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Abstract: In recent years, there has been a wave of research on complex networks. The purpose
of this paper is to study the graph theoretic mathematical properties of random cyclooctatetraene
chain. We obtain the explicit analytical expressions for the variances of the Gutman index, Schultz
index, multiplicative degree-Kirchhoff index and additive degree-Kirchhoff index of a random
cyclooctatetraene chain with n octagons, which plays a crucial role in the research and application of
topological indices.
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1. Introduction

In this paper, we only consider simple and finite connected graphs, we refer to [1] and the
references cited therein. Chemistry has been widely studied and applied in graph theory. The chemical
compounds can be described in chemical graph theory, vertices represent the atoms and edges stand
for the covalent bonds between atoms.

The molecular formula of a compound can represent different molecular structures and
characteristics, but theoretical chemists are concerned about the physical and chemical properties of
a compound and its relationship with the molecular formula of a compound. The topological index
is considered as one of the most important methods to establish the relationship between molecular
structure and its physicochemical properties in chemical graph theory.

In reality, chemical molecules are various. The same element has different shapes, and the same
molecule has different expression names. Hydrocarbons are a kind of very important substances,
and their synthesis has always been an important research topic in the field of organic chemistry.
Cyclooctatetraene is a typical unsaturated hydrocarbon, so more and more people study its structure
and properties, and the research in chemical graph theory is more and more in-depth. In this article,
we consider four kinds indices of cyclooctatetraene chains with 1 octagons. And we simply consider
the situation that is Starting from a vertex of a Cyclooctatetraene chain,connecting an edge to another
octagon. For more information, we can refer to [16,17,24,29].

Let G = (Vg, Eg) be a graph, whose vertex is set V; and the edge is set Eg. Then let dg (1, v) (or
d(u,v) for short), which represents the distance between two vertices 1 and v (of G) , thatis, u, v — path
in G is the shortest path between them. The famous Wiener index (or transmission) w(G) of Eg is the
sum of distances between all vertex pairs of vertices of G. It was created by H.Wiener in 1947 [34],
that is

W(G)= ) dguo). 1)

{u,v}QVG
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The Wiener index is one of the best studied, most understood, and widely used molecular shape
descriptors, which is based on graph theory. Moreover, it becomes more and more widely used and
studied, see [3,8,10,39].

A weighted graph [38] (G,w) is a graph G = (V;, Eg) together with the weight function w:
Ve — NT. Let @ denote one of the four arithmetic operations +, —, X, <. Therefore, the weighted
Wiener index W(G, w) is defined as

W(G,w):% Y Y (w() ® w(o)ds(u,v). o)

ueVg veVg

Clearly, if w = 1 and @ represents the operation %, then W(G,w) = W(G).
If & represents the operation x and w(-) = dg(+), then (2) is equivalent to

Gut(G) =% Y, ) (de(wds(v))dg(u,v) =} (dc(u)de(v))dg(u,0), ©)

ueVgveVg {u.v}CVg

It is just the Gutman index. For the study of the possible chemical applications of Gutman index,
and similar quantities, as well as their theoretical studies, polycyclic molecules are more difficult cases,
see [14].

If & denotes the operation + and w(-) = dg(+), then (2) is equivalent to

S(G)Z% Y, Y dcu)+ds(0)dg(uwo) =}, (do(u)+dc(v))dg(u,0), @)

ueVg veVg {uv}CVvg

And it is just the Schultz index. More articles on developing such a topology indexes of the
[6,11,19,35], such as mathematical properties, discrimination and applications refer to [30].

The effective resistance distance r(x, y) is the potential difference between x and y (of G) induced
by the unique x — y flow with an intensity of 1 that satisfies Kirchhoffs cycle law [12], for more detailed
information in [4,13,20,23]. The Wiener index for non-trees is the Kirchhoff index, this distance funtion
proposed by Klein and Randi¢ [25], defined as

Kf(G)= ). r(xy) ®)

{xy}CVe

There are introduced the eccentric distance sum and the eccentricity resistance-distance sum, refer
to [18,22,26].

