Pre prints.org

Article Not peer-reviewed version

On the Sub Convexlike
Optimization Problems

Renying Zeng
Posted Date: 15 June 2023
doi: 10.20944/preprints202306.1147v1

Keywords: locally convex topological space, subconvexlikeness; sub convexlikeness; vector Lagrangian
multiplier theorems; vector saddle-point theorems

Preprints.org is a free multidiscipline platform providing preprint service that
is dedicated to making early versions of research outputs permanently
available and citable. Preprints posted at Preprints.org appear in Web of
Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This is an open access article distributed under the Creative Commons
Attribution License which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.



https://sciprofiles.com/profile/3000668

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 15 June 2023 doi:10.20944/preprints202306.1147.v1

Disclaimer/Publisher’'s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and

contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting
from any ideas, methods, instructions, or products referred to in the content.

Article

On the Sub Convexlike Optimization Problems

Renying Zeng

Mathematics Department, Saskatchewan Polytechnic, 1130 Idylwyld Dr. N, Saskatoon, Canada S7L 4J7;
renying.zeng@saskpolytech.ca

Abstract: In this paper, we show that the sub convexlikeness introduced by V. Jeyakumar [1], and
the subconvexlikeness defined in V. Jeyakumar [2] are equivalent in loccallly convex topological
spaces. And then, we deal with set-valued vector optimization problems and obtains some vector
saddle-point theorems and vector Lagrangian theorems.

Keywords: locally convex topological space; subconvexlikeness; sub convexlikeness; vector
Lagrangian multiplier theorems; vector saddle-point theorems

AMS Classifications: 90C26; 90C48

0. Introduction

Generalized convex optimization are very well studied branches of mathematics. There are
many very meaningful and useful definitions of generalized convexities. Let X be a normed space,
and X+ a convex cone of X. K. Fan [3] introduced the definition of X:-convexlike function.
Jeyakumar [1] introduced the definition of X+-sub convexlike function. And, Jeyakumar defined X+-
subconvexlike function in [2]. There are plenty of research articles discussing subconvexlike
optimization problems, e.g., see [4-12]. In this paper, we show that the sub convexlikeness
introduced in [1] and the subconvexlikeness in [2] are actually equivalent in locally convex
topological spaces (including normed linear spaces).

Most of papers in set-valued optimization studied the problem with inequality constraint and
the abstract constraint. In this paper we consider the set-valued optimization problem with not only
inequality, abstract but also equality constraints. The explicit statement of the equality constraint
would be very convenient in applications. For example, recently, the mathematical programs with
equilibrium constraints has received a lot of attentions from the optimization community. The
mathematical programs with equilibrium constraints are a class of optimization problem with
variational inequality constraints. By representing the variational inequality as a generalized
equation, e.g., [8, 13, 14], a mathematical program with equilibrium constraints can be reformulated
as an optimization problem with an equality constraint. This paper deals with the set-valued
optimization problem with inequality, equality as well as abstract constraints, and obtains some
vector saddle-point theorems and vector Lagrangian theorems.

1. Preliminary

Let X be a real topological vector space, a subset X+ of X is said to be a convex cone if
o'+ e X, Vx',x’e X, Va,>0.

We denote by 0 the zero element in the topological space X and simply by 0 if there is no
confusion.
A convex cone X of X is called a pointed cone if X, [1(—X,)={0}.

A real topological vector space X with a pointed cone is said to be an ordered topological liner
space. We denote intX- the topological interior of X+.The partial order on X is defined by

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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x! <X+ X Sifxl—x2e X,
x! -<-<X+ x ,if x! — x2¢ int X~
Or, if there is no confusion, they may just be denoted by
x <X’ Sif xl —x2e X,
x << x? , if x1 — x2e int X+
If A,BC X, we denoted by
A=, B,if x<, yfor Vxe 4,Vye B,

A==y B,if x=<=<, yfor Vxe 4,Vye B.

Or,
A=< B,if x< yfor Vxe A,Vye B,

A=< B ,if x<< yfor Vxe A,Vye B.

