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Abstract: The notion of Golden structure was introduced 15 years ago by the present authors and
know a constant interest by several geometers. Now, we propose a new generalization apart of that
called metallic structure and considered also by the authors. By adding a compatible Riemannian
metric we focus on the study of submanifolds in this setting.
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1. Introduction

The Golden and the metallic structures (studied in [8],[12],[11],[10]) are particular
cases of polynomial structure on a manifold, which was generally defined by Goldberg et
al. in [24] and [23]).

A polynomial structure J of degree 2, on a smooth manifold M, satisfying J2 =
pJ + qId, where Id is the identity tensor field and p, q ∈ N∗ is called a metallic structure and
(M, J) is called an almost metallic manifold. In particular, for p = q = 1 the metallic structure
J becomes a Golden structure.

The real metallic numbers, σp,q =
p+
√

p2+4q
2 , are the positive solution of the equation

x2 − px − q = 0, where p, q are positive integer numbers and p2 + 4q > 0 ([10]). These σp,q
numbers are members of the metallic means family, as generalizations of the Golden number
ϕ = 1+

√
5

2 ) ([26],[27],[28]).
The complex version of the above numbers, namely the complex metallic numbers,

σc
p,q =

p+
√

p2−6q
2 appear as solution of the equation x2 − px + 3

2 q = 0, where p, q are real
numbers satisfying q ≥ 0 and p2 < 6q. Moreover, an almost complex metallic structure is
defined as an (1,1)-tensor field JM which satisfied the relation: J2

M − pJM + 3
2 qId = 0 ([30]).

For p = q = 1, the almost complex metallic structure becomes complex golden structure,
defined in [8].

In ([4]) the authors introduced the α-metallic numbers of the form p+
√

α(p2+4q)
2 (where

p, q are positive integer numbers and p2 + 4q > 0) and they classified α-metallic metric

manifolds, using the α-metallic structure, defined by: φ2 = pφ + p2(α−1)+4qα
4 Id. A clas-

sification of almost Golden Riemannian manifolds with null trace is obtained in [2] and
[3].

In this paper we consider the (α, p)-metallic means family which contains the (α, p)-
Golden numbers, obtained as the root of the polynomial X2 − pX − 5α−1

4 p2, where α ∈
{−1, 1}, p ∈ R∗ and hence we obtain a new structure of degree 2, called an almost (α,
p)-Golden structure. Moreover, we study the properties of a Riemannian manifold endowed
with a Φα,p structure and a compatible Riemannian metric g, called this data as almost
(α, p) Golden Riemannian manifold. This manifold is a generalization of an almost Hermitian
Golden manifolds ([1]). Some similarly manifolds, such that: holomorphic Golden Norden
Hessian Manifolds ([22]), almost Golden Riemannian manifolds ([2], [3]) and α-golden
manifolds ([5]) have been studied, using a pure metric g, i.e. g(ϕX, Y) = g(X, ϕY).
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2. The almost (α,p)-Golden structure

Let M be a real smooth manifold. If M is endowed by an endomorphism J1 such that
J2
1 = Id (where Id is the identity or Kronecker endomorphism) then J1 is called an almost

product structure and (M, J1) is called almost product manifold.
An endomorphism J−1 on M is called an almost complex structure on M if J2

−1 = −Id.
The pair (M, J−1) is then an almost complex manifold and the dimension of M is even, say
2m.

These two structures can be unified under the notions of α-structure ([4],[6]), noted by
Jα; see also the definition 1.2 of [7].

Definition 1. The endomorphism Jα of type (1,1) is called α-structure, if it is satisfy:

J2
α = α · Id, (2.1)

on the even dimensional manifold M, where α ∈ {−1, 1}.

Let us introduce the (α, p)-Golden numbers given by:

φα,p = p
1 +

√
5α

2
, (2.2)

as the solution of the equation x2 − px − 5α−1
4 p2 = 0, where α ∈ {−1, 1} and p ∈ R∗.

Using these numbers, we introduce a new structure on the manifold M (of even
dimension), which generalizes both the almost Golden structure and the almost complex
Golden structure ([8]).

Definition 2. An endomorphism Φα,p (where p ∈ R∗ and α ∈ {−1, 1}) satisfying the
equality:

Φ2
α,p = pΦα,p +

5α − 1
4

p2 · Id, (2.3)

is called an almost (α, p)-Golden structure and the pair (M, Φα,p) is called an almost (α,
p)-Golden manifold.

