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Abstract. Suppose set 𝑅 ⊆ [0, 1] × [0, 1]. We want to define a measure of uniformity of 𝑅 in the unit square using
dimension 𝑑 ∈ [0, 2] of the 𝑑-dimensional Hausdorff measure. Inorder to understand uniformity, we’ll give examples
in §0 where points of 𝑅 are uniform in [0, 1] × [0, 1]. Next in §1, we will define preliminary definitions (e.g. Hausdorff
& Counting measure) to define a uniformity of measurable subsets of the unit square. Finally, in §2 we will define a
measure of uniformity between 0 and 1 w.r.t a uniform 𝑅 with Hausdorff-dimension 𝑑. (In this case, the larger the
measure of uniformity, the smaller the non-uniformity w.r.t to uniform 𝑅)
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0. Intro

Suppose we define set 𝑅 ⊆ [0, 1]×[0, 1]. I want to find ameasure of the "uniformity" of the distribution of points
in 𝑅 (on set [0, 1] × [0, 1]) where the larger the measure (as it approaches value one or infinity), the smaller the
non-uniformity. Note inorder to understand uniformity, here are examples of𝑅with points uniform in [0, 1]×[0, 1]:

(1) If 𝑅 is finite, then for 𝑛 ∈ ℕ, suppose we partition set [0, 1] × [0, 1] into 𝑛2 squares with length 𝑛. If there
exists 𝑛 ∈ ℕ such there is only one point at the center of each square, then we say the discrete points are
uniform in [0, 1] × [0, 1].

(2) If we have that set 𝑅 has a Hausdorff dimension of 2 (§1, def. 3), then for all real 𝑥1, 𝑥2, 𝑦1, 𝑦2, if 0 ≤
𝑥1 < 𝑥2 ≤ 1 and 0 ≤ 𝑦1 < 𝑦2 ≤ 1 where the Lebesgue measure (on the Lebesgue sigma-algebra) of
([𝑥1, 𝑥2] × [𝑦1, 𝑦2]) ∩ 𝑅 is (𝑥2 − 𝑥1)(𝑦2 − 𝑦1), then set 𝑅 is uniform in [0, 1] × [0, 1].

For 𝑅 with a Hausdorff dimension between 0 and 2, it’s unclear what a uniform distribution of points in 𝑅
covering [0, 1] × [0, 1] looks like. (Despite this, we will try to define the following in §2)

Note I want to find a general theory of uniformity (for distributions of points in the unit square) such that,
depending on the Hausdorff dimension of the set of points (§1, def. 3), these points have a measure of uniformity
between zero and one or zero and infinity.

Further note there are already several measures of uniformity for finite points in the unit square (e.g. wasserstein
distance [2] or distance between empirical copula & independence copula [3]) but no measure for infinite points
in the unit square.

1. Preliminary Definitions

Definition 1 (CountingMeasure). Suppose | ⋅ | is the cardinality of a set. If𝐴 ⊆ ℝ and 𝜇 is some measure defined
on the sigma-algebra 𝒫(ℝ), then the counting measure is:
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2 MEASURE THE UNIFORMITY OF MEASURABLE SUBSETS OF [0, 1]2

𝜇(𝐴) = {
|𝐴| 𝐴 is finite
+∞ 𝐴 is infinite

(1.0.1)

Definition 2 (Hausdorff Measure). Let (𝑋, 𝜑) be a metric space, 𝑑 ∈ [0,∞) and 𝐶, 𝐸 be arbitrary sets where
𝐶, 𝐸 ⊆ 𝑋 and the diameter of 𝐶 is:

diam(𝐶) ∶= sup {𝜑(𝑥, 𝑦) ∶ 𝑥, 𝑦 ∈ 𝐶} , diam(∅) ∶= 0

If 𝑖 ∈ ℕ and 𝛿 ∈ ℝ such that 𝛿 > 0, where the Euler’s Gamma function is Γ and constant𝒩𝑑 is:

