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1. Introduction

The Golden and the metallic structures (studied in [8],[12],[11],[10]) are particular
cases of polynomial structure on a manifold, which was generally defined by Goldberg et
al. in [24] and [23]).

A polynomial structure | of degree 2, on a smooth manifold M, satisfying J> =
pJ] + qld, where Id is the identity tensor field and p, g € N* is called a metallic structure and
(M, ]) is called an almost metallic manifold. In particular, for p = q = 1 the metallic structure

J becomes a Golden structure.

The real metallic numbers, 04 = PrvpTs ”52%’1, are the positive solution of the equation
x2 — px — q = 0, where p, g are positive integer numbers and p? + 49 > 0 ([10]). These 0}, 4
numbers are members of the mefallic means family, as generalizations of the Golden number
¢ = 152) (261 [27),[28).

The complex version of the above numbers, namely the complex metallic numbers,

pHy/p2—69

0y = — 75— appear as solution of the equation X2 — px + %q = 0, where p, g are real
numbers satisfying g > 0 and p?> < 6. Moreover, an almost complex metallic structure is
defined as an (1,1)-tensor field [j; which satisfied the relation: ]%,I —plm+ %ql d = 0 ([30]).
For p = q = 1, the almost complex metallic structure becomes complex golden structure,
defined in [8].

In ([4]) the authors introduced the a-metallic numbers of the form pryelptaq) W (where
p,q are positive integer numbers and p? + 4q > 0) and they classified a-metallic metric

manifolds, using the a-metallic structure, defined by: ¢?> = pg + wm. A clas-
sification of almost Golden Riemannian manifolds with null trace is obtained in [2] and
[3].

In this paper we consider the («, p)-metallic means family which contains the («, p)-
Golden numbers, obtained as the root of the polynomial X? — pX — % p?, where a €
{—1,1}, p € R* and hence we obtain a new structure of degree 2, called an almost («,
p)-Golden structure. Moreover, we study the properties of a Riemannian manifold endowed
with a @, structure and a compatible Riemannian metric g, called this data as almost
(«, p) Golden Riemannian manifold. This manifold is a generalization of an almost Hermitian
Golden manifolds ([1]). Some similarly manifolds, such that: holomorphic Golden Norden
Hessian Manifolds ([22]), almost Golden Riemannian manifolds ([2], [3]) and a-golden
manifolds ([5]) have been studied, using a pure metric g, i.e. g(¢X,Y) = g(X, ¢Y).
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2. The almost («,p)-Golden structure

Let M be a real smooth manifold. If M is endowed by an endomorphism J; such that
]% = Id (where Id is the identity or Kronecker endomorphism) then J; is called an almost
product structure and (M, J1) is called almost product manifold.

An endomorphism J_; on M is called an almost complex structure on M if J? | = —Id.
The pair (M, J_1) is then an almost complex manifold and the dimension of M is even, say
2m.

These two structures can be unified under the notions of a-structure ([4],[6]), noted by
J«; see also the definition 1.2 of [7].

Definition 1. The endomorphism J, of type (1,1) is called a-structure, if it is satisfy:
Ji=a-1d, @.1)

on the even dimensional manifold M, where a € {—1,1}.

Let us introduce the («, p)-Golden numbers given by:

1+ \/ 5¢x
Pup =P — (22)
as the solution of the equation x> — px — 5"‘ 1p?2 =0, wherea € {—1,1} and p € R*.

Using these numbers, we introduce a new structure on the manifold M (of even
dimension), which generalizes both the almost Golden structure and the almost complex
Golden structure ([8]).

Definition 2. An endomorphism ®,, (where p € R* and « € {—1,1}) satisfying the

equality:
S5a —1

D7, = pPup 2.1d, (2.3)

is called an almost (x, p)-Golden structure and the pair (M, ®,p) is called an almost (a,
p)-Golden manifold.

In particular, ®, ; structure is named a-Golden structure, studied in ([5]).

Remark 1. The eigenvalues of the almost («, p)-Golden structure @, are:

1+\/5Tx _ 1—+/5a
Pup =P——% — q)a,p =Pr 2 . (2.4)

In partlcular for &« = 1 we obtain ¢y, = p1+‘[ = p¢ as a root of the polynomlal
— pX — p? and ¢1,p is a member of the metallic numbers family ([10]), where g = p?
and ¢ is the Golden number.

For « = —1, we obtain the ¢_;, = p% = pé¢. as a root of the polynomial
X% - pX + %pz and ¢_1, is a member of the complex metallic numbers family ([30]),
where g = p? and ¢, is the complex Golden number.

