe = 9y Ac 9ySe) - (47b)
Now, multiplying Eq.(47a) by
plx,y,t) = Ac(x,y,t) eiSe(xyt)/h (48)
and Eq. (47b) by ifie’S¢/ R and adding the resulting equations, after some straightforward algebra one
obtains
F2pmt) =~ (2B i U) - Ut (49)
o\ Y  2m \9x?2  9y? oY LS

This is the so-called scaled von Neumann equation. The form of this scaled equation is exactly the
same as that of the von Neumann equation. The only changes are that /z and p have been replaced by
the corresponding scaled quantities i and . Thus, the structure of the continuity equation is the same

and one has
} , (50)
y:x

for the scaled probability density current from which the scaled velocity is derived

f 9 _
jx,t) = mlm{axp(x,y,t)

5 _ &b
o(x,t) = RN (51)

Finally, the scaled trajectories are determined by integrating the guidance equation

— = 9(x,t) , (52)

x(%) being the initial position of the particle.
We now consider Ehrenfest relations. We first write the scaled von Neumann equation (49) in the
form

2

.~a PN
ifisp = [ALf), (53)
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22
~ ho 02
Now for the time derivative of the arbitrary time-independent observable A one has that

d -~ BN 1 s aa 1 s ([AH)

—(A) = tr| =—A) = =tr(|H,0|A) = =tr(po|A, H|) = - 55

G A = w(FA) = zuA ) = zulA i) = 12 65

where we have used Eq. (53) and the cyclic property of the trace operation. Note, however, that one
should take care of using this property when the dimension of the vector space is infinite. Then, from
Eq. (55), one obtains the usual Ehrenfest relations

25 = 7 (562)

45 = <A§i’> (56b)

2.4. The Scaled Wigner-Moyal Approach

Moyal [21] attempted to interpret quantum mechanics as a statistical theory. He started with the
characteristic function, a standard tool of statistical theory but in the unusual way [22]; the expectation
value of the so-called Heisenberg-Weyl operator [23] was treated as the characteristic function. Then,
the inverse Fourier transform of the characteristic function was considered to be the probability
distribution function and its time evolution was thus obtained from the standard methods of statistical
mechanics. Interestingly enough, the same evolution equation can be reached by starting from the
density operator satisfying the standard quantum mechanical Liouville-von Neumann equation. In
spite of seemingly different starting points, Hiley [22] has shown they are, in fact, the same starting
point. We are going to follow the same procedure but in the scaled theory context.

Using the Fourier transform of the scaled wavefunction, the corresponding pure scaled density
matrix can be written

. o 1 . - . =
Py t) = PEOF ) = = [ dpdaip,1) ¢ (1) P, 7)

and using again the R and r coordinates for space and similarly u = (p +4g)/2 and v = p — g for
momentum, the density matrix can be transformed into

p(R,7,t) = %/dudv F(u+0v/2,6)§* (u—v/2,t)elRetrn)/h
T

/du W(R, u, t)e/h. (58)

This equation shows that the function W(R, u,t) is the partial Fourier transform of the scaled
density matrix §(R, r, t) with respect to the relative coordinate r. Thus, one has that

W(R,u,t) = 2:[75 /dr e*i”r/fzp"(R, r,t) (59)
= 1~ /dr e_i”r/f’tﬁ(R+r/2,t)1/~)*(R—r/2,t),
2mth

which is just the scaled Wigner distribution function (see Ref. [26] for comparison). This can be explicitly
seen by changing the relative variable r — —r/2. The time evolution of the scaled Wigner distribution

doi:10.20944/preprints202304.0919.v1
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function W(R, 1, t) can be found from Egs. (59) and (49), written in the coordinates 7 and R, according

to
%W(R ut) = 2:[?1 /dr e_””/h (R r,t)
1 iur/E % 02 U(R/2+7r)—U(R/2—-71)) .
T ok /dre m 0roR ih P(R1H)
_ _E&TRW (R,u,1) /du R(R,u' — u, )W(R, i, 1), (60)

where we have defined the kernel

R(Rq,t) = yeiar/AUR/2HT) - UR/2=1) (61)
i
Thus, one has finally that
oW (x, p, (x,p,
(atp H % P /K x,p—q)W(x,q,t)dg. (62)

In the so-called Wigner-Moyal approach to quantum mechanics and said before, Moyal’s starting
point [21] is the Heisenberg-Weyl operator defined as

WI(0,7) = el O5+TP) — oiTh/24i0%,iTp/2, 63)
and its expectation value considered as the characteristic function,
M(0,7) = /dx P* (x)el TP/ 2102 P 24 ). (64)
Now, the same procedure could be followed in this context and write