In particular, Φα,1 structure is named α-Golden structure, studied in ([5]).

Remark 1. The eigenvalues of the almost (α, p)-Golden structure Φα,p are:

φα,p = p
1 +

√
5α

2
, φα,p = p

1 −
√

5α

2
. (2.4)

In particular, for α = 1 we obtain φ1,p = p 1+
√

5
2 = pϕ as a root of the polynomial

X2 − pX − p2 and φ1,p is a member of the metallic numbers family ([10]), where q = p2

and ϕ is the Golden number.
For α = −1, we obtain the φ−1,p = p 1+i

√
5

2 = pϕc as a root of the polynomial
X2 − pX + 3

2 p2 and φ−1,p is a member of the complex metallic numbers family ([30]),
where q = p2 and ϕc is the complex Golden number.

Moreover, if (α, p) = (1, 1) one obtains the almost Golden structure determined by an
endomorphism Φ with Φ2 = Φ + Id. In this case, (M, Φ) is called almost Golden manifold,
studied in ([8], [11], [2]).

If (α, p) = (−1, 1), one obtains the almost complex Golden structure determined by an
endomorphism Φc which verifies Φ2

c = Φc +
3
2 Id. In this case, (M, Φc) is called almost

complex Golden manifold, studied in ([3], [1]).
We point out that the almost (α, p)-Golden structure Φα,p and the α-structure Jα are

closely related:

Proposition 1. Every α-structure Jα on M induces two almost (α, p)-Golden structures Φα,p:

Φ1
α,p =

p
2
(Id +

√
5Jα) Φ2

α,p =
p
2
(Id −

√
5Jα); (2.5)
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Conversely, if the almost (α, p)-Golden structure Φα,p is given then two α-structures Jα can be
associated:

J1
α =

2
p
√

5

(
Φα,p −

p
2

Id
)

J2
α = − 2

p
√

5

(
Φα,p −

p
2

Id
)

(2.6)

Proof. First of all, we seek a, b ∈ R such that Φα,p = aId + bJα. Using (2.3) we find a = p
2

and b = ±
√

5
2 which implies (2.5). Moreover Φα,p verifies (2.3).

On the other hand, if Φα,p verifies (2.5) then we obtain that Jα verifies (2.6) and (2.1).
Conversely, if Jα verifies (2.6) then Φα,p verifies (2.5).

Example 1. (1) An almost product structure J1 induces two almost (1, p)-Golden structures:

Φ±
1,p = p

Id ±
√

5J1

2
; (2.7)

(2) An almost complex structure J−1 induces two almost (−1, p)-Golden structures:

Φ±
−1,p = p

Id ±
√

5J−1

2
. (2.8)

2

A straightforward computation yields:

Proposition 2. The inverse of the almost (α, p)-Golden structure Φα,p is:

Φ−1
α,p =

4
p2(1 − 5α)

Φα,p −
4

p(1 − 5α)
Id. (2.9)

For a given α-structure Jα we can naturally consider two complementary projectors P
and Q:

P =
1
2
(Id +

√
αJα), Q =

1
2
(Id −

√
αJα), (2.10)

where α ∈ {−1, 1}. Therefore, we have:

P + Q = Id, P2 = P, Q2 = Q, PQ = QP = 0. (2.11)

Moreover, it results immediatelly:
√

αJα = P − Q. (2.12)

The eigenvalues of Jα are ±
√

α. Thus P and Q define two complementary distributions
D1 and D2, where D1 contains the eigenvectors corresponding to the eigenvalue

√
α

and D2 contains the eigenvectors corresponding to the eigenvalue −
√

α. If Jα has the
eigenvalue

√
α of multiplicity a and the eigenvalue −

√
α of multiplicity b (recall that

a + b = dim(M) = 2m) then the dimension of D1 is a while the dimension of D2 is b.
Conversely, if there exist in M two complementary distributions D1 and D2 of dimen-

sion a ≥ 1 and b ≥ 1, respectively (where a + b = dim(M) = 2m), then, we define an
α-structure Jα on M, which verifies (2.12).

