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Abstract: Nowadays, there are implemented devices whose purpose is to perform massive
computations by saving resources at the time they reduce the latency of arithmetic operations.
These devices are usually GPUs, FPGAs and other specialised devices such as "Coral". Neural
networks, digital filters and numerical simulators take advantage of the massively parallel operations
of such devices. One way to reduce the amount of resources used is to limit the size of the registers
that store data. This has led to the proliferation of numeric formats with a length of less than 32
bits, known as short floating point or SFP. We have developed several SFP’s for use in our neural
network accelerator design, allowing for different levels of accuracy. We use a 16-bit format for
data transfer and different formats can be used simultaneously for internal operations. The internal
operations can be performed in 16-bit, 20-bit and 24-bit. The use of registers larger than 16-bit allows
the preservation of fractional information while increasing precision. By leveraging some of the
FPGA's arithmetic resources, our design outperforms designs implemented from scratch and is
competitive with specialized arithmetic circuits already implemented in the FPGA.

Keywords: floating point; hybrid floating point; FPGA; numerical precision; accuracy; mixed-precision

1. Introduction

When a neuron is created, the training process, the inference process and the data source must
have the same data type. This gives the neuron the ability to perform its task with sufficient precision.
A system which runs on FPGA has been developed and in which an effort has been made to improve
the precision of the operations. This effort involved the design and implementation of several formats
of floating point in which the size of fraction has been increased. Several experiments have been
developed to understand the consequences of increasing the size of fraction.

In recent years, several manufacturers have produced large-scale computing infrastructures to
train and apply neural networks. Some of the products take advantage of the resiliency of neural
network architectures and their learning algorithms, which let the programmer wander off the precision
requirements. The resulting products involve the use of fixed and floating point values of less than 32
bits in length.

Fixed point data type is known for its low precision and low latency. The identified main problem
for the authors in [1] is the rounding process to the nearest value that causes failed training. A way to
overcome this obstacle is a process called stochastic rounding which calculates the best fixed-point
value to floating point value through a probability calculation. The authors presented compelling
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graphics of results generated with a Xilinx Kintex325T FPGA. The data type used was fixed point with
12-bit and 14-bit.

In the case of floating point, vendors tend to follow a package structure defined in IEEE-754
[2]. The structure includes a sign bit, bits for the exponent, and bits for the fraction. The exponent is
expressed in excess notation. The fraction, since there is always a bit "1" to the left of the dot, is reduced
to contain bits referred to as fractional information. The meaning of this packet format is shown in the
following formula.

(_1)sign bit o 1.fmction w pexponent—biass (1)

Regarding the type of data used in the calculation accelerator market, these types are developed
according to the needs of each manufacturer. Some of such types are IEEE 32-bit floating point (fp32)
[2], IEEE 16-bit floating point (fp16) [2], Google 16-bit floating point (bfloat16) [3], and NVIDIA 19-bit
floating point (tf32) [4]. Figure 1 illustrates the aforementioned data packing structures.
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Figure 1. Most popular data types on the market [2—4].

Authors in [5] convey the increasing use of 16-bit floating-point formats in machine learning
applications. The studied two formats are half-precision from IEEE-754 and bfloat16 format from
Google. Since this data type entails fewer electronic components, the consequences are low latency,
low energy usage and reduced communication costs. The problem that was attended is related to the
need of scientists to know the properties of 16-bit data types as well as to understand the possible
results that are generated in arithmetic operations. So the article was oriented to solving LU factorizing,
calculating the harmonic series 1+1/2+1/3+..., solving an ordinary differential equation using Euler’s
method and other operations. The restrictions of the test implied rounding after each product, and one
degree of freedom was provided when indicating whether or not subnormal data were used in the
tests. In conclusion, the use of rounding after each product and the use of a data type with more bits to
contain subnormal numbers reduces the errors in the calculations.

In [6] authors presented a new definition of floating point data. This new data requires one bit for
sing, a 5-bit exponent and a 3-bit fraction. Since three bits cannot hold enough fractional information,
another floating point definition was used for internal operations. This second format requires 14 bits
to store trailing bits and thus preserve some accuracy in the result. This article is of special interest
because of the formulations used to calculate the trailing bits needed to store the fraction for internal
operations. The formulations are based on the number of multiplications that must be performed
when evaluating a neural network. The advantage of this hybrid data format, according to the authors,
is that no additional regularization or normalization of the input data is required. A comment in this
article implies that increasing the number of data to be operated on will produce a greater deviation
from the expected result.
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In [7], a study of three floating point adders has been carried out. Each one has a lower latency
than the previous one but with a resource consumption that grows inversely with the latency. The
product of this work also offers the possibility to define the number of bits of the units that make up
the floating point data.

