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Article 
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Matching 
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2 Institute of Aerospace Technology, Central South University, Changsha, China 
* Correspondence: dongjing@csu.edu.cn 

Abstract: To handle the problem of solving the results of aircraft’s visual navigation with scene 
matching, this paper take the measure of the spherical EPnP positioning posture solving by 
measuring the central angle threshold value and approaches for constructing a measuring model. 
The detailed steps are as follows: firstly, this approach needs to construct a positioning coordinate 
model for the earth surface, makes sure the expression for the 3-dimensional coordinate of the earth 
surface and solves the positioning of constructing data model with EPnP positioning posture 
solving algorithm. Secondly, by contrasting and analyzing the positioning posture value of 
approximate plane coordinates, the critical value is acquired, which can be recognized as plane 
calculation. Lastly, this method should construct a theoretical model of measurement for the visual 
height and central angle with the decided central angle threshold value. The simulation experiment 
shows that the average positioning precision of taking the spherical coordinates as input is 16.42 
percent way higher than taking the plane coordinates as input. When the central angle is less than 
0.05 degrees and the surface district is less than 5585 square meters, the positioning precision of the 
plane coordinates is pretty much equal to the spherical coordinates. At this moment, the sphere can 
be seen as flat. The conclusion of this essay can theoretically guide the further study of positioning 
posture solving of the scene matching, which is also of vital significance for theory research and 
engineering application. 

Keywords: scene matching; EPnP; vision navigation; positioning solution; measurement models 
 

1. Introduction 

Positioning is one of the very most important parts of aircraft to perform a task. Currently, the 
navigation system for aircraft mainly includes satellite navigation, satellite, inertia combined 
navigation, and visual navigation. However, even if a satellite navigation system can provide 
successive position information thereby realizing high precision and stable navigation, it is easy to 
be disturbed and deceived by anti-satellite equipment thus deciding the wrong position information. 
Additionally, when the satellite navigation system was affected by some disturbing signals, the 
navigation precision will deteriorate dramatically just in a very short period thus giving rise to error. 
As for the inertia and satellite combined navigation system, its navigation precision is mainly decided 
by the precision of inertial navigation. When there are high precision inertial navigation equipment 
and stable satellite signals, it can help the aircraft realize stable positioning. On top of that is visual 
navigation, which has the nature of low accumulative errors and a strong ability of anti-interference. 
Now visual navigation is widely used in the sphere of terminal guidance. To improve the stability of 
the navigation system and safety, simultaneously lowering the cost of navigation equipment, visual 
navigation will be predominant. 
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Visual navigation mainly can be classified into two categories, including SLAM (Simultaneous 
Localization and Mapping) based on images of sequence and scene matching based on a single image. 
For the visual SLAM, it can establish a visual speedometer by acquiring the positioning posture 
transformation matrix of successive images and calculating successive positioning posture 
information. However, accumulative errors can always exist and simultaneously, the visual SLAM 
always needs abundant characteristic points to match, which can be hard to achieve for high-altitude 
flight. Scene matching with the nature of no accumulative errors and high stability, which is usually 
applied in the navigation of high-altitude flights, is an important approach for aircraft navigation. 
The process of scene matching is as follows. Image matching figures out the absolute positioning 
information of the datum mark on the surface and inversely solves the positioning posture through 
the algorithm of positioning posture solving. The precision of scene matching is not only determined 
by image matching but the algorithm also plays a very important part. 

PnP (Perspective-n-Point) algorithm is currently one of the most widely used positioning 
posture solving algorithms with the feature of wonderful solving stability and calculating efficiency. 
Common PnP algorithms mainly include P3P (Perspective-3-Point), EPnP, DLT (Direct Linear 
Transform), UPnP, and so on, which can be used in different situations. Among all the PnP 
algorithms, P3P is hard to be applied in the SLAM algorithm because of the difficulty of acquiring 
the exclusive solution for it and the requirement of many pairs of characteristic points to calculate 
accurate results after optimization. For the DLT and UPnP algorithm, at least six pairs of matching 
pairs are required to match and are very strict in their quality so it is hard to be used in multi-modal 
image matching algorithm with noisy pictures. However, EPnP not only just needs 4 pairs of right 
image matching pairs to realize positioning posture solving but it can also acquire the exclusive 
solution, thereby it is suitable for positioning posture solving based on aircraft positioning. 

Image matching of aircraft always uses monocular vision, which can be hard to acquire 
profound information, consequently, during the normal processing, pictures collected always are 
recognized as planes and the absolute coordinates acquired always are the points within the plane. 
Additionally, errors may occur if this paper take the real-time pictures as a plane to solve the 
positioning posture. ∆H is the error, shown in the following Figure 1. 
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Figure 1. PNP surface error model. 

