Pre prints.org

Article Not peer-reviewed version

Optimal Control of Discrete Time-
varying System with Multiple Delays and
Multiplicative Noises

Qiyan Zhang , Chunyang_Sheng . , Xiao Lu , Haixia Wang

Posted Date: 18 May 2023
doi: 10.20944/preprints202305.1330.v1

Keywords: LQG control; multiple delays; discrete time-varying system; multiplicative noises

Preprints.org is a free multidiscipline platform providing preprint service that
is dedicated to making early versions of research outputs permanently
available and citable. Preprints posted at Preprints.org appear in Web of
Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This is an open access article distributed under the Creative Commons
Attribution License which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.




Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 18 May 2023 d0i:10.20944/preprints202305.1330.v1

Disclaimer/Publisher’'s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and

contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting
from any ideas, methods, instructions, or products referred to in the content.

Article
Optimal Control of Discrete Time-varying System
with Multiple Delays and Multiplicative Noises

Qiyan Zhang !, Chunyang Sheng '*, Xiao Lu ? and Haixia Wang !

1 College of Electrical Engineering and Automation, Shandong University of Science and Technology,

Qingdao, China;
College of Energy Storage Technology, Shandong University of Science and Technology, Qingdao, China
*  Correspondence: scy@sdust.edu.cn

Abstract: This paper is concerned with the optimal linear quadratic Gaussian (LQG) control problem
for discrete time-varying system with multiple input delays and multiplicative noises. The main
contributions are two-fold. Firstly, when the state variables can be observed exactly, we obtain a
necessary and sufficient condition for the multiple-delays system in terms of the non-homogeneous
relationship between the state and costate, which is the solution to the coupled forward and backward
stochastic difference equations. Secondly, when the state variables are partially observed, we derive
a suboptimal linear output feedback controller for the discrete-time system based on the obtained
results of the optimal LQG control. Numerical examples are shown to illustrate the proposed
algorithm.
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1. Introduction

Linear quadratic Gaussian (LQG) control problem stems from the optimal stochastic control theory
of the systems with additive Gaussian white noises and state/control-dependent, which combines the
concept of linear quadratic regulators for full state feedback and Kalman filters for state estimation
[1-3]. Recently, the optimal LQG control has been applied in various fields, such as the robots of power
substation, all-electric vehicles, electrical safety engineering networked control systems (NCSs) [5-7,9].
Specificly, for mobile monitoring robot in a ultrahigh-voltage power substation, the LQG conotrol is
proposed to minimize the difference between the actual SNIR and its expectation and the change in
transmitting power[4]. These motivate us to study the more complicated LQG control systems with
multiple input delays and multiplicative noises.

It is generally known that random time delay and packet dropout always occur in the data
transmission of NCSs. Many literatures have been investigated on LQG control problems with input
delays and packet loss [8,10-14]. Basin [8] presented an optimal linear regulator (LQR) with input
delay by using the duality principle. Cacace[10] studied the LQG problems for linear system with
single input delay. Matni[11] presented an explicit solution to a two-player distributed LQG problem
in which communication between controllers occurs across a communication link with varying delay.
Basin[12] further established a necessary and sufficient condition of the optimal LQR control for the
linear system with multiple input delays. Zhang[14] studied the classical LQR problem with multiple
input delays for both continuous-time and discrete-time cases.

On the other hand, packet dropout is generally described as the multiplicative noises. Many
references have focused on the LQG system with multiplicative noises [15-17]. Gupta[15] solved the
optimal LQG problem with packet-dropping links by decomposing the problem into a standard LQR
state-feedback controller designing. Liang[16] studied the optimal control and stabilization problems
for NCSs with remote controller and local controller subject to packet dropout. For systems with
both input delay and packet dropout, Liang[18] presented the optimal LQR controller, and derived
the necessary and sufficient condition for the mean-square stabilization. Liang[19] considered the
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discrete-time LQG system with input delay and multiplicative noises, and obtained both optimal state
feedback controller and suboptimal output feedback controller.

The aforementioned literatures are mainly focused on single delay and packet dropout. To our
best knowledge, little progress has been made on the optimal LQG control for time-varying systems
with multiple input delays and multiplicative noises.

Motivated by the work of [18-20], this paper studies the optimal LQG control for discrete
time-varying system involving with multiple delays and multiplicative noises. The main contributions
of this paper are summarized as follows: 1) When the state variables can be observed exactly, by
introducing the stochastic maximum principle for system with multiple delays and multiplicative
noises, a solution to the forward backward differential equations (FBSDEs) is obtained based on
the coupled Riccati equations. 2) In terms of the solution to the FBSDEs, a necessary and sufficient
condition is given for the optimal LQG control. 3) When the state variables are partially observed,
we derive a suboptimal linear output feedback controller by linearizing the optimal estimator and
neglecting higher order terms.

The rest of the paper is organized as follows. In Section 2, we give the results of optimal state
feedback control problem. In Section 3, we derive a suboptimal linear output feedback controller for
the LQG systems involving multiple input delays and multiplicative noises. Numerical examples are
provided in Section 4. Conclusions are given in Section 5.