In [8], the author realizes the implementation of a fusion of the multiplication and accumulation
circuits following the linear form of the IEEE-754 standard to save resources in the FPGA.

To reduce calculation times is necessary to characterize multiplier units by latency, power and
size. In [9] three circuits were used to make up a multiplier circuit: a Booth model was used to generate
partial products. A Wallace tree was also used to add these partial products and a KoggeStone circuit
to operate the exponents. All within a four-stage pipeline synthesized for a Xilinx Spartan board. Tests
were performed and results imply a delay of 29.72ns, but when this design is pipelined the latency is
reduced to 7.92ns.

In [10] was considered that current generation Deep Neural Networks (DNNs), such as AlexNet
and VGG, rely heavily on dense floating-point matrix multiplication. GeMM algorithms map these
heavy matrices to GPUs (regular parallelism, high TFLOP/s). Therefore, GPUs are widely used to
accelerate DNNs. The research focused on showing that new FPGAs (Arria 10 and Stratix 10) can
overcome GPUs by providing thousands of arithmetic circuits (more than 5000 32-bit floating point
units) and high-bandwidth memory banks (M20K). FPGA Stratix 10 is special because this device
offers 5.4x better performance than the Titan X Pascal GPU. A disadvantage of GPUs is that the data
type is always the same. Otherwise, FPGA can offer a custom data type with variable throughput.
This means a better power efficiency and a superior computation rate compared to the GPU.

In [11], a high-speed IEEE754-compliant 32-bit floating-point arithmetic unit designed using
VHDL code was presented, and all operations of addition, subtraction, multiplication, and division
were tested and successfully verified on Xilinx. SIMULINK-MATLAB was used to test the performance
of the proposed implementations of the arithmetic operations. The article provides complete flowcharts
of arithmetic operations and written descriptions of such flowcharts.

The 32-bit PowerPC440 (PPC440) was a processor that had a soft version in Xilinx FPGAs. Today,
some scientists still use this processor for research purposes. The floating point unit required to
implement the processor can be a custom implementation or can be used the one provided in the
FPGA. In [12] the dilemma of using floating point units was discussed. In the Virtex-5, the soft floating
point has a lower latency than the hard floating point circuit. However, the soft floating point consumes
more FPGA resources. To justify the use of soft data formats, a comparison was made between the
implementation of the PowerPC processor with the soft floating point and with the floating point
circuit provided in the FPGA.

What about the effects of input data being quantized to fixed or floating point? Chapter 3 in [13]
contains a probabilistic treatment of rounding effects when input data must be expressed in fixed
or floating point data type. The studies were carried out during the quantization of real numbers
and after the multiplication of two data, since this arithmetic operation produces a result with more
fractional bits. The deviations between real numbers and quantized values were treated as a random
variable that is stationary, ergodic, and with uniform distribution. The formulations in the text allow
their application to data types with any number of fractional bits. This chapter is mainly oriented to
FIR and IIR filters, but it is possible to extend the application of the formulations to neural networks.

In 2017, Gustafson et al. [14] proposed a new general-purpose floating-point representation called
POSITs. POSITs are claimed to have a wider dynamic range, be more accurate, and contain fewer
unused (e.g., Not-A-Number) states than IEEE-754 formats. An OpenCL prototype linear algebra
library based on POSITs was created. This prototype implements the three most common arithmetic
operations on FPGAs. Tests involved quantifying the performance achieved with the implementation
of POSITs for FPGA and quantifying the performance achieved by POSITS emulated by a library
written in C++. A comparison between both performances was made, which resulted in favor of
POSITs for FPGA. It is worth mentioning that the arithmetic operations have been separated into


https://doi.org/10.20944/preprints202307.0374.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 6 July 2023 d0i:10.20944/preprints202307.0374.v1

40f18

operational units working in pipeline mode. The pipeline consists of 30 stages with which the authors
achieve operating frequencies of hundreds of MHz.

In [15] the authors designed their own 16-bit floating point algorithm for addition and
multiplication. They took advantage of the specialized fixed-point library to increase the operating
frequency of the arithmetic circuits. It is worth mentioning that fixed-point libraries take advantage of
already implemented circuits. The arithmetic circuits generated after compilation for FPGA work in
pipeline mode with seven stages, reaching an operating frequency of 793MHz.

2. Background

In this section, various formulations that are necessary to calculate the deviations that occur in
arithmetic operations with floating point numbers are exposed.