𝒩𝑑 =
𝜋𝑑∕2

Γ
(𝑑
2
+ 1

) (1.0.2)

then we define:

ℋ𝑑
𝛿 (𝐸) = 𝒩𝑑 inf {

∞∑

𝑖=1
(diam(𝐶𝑖))

𝑑 ∶ diam(𝐶𝑖) ≤ 𝛿, 𝐸 ⊆
∞⋃

𝑖=1
𝐶𝑖} (1.0.3)

such if the infimum of the equation is taken over the countable covers of sets 𝐶𝑖 ⊂ 𝑋 of 𝐸 (satisfying diam(𝐶𝑖) ≤ 𝛿),
then the Hausdorff Outer Measure is:

ℋ𝑑(𝐸) = sup
𝛿>0

ℋ𝑑
𝛿 (𝐸) = lim

𝛿→0
ℋ𝑑

𝛿 (𝐸)

such for 𝑑 ∈ ℕ,ℋ𝑑(𝐸) coincides with the 𝑑-dimensional Lebesgue Measure, where we convert the Outer measure to
the Hausdorff measure from restricting 𝐸 to the 𝜎-field of Carathéodory measurable sets [5].

Definition 3 (Hausdorff Dimension). The Hausdorff Dimension of 𝐸 is defined by 𝜙(𝐸) where:

ℋ𝑑(𝐸) = {
∞ if 0 ≤ 𝑑 < 𝜙(𝐸)
0 if 𝜙(𝐸) ≤ 𝑑 < ∞

(1.0.4)

which is needed since constant𝒩𝜙(𝐸) (eq. 1.1.1) is required for the next definition.

1.1. Generalized HausdorffMeasure. Ifℋ𝜙(𝐸)(𝐸) is zero or infinity, consider the following:

Definition 4 (Generalized Hausdorff Measure). Suppose (𝑋, 𝑑) is a metric space and 𝐶, 𝐸 ⊆ 𝑋. Let ℎ ∶
[0,∞) → [0,∞) be an (exact) dimension function (or gauge function) which is monotonically increasing, strictly
positive, and right continuous [6]. If the diameter of 𝐶 is:

diam(𝐶) ∶= sup {𝜑(𝑥, 𝑦) ∶ 𝑥, 𝑦 ∈ 𝐶} , diam(∅) ∶= 0

such that for 𝑖 ∈ ℕ, where 𝛿 ∈ ℝ and 𝛿 > 0, if the Hausdorff dimension is 𝜙(𝐸) where Euler’s Gamma function is Γ,
and𝒩𝜙(𝐸) is the constant where:

𝒩𝜙(𝐸) =
𝜋𝜙(𝐸)∕2

Γ
(𝜙(𝐸)

2
+ 1

) (1.1.1)

we then define:

ℋℎ
𝛿 (𝐸) = 𝒩𝜙(𝐸) inf {

∞∑

𝑖=1
ℎ(diam(𝐶𝑖)) ∶ diam(𝐶𝑖) ≤ 𝛿, 𝐸 ⊆

∞⋃

𝑖=1
𝐶𝑖} (1.1.2)

such that if the infimum of the equation above is taken over the countable covers of sets 𝐶𝑖 ⊂ 𝑋 of 𝐸 (which satisfy
diam(𝐶𝑖) ≤ 𝛿), then the ℎ-Hausdorff Outer Measure follows:

ℋℎ(𝐸) = sup
𝛿>0

ℋℎ
𝛿 (𝐸) = lim

𝛿→0
ℋℎ

𝛿 (𝐸) (1.1.3)

such that for 𝜙(𝐸) ∈ ℕ,ℋℎ(𝐸) coincides with the 𝜙(𝐸)-dimensional Lebesgue Measure where we define the outer
ℎ-Hausdorff measure as the ℎ-Hausdorff measure from restricting the Outer Measure to 𝐸 measurable in the sense of
carathèodory, and defining ℎ soℋℎ(𝐸) is strictly positive and finite.
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2. Measuring "Uniformity" of a Measurable Subset of [0, 1] × [0, 1]

Here is the attempt to measure the uniformity of 𝑅 in [0, 1]× [0, 1]w.r.t a uniform 𝑅 with a Hausdorff-dimension
of 𝑑 ∈ [0, 2] (def. 3).