Notation: R" denotes the n-dimensional real Euclidean space. I presents the unit matrix of
appropriate dimension. The superscript ' denotes the transpose of the matrix. {Q, F, P, {Fi}r>o0}
denotes a complete probability space on which random variable wy are defined such that { Fj };>0 is
the natural filtration generated by wy and vy, i.e., Fy = o{wy, ..., wg, v, ..., v}, augmented by all the
P—null sets in F. A symmetric A > 0(> 0) means that it is a positive definite (positive semi-definite)
matrix. Tr(A) represents the trace of matrix A.

2. State Feedback Controller

When the state variable x; can be observed exactly, we consider the following discrete
time-varying LQG system with multiple input delays and multiplicative noises

X1 = [C(k)+vkC (k)] xi4[ Do (k) +-vx Do (k) | g
+ [Da(k)+vi Dy (k)] uje_g+wy, 1

where x; € R" is the state, u; € R is the input control with the delay d > 0, vy is the scalar white
noise with zero mean and variance ¢?, w; € R" is the random variables satisfying E[wy|Fi_1] = @
and E[w,w,] = Qu,. C(k), C(k), D;(k) and D; (k) with i = 0,d are coefficient matrices with compatible
dimensions. vy and wy, are correlated with E[viw; | Fi_1] = p, E[vgw]] = 0, k # 1. The initial state xo, u;
fori = —d,...,—1 are known.

The associated cost function for system (1) is given by

N
INZE{ Y Qe Rewge + xn41" P xN+1}, (2)
k=0

where Qy and Py are positive semi-definite constant matrices with appropriate dimensions, control
cost matrix Ry should be positive definite matrix, and N is the horizon length.

Problem 1. Find the unique Fy_,-measurable state feedback controller uy, fork =0, ..., N, to minimize (2)
subject to (1).

For simplicity, we make the following definitions

Ci(k) = C(k) +vC(k), Dy (k) = D;(k) +vD;(k),
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for i = 0,d. Then the system (1) becomes
X1 = Cr(k)xy + D (k) ug + Df (k) g + wy. ®)

Following the similar discussion of [19], in virtue of the Pontryagin’s maximum principle for (3)
and (2), we have

IN=PN+1¥N+1, 4)
k-1 =E[CL(k)Ck| Fie—1] + Quex, 5)
0=E[(D (k))'Gi+(D{ 4 (k+4))' Teral Fi—1]+Riug, (6)

fork =0,..., N, where {j is the costate with {; = 0 for k > N.
For further study, the following coupled Riccati difference equations are given:

Pr =C (k) Pr1C(k) + ¢*C' (k) Py1 C (k)
— My My + Qy, @)

where

Q = Ry + D (k) Py11Do (k) + $*Dj (k) Pr11 Do (k)
+ Dly(k 4 d)Prigi1Dg(k + d) + ¢* D (k + d)
X Prta+1Da(k+d) + Dé(k)P,f;ll + (Plf;%),

d

x Do(k) = Y (MDY O M, @®)
i=1

M = Dy (k) Pii1C(k) + ¢* D (k) Pyy1 C (k)
+(PLClK), €)

with

M} = Dgy(k)Piy1Dg(k) + ¢*Diy(k) Pri 1Dy (k)

+ (P ) Dy(k), (10)
' i— d—j—1 .
M}, = Dy(K)PLy + (P, ] i1) Dalk+ )
j , -
= L (M) O M, (11)
i=1
PY = C'(k)Prs1Dy(k) + ¢*C' (k) Pi1 Dy (k)
- MM, (12)
P =C (k)P — MO M, j=1,...,d 1. (13)

The terminal values are given by

Pn+1, Pntit1 =0, ,P;\Pri =0,

My,; =0, Quyi=1, i>1j=0,...,d—1 (14)
Remark 1. As can be seen that the costate equations (4)-(6) are quite different from those of Liang [19] and
Zhang [20]. What's more, the coupled Riccati equations (7)-(13) are more complicated than those in Liang [19]
and Zhang [20].
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It is stressed that the key to solve the optimal LQG control problem is to obtain the solution to the
FBSDE:s (3) and (4)-(6). We now show the solution to the FBSDEs in the following lemma.

Lemma 1. Supposing that Q. are positive definite for k = 0, ..., N, the following equation

-1
Tkor = Prxi+ Y Plujir—q + Pp, (15)
i=0

is the solution to FBSDEs (3) and (4)-(6), with

Dy =C' (k) (Pi 10k~ MOy Syt @ 1) +C (k) Prsap, (16)
=D} (k) (Prs1@k + Prr1) + Do (k) Prsap + Dy (k)
X (Pk+d+1wk+d + @rias1) + Dy(k) Prrasap
d
d—j ,1 _
+ Z 7Dk+]+1 Iwkﬂ Z(Mllfﬂl) Qk+zzk+l' (17)
i=0

where @y 1 = 0and Xy 1 = 0 for k > N. Besides, Py, P,{ satisfy the coupled equations (7), (12), (13).
Proof. The proof of Lemma 1 is put into Appendix A. O

Now we are ready to present the solution to Problem 1.