2.1. Nomenclature
In order to have a common vocabulary for numbers in scientific notation, a nomenclature must be
provided. Consider the equation (1), which is rewritten as follows:
(=1)° x m x 10° 2)
where:

s is the sign bit

m is the coefficient

10 is the binary base of the numeric system

¢ = e + bias is the exponent plus bias

p is the length of the coefficient (not shown in the equation)

The coefficient has the following meaning;:

m = dO + dﬁlzfl + d_2272 + ..+ d—l(p—l)zi(pil) (3)

where dy = 1 must always hold. It can be seen from Equation (3) that the range of values for the
coefficient is then 1 < m < 2. Since the most significant bit is always 1, it is now over understood, so
that the coefficient can now be expressed as:

m=1+f (4)
where f is called the “fraction” and takes values in the interval 0 < f < 1. The length of the fraction is
expressed as:

As for the exponent, the standard tries to make it a positive integer. Consequently, a bias is added:

¢ = e+ bias (6)

The bias has a dependency of the format used. For half precision it is bias = 15, for single precision
it is bias = 127.

2.2. Number of equivalent decimal digits

From the IEEE-754 standard [2] two formulations can be derived that allow to calculate how many
fractional digits of a real number can be encapsulated in a floating point format. These formulations
are a function of the number of bits of the coefficient and have a dependence on the encoding process:
whether it is by truncation or by rounding. To calculate the number of fractional digits that can be
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encapsulated in a floating point format with respect to the rounding process, see the formula (7),
below:

my = p log1o(2) 7)

where p is the number of bits in the coefficient, including the bit to the left of the dot, and m, is the
number of fractional digits of a real number that can be represented correctly by the floating point.

To calculate the number of fractional decimal digits that can be encapsulated in a floating point
format regarding truncation process regard the formula (8), below:

my = tlog1o(2) (8)

where t = p — 1 is the number of bits in the coefficient and on the right of the dot. The following
variable, m; is the number of fractional digits of a real number that can be represented correctly by the
floating point.

2.3. Quantization error by rounding in fixed point

What is done today to provide the computer or processor with numerical data is to generate a
quantized representation of the signal to be processed. Whether fixed point or floating point is used
there will be a deviation between the quantized value and the actual data. This deviation is known as
the quantization error. We regard first the case of fixed point. The data includes a fraction with ¢ bits,
then the precision can be calculated as A = 2. Regard now three quantization levels y; 1, y; and y; 1
such is shown in Figure 2. The separation between quantization levels corresponds to the precision A.
Rounding implies that the range of values of the input variable x that will be represented by the single
quantization value y; is:

PaN
A== Yi+ = pler)
Yi
A-zt vi-& |A er
=

(@) (b)

Dl

WD

Figure 2. Handling of the quantization error due to rounding in the case of a fixed point. This figure is
constructed using the formulations in [13].

A A
Yyim5 SXSyity )
Now, a quantization function by round is defined as:
y=0Q(x) (10)
Then a quantization error can be defined as:
er = Qr(x) —x (11)
It is possible to observe that quantization error is in the interval:
A A
) <e < 5 (12)

The statistical property of relative error mean can be calculated as:

Ue; =0 (13)
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And the respective relative error variance is:
A2
Ue% = 12 (14)

2.4. Types of data and hybridization

We started with the 16-bit floating-point format (fp16) and then created new data types by
extending the fraction of that format. Thus, the new data types, which we call fp16-20 hybrid and
fp16-24 hybrid, are compatible with the original fp16 format. These new proposed data types and their
structures are shown in Table 1. The first column indicates the data type, and the following columns
indicate the number of bits used to store the sign, exponent, and fraction.

We call data types hybrids because the 16-bit portion is used to transfer numeric data from the
host to the device on which a project is implemented. Once numeric data has been transferred, internal
operations are performed using an increased fraction, see Table 1. The new data types are 20-bit or
24-bit.

Table 1. Features of proposed floating point data types.

data type sign exponent fraction

fp16 1 5 10
fp16-20 1 5 14
fpl6-24 1 5 18

The data types shown in the Table Table 1 have a length of less than 32 bits. Therefore, they are
considered short floating point data types.

2.5. Quantization error by rounding in floating point

Data written in the scientific notation of base 2, used in computers, has the following meaning in
its decimal equivalent:

x = (—1)°m2° (15)

where s is the sign, m is the coefficient and c is the exponent. When quantifying data or processing the
result of a product, rounding is the most commonly used process. In the case of floating point, the
precision varies according to the exponent, so a normalisation process is of particular interest. In this
case, the use of relative error is appropriate.

Qr(x) —x

Er = f (16)

Substituting equation (15) into (16) and considering that a and b are constants that can be obtained
from the function Q(x) by the property of homogeneity, it is possible to obtain:

E ==l R _& (17)

A probability function p(e,, m) is needed to calculate the statistical values of mean and variance.
Figure 3 shows a homogeneous probabilistic function.
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N1 ) =g

m
Figure 3. Probability distribution of function p(E,, m). This figure is constructed using the formulations
in [13].
1 A A
E,m=—;, —<e<-AN1<m<2 18
p(Ey,m) A 3 =S5 = (18)

Calculating the mean of the relative quantization error is obtained:

ug, =0 (19)

The variance of the quantization error can be stated as:

A2 1
_ - _ 72721‘ o]
UE% 6 6 ( 0)

Similar formulations can be consulted in [13]. In this same consulting it is possible to find a
formulation developed for calculating the relative error variance when Q products are carried out. The
formulation is:

Q

The application case of this formulation entails FIR filters and perceptron neural network.