The multiplicative degree-Kirchhoff index is proposed by Chen and Zhang in 2007 [7], see [33] to
study some details about it, which is defined as

Kf'(G) = ) dx)dyr(xy), (6)

{xy}CVs

thus, the invariance of this graph is represented as
2.1
Kf"(G) =2|Ecl ) 1 @)
i=2""1

where 0 = A} < Ay < --- < A, are the eigenvalues of /(G). Furthermore, ¢(G) is the normalized
Laplacian matrix of the graph G, which was proposed by Chung [9]. The normalized Laplacian index
and multiplicative degree-Kirchhoff index have important applications in mathematical chemistry and
statistics. Their research has attracted more and more researchers’ attention.

d0i:10.20944/preprints202307.0174.v1
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The additive degree-Kirchhoff index is introduced by Gutman, Feng and Yu in 2012 [15], we refer
the papers [32,36], which is defined as

KfH(G) =} (d(x)+d(y)r(xy). ®)

{xy}cve

In this paper,we mainly talk about the cyclooctatetraene chain G, with n octagons, which are
constructed by the following way.

Firstly, G; is an octagon and Gy is the Figure 1 graph with 2 octagons.

Secondly, The random cyclooctatetraene chain G, 11 with n octagons is constructed by attaching
a new terminal octagon H,,y; to G,. We demonstrate this process by Figure 2. As demonstrated in
Figure 3, we can attach the terminal hexagon H, ;1 to G, in four ways and denote the resulted figures
by G}lH, G1%+1' G%H, Gﬁﬂ respectively.

At each step, a random selection is made from one of the following possible constructions:

G, — G}, " with probability pq,
Gn — G2 1 with probability p,,
Gy — Gi 41 with probability ps,
Gy — Gle with probability ps =1 — p1 — p2 — p3,

We consider four random variables Z%, Zfl, Zﬁ, th as our choice. If our choice is G; L1 We let
Z; =1, otherwise Z; =0,i=1,2,3,4, we can easily obtain that
P(Zi, =1)=p;, P(Z, =0)=1—p;i=1,2,3,4 9)

and Z} +Z2+ 73+ Z} = 1.

By the above processes, we obtain a random polyphenylene chain G, (p1, p2, p3, pa). We always
abbreviate G, (p1, p2, p3, pa) to Gy.

Noting that G, is a random graph, Gut(G,), S(G,), Kf*(G,) and Kf*(G,) are all random
variables in probability. In the view of probability, one problem appears naturally. When n is
big enough, whether the distribution of Gut(G,), S(G,), Kf*(G,) and Kf T (G,) will look like a
distribution in probability or not.

In this paper, we make the following hypothesis.

Hypothesis 1.1. Our choice of attaching the new terminal hexagon H, 1 to G, n = 2,3, ... are random
and independently. In more accurate words, the series of random variables Z}, 72,73, 74> . are
independently and have the same law (9). For some i € 1,2,3, we have 0 < p; < 1. Under Hypothesis
1.1, we give analytical expressions for the variances of Gut(Gy), S(Gy), Kf*(Gy) and Kf ™ (G,)

Figure 1. Graph Gj.

X2 U,=x3
Up-1 X Xy

X
Xg 3

X7 Xﬁ

Figure 2. The construction of G, 41 from G, and H,, 1.
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Gl

n+41

3
Gn+1

4
Gn +1

Figure 3. Four ways to attach the new terminal hexagon H,, 1 to G;.

2. The variances for the Gutman index and Schultz index of a random cyclooctatetraene chain

For a random cyclooctatetraene chain G,, the Gutman index and Schultz index are random
variables. In this section, we will consider the variances of Gut(G,) and S(G,). In fact, G4 is Gy
linked to a new terminal octagon H,,. 1 by an edge, where H,, | is spanned by vertices x1, x2, X3, X4,
X5, X6, X7, X3, and the new edge is u;,x1; see Figure 1. On the hand, for all v € V;; , one has

d(x1,0) = d(uy,v) +1, d(xp,0) = d(un,v)+2, d(x3,v) =d(un,v)+3, d(xg,v) =d(us,v)+4, (10)

d(xs,0) = d(un,v)+5, d(xe,v) =d(uy,v)+4, d(x7,v) =d(uy,v)+3, d(xp,0) =d(uy,v)+2, (11)

Y. dg,,(v) =18n—1. (12)
UEVGn
On the other hand,
8 8
Y d(x;)d(xq,x;) = 32, Z d(xp,x;) = 33, Zd x;)d(x3,x;) = 34, Zd x;)d(xq,x;) = 35, (13)
i=1 =1 i=1

8 8 8
Zd d(xs,x;) =36, ) d(x;)d(xe,x;) =35, Y d(x;)d(x7,x;) =34, ) d(x;)d(xs,x;) = 33. (14)
iz i=1 i=1 i=1

n [40] Theorem 1, the author proves that

E(Gut(Gy)) =(270 — 162p; — 108ps — 54p3)n> + (486p; + 324p, + 162p3 — 90)n>
+ (77 — 324p; — 216p2 — 108p3)n — 1.

