
Article

Not peer-reviewed version

Rastall Gravity and the Impact of

Particle Creation

Binaya Kumar Bishi 

‡

 , Pratik Vijay Lepse 

‡

 , Aroonkumar Beesham 

*

Posted Date: 29 June 2023

doi: 10.20944/preprints202306.2002.v1

Keywords: FLRW metric; Rastall gravity; particle creation

Preprints.org is a free multidiscipline platform providing preprint service that

is dedicated to making early versions of research outputs permanently

available and citable. Preprints posted at Preprints.org appear in Web of

Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This is an open access article distributed under the Creative Commons

Attribution License which permits unrestricted use, distribution, and reproduction in any

medium, provided the original work is properly cited.

https://sciprofiles.com/profile/1653042


Article

Rastall Gravity and the Impact of Particle Creation

Binaya K. Bishi1,2,‡ , Pratik V. Lepse 2,‡ and Aroonkumar Beesham 1,3,‡,*

1 Department of Mathematical Sciences, University of Zululand, Kwa-Dlangezwa 3886, South Africa;
binaybc@gmail.com

2 Department of Mathematics, Lovely Professional University, Phagwara, Jalandhar, Panjab-144401, India;
pratiklepse124@gmail.com

3 Faculty of Natural Sciences, Mangosuthu University of Technology, Umlazi 4031, South Africa
* Correspondence: beeshama@unizulu.ac.za (A.B.)
‡ These authors contributed equally to this work.

Abstract: We investigate the Friedmann–Lemaitre–Robertson–Walker cosmological models within
the framework of Rastall gravity incorporating particle creation. The modified field equations for
Rastall gravity are derived and exact solutions are obtained under various choices of scale factors.
The qualitative behaviour of our solutions depends on the Rastall coupling parameter ψ = kλ.
Following the literature, we have restricted the Rastall coupling parameter ψ(k = 1) to the range
−0.0001 < ψ < 0.0007 at 68% CL from CMB+BAO data. Further, we have discussed the distinct
physical behaviour of the derived models in detail.
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1. Introduction

Researchers have always been curious for understanding the universe from the past to the future
scientifically. Einstein presented the general theory of relativity and gained considerable attention
due to its success in building cosmological models. Currently, modifications of Einstein’s gravity or
extensions of Einstein’s general theory of gravity are being studied to solve some of the problems
presented by Einstein’s general theory of relativity to study cosmology. The ΛCDM model seems
to be sufficient to describe the current scenario of the universe, although there are some unresolved
issues. One of the critical ingredients of Einstein’s theory of relativity is the covariant conservation
of energy-momentum. A number of modified theories of gravity have been proposed in the last
few decades, such as f (T) gravity [1–3], f (Q) gravity [4–6], f (Q, T) gravity [7–9], R2 gravity [10–12],
f (G) gravity [13–15], f (R, G) gravity [16–18], f (R) gravity [19–24], f (R, T) gravity [25–27]. In the
present study we are interested in Rastall gravity theory. Rastall gravity theory was developed in
1972. Modified theories of gravity, may or may not satisfy the conservation law. Thus, one of the
possible ways of extending general relativity is through relaxing the conservation law. In curved
space time, the conservation law may or may not hold [28]. In response to this, Rastall [28] proposed
that the covariant divergence of the energy-momentum tensor might not be vanishing, but should be
determined by the curvature of space-time through a coupling parameter, so that general relativity can
be recovered at zero coupling. The expression for Rastall gravity is given by [28,29]. It is precisely this
non-conservation that allows for particle creation.

Rµν −
λ

2
gµνR = kTµν (1)

Tµν; µ =
1 − λ

2k
R,ν =

1 − λ

2(1 − 2λ)
T,ν (2)

where, λ is a free parameter called the Rastall parameter. Rastall theory of gravity is a non-conservative
extension of Einstein’s general relativity. The energy-momentum tensor of matter has a divergence
proportional to the gradient of the Ricci scalar. This violation of the energy-momentum conservation
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equation allows us to construct a possible Lagrangian formulation of this theory. Recenty, Moraes and
Santos [30] proposed the Lagrangian formalism of Rastall gravity by a non-minimal coupling between
geometry and matter fields. Shabani and Ziaie [31] developed the Lagrangian formulation for Rastall
theory under the influence of perfect fluid matter content and linear equation of state in the framework
of f (R, T) gravity.