2.6. Arithmetic circuits

The two algorithms used to encode the addition and multiplication are shown in 4. We have
implemented versions of these algorithms that can handle fp16, fp16-20, and fp16-24. The reader can
see that the differences are in the number of bits in the fraction. All versions have been designed and
implemented to accept the data shown in Table Table 1. From the Figure 4 it is possible to observe
the blocks that check the status of the floating point data. These blocks are in parallel with the blocks
that perform the arithmetic operation. The arithmetic blocks can produce results that are infinite, zero,
and NaN. If a result is denormal, it is coded as zero. These circuits are implemented in VHDL and
simulated to generate test results.
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Addition Xy Multiplication Xy
-Check for zero Unpacking: -Check for zero Unpacking:
-Check for infinite -sign -Check for infinite -sign
-Check for NaN -exponent -Check for NaN -exponent
¢ -mantissa ¢ -mantissa
Interactions Equalizin Interactions -Exponent operations
between q 9 between Manti ;
operands exponents onerands -Mantissa operations
P P -Sign operations

-Mantissa operations
-Sign operations
-Absolute value
Overflow

overflow Underflow
underflow +

7 /
/

Symmetric rounding

~N—]

!

Figure 4. Algorithms for addition and multiplication specially designed for neural networks
applications [2—4].

3. Materials and Methods

This section describes the experiments designed to evaluate the arithmetic circuits that perform
the floating-point operations of addition and multiplication. Regarding the materials, all experiments
were performed with programs written in Python, VHDL, the ISE Xilinx development environment
was used to simulate and generate a downloadable code. The FPGA used was an XC7A100TCSG324-1

mounted on an Arty A7-100T system.

Experiment 1. The aim is to find out approximately how many decimal digits can be encapsulated in
the proposed short floating point formats and thus check the validity of equations (7) and (8). Theses
formats are fp16, fp16-20 and fp16-24. To achieve this goal, random numbers are encoded and decoded.
Then it is necessary to count the number of fractional digits that remain faithful. Four restrictions have
to be considered: (1) The range of random numbers will be in the interval [0.1,1.0]. (2) The generation
of one million random numbers. (3) It is necessary to consider two methods of encoding from real (64
bit) to short floating point. The first is by truncation and the second is by rounding. (4) It is necessary
to count the maximum, the minimum and the average of the digits that remain faithful after the
encoding-decoding process. This experiment is carried out using functions implemented in Python.

It is necessary to recall that encoding a real number involves two processes: encoding the integer
part and encoding the fraction. It is foreseeable that the process of coding the fraction implies an
approximate equivalence.

Experiment 2. The equation (20) represents the statistical value of the relative error variance
in encoding a real number to floating point. The purpose of this experiment is the experimental
determination of this variance and the validation of the aforementioned equation. Three restrictions
have to be taken into account. 1) The experiment must be performed with data in floating point format
fp16, fp16-20, and fp16-24. 2) Since the equation (20) was formulated taking into account the rounding,
only experiments with this feature will be considered. 3) The number of intents will be one million.
The algorithm to obtain experimentally the results is shown in Table Table 2. The different terms in
the algorithm have the following means:

o LN, : represents a loop from 1 to N
* x;: i-th generated random value
¢ y;: i-th encoded-decoded value
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€;: relative error

He: relative error mean

0.2: relative error variance

N: is the number of tries. (N = 1 million)

Table 2. Algorithm to statistically obtain the relative error variance.

N
IV, |
Xi

y; = encode(decode(x;))

_ Xi—Vi

€ X

}

1 «N
He = § Li=1 €i

0o = H IN(xi —€)?

This experiment was carried out using functions implemented in Python.

Experiment 3. The formula (21) allows the calculation of the relative error variation with respect
to a system that has to develop Q products such as a FIR filter or a perceptron layer. So, the intended
purpose of this experiment is to validate the formula (21) calculating in statistical way the error
deviation and accumulating this error for Q products. The corresponding algorithm can be found in
the Table Table 3. The programming language used is Python.

Table 3. Algorithm to statistically obtain the relative error variance of Q products.