Moreover, if (a, p) = (1,1) one obtains the almost Golden structure determined by an
endomorphism ® with ®? = ® + Id. In this case, (M, ®) is called almost Golden manifold,
studied in ([8], [11], [2]).

If (a, p) = (—1,1), one obtains the almost complex Golden structure determined by an
endomorphism @&, which verifies ®? = &, + %I d. In this case, (M, ®,) is called almost
complex Golden manifold, studied in ([3], [1]).

We point out that the almost (&, p)-Golden structure ®, , and the a-structure J, are
closely related:

Proposition 1. Every a-structure J, on M induces two almost («, p)-Golden structures @y p:

o, = Bd+ L) @2, = E1a— 5, 5)
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Conversely, if the almost (a, p)-Golden structure @y is given then two x-structures J, can be

associated: ) )
1_ _P 2 _ _ _P
NG (®ap—F1d) J2 i (@ap - L1a) 2.6)

Proof. First of all, we seek a,b € R such that ®, , = ald + b],. Using (2.3) we find a = %

and b = :I:é which implies (2.5). Moreover &, verifies (2.3).
On the other hand, if @, verifies (2.5) then we obtain that ], verifies (2.6) and (2.1).
Conversely, if ], verifies (2.6) then @, , verifies (2.5). [

Example 1. (1) An almost product structure J; induces two almost (1, p)-Golden structures:

Id + /5],
Py, = P 2.7)
(2) An almost complex structure J_; induces two almost (—1, p)-Golden structures:
Id +/5]_4
cDjfl,p =p— (2.8)
]
A straightforward computation yields:
Proposition 2. The inverse of the almost («, p)-Golden structure @ is:
4 4
Dpp= 5Py~~~ 1d. (2.9)

p2(1—-5x) “P  p(1—5a)

For a given a-structure |, we can naturally consider two complementary projectors P

and Q:
P= %(1d+\/&]a), Q= %(Id—\/&]a), (2.10)
where « € {—1,1}. Therefore, we have:
P+Q=1Id, P’=P, Q*=Q, PQ=QP=0. (2.11)
Moreover, it results immediatelly:
VaJa=P—Q. (2.12)

The eigenvalues of J, are ++/a. Thus P and Q define two complementary distributions
D; and D;, where D; contains the eigenvectors corresponding to the eigenvalue /a
and D, contains the eigenvectors corresponding to the eigenvalue —+/a. If J, has the
eigenvalue \/a of multiplicity a and the eigenvalue —+/a of multiplicity b (recall that
a+b = dim(M) = 2m) then the dimension of D is a while the dimension of D, is b.

Conversely, if there exist in M two complementary distributions D; and D, of dimen-
siona > 1and b > 1, respectively (where a + b = dim(M) = 2m), then, we define an
a-structure J, on M, which verifies (2.12).

Moreover, we obtain two complementary distributions Dp, D on M, corresponding
to @up and p — @, p respectively, given in (2.4). A straightforward computation, using
(2.10) and (2.6), gives us the projection operators Py , and Q,,p on the almost («, p)-Golden
manifold (M, @y p):

V5a 5—+/5a V5a 5+/5a

PIX,p = 5p 'CDIX,p + Tld/ th,p = _W : cDa,p + Tld (2.13)
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which verify:
sz,p + sz,p - Id/ Pp%/p - PIX,],’); %c,p - sz,pr PIX,].’) ' le,p =0 (2~14)
and
5p V5
Dy = ——(Pyp— - 2.1
«,p 2\/@( ,p Q%P) 5 ( 5)

3. (n, p)-Golden Riemannian geometry

Given an even dimensional manifold M, endowed with an a-structure J,, we fix a
Riemannian metric g, such that:

S(aX,Y) = ag(X, JaY) G.1
which is equivalent by:

g(IaX/ JuY) = g(X/ Y) (3.2)
for any vector fields X, Y € T(TM).
Definition 3. The Riemannian metric g defined on an even dimensional manifold M

endowed with an a-structure ], which verifies the equivalent relations (3.1) and (3.1) is
called («, Jy)-compatible.

Thus, by using (3.1) and (2.6) we obtain that the Riemannian metric g which is (, J)-
compatible verifies:

F(PupX,Y) = aR(X, PupY) = E(1 - 0)3(X, V), (33)
forany X, Y € T(TM).
Moreover, from (3.2) and (2.6) we derive:
8Py X, DY) = 5 (@(®0pX, V) +3(X, @0y Y)) + 92X, Y), (3.4)

forany X,Y € T(TM).

