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Article
Continuous Deutsch Uncertainty Principle and
Continuous Kraus Conjecture

K. MAHESH KRISHNA

Post Doctoral Fellow, Statistics and Mathematics Unit, Indian Statistical Institute, Bangalore Centre, Karnataka
560 059, India, Email: kmaheshak@gmail.com

Abstract: Let (Q,u), (A,v) be measure spaces and {Tu}scq, {wplpea be 1-bounded
continuous Parseval frames for a Hilbert space 7. Then we show that (1)log(u(Q)v(A)) >

1+ sup (T wﬁﬂ
xeQ,BEA

St(h) + Sw(h) > —2log > , YVh € H:N H,, where He =
{h] S H : <h1, T,x> 75 0, S Q}, Heow = {hz S H : <h2, w/g> 75
2
0, € A}, St(h) : /<ZT> log‘<||Z||'T“> du(a), Vh € He, So(h) =
Q

log

h 2 h
_/‘<”h||,w[3> <||h||l > dv(B), Vh € Hy,. We call Inequality (1) as Continuous
A
Deutsch Uncertainty Principle. Inequality (1) improves the uncertainty principle obtained by
Deutsch [Phys. Rev. Lett., 1983]. We formulate Kraus conjecture for 1-bounded continuous Parseval
frames. We also derive continuous Deutsch uncertainty principles for Banach spaces.

Keywords: uncertainty principle; Hilbert space; frame; Banach space; Deutsch uncertainty; Kraus
conjecture

MSC: 42C15

1. Introduction

2 2

>0,

n

Let H be a finite dimensional Hilbert space. Given an orthonormal basis {w] 1 for H, the (finite)
Shannon entropy at a point » € H is defined as
h h
Sc(h) = — <,T'> o <,T~>
o)== 2 |y | o8 |\ g

where H, = {h € H : (h,T]-> # 0,1 < j < n}. In 1983, Deutsch derived following uncertainty
principle for Shannon entropy [3].

Theorem 1.1. (Deutsch Uncertainty Principle) [3] Let {7; ]’-‘:1, {wj }}1:1 be two orthonormal bases for a
finite dimensional Hilbert space H. Then

1+ max |(T;,w
AN
2 - 7

2logn > S¢(h) + Sw(h) > —2log Vh € Hy N He. )

In 1988, followed by a conjecture of Kraus [9] made in 1987, Maassen and Uffink improved
Inequality (2) [12].
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Theorem 1.2. (Kraus Conjecture/Maassen-Uffink Uncertainty Principle) [9,12] Let {Tj ;-1:1, {wj};‘zl
be two orthonormal bases for a finite dimensional Hilbert space H. Then

2logn > Sz(h) + Sw(h) > —210g< max |<7.'j,wk>|> >0, VheH:NHe.

1<j,k<n
In 2013, Ricaud and Torrésani [13] showed that Theorem 1.2 holds for Parseval frames.
Theorem 1.3. (Maassen-Uffink-Ricaud-Torrésani Uncertainty Principle) [13] Let {T; 1 {wj};?zl be

two Parseval frames for a finite dimensional Hilbert space ‘H. Then

2logn > S(h) + Sw(h) > —210g< max |<7.'j,wk>|> >0, VheHNHe.

1<j,k<n

Recently, Banach space versions of Deutsch uncertainty principle have been derived in [11]. To
formulate them, we need some notions. Given a Parseval p-frame {f; }]’.1:1 for X, we define the (finite)

p-Shannon entropy at a point x € Xy as
x x
5 () sl (o)

where Xy := {x € X' : fj(x) # 0,1 < j < n}. On the other way, given a Parseval p-frame {Tj};l:l for
X*, we define the (finite) p-Shannon entropy at a point f € X as

f(T)|? . f(T)
AT | 8| T

n

Sf(x) = - Z

j=1

p

p
log >0,

P
>0,

n

Sr(f) = _Z

j=1

where X7 == {f € X" : f(1;) # 0,1 <j <n}.