N
Li=1 {
Zi =X XY

w; = enc(dec(x;)) x enc(dec(x;))

— Xi~Vi

€ X;

}

1 v+N
He =N Zizl €i

Oc2 = Q% Zfi1 (x; — ei)z

Experiment 4. The goal is to create a graphical representation of the deviation (error) that occurs
in the encoding/decoding process between the 64-bit floating point and the short floating point formats
described in the Table Table 1. There are three limitations to consider: (1) One hundred random data
are generated in the interval (0, 1). (2) To evaluate the deviation, the formula (22), below, must be used.
(3) The coding is done by truncation to observe the advantage of using more bits to represent fractions.
In addition, the average error must be calculated for each encoding operation. This experiment is
performed using functions implemented in Python.

loriginal value — decoded value|
original value

error = 100 (22)

Experiment 5. This experiment has the purpose of demonstrating that "rounding to nearest" in
the coding process allows to reduce the deviation that occurs when data is decoded. So the previous
experiment is repeated with few changes. As expected results are a graphical representation of the
deviation (error) that occurs in the encoding-decoding process between the 64-bit floating point and the
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four short floating point formats. As in the previous experiment, the average error must be calculated
for each encoding operation.

Experiment 6. This experiment has two goals. The first is to show the deviation that occurs
in arithmetic operations where the result accumulates and increases from one operation to the next.
The second is to show that using a larger number of bits to contain the fraction can reduce the
aforementioned deviation. For this experiment, it was necessary to implement a Python code that
generates large vectors of numerical data and encodes them into fp16, fp16-20, and fp16-24 formats by
truncation and rounding. The arithmetic operations were implemented using VHDL and a simulator
that performs a dot product operation for different lengths. There are four constraints. The first
constraint concerns the testing of the fp16, fp16-20 and fp16-24 formats. The second constraint
concerns the use of the dot product operation. This operation is typical for filters and neural networks.
The third restriction is to compute dot products of lengths 32, 64, 128, 256, 512, 1024, and 2048. The
fourth constraint is that the input data are random numbers in the range [0.1,1]. The results to be
returned are expected to be a table in which the results can be compared and a graph showing the
deviations.

Experiment 7. This experiment requires ISE Xilinx Software to be used. This tool carries out an
analysis of the delay between the input signals and the output signals. This is done after a syntax
check and translation into a set of gates. The purpose of this experiment is therefore to subject the
MAC circuits implemented in the previous experiment to this analysis. In this way, the operating
frequency can be obtained and estimated. There is one restriction. The FPGA on which the software
will compile the code is XC7A100TCSG324-1, which is mounted on the Arty-A7 evaluation board.

4. Results

4.1. Experiment 1

The theoretical number of digits that can be encapsulated into short floating point formats using
truncation and rounding can be consulted in Table Table 4. The theoretical were obtained using
formulas (7) and (8). The values of Table Table 4 can be compared with the results obtained from
encoding-decoding process in Table Table 5.

Table 4. Fractional digits that can be encapsulated into proposed short floating point formats.

Format Process Average

fpl6 trunc 3.0103
fpl6 round 3.3113
fpl6-20  trunc 4.2144
fpl6-20  round 4.5154
fpl6-24  trunc 5.4185
fpl6-24  round 5.7196

Table 5. Fractional digits faithful after encoding-decoding process between real number and short
floating point formats.

Format Process Maximun Minimum Average

fpl6 truncate 9 0 3.013153
fpl6 round 9 0 3.288637
fpl6-20  truncate 10 0 4.199776
fp16-20 round 10 0 4.496876
fpl6-24  truncate 12 0 5.397121
fpl6-24 round 12 0 5.721044

It is possible to observe in the Table Table 5 the column "maximun", which represents the
maximum number of fractional digits that remained faithful after the encoding-decoding process. In
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turn, the column "minimum" represents the minimum number of faithful digits. In this case, it is
possible to observe a minimum of zero faithful digits. The most important is the fifth column which
represents an average of faithful digits.

4.2. Experiment 2

After applying the algorithm of the Table Table 2 to the formats fp16, fp16-20 and fp16-24. The
different relative error variances can be seen in the Table Table 6.

Table 6. Variance error coding for floating point formats fp16, fp16-20 and fp16-24.

Theoretical values Statistical value

Data type Error variance Error variance
fpl6 1.5910~7 3.93108
fp16-20 6.2110~10 1.5410~10
fp16-20 2.4310~ 12 6.0010~ 13

4.3. Experiment 3

The results shown in the Table Table 7 correspond to the dot product whose lengths correspond
to an octave distribution in the interval [0,2048]. The three floats tested were fp16, fp16-20, and fp16-24.
Among the results are the calculations with the formula (21) (theoretical results). Also included are the
results obtained with the algorithm shown in Table Table 3 (statistical results).

Table 7. Relative error variances of Q products using data type fp16, fp16-20, fp16-24.