A linear functional on X is a continuous linear function from X to R (1-dimensinal Euclidean
space). The set X *of all linear functionals on X is the dual space of X. The subset

X ={eXx’ :<x,§>2 0,Vxe X}

of X is said to be the dual cone of the cone X+, where <x, & > =&(x).

Suppose that X and Y are two real topological vector spaces. Let f: X—2Y be a set-valued
function, where 2 denotes the power set of Y.

Let D be a nonempty subset of X. Setting /(D)=U _, f(x), and
(f)m)={{y.m):ye f(0)},

(f(D),m)=U,p(f(x).).

For xe D,ne Y, we write
(f(x),m)20,if (y,7)20,Vye f(x),

(f(D),7)20,if (f(x),7)20,Vxe D.

The following Definitions 1.1 and 1.2 can be found in [15].
Definition 1.1 (convex, bounded, and absorbing) A subset M of X is said to be convex, if

X,X, € M and 0 < <limplies ax, +(1—¥)x,€ M ; M is said to be balanced if x€ M and
| <1 implies axe M ; M is said to be absorbing if for any given neighbourhood U of 0, there
exists a positive scalar 3 such that 7'M c U, where 7'M ={xe X;x=f"v;ve M}.
Definition 1.2 (locally convex topological space) A topological vector space X is called a locally
convex topological space if any neighborhood of 0, contains a convex, balanced, and absorbing

open set.
From [15, pp.26 Theorem, pp.33 Definition 1], a normed linear space is a locally convex
topological space.

2. The Sub Convexlikeness

This section shows that the definitions of sub convexlikeness and subconvexlikeness given by
Jeyakumar [1, 2] are actually one.
A set-valued function f: X— 2 is said to be Y+ -convex on D if Vx!, x?e D, Ve [0, 1], one has

af(@)+(1-0) f () <y f(ax'+(1-0) x?).
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The following definition of convexlikeness was introduced by Ky Fan [8].
A set-valued function f: X—2Y is said to be Y+ -convexlike on D if Vx!, x2 D, Ve [0, 1], 3x*e D
such that

af (1) + (1-0) f () <, f().
Jeyakumar [2] introduced the following subconvexlikeness.

Definition 2.1 (subconvexlike) Let Y be a topological vector space and D € X be a nonempty set

and Y- be a convex cone in Y. A set-valued map f: D — 2" is said to be Yi-subconvexlike on D if
d0€ intY, suchthat Vx,,x,€ D, Ve>0, Vare[0,1], Ix, € D here holds

e0+of(x)+(1-a)f(x) =y f(x;).

Lemma 2.1 is [16, Lemma 2.3].
Lemma 2.1 Let Y be a topological vector space and D C X be a nonempty set and Y- be a

convex cone in Y. A set-valued map f: D — 2" is Yi-subconvexlike on D if and only if VOeintY,,
Vx,x,€ D, Vae[0,1], 3x, € D such that

O+oaf(x)+(1-a)f(x,) =y f(xy).

A bounded function in a topological space can be defined as following Definition 2.2 (e.g,, see
Yosida [15]).

Definition 2.2 (bounded set-valued map) A subset M of a real topological vector space Y is said to
be a bounded subset if for any given neighbourhood U of 0, there exists a positive scalar  such

that 7'M c U, where 7'M ={ye Y;y="'v;ve M} . A set-valued map f: D — Y is said to
bounded map if f (Y) is a bounded subset of Y.

Jeyakumar [1] introduced the following sub convexlikeness.

Definition 2.3 (sub convexlike) Let Y be a topological vector space and D C X be a nonempty set.