Moreover, we obtain two complementary distributions DP, DQ on M, corresponding
to φα,p and p − φα,p respectively, given in (2.4). A straightforward computation, using
(2.10) and (2.6), gives us the projection operators Pα,p and Qα,p on the almost (α, p)-Golden
manifold (M, Φα,p):

Pα,p =

√
5α

5p
· Φα,p +

5 −
√

5α

10
Id, Qα,p = −

√
5α

5p
· Φα,p +

5 +
√

5α

10
Id (2.13)
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which verify:

Pα,p + Qα,p = Id, P2
α,p = Pα,p; Q2

α,p = Qα,p, Pα,p · Qα,p = 0 (2.14)

and

Φα,p =
5p

2
√

5α
(Pα,p − Qα,p)−

√
5α

5
. (2.15)

3. (α, p)-Golden Riemannian geometry

Given an even dimensional manifold M, endowed with an α-structure Jα, we fix a
Riemannian metric g, such that:

g(JαX, Y) = αg(X, JαY) (3.1)

which is equivalent by:
g(JαX, JαY) = g(X, Y) (3.2)

for any vector fields X, Y ∈ Γ(TM).

Definition 3. The Riemannian metric g defined on an even dimensional manifold M
endowed with an α-structure Jα which verifies the equivalent relations (3.1) and (3.1) is
called (α, Jα)-compatible.

Thus, by using (3.1) and (2.6) we obtain that the Riemannian metric g which is (α, Jα)-
compatible verifies:

g(Φα,pX, Y)− αg(X, Φα,pY) =
p
2
(1 − α)g(X, Y), (3.3)

for any X, Y ∈ Γ(TM).
Moreover, from (3.2) and (2.6) we derive:

g(Φα,pX, Φα,pY) =
p
2
(g(Φα,pX, Y) + g(X, Φα,pY)) + p2g(X, Y), (3.4)

for any X, Y ∈ Γ(TM).

Definition 4. An almost (α, p)-Golden Riemannian manifold is a triple (M, Φα,p, g) where
M is an even dimensional manifold, Φα,p is an almost (α, p)-Golden structure and g is a
Riemannian metric which verifies (3.3) and (3.4).

For α = 1 in (3.3) and (3.4) we obtain:

g(Φ1,pX, Y) = g(X, Φ1,pY)), (3.5)

and:
g(Φ1,pX, Φ1,pY) = p(g(Φ1,pX, Y) + p2g(X, Y), (3.6)

and the triple (M, Φ1,p, g) is a particular case of an almost metallic Riemannian manifold,
studied in ([9],[10], [14],[15]).

For α = −1 in (3.3) and (3.4) we have:

g(Φ−1,pX, Y) + g(X, Φ−1,pY) = pg(X, Y), (3.7)

and:
g(Φ−1,pX, Φ−1,pY) =

3
2

p2g(X, Y), (3.8)

and the triple (M, Φ−1,p, g) is a particular case of almost complex metallic Riemannian
manifold, studied in ([30]).
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Proposition 3. If (M, Φα,p, g) is almost (α, p)-Golden Riemannian manifold of dimension 2m
then the trace of the Φα,p structure satisfies:

trace(Φ2
α,p) = p · trace(Φα,p) +

5α − 1
2

mp2. (3.9)

Proof. Denoting by {E1, E2, ..., E2m} a local orthonormal basis of TM from (2.3) we obtain:

g(Φ2
α,pEi, Ei) = pg(Φα,pEi, Ei) +

5α − 1
4

p2g(Ei, Ei),

and summing this equality by i ∈ {1, ...2m} we obtain the claimed relation.

Example 2. Using φα,p and φα,p defined in (2.2) let us consider the endomorphism Φα,p :
R2m → R2m, given by:

Φα,p(Xi, Yi) := (φα,pX1, ..., φα,pXm, φα,pY1, ..., φα,pYm), (3.10)

where (Xi, Yi) := (X1, ..., Xm, Y1, ..., Ym) and i ∈ {1, ..., m}.
A straightforward computation yields:

Φ2
α,p(Xi, Yi) := (φ2

α,pXi, φ2
α,pYi) = p(φα,pXi, φα,pYi) +

5α − 1
4

p2(Xi, Yi),

and hence Φα,p verifies (2.2) .
Let us consider:

Jα(Xi, Yi) := (X1, ..., Xm, αY1, ..., αYm).