Rastall theory gained attention in the last few decades due to its diverse research in standard
cosmology [32–34], Brans-Dicke theory [35], Kaluza-Klein theory [36] and loop quantum gravity [37].
Researchers [38,39] have reproduced a phenomenological method of examining quantum effects in
gravitational systems. Batista et al. [40] has pointed out that the two fluid (vacuum energy and baryons
plus cold dark matter) cosmological models have the same cosmological scenario both at background
and linear perturbation levels except for the fact that dark energy may cluster in this theory. Using
Rastall theory, Kumar et al [41] investigated the shadows of black holes surrounded by an anisotropic
fluid. Several studies [42–45] have been conducted on rotating and non-rotating black hole solutions
in Rastall gravity. Moradpour et al. [46] developed the traversable asymptotically flat wormholes
solution in view of Rastall gravity. Ziaie et al. [47] described spherically symmetric gravitational
collapse in Rastall gravity for homogeneous perfect fluids. Both Visser [48] and Darabi et al. [49]
differ in their perspectives when comparing general relativity with Rastall gravity. It was pointed
out by Visser [48] that general relativity and Rastall gravity are equivalent, while Darabi et al. [49]
suggest that they are not. Cosmologists [50–52] developed the models to study the thermodynamical
aspects of Rastall gravity. The Newtonian-Janis approach is used to compute the charged black string
solution in the framework of Rastall gravity [53]. Also, they investigate the graphical representation of
Hawking temperature through the event horizon to check the stability conditions of charged black
strings under the influence of Rastall gravity. The Wormhole solutions are investigated with the
phantom regime (ω < −1) through conformal symmetry, and they explored the physical aspects
of the epicyclic frequencies to explore the self-gravitating system [54]. Mustafa et al.[55] explored
the existence of wormhole solutions using conformal symmetries in Rastall’s theory of gravity. For
this purpose, they considered the spherically symmetric model filled with matter distribution as an
anisotropic fluid.

In this study, our primary focus is on the study of particle creation in Rastall gravity. Particle
creation remains one of the most important unsolved problems in cosmology. Several cosmologists
have discussed this phenomenon and its effects on the evolution of the universe. Furthermore, they
developed a cosmological model to discuss the thermodynamical aspects of the universe by using the
mechanism of particle creation. A detailed exploration of the thermodynamics of particle creation with
the change of specific entropy has been discussed [56–58]. Hamil et al. [59] discussed the mechanism
of particle creation in the absence of a time-like singularity in the emergent universe scenario. Various
modified theories of gravity such as cubic gravity [60], f (T) gravity [61], f (R) gravity, [62] f (R, T)

gravity [63], f (G) gravity [64], f (G, T) gravity [65], and the alternative theories such as Brans-Dicke
theory [66] and Lyra’s geometry [67] are used to investigate different aspect of the particle creation
mechanism. Lyth et al. [68] discussed the cosmological consequences of particle creation during the
inflationary era of the universe. Particle creation arises due to a change of space-time metric at the end
of an inflationary era at the time of the early universe [69]. The nature and origin of quantum fields are
due to the back reaction of particle creation by deriving the effective action of a scalar field [70]. The
time dependence of particle creation is due to a quantised, massless, minimally coupled scalar field
in two-dimensional flat space–time with an accelerating mirror [71]. Recently, Bishi and Lepse [72]
studied the influence of the deceleration parameter with the particle creation mechanism.

Following the above-stated research work based on Rastall gravity and the particle creation
mechanism, we were motivated to investigate the impact of particle creation in Rastall gravity by
considering different types of scale factors a(t) such as a(t) = −1

t+1 + (t + 1)2, a(t) = a0(k + eµt),
a(t) = exp(mtl), a(t) = tbeβt, a(t) = a0 exp(µt − λ0tn), and a(t) = σ(eµt − τe−µt)m.
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2. Field equations

The modified field equations of Rastall gravity are expressed as [41]

Rµν −
1
2

gµνR = k(Tµν − λgµνR). (3)

It can be rewritten in the form

Rµν + (ψ −
1
2
)gµνR = kTµν, (4)

where k is the Rastall gravitational coupling constant and ψ = kλ is treated as Rastall coupling
parameter. Li et al. [73] have constrained the Rastall coupling parameter ψ = 0.163 ± 0.001(68%CL)

with the help of the 118 galaxy–galaxy strong gravitational lensing systems. Further using CMB+BAO
data, Akarsu et al. [74] determined ψ = kλ in the range −0.0001 < ψ < 0.0007 (68% CL) for
k = 1. The Rastall coupling parameter measures the deviation from general relativity (ψ = 0 i.e.
λ = 0). To illustrate the physical parameters, we have used these constrained values. In fact, all
vacuum solutions of general relativity are Rastall solutions as well. Rastall gravity has important
aesthetic advantages since the non-vacuum solutions depend on the Rastall coupling parameter and
differ significantly from their corresponding solutions in General Relativity [41]. Let us consider the
Friedmann-Lemaitre-Robertson-Walker (FLRW) metric

ds2 = −dt2 + R2(t)

[

dr2

1 − κr2 + r2(dθ2 + sin2 θdφ2)

]

(5)

where κ = 0,+1 and −1 represents the flat, closed and open universes, respectively. In the presence of
creation of matter, the energy momentum tensor is given by

