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Abstract: Recently, federated learning (FL) has been receiving great attention as an effective machine

learning method to avoid the security issue in raw data collection as well as to distribute the

computing load to edge devices. However, even though wireless communications is a essential part

for implementing FL in edge networks, there have been a few works that analyze the effect of wireless

networks on FL. In this paper, we investigate FL in small-cell networks where multiple base stations

(BSs) and users are located according to homogeneous Poisson point process (PPP) with different

densities. We comprehensively analyze the effects of geographic node deployment on the model

aggregation in FL on the basis of stochastic geometry-based analysis. We derive the closed-form

expressions of coverage probability with tractable approximations and discuss the minimum required

BS density for achieving a target model aggregation rate in small-cell networks. Our analysis and

simulation results provide insightful information for understanding the behaviors of FL in small-cell

networks, and it can be exploited as a guideline for designing the network facilitating the wireless FL.

Keywords: federated learning; small-cell networks; stochastic geometry; base station density; Poisson

point process

1. Introduction

Recent advances in the sensing and computation capabilities of mobile devices make it possible for

end-users to generate various types of data and exploit this for autonomous and intelligent services [1].

As an essential building for embedding artificial intelligence (AI) into the services, we can consider

machine learning (ML) which builds a mathematical model based on training data to make predictions

or decisions without human intervention [2].

The traditional ML technologies depend on the prerequisite that the private data on edge

devices should be collected at a central parameter server for training the model. However, this

centralized approach has to bear the risk of personal data exposure and can violate the privacy

regulations that become progressively more stringent over time [3]. This also leads to immense

communication overheads of data transmissions, causing intolerable latency and communication

resource inefficiency [4].

To deal with the limitations of the traditional centralized ML, federated learning (FL) has emerged.

FL adopts a distributed training approach where each edge device trains a common model with its own

local data samples in a distributed manner and forwards the locally trained model to the parameter

server for subsequent operations [5]. Accordingly, by decoupling model training from the necessity

of private data collection, FL mechanism enables users to exploit ML model trained with enormous

data without compromising severe user security and privacy threats as well as communication costs,

making this setting relevant for numerous wireless applications [6].

For fulfilling stringent performance requirements, the wireless communication networks have

been evolved in a complicated manner. Especially, the emergence of small-cell networks made it
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harder to optimize the network performance with the inter-cell interference [4]. This makes FL in

small-cell networks not well understood and triggers challenges for FL implementations in cellular

settings [6]. Many previous studies propose methods to address the challenges of FL performance in

wireless communications.

Amongst the primary challenges, communication efficiency is a critical training bottleneck due

to updates’ high dimensionality, massive quantities of devices, or unreliability of devices’ network

conditions. To alleviate this issue, importance-based updating schemes have been studied in [7,8].

The edge stochastic gradient descent (eSGD) algorithm in [7] assigns only a fraction of the gradients

for the model update based on the loss values at two successive training iterations, which helps to

save a significant fraction of communication resources. In [8], communication-mitigated federated

learning (CMFL) algorithm has been proposed to compare a participant’s local update with the global

value to evaluate the update’s relevance, and the irrelevant updates are eliminated to improve the

accuracy. To reduce the reporting data size, the local update compression has been considered in [9,10].

With parameter pruning, trained quantization, and Huffman coding, it has been shown that the the

size of well-known model can be significantly reduced without loss of accuracy [9]. In addition to

reducing model size with compression, federated dropout, which allows users to train only a subset

of model, has been proposed to not only improve the communication efficiency but also reduce the

local computation.

On the one hand, over-the-air computation (AirComp) has received attention as an alternative

approach for communication efficient FL by leveraging the superposition property of multiple access

channel. Specifically, if multiple devices transmit their analog modulated local update signals over

the same communication resource, the fusion center (FC) can obtain the averaged local updates

from its received signal without additional computation at FC. When the number of participating

devices is large, the AirComp-based FL has been shown to outperform the traditional digital

communication-based FL in terms of the channel users necessary for the model convergence [11–13].