As is shown in Figure 1, during image matching, errors will occur because approximating the 
sphere as surface, which can lower the precision of positioning posture solving. Therefore, it is 
necessary to figure out the threshold value of the central angle to estimate the ideal errors of a plane 
to replace the sphere surface and the transmission law. To conquer this problem, this paper have put 
forward an approach for spherical EPnP positioning posture solving by measuring the central angle 
threshold value for scene matching of aircraft. Based on the above approach, this paper can construct 
theoretical models for the flying height and camera field angles. In this essay, it is named EarM_EPnP 
method, and the innovations for the EarM_EPnP method mainly are as follows： 
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1. This paper have put forward aircraft’s positioning posture solving with analogous three-
dimensional data as input, which can effectively improve the positioning precision of flat 
coordinates solving with the EPnP algorithm. 

2. It makes sure the critical value of central angle for plane replaced three-dimensional solving of 
scene matching on earth and it provides theoretical support for further study of positioning 
posture solving of scene matching. 

3. This paper can acquire the parameters of the camera, critical angle, and the inherent relationship 
among field angles thus getting the corresponding function and providing measuring principles 
for following relevant research. 

This essay mainly includes four parts. The first part is the introduction, which has introduced 
the research status quo of positioning posture solving for scene matching. The second part is the 
special approaches this essay has put forward. Additionally, the third part is for experiment and 
discussion and the last part is about the conclusion. 

2. EarM_EPnP 

The flow chart of EarM_EPnP is as follows. 

Spherical coordinate 
system construction,
and get spherical 3D 

coordinates

Using the EPNP method to 
solve the pose, the EPNP 
method solution in the 

spherical coordinate system 
is obtained.

Solving the Threshold 
Value of Earth's Central 

Angle in Spherical 
Coordinate System

The theoretical model between the 
flight height H and the camera's 

field of view angle θ is constructed 
by combining the central angle 

threshold
 

Figure 2. Flow chart of EarM_EPnP. 

The detailed steps of the above picture are described below. 

1. Setting up the spherical coordinates system and getting the spherical coordinates.  
2. Solving spherical coordinates based on EPnP and acquiring the results of solving positioning 

posture. 
3. Integrating with the results of EPnP solving and taking GPS precision as a datum to decide the 

central angle of the earth. 
4. Construction of theoretical models for the height of the Aerial photography, the central angle, 

and the field angle. 

2.1. Construction of spherical coordinates 

In this essay, this paper take the east, west, and celestial coordinates system. As it is shown in 
Figure 1, data acquisition is always carried out using direct and downward vision for the monocular 
vision of aircraft. However, because monocular vision is incapable of acquiring profound 
information, the collected datum mark coordinates can approximate ( ), ,X Y R . Nevertheless, the 

coordinates on the earth's surface should be ( ), ,X Y Z . The function of X, Y, and Z is like, 

2 2 2 2X +Y +Z = R  (1)

So, 

2 2 2Z = R - X -Y  (2)

R is the radius of the earth. According to the expression of the spherical coordinates system, the 

datum mark coordinates of the earth's surface can be like ( )2 2 2X,Y, R - X -Y . For the 

convenience of calculating and expressing the relationship of erroneous angles, this paper take polar 
coordinates, so spherical coordinates are: 
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sin cos
sin sin
cos

X = R θ φ
Y = R θ φ
Z = R θ

× ×


× ×
 ×

 (3)

θ  is the angle with the X axis. ϕ  is the angle with the Z axis. Considering the independence 

between θ  and ϕ , so this paper set them at the same angle. 

2.2. EPnP positioning posture solving for spherical coordinates 

In this essay, this paper take the approaches mentioned in document [10] to solve positioning 
posture. 

tranf  approximate positioning posture solution of plane coordinates system. 
-Ear EPNPf  is 

the positioning posture solution of spherical coordinates system. EPnP positioning posture solution 
of the stated two coordinates is like: 

( ), ,tran EPNP n nf f X Y R=  (4)

2 2 2
-Ear EPNP EPNP n n n nf = f (X ,Y , R - X -Y )  (5)

n nX ,Y respectively represents abscissa and ordinate. The n is about the natural number and 

(X , Y , Z )n n n
 is a noncoplanar coordinate point. 