The Euclidean metric g := ⟨, ⟩ on R2m is (α, Jα)-compatible:

g(JαZ, Z′) = αΣm
i=1(XiX′i + YiY′i) = αg(Z, JαZ′),

for any Z := (X1, ..., Xm, Y1, ..., Ym), Z′ = (X′1, ..., X′m, Y′1, ..., Y′m) ∈ Γ(R2m). Using (3.1)
and (2.6) we obtain that the Riemannian metric g being (α, Jα)-compatible verifies:

g(Φα,pZ, Φα,pZ′) =
p
2
(g(Φα,pZ, Z′) + g(Z, Φα,pZ′)) + p2g(Z, Z′).

Thus, (R2m, Φα,p, g) is an example of almost (α, p)-Golden Riemannian manifold.

If ∇ is the Levi-Civita connection on (M, g) then the covariant derivative ∇Jα is a
tensor field of type (1, 2) defined by:

(∇X Jα)Y := ∇X JαY − Jα∇XY, (3.11)

for any X, Y ∈ Γ(TM). Hence, from (2.6)(i) we obtain;

(∇XΦα,p)Y =
p
√

5
2

(∇X Jα)Y. (3.12)

Let us consider now the Nijenhuis tensor field of Jα. Using a similar approach as in ([6])
Definition 2.8. and Proposition 2.9.) we get:

NJα(X, Y) = J2
α [X, Y] + [JαX, JαY]− Jα[JαX, Y]− Jα[X, JαY] (3.13)

which is equivalent with:

NJα(X, Y) = (∇JαX Jα)Y − (∇JαY Jα)X + (∇X Jα)JαY − (∇Y Jα)JαX. (3.14)
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The Nijenhuis tensor of Φ := Φα,p is given by:

NΦ(X, Y) := Φ2[X, Y] + [ΦX, ΦY]− Φ[ΦX, Y]− Φ[X, ΦY], (3.15)

Thus, from (3.15), we obtain :

NΦ(X, Y) = (∇ΦXΦ)Y − (∇ΦYΦ)X − Φ(∇XΦ)Y + Φ(∇YΦ)X. (3.16)

Using (3.15), (3.14) and (3.12) we remark that:

NΦ(X, Y) =
5p2

4
NJα(X, Y). (3.17)

We point out that necessary and sufficient conditions for the integrability of a poly-
nomial structure whose characteristic polynomial has only simple roots were given in
([29]).

Recall also that the structure Φα,p is integrable if NΦα,p = 0. For an integrable almost
(α, p) - Golden structure we drop the adjective "almost" and then simply call it (α, p)-Golden
structure.

From (2.5) it results that Φα,p is integrable if and only if the associated almost α-
structure Jα is integrable. Moreover, the distribution DP is integrable if Qα,p

[
Pα,pX, Pα,pY

]
=

0 and analogous, Qα,p is integrable if Pα,p
[
Qα,pX, Qα,pY

]
= 0 for any X, Y ∈ Γ(TM).

Let us consider the second fundamental form Ω, which is a 2-form on (M, Jα, g) where
Jα is an α-structure defined in (2.1) and the metric g is (α, Jα)-compatible. The 2-form Ω is
defined by:

Ω(X, Y) := g(JαX, Y), (3.18)

for any X, Y ∈ Γ(TM).
It follows directly:

Proposition 4. If M is a Riemannian manifold, endowed by an α-structure Jα and the metric g
which is (α, Jα)-compatible, then:

Ω(X, Y) = αΩ(Y, X). (3.19)

Lemma 1. If (M, Φα,p, g) is an almost (α, p) - Golden Riemannian manifold, then:

Ω(X, Y) =
2

p
√

5
g(Φα,pX, Y)− 1√

5
g(X, Y), (3.20)

Ω(Φα,pX, Y) =
p
2

Ω(X, Y) +
pα

√
5

2
g(X, Y). (3.21)

Moreover, inverting X ↔ Y in (3.21), we obtain:

Ω(Φα,pY, X) =
p
2

Ω(Y, X) +
pα

√
5

2
g(X, Y), (3.22)

and using (3.19) in (3.22) and multiplying by α = ±1 we get:

Ω(X, Φα,pY) =
p
2

Ω(X, Y) +
p
√

5
2

g(X, Y). (3.23)

Thus, we get:

Proposition 5. Let (M, Φα,p, g) be an almost (α, p)-Golden Riemannian manifold. Then:

Ω(Φα,pX, Y)− Ω(X, Φα,pY) =
p(α − 1)