M(G,T) — /dxw ( ) 1Tp/2 0% 1Tp/2¢( )
hT/Z) i0x 1/3(x + flT/Z), (65)

|
—
Sh
=
'G

which the phase space probability distribution function is the Fourier transform of the characteristic
function

W(x,p) = (271_()2//dr d6 M(6,t)e (Ox+p)
1 - . o -
= 5e /d’t 9" (x —ht/2) e P p(x + ht/2). (66)

In the second line of Eq. (65), we have used the fact that the momentum operator is the generator
of translations. As Moyal proposed, one could also consider W(x, p) as a distribution function and
apply the corresponding standard methods of mechanical statistics. Starting from the Heisenberg
equation of motion

2
d =  [MA . B

for the scaled operator M, and following Moyal original work [21], one arrives at

0 2 [A(f o o o 0 N
3 W(x,p,t) = flsmL <apwaxH—apHaxw>]H(x,p)W(x,p,t), (68)
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where H(x, p) is the classical Hamiltonian; and 8/9x}; and 9/dpy; operates only on W and so forth.
In the classical limit € — 0, this equation reduces to the well-known Liouville equation for the phase
space distribution function,

d
gwd (pr 9]/ t) - {Wcl/ H}PBr (69)

where {-, - }pp stands for the Poisson bracket.

Thus, we have built a scaled nonequilibrium statistical mechanics from its fundamentals which
takes into account in a continuous way all the dynamical regimes in-between the two extreme case, the
quantum and classical ones.

3. Results and Discussion

As a simple application of our theoretical formalism, let us consider scattering from a hard wall at
the origin

Vi) = {0 x <0 70)

o 0<x,

and two scaled Gaussian wave packets 1, and ¢}, with the same width oy but different centers x(, and
Xop (initially localized in the left side of the wall) and kick momenta pg, and p, i.e.,

. - 1 (x — x02)® | .Poa
Pa(x,0) = Wexp [403 +igx (71a)
. _ 1 (x —xop)* | -Pob
lpb(x,O) = W exp [% + 173( , (71b)
and build the superposition state at any time as
l;[’(x, t) — j\"’/‘lpll(xr t)\—/’_ilpb(xr t)g(_x), (72)
and the corresponding mixture
Pa (X, £) 5 (v, 1) + Pp(x, )P} (y, t
ﬁ(x,y,t) — l)bﬂ(‘x )lpa(y )+ll]b(x )wb(y )9(—X), (73)

2

where 0(x) is the step function and A the normalization constant. Note that the unitary evolution
of the scaled wave functions under the corresponding von Neumann equation keeps purity of states
which is quantified from tr(5?). By using now the propagator for the hard wall potential [27]

G(x,t;x',0) = Gi(x, t;x,0) — Ge(—x,t;%,0), (74)
one obtains that
Pl t) = (Pl t) — Pe(—x,1))0(—x), (75)

where the sub-index “f" stands for “free" and the corresponding propagator is written as

G, t:x,0) = /" {i’? —’2]. 76
(% £2,0) V 2t &P 27 ¥ ) 76)
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Figure 1. Scaled probability density plots for the superposition of two Gaussian wave packets, Eq. (72),
for different regimes: € = 1 (left top panel), € = 0.5 (right top panel), € = 0.1 (left bottom panel) and
€ = 0.01 (right bottom panel). We have used as initial parameters, m = 1,71 =1, pg, = —pos = 2,
ooy = 0pa = 1, X0, = =5 and xp, = —15.

Now, from Eq. (75), one reaches

. _ 1 (x —xta)* | .poa Pbat | - P0aX0a
Pa(x,t) = {(27r§%)1/4 expl Touss + 1 z (x xm)+12mﬁ+z z
X+ X 2 .Po ,pZ t . PoaXo
T iAo - 4(70;) _l%(x+xt”)+ 22:fz+lpufz |0
t
(77)
where )
=0 [14i (78a)
£ 2mo}
xta = %00+ PO, (78b)

being the complex width and the center of the freely propagating Gaussian wavepacket, respectively.
The same holds for the b component of the wave function replacing only a by “b".

In Figures 1 and 2 scaled probability density plots for the superposition of two Gaussian wave
packets, Eq. (72), and for the mixed state, Eq. (73), for different dynamical regimes: € = 1 (left top
panel), e = 0.5 (right top panel), e = 0.1 (left bottom panel) and € = 0.01 (right bottom panel). In
both figures, the following initial parameters have been used for the calculations: m = 1, i = 1,
Pob = —Poa = 2, Opp = 0pa = 1, X0, = —5 and xg, = —15. As can clearly be seen in both cases, when
the transition parameter is approaching zero (the classical dynamics regime), the interference pattern
in collision between both states as well as in the scattering from the hard wall tends to be washed up
in a continuous way. As one expects, when approaching the classical regime, results for the pure and
the mixed states also become closer.