A set-valued map f: D — 2" is said to be Yi-sub convexlike on D if 3 bounded set-valued map u:
D—Y,Vx,x,e D, Ve>0, Vae[0,1], 3x, € D such that

€“+af(x1)+(1_a)f(xz)<y+ f(x3)*

The following Lemma 2.1 is from Li and Wang [16, Lemma 2.3].
Lemma 2.2 Let Y be a locally convex topological space and D € X be a nonempty set Y. A set-

valued map f: D — 2" is Y.-subconvexlike on D if and only if f(D)+intY, is Y.-convex.
Theorem 2.1 Let Y be a locally convex topological space, D € X a nonempty set, and Y+ a

convex cone in Y. A set-valued map f : D — 2" is Y.«-sub convexlike on D if and only if
f(D)+intY_ is Y:-convex.

Proof. The necessity.
Suppose that f is Y+-sub convexlike..

Vz, =y, + 4,2, =y, + ye € f(D)+intY,, 3x,x, € Dsuch that y, € f(x,), y,€ f(x,).
Let

Yo =ay,+(1-a)y;,

then y, € intY, . Therefore, 3 neighbourhood U of 0 such that yf +U is a neighbourhood of
yfr) and

y,+U cCintY,.
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By Definition 1.2, we may assume that U is convex, balanced, and absorbing.

From the assumption of sub convexlikeness, i.e., Jdbounded set-valued map u: X, X, € D,

£>0, ae[0,1], 3 x, € D such that

eutof(x)+(1-a)f(x,)c f(x;)+7,.
Therefore
oz, +(1-0)z,
=ay +(1-a)y, +ay, +(1-a)y;
c f(x,))—eu+Y, +yfr)

Since U is convex, balanced, and absorbing, we may take £ >0 small enough such that
—eucU.

Therefore
—eu+y) cy'+U cintY,.
And then
oz, +(1-a)z,
=ay +(-a)y, +ay, +(1-a)y;
c f(x;)+intY,
c f(D)+intY ,.

Hence, f(D)+intY, isa Yi-convex set.
The sufficiency.
If f (D) +int Y+ is Y+-convex, then, by Lemma 2.1, fis Y+-subconvexlike. And, it is clear that Y-

subconvexlikeness implies Y:-sub convexlikeness.
From Lemma 2.2 and Theorem 2.1 one has Theorem 2.2.
Theorem 2.2 Let Y be a locally convex topological space and D € X a nonempty set, and Y- a

convex cone in Y. A set-valued map f: D — 2"is Y.-subconvexlike on D if and only if fis Y+-sub
convexlike on D.
3. Vector Saddle-Point Theorems

This section works on vector saddle-point theorems for set-valued optimization problems.
A set-valued map f: D — 2" is said to be affine on D if Vx,,x, € D,V € R, there holds

Bf(x)+(1=DB)f(x,)=f(Bx +(1=P)x,).
We introduce the notion of sub affinelike functions as follows.

Definition 3.1 (sub affinelike) A set-valued map f: D — 2" is said to be Yi-sub affinelike on D if
Vx,x,€ D,V e (0,1),3 veintY, , dx; € D there holds

v+ af(x)+(1-)f(x,)=f(x).

Theorem 3.1 Let X, Y, Z and W be real topological vector spaces, D X. Y,,Z,, W, pointed

convex cones of Y, Z and W, respectively. Assume that functions

f:D—>Y,g:D—>Z,h:D —W satisfy that
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(@ f and g are sub convexlike maps on D, ie, VueintY,,Vu,eintZ,,
Vae (0,1),Vx', x> e D, 3x',x"e Dsuch that

u+of(x)+(1-a) f(x*) < f(x),
u, +ag(x)+(1-a)g(x*) < g(x");
(b) his a sub affinelike map on D, i.e., Veare (0,1),Vx',x* € D, Ix"e D, ve int W, such that
v+ ah(x)+ (- a)h(x>) = h(x™);
(c) inth(D)#9;
and (i) and (ii) denote the systems

@ e D,st., f(x)<<0,2(x)=<0,h(x)=0;
Gi) AENO e Y xZ, xWH\{(0,,0,,0,)} such that

S(f () +1(g(x) +¢g(h(x)) 20, Vxe D.

If (i) has no solution then (ii) has solutions.
Moreover if (i) has a solution (&,77,¢) with & # OY* then (i) has no solutions.