Tij = (ρ + p + pc)uiuj + (p + pc)gij (6)

where ρ and p are the energy density and pressure, respectively, pc is the creation pressure, ui the
fluid-four velocity vector such that uiui = −1and gij is the metric tensor. The trace of the energy
momentum tensor is given as

T = −ρ + 3(p + pc) (7)

Adiabatic particle production means that particle as well as the entropy S (with entropy per particle
(σ = S

N ) being constant) have been produced in the space time. The certain creation pressure in case of
conserved specific entropy σ (that is, entropy per particle σ = S

N ) is given by [75–77]

pc = −
(ρ + p)Γ

3nH
(8)

Here Γ = 3ηHn is the parameterization of the source function (See [78] and refs. there in). It determines
whether particles are produced or annihilated. n refer to the particle number density and 0 ≤ η ≤ 1 is
a constant. The positive, negative and zero values of the source function represent particle production,
particle annihilation and no particle production respectively. With the help of the parameterization of
the source function Γ, expression (8) leads to

pc = −(ρ + p)η (9)

The modified gravitational field equations (4) with the help of (5) and (6) yield

λ1Ḣ + λ2H2 +
κ

a2 = −λ3ρ

Ḣ + λ4H2 +
λ5κ

a2 = λ6(p + pc)
(10)
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where λ1 = 2ψ
2ψ−1 , λ2 = 4ψ−1

2ψ−1 , λ3 = k
3(2ψ−1) , λ4 = 3

2 λ2, λ5 = 6ψ−1
6ψ−2 , λ6 = k

6ψ−2
Using (9) in (10), the modified gravitational field equations take the form

λ1Ḣ + λ2H2 +
κ

a2 = −λ3ρ

Ḣ + λ4H2 +
λ5κ

a2 = λ6[(1 − η)p − ηρ]
(11)

From (11) we get the general expressions for energy density ρ, pressure p, and creation pressure pc

ρ = −
(λ2H2 + λ1Ḣ)a2 + κ

λ3a2 (12)

p =
(λ1λ6η − λ3)

λ3λ6(η − 1)
Ḣ +

λ2λ6η − λ3λ4

λ3λ6(η − 1)
H2 +

κ(λ6η − λ3λ5)

a2(λ3λ6(η − 1))
(13)

pc = −η

[

λ1λ6 − λ3

λ3λ6(η − 1)
Ḣ +

λ2λ6 − λ3λ4

λ3λ6(η − 1)
H2 +

κ(λ6 − λ3λ5)

a2λ3λ6(η − 1)

]

(14)

3. Solution of the modified field equations

3.1. Model I

let us consider the scale factor of the form

a = −
1

(t + 1)
+ (t + 1)2 (15)

The Hubble parameter takes the form

H =
2t3 + 6t2 + 6t + 3

(t2 + 3t + 3) t (t + 1)
(16)

The deceleration parameter q for the scale factor (15) is given by

q = −
2
(

t2 + 3t + 3
)2

t2

(2t3 + 6t2 + 6t + 3)2 (17)

We get the energy density ρ, pressure p and particle creation pressure pc by using (16) and (15) in (12)
to (14) as follows:

ρ =

2(λ1 − 2λ2)t
6 + 12(λ1 − 2λ2)t

5 + (−k + 30λ1 − 60λ2)t
4

+ 4(−k + 12λ1 − 21λ2)t
3 + 6(−k + 9λ1 − 12λ2)t

2

+ 4(−k + 9λ1 − 9λ2)t − k + 9λ1 − 9λ2

λ3t2(t2 + 3t + 3)2(t + 1)2 (18)

p =
p7t6 + p8t5 + p9t4 + p10t3 + p11t2 + p12t + p13

t2(t2 + 3t + 3)2(t + 1)2 (19)

pc =
η[p14t6 + p15t5 + p16t4 + p17t3 + p18t2 + p19t + p20]

t2(t2 + 3t + 3)2(t + 1)2 (20)
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p1 =
η λ1 λ6 − λ3

λ3 λ6 (η − 1)

p2 =
λ2 λ6 η − λ3 λ4

λ3 λ6 (η − 1)

p3 =
k (λ6 η − λ3 λ5)

λ3 λ6 (η − 1)

p4 =
λ1λ6 − λ3

λ3λ6 (η − 1)

p5 =
λ2λ6 − λ3λ4

λ3λ6 (η − 1)

p6 =
k (−λ3λ5 + λ6)

λ3λ6 (η − 1)

p7 = −2p1 + 4p2 =
(−4λ4 + 2) λ3 − 2 η λ6 (λ1 − 2 λ2)

λ3 λ6 (η − 1)

p8 = −12p1 + 24p2 =
(−24 λ4 + 12) λ3 − 12 η λ6 (λ1 − 2 λ2)

λ3 λ6 (η − 1)

p9 = −30p1 + 60p2 + p3 =
(−kλ5 − 60 λ4 + 30) λ3 + η λ6 (k − 30 λ1 + 60 λ2)