Let us discuss now how the scaled trajectories behave in the different dynamical regimes, going
from Bohmian trajectories (¢ = 1) to pure classical ones (¢ = 0). In Figure 3, a selection of scaled
trajectories is plotted for the scaled wave function 9 (x, t) (left column) and the scaled density matrix
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Figure 2. Scaled probability density plots for the mixed state, Eq. (73), for different regimes: € = 1 (left
top panel), € = 0.5 (right top panel), e = 0.1 (left bottom panel) and € = 0.01 (right bottom panel). The
same initial parameters as Figure 1 have been used.
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Figure 3. A selection of scaled trajectories for the scaled pure {(x, t) (left column) and the scaled mixed
state §(x, y, t) (right column) for the quantum regime ¢ = 1 (top panels) and the nearly classical regime
€ = 0.01 (bottom panels). The same initial parameters are used as in previous figures.
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Figure 4. Scaled arrival time distribution (79) at the detector location X = —30 for the pure state (72)
(left top panel) and the mixed state (73) (left bottom panel) for different regimes: € = 1 (green curve),
€ = 0.1 (red curve) and € = 0.01 (black curve). Right top (bottom) panel depicts the scaled mean
(uncertainty in) arrival time versus the transition parameter for the pure state (orange circled) and the
mixed state (violet triangle up). The same initial parameters are used as in previous figures.

p(x,y,t) (right column) for the quantum regime (top panels) and the nearly classical dynamical regime
€ = 0.01 (bottom panels). The same units and initial parameters are used as previously. Comparison
with the Figures 1 and 2 reveals that trajectories follow the wave packets. In addition, although it is
not apparent from our figure, but if one had selected the distribution of the initial positions according
to the Born rule then he/she saw compact trajectories in regions with higher values of probability
distribution. In other words, if trajectories obey the Born rule initially, they will do forever. The
non-crossing rule of trajectories is still observed at nearly classical regime € = 0.01 and even in the
classical regime which is a consequence of the first order classical theory in contrast to the true second order
theory. As the classical regime is approaching, the corresponding trajectories become more localized
simulating two classical collisions, the first one coming from the scattering between the two wave
packets and the second from the wall. However, only the wave packet starting closer to the hard
wall is reflected by the wall due to the second collision. As has also been discussed elsewhere [28],
wave packet interference can also be understood within the context of scattering off effective potential
barriers. In classical mechanics, one can always substitute a particle-particle collision by that of an
effective particle interacting with a potential. This fact is clearly observed in this context both for the
superposition wave packet as well as for the density matrix.

From the non-crossing property of Bohmian trajectories, Leavens [29] proved that the arrival time
distribution is given by the modulus of the probability current density. Following the same procedure
for the scaled trajectories, one has that the scaled arrival time distribution at the detector place X can be
expressed as

i (X, 0)]
(X, t) = 220 79
0 = aljix, 7)) @)
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Figure 5. Expectation value of position operator (left top panel), uncertainty in position (right top
panel), expectation value of momentum operator (left bottom panel) and the product of uncertainties
for the scaled mixed state g(x, y, t) for three different dynamical regimes: € = 1 (green curves), € = 0.5
(red curves) and € = 0.01 (black curves). The same initial parameters are used as in previous figures.

Moreover, the mean arrival time at the detector location and the variance in the measurement of
the arrival time which is also a measure of the width of the distribution are respectively given by

H = / dt' ¢ TI(X,t') (80)
0
— —~  ~2
At = (t2) — (t) . (81)
As a result of the previous analysis in terms of scaled trajectories, these quantities are easily
calculated.
In Figure 4, scaled arrival time distributions have been plotted at the detector location X = —30

for the pure state (72) (left top panel) and the mixed state (73) (left bottom panel) for three different
dynamical regimes: € = 1 (green curve), € = 0.1 (red curve) and € = 0.01 (black curve). On the right
top and bottom panels, the scaled mean arrival time and variance versus the transition parameter for
the pure state (orange circled) and the mixed state (violet triangle up) have been also displayed. As
clearly seen, the mean arrival time diminishes when going from the quantum to classical regime. This
is related to the width of the probability distribution which is wider for the quantum regime than for
the classical one. Furthermore, some differences between results coming from for the pure and mixed
states seems to appear only around the quantum regime.