Length  Theoretical relative  Statistical relative

Data type Length

error variance

error variance

fp16 32 5.09 x 107° 252 x 107

64 1.02 x 1075 5.04 x 106

128 2.03 x 107> 1.01 x 1075

256 407 x 107° 2.01 x 107°

512 8.14 x 10°° 4.02 x 107°

1024 1.63 x 1074 8.05 x 10~°

2048 3.26 x 1074 1.62x 1074

fp16-20 32 1.99 x 10-8 9.85 x 1077

64 397 x 1078 1.97 x 10~8

128 7.95 x 10~7 3.94 x 1078

256 1.59 x 1077 7.88 x 1078

512 318 x 1077 1.58 x 1077

1024 6.36 x 1077 3.15 x 10~

2048 1.27 x 1076 6.29 x 1077

16-24 32 7.76 x 10711 3.84 x 10711
fp

64 1.55 x 1010 7.68 x 10711

128 310 x 10710 1.54 x 10~10

256 6.21 x 1010 3.07 x 10710

512 1.24 x 107° 6.14 x 1010

1024 248 x 107 1.23 x 107°

2048 497 x 10~ 2.46 x 1077

4.4. Experiment 4

The graph resulting from the encoding-decoding process between 64-bit floating point and fp16,
fp16-20 and fp16-24 is shown in Figure 5. This graph was obtained by a process of encoding by
truncation. One hundred ordered data were generated in the interval (0, 1| as a domain set for each
encoding process. The result of each encoding process is shown in a particular colour. It can be seen
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from the figure that the deviation decreases as the number of bits used for the fractions increases. In
the case of fp16, the plot shows that the deviation generated by the encoding is not constant. Each of
the short floating-point formats shows similar behaviour. In the lower part of the plot, the deviations
of fp16-24 are so small that they cannot be observed.

Percentage error for fpl6, fp16-20 and fp16-24

— fpl6
— fp20
0.08 A — fp24
<
o
&
£
g 0.06
c
2
®
3
% 0.04 4
o
o
b
c
g
£ 0.02
a.
0.00 A
0.2 0.4 0.6 0.8 1.0

Encoded-decoded values

Figure 5. Plot of calculated deviation after encoding-decoding process between fp64 and the short
floating point formats fp16, fp18, fp16-20 and fp16-24. Truncation was used in these processes. The
range of used values is [0.1,1.0].

It is of special interest to know the average of the percentage deviation of each curve in Figure 5.
These averages are shown in the first three rows of the Table Table 8.

Table 8. Average error calculated after each encoding-decoding process between fp64 and the short
floating point formats pgl6, fp18, fp16-20 and fp16-24.

rounding/truncation  encodig process average error

fp64 — fpl6 0.03590
fp6d — fp16-20 _ 0.00212

Truncation P61 PoIe 20 0.00014
fp64 — fpl6 0.01675
Rounding fp64 — fp16-20  0.00106

fp6d — fp16-24  0.00007

4.5. Experiment 5

The graph resulting from the encoding-decoding process between 64-bit floating point and fp16,
fp16-20 and fp16-24 is shown in Figure 6. This graph was obtained by a process of encoding by
rounding. One hundred ordered data were generated in the interval (0, 1] as a domain set for each
encoding process. The result of each encoding process is shown in a particular colour.

It is of special interest to know the average of the percentage deviation of each curve in Figure 6.
These averages are shown in the last three rows of the Table Table 8.
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Percentage error for fpl6, fp16-20 and fp16-24
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Figure 6. Plot of calculated deviation in percentage after encoding-decoding process between fp64
and the short floating point formats fp16, f{p16-20 and fp16-24. Rounding to nearest was used in these
processes. The range of used values is [0.1, 1.0].

4.6. Experiment 6

The deviations implied by the dot product calculation using the data types fp16, fp16-20, and
fp16-24 can be seen in the Table Table 9. The column "Dot product in fp64" shows the waiting results
calculated with python using 64-bit floating point. The column "MAC-truncate" shows the results
generated by VHDL simulator. For the case for fp16, all operations were performed using internal
registers of 16-bit. For the case of fp16-20, all operations were performed using internal registers of
20-bit and truncating the final result to fix it into a 16-bit register. For the last case of fp16-24, all
operations were performed using internal registers of 24-bit and truncating the final result to fix it into
a 16-bit register. The deviations for each case are showing in column labeled "Relative error (%)". The
Table Table 10 is similar to the previous one but with the difference that rounding was applied instead
of truncation.

Table 9. Deviations calculated after performing the dot product using data types fp16, fp16-20 and
fp16-24. Several dot product lengths have been tested as shown in the table.