Now we introduce the first main result in this section.
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Theorem 1. If Hypothesis 1.1 is true, the following results are obtained. The variance of Gut(G,,), which is the
Gutman index of the random cyclooctatetraene chain Gy, is given by

Var(Gut(G,)) = 31—0((72115 — 5rn* +105%n° + (651 — 3002 — 456 n?
+ (=120r + 5902 + 6552 )n + (60r — 300 — 3052)).

where
0% =6482p1 + 972%py 4+ 12967 p3 + 16207 py — (648p1 + 972p2 + 1296p3 + 1620p,4)?
7% =90%p; + 414%py + 738%p3 4+ 10622 p4 — (90py + 414p, + 738p3 + 1062p4)?
r =648-90 - py +972 - 414 - py + 1296 - 738 - p3 + 1620 - 1062 - py
— (648p1 +972p2 + 1296p3 + 1620p4) - (90p; + 414p, + 738p3 + 1062py)
Proof. Let

Ay =18 Y d(v)d(uy,v).

ve Vcn

then, by [40] (5.1), we obtain

Gut(Gpy1) = Gut(Gn) + Ay + 882n + 239. (15)

Recalling that Z},72,73 Z#are random variables in Section 1 which indicate our choice in the
construction of G, 11 from G,. We have the following four equalities.
Equality 1.

AnZL = (A,_1 +648n —90)Z}

If Z} = 0, the above equality is obvious. So we only need to consider the case Z} = 1, which
implies G, — G,l1 41-In this case, u, (of G;) coincides with the vertex labelled x, or xg (of Hy), see
Figure 4. In this situation, A, becomes

18 Y d(v)d(xp,v) =18 Y d(v)d(x,v)+18 Y  d(v)d(x,0)

UEVGn UEVGn,1 UEVHn

=18 Z d(’(’))(d(’(’), un—l) + d(x21 ”n—l)) +18 x 33

ve VGV!*l

=18 ) d(v)(d(v,up_1)+2)+18x 33

UGVGn71

=A,1+36 Y, d(v)+5%
ZJGVGn71

= Ap_1 +36(18n — 19) + 594
= A,_1 + 6481 — 90,

in the above, we have used (10)-(12). Thus, we conclude the desired equality.

d0i:10.20944/preprints202307.0174.v1
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X | U,=Xx;3

Un-1 XI, Xy

X
Xg ’
X7 Xg

Figure 4. G, — G},H.

Equality 2.
AnZ2 = (Ap_1 +972n — 414)72

As that in the proof of Equality 1, we only consider the case Z2 = 1, thatis G, — G2 41- The
proof is similar and we omit the details.
Equality 3.

AnZ3 = (A,_1 +1296n — 738)Z3

we only consider the case Z3 = 1, thatis G, — G> +1- The proof is the same as Equality 1 and we
omit the details.

Equality 4.

AnZb = (Ap_q1 +1620n — 1062) Z2
we only consider the case Zﬁ =1, thatis G, — Gﬁ 41 The proof is also similar and we omit the
details.

Noting that Z} + Z2 + 73 + Z# = 1, by the above discussions, it holds that

An=An(ZY+ 22+ 23+ 7))
= (Ay_1+ 6481 —90)Z} + (Ay_1 +972n — 414) Z% + (A1 + 12961 — 738)Z3 + (A1 + 1620n — 1062) Z;t
= A1+ (648Z} + 97272 4129673 +1620Z4)n — (90Z} + 41472 4 73873 + 1062Z3)
=A,1+nl, =V,

where for each n,
U, = 6487} 497272 4+ 129673 + 162022, V,, = 90Z), + 41472 + 73873 + 1062Z2.
Therefore, by (15) we obtain
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n—1 n—1
Gut(Gn) = Gut(Gy) + ) Ai+ ) (882i +239)

i=1 i=1
n—1i—1 n—1

=Gut(Gr) + Y (Y (Ajj1 — Aj) + A1) + ) (882i +239)
i=1 j: i=1

—1 n—1

= Gut( Gl)—l—zz i1 —Aj) +(n—1)A;+ Y (882 +239)
i=1j=1 i=1
n—1li—1 n—1

= Gut(Gy) + ((G+1D)Uj1 — Vigr) + (n — 1) Ay + Y (882i +239)
i=1j=1 i=1
n—1i—1

= Gut(Gy) + ((G+ VUi = Vjs1) +O(n?)