Theorem 1.4. [11] (Functional Deutsch Uncertainty Principle) Let { jfj};’zl and {gx}}, be Parseval
p-frames for a finite dimensional Banach space X. Then

1
(nm)%s sup ( max |f](]/)gk(]/)|>

yeX, Jy|=1 \Is/smisksm

and

log(nm) > S¢(x) + Sg(x) > —plog sup ( max f,-(y)gk(y)|> >0, Vxe XN,
YyeXNXg [lyll=1

Theorem 1.5. (Functional Deutsch Uncertainty Principle) Let {T; iy and {wi}i, be two Parseval
p-frames for the dual X* of a finite dimensional Banach space X. Then

(n,;;g iy ( max Ig(r;-)g<wk>|)

<j<n,1<k<
gei lgl=1 \Isisnsksm

and

log(nm) > S¢(f) + Sw(f) > —plog ( sup < - max |g(1'j)g(wk)|)> >0, VfeXINnX;.
gexnA |lg|=1 \Isj<nisksm

do0i:10.20944/preprints202307.1844.v1
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In this paper, we derive continuous versions of Theorem 1.1, Theorem 1.4 and Theorem 1.5.
We also formulate a conjecture based on Theorem 1.2. We wish to say that functional continuous
uncertainty principles are derived in [10].

2. Continuous Deutsch Uncertainty Principle and Continuous Kraus Conjecture

In the paper, K denotes C or R and H (resp. &X') denotes a Hilbert space (resp. Banach space)
(need not be finite dimensional) over K. We use ((), j¢) to denote a measure space. Continuous frames
are introduced independently by Ali, Antoine and Gazeau [1] and Kaiser [8]. In the paper, K denotes
C or R and H denotes a finite dimensional Hilbert space.

Definition 2.1. [1,8] Let (), u) be a measure space. A collection {Ty }ycy in a Hilbert space H is said to be a
continuous Parseval frame for H if the following conditions hold.

(i)  Foreachh € H, the map Q > a — (h, 1,) € K is measurable.
(ii)

WP = [ 1h 7 Pdu(a), ke H.
Q

We consider the following subclass of continuous Parseval frames.

Definition 2.2. A continuous Parseval frame {Ty } ycqy for H is said to be 1-bounded if
Il <1, VaeQ.

Note that if {Tj}?zl is a Parseval frame for a Hilbert space H, then ||T]H <1,Vl <j<n(see
Remark 3.12 in [7]). We are unable to derive this for continuous frames. Given a continuous 1-bounded
Parseval frame {1, },c) for H, we define the continuous Shannon entropy at a point h € H as

= ) el )

where Hr = {h € H : (h,1,) # 0,a € Q}. Following is the first fundamental result of this paper.

2
du(a) >0,

Theorem 2.3. (Continuous Deutsch Uncertainty Principle) Let (Q), i), (A, v) be measure spaces and
{t}aca, {wp}pea be 1-bounded continuous Parseval frames for a Hilbert space H. Then

1+ sup (T, wp)l
xeQ),peA >0

2 — Yy

log(u(Q)v(A)) > Sc(h) + Sw(h) > —2log VheHcNHo ()

Proof. Sincel = ‘ L,T
(f)<|\h|\ “>

2 2
du(a) forallh € H\ {0},1= { ‘<ﬁ,wﬁ>) dv(B) forallh € H\ {0}

and log is concave, using Jensen’s inequality (cf. [6]) we get

2 1
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Let h € H N H. Then using Buzano inequality [2,5] we get

<|\h*||7> <ﬁwﬂ>\ dp(a) dv(B)

2 gy o] : |<Taw>|) dpu(a) dv(B)

)
e
)| og (”“;“’”') du(w) dv(p)
o
/

(\Y
S
B

1+ sup [(Ta, wp)l
L2 Ay () dv (p)

v
.
B

dp(a) dv(p)

14+ sup [(m, wp)l
acQ),peA

\%

—2log

O
Theorem 2.3 promotes following question.