√
5

2
g(X, Y), (3.24)
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and:

Ω(Φα,pX, Y) + Ω(X, Φα,pY) = pΩ(Y, X) +
p(α + 1)

√
5

2
g(X, Y). (3.25)

Remark 2. Let (M, Φα,p, g) be an almost (α, p)-Golden Riemannian manifold. In particular,
we have:
i) for α = 1:

Ω(Φ1,pX, Y) = Ω(X, Φ1,pY) =
p
2

Ω(X, Y) +
p
2

√
5g(X, Y) (3.26)

ii) for α = −1:
Ω(Φ−1,pX, Y) + Ω(X, Φ−1,pY) = pΩ(Y, X). (3.27)

2

Lemma 2. Let M be a Riemannian manifold endowed with an α-structure Jα and the metric g
which is (α, Jα)-compatible. Then:

g((∇X Jα)Y, Z) = αg(Y, (∇X Jα)Z). (3.28)

From (3.12) and (3.28) we obtain also:

Proposition 6. If (M, Φα,p, g) is an almost (α, p)-Golden Riemannian manifold then Φα,p struc-
ture satisfies:

g((∇XΦα,p)Y, Z) = αg(Y, (∇XΦα,p)Z). (3.29)

4. Submanifolds in an almost (α, p)-Golden Riemannian manifold

In ([17], [14], [15], [18], [19], [20], [21]) are presented the properties of special types of
submanifolds (invariant, slant, semi-slant, hemi-slant, bi-slant submanifolds and warped
product submanifolds) in locally metallic and locally Golden Riemannian manifolds. Sub-
manifolds of Almost-Complex Metallic Manifolds was studied in ([31]).

Using similar techniques, we study some properties of submanifolds in almost (α, p)-
Golden Riemannian manifold.

Let M be a 2n-dimensional submanifold, isometrically immersed in a 2m-dimmensional
almost (α, p)-Golden Riemannian manifold (M, Φα,p, g).

Let us denote by Tx M (and by T⊥
x M) the tangent space (and, respectively, the normal

space) of M in a point x ∈ M. Thus, the decomposition of the tangent space Tx M is given
by:

Tx M = Tx M ⊕ T⊥
x M,

for any x ∈ M.
In the rest of the paper we shall note by X the vector field i∗X , for any X ∈ Γ(TM),

in order to simplify the notations. If g is the induced Riemannian metric on M, then it is
given by g(X, Y) = g(i∗X, i∗Y), for any X, Y ∈ Γ(TM), where i∗ is the differential of the
immersion i : M → M. From (3.1) and (3.1), we remark that the induced metric on the
submanifold M verifies the following equalities:

(i) g(JαX, Y) = αg(X, JαY); (ii) g(JαX, JαY) = g(X, Y), (4.1)

for any X, Y ∈ Γ(TM).
The decomposition into the tangential and normal parts of Φα,pX and Φα,pV, for any

X ∈ Γ(TM) and U ∈ Γ(T⊥M), are given by:

(i) Φα,pX = T X +NX, (ii) Φα,pU = tU + nU, (4.2)

where T : Γ(TM) → Γ(TM),N : Γ(TM) → Γ(T⊥M) and, respectively, t : Γ(T⊥M) →
Γ(TM), n : Γ(T⊥M) → Γ(T⊥M).

In the next considerations we denote by ∇ and ∇ the Levi-Civita connections on
(M, g) and, respectively, on the submanifold (M, g).
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The Gauss and Weingarten formulas are given by:

(i)∇XY = ∇XY + h(X, Y), (ii)∇XU = −AUX +∇⊥
X U, (4.3)

for any X, Y ∈ Γ(TM) and U ∈ Γ(T⊥M), where h is the second fundamental form and AU
is the shape operator.

The second fundamental form h and the shape operator A verify:

g(h(X, Y), U) = g(AUX, Y). (4.4)

for any X, Y ∈ Γ(TM) and U ∈ Γ(T⊥M).
For the α-structure Jα, the decompositons into tangential and normal parts of JαX and

JαU, for any X ∈ Γ(TM) and U ∈ Γ(T⊥M), are given by:

(i) JαX = f X + ωX, (ii) JαU = BU + CU, (4.5)

where f : Γ(TM) → Γ(TM), f X := (JαX)T , ω : Γ(TM) → Γ(T⊥M), ωX := (JαX)⊥,
B : Γ(T⊥M) → Γ(TM), BU := (JαU)T and C : Γ(T⊥M) → Γ(T⊥M), CU := (V)Jα⊥.