In Figure 5 the expectation value of position operator (left top panel), uncertainty in position
(right top panel), expectation value of momentum operator (left bottom panel) and the product of
uncertainties for the scaled mixed state §(x, y, t) for three different dynamical regimes: € = 1 (green
curves), € = 0.5 (red curves) and € = 0.01 (black curves) are plotted. The same initial parameters are
used as in previous figures. This figure shows that the continuous transition from the quantum to
classical dynamical regime present several global and important features: (i) reflection from the wall is
delayed on average; (ii) the average velocity in reflection decreases; (iii) the uncertainty in position
which is also a measure of width of the state diminishes and (iv) the product of uncertainties also
decreases at long times. Furthermore, the Heisenberg uncertainty relation AxAp > /2 holds in any
dynamical regime.
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An interesting quantity is the non-classical effective force defined via
fo = 40B) (82)
ne =g
From the mixture (73) one has that
Y L~
(P) = Pt () (83)

A

where @ is the expectation value of the momentum operator with respect to the component
wavefunction §;(x, t). From the scaled Schridinger equation (42) and boundary conditions on the
wavefunction and its space derivative one obtains

22 o= 2
d ~ h | oy;
E<P>z = Tomlox Y (84)
Finally, from Egs. (83) and (84) one has that
) . .
F = _li 9 ’ M : (85)
ne 22m \ | ox ox 0

Classically there is no force in the region x < 0. In this regime, particles’ momentum reverses
suddenly at the collision time with the hard wall, however this is not the non-classical case as the
left-bottom panel of Figure 5 shows. Only classical particles with initial positive momentum, (in our
case, particles described by ;) collide with the wall which, for our initial parameters, collision time is
mxop/ pop = 7.5.

4. Conclusions

Along the last years, we have shown that scaled trajectories provide an alternative and
complementary view of the so-called quantum-to-classical transition within a theoretical scheme
similar to the well-known WKB approximation. The (internal) decoherence process is also well and
continuously established when approaching to the classical limit. The tunneling effect as well as
the diffusion problem within the Langevin framework have been succesfully applied. In this work,
we have extended this theoretical formalism in the same direction to propose a scaled Liouville-von
Neumann equation and its Wigner representation which is precisely the first step to build a scaled
nonequilibrium statistical mechanics. This was carried out following the same procedure proposed
by Moyal long time ago in the context of standard quantum mechanics. This approach opens up
new avenues to develop consisting of, for example, a scaled Fokker-Planck equation, analysis of
phase transitions, space-time correlation functions, master equations, reaction rates and the so-called
Kramers’ problem, kinetic models, linear response theory, projection operators, mode-coupling theory,
nonlinear transport equations and much more. For example, the book by Zwanzig [30] could be a
good guide to follow in the near future.

5. Dissipative Quantum Systems

In this section we consider an open quantum system taking into account only dissipation in
the framework of the Caldirola-Kanai (CK) equation. In this context, evolution of the state vector is
governed by

nl (x,t) = |- —2wﬁf+ MU (x) [ 9(x, t) (86)
lat¢ A ¢ omo2 ¢ Pl
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where 1 is dissipation rate or friction coefficient. This equation can be straightforwardly generalized
for mixed ensembles as

n2 oty = |-t (22N L - uw))] et @)
Mooyl = = oy a2 T gz ) T B TR ety b

Introducing the polar form (23) of the density matrix in this equation and splitting the resultant
equation in real and imaginary parts one obtains the Hamilton-Jacobi equation

= 25— e 2t OO )~ uy) + Qa0 (58)

2m

with now the quantum potential

Qlxyt) = —e (97— ) A(x,y, 1) (89)

and the continuity equation (32) but with now the momentum vector field
P(x,y,t) = (e*ZWE)xS(x, y, 1), —e*2way5(x, Y, 1)) (90)
and the corresponding Newtonian-like equation

d B 3 P(x,y,t)
EP(x,y,t) = <8t+m V) P(x,y,t)

= F29P-V(U+£Q) 1)

where upper (lower) sign stands for x (iy) component of the momentum field.
Again the dissipative transition equation

2oy t) = S (i pe(x,y,£) + 7 (U (x) — U(y))pe(x,y,t)
at € r Y Zm axz ayz € rYr € rYr
hn? 1 2
—2yt(1 _ _
T [|p6<x,y,t>| (ax2 ayZ) "’e(x'y’”'} pelroyt) 2

is proposed for smooth transition from quantum to classical mechanics. Using the similar analysis as
the previous section one gets the equivalent scaled equation

ih—a plx,y,t) = | — efzw—h2 ¢ + 27 (U(x) — U(y)) | p(x,y,t) (93)
ot 2m \9x%  9y? s
with the scaled probability current density
. h 0
i = 727t— —0
j(x,1) ™™ —Im { 3P0 Yo t) y_x} (94)

from which scaled trajectories can be constructed via the guidance equation 4(x,t) = j(x,t)/p(x, x, t).
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