2.3. Threshold value of central angle 

This method can acquire stimulative input through spherical models. Additionally, combining 

with the equation (3), this paper can have ( ), ,s s sX Y Z  which represents spherical input 

coordinates. The construction of plane coordinates only needs to change Z into R, thereby acquiring 

plane input coordinates ( ), ,f f fX Y Z , which have something to do with the input variable angle-

Angle. This paper did the stimulative experiments under ideal circumstances. 

( ), ,point f Angle A Rt=  (6)

Equation (6) has described the generation of analog input point pair data by combining angle, 
internal reference matrix, rotation, and translation with the sphere model. Angle start a= + Δ , 

setting the initial angle start and the variable aΔ  to realize even point selection on the spherical 
surface. 

0

0

0
0
0 0 1

x

y

f u

A f v

 
 

=  
 
 

 (7)

Equation (7) describes the internal reference matrix. In the process of calculating the point set, 

all the calculating steps are the same except ( ), ,f f fX Y Z  and ( ), ,s s sX Y Z . What’s more, this 

paper just need to take spherical input as an example to explain plane replaced sphere input. The 

coordinates of the earth's surface points are expressed ( )' , ,s s sA X Y Z  with analog input. 

So, 

'
s

s

s

X = R sinθ cosφ
A Y = R sinθ sinφ

Z = R cosθ

× ×


= × ×
 ×

 (8)
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_

0

0

sin cos cos
' sin sin cos

cos
Img h

x

S

y

R f R u

X A A R f R v

R

θ ϕ θ

θ ϕ θ

θ

 × + ×
 

= × = × + × 
  

 (9)

Equation (9) describes the preparation for generating two-dimensional image coordinates by 
multiplying the coordinates of the earth’s surface points and the internal reference matrix. 

[ ]

0

0

sin cos cos
cos,

sin sin cos
cos

Img

x

S

y

R f R u

R
u v X

R f R v

R

θ ϕ θ

θ
θ ϕ θ

θ

× + × 
 
 = =

× + × 
  

 (10)

This paper can get two-dimensional coordinates (u, v) by formula (9)’s X-direction coordinates 
divide its Z-direction coordinates and Y-direction coordinates divide the Z-direction coordinates. 

( )2 _ Img
1

d h

T
S SX X =   

 (11)

Equation(11) adds one dimension to the 2D point coordinates of the image, which can facilitate 
the subsequent EPnP solution. Additionally, this paper need to obtain the 3D coordinates of the 
global coordinates system. The dates observed are not within the camera the coordinates system. 
What’s more, this paper have to focus on the world’s system centroid, while assuming that the data 
is rotated to the camera coordinate system. 

45 45 45, ,
180 180 180

α π β π γ π= = =  (12)

Equation (12) describes the stimulative input data rotated severally to the three directions of X, 
Y, and Z to prevent the fluctuation of results after introducing random variables. Therefore in this 
essay, α β γ、 、 are set as 45 degrees. 

[ ]0 0 0 T
t =  (13)

Formula (13) describes the translation vector t. 

cos( )cos( )-cos( )sin( )sin( ) -cos( )cos( )sin( )-cos( )sin( ) sin( )sin( ) 0
cos( )sin( )+cos( )cos( )sin( ) cos( )cos( )cos( )-sin( )sin( ) -cos( )sin( ) 0

sin( )sin( ) cos( )sin( ) cos( ) 0
Rt

α γ β α γ β γ α α γ α β

γ α α β γ α β γ α γ α β

β γ γ β β

 
 =  
  

 (14)

Formula(14) describes the rotating matrix of combining formula (12) and formula (13) 
translation vector integrated to produce a rotating translation matrix, which is used to solve the 
global coordinates functioning as input. 

1
'

centroid

n

i

A

n

==


 
(15)

Equation (15) describes the acquisition of barycenter. By barycenter and rotating translation 
matrix Rt, this paper can solve the global coordinates function as input. 
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centroid
centroid
centroid

1

world

s x

s yS

s z

X

Y
X Rt

Z

− 
 

− = ×
 −
 
  

 (16)

3 _
1

d h

S TX Xworld =    (17)

Equation (17) adds one dimension to the 3D point coordinates, thereby facilitating further 
solving of EPnP. Taking equation (11), (17), and the internal reference matrix as input to substitute 
into EPnP to solve the posture information. 

( ) ( )3 _ 2 _
 , , , ,

d h d h

S S

S S EPnPR T Xc f X X A=  (18)

By solving, equation (18) gains the rotating matrix fR  and translation vector fT  and the 

positioning coordinates CX  of the camera. 

( ) ( )X
world Img

TT
S SXw X U= =，  (19)

After transforming the format of equation (19), a secondary projection error will occur and the 
equations are as follows. 