A direct calculus shows that the maps f , ω, B and C satisfies the following identity:

(i) g( f X, Y) = αg(X, f Y), (ii) g(CU, V) = αg(U, CV) (4.6)

and
g(ωX, V) = αg(X, BV), (4.7)

for any X, Y ∈ Γ(TM) and U, V ∈ Γ(T⊥M).
Using (4.2), we obtain:

Lemma 3. Let (M, g) be a Riemannian manifold endowed with an α-structure Jα and let Φα,p be
the almost (α, p)-Golden structure, related by Jα through relationships (2.5)(i). Thus, we get:

(i) T X =
p
2

X ±
√

5α

2
f X, (ii)NX = ±

√
5α

2
ωX (4.8)

(i) tV = ±
√

5α

2
BV, (ii) nV =

p
2

V ±
√

5α

2
CV, (4.9)

for any X ∈ Γ(TM) and V ∈ Γ(T⊥M).

Now, using (4.8) and (4.9) in (4.6) and (4.7), we get:

Proposition 7. Let (M, g) be a Riemannian manifold endowed with an almost (α, p)-Golden
structure. Thus, the maps T and n verify:

g(T X, Y) = αg(X, T Y) +
p(1 − α)

2
g(X, Y), (4.10)

g(nU, V) = αg(U, nV) +
p(1 − α)

2
g(U, V) (4.11)

and N , t verifies:
g(NX, U) = αg(X, tU), (4.12)

for any X, Y ∈ Γ(TM) and U, V ∈ Γ(T⊥M).

The covariant derivatives of the tangential and normal parts of Φα,pX (and Φα,pV), are
given by:

(i) (∇XT )Y = ∇XT Y − T (∇XY), (ii) (∇XN )Y = ∇⊥
XNY −N (∇XY), (4.13)

(i) (∇Xt)U = ∇XtU − t(∇⊥
X U), (ii) (∇Xn)U = ∇⊥

XnU − n(∇⊥
X U), (4.14)
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for any X, Y ∈ Γ(TM) and U ∈ Γ(T⊥M).
If M is an isometrically immersed submanifold of almost (α, p) - Golden Riemannian

manifold (M, Φα,p, g), then:

g((∇XT )Y, Z) = αg(Y, (∇XT )Z), (4.15)

for any X, Y, Z ∈ Γ(TM).
Let 2r = 2m − 2n be the codimension of M in M. We fixe a local orthonormal basis

{N1, ..., N2r} of the normal space T⊥
x M. Hereafter we assume that the indices a, b, c run

over the range {1, ..., 2r}.
Let Φα,p := Φ be the almost (α, p)-Golden structure. Then, similar as in ([10]), we get:

(i) ΦX = T X +
r

∑
a=1

ua(X)Na, (ii) ΦNa = ξa +
r

∑
b=1

AabNb, (4.16)

for any x ∈ M and X ∈ Tx M, where ξa are vector fields on M, ua are 1-forms on M and
(Aab)2r is an 2r × 2r matrix of smooth real functions on M.

Moreover, we remark that:

(i)NX =
2r

∑
a=1

ua(X)Na, (ii) tNa = ξa, (4.17)

and

nNa =
2r

∑
b=1

AabNb. (4.18)

In a similar manner as in ([9]), we obtain:

Theorem 1. The structure Σ = (T , g, ua, ξa, (Aab)r) induced on the submanifold M by the
almost (α, p)-Golden structure, Φα,p, on M satisfies the following equalities :

T 2X = pT X +
5α − 1

4
p2X −

2r

∑
a=1

ua(X)ξa, (4.19)

ua(T X) = p · ua(X)−
2r

∑
b=1

Aabub(X), (4.20)

Aab = αAab, (4.21)

ub(ξa) =
5α − 1

4
p2δab + pAab −

2r

∑
c=1

AacAcb, (4.22)

T ξa = pξa −
2r

∑
b=1

Aabξb, (4.23)

and
ua(X) =

5α − 1
4

p2g(X, ξa) (4.24)

for any X ∈ Γ(TM), where δab is the Kronecker delta, p ∈ R∗ and α ∈ {−1, 1}).
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