Theorem 1. There exists the unique Fj_1-measurable uy, for Problem 1 if and only if O, fork =0,..., N, are
positive definite. In this case, the optimal controller uy is given by

-1 .
Up = —Q;lexk - Q;l Z M{{u]#kfd - Q;le. (18)
j=0
The associated optimal performance index is as
-1 . d—1
Jn =xoPoxo +2x5 ) Pé”j—rﬁ‘z wi_g(Dg(/)Pj1Da(j)

j=0

+¢*D}y(j)Pjr1Dalj))tj—q +2 E Z ;gD (j)

j=0i=0
—1d-1d— ]m L
- —1ppi—m
xP]H ”z—d Z Z Z u 4(Miy, ) Q) My,
j=0 i=0 m=

X Uj_g + 2x5 Dy + 2 Z W Pryq — E 2.0 '%,

N
+ Z Tr[Pk+1 ka]/ (19)
k=0

where O, M, M{;, Pr, ’P,]c', Dy, X satisfy the coupled equations (7)-(13),(16),(17) and 73,{ =0, M{{ =0 for
j<o.

Proof. The proof of Theorem 1 is put into Appendix B. [J
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Remark 2. We make the coefficients of the system (3) and the cost function (2) to be time-invariant. When there
is no time delay in system (3), i.e., d = 0, we have that Dy = D, =0. Considering the noise-uncorrelated case
with Wy, = 0, it is obviously obtained that the coupled equations (10) and (12) can be rewritten as

M =0, P)=-MO M) =0.

Substituting MY and PY into (11) and (13), it can be derived that M{( =0, P,{ =0forj=0,...,d—1.
Then the difference equations (8) and (9) yield to

O = R+ Dy Pi;1Dg + ¢*DYyPy11 Do,
My = DyPi11C + ¢* DyPiss G

The optimal controller reduces to
U = —Q,;lexk,
which is exactly the result of Moore[2].
Remark 3. When the system (3) is a time-invariant system, (3) can be rewritten as
X1 = C(k)xyx + Do (k)uy + Dy (k)uy— g + wy
with C(k) = C +vC, Do(k) = Dy + vxDy, Dy(k) = Dy + v Dy. The performance index becomes
N
In=E {k—zo ' Qg Rutge + Xn-41"Pr xN+1}-
By using the results of Theorem 1, the optimal time-invariant LQG controller yields that

-1 .
— -1 -1 ] -1
Uy = _Qk kak — Qk Z Mkuj+k_d — Qk Zk,
j=0

and the minimal cost function is as (19) where the coefficient matrices in Oy, My, M{;, P, P,Z are time-invariant.

In view of obtaining the special case of optimal LQG control for system (3), now we shall show
the results for the general system with multiple delays and multiplicative noises.
Consider the following general discrete time-varying system

d
X1 =Cr (k) xx + Y Dy (k)ug_i+ wy, (20)
i=0

and the cost function is as (2).

Problem 2. Find the unique Fy_,-measurable state feedback controller uy, fork = 0,..., N, to minimize the
cost function (2) subject to the system (20).
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Combining the system (20) and the cost function (2), we apply the Pontryagin’s maximum
principle to yield the following costate equations:

ON =PN41X¥N+1, (21)
Tk—1 =E[Ci(k)Zk| Fr—1] + Qrxx, (22)
d .
=E[) (D (k +1)) Crril Fie—1] + Reu, (23)
iz0

withi=0,...,dfork=0,...,N,and {; =0 fork > N.
We introduce the following coupled Riccati equations subject to the system with multiple deleys:

QO =Ry + Z (D}(k + i)Pyrit1Di(k + i) + ¢*D}(k + i)
i=0
B d—1 i
i=0
d 1 d d
+ Z k+zl+1 i(k+1i) — Z(MkJr: Qk+1Mk+lll (24)
j

M} =Y (Di(k + i) Peyi1Dijralk + i) + ¢*D}(k + i)
i=0

j-1

— . 1

X Prriv1Di—jra(k + i)+ Z D (k + 1)7)1](+2+1
i=0

j
+Z (P Dizjra(kti) — Z(MZ+ZI)Qk+1M{<+z’ (25)
i=1
Pl =C'(k )Pk+1Dd j( )+¢zcl(k)79k+1Ddfj(k)
+C ()Pl — MO M, (26)

forj=0,...,d — 1, where the terminal value is as (14).
Now we give the main results for Problem 2 in the following theorem.

Theorem 2. There exists the unique Fy_1-measurable uy for Problem 2 if and only if O, fork =0,..., N, are
positive definite. In this case, the optimal controller uy is calculated by

d—1 .
Uy = —Q;lexk — Q;l Z M{{u]qu_d — Q]:lzk, (27)
j=0
where
d ! ~/
S =YD} (k+1) (Pryip1@iri + Prriva) + D (k+1) Peiga
i=0

d

d—j—1 /_ d
o]+ Z 73k+]+1 Whtj — Zl(MkJr;) Qk+zz‘k+l
i=
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and the optimal cost is as
. —1d-1d—
j=0 i=0 m=0
X Pm—l—le—l—d—i(m) +¢ Dm+d7j(m),Pm+le+d—i(m)
+Dm+d ]( )P;;Lni_l_"(,]);i;g_l),Dm-‘rd—i(m)_(Mlnim)/
) d
X O My ™ i + Y Tr[Pry1 Quy 12x0®
k=0

N / -1
+2) W Dpeyq — 2 PIAQ D (28)

k=0

where D; = 0 fori > d.
In addition, the relationship of the optimal costate (y_q and state xy is as (15) in Lemma 1.