Now suppose 𝜇(𝐴) is the counting measure of 𝐴 (def. 1) where:

𝑠 = {
|𝐴| 𝜇(𝐴) < +∞
1 𝜇(𝐴) = +∞

For 𝑛, 𝑗 ∈ {𝑠𝑘 ∶ 𝑘 ∈ ℕ} (where 𝑗 ≪ 𝑛), suppose we partition set [0, 1]×[0, 1] into 𝑛2 squares with length 𝑛, such
that we combine these squares to form larger squares with area 1∕(𝑗2). Furthermore, we define 𝑖, 𝑚, 𝑟 ∈ ℕ ∪ {0},
where 𝑥𝑖+1 − 𝑥𝑖 = 1∕𝑛 and 0 ≤ 𝑖 + 𝑟 ≤ 𝑛 − 1 such that the side of each of the squares (parallel to the x-axis) is the
interval [𝑥𝑖 , 𝑥𝑖+𝑟] with length 1∕(𝑛 + 𝑟), and we define 𝑦𝑚+1 − 𝑦𝑚 = 1∕𝑛 where 0 ≤ 𝑚 + 𝑟 ≤ 𝑛 − 1 and the side of
each square (parallel to the y-axis) is the interval [𝑦𝑚, 𝑦𝑚+𝑟] with length 1∕(𝑛 + 𝑟).

If 𝑑 ∈ [0, 2], where the 𝑑-dimensional Hausdorff measure defined on the 𝜎-algebra of caratheodory-measurable
sets isℋ𝑑 (def. 2), I would like to divide measureℋ𝑑 of each ([𝑥𝑖 , 𝑥𝑖+𝑟] × [𝑦𝑚, 𝑦𝑚+𝑟]) ∩ 𝑅 (such that the area of
[𝑥𝑖 , 𝑥𝑖+𝑟] × [𝑦𝑚, 𝑦𝑚+𝑟] is 1∕(𝑗2)) by the 𝑑-Hausdorff measure of all uniform 𝑅, with Hausdorff-dimension 𝑑, in all
squares or

((
ℋ𝑑(dom(𝑅)) ⋅ ℋ𝑑(range(𝑅))

)
∕(𝑗2)

)
. This results in a discrete probability distribution ℙ:

𝑆(𝑛, 𝑗) = {(𝑖,𝑚, 𝑟) ∶ 𝑖,𝑚, 𝑟 ∈ ℕ ∪ {0} , 𝑥𝑖+1 − 𝑥𝑖 = 𝑦𝑚+1 − 𝑦𝑚 = 1∕𝑛, (2.0.1)

Area([𝑥𝑖 , 𝑥𝑖+𝑟] × [𝑦𝑚, 𝑦𝑚+𝑟]) = 1∕𝑗2}

ℙ(𝑛, 𝑗) = {
ℋ𝑑(([𝑥i, 𝑥i+r] × [𝑦m, 𝑦m+r]) ∩ 𝑅)((

ℋ𝑑(dom(𝑅)) ⋅ ℋ𝑑(range(𝑅))
)
∕(𝑗2)

)
⋅ |𝑆(𝑛, 𝑗)|

∶ (i,m, r) ∈ 𝑆(𝑛, 𝑗)} (2.0.2)

We then want to take the entropy of the discrete distribution (2.0.3).