Datatype length Dot product in fp64 MAC-truncate
in bits Dec Dec Relative error (%)
fpl6 32 9.8580 9.7813 0.779
64 21.8639 21.6250 1.0925
128 41.8754 40.9688 2.1650
256 86.9919 83.1875 4.3733
512 179.9733 164.7500 8.4586
1024 353.0430 294.2500 16.6532
2048 713.6043 521.5000 26.92029
fp16-20 32 9.8580 9.8438 0.1447
64 21.8639 21.8281 0.1634
128 41.8754 41.7813 0.2247
256 86.9919 86.6250 0.4218
512 179.9733 178.7500 0.6797
1024 353.0430 348.5000 1.2868
2048 713.6043 696.5000 2.3969
fp16-24 32 9.8580 9.8438 0.1447
64 21.8639 21.8438 0.0920
128 41.8754 41.8125 0.1501
256 86.9919 86.8750 0.1344
512 179.9733 179.7500 0.1241
1024 353.0430 352.5000 0.1538

2048 713.6043 712.0000 0.2248
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Table 10. Continuation from Table Table 9. Deviations calculated after performing the dot product
using data types fp16, fp16-20 and fp16-24. Several dot product lengths have been tested as shown in

the table.
Datatype length Dot product in fp64 MAC-round
in bits Dec Dec Relative error (%)
fpl6 32 9.8580 9.7969 0.620
64 21.8639 21.6407 1.0210
128 41.8754 41.0000 2.0904
256 86.9919 83.1875 4.3733
512 179.9733 164.8750 8.3892
1024 353.0430 294.2500 16.6532
2048 713.6043 521.5000 26.92029
fp16-20 32 9.8580 9.8516 0.0654
64 21.8639 21.8438 0.0920
128 41.8754 41.8125 0.1501
256 86.9919 86.6875 0.3500
512 179.9733 178.8750 0.6102
1024 353.0430 348.7500 1.2160
2048 713.6043 697.0000 2.3268
fpl6-24 32 9.8580 9.8516 0.0654
64 21.8639 21.8594 0.0205
128 41.8754 41.8438 0.0755
256 86.9919 86.9375 0.0626
512 179.9733 179.875 0.0546
1024 353.0430 352.75 0.0830
2048 713.6043 7125 0.1548

4.7. Experiment 7

The frequencies calculated by ISE Xilinx for MAC circuits implemented with fp16, fp16-20 and
fp16-24 are reported in Table Table 11. The compiler calculated this frequencies in the first stage of
three. For the second stage an optimizer try to increase the frequency.

Table 11. Frequencies calculated by ISE Xilinx using MAC circuits. Each MAC circuit is implemented
with multiplier and adder circuits, which in turn implement circuits for fp16, fp16-20 and fp16-24. This
results were calculated for XC7A100TCSG324-1 FPGA.

circuits ~ Maximum Frequency calculated

fpl6 110.106 MHz
fp16-20 101.514 MHz
fpl6-24 91.189 MHz

5. Discussion

1. The scripts consulted focus on the essential steps that make up the multiplication and addition
algorithms. In our script we report versions that include the evaluation of the state of the
operands. See the Figure 4. The evaluation of the state and the arithmetic operation in a parallel
process does not increase the latency of the circuit while maintaining a complete circuit.

2. Looking at the results shown in the Table Table 5, the column “maximun” indicates the maximum
number of faithful fractional digits after each encoding-decoding operation. The reader can see
values greater than or equal to nine and this means that some binary representations are highly
accurate. On the other hand, the minimum column indicates that some numbers cannot be
represented by binary coding: The reader must note that both columns, maximum and minimum,
refer only to the fraction of a number.

3. It is necessary to observe the fifth column in Table Table 5 which represents the average of
faithful digits after encoding-decoding process. The values of this column can be approached by
formulations (7) and (8).
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4. From the Table Table 6 it can be seen that the error variance of encoding a real number into a
floating point number is reduced when the number of bits for the fraction is increased. A second
remark can be obtained from the Table Table 6. The theoretical value of the variance error is an
approximation of the value obtained from statistical calculations.

5. From the Table Table 7 it can be seen that the theoretical values are approximations of the
statistically obtained values. It can also be observed that increasing the number of bits used for
the fraction reduces the variance of the relative error.

6. The plot shown in Figure 5 corresponds to the case of encoding from fp64 to short floating point
by truncation. The most observable consequence of encoding numerical data using more bits to
represent the fraction is a decreasing deviation in the representation. This consequence can be
seen as an advantage, but it is necessary to consider that more resources are used for storage and
for arithmetic circuits.

7. The plot shown in Figure 6 corresponds to the case of encoding from fp64 to short floating point
by rounding. It is possible to observe that the shapes of the plots in figures 5 and 6 are different.
Most importantly, the magnitudes reached by the plots in Figure 6 are approximately half the
magnitudes reached in Figure 5. This last observation shows that rounding reduces the coding
€erTor.

Two properties can be observed from Table IX. The first is that increasing the number of bits in
the the fraction reduces the deviation that occurs in the dot product operation. This property is
better observed when the length of the dot product is 2048. The second property is that rounding
the data encoding reduces the deviation. This property is best observed with the fp16-24 data
type. In summary, the better options for encoding are fp16-24 and using rounding.