λ3 λ6 (η − 1)

p10 = −48p1 + 84p2 + 4p3 =
(−4 kλ5 − 84 λ4 + 48) λ3 + 4 η λ6 (k − 12 λ1 + 21 λ2)

λ3 λ6 (η − 1)

p11 = −54p1 + 72p2 + 6p3 =
(−6 kλ5 − 72 λ4 + 54) λ3 + 6 η λ6 (k − 9 λ1 + 12 λ2)

λ3 λ6 (η − 1)

p12 = −36p1 + 36p2 + 4p3 =
(−4 kλ5 − 36 λ4 + 36) λ3 + 4 η λ6 (k − 9 λ1 + 9 λ2)

λ3 λ6 (η − 1)

p13 = −9p1 + 9p2 + p3 =
(−kλ5 − 9 λ4 + 9) λ3 + η λ6 (k − 9 λ1 + 9 λ2)

λ3 λ6 (η − 1)

p14 = 2p4 − 4p5 =
(4λ4 − 2) λ3 + 2λ6 (λ1 − 2λ2)

λ3λ6 (η − 1)

p15 = 12p4 − 24p5 =
(24λ4 − 12) λ3 + 12λ6 (λ1 − 2λ2)

λ3λ6 (η − 1)

p16 = 30p4 − 60p5 − p6 =
(kλ5 + 60λ4 − 30) λ3 − λ6 (k − 30λ1 + 60λ2)

λ3λ6 (η − 1)

p17 = 48p4 − 84p5 − 4p6 =
(4kλ5 + 84λ4 − 48) λ3 − 4λ6 (k − 12λ1 + 21λ2)

λ3λ6 (η − 1)

p18 = 54p4 − 72p5 − 6p6 =
(6kλ5 + 72λ4 − 54) λ3 − 6λ6 (k − 9λ1 + 12λ2)

λ3λ6 (η − 1)

p19 = 36p4 − 36p5 − 4p6 =
(4kλ5 + 36λ4 − 36) λ3 − 4λ6 (k − 9λ1 + 9λ2)

λ3λ6 (η − 1)

p20 = 9p4 − 9p5 − p6 =
(kλ5 + 9λ4 − 9) λ3 − λ6 (k − 9λ1 + 9λ2)

λ3λ6 (η − 1)

Figure 1 indicate the profiles of the scale factor, Hubble parameter and deceleration parameter.
The scale factor is an increasing function of cosmic time and a → ∞ when t → ∞. The Hubble
parameter H is a decreasing function of cosmic time. Further it follows that H → ∞ when t → 0 and
H → 0 when t → ∞. The deceleration parameter is negative and approaches to −0.5 at late times.
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Figures 2 represent the profiles of the energy density ρ for different universes (open,flat and
closed) with different ψ. In all the universes, ρ is a decreasing function of cosmic time and tends to
zero at late times.

Figure 3 shows the profile of pressure p for different universes (open,flat and closed) with different
ψ. Initially, the pressure is positive and after that it increases with cosmic time. It tends to zero at late
times for different ψ.

Figure 4 illustrates the profile of the particle creation pressure pc for different universes (open,flat
and closed) with different ψ. It is noticed that, pc < 0, for all the universes and different ψ.

(a) (a) Scale factor (b) (b) Hubble Parameter (c) (c) Deceleration Parameter
Figure 1. Profile of Scale factor, Hubble parameter and Deceleration parameter for Model-I

Figure 2. Profile of energy density for Model-I with different ψ

Figure 3. Profile of Pressure for Model-I with different ψ

Figure 4. Profile of creation pressure for Model-I with different ψ
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3.2. Model II

The emergent form of scale factor

a = a0(k0 + eµt)ν (21)

where a0,k0,µ,ν are any positive constant. The above-stated form of the scale factor is popularly used
for various types of matters in general relativity and other gravity theories to develop cosmological
models of the universe [82,83]. The model of the emergent universe by using the particle creation
mechanism is formulated in the context of the flat FLRW space-time with perfect fluid by satisfying
the barotropic equation of state [84]. The emergent form of the scale factor is considered to study the
thermodynamical stability of the FLRW universe having a system of non-interacting diffusive fluids
with a variable equation of state parameter [85]. The Hubble parameter is given by

H =
µνeµt

k0 + eµt (22)

The deceleration parameter for the emergent universe takes the form

q = −1 −
k0

νeµt (23)

Here the deceleration parameter is time dependent in the emergent scenario case and when t → ∞ we
get q → −1. We get the energy density ρ by using (21) and (22) in (12)

ρ = −
1

λ3

[

κ(eµt + k0)
−2ν

a2
0

+
eµtµ2ν(λ1k0 + λ2eµtν)

(eµt + k0)2

]

(24)