Proof Vw.w, el _ th(D)+intW,, Yae(0,), 3x,x,eD, 3b,beinth,,
3t,,t, >0 such that

ow, +(1-a)w,
=ath(x)+(1-a)t,h(x,)+ob +(1-a)b,

~ (@t (1= d-ax,

. Q2 b +(1-a)b,.
(-, at + gy, e+ -,

By the assumption (b), dx;€ D, dve intW,, V& > 0 such that
o, h(x,)+ (-0,
ot,+(1-o)t, at,+(1-o)t,
Since veintZ,, 3 neighbourhood U of 0 in W for which V=ab +(1-a)b,+U is a
neighbourhood of ab, +(1-)b,.
By Definition 1.2, we may take € > 0 small enough such that

h(x,)=h(x;)—év.

—&(at,+(1-o)t,)vcU.
Then,
ob +(1-a)b, —(ot, +(1-a)t, vV cintW..

Therefore,

doi:10.20944/preprints202306.1147.v1
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ow, +(1-ao)w,
c ath(x)+(1-o)t,h(x,)+ab +(1-a)b,

— (ot + (1)) —2 )+ — =D iy +(1-
at, +(1-o)t, at, +(1-a)t,
=(at,+(1-a)t,))h(x,)+ob, +(1-a)b, —e(at, +(1—-a)t,)v

c U, th(D)+intW,.

So, Uz>o th(D)+1intY,is a convex set.
Similarly, Ut>0 tf (D)+intY,, and Ut>0 tg(D)+int Z, are also convex. Therefore, the set

C=(, o (D)+intY)x( ] _ tg(D)+intZ)x((J_, th(D)+intW,)

is convex.
From the assumption (c), int C #J . We also have (0,,0,,0,,) & B since (i) has no solution.

Therefore, according to the separation theorem of convex sets of topological vector space,
I nonzero vector (£,77,5) € Y X Z" x W™ such that

§tf () +y°) +1(gty () +2°) + 6 (15h(x) + 1) 20,

for Vt,,t,,t,>0,Vxe D, Vy’ eintY Vz"eintZ ,Vn'e B.

Since intY, ,int Z, are convex cones, and B is a linear space, one gets

§tf () + Ay ) +n(t,g(0) + 4,2°) + g(1h(x) + Aw’) 20
Vxe DYy’ eintY, ,Vz"eintZ  ,VYn'e B,VA >0,(i=1,2,3),Vt, >0,(i=1,2,3).
Let A — 0(i =2,3),t, = 0(i =1,2,3) one has

&y°)20,¥y" eintY,.
Therefore &(y) > 0,Vy € Y, . Hence £€ Y, . Similarly, 7€ intZ,, ¢ intW, .
Thus

(&M e XZ xW".
Therefore,

S(f(x)+n(g(x)+s(h(x)20, xe D.

Which means that (ii) has solutions.
On the other hand, suppose that (ii) has a solution (£, 77,¢) with & # 0, ie,

S/ +m(g(x)+¢(h(x)20, xe D.

We are going to prove that (i) has no solution.
Otherwise, if (i) has a solution X€ D, then f(X)<<0,g(x)<0,/4(X)=0.Hence, one would

have
S(f(X)+n(g(X)+6(h(x))<0.

Which is a contradiction. The proof is completed.
We consider the following optimization problem with set-valued maps:

doi:10.20944/preprints202306.1147.v1
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(VP) Yi-min  f(x)
st g()N(Z,)#0,i=1,2,--m,
O h,(x),j=12,,n

xeD,

: W, . .
where f: X — 2" g X— 2% h ! X — 2"/ are set-valued maps, Zi is a closed convex cone in

Zi and D is a nonempty subset of X.
Definition 3.2 (weakly efficient solution)A point x € I is said to be a weakly efficient solution of
(VP) if there exists no x € D satisfying f(X) >> f(x), where F':={xe D:g(x)=<0,Ah(x)=0}.
Let

Pmin[4,Y,]={ye A4:(y—A)NintY, =},
Pmax[4,Y ]={ye A:(4-y)NintY, =3} .