Proof. The proof is similar to that of Theorem 1, and to save the space of the paper, we omit it here. [

3. Output Feedback Controller

When the state variable x; are partially observed, we study the following discrete-time stochastic
system:

X1 = [C(k)+vkC (k) ]xx+[Do (k) +v Do (k)| ux+[Dg (k)
vk Dy (k)] g+
zi =[H(k) + gcH(k)]xi + ek (29)

where z; € R7 is the measurement, g; is the scalar white noise with zero mean and variance Qy,,
wy and ¢, are Gaussian zero-mean white noises with covariance Qy, and Q... H(k) and H(k) are
deterministic matrices with compatible dimensions. In this case, the initial value x( is known, vy, wy,
gk and ¢; are independent of each other.

Obviously, there exist multiplicative noises v, and g in system (29). As we can not obtain the
exact information of the state by (29), we introduce the state estimation to design the controller instead.
We first obtain the linear optimal state estimator for by applying standard filtering results in [3].
Then, we will derive the suboptimal linear state estimate feedback controller through the following
linearizations.

The aim of this section is to find the suboptimal linear state estimate feedback controller for
system (29) in order to minimize the cost function (2).

First, we introduce the linear optimal state estimator in Lemma 2.

Lemma 2. Based on the system (29) with input delays and multiplicative noises, the linear optimal estimator is
given by

Rk =E[xkp1lzo, - - - 2]
=C (k)2 x—1+Do (k) ur+Dg(k)ux_a+KiZy, (30)
where
zx =z — C(k)Zx k-1,
Ky =C(k)Zye—1 H' (k) (H (k) Zgx—1 H' (k) + Qg H(K)
A - 1
X (181 + Zip-1) H' (k) + Qe,)
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Besides, the estimator error covariance matrix is

St =E[(r1 — o) (g1 — i) 1200+, 2]
=C(k)Ze1C' (k) — Ke(H(k) 1 C'(K)) + ¢
X [C (k) (Zgpr—1 + Rhr—1%ppe—1) € (k) + Do (k)u
x u Dy (k) + Dy (k) g gty gDy (k)] + Quoy.-

The initial values 920‘,1 = Xo and 20‘71 = 755,

Proof. The proof of Lemma 2 is put into Appendix C.

Now, the state estimation is obtained, and we can consider (30) as the state instead of the
unavailable exact state information. Observing (3) and (30), we know that the filter gain Ky on £,
should be affine, so that we can apply the results of Theorem 1 in this section. Then, we will linearize
the filter gain K.

Applying first order of Taylor expansion on K through the fixed point £;;_; = Xo, the
linearization of K}, yields

Ki= K} + K (fk—1— %0) +0(ka|k—1H)- (31)

Ignoring the quadratic and higher order terms in (31), and plug (30) into it, the approximation of
®p 41k becomes

1)k ~C (k) Rgk—1 + Do (k)ug + Dg(k) g + (K}
+ K (fe—1 — %0))Zk
=(C(k) + KiZ) i1 + Do(k)uy + Dy (k)ug_g
+ (K — Ki%0)2. (32)
With (30)-(32), the cost function (2) can be reorganized as
N

]16\1 %E[ Z (fllc\k—lefHk—l + u;(Rkuk + Tr[Qka\k—l])
k=0

+ 2y v PN + TP Enan]]- (33)
In this case, the coupled Riccati equations can be derived as
Pe=C' (k)P 1 C k)4 (Ky) P41 (Kip)— (M) () "Mi+Qx,
where
Qf = R + Dy (k)Pg 1 Do(k) + Dy (k + d)P;SMHDd(k +d)
+ Dy (k )Pkﬂ ( k+1 )' Do (k)— Z MZ+ZI /Qk+lef+zl'

Mli = Dé(k)PﬁHC( )+ (Pk+1) C(k ),
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with
(M})* = Do(K)PE 1 Dalk) + ((PE)) Dalk),
(M})* = Dy(k) (PL,1)° +((Pg /1)) Dalke + )
Z MZJrlI k+z) (M;Hrll)
(P)* = C'(0)P{ 11 Dalk) — (M) (O 1 (M),
(Ph)e = C'(k)(PL,1)° — (M) () "1 (M))",

j=1,...,d — 1, with the terminal values

Pﬁlﬂ/ Pze\1+i+1 =0, (P;\Hi)e =0,

(M, )°=0, Q%=1 i>1 j=0,..,d-1,
and
Nk :E[ZkZ“Z(), . ,Zk,l]
=H(k)Zy_1 H' (k)+ Qg H' (k) E[xxxt |20, - - -, 251
X Hl(k) + Qekr
where

E[xes1% 41120, 2]
=C(k)E[xxt|20, - - -, 21| C' (k) +¢*C' (k) E[x3x} |0, - - -, 25—1]

x C(k)+Do (k) uxu Do (k)+Do (k)ugtt Do (k) +Da (k) uje—a
xuty_ 4Dy (k)+Dg(k)uug—qui_4Dg (k) Quy+C (k) 114 Dy (k)
+¢?C (k) 2ie—14Dg (k) + C(k) Rigpe—1 454Dy (k) + ¢*C (k)
X Rk 11k —g D (k) +Do (k) gy C' (k)+¢p Do (k) ey
xC' (k)+Do (k) uguy_ Dy (k)+¢* Do (k)uguuy_4Dly(k)+D, (k)
Xt g% C' (k) + ¢ Da (ka1 C (k) + Da(K)uy_q
x u Dy (k) + ¢* Dy (k) ug—qui Dy (k).

with the initial value E[xox(] = %% + P§.