I\
=
I\
A

j

By direct calculation, one sees thatVar(U;) = 02, Var(V;) = &2, Coo(U;, V;) = r, where for any
two random variablesX, Y, Cov(X,Y) := E(XY) — E(X)E(Y). By the properties of variance and
interchanging the order of sums, it follows that

n—1i—1

Var(Gut(Go)) = Var(, L+ DU = Vi)
i=1 j=

n—2 n—
= Var( Z (j+DUjs1 = Vi)
j

N

= Var( ) ((G+DUjsq = Vi) (n—j = 1))

=

-
Il
—

2
=) (n—j=1)*Var((j+ D)Uj1 = Vi)

2
|

A
N —_

= Y (n—j—1)*Coo((j + VUjs1 — Vi1, (j + DUjs1 — Vji1)

S -
[
N —

=) (n—j=1((j +1)*Cov(Ujs1, Uj1) = 2(j + 1) Cov(Ujs1, Vjs1) + Cov(Vipa, Vi)

T
Lo

=) (n—j=1(+1)%* = 2(j+r +0?)

-
Il
—

With the help of a computer, the above equality implies the desired result Var(Gut(Gy)).
Now, we discuss the variance of the Schultz index of a random cyclooctatetraene chain.
In [40] Theorem 2.3, we have

E(S(Gy)) =(240 — 144p; — 96p, — 48p3)n> + (432p1 + 288, + 144ps — 40)n?
+ (56 — 288p1 — 192p, — 96p3)n.

Then we state our results.

Theorem 2. Assume Hypothesis 1.1, then the following results hold. The variance of S(G,, which is the Schultz
index of the random cyclooctatetraene Gy, is given by

1
Var(S(Gy)) :%(Uan — 5rn* + 106713 + (657 — 3007 — 4562 )n?
+ (—=1207 4 5902 + 6562 )n + (60r — 300% — 3052)).
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where

0% =576°p1 + 864%py + 11522 p3 + 14407 py — (576p1 + 864pa + 1152p3 + 1440p,)?
7% =40%p; + 328%p, + 616%p3 + 9042 py — (40p; + 328p, + 616p3 + 904p4)?
r =576 -40 - py + 864 -328 - py + 1152 - 616 - p3 + 1440 - 904 - py
— (576p1 + 864ps + 1152p3 + 1440p,) - (40p1 + 328p2 + 616p3 4 904p,)

Proof. by [40] (5.2), we obtain
S(Gu+1) = S(Gu) +18 Y d(un,v)+8 Y d(v)d(un,v) + 824n + 248. (16)
UEVGn UEVGn
where

By := Y (18+8d(v))d(un,0).

UGVGn
S(Gpi1) = S(Gp) + By + 824n + 248.
With similar discussion, we have the following four equalities.
Equality 1.
BuZ) = (B,_1 +576n —40)Z}

If Z! = 0, the above equality is obvious. So we only need to consider the case Z! = 1, which

implies G, — G} 41

Figure 4. In this situation, B, becomes

In this case, u, (of G,) coincides with the vertex labelled x; or xg (of H;),see

B,= Y (18+8d(0))d(xy,0)

UEVGn
= Y (18+8d(v))d(x2,0)+ Y. (18+8d(v))d(x2,0)
UEVGn,l veVy,
= Y (18+8d(v))(d(uy—1,0) +2)+18 x 16+ 8 x 33
UGVG,/,,]
= Y (18+8d(v))d(uy—1,0)+2 Y, (18+8d(v))+18x 16+ 8 x 33
UEVGn71 T)GVGn71
= ) (18+8d(v))d(uy—1,0) +2(18 x 8(n —1) +8 x (18(n—1) —1)) + 18 x 16 + 8 x 33
UEVGn,1

= By_1 + 2(288n — 296) + 552
= B,_1 +576n — 40

in the above, we have used (10)-(12). Thus, we conclude the desired equality.
Equality 2.

BuZ% = (B, + 864n — 328)Z>

As that in the proof of Equality 1, we only consider the case Z2 = 1, that is G, — G2 41- The proof is
similar and we omit the details.
Equality 3.