In the sequel, B(W,Y) denotes the set of all continuous linear mappings T from W to Y;

B*(Z,Y) denotes the set of all non-negative and continuous linear mappings S from Z to Y, where

non-negative mapping S means that S(z)e Y,,Vze Z .

Let L(X,S,T) = f(¥)+S(g(X)+T (h(X)).

Definition 3.3 (vector saddle-point) (X,S,T)e X x B*(Z,Y)x B(W,Y) is said to be a vector
saddle-point of L(X, S,T) if

L(x,S8,T)e Pmin[L(X,S,T),Y,]N Pmax[L(x,B"(Z,Y),B(W,Y)),Y,].
Where
Pmax[L(x,B"(Z,Y),B(W.Y)),Y,]
={: u=Pmax[L(x,S,T),Y,].(S,T)e B (Z,Y)xB(W,Y)}.

Theorem 3.2 (X,S,T)e XxB*(Z,Y)xB(W,Y) is a vector saddle-point of L(¥X,S,T), if
and only if 3y € f(X),z € g(X), such that
() ye Pmin[L(X,S,T),Y,],
(i) g(x)c—Z,,h(x)={0},
i) (f(xX)-y-SE)NintY, =D .

Proof. The sufficiency. Suppose that the conditions (i)-(iii) are satisfied. Note that
—8(x¥) = Z,, h(x) = {0} imply

-S(g(x) Y, T(h(x))={0}, V(S,7)e B (Z,Y)xBW,Y), (3.1)
and the condition (i) states that
V=L (X)+S(gXN+T (X))} NintY, =2,
SoY, +intY, c Y, and —S(z)€ Y, together imply
F+S@)+TW) ~[f(X)+S(gXN+T X)) NintY, =2

Hence
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y+8(z)+T(w)e Pmin[L(X,S,T),Y,].

On the other hand, since (f(X)—-[y+S(Z))NintY, = , from (3.1), and from

intY, +Y, cintY, we conclude that
Usres o/ ®+SEE@N+TEN]-[V+5@)+T (W]} NintY, =2 .
Hence
y+8(z)+T (w)e Pmax[L(X,B"(Z,Y),B(W,Y)),Y,]
Consequently,
L(x,S,TYNPmin[L(X,S,T),Y, 1N Pmax[L(x,B"(Z,Y),B(W,Y)),Y,]1# Q.

Therefore (X,5,7)e X xB*(Z,Y)x B(W,Y) is a vector saddle-point of L(X,S,T).
The necessity. Assume that (X, S, T)e XxXB*(Z,Y)xB(W,Y) is a vector saddle-point of
L(x,S,T). From Definition 3.3 one has

L(x,S,TYNPmin[L(X,S,T),Y,] NPmax[L(x,B"(Z,Y)xB(W,Y)),Y,]# Q.
So, v e f(x),z€ g(x),we h(X),ie,
y+S8(@)+T(W)e L(x,S,T) = (%) +S(g(X)) + T(h(X)),

such that
{ f@)+S@@)+ThE)-[y+SE@)+T(W)] }NintY, =, 62
V(S,T)e B (Z,Y)xB(W,Y),
and
F+S@+TW)~[f (X)) +S(X)N+T (X)) NintY, = . (3.3)
Taking T =T in (3.2) we get
S(z)-S(2)e intY,,Vze g(¥),VSe B*(Z,Y). (3.4)
Aim to show that —z € Z, .
Otherwise, since 0€ —Z, ,if —z & Z, , we would have =z #0,
Because Z, is a closed convex set, by the separate theorem 37€ Z~ \ {0}
nz,)>n(-z),vze Z,,Vt>0. (3.5)

ie.,

nz,)> %n(—f),Vze Z. ,Vt>0.