Now, we can find the suboptimal controller to minimize the cost function (33) subject to (29), by
the results of Theorem 1.

Theorem 3. The suboptimal linear state estimate feedback controller for system (29) that minimizes the cost
function (33) is given by

d,

up = — () " M1 — () Y (M])eus Uisk—d- (34)
=0
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The minimized cost function is given by

-1 d—1
(J%0)* =%PS%0 +2%0 Y (P))uj—a+ Y uj_4Dy(j) Py
j=0 =0

d-1d-1
. . i—j—1
xDy(uj-a +23 Y wiqDg() (P ) ui_y
=0 i=0

]

d-1d-1d-1

=YY Y ) (M) (05) T (M ™)

j=0 i=0 m=0
N

xu§_g+ Y Tr[Pf 1 Qul, (35)
k=0

4. Numerical examples

Example 1 Consider the scalar case of time-invariant LQG control system (3) in Remark 3. We
consider the case that the additive noise wy is the zero-mean white noise. The associate parameters are
as

with the initial values

Xg = 1, U_5 = —0.5, U_4 = 0.8, u_z= —-1.2,

Uu_»=-1, u_1=-0.6,

and the cost function (2) with Q = 1,R = 1, Py41 = 1. When the delay d = 5, and N = 30, by
applying Theorem 1 and the equations (7)-(13), direct calculations yield that Py, O, M, Pl]« M{C for
k=0,...,N. It can be obviously known that () is positive definite for k = 0,..., N. Thus, there exists
a unique uy from Theorem 1, and the optimal controller can be calculated with (18), which is shown in
Figure 1.

0.5

o

-0.57%

optimal controller: u,

-5 ] 5 10 15 20 25 a0
time: k

Figure 1. The Optimal Controller uy.
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Accordingly, the associated optimal value of (17) is J}; =107.5150.

In order to illustrate that the proposed LQG controller can minimize performance index, let us
consider the time-invariant standard state feedback controller u = —Q),° I M x. Based on the above
parameters and by substituting into cost function, the controller u; are shown in Figure 2, and the
associated value is J3; =255.0603, which confirmed the effectiveness of the algorithm.

controller: u K

.10 I 1 I I | I
-5 0 5 10 15 20 25 30

time: k

Figure 2. The Non-optimal Controller uy.
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Example 2 Consider the discrete time-varying LQG control system with multiple delays and
multiplicative noises with x; € R?, u; € R?, and the cost function (2). The associate coefficients are:

co-[5n e[ 5]
co- 3t o= S
cw) - :jj; 3;81]/ OB liéﬁi 312]'
cE) = :—0(‘)3.9 _0‘13.5],6(4): l—lfs 1%5]’
Do(1) = _1063 1(.)6 /Do(2) = l:(l)g :(1)51
N A UR
Do(1) = :1(.)7 8:?]’ Do(2) = l_1139 0%8]’
Do(3) = :_1(5?8 o IDO<4>—[:1I§ j;ﬂ,
o= [ 0] = 53
D4(3) = 1_Z o] pe EZ _0.16.5]'
pas) = '3 53] o= |0 0.
O N YIRS R
Da(2) = :__159 MECE [_11 ‘1?3‘4],
o= |33 e o= | )
Dy(6) = ::(1;2 01|/ De?) = [jﬁg _Ofs]'
PN+1 [g gllez (1) ﬂ’szl(l) (1)]’
Qs lOiS 0%8 Qs = [(1) (1) Ry = [g g]’
Sl S RO )
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When the delay time is 4 = 3 and the final time is N = 4, given the initial value
x—lu—1'7 u—lu—o
R Y R S 1) e 'Y R WY ¢
2 0| - 11 1 2
= = D =
c(0) [1 2],c<o> [2 1[D0(0) L 0],

,Dg(0) = E 3] ,

Do (0) = [2 1

,Dy(0) = ﬁ ;

by applying Theorem 1 and (8)-(13), it yields that

po_ |23 —208] , _[910 145
P71 208 260 |""%2 |145 1247|’

283 —0.76 10
Ps = [—0.76 2.90 ] /Pa= [0 11’
a :[

69.41 48.05] o _ [28.53 5.16]

1 27 1516 826

48.05 47.49
946 1.83 10

Q = Q =

3 [1.83 7.031’ 4 [0 1]’

M p—
! [—46.01 32.31 333 443

My — l0.97 0.36]’ My — [0 o].