With the help of equations (21) and (22) in (13), the pressure p can be calculated as

p =
1

λ3λ6(η − 1)

[

eµtµ2ν(k0(λ1λ6η − λ3) + eµtν(λ2λ6η − λ3λ4))

(eµt + k0)2

+
κ(eµt + k0)

−2ν(λ6η − λ3λ5)

a2
0

]
(25)

By incorporating (21) and (22) into (14), we get the particle creation pressure pc as

pc = −

[

(eµt + k0)
−2νη(−a2

0eµt(eµt + k0)
−2+2νµ2ν((λ3 − λ1λ6)k0

+ eµt(λ3λ4 − λ2λ6)ν) + κ(λ6 − λ3λ5))

]

a2
0λ3λ6(η − 1)

(26)

Figure 5 portrays the profile of the deceleration parameter q and the Hubble parameter H against
cosmic time t for different µ(= 0.4330, 0.8660, 1.2990, 1.7321). Here the deceleration parameter shows
negative behavior and the Hubble parameter shows positive behavior. We can see that as t increases,
H also goes on increasing and then maintains a constant value.

Figure 6 illustrates the profile of energy density ρ w.r.t cosmic time t for different ψ. For different ψ

values, the energy density is positive valued in the case of flat and closed universes, whereas negative
to positive valued for open universes. Furthermore, Figure 7 is the profile of pressure p against cosmic
time t for different ψ. It is negative valued in the case of flat and open universes, whereas positive to
negative valued for closed universes with respect to different ψ. The profile of the creation pressure
pc is given in Figure 8. We can observe that pc shows positive to negative values for flat and open
universes, whereas negative valued for closed universes with respect to different ψ.
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Figure 5. Profile of q and H for Model-II against time for different µ

Figure 6. Profile of energy density for Model-II against time for different ψ

Figure 7. Profile of pressure for Model-II against time for different ψ

Figure 8. Profile of particle creation pressure for Model-II against time for different ψ

3.3. Model III

Borrow [86] has studied the intermediate expansion law in cosmology for the first time. The
intermediate form of the scale factor has an exponential function of time as

a = exp(mtl) (27)

where m > 0 and 0 < l < 1 are constants. An ample amount of research work based on the
intermediate scale factor in the isotropic and anisotropic metric backgrounds has been studied in
various gravity theories [88–90]. It will be interesting to study the intermediate form of the scale factor
in the framework of Rastall gravity with particle creation. The Hubble parameter is given by

H = mltl−1 (28)
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The deceleration parameter for the emergent universe takes the form

q = −1 −
l − 1
mltl

(29)

We get the energy density ρ by using (27) and (28) in (12)

ρ = −
1

λ3

[

e−2mtl
κ + lmtl−2(λ1(l − 1) + λ2lmtl)

]

(30)

With the help of equation (27) and (28) in (13), the pressure p can be calculated as

p =

e−2mtl

(

λ6η(κt2 + e2mtl
lmtl(λ1(l − 1) + λ2lmtl))

− λ3(e2mtl
lmtl(l − 1 + λ4lmtl) + κt2λ5)

)

λ3λ6(η − 1)t2 (31)

By incorporating (27) and (28) into (14), we get the creation pressure pc as

pc =

e−2mtl
η

(

e2mtl
(λ3 − λ1λ6)(l − 1)lmtl + e2mtl

(λ3λ4 − λ2λ6)l
2m2t2l

+ κt2(λ3λ5 − λ6)

)

λ3λ6(η − 1)t2 (32)

Figure 9 is the profile of the deceleration parameter q and the Hubble parameter H for different
m. We can observe that q is a decreasing function of cosmic time t. At the initial stage q starts with
positive values and then later on it takes negative values. In other words, we can say that a phase
transition takes place, and the model transits from deceleration to acceleration. The Hubble parameter
is also a decreasing function of the cosmic time t for different m.

Figure 10 portrays the variation of the energy density ρ against cosmic time t for different ψ.
Here we observe that the energy density ρ is positive, and a decreasing function of cosmic time t with
respect to different values of ψ for all the universes (flat, open and closed). Figure 11 delivers the
profile of pressure p against cosmic time t with respect to different ψ for all the universes (flat, open
and closed). At the initial phase, it takes positive values and after that it takes negative values for
different values of ψ. Furthermore, the profile of the creation pressure pc is shown in Figure 12. In all
the universes (flat, open and closed), the particle creation pressure is an increasing function of cosmic
time and approaches zero for different ψ.