Let £ — oo we obtain7)(z,) > 0,Vze€ Z, . Which means that 7€ Z, \{0} . Meanwhile, O€ Z,
and (3.5) yield that 7(z) > 0. Given z € int Z, and let

Nz~ <
S(z)=——=Z+85(2).
=) n(z) +e)
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Then S € B*(Z,Y) and
S(z)-S(z)=Z e intY,.
Contradicting to (3.4). Therefore
-ze Z,.
Now, aim to prove that — g(x) C Z, .
Otherwise, if —g(X) & Z,, then Jz, € g(X) such that 0# —z,& Z, . Similar to the above
3n,€ Z"\{0} suchthat 77,€ Z, \{0}, 7,(z,) >0 .Given Z € int Z, and let

17,(2) >
n,(z)

Then S,€ B*(Z,Y) and S,(z,)=Z€intY, . And we have proved that —zZ€ Z, , so
-S@)eY, . Therefore

S,(2) =

S,(z,)-S(Z)eintY, +Y, cintY,.

Again, contradicting to (3.4).
Therefore — g(X) < Z, . Similarly, one has — A(x) < W, . From (3.2) we get

[T(h(x))-T(W)]NintY, =D .
Hence
T(w)-T(w)¢intY, VT e B(W,Y). (3.6)
Similarly, from (3.2) again we have
T(w)—-T(w)¢ intY, ,Vwe h(x),VT € BW,Y). (3.7)
If w#0, since —A(X) C W, and W, is a pointed cone, we have we IW,. Because Y, is a
closed convex set, by the separation theorem 3¢ € W, such that
s(w)y<gcw),Ywe Ww,. (3.8)
So ¢(W) # 0 since 0€ W, . Taking y° € intY, and define T° € B* (W,Y) by
T°(w) =Lf)y° +T(w).
s(w)
Then
T°(w)-T(w)=y’eintY,,
Contradicting to (3.6). Therefore W= 0 .Thus
0e h(X).

Now, we’d like to prove 4(X) ={0}.
Otherwise, if w'eh(x):w'#0 , similar to (38) 3I¢c’eW , such
that ¢’ (w) < c"(W"),Vwe W, .So ¢’ (W) # 0. Given y, € intY, and define T, € B(W,Y), by
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0
w
TO(W): go ( 0)
¢ (w)
Then T,(w’)=y,eintY, , ie, w=0) T°(w")—T(w)eintY, . Contradicting to (3.7).

Therefore we must have

Yo-

h(x) = {0}. (3.9)
Combining (3.2), (3.3), (3.9), and we conclude that
ye Pmin[L(X,S,T).Y,], (3.10)

and
(fX)-y-SE@)NintY, =D .

We have proved that, if (X, S,TYe XxB*(Z,Y)xB(W,Y) is a vector saddle-point of
L(x,S,T), then the conditions (i)-(iii) hold.

Theorem 3.3 1f (X,S,T)e XxB*(Z,Y)xB(W,Y) is a vector saddle-point of L(X, S,T),
and if0€ S(g(X)), then X is a weak efficient solution of (VP).

Proof. Assume that (X,S,7)e DXB*(Z,Y)XB(W,Y) is a vector saddle-point of
L(x,S,T), from Theorem 3.2 we have

-S(g(x)) <Y, h(x)={0}. (3.11)

So X € D (the feasible solution of (VP). And 3y € f(X) such that y € Pmin[L(X,S,T),Y,], ie.
G-/ (X)+S(XN+T(h(X)DNintY, =T .
Thus
(V=1/(D)+S(g@)+T (Wx)DNintY, =S
Since 0 S(g(¥X)), by (3.11), one has
(G- f(D)NintY, =D

Therefore, X is a weakly efficient solution of (VP).

4. Vector Lagrangian Theorems

Definition 4.1 (vector  Lagrangian  map)  The  vector  Lagrangian map
L:XXB"(Z,Y)XB(W,Y)— 2" of (VP) s defined by the set-valued map
L(x,8,T)= f(x)+S(g(x) +T(h(x)).
Given (S,T)€ B*(Z,Y)XB(W,Y), we consider the minimization problem induced by (VP):
Y, —min L(x,S,T),
(VPST)
st,xe D.