BnZ3 = (B,_1 +1152n — 616) Z3
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we only consider the case Z3 = 1, thatis G, — G> +1- The proof is the same as Equality 1 and we

omit the details.
Equality 4.

BuZi = (B,_1 + 14401 — 904)Z3

we only consider the case Z} = 1, thatis G, — G} 41+ The proof is also similar and we omit the
details.
Noting that Z} + Z2 + Z3 + Z} = 1,by the above discussions, it holds that

By = Bu(Zy + Zi + Z3 + Zy)
= By_1 +nl, —Vy
where for each n,

U, = 5767} + 86472 + 115273 + 1440Z;, V,, = 40Z), + 32872 + 61673 + 904Z;.
Therefore, by (15)

n—1 n—1
S(Gn) =S(G1)+ Y Bi+ ) _ (824i +248)
i=1 i=1
n—1i—1 n—1
=S(G1)+ Y_ (Y (Bjs1 — Bj) + By) + ) _ (824i + 2489)
i=1 j=1 i=1
n—1i—1 n—1
=5(G1)+ ) Y (Bjs1—Bj) + (n—1)By + ) _ (824i +248)
i=1j=1 i=1
n—1i—1 n—1
=5S(G1)+ Y Y ((G+DUjy1 — Vigr) + (n —1)By + ) _ (824i + 248)
i=1 j=1 i=1
n—1i—1
=5(Gy) + ((G+DUjy1 — Vig1) + o(n?)
i=1j=1

If we replace Gut(Gy) by S(Gy) in the proof of Theorem 1, the rest proof of this theorem is the
same as that in the proof of Theorem 1 and we omit the details.

3. The variances of multiplicative and additive degree-Kirchhoff indices of a random
cyclooctatetraene chain

In this section, we talk about the variances for Kf*(G,) and Kf*(G,). For a random
cyclooctatetraene chain G, the multiplicative degree-Kirchhoff index Kf*(G,) and the additive
degree-Kirchhoff index Kf*(Gy) are random variables.

Recall that G, 11 is obtained by attaching G,, a new terminal octagon H,,;1 by an edge, where H,, 1 is
spanned by vertices x1, X2, x3, X4, X5, Xg, X7, Xg, and the new edge is u,x1; see Figure 1. On the hand,
forallv € V, , one has

15

7 12
r(x1,0) = r(un,v) + 1, r(x2,0) = r(uy,0) +1+ 3 r(x3,0) = r(ty,v) +1+ 5 7(x4,0) = r(ty,v) +1+ 5 (17)

16 15 12 7
r(x5,0) = r(uy,0) +1+ @,r(xé,v) =r(uy,v) +1+ g,r(xy,v) =r(uy,v) +1+ g,f(Xg, v) = r(ty,0) +1+ 3 (18)

Y. dg,,(v) =18n—1. (19)

Z)EVGn

d0i:10.20944/preprints202307.0174.v1
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On the other hand,

8 8 175 & 45 8 183
Zd(xz)r(xlrxz) =121, Zd(xz)r(XZ/xz) =g Zd(xz) (x3,%;) = o Zd(xz) (x4, %;) = , (20)
i=1 i=1 i=1 i=1
8 183 8 45 8 175
Z d( ) (X5, X;) = 23 Z d x6/ = ? Z x7/ xl - 7 Z xS/ xl - ? (21)
i=1 i=1 i=1

In [40] Theorem 3, we have

243 27 729 81
E(Kf*(Gn)) =(162 = = =p1 = 27pa = 7 pa)n’ + (36 + ~~p1 + 81p2 + - pa)n?

243 27
— (29 + 7}71 +54p2 + 7]73)7’1 —1.

Now we introduce the first main result in this section

Theorem 3. Assume Hypothesis 1.1, then the following results hold. The variance of Kf*(G,,), which is the
multiplicative degree-Kirchhoff index of the random cyclooctatetraene Gy, is given by

1
Var(Kf*(Gy)) :%( — 5rnt + 106713 + (657 — 3007 — 4562 )n?

+ (—=1207 4 5902 + 6562)n + (60r — 300>

—3052)).
where

1215 1863 1215 1863

0% =(=57)2p1 +8107py + ()7 p3 + 972 ps — (S5 p1 +810p2 + = p3 + 972pa)?