Figure 9. Profile of q and H for Model-III against time for different m
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Figure 10. Profile of energy density for Model-III against time for different ψ

Figure 11. Profile of pressure for Model-III against time for different ψ

Figure 12. Profile of particle creation pressure for Model-III against time for different ψ

3.4. Model IV

The hybrid expansion law is the generalized form of the power-law and exponential law forms of
the scale factor. Researchers developed cosmological models by considering the hybrid expansion law
[91,92]. It is exciting to explore the hybrid expansion law in Rastall gravity theory with the particle
creation mechanism. In order to study the particle creation mechanism during the stages of cosmic
evolution, we take the scale factor as

a(t) = tbeβt (33)

where b ≥ 0 and β ≥ 0 are some constants. As special cases, the hybrid expansion law mimics the
power-law form a(t) = tb for β = 0 and for b = 0, exponential law a(t) = eβt [79]. The Hubble
parameter is given by

H =

(

β +
b

t

)

(34)

The deceleration parameter for the hybrid form of the scale factor is expressed as

q = −1 −
b

(b + βt)2 (35)

We get the energy density ρ by using (33) and (34) in (12)

ρ = −
1

λ3

[

λ2

(

β +
b

t

)2

−
λ1b

t2 + e−2βtκt−2b

]

(36)

With the help of equation (33) and (34) in (13), the pressure p can be calculated as
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p =

b(λ3 − λ1λ6η)− (λ3λ4 − λ2λ6η)(b + βt)2

+ e−2βtκt2b−2(λ6η − λ3λ5)

λ3λ6(η − 1)t2 (37)

By incorporating (33) and (34) in (14) we get the creation pressure pc as

pc = −

















e−2βtηt−2b(e2βt(λ2λ6 − λ3λ4)
(

β + b
t

)2
t2b

+ be2βt(λ1λ6 − λ3)t2b−2 + κ(λ6 − λ3λ5))

λ3λ6(η − 1)

















(38)

Figure 13 illustrates the profile of the deceleration parameter q and the Hubble parameter H

against cosmic time t for different values of b. Here we can observe that as t increases. q shows
transitional behavior and H is a decreasing function of cosmic time.

The profile of the energy density ρ against cosmic time t is depicted by Figure 14. Here the energy
density is positive and shows decreasing behavior for different values of ψ. Figure 15 is the profile of
the pressure p against cosmic time t with different values of ψ. In case of flat and closed universes, it
is a decreasing function of cosmic time and takes positive to negative values, whereas it is negative
valued and increasing in open universe for different ψ.

Figure 16 portrays the profile of the creation pressure pc against cosmic time t for different values
of ψ. For different ψ in flat and closed universes, pc is negative valued and an increasing function of
cosmic time whereas in open universes, it takes values from positive to negative, and is a decresing
function of cosmic time. In all the universes, pc approaches zero at late times.

Figure 13. Profile of q and H for Model-IV against time for different b

Figure 14. Profile of energy density for Model-IV against time for different ψ

Figure 16. Profile of particle creation pressure for Model-IV against time for different ψ
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Figure 15. Profile of pressure for Model-IV against time for different ψ

3.5. Model V

The non-linear flow equation is a widely used approach for exploring the inflationary behaviour
of the universe. It has been accepted that the observable stage of inflation provides the initial condition
for a flat universe, as well as the cosmic microwave background (CMB) and the large scale structure
(LSS). An inflationary solution is important to avoid the flatness, horizon and isotropic problems and is
accelerated and expanding. Zhou [93] discussed the intermediate inflationary scenario by introducing
a scale factor of the form:

a(t) = a0 exp(µt − λ0tn) (39)

where a0 > 0, λ0, µ and n are constants. For an expanding process, we have several restrictions on t,
µ, λ0 and n, which is discussed in detail in Zhou [93]. As per our requirement, we considered t ≥ 0
for λ0 < 0, 0 < n < 1 and µ ≥ 0. For graphical representation of the physical parameters, we choose
λ0 = −3, µ = 0.5, a0 = 1, n = 0.5 and η = 0.5. The scale factor (27) is used to study the cosmic
inflation scenario [86,94,95]. The Hubble parameter is given by

H = µ − λ0ntn−1 (40)

The deceleration parameter is expressed as

q = −1 +
λ0(n − 1)ntn

(λ0ntn − tµ)2 (41)

We get values for the energy density by using (39) and (40) in (12)

ρ = −
1

λ3

[

e2λ0tn−2µt

a2
0

κ +
λ2(λ0ntn − µt)2 − λ1λ0(n − 1)ntn

t2

]

(42)

With the help of equation (39) and (40) in (13), the pressure p can be calculated as

p =

[

(n − 1)nλ0(λ3 − λ1λ6n)tn−2 + (λ2λ6η − λ3λ4)(µ − nλ0tn−1)2

+ e2λ0tn−2µtκ(λ6η − λ3λ5)a−2
0

]

λ3λ6(η − 1)
(43)

By incorporating (39) and (40) in (14) we get the creation pressure pc as

pc =

−η

[

(n − 1)nλ0(λ3 − λ1λ6n)tn−2 + (λ2λ6η − λ3λ4)(µ − nλ0tn−1)2

+ e2λ0tn−2µtκ(λ6η − λ3λ5)a−2
0

]