Definition 4.2 (slater constrained qualification (SC)) Let x € F'. We say that (VP) satisfies the Slater
Constrained Qualification at X if the following conditions hold:

() IxeD,st h(x)=0,g,(x)<<0;

doi:10.20944/preprints202306.1147.v1
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(2) Oeinth;(D)forallj.

According the following Theorem 4.1, (VPST) can also be considered as a dual problem of (VP).
Theorem 4.1 Let X€ D . Assume that f(x)— f(X),g(x),h(x) satisfy the generalized

convexity condition (a), the generalized affineness condition (b), as well as the inner point
condition (c), and (VP) satisfies the Slater Constrained Qualification (SC). Then, X € D is a weakly

efficient solution of (VP) if and only if 3(S,7)€ B (Z,Y)X B(W,Y) such that X € D is a weakly
efficient solution of (VPST).

Proof. Assume A(S,T)e€ B (Z,Y)XB(W,Y) such that X € D is a weakly efficient solution
of (VPST). Then there exist y € f(X),z € g(x),w € h(X), such that

(Y +S@)+TW)—Lf(D)+S(g(D)+T(H(D)DNintY, =4,
If (y—f(D)NintY, #J,then dye f(D) suchthat y—ye intY,,ie,
Y+S@)+T(w)-[y+S(z)+T(w)]eint?,.
Which means that
(Y+SE@)+TW)-Lf(D)+S(g(D)+T(M(D)DNintY, =D .

Which is a contradiction.
Therefore

(y—f(D)NintY, =.

Hence, X € D is a weakly efficient solution of (VP).
Conversely, suppose that X € D is a weakly efficient solution of (VP). So dy € f(X) such

that there is not any x € D for which f(x)—y € —intY,. That is to say, there is not any x€ X
such that

f(x)-ye-mtY, ,g(x)e -Z,,0, € h(x).
By Theorem 3.1, 3(£,77,6) € ¥, X Z, xW \{(0,.,0,.,0,.)} such that
S(f(x)—y)+n(g(x))+¢(h(x))20,Vxe D. (4.1)

Since y€ f(X) and 0,, € h(X), take x = X in (1) we obtain

n(g(x))=20.
But X€ D and 77€ Z, imply that 3z € g(X)((=Z,) for which

n(z)<0.

Hence 77(z) = 0, which means

0e n(g(x)). (4-2)

Since x€ D implies 0,, € A(x), and g(x)((—Z,)# D implies Iz€ g(x)(1(—Z,) such that
1n(z) £0, we have

E(f(x)-y)=0,Vxe D.

doi:10.20944/preprints202306.1147.v1
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Because the Slater Constraint Qualification is satisfied, similar to the proof of Theorem 3.2, we have
& #0,. .50 we may take y, € intY, such that

Sy =1.
Define the operator S : Z =Y and T:W —Y by
S(2) =1m(2)y,, T(W) = c(W)y, - (4.3)

It is easy to see that
Se B(Z,Y),S(Z,)=1(Z,)y, €Y.,
Te BW.,Y).
And (4.2) implies
S(g(x) =m(g(x)y,€0-Y, =0,. (4.4)
Since x € D, we have0,, € A(X). Hence
0, € T(h(X)). (4.5)
Therefore, by (4.4) and (4.5) one gets
ye f(¥) c f(X)+8(g(x)+ T (h(x)).

From (4.1) and (4.3)
SLf(x)+ S(g(x)) + T (h(x))]
=SS () +n((g(x))S5(¥e) +5(h(x))5 (o)
=S(f(x) +1(g(x) +g(h(x))
> &(y),Vxe D.
SLf ()= 3)+8(g(x)+T(h(x))]=0,Vxe D. (4.6)

Taking F(x) = f(x)+S(g(x))+T(h(x)), G(x)={0,} and H(x)=1{0,}, applying Theorem
3.2 to the functions F(x)—y,G(x), H(x), then (4.6) deduces that

(y=[f(D)+S(g(D)+T(K(D)]NintY, =&,

and

ye F(x)=f(x)+S(g(x)+T(hx)),

since 0, € S(g(x)),0, € T(h(x)).