1143
52 :(—)2 p1 —1—4502]02 + (T)zm %—6122 ps— (7171 +450p2 + TPS +612p4)2
1215 495 - p1+810-450 - P2+% % p3+972-612- py
- 2 2
1215

1863
- 1
(=5 P1+810p2 + ——

495 1143

Proof. by [40] (5.3), we see

Kf*(Gpi1) = Kf*(Gu) +18 Y d(v)r(un, v) 4 684n + 151. (22)
‘UEVGn
where
Cn:=18 ) d(v)r(un,0). (23)
UGVGn
Kf*(Gus1) = Kf*(Gu) + Cy + 684n + 151.

(24)
Recalling that Z}, 72,73, Z* are random variables in Section 1 which indicate our choice in the

construction of G, 41 from G,,. We have the following four equalities
Equality 1.

1215 495
Canll = (Cn—l + — > )Zl
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If Z! = 0, the above equality is obvious. So we only need to consider the case Z} = 1, which
implies G, — G}Z 41+ In this case, uy (of G,) coincides with the vertex labelled x; or xg (of Hy,), see
Fig. 4. In this situation, C, becomes

Ch =18 ) d(v)r(xy,0))

UGVGn
=18 ) d(v)r(x2,0)+18 Y d(v)r(x2,0))
veVg, veVH,
7 175
=18 ) d(v)(1+ g r(uy_1,0))) + 5 % 18
UEVG,,,l
270 175
=18 Y d(v)r(up—1,0)+ -5 Y d(v)+ 5 X 18
UEVGH,1 Z’EVGn,1
270 3150
= Cnfl + ?(181’1 - 19) + T
1215 495
=Gty

in the above, we have used (17)-(19). Thus, we conclude the desired equality.
Equality 2.

CuZ% = (Cp_1 + 8101 — 450)Z2

As that in the proof of Equality 1, we only consider the case Z3 = 1, that is G, — G2 41+ The proof is
similar and we omit the details.
Equality 3.
1863 1143
CuZy = (Cu1 + — - T)Z?’

we only consider the case Z3 = 1, thatis G, — G> +1- The proof is the same as Equality 1 and we
omit the details.
Equality 4.

CuZt = (Cpq +972n — 612)Z;

4

we only consider the case Zﬁ =1, thatis G, — G, 11

details.
Noting that Z} + Z2 + Z3 + Z% = 1, by the above discussions, it holds that

The proof is also similar and we omit the

Cn = Cu(Zy + Z + Zy + Zy)
=Cypq+nly, —Vy

d0i:10.20944/preprints202307.0174.v1
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where for each n,
U, = 13271 4+ 81072 + 18873 + 97274, v, = 8271 + 45072 + LB 73 + 61272,
Therefore, by (22)

M i

Kf*(Gy) = Kf*(Gy) + i 684i + 151)

= o~
ol
_ =
-
|
—

n—1
> (Cip1—C)+Ci)+ Y (684i +151)
i=1
n—1
=Kf*(G1)+ ) 3 (Cja1 = Cj) + (n—1)Cy + ) (684i +151)
i i=1

= Kf(

o
-
i
N
. ~~
-
i
I\

N
|
_
|
_

Il

—_
[

Il
—_

N
|
_

n—1
((j+1)Uj1 — Vig) + (n = 1)C1 + Y (684i + 151)
i=1

= Kf*(

o
S~—
N
(N
iy
i
(N

N
|
—
|
—_

= Kf(

9

((G+DUjy1 = Viy1) + O(n?)

I\
—_
-
Il
-

Now we consider Kf " (Gy,), in [40] Theorem 3.3, we have

E(Kf"(Gy)) =(144 — 54py — 24py — 6p3)n° + (61 + 162p1 + 72po + 18p3)n?
— (37 4 108p1 + 48p, + 12p3)n.

The variance of Kf ™ (Gy,), is given by

Theorem 4.