Although there have been several works to address challenges of federated learning in wireless

networks, FL over cellular network with multiple base stations (BSs) and devices have not yet been

investigated by taking account into the geographic deployment. The effect of geographic deployment

of BSs and users can be well described on the basis of stochastic geometry-based analysis with the

assumption of Poisson point process (PPP) [14,15]. Although the conventional work on stochastic

geometry-based cellular network analysis has provided meaningful information for understanding

cellular networks by providing the closed-form solutions, the most analysis results cannot directly

apply to FL scenarios due to some assumptions for general cellular communication. For example, they

have assumed each BS serves only one user with a given resource block at a time, and there is at least

one user within a Voronoi cell. To the best of our knowledge, no work has investigated communication

scheme for FL with multi-user association in cellular networks consisting of multiple BSs and users.

In this paper, we the investigate multi-user association-based model aggregation for FL in

small-cell cellular networks. Based on stochastic geometry-based analysis, we derive the closed-form

expressions of coverage probability with tractable approximations. With the closed-form expressions,

we derive the minimum required BS density for achieving a target model aggregation rate by using

two-step iterative method. Simulation results validate that the coverage probability expressions

obtained with stochastic geometry-based analysis well describes the actual coverage probability.

Furthermore, simulation results show the effects of system parameters on the optimized transmission

rate and BS density for achieving the target model aggregation performance. Our analysis and

simulation results provide insightful information for understanding the FL over small-cell networks,

and it can be exploited as a guideline for designing the network facilitating the wireless FL.
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With the aforementioned motivations, we summarize the contributions of this paper as below:

1. To the best of our knowledge, this is an initial work that takes the geometry of wireless

communication network into account in analyzing FL performance.
2. Based on the stochastic geometry framework, we derive the closed-form expressions of the

approximated coverage probability for some special cases in small-cell networks where each

base station is capable of receiving updates from multiple associated devices with the orthogonal

spectrum allocation.
3. With the closed-form expressions, we propose an iterative algorithm to optimize communication

parameters for achieving a target model aggregation rate.
4. Simulation results provide insightful information for understanding the behaviors of FL in

small-cell networks, and give a guideline for designing the network facilitating the wireless FL.

The remaining sections in this paper are organized as follows. Section 2 describes the system

model and discusses the key network parameters of small-cell network, and formulates optimization

problems for two different FL scenarios. Section 3 derives the closed-form expressions of coverage

probability in small-cell networks. Based on the coverage expressions, we derive solutions to the

optimization problems with the iterative method in section 4. Section 5 validate analysis results

through extensive simulations. Finally, section 6 concludes the paper.

2. System Model

We consider FL in small-cell networks where FC updates global model by combining the locally

updated models delivered from users through BSs to FC. The links between BSs and FC are assumed

to have infinite capacity with their wired backhaul connections. BSs and users are assumed to be

located in the Euclidean plane according to homogeneous PPPs ΦBS with density λBS and ΦUE with

density λUE, respectively. This assumption makes the network performance analysis significantly

more tractable than the traditional grid-based analysis without causing significant error in the network

performance [15]. Each user is assumed to be associated with its nearest BS, so that each BS associates

with all users located in its Voronoi cell. An example of BS and user deployments are illustrated in

Figure 1.

Figure 1. Deployments of BSs and users in the area 20×20 [km2].
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The procedures of FL in small-cell networks can be summarized as follows.

1. In the beginning of update round t, FC broadcasts the parameters of global model, w(t) ∈ R
D, to

the distributed users via BSs. Since BSs deliver the same signal w(t), all users are assumed to

successfully receive w(t) without the interference.
2. Each user updates the model parameters on the basis of its local dataset and transmits its

local update model to the associated BS. If there are Ki users associated with BS i ∈ ΦBS, each

associated user transmits its local update model with the bandwidth B
Ki

, where B denotes total

bandwidth.
3. Each BS averages out the local updates received from its associated users and forwards it to FC.
4. FC updates the global model by combining the parameters aggregated from BSs. Then, proceed

to update round t + 1 by starting from step 1 if the convergence condition is not satisfied.