~59.03 31.96]/ Mo [15.30 —12.32],

239 1.84 00

Fori =1,2,3,4,Q); > 0, thus, there is an optimal solution to the LQG system with multiple delays
and state/control noises from Theorem 1. Based on the above data, the optimal controller can be

calculated as
o059 ] o [-09| _|138
07 | 1357t T |—046|"? T | —234]|’

e —0.10 y 0
ST |7 ol
According to (17), the optimal performance index of system (3) is Ji; = 51.1915.

5. Conclusions

In this paper, the discrete time-varying optimal linear quadratic Gaussian (LQG) control problem
involving multiple delays and state/control- dependent noises has been studied. A necessary and
sufficient condition for the existence of unique optimal controller to the problem is given, which is
based on the obtained maximum principle and the relationship between the state and costate. Under
this context, the optimal controller and the minimized performance index are represented. What's
more, as the state variables observed partially, the suboptimal linear state estimate feedback controllers
for the LQG models with input delays and multiplicative noises are derived.
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Appendix A The proof of Lemma 1

Utilizing the maximum principle (4)-(6) to system (3) with cost function (2). We can obtain for
k=N,

0 =(Do(N)"Pn11C(N) + ¢*Dy(N)Prn+1C(N))xn + (Dy(N)
X Pn+1Do(N) + ¢* Dy (N) Py 1Do(N) + Ry )un
+ (Dy(N)Pn11Da(N) + ¢*Dy(N) Py 11D (N)) un—q
+ Dé(N)PN_HZTJN + Dé(N)'PN_Hp.

With (9)-(11), the optimal controller uy is as
" 1 -1 . 1
Un = — QK] Myxn — QK] Z Mg\]uHN,d — QK] 2N-
j=0
From (4)-(6), we also have
{n-1=(C'(N)Pn11C(N) + ¢*C'(N)Pn11C(N) + Qn)xn
(C"(N)Pn11Do(N) + ¢*C(N)Py11Do(N))un

N
(C'(N)Pn41D4(N) + ¢*C(N)Pn11Dy(N))un_g
+C'(N)Py 1@y + C'(N) P11

+
+
Substituting (7), (12) and (13), {n—_1 yields

-1
IN-1 =PnxN+ Y Pltjsn-d + PN
j=0
We have verified (15) for k = N. Assuming that {;_; are as (15) forallk > n 4+ 1 withn > N — 4,

then we will show that (15) also holds for k = n. Set u;, to be optimal for all kK > n 4 1, with equations
(3) and (15), {;; can be calculated as

Cn=Pny1(Cn(n)x, + DY) (n)un + Dg(")”n—d + wy)
d—1 .
+ Y Pl tiing1-a + Pusr (A1)
j=0

Insert ¢, to (5), (5) will become

d—1 ,
0= M,x, +Q,u, + E M{zuj+n_d + X,
j=0
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Thus, the optimal controller is given by

-1 .
=0

forn=N,...,N —d + 1. Using the equations (3),(5) and (A1), {,_; yields that
gnfl

=(C'(n)Py41C(n)+¢*C' (1) Ppi1C(n)+Qu—M, Q2 ' M,,)
Xy + (C'(n)Pugp1Dg(n) + ¢*C’ (n) Pui1Dg(n) — M,

d—1
_ i—1 _ i
XQn lMg)unfd +E (C/(n),PZI - M;Qn 1M£1)uj+n7d
j=1
- M;erlzn + CI(”) (Pn+1wn + (DnJrl) + C_/(Tl)'Pan

-1 .
=Pnxn + Z PZ:”j-&-n—d + Py,
j=0

which implies that (15) holds fork =n,N —d <n < N.
Then we obtained

-1
_ j
IN-d=PN-d+1¥N—d+1 + Y PN_agi1tj+N-2d+1+PN_d+1,
j=0
1 Y
UN-d+1 = Oy g MN-a1¥N-a+1 — Qg4 ) My _g14
j=0

X Ujk—a — ON' g1 EN—d+1- (A2)
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Analogy with the method, assuming that {;_; are as (15) forallk > n+1,n=0,...,N —d, and
we will verify that (15) also holds for k = n. As ; is calculated as (A1), thenforn =0,...,N —d, (6)
will be obtained

0 = ¥+(Dg(1)Pusar1C(n)+¢*Dg(n) PoyaaC(n)) xu 4
d—1

(M) (— 0 X — n+d2 Mn+d”]+n Q4
]_

X2n+d) + DO Z Pn+1 i+n—d+1 T Dd n+d) Z Pn+d+1 jn41
]7

—‘P+((7Dl+d ) C(n+d) —(M +d 2)'0 n+d ZMn+d 2)
Xanrde_(M%erfz) Qn+d 2 Z Mn+d oUjtn—2
+((Pr£+d 1>/Dd(”+d—2>+Do( )Pd )”n—2
+((7)n+d) Dy (n+d— 1)+D0(”)Pn+1 (M i)