Definition 4. An almost («, p)-Golden Riemannian manifold is a triple (M, @y, g) where
M is an even dimensional manifold, ®, , is an almost («, p)-Golden structure and g is a
Riemannian metric which verifies (3.3) and (3.4).

For @ = 1in (3.3) and (3.4) we obtain:
(P, X, Y) = (X, @y,Y)), (3.5

and:
Z(P1,X, P1,Y) = p(3(P1,,X, Y) + p°5(X,Y), (3.6)

and the triple (M, ®1,,g) is a particular case of an almost metallic Riemannian manifold,
studied in ([9],[10], [14],[15]).
For a = —1in (3.3) and (3.4) we have:

F(P_1,X,Y) + (X, P_1,Y) = pg(X,Y), (3.7)

and: 3
Z(P_1,X, Pq,Y) = E;ﬁg(x, Y), (3.8)

and the triple (M, ®_1,,g) is a particular case of almost complex metallic Riemannian
manifold, studied in ([30]).
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Proposition 3. If (M, ®,p, ) is almost («, p)-Golden Riemannian manifold of dimension 2m
then the trace of the @y, structure satisfies:
S50 —1 5

Tmp . (3.9)

trace(cbﬁlp) = p-trace(Pyp) +
Proof. Denoting by {Ey, Ej, ..., Ea;; } a local orthonormal basis of TM from (2.3) we obtain:

_ _ 50 —1 ,_
3(®3 pEi Ei) = p3(PupEi, Ei) + ——p*3(E;, E),

and summing this equality by i € {1,..2m} we obtain the claimed relation. [J

Example 2. Using ¢, , and Pup defined in (2.2) let us consider the endomorphism &, ) :
R?"™ — R?™, given by:

D (X, Y) = (Pup Xy s P p X" By )Y e B, Y™, (3.10)

where (X!, Y?) := (X!,.., X", Y!,..,Y")and i € {1,..,m}.
A straightforward computation yields:

O, (X1, Y1) = (92, X072, Y1) = ploupX', 3y, Y1)+ 2L 2L Y),

and hence ®, ), verifies (2.2) .
Let us consider: o
Ju (XL YD) = (XY, .., X" aY?, L aY™).

The Euclidean metric § := (,) on R?" is («, ], )-compatible:
SUuZ,Z') = a2l (X' X+ YY) = a5(Z, [ Z)),

for any Z := (X!,..., X", YL, .., Y™,z = (X1, X"™, Y",., Y™ € T(R>). Using (3.1)
and (2.6) we obtain that the Riemannian metric g being («, /,)-compatible verifies:

8(PapZ, PapZ') = £ @(®p2,7) +3(Z,00p 7)) + 172(2,2)).

Thus, (R>™, @, p,g) is an example of almost («, p)-Golden Riemannian manifold.

If V is the Levi-Civita connection on (M, g) then the covariant derivative V], is a
tensor field of type (1,2) defined by:

(VxJo)Y := VxJY — [« VXY, (3.11)

for any X, Y € T(TM). Hence, from (2.6)(i) we obtain;

_pV5

= (VxJa)Y. (3.12)

(Vx@up)Y

Let us consider now the Nijenhuis tensor field of |,. Using a similar approach as in ([6])
Definition 2.8. and Proposition 2.9.) we get:

Nj, (X, Y) = JRX Y]+ (X, Y] = JalJaX, Y] = JalX, JuY] (3.13)
which is equivalent with:

NLx (Xz Y) = (v],xXLx)Y - (v],xYLx)X + (VXLX)LXY - (VYIoc)]txX~ (3-14)
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The Nijenhuis tensor of ® := ®, , is given by:
No(X,Y) := ®*[X, Y] + [®X, DY] — O[®X, Y] — ®[X, DY], (3.15)
Thus, from (3.15), we obtain :
No(X,Y) = (VoxP)Y — (Voy @)X — &(VxP)Y + O(VyD)X. (3.16)
Using (3.15), (3.14) and (3.12) we remark that:
No(X,Y) = %Nh(X, Y). (3.17)

4

We point out that necessary and sufficient conditions for the integrability of a poly-
nomial structure whose characteristic polynomial has only simple roots were given in
([29D).

Recall also that the structure @, is integrable if Ng, , = 0. For an integrable almost
(a, p) - Golden structure we drop the adjective “almost” and then simply call it («, p)-Golden
structure.