Var(Kf ™ (Gy)) :3%(0%5 — 5rn +106%1° + (657 — 3007 — 4567 )n>
+ (—120r + 5902 + 6562)n + (60r — 3002 — 3052)).
where
0% =540%py + 720%p, + 8282 p3 + 8642 py — (540p; + 720p, + 828p3 + 864p,)?
&% =1912py + 371%py + 479%p3 + 515%py — (191py + 371py + 479p3 + 515p4)°

r =540-191 - py + 720 -371 - pp + 828 - 479 - p3 + 864 - 515 - p,
— (540p, + 720p; + 828p3 + 864p,) - (191py + 371py + 479p3 + 515p4)

Proof. by [40] (5.4), we see that

Kft(Guy1) =KfH(Gn) +18 Y r(un,0)+8 Y d(v)r(un,v)+ 6371 + 160. (25)

ve VGn ve VGn

where
Dy:= ) (18+8d(v))r(un,v). (26)

UEVGn
KfT(Gyt1) = Kf T (Gy) + Dy + 6371 + 160. (27)

Recalling that Z}, 72,73, Z* are random variables in Section 1 which indicate our choice in the
construction of G, 41 from G,,. We have the following four equalities.
Equality 1.

DyZ} = (D,_1 +540n — 191)Z}
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If Z! = 0, the above equality is obvious. So we only need to consider the case Z} = 1, which
implies G, — G}Z 41+ In this case, uy (of G,) coincides with the vertex labelled x; or xg (of Hy,), see
Figure 4. In this situation, D, becomes

Y (18+8d(v))r(x2,0) =18 Y d(v)r(x2,0)

veVg, veVg,
= Y (18+8d(v))r(x2,0)+ Y, (18+8d(v))r(x2,v)
0eVG, veVh,

Yy (18+8d(v))(r(u,,,1,v)+l+g)+18 Yo or(aa,x)+8 Y d(x)r(x2,x;)

UEVGn,I UEVHn vEVHn
= Y (1848d(0) (1, 0) + 2 Y (184 8d(0)) + 18 x 2T 2TIOHIE o 17
" 8 8 8
G, veVg

n—1 n—1

=D,_1+ %(28871 —296) + 364
= D,_1 + 5401 — 191
in the above, we have used (17)-(19). Thus, we conclude the desired equality.
Equality 2.
DyZ2 = (D,_1 +720n — 371) Z>

As that in the proof of Equality 1, we only consider the case Z2 = 1, that is G, — G2 41- The proof is
similar and we omit the details.

Equality 3.
Dy Z3 = (D1 +828n — 479)Z3

we only consider the case Z3 = 1, thatis G, — G> +1- The proof is the same as Equality 1 and we
omit the details.

Equality 4.

DyZt = (D,_1 + 864n — 515)Z;
we only consider the case Zﬁ =1, thatis G, — Gﬁ 11 The proof is also similar and we omit the
details.

Noting that Z} + Z2 + Z3 + Z% = 1, by the above discussions, it holds that

Dy = Du(Zy + Z3 + Z3 + Z3)
=Dy +nly, -V,
where for each n,

U, = 5407} + 72072 + 82873 + 8647, Vy = 191Z} + 37172 + 47973 + 515Z3.
Therefore, by (25)
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Kf*(Gn) = KfF(G1) + ): Z (637i + 160)

i=1 i=1
n—1i-1 n—1

= Kf*(G1) + Y. (Y.(Dj11 — Dj) + Dy) + ¥ (637i + 160)
i=1 j=1 i=1
n—1i—1 n—1

= Kf*(G1) + (Djs1—Dj) + (n —1)Dy + Y_ (637i + 160)
i=1j=1 i=1
n—1i—1 n—1

= Kf*(Gy) + ((G+ 1)Uy — V1) + (n —1)Dy + Y (637i + 160)
i=1j=1 i=1
n—1i—1 )

= Kf"(G1) + ((+ DUjy1 = Vi) +0(n%)
i=1j=1

If we replace Gut(G,) by Kf™ (G, ) in the proof of Theorem 1, the rest proof of this theorem is the
same as that in the proof of Theorem 1, we simply omit the details.

4. Concluding remarks

In this paper, we obtain the explicit analytical expressions for the variances of the Gutman index,
Schultz index, multiplicative degree-Kirchhoff index and additive degree-Kirchhoff index of a random
cyclooctatetraene chain with n octagons. All these results will contribute to the study of the Gutman
index, Schultz index, multiplicative degree-Kirchhoff index and additive degree-Kirchhoff index of
graphs.

With the continuous development and progress of science, more and more molecules are
discovered and created.In chemical graph theory, the matter of polygonal chain is being widely studied
by researchers. The molecular structures of polygonal chemicals are various and its physicochemical
properties also become more and more important which are referenced to [2,5,27,31]. It is possible to
establish exact formulas for the variances of some indices of a random polygon chain with n regular

polygons.
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