Consequently, X € D is a weakly efficient solution of (VPST).

We complete the proof.

Definition 4.3 (NNAMCQ) Letxe F'. We say that (VP) satisfies the No Nonzero Abnormal
Multiplier Constraint Qualification (NNAMCQ) at x if there is no nonzero vector

(n,¢)e N Z; x szlW; satisfying the system

min [0 g0+ 6;h(0)]=0

xe DNU ()

z:.il 17,8:(x)=0,
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where U(X)is some neighborhood of X .

Similar to the proof of Theorem 4.1, one has Theorem 4.2.

Theorem 4.2 Let X€ D. Assume that f(x)— f(X),g(x),h(x) satisfy the generalized
convexity condition (a), the generalized affineness condition (b), as well as the inner point condition
(¢ . If x is a weakly efficient solution of (VP), then 3Jvector Lagrangian multiplier

(S,T)e B*(Z,Y)XB(W,Y) such that X € D is a weakly efficient solution of (VPST). Inversely, if

(NNAMCQ) holds at X € D, and if 3vector Lagrangian multiplier (S,7)€ B"(Z,Y)xB(W,Y)
such that X is a weakly efficient solution of (VPST), then X is a weakly efficient solution of (VP).

5. Conclusions.

Jeyakumar [1] introduced the following definition of sub convexlike functions for single-
valued functions.

Let Y be a topological vector space and D C X be a nonempty set. A set-valued map f :
D — 2" is said to be Y:-sub convexlike on D if 3 bounded set-valued map u: D — Y, Vx,,x,€ D,
Ve>0, Vae[0,1], 3x, € D such that

€u+0{f(x1)+(1—05)f(xz)<y+ f(x3)9

where the partial order is induced by a convex cone Y, of Y.

Jeyakumar [2] introduced the following subconvexlikeness.

A set-valued map f: D — 2" is said to be Yi-subconvexlike on D if @€ intY, such that
Vx,x,e D, Ve>0, Vae[0,1], 3x, € D here holds

e0+af(x)+(1-a)f(x) =<y f(x;).

In this paper, we prove that the above two generalized convexities are equivalent.
A set-valued map f: D — 2" is said to be affine on D if Vx,,x, € D,V € R, there holds

Bf(x)+1=B)f(x,) = f(Bx + (1= B)x,).
We define the following sub affinelike maps, in order to weaken the condition of the “equality
constraints” for optimization problems.

A set-valued map f : D —2" is said to be Y.-sub affinelike on D if
Vx,,x,€ D,Yoe (0,1), Vve intW,, dx, € D there holds

vt af(x)+1-a)f(x)=f(x).
And then, we consider the following optimization problem with set-valued maps:
(VP) Yi-min  f(x)
st. 2(0)N(-Z)#D,i=1,2,--,m,
0€ h,(x),j =12, n,
xe D,
where f: X — 2" and g, : X — 2% are sub convexlike, and / X > 2" are sub affinelike.

For a single-valued situation, above optimization problem (VP) may be written as follows.
Y+-min f (x )
st. g(x)=<0,i=12,--,m,
h(x)=0,/=1,2,n,
xe D.
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We obtain some vector saddle-point theorems and some vector Lagrangian theorems for the
set-valued optimization problem (VP). Our Theorem 3.1 is a generalization of theorems of
alternatives in [1, 2], a modification of theorems of alternatives in [5, 10, 11, 17, 18]. Our saddle-
points theorems (Theorems 3.2 and 3.3) are generalizations of the saddle-point theorem in [16, 20],
and modifications of saddle-point theorems in [4]. Our Lagrangian theorems (Theorems 4.1 and 4.2)
are generalizations of Lagrangian theorems in [16] and modifications of those in [19].
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