Question 2.4. Let (), 1), (A,v) be measure spaces, H be a Hilbert space. For which pairs of 1-bounded
continuous Parseval frames {7y }xcqy and {wp } pen for H, we have equality in Inequality (3)?

Based on Theorems 1.3 and Theorem 2.3 we formulate following conjecture.

Conjecture 2.5. (Continuous Kraus Conjecture) Let (Q, 1), (A,v) be measure spaces and {1, },cq,
{wp}pea be 1-bounded continuous Parseval frames for a Hilbert space H. Then

St(h) +Sw(h) > —2log | sup [{(t,wp)|]| 20, VheH:NHe.
acQ),BeA
Next we derive continuous Deutsch uncertainty for Banach spaces. We need a definition.

Definition 2.6. [4] Let (Q), i) be a measure space and X be a Banach space over K. A collection { fy }yeq in
X* is said to be a continuous Parseval p-frame (1 < p < o) for X if the following conditions hold.

(i)  Foreachx € X, themap Q) > « — fo(x) € Kis measurable.
(ii)

||x||p:/|f¢x(X)|pd]/l(06), Vx € X.
19)

If ||| <1, Va € Q, then we say that the frame { fy }yeqy is 1-bounded.

Similar to Definition 2.2, we set the following.
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Definition 2.7. A continuous Parseval p-frame { fu }ycq for X is said to be 1-bounded if
Ifall <1, VaeQ.

Given a 1-bounded continuous Parseval p-frame {f,},cq for X, we define the continuous
p-Shannon entropy at a point x € X as
x
#(11)

sit0= = [ |f (1)

where Xy == {x € X' : fo(x) # 0,0 € Q}.

p p
log du(a) >0,

Theorem 2.8. (Functional Continuous Deutsch Uncertainty Principle) Let (Q, 1), (A,v) be measure
spaces and { fu }ncr, 185} pea be 1-bounded continuous Parseval p-frames for a Banach space X'. Then

— 1< ap <sup |fa<y>gﬁ<y>|)
(H(Q)v(A))?  yex|lyll=1 \acpea

and

Sp(x) + Sg(x) = —plog ( sup ( sup Ifa(y)g;z(yﬂ)) >0, Vxe XN, )
yeX,|lyl|=1 \aeQ,BeA

Proof. Letz € X be such that ||z|| = 1. Then

1= ( / Ifa(Z)I”du(w)) ( / |g,5<z>|w<ﬁ>) = [ [1:@gp() 17 dv(B) dn(a)
Q A QA
P

5([ A/ ( sup (aeggﬂlfa(y)g,s(yﬂ)) dv(B) du(w)

yeX [lyl|l=1

p
:( sup ( sup Ifa(y)gﬁ(yﬂ)) u(Q)v(A)

yeX,|lyll=1 \aeQ,peA

which gives

1 p
m = <y€;}|15|—1 <aes(§§e/3 |f“(y)gﬂ(y)|)> ’

Letx € Xf N Xg. Then
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0= ) o ) o () o) s
) o G e )
o 1) b ) o (o ) s
oo [ b ) o) s

x \|* x \|F
=g s (e el )) [ [ () o (3] s e
—Plog< sup (sup | fa(y ()I>>~
yeX,|ly[=1 \«€Q,peA

O
Corollary 2.9. Theorem 1.1 follows from Theorem 2.8.

Proof. Let (Q), 1), (A,v) be measure spaces and {7y }acq, {wp}pea be 1-bounded continuous Parseval
frames for a Hilbert space H. Define

faHoh— (hn) €K, VaeQ,
gﬁtHBhl—)<h,wlg>€K, VB € A.