1 0 0
X0n+d 1Mn+d71)un71_(Mn+d n+d ZMn+du]+n

1 i
—(Myy g ) lener 1 Wjen—1+Dp( >2Pn+1
=0

d—4

XUjy—gy1+ Dy(n+d) Y Pn+d+1u]+n+1
=

d d—1
d—i . d—1—i -
/; (MTH-I) Qn+z>:‘"+l + ; Pn—&-l—&-zw"ﬂ
i=d—1 i=d—2

where

Y = (Dy(1n)Puy1C(1)+¢* Dy (1) Puy1C (1)) xu+(Dp ()
X Pus1Do (1) +¢*Dg(1) Pus1Do(n) +Ru+Dy(n) Pl 1
+D))(n4+d) Py +a1Da(n+d) + ¢* Dy (n+d) Py
xDy(n+d))uy + (Dg(n) Pui1Da(n)+¢>Dy(n) Py
XDd(”))“n—d+D0(”)(Pn+1wn+¢n+l)+D(l)(”)Pn+1P
Dy (n+d) (Puta1®nyat+Ppi1)+Dy(n+d)Pyyaiap
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After inserting (3) and (A2), and combing like terms, we can summarize that

0=%+ (Pn—i-l) Xn+1+ ((Pn+2) a(n+1) + Dy(n )7)0 1
(Mﬁ&> Qn+1Mn+1)”n d+1 +((Pn+3> Dy(n+2)

2
+ Do(n)Pyyq — Z(MLD Qn+1Mn+1)”n a2t
i=1

d—2

+((P}y4_1)'Da(n+d—2)+Df(n) P43 — ;<Mz+z>

n+zMZ+12 Z)“n*2+((P2+d)/Dd(”+d*1)+DOPS+%

d l d—1— z d 1 'Oy—
Z Mn+1 n+zMn+z u”* +Z Mn+z Qn+z
d d—1 d d
i i i/ )
Mn+zu” + Z Pn+1+lwn+1 B Z(Ml’l+l) Qn+zz‘n+l
i=1

-1 .
- Mn.Xn + Qnun + Z M{’lu']-‘ri’l—d + Zn.
j=0

Now, the optimal controller for n =0, ..., N — d is obtained as
d—1 .
=0

In the same way, substituting u, into (5), we can also prove that
-1 .
Tn1="Puxn+ Y Phljyy_q+®y, n=0,...,N—d.
j=0

This completes the proof of the lemma.

Appendix B The proof of Theorem 1

"Necessity": Suppose there exists the unique Fj_j-measurable u; to make the cost function (2)
minimized. We will show by induction that O, k = d,..., N are positive definite and the optimal
controller can be designed as (15). Define

N
](k) :Z E [xl’»Qixi + ufRiui + x5\1+1PN+1xN+1] ,
i=k

fork=0,...,N, and when k = N the above equation becomes
J(N) = E[x\Qnxn + ujyRyun + (Cn(N)xy + DY (N)uy
+D&(N)un—g + wn) Py (Cn(N)xy + DY (N)
Xuyn + D?\](N)uN_d + wN)]

Using (3), we can obviously know that the uniqueness of the optimal controller only depends on
whether uy > 0. Then setting x5y = 0, and uy_4 = 0, J(N) can be presented as

J(N) = unOnun + 2uy(Dy(N) Py 1N + Do(N) Py 410)
+ Tr[PN+l QWN]' (A3)
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We know that J(N) is expressed as a quadratic function of uy;, and as there is a unique solution
for system (3), then J(N) > 0, it follows that Qx > 0, i.e. () is positive definite for k = N. In order to
accomplish the proof, we assume () > 0 for all k > n + 1. Then we will prove that (3, > 0. With (3),
(5) and (6), for k > n + 1, we construct that

E[x;0k—1 — Xkt 10k]
=E [x4 Qi + uj Re] +E [u (DY g (k +d)) s
— uj_4(DE(k)) k] —E [w}.dx]-

Adding from k = n + 1 to k = N on both sides of the above equation in order to get the form of

J(N), we have

N N

E[x) 100 — Xnp1lN] = ) E[xQuxp + upReue |+ )
k=n+1 k=n+1

/ d l / d / N /
E[ui(Diyg(k+d)) Crva — up_g(D (k) ] — ) [wil]-
k=n-+1
Then
N
E[ Y (xQuxk + upReuug) + ¥y PN41¥N+1]
k=n+1
n+d N
=E[x 1Gn+ Y wg(DFR) T+ Y widi]-
k=n+1 k=n+1
Using (2), it yields that
n+d p
J(n) =E[x}, 1 8n+x3, Quxn-tuuy Ryt + Y up_4(Df (k) Tk
k=n+1
N /
k=n+1

Setting x,, = 0, u,,_; = 0 as same as the condition k = N. And plugging (15) into (A4), we obtain

J(n)= u},(Dgy(n)Pyy1Do(n)+¢*Dy(n) Py y1Do(n)+ Ry
+ Dy(n)PI1 + Dly(n+d)Pyy g1 Da(n+d) + ¢
X Dd(n+d) n+d+1Dd(”+d) + (,p;‘qi+%) (1’1)

Z MZ+§ n+1Mi+Iz ”"+kz wi g + uy (Do (n)
=n
X Puy1@n + Dy(n) Pui1p) + uy (Dy(n+d) Ppyiaia
d—1