Since the local update report from user to its associated BS suffers from the inter-cell interference

and limited communication resources, the step 2 can easily become bottleneck of FL in small-cell

networks. For this reason, we focus on the step 2 to facilitate FL in small-cell networks.

According to Slivnyak’s theorem [16], all analysis is conducted for a typical BS located at the

origin o ∈ ΦBS. The received signal of the typical BS can be represented as

yo = hjr
−α/2
j xj + ∑

j′∈Φo,inf

hj′r
−α/2
j′ xj′ + w, (1)

where the index j represents one of users associated with the typical BS, hi ∼ CN (0, 1) denotes

Rayleigh block fading channel gain of user i, ri denotes link distance between user i and the typical BS,

α denotes path-loss exponent, xi denotes the transmit signal of user i, w ∼ CN (0, σ2) denotes additive

noise. All users are assumed to transmit their update with a constant power P. The set Φo,inf consists

of the other cell users interfering with the signal reception of the BS. The channel state information

(CSI) hj is assumed to be available only at the BS.

By treating interference as additive noise, the received signal-to-noise-plus-interference (SINR) of

a user can be represented as

γ =
|hj|2r−α

j P

∑j′∈Φo ,inf |hj′ |2r−α
j′ P + σ2

=
gjr
−α
j

∑j′∈Φo ,inf gj′r
−α
j′ + σ2

, (2)

where gi = |hi|2P follows an exponential distribution with mean P. For the transmission rate u, the

conditional coverage probability given k > 0 users within Voronoi cell is defined as

pc(k) = Pr

[

B

K
log2(1 + γ) ≥ u

∣

∣

∣
K = k

]

= Pr
[

γ ≥ 2
uK
B − 1

∣

∣

∣
K = k

]

= Pr[γ ≥ T(K)|K = k] , (3)

where T(K) = 2
uK
B − 1 denotes a SINR threshold for successful signal reception. Accordingly, for a

unit area of model aggregation, the expected number of aggregated bits of locally trained models in a

single transmission interval can be represented as

Q = uλUE

∞

∑
k=1

Pr[K = k] pc(k)

= uλUEPc, (4)
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where Pc , ∑
∞
k=1 Pr[K = k] pc(k) denotes the coverage probability. Since the time and

communication resources for model aggregation decrease with Q, it is required to improve Q for the

communication-efficient FL. Based on this understanding, we consider the following optimization

problems in two different scenarios.

In the first scenario, for given node densities λBS and λUE, we optimize the transmission rate u to

maximize the model aggregation rate Q. Then, the problem is formulated as

maximize
u

Q. (P1)

In the second scenario, we optimize λBS as well as u to find the minimum required BS deployment

for achieving a target aggregation rate Qtarget. Then, the problem can be formulated as

minimize
λBS, u

λBS (P2)

subject to Q ≥ Qtarget.

3. Performance Analysis and Proposed Algorithm

In PPP, the number of users in typical Voronoi cell, K, is dependent on the Voronoi cell size. For

given cell size A = a, the number of users K follows Poisson distribution with mean aλUE. Accordingly,

the probability mass function (PMF) of K can be expanded as

Pr[K = k] =
∫ ∞

0
Pr[K = k|A = a] · fA(a) da

=
∫ ∞

0

(λUEa)k

k!
e−λUEa · cc

Γ(c)
λc

BSac−1e−cλBSa da, (5)

where Γ(·) denotes Gamma function, fA(a) = cc

Γ(c)
λc

BSac−1e−cλBSa denotes the probability density

function (PDF) of typical Voronoi cell size [17], and c = 3.5 is a constant.

Pr[K = k] =
cc

Γ(c)

λk
UEλc

BS

k!

∫ ∞

0
ak+c−1e−(λUE+cλBS)a da

=
cc

Γ(c)

λk
UEλc

BS

k!

Γ(k + c)

(λUE + cλBS)k+c

=
cc

Γ(c)

(λBS/λUE)
c

k!