E(ℙ(𝑛, 𝑗)) =
∑

𝑥∈ℙ(𝑛,𝑗)
−𝑥 log2 𝑥 (2.0.3)

Next, we wish to define the uniformity of 𝑅 in [0, 1] × [0, 1] using 𝜇(𝐴) and the dimension 𝑑; however, it’s
difficult (when 𝑛, 𝑗 → ∞ and 𝑗 ≤ 𝜇(𝐴) such that 𝑗 ≪ 𝑛) to compare E(ℙ(𝑛, 𝑗)) with the entropy [4, p.61-95]
of a discrete uniform distribution with the same number of elements or log2(|𝑆(𝑛, 𝑗)|). (Note the smaller the
absolute difference of E(ℙ(𝑛, 𝑗)) and log2(|𝑆(𝑛, 𝑗)|), the closer 𝑅 is to having the same uniformity in [0, 1] × [0, 1]
as a uniform 𝑅, with Hausdorff-dimension 𝑑, in [0, 1]2).

Therefore, the following might be more useful:

𝐺(𝑛′, 𝑗′) = inf
𝑗∈ℕ

inf
𝑛∈ℕ

{
|ℙ(𝑛, 𝑗)| ∶ 𝑛′, 𝑗′ ∈ ℕ,E(ℙ(𝑛, 𝑗)) ≥ log2(|𝑆(𝑛

′, 𝑗′)|)
}

𝐺(𝑛′, 𝑗′) = sup
𝑗∈ℕ

inf
𝑛∈ℕ

{
|ℙ(𝑛, 𝑗)| ∶ 𝑛′, 𝑗′ ∈ ℕ,E(ℙ(𝑛, 𝑗)) ≤ log2(|𝑆(𝑛

′, 𝑗′)|)
}

This gives us ameasure of uniformity of𝑅w.r.t a uniform𝑑-dimensional space in [0, 1]×[0, 1] i.e. 𝒰∗(𝑓, 𝑑, [0, 1]×
[0, 1]) (when it exists):

𝒰∗(𝑓, 𝑑, [0, 1] × [0, 1]) = lim
𝑗′≤𝜇(𝐴),𝑗′→∞

lim
𝑛′→∞

𝐺(𝑛′, 𝑗′)
|𝑆(𝑛′, 𝑗′)|

= lim
𝑗′≤𝜇(𝐴),𝑗′→∞,

lim
𝑛′→∞

𝐺(𝑛′, 𝑗′)
|𝑆(𝑛′, 𝑗′)|
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Note the larger𝒰′(𝑓, 𝑑, [0, 1]× [0, 1]) is, the closer 𝑅 is to have the same uniformity in [0, 1]× [0, 1] as a uniform
𝑅 (in [0, 1]2) with Hausdorff-dimension 𝑑.

2.1. Summary: If the Hausdorff Dimension (def. 3) of set 𝑅 ⊆ [0, 1] × [0, 1] is 𝜙(𝑅) and:

(1) If 𝑑 < 𝜙(𝑅) then 𝒰∗(𝑓, 𝑑, [0, 1] × [0, 1]) = 1

(2) If 𝑑 = 𝜙(𝑅) and𝒰∗(𝑓, 𝑑, [0, 1]×[0, 1]) ∈ (0, 1) then𝒰∗(𝑓, 𝑑, [0, 1]×[0, 1]) is the final measure of uniformity;
otherwise, we set dimension 𝑑 to gauge function ℎ (def. 4) or when neither of them work and 𝑅 is fractal,
we apply [1]

(3) If 𝑑 > 𝜙(𝑅) then 𝒰∗(𝑓, 𝑑, [0, 1] × [0, 1]) = 0

For example, if 𝑅 is a continuous function with domain [0, 1] (and 𝜙(𝑅) = 1), then if 𝑑 = 2 the measure of
uniformity should be 0. (This means w.r.t a uniform 𝑅 in [0, 1] × [0, 1] with Hausdorff dimension 2, the previous
set 𝑅 is completely non-uniform.)

3. Question:

Is there a simpler measure that measures the "non-uniformity" of set 𝑅 w.r.t a uniform 𝑅 that has a dimension
𝑑 ∈ [0, 2]?
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