λ3λ6(η − 1)
(44)
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Figure 17 portrays the behavior of the deceleration parameter q and the Hubble parameter H

against cosmic time t for different n and appropriate values of other parameters. We observe that q is a
decreasing function of cosmic time and shows transitional behavior with the evolution of cosmic time
and different n. The Hubble parameter H is a positive valued and a decreasing function of cosmic time
for different n. Figure 18 indicates the profile of the energy density ρ versus cosmic time for different
values of ψ. Here we notice that ρ > 0, a decreasing function of cosmic time and ρ → 0 when t → ∞

for all the universes and different values of ψ.
Figure 19 represents the profile of the pressure p versus cosmic time t for different values of ψ. At

the initial stage, the pressure shows positive values and later negative values as t increases for all the
universes and different values of ψ. Furthermore, Figure 20 portrays the creation pressure pc against
cosmic time t for different ψ. We notice that the creation pressure pc is increasing and negative valued
for all the universes and different values of ψ.

Figure 17. Profile of q and H for Model-V against time for different n

Figure 18. Profile of energy density for Model-V against time for different ψ

Figure 19. Profile of pressure for Model-V against time for different ψ

Figure 20. Profile of particle creation pressure for Model-V against time for different ψ
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3.6. Model VI

Recently, there is upsurge of interest in alternative theories of gravity in the context of inflationary
cosmology. Therefore the study of cosmological models in Rastall gravity may be relevant for
inflationary models, apart from particle creation processes and late time acceleration. Zhou [93]
discussed the scale factor as follows.

a(t) = σ(eµt − τe−µt)m (45)

where σ > 0, τ, µ and m are suitable constants. For an expanding process, we have several restrictions
on t, σ > 0, τ, µ and m which are discussed in detail in Zhou [93]. As per our requirement, we
considered t ≥ 0 for µ > 0 and 0 ≤ τ ≤ 1. For graphical representation of the physical parameters, we
choose λ0 = −3, µ = 0.5, a0 = 1, n = 0.5 and η = 0.5. The Hubble parameter is given by

H = mµ

(

1 +
2τ

(e2µt − τ)

)

(46)

The deceleration parameter for the hybrid universe takes the form

q = −1 +
4e2µtτ

m(e2µt + τ)2
(47)

We get the energy density ρ by using (45) and (46) in (12)

ρ = −
1

λ3

[

κ(eµt − e−µtτ)−2m

σ2 +
m(λ2m(e2µt + τ)2 − 4λ1e2µtτ)µ2

(e2µt − τ)2

]

(48)

With the help of equation (45) and (46) in (13), the pressure p can be calculated as

p =

[

(σ−2κ(eµt − e−µtτ)−2m(λ6η − λ3λ5))

+ µ2(e2µt − τ)−2m(λ2λ6mη(e2µt + τ)2 − 4e2µt(λ3(λ4m − 1) + λ1λ6η)τ)− λ3λ4m2µ2

]

λ3λ6(η − 1)
(49)

By incorporating (45) and (46) in (14), we get the particle creation pc as

pc =

−η

[

λ−1
3 [(e2µt − τ)−2mτ(λ2λ6m(e2µt + τ)2)µ2 − 4e2µt(λ1λ6 + λ3(λ4m − 1))

+ σ−2κ(eµt − e−µtτ)−2m(λ6 − λ3λ5)− λ4m2µ2]

]

λ6(η − 1)
(50)

The profile of the energy density ρ against time t is indicated in Figure 21 for different ψ. We notice
that ρ > 0 is a decreasing function of cosmic time for flat and closed universe, whereas a negative
to positive valued increasing function of cosmic time with respect to different m and ψ. Figure 22
portrays the profile of the pressure against cosmic time t for different m and ψ. Here the pressure p

is an increasing function of cosmic time and p < 0 in open universes whereas a positive to negative
valued decreasing function of cosmic time with respect to different m and ψ. Figure 23 portrays the
profile of particle creation pc against cosmic time t for different m and ψ. One can notice that pc < 0 is
increasing for flat and closed universes, whereas a positive to negative valued decreasing function of
cosmic time in open universes with respect to different m and ψ.
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(a) (b) κ = 1 (c)

(d) (e) κ = 0 (f)

(g) (h) κ = −1 (i)

Figure 21. Profile of energy density for Model-VI against time for different ψ

(a) (b) κ = 1 (c)

(d) (e) κ = 0 (f)

(g) (h) κ = −1 (i)

Figure 22. Profile of pressure for Model-VI against time for different ψ
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(a) (b) κ = 1 (c)

(d) (e) κ = 0 (f)

(g) (h) κ = −1 (i)

Figure 23. Profile of Particle creation pressure for Model-VI against time for different ψ

Figure 24 illustrates the profile of the deceleration parameter q and the Hubble parameter H

versus cosmic time for different m(= 0.2, 0.4, 0.6, 0.8). We observe that q takes positive to negative
values with the evolution of cosmic time, which indicates a transitional behaviour for different m. It is
well known that the crucial quantity in explaining the evolution of the universe is the deceleration
parameter q. Table 1 illustrates the complete scenario of the deceleration parameter q for different
parameters involved. The Hubble parameter H is a decreasing function of cosmic time for different
values of m.