X Wy + D;(”+d)73n+d+1p) + uy, Z( ;i-s—d—i)/
i=0

X Wpyg-1—i + Do(n) i1+ Dy(n +d)Ppiaia

Similarly to the case Qy > 0 above, we obviously get (), > O forall k =0, ..., N. This ends the
proof of necessity.
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"Sufficiency": Suppose () > 0 for k > 0 is true, we will show the uniqueness of the
Fi_1-measurable 1 to minimize (2). Denoted by

Vi ()
-1

I:kaka+2kaPk j— d+k+z M] d+k((Dk+](k+]))
j=0 j=0

d
XPk+]'+le+]'(k+]) j— d+k+22 Zu] d+k
j=0 i=

d—1d-1d—

(Dk+;(k+ ) 73k+]+1”1 d+k — Z(:) Z(:) 2 ”] d+k
] 1=0 m=

(Mi!rnn) Qk+ka+m“l d+k) -+ 2x Py

First, for Vi1 (xgy1), using the equivalent substitutionj = j+1,i =i+ 1,and m = m + 1, we

calculate as follows

Vi1 (xk+1)

-1
1
=E [%} 11 P X1 + 2% 44 Z PLAtj—d+k +Z Wi ik

j=0 =
J / ; d—1d-1
X(Djeyj(k47)) Pieyj+1Djey j (k) g + 2 Y )
j:O i=0
—1d-1d—
wi_g(Dy(k+))'P, k+]+1”z d+k Z ) Z gk
j=0 i=0 m=

X (Mker) Qk+n1]\/1k+mul d+k] +E [Zxk+1pk+l up + ullc

X(Dk+d(k+d)) Pk+d+1Dk+d(k+d)uk — ukfd(Dk (k)
d-1
A /d—1
X Pi1 DY (K)ug—q +2)_u}_ gy (DE,(k+))' Pk+1+]]
=0

d—1

—2Y " up_y(DE(K)) P wi—ask—2u_a (DY (k) P
i=0

d—1d— d—1
+) Z W] (ML) O Mgy — Y (MEY
j=0i=0 m=0

d—m / 0 r—1 0 / d\/
<O M ”k*“k(Mker) Oy My qure + 1 (My)
—1d-1

1 j—m d—m,,
xQy Mk”k - Z Z ”J d+k Mk+m) Qk+ka+m
j=0m=

d
1 1 (M) O, Mt + 2xk 1 P
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Construct the equation Vi (xx) — Vi1 1(%ky1), then we have
Vie(xk) = Vier1 (Xe41)
-1
:xllchxk + u;chle-l- (uk+Qk_1kak + Qk_l Z M{(u]urk_d
j=0
15/ 1 15 i 1
+O ) O (e + O "M + O Y Mg g O
j=0
XTp) +Z Y g — Tr[Prey1 Quy | — 204 Py (A5)
Denote
) e .
A=t + O Mixe + Q'Y My g + Q' Sy, (A6)
j=0

and by virtue of (A6) and (7)-(13), and adding from k = 0 to k = N on both sides of (A5), then we get

Vo(x0) = VN+1(xn41)

N
= [x,’{Qkxk + u,’chuk — A;(QkAk + Z,’CQk*le
k=0

— 20 Dy y1 — Tr[Pis1Qu,]]
Then the cost function (2) becomes
N

In = Vo(xo0) + Y (A OB — ZpOy 1Sy + 20, Py 1)
k=0

N
+ Z Tr[Pk+lek]'
k=0

As O > 0, the unique optimal controller must match the condition Ay = 0. In this case, the cost
function (2) will be the minimum, i.e., the optimal controller is

-1 .
i == O "Myx = O ) Mit g — O ' T (A7)
j=0

and the optimal cost is as (19).
Above all, the proof of sufficiency is completed.

Appendix C The proof of Lemma 2

By applying standard filtering results in [? ], we can obtain the linear optimal estimator for system
(29) as follows.

Jek—&-l\k =E[xt41]z0,- -, 2k = E[xk11|20, - - -, Zk]

=E[x¢+1/|Zk] + E[xk41120, - - -, Zk—1] — E[Xk41]

In view of the jointly gaussian nature of x4 1 and Z;, we know

Exk1112k] = E x4 1] 000 (X1, 2) [cov 2k, 26)] 2% (A8)
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Using (29) and the orthogonality of £;;_; and xx — £ ;_, the covariance matrixes yield

cov(xy1,Z) = C(k) g1 H' (k),
cov(Zx, Z) = H(k)Zy 1 H' (k) +Qg, H (k) (i1 81
+2hk—1) H' (k) + Qe

where x; — £ ,_1 is independent of ¢; with zero mean,and the error covariance matrix

Zi1fe =C(K)Zype_1C' (k) — Ke(H(K)Zgp 1 C' (k) + ¢
x [C(k) (Zhk—1 + Zjir1%geq1)C (k) + Do (k)
x it Doy (k) + Dy (k)uge—quy_ Dy (k)] + Q.

Substituting above equations into (A8), it becomes
Req1jk =C(k)Ryk—1 + Do(k)ug + Dg(k)ug_g + KiZg
with

Ky = C(k)Zg—1 H' (k) (H (k) Zge—1 H' (k) + Qg H (k)

5 o - -1
X (1 %ppg + D) H (k) + Qe,)

The proof of Lemma 2 is completed.
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