Γ(k + c)

(1 + cλBS/λUE)k+c

=
cc

Γ(c)

rc
λ

k!

Γ(k + c)

(1 + crλ)k+c

=

(

crλ
1+crλ

)c

Γ(c)

Γ(k + c)

k!(1 + crλ)k
, (6)

where rλ = λBS
λUE

. The number of users in the typical Voronoi cell dependent on the ratio between BS

and user densities.

3.1. Coverage Probability

In our uplink system model, the conditional coverage probability can be obtained by modifying

the coverage probability expression of the downlink system considered in [15]. The downlink system

in [15] has assumed there is at least one user in every Voronoi cell, and therefore all BSs are active

λBS = λact. However, such assumption is valid only when the ratio rλ is very low. To derive general
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expression that is applicable to various BS/user deployments, we relax the low rλ assumption and

introduce the active BS density to the coverage probability expression. Furthermore, since our system

model assumes each BS serves all its associated users with equal-bandwidth allocation contrary to the

downlink system in [15], the SINR threshold becomes a function of random variable K in the coverage

probability expression. By additionally taking into account the active BS density and random SINR

threshold, the conditional coverage probability (3) can be represented as the following lemma.

Lemma 1 (Conditional coverage probability). For given transmission rate u and K = k, the conditional

coverage probability (3) can be computed as

pc(k) = πλBS

∫ ∞

0
e−π(λBS+λactρ(k))v− 1

P T(k)σ2vα/2
dv, (7)

where

ρ(k) = T(k)2/α
∫ ∞

T(k)−2/α

1

1 + tα/2
dt, (8)

and λact denotes the density of active BS that contains at least one user in its Voronoi cell.

Based on the independence between BS and user deployments, the deployment of active BS

follows PPP with the density

λact = λBS Pr[K 6= 0]

= λBS

(

1−
(

crλ

1 + crλ

)c)

. (9)

Then, based on (6) and (7), the coverage probability can be represented as

Pc =
∞

∑
k=1

pc(k)Pr[K = k]

=
π(λBS − λact)

Γ(c)

∞

∑
k=1

Γ(k + c)

k!(1 + crλ)k
J(k), (10)

where J(k) =
∫ ∞

0 e−π(λBS+λactρ(k))v− 1
P T(k)σ2vα/2

dv.

3.2. Coverage Probability in High SNR Regime

In a high SNR regime with a large P, the effect of additive noise becomes negligible compared to

the inter-cell interference. Accordingly, the conditional coverage probability (7) simplifies to

pc(k) = πλBS

∫ ∞

0
e−π(λBS+λactρ(k))vdv

= πλBS
1

π(λBS + λactρ(k))

=
1

1 + Pr[K 6= 0]ρ(k)
. (11)

Then, the coverage probability (10) can be reduced to

Pc =
Pr[K = 0]

Γ(c)

∞

∑
k=1

Γ(k + c)

k!(1 + crλ)k

1

1 + Pr[K 6= 0]ρ(k)
. (12)
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Remark. In a high SNR regime,

• The coverage probability (12) is dependent on the densities of BSs and users since the probabilities

Pr[K = 0] and Pr[K 6= 0] are functions of rλ. This observation is different with the coverage probability

expression presented in [15].
• The conditional coverage probability is an decreasing function of the user density λUE for given K = k

and λBS, and it is bounded below by

pc(k) ≥ lim
rλ→0

pc(k)

=
1

1 + ρ(k)
. (13)

Special Case: α = 4

For a path-loss exponent α = 4, the Equation (8) simplifies to

ρ(k) =
√

T(k)
∫ ∞

√
T(k)

−1

1

1 + t2
dt

=
√

T(k) arctan

(

√

T(k)

)

. (14)

Then, the coverage probability (12) reduces to

Pc =
Pr[K = 0]

Γ(c)

∞

∑
k=1

Γ(k + c)

k!(1 + crλ)k

× 1

1 + Pr[K 6= 0]
√

T(k) arctan
(

√

T(k)
) . (15)

Even though the coverage probability is simplified with the assumption α = 4, its expression (15)

is still complicated to handle. Hence, instead of computing exact coverage probability Pc by taking

expectation of pc(k) over the random variable K, we propose to use its approximation pc(E[K]). This

approximation will be validated later in the simulation results in Section 5.