Figure 24. Profile of q and H for Model-VI against time for different m
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Table 1. The nature of the deceleration parameter q for the different values of τ, m and µ

.

τ m µ q Nature of q

0.2
0.2 > 0 +ve to -ve valued Phase transition
0.4 > 0 +ve to -ve valued Phase transition
0.6 > 0 -ve valued Accelerating
0.8 > 0 -ve valued Accelerating
1 > 0 -ve valued Accelerating

10 > 0 -ve valued Accelerating

0.4
0.2 > 0 +ve to -ve valued Phase transition
0.4 > 0 +ve to -ve valued Phase transition
0.6 > 0 +ve to -ve valued Phase transition
0.8 > 0 +ve to -ve valued Phase transition
1 > 0 -ve valued Accelerating

10 > 0 -ve valued Accelerating

0.6
0.2 > 0 +ve to -ve valued Phase transition
0.4 > 0 +ve to -ve valued Phase transition
0.6 > 0 +ve to -ve valued Phase transition
0.8 > 0 +ve to -ve valued Phase transition
1 > 0 -ve valued Accelerating

10 > 0 -ve valued Accelerating

0.8
0.2 > 0 +ve to -ve valued Phase transition
0.4 > 0 +ve to -ve valued Phase transition
0.6 > 0 +ve to -ve valued Phase transition
0.8 > 0 +ve to -ve valued Phase transition
1 > 0 -ve valued Accelerating

10 > 0 -ve valued Accelerating

1
0.2 > 0 +ve to -ve valued Phase transition
0.4 > 0 +ve to -ve valued Phase transition
0.6 > 0 +ve to -ve valued Phase transition
0.8 > 0 +ve to -ve valued Phase transition
1 > 0 -ve valued Accelerating

10 > 0 -ve valued Accelerating

4. Conclusions

In this manuscript, we have examined particle creation in the context of Rastall gravity. Particle
creation mechanisms in the considered modified gravity models permit us to understand particle
production and annihilation in the universe. There are many periods during the evolution of the
universe when particle creation can arise. When Poincare symmetry is broken very early in the
universe, then the quantum field could absorb energy from the background and this can give rise to
quantum particle creation (see [97] for an excellent review). It is also possible to obtain an estimate
for particle creation. Particle creation can arise during the change from the inflationary period to
the radiation dominated period, the change from radiation to matter eras, and thereafter also during
the change to the accelerated area. Several authors that noted that anisotropic expansion can lead to
enhanced particle creation. Some ideas of how to measure particle creation have also been put forward.
Hence, it is important to study this process.

Rastall gravity is a non-conservative theory, and an extension of general relativity. This
non-conservation is associated with particle creation. The key element of this theory is that non-vacuum
solutions are dependent on the Rastall coupling parameter and are significantly different from the
corresponding solutions in general relativity. The flat Friedmann-Lemaitre-Robertson-Walker models
were considered for all values of the curvature, viz., open, closed and flat models. We derived and
solved the Rastall gravity field equations under six different forms of the scale factor. We illustrated
the scale factor, Hubble parameter, deceleration parameter, energy density and pressure for different
values of the coupling parameter ψ. The deceleration parameter q portrays negative behaviour for
all the models, indicating accelerating universes. Here, we can observe that all the models have
positive energy density ρ. Furthermore, we get negative, positive to the negative and negative to the
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positive behavior of the pressure p. If the energy density is positive, the associated negative pressure
will reflect accelerated expansion of the universe. This results in all the models having accelerated
expansion. In the case of model III (the Barrow intermediate exponential law), model IV (hybrid law),
model V (exponential of the linear sum of two power laws of time) and model VI (sum of power law
and exponential) there is a transition from deceleration to acceleration as reflected in the graph of q

(positive to negative). Hence, all these models can describe the current universe, without the need for
a cosmological constant. Also, for the particle creation pressure, its presence or absence is indicated by
zero or negative particle creation pressure pc. As a result, particle creation pc occurs in all the models
for different values of the Rastall coupling parameter ψ(= 0.0002, 0.0004, 0.0006) with κ = 1, 0,−1.

In conclusion, we can say that Rastall gravity is well worth studying as it entails particle creation
as reflected in the non-conservation of the energy momentum tensor, and gives rise to a transition
from deceleration to acceleration for a non-zero set of values of the parameters. We wish to constrain
the models against observations, and this has been done to some extent for many of the scale factors
considered here, but such an investigation is beyond the scope of this work.

5. Patents

No patents result from the work reported in this manuscript.
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