8. From the Tables 9 and 10 two properties can be observed. The first is that increasing the
number of bits in the fraction reduces the deviation that occurs in the dot product operation.
This property is better observed when the length of the dot product is 2048. The second property
is that rounding the data encoding reduces the deviation. This property is best seen with the
fp16-24 data type. In conclusion, the better options for encoding data are fp16-24 and using
rounding.

9. As can be seen in the Table Table 11. Each bit length increase in the fraction implies a reduction in
the operating frequency of approximately 10MHz. From this table it can be seen that the fp16-20
data type is a compromise between the precision of the fp16-24 type and the low precision of
fp16. With fp16-20 the operating frequency is a little more than 100 MHz.

10. Tables 12 and 13 represent a comparison between the reported floating-point formats fp16,
fp16-20, fp16-24 and the floating-point implementations reported by [9,15]. Each author makes
his own breakdown of floating-point arithmetic operations. As a result, all implementations
can operate in pipeline mode or monoblock mode. The design reported by [9] does not use
any library, so this project is very portable to any platform, including platforms dedicated to
silicon wafer implementation. Our designs use proprietary VHDL arithmetic libraries so they
are portable between different FPGAs. As for the design reported in [15], since it uses special
libraries to operate the circuitry specifically implemented in certain FPGA models, it is the one
with the highest frequency of operation but the least portable.
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Table 12. Frequencies and delays reached by several investigators in theirs experiments with
floating-point implementations on FPGA. The results reached by [9,15] are reported as a comparison to
understand what is the situation of the implementations reported in this article.

Format monoblock  Monoblock
delay frequency
(ns) (MHz)
sunesh fp32 [9] 20.04 40
fpl6 9.08 110
fp16-20 9.85 101
fpl6-24 10.87 91
rao fp16 [15] 8.82 113

Table 13. Continuation of Table Table 12. Frequencies and delays reached by several investigators in
theirs experiments with floating-point implementations on FPGA. The results reached by [9,15] are
reported as a comparison to understand what is the situation of the implementations reported in this

article.
Format Number Maximum Maximum frequency Hardware
of delay per in pipeline (FPGA)
stages stages (ns) mode (MHz)

sunesh fp32 [9] 4 7.92 126 XC3S500-4FG320
fpl6 6 1.51 660 XC7A100T-CSG324-1
fp16-20 6 1.64 609 XC7A100T-CSG324-1
fpl6-24 6 1.83 547 XC7A100T-CSG324-1

rao fp16 [15] 7 1.26 793 XC2S50E-FT256-6

6. Conclusions

In summary, this document has shown that the use of circuits that support the fp16 data type
without trailing bits provides the greatest deviation in the expected results of MAC operations. The
data type and consequently the circuits that imply greater precision among the formats developed is
fp16-24, but it also implies greater consumption of resources and therefore greater latency. The fp16-20
data type and its circuits are a compromise between resource consumption, precision and frequency of
operation.

Application programmers can observe the relative encoding/decoding errors of numeric data
shown in Figure 6 and use this graph as a visual cue to choose between the fp16-20 and fp16-24 formats.
The Table Table 8 can be more illustrative since the shown values are the average deviation of each
data type shown the aforementioned figure.

The results presented in the Table Table 7 are a clear demonstration of the validity of the formulas
developed to calculate the variance of the quantization error after Q products. The results in the table
are presented in scientific notation and although the fractions are not identical, the exponents are very
similar.

In the case of the fp16-20 and fp16-24 data formats, the result of the MAC operations must be
encoded back to fp16. So there are two possibilities. The encoding by truncation and the encoding
by rounding. It is necessary to consider that the encoding process was not applied immediately after
the multiplication, but the encoding to fp16 process was applied after the completion of all the MAC
operations. The purpose of this was to take advantage of the additional trailing bits that preserve
fractional information. Tables 9 and 10 show that the relative error for rounding is smaller than the
relative error for truncation. The benefits include a reduction in the number of operations performed,
a reduction in latency and an increase in operating frequency.

Finally, the latest models of FPGA include several additions to make them more attractive to the
customer. One of the additions includes arithmetic circuitry that allow to reduce the lines of code at
the time they offer high operating frequencies. Unfortunately, while the circuitry is more advanced,
the portability is less.
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Abbreviations

The following abbreviations are used in this manuscript:

FPGA Filed Programmable Gate Array

GPU Graphic Processor Unit
SFP Short Floating Point: entail data types less than 32-bit
fpl6 16-bit Floating point

fp16-20  20-bit Floating point data type directly compatible with fp16
fpl6-24  24-bit Floating point data type directly compatible with fp16
bfloatl6  Data type format which is an intellectual property of Google.
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