( ), , , ,reprojection S Serror f Xw U R T A=  (20)

[ ]S SP A R T=  (21)

[ ]0 T
P Xw×  (22)

Positioning errors rotate and translate based on the datum mark [0, 0, 0]. This paper can acquire 
different positions 1P , 2P  after different rotation and translation are solved by spherical and plane 

analogous input. 

[ ]1 0 0 0 T

S SP R T= × +  (23)

[ ]2 0 0 0 T

f fP R T= × +  (24)

Here, this essay makes the difference between the positions acquired by the two formulas above 
and then takes the absolute value to get the positioning error. 

2 1( )errorP abs P P= −  (25)

represents the positioning solving errors of plane coordinates system, 1P  and 2P  respectively 

describes the positioning solving results from the spherical and plane coordinates system. When 

errorP  is 1m, 10m, or 100m, the central angle is the threshold value. 

2.4. Model of aerial and field of view angle under fixed central angle 

In chapter 2.3, by EPnP, this paper can solve the threshold value of central angle, thereby 
calculating the theoretical model for the height of aerial photography and field angle, which is shown 
in the following picture. 

It can be seen from Figure 3 that the relationship between the flying height and the central angle 
of the earth’s center is described by W, where the expression of W is as follows: 
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W = 2 R sin( / 2)× × ∂  (26)

W represents the length of the line segment AB , R represents the radius of the earth and ∂  is 

the central angle of the earth. Additionally, the flying height of aircraft is H. 

1H H H= − Δ  (27)

H is the flying height and 1H  is the length of 1CO  , in other words, the height errors plus 

flying height. HΔ  is the length of segment CD , so the height error is: 

cos
2

H R R
∂ 

Δ = −  
 

 (28)

And: 

( )1 2 tan / 2
W

H
α

=  (29)

W is the length of segment AB  and α is the field angle of the carrying camera on aircraft. 1H  

is the length of the segment 1CO , in other words, the flying height plus the height errors. So the 

function for flying height H and field angle α is as follows. Formula 10 is to describe the relationship 
between α and H . Equation 29 is to represent  the relationship between H  and α . 

( ) ( ) ( )sin / 2 tan / 2 cos / 2H R R Rα= × ∂ ÷ − + ∂  (30)

1

2arctan sin cos
2 2

R H R Rα
− ∂  ∂     = × × + − ×    

      
 (31)

H , α , and R respectively represents the flying height, field angle, and radius of the earth and 
∂  is the central angle of the earth. 

 

Figure 3. The relationship between flying height and field angle. 

3. Simulative experiment and Discussion 

3.1. Model of aerial and field of view angle under fixed central angle 

1. Experimental conditions 

The experiment platform was a 64-bit Windows10 operating system based on an X64 embedded 
device and processor of Intel Core i7-7500U CPU, whose main frequency is 2.70GHz~2.9GHz. Based 
on the code in reference [11], combined with spherical coordinates in section 2.1, this paper can 
construct three-dimensional spherical coordinates. The plane-like-EPnP adopts setting Z coordinates 

cosearthR θ . 
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2. Comparison between plane coordinate results and stereo coordinate results 

When the central angle is 0.6 degree, the according district on the earth's surface is 

earthR sin 0.6× （ ） , approximately 66.723km. For aircraft flying height of 30~50km is enough. 

Therefore, the angle degree range is 0~0.6 degrees. To show the excellence of our approach, this paper 
divide the experiment into two cases. By the way, the precision formula is 

2 1

2

Case Case

Case

P P

P
η

−
=  (32)

η  is the improved positioning errors 2CaseP  and 1CaseP  respectively represents case2 and 

case1. Detailed definitions for them are as follows. 
Case1 takes the coordinates of the plane coordinates system as the calculation result of EPnP 

algorithm data input. 
Case2 takes the coordinates of the spherical coordinate system (close to an ideal state, which can 

be used as a reference datum)as the solution result of EPnP algorithm data input. 
Figure 4 depicts the relationship between positioning errors and central angle solved by the 

EPnP algorithm with plane coordinates and spherical coordinates as inputs. By the way, the central 
angle also ranges from 0 to 0.6 degrees. The up-left figure is about the results of X, Y, and Z 
orientation. From the figure, this paper can know when the central angle is relatively small (about 
0.05 degrees), plane solved results are pretty much equal to the sphere solved, and errors are about 
0. However, as the central gets bigger, errors become bigger, too. If this paper analyze the X, Y, Z 
orientation separately, this paper will know that the errors of direction X and Y get bigger with the 
central angle becoming greater and fluctuation in direction Z is relatively dramatic. 