The expected number of users in a Voronoi cell can be obtained by

E[K] = λUES(1, 1)E[A]

= λUE

∫ ∞

0
a fA(a) da

=
λUE

λBS
=

1

rλ
, (16)

where S(n, k) denotes Stirling number of the second kind. Eventually, for high SNR and α = 4, the

approximated coverage probability is represented by

Pc ≈ pc (E[K])

=
1

1 +
(

1−
(

crλ
1+crλ

)c)√
2u/Brλ − 1 arctan

(√
2u/Brλ − 1

) . (17)
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4. Transmission Rate and BS Density Optimization

In the first scenario, the optimization problem P1 is equivalent to the problem maximizing the

throughput uPc with respect to the transmission rate u. Accordingly, in high SNR regime with α = 4,

based on (17), the optimization problem can be re-written by

maximize
u

f (u, λBS), (P1-1)

where

f (u, λBS)

,
u

1+
(

1−
(

cλBS
λUE+cλBS

)c)
√

2
uλUE
BλBS −1 arctan

(

√

2
uλUE
BλBS −1

)

. (18)

Experimentally, the objective f (u, λBS) is a continuous bell-shaped function with respect to the

transmission rate u. Based on this observation, we can see that the solution of the problem P1-1

satisfies the condition as follows

∂

∂u
f (u†, λBS) =

1

u
f (u, λBS)

(

1− f (u, λBS)

×
(

CD log 2− 2Dx−1 arctan
(√

2Dx − 1
)

√
2Dx − 1

+
1

2
CD log 2

))

= 0, (19)

where C , 1−
(

cλBS
λUE+cλBS

)

and D ,
λUE
BλBS

. Then, to find the solution u† that satisfies the condition (19),

we can apply the bisection method. Based on Algorithm 1, the solution of the problem P1-1 is obtained

as

u† = BISECTION ( f1(u), umin, umax, 0, ǫ1) , (20)

where f1(u) = ∂
∂u f (u, λBS), ǫ1 > 0 denotes an arbitrary small constant, umin and umax denote the

minimum and maximum values of transmission rate, respectively.

Algorithm 1 Bisection Method

1: function BISECTION( f , xlow, xhigh, s, ǫ)

2: while xhigh − xlow > ǫ do

3: xtemp ←
(

xlow + xhigh

)

/2

4: if ( f (xlow)− s)
(

f
(

xtemp

)

− s
)

< 0 then

5: xhigh ← xtemp

6: else

7: xlow ← xtemp

8: end if

9: end while

10: return xtemp

11: end function

In the second scenario, we adopt two-step iterative method to solve the joint optimization problem

P2. According to (18), for given transmission rate u, the model aggregation rate Q is a monotonic
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increasing function of the BS density λBS. Hence, the minimum required BS density λ†
BS for a given u

satisfies the constraint with the equality

λUE f
(

u, λ†
BS

)

= Qtarget. (21)

Based on (21), the density λ†
BS can be obtained by

λ†
BS = BISECTION

(

f2(λBS), λBS,min, λBS,max, Qtarget/λUE, ǫ2

)

, (22)

where f2(λBS) is equivalent to the function f (u, λBS) with a fixed value of u, ǫ2 > 0 denotes an

arbitrary small constant, λBS,min and λBS,max denote the minimum and maximum values of the BS

density, respectively. Eventually, the solution of the problem P2 can be obtained by alternately solving

the Equations (19) and (21) with Algorithm 1. The process of solving the problem P2 is summarized by

Algorithm 2.