From (2.5) it results that @, , is integrable if and only if the associated almost a-
structure J, is integrable. Moreover, the distribution Dp is integrable if Qy p [P,X,p X, P,x,pY] =
0 and analogous, Q,p is integrable if Py  [Qu,pX, Qua,pY]| = 0 forany X, Y € I'(TM).

Let us consider the second fundamental form ), which is a 2-form on (M, J, g) where
J« is an a-structure defined in (2.1) and the metric g is (&, ], )-compatible. The 2-form () is
defined by:

X, Y) = 3(JX, Y), (3.18)

forany X, Y € T(TM).
It follows directly:

Proposition 4. If M is a Riemannian manifold, endowed by an a-structure J, and the metric g
which is («, Jo)-compatible, then:

Q(X,Y) = aQ(Y, X). (3.19)

Lemma 1. If (M, ®,p,3) is an almost («, p) - Golden Riemannian manifold, then:

2 _ 1 _
Q(XY) = —p\@g(cba,pX, Y) - ﬁg(X, Y), (3.20)
QP pX, Y) = gmx, Y) + ”"‘z*/gg(x, Y). (3.21)
Moreover, inverting X < Y in (3.21), we obtain:
5
O(®y,Y, X) = ga(y, x)+? "‘zf 3(X,Y), (3.22)

and using (3.19) in (3.22) and multiplying by & = £1 we get:

(X, Py pY) = gﬂ(x, Y) + p\Tﬁg(X, Y). (3.23)

Thus, we get:

Proposition 5. Let (M, @y, g) be an almost («, p)-Golden Riemannian manifold. Then:

(P )X, Y) — (X, Dy Y) = Mg(x, Y), (3.24)
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and:
1)v5
Q@MXJ%HXK¢Wﬁ:pm%X%M&ﬁ;bCﬂXY) (3.25)
Remark 2. Let (M, @, %) be an almost («, p)-Golden Riemannian manifold. In particular,

we have:

i) fora = 1:
Q@1,X,Y) = O(X, @1, Y) = LO(x, ) + Ev/Bg(x, V) (3.26)
ii) fora = —1:
QP_1,X,Y) + QX,_1,Y) = pQ(Y, X). (3.27)
O

Lemma 2. Let M be a Riemannian manifold endowed with an a-structure J, and the metric g
which is (&, J,)-compatible. Then:

8((VxJa)Y,Z) = ag(Y, (VxJa)Z). (3.28)
From (3.12) and (3.28) we obtain also:

Proposition 6. If (M, @y, ) is an almost («, p)-Golden Riemannian manifold then @y, struc-
ture satisfies:
S((Vx®Pup)Y,Z) = ag(Y, (VxPup)Z). (3.29)

4. Submanifolds in an almost (#, p)-Golden Riemannian manifold

In ([17], [14], [15], [18], [19], [20], [21]) are presented the properties of special types of
submanifolds (invariant, slant, semi-slant, hemi-slant, bi-slant submanifolds and warped
product submanifolds) in locally metallic and locally Golden Riemannian manifolds. Sub-
manifolds of Almost-Complex Metallic Manifolds was studied in ([31]).

Using similar techniques, we study some properties of submanifolds in almost («, p)-
Golden Riemannian manifold.

Let M be a 2n-dimensional submanifold, isometrically immersed in a 2m-dimmensional
almost (a, p)-Golden Riemannian manifold (M, 4 p,g).

Let us denote by Ty M (and by Ty M) the tangent space (and, respectively, the normal
space) of M in a point x € M. Thus, the decomposition of the tangent space TxM is given
by:

TeM = TyM® T{ M,

for any x € M.

In the rest of the paper we shall note by X the vector field i, X , for any X € I'(TM),
in order to simplify the notations. If g is the induced Riemannian metric on M, then it is
given by ¢(X,Y) = g(ixX,i,Y), for any X, Y € I'(TM), where i, is the differential of the

immersion i : M — M. From (3.1) and (3.1), we remark that the induced metric on the
submanifold M verifies the following equalities:

(1) gUaX,Y) = ag(X, aY); (i) g(JuX, JaY) = §(X,Y), “1)

forany X,Y € I'(TM).
The decomposition into the tangential and normal parts of &, , X and &, ,V, for any
X € T(TM) and U € T(T+M), are given by:

(i) PupX = TX+NX, (ii) Py pU = tU +nl, 4.2)

where 7 : T(TM) — [(TM),N : T(TM) — T(T+M) and, respectively, t : [(T+M) —
[(TM),n:T(T+M) — T(T+M).