Now by using Buzano inequality [2,5] we get

sup (SUP |f0¢(h)g,8(h)|>: sup (SUP |<h/Ta>||<hrwﬁ>|>

het, [|h]|=1 \acQ,peA het,||h]|=1 \a€Q,BeA

<  sup (sup (HthHTaHHwﬁ|;|(Ta,wﬂ>|)>

heM,||h||=1 \aeQ,BeA

1+ sup [(7,wy)]
acQ),BEA

2

O
Theorem 2.8 brings the following question.

Question 2.10. Let (Q, i), (A,v) be measure spaces, X be a Banach space and p > 1. For which pairs of
continuous Parseval p-frames { fu }acq, and {gp} pen for X, we have equality in Inequality (4)?

Next we derive a dual inequality of (4). For this we need dual of Definition 2.6.

Definition 2.11. Let (Q, ) be a measure space and X be a Banach space over K. A collection {Ty }qeqy in X
is said to be a continuous Parseval p-frame (1 < p < o) for X* if the following conditions hold.

(i) Foreach ¢ € X*, themap Q> a« — ¢(1a) € Kis measurable.
(ii)

||f||p=/0|f(7a)|pdy(oc), Ve x*.
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flltll <1, Va € Q, then we say that the frame {Ty }yeq is 1-bounded.

Given a 1-bounded continuous Parseval p-frame {7 },cq for X'*, we define the continuous
p-Shannon entropy at a point f € X} as

/Hﬁ

where X = {f € X : f(1a) # 0,0 € Q} }. We now have the following dual to Theorem 2.8.

f(m) |
A1

log

du(a) >0,

Theorem 2.12. (Continuous Deutsch Uncertainty Principle for Banach spaces) Let (Q, u), (A,v) be
measure spaces and {Ty }xeq, {wp } pea be 1-bounded continuous Parseval p-frames for the dual X* of a Banach
space X. Then

1
———— 1S sup ( sup Ig(fa)g(w,s)l>
(n(Q)v(A)) geXx* [|gll=1 \acO,peA

==

and

$:(f) +Sw(f) = —Plog< sup ( sup |8(Ta)g(wﬁ)|>> 20, Vfedrnd,

geX*|1gll=1 \a€Q,BeA

Proof. Leth € X'* be such that ||h]|| = 1. Then

(/|h1’a 1P du(a )(/hwﬁ ” dv(p ) //|hr,x (wp) [P dv(B) dp(w)
QA
//( (sw mm><m0>d<mw<>
geX* Hg|| 1 \aeQ),peA

4
=< sup ( sup Ig(Ta)g(w;s)I)) u(Qv(a)

geX*,|gll=1 \aeQ,BeA

which gives

1 p
m - <8€Xs*l,lllzfl|l (m%?@ g(Ta)g(wﬁ”)) ’

Let f € X7 N A&J. Then
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p p

f(wg)
log ‘ 17

f(t)
fll

flwp)|?
£
f(wg)
£
flwg) P
e
flwg) |
£

il

P f() flwp) P
SN

o f(Trx)f( ) v
o8 | 71 T ‘d (B) dp(x)

10g< sup (SUP )g(wﬁ)|>> dv(B) dp(w)

geX*,|gll=1 \a€eQ,BeA

"“"g< iy (Q&E@' “’/”') / / L] s ane

gEX™ |1 g]l=1

—plog( sup (sup lg( w/;)|>>
geX* ||gl|=1 \a€Q,peA

Theorem 2.12 again gives the following question.

Se(f) + Sulf) = — / [log ‘f(m)
A

P
] dv(B) dp(a)

p

dv(B) dp(a)

p

p

AV
<
O O~

O

Question 2.13. Let (Q, i), (A, v) be measure spaces, X be a Banach space and p > 1. For which pairs of
continuous Parseval p-frames {Ta }ncq, and {wp} pen for X*, we have equality in Inequality (5)
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