Algorithm 2 Two-Step Iterative Method

1: Initialize umin, umax, λBS,min, λBS,max

2: Initialize ǫ1, ǫ2

3: Initialize unew ← umax

4: Initialize λBS,new ← λBS,max

5: repeat

6: utemp ← unew

7: λBS,temp ← λBS,new

8: Set f1(u) =
∂

∂u f (u, λBS,temp)
9: unew ← BISECTION( f1(u), umin, umax, 0, ǫ1)

10: Set f2(λBS) = f (unew, λBS)
11: λnew ← BISECTION( f2(λBS), λBS,min, λBS,max,

Qtarget

λUE
, ǫ2)

12: until
∣

∣unew − utemp

∣

∣ < ǫ1 and
∣

∣λBS,new − λBS,temp

∣

∣ < ǫ2

13: return λBS,new, unew

5. Simulation Results

In this section, we validate the analysis results on the coverage probability and show the behavior

and performance of the proposed algorithm through numerical simulations. All simulation results

are obtained with Monte Carlo method by taking average of the results from 2,000 independent

deployments in the area 20 × 20 [km2] and 10,000 independent channel realizations for each

deployment. Unless otherwise stated, the simulation environment follows the simulation parameters

in Table 1.

Table 1. Simulation Parameters.

Symbol Description Value [unit]

α Path-loss exponent 4
B Bandwidth 20 [MHz]

λUE User density 50 [users/km2]
u Transmission rate 10 [Mbps]
P Transmit power 20 [dBm]
σ2 Additive noise power −104 [dBm]

Figure 2 shows the coverage probabilities obtained from Monte Carlo simulation and our

performance analysis. It is shown that the expressions on the coverage probability (15) and (17)

well characterizes the actual coverage probability. In particular, the approximation on the number of
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in-cell users (17) does not introduce significant error on the coverage probability, and such analysis

error becomes negligibly small when λBS ≪ λUE. Furthermore, it is confirmed that the coverage

probability is a monotonic increasing function of the BS density λBS and a monotonic decreasing

function of the transmission rate u.

Figure 2. Coverage probability with respect to λBS.

Figure 3 shows the optimized transmission rates obtained from Monte Carlo simulation and the

proposed method (20). It is shown that the optimized transmission rate is a monotonic increasing

function of the BS density. Even though there is some error in the analysis result, it is shown to

well characterize the effect of BS density on the optimized transmission rate. Furthermore, similar to

Figure 2, the analysis error is shown to be negligible when the BS density is low.

Figure 3. Optimized transmission rate of the problem P1 for various BS density.
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Based on the validations on our analysis, Figure 4 shows the results of Algorithm 2 for the joint

optimization problem P2 in the second scenario. It is shown that both transmission rate and BS density

increase with the performance requirement Qtarget grows. In addition, if the inter-cell interference

becomes severe with the growth in user density, the transmission rate and BS density are shown to be

changed so as to increase the coverage probability. It is interesting to note the optimized BS density is

nearly saturated at a high user density even though the transmission rate monotonically decreases

with the user density. From this observation, we can see that the increase in users is mainly dealt with

the transmission rate control.

(a)

(b)

Figure 4. Solution of joint optimization problem P2 for various user densities. (a) Optimized

transmission rate. (b) Optimized BS density.
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6. Conclusions

In this paper, we have investigated the wireless model aggregation for FL in small-cell networks

where BSs cooperatively aggregate the locally trained model of the edge users. Based on stochastic

geometry, we have analyzed the effects of geographic node deployment on the coverage probability and

the model aggregation rate. With the approximation on the number of in-cell users of a typical Voronoi

cell, we have derived a tractable closed form of the coverage probability in the interference-limited

environment. Based on the derived expression, we have proposed two algorithms for maximizing

the model aggregation rate and finding the minimum required BS density for achieving the target

aggregation rate. The simulation results have confirmed that our analysis result well characterizes

the actual performance obtained with Monte Carlo method and the analysis error become negligible

when the density ratio rλ is low. Furthermore, our discussions on the minimum required BS density

provides insightful information for understanding the model aggregation in small-cell networks, and

it can be exploited as a guideline for designing the network facilitating the wireless FL.
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