In the next considerations we denote by V and V the Levi-Civita connections on
(M, %) and, respectively, on the submanifold (M, g).
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The Gauss and Weingarten formulas are given by:
(i) VxY = VxY+h(X,Y), (ii)VxU=—-AyX+ VU, (4.3)

forany X,Y € I'(TM) and U € T(T+M), where h is the second fundamental form and Ay;
is the shape operator.
The second fundamental form / and the shape operator A verify:

g(h(X,Y),U) =3(AuX,Y). (44)

forany X,Y € T(TM) and U € T(T+M).
For the a-structure J,, the decompositons into tangential and normal parts of [, X and
JoU, for any X € T(TM) and U € T(T+M), are given by:

(i) JuX = fX +wX, (ii) J,U = BU + CU, (4.5)
where f : T(TM) — T(TM), fX = (JuX)T, w : T(TM) — T(T*M), wX = (JsX)*,

B:T(T+M) — I(TM), BU := (J,U)T and C : T(T+M) — T(T+M), CU := (V)Jet,
A direct calculus shows that the maps f, w, B and C satisfies the following identity:

() g(fX,Y) =ag(X, fY), (ii)g(CU,V)=ag(U,CV) (4.6)
and
2(wX, V) =ag(X,BV), (4.7)
forany X,Y € T(TM) and U,V € T(T+M).
Using (4.2), we obtain:

Lemma 3. Let (M, g) be a Riemannian manifold endowed with an a-structure J, and let @y, be
the almost (a, p)-Golden structure, related by ], through relationships (2.5)(i). Thus, we get:

() TX = gx + ‘/757‘fx, (i) N'X = i@wx (4.8)
(i) tV = i@BV, (if) nV = gv + @cv, (4.9)

forany X € T(TM) and V € T(T*+M).
Now, using (4.8) and (4.9) in (4.6) and (4.7), we get:

Proposition 7. Let (M,g) be a Riemannian manifold endowed with an almost (a, p)-Golden
structure. Thus, the maps T and n verify:

3(TX,Y)=ag(X,TY) + ”(12_ %) g(X,Y), (4.10)
F(nl, V) = ag(U,nV) + p“; “) o(U, V) (4.11)

and N, t verifies:
SNX, U) =ag(X, tU), (4.12)

forany X,Y € T(TM) and U,V € T(T+M).

The covariant derivatives of the tangential and normal parts of CIDM,X (and @a,p V), are
given by:

(i) (VxT)Y = VxTY = T(VxY), (i) (VxN)Y = VxNY — N (VxY), (4.13)

(i) (VxU = Vxtld — t(VxU), (i) (Vxn)U = Vgl — n(VxU), (4.14)
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forany X, Y € T(TM) and U € T(T+M).
If M is an isometrically immersed submanifold of almost («, p) - Golden Riemannian
manifold (M, Dy p, ), then:

S((VxT)Y,Z) = ag(Y,(VxT)Z), (4.15)

forany X,Y,Z € I'(TM).

Let 2r = 2m — 2n be the codimension of M in M. We fixe a local orthonormal basis
{Nj, ..., N, } of the normal space TXLM. Hereafter we assume that the indices a, b, c run
over the range {1, ..., 2r}.

Let &, , := @ be the almost («, p)-Golden structure. Then, similar as in ([10]), we get:

(i) PX =TX+ 2 Uua(X)Na, (if) PNy = &a + Z AapNo, (4.16)
a=1 b=1

for any x € M and X € TyM, where ¢, are vector fields on M, u, are 1-forms on M and
(Agp)2r is an 2r x 2r matrix of smooth real functions on M.
Moreover, we remark that:

2r
(i> NX = Z ua(X)Nm (ii) tN; = &g, (4.17)
a=1
and X
aN, = Y AN (4.18)
b=1

In a similar manner as in ([9]), we obtain:

Theorem 1. The structure X = (7,8, g, Ca, (Agp)r) induced on the submanifold M by the
almost («, p)-Golden structure, @, ,, on M satisfies the following equalities :

T?X = pTX + 5 —1 P*X — 2 ua(X)&, (4.19)
2r
ua(TX) =p-ua(X) = Y Agup(X), (4.20)
b=1
Ay = aAgp, (4.21)
(‘:ﬂ) - 4 pzéuh + PAub - Z AaC-Ach/ (4'22)
c=1
2r
Teo=pCa— Y Awls (4.23)
b=1
and 5 .
‘x J—
ua(X) = = —p'3(X, &) (424)

for any X € I'(TM), where d,, is the Kronecker delta, p € R* and w € {—1,1}).
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