 
Figure 4. Relationship between central angle and the positioning error. 

Considering the number difference of central points selected during solving with EPnP 
algorithm, which is concluded in the below table. Table 1 is about the relationship between 
positioning posture solving points and the time of the EPnP algorithm, which takes spherical 
coordinates as datum marks and it includes the average errors solved by different point pairs. From 
the table, we can know that the period for solving doesn’t strongly related and the solving time 
doesn’t lengthen with the increase of calculating points. What’s more, the average errors for different 
number of solving points aren't connected with others. Therefore, based on real stimulation, this 
paper take 30 as the number of solving points. 
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Table 1. Relationship between positioning posture solving points and the calculating time. 

Number Average error/m Calculating time/s 

10 31.37 0.364 
20 28.30 0.381 
30 23.99 0.376 
40 31.78 0.363 
50 41.31 0.378 
60 32.51 0.369 
70 75.10 0.377 
80 28.94 0.366 
90 40.06 0.375 
100 260.16 0.387 

Then this paper took the precision of 1m, 10m, and 100m as an example, and this paper recorded 
the corresponding angles, errors, average errors, and the variance. The results are as follows. 

Figure 5 is the diagram of angles, errors, average errors, and variance for the precision of 1m, 
10m, and 100m. Based on Figure 6, the positioning errors, this paper solve the positioning errors of 
different precision orders in a much smaller range. The up-left figure depicts the positioning accuracy 
of 0~1m corresponding to 0~0.6 degrees, and the width of the central angle corresponding to 1m is 
0.057 degrees. The variance and the average value in the range of 0~0.059 are described in the upper 
right and at this time, the variance of the average value is large, which shows the system is stable and 
the error fluctuation is small. Additionally, the middle left figure depicts the range of 0.050~0.181 
degrees corresponding to a positioning precision of 1~10m, by the way, the corresponding central 
angle threshold value for 10m is 0.179 degrees. The middle right figure is for the variance and average 
value of the range 0.050~0.05 and the variance is pretty much 3.76 times the average value. Therefore, 
in comparison with 0~0.06, the system becomes unstable and more fluctuant. The lower left figure is 
about the positioning precision of 1~10m corresponding to the angle range of 0.170~0.539. However, 
the fluctuation here is dramatic. According to the relationship between central and the positioning 
error, the corresponding central angle threshold value for the precision of 1m is 0.500 degrees. The 
lower right figure describes the variance and the average value of 0~0.539 degrees. At this time, the 
variance is about 41.12 times the average value. 

 

 

 

 

 

 
(a) (b) (c) 

Figure 5. angles, errors, average errors, and variance diagram for the precision of 1m, 10m, and 
100m.(a) precision of 1m. (b) precision of 10m. (c) precision of 100m. 
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Simulative experiment results from theoretical models for field angle and flying height. 

  
(a) 

  
(b) 

Figure 6. Relationship between flying height and field angle. (a) the central angle is 0.1800 degrees. 
(b) the central angle is 0.5000 degrees. 

The above figures depict the relationship between flying height and field angle when the central 
angle is 0.1800 or 0.5000 degrees. According to the field angle, we can obtain the flying height, 
simultaneously, we can adjust the camera with a different field angle based on its flying height. 

3.2. Discussion 

In this paper, coordinate from the plane coordinate simulation to the spherical, the accuracy in 
the x and y directions has been improved, and there are some fluctuations in the z direction. Altitude 
can usually be measured with an altimeter, which can be a great addition to the entire navigation 
system. The experimental results also give the relationship between the flight height and the field of 
view of the visual sensor under a certain central angle of the earth, providing theoretical support for 
the autonomous flight of the subsequent aircraft. 

4. Conclusion 

To handle the existing problems of positioning posture solving of scene matching of aircraft, this 
paper introduce the three-dimensional coordinates to solve the positioning posture. The 
experimental results show that the three-dimensional calculation with high precision makes the 
whole precision increase by 16 percent, providing effective approaches for the positioning posture 
solving of the visual navigation. According to the relationship between flying height and field angle, 
this paper have accurately inferred the theoretical models in our essay and conducted analytical 
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research. The results this paper have reached can not only provide theoretical guidance for further 
study of flying height and orbital improvement of the aircraft's scene matching but is also of great 
significance for theoretical research and application. However, of course, the theoretical analysis for 
the partial tendency of errors corresponding to different angle ranges will be the research focus of 
the next stage. 
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