Pre prints.org

Article Not peer-reviewed version

Representations by Beurling
Systems

Kazaros S. Kazarian

Posted Date: 8 August 2023
doi: 10.20944/preprints202308.0676.v1

Keywords: summation basis; Hardy spaces; outer function; Beurling system; kernels; representation of
functions

E E Preprints.org is a free multidiscipline platform providing preprint service that
is dedicated to making early versions of research outputs permanently
available and citable. Preprints posted at Preprints.org appear in Web of
Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This is an open access article distributed under the Creative Commons
Attribution License which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.



https://sciprofiles.com/profile/2831080

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 8 August 2023 doi:10.20944/preprints202308.0676.v1

Disclaimer/Publisher’'s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and

contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting
from any ideas, methods, instructions, or products referred to in the content.

Article
Representations by Beurling Systems

Kazaros Kazarian

Departamento de Matematicas, Facultad de Ciencias, Mod. 17, Universidad Auténoma de Madrid, 28049
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Abstract: We say that a system {z"F(z)}?_ is a Beurling system if F is an outer function. Beurling’s
approximation theorem asserts that if F is an outer function from H? (D) then the system {z"F(z) }%_,
is complete in the space H2(D). We prove that a Beurling system with F € HP(D),1 < p < oo is
an M—bases in H? (D) with an explicit dual system. Any function f € H(D),1 < p < oo can be
expanded as a series by the system {z"F(z)}>°_ . For different methods of summation we characterize
outer functions F for which the expansion converges to f. Related results for weighted Hardy spaces

in the unit disc are studied. Particularly we prove Rosenblum’s hypothesis.

Keywords: summation basis; Hardy spaces; outer function; Beurling system; kernels; representation
of functions

0. Introduction

We say that a system {z"F(z)}5_, is a Beurling system if F is an outer function. In his
fundamental work [3] Beurling particularly proved that if F is an outer function from H?(ID) then the
system {z"F(z)}%_, is complete in the space H?(D). This result can be easily extended for the spaces
H?(D),1 < p < oo (see [4]). In the present paper we study questions of representations of functions
from the spaces H? (D), 1 < p < oo by series with respect to Beurling systems. The key result is that
Beurling systems are M—bases in H” (D), 1 < p < oo spaces with a dual system which is explicitely
written. Afterwards, it is natural to characterize outer functions F for which the system {z"F(z)}5_,
is a basis in H” (D) in one sense or another. In the theory of H” (D) spaces the most interesting case is
to characterize the functions F for which the corresponding Beurling system {z"F(z)},_;is an A—
summation basis in H?(D),1 < p < co.

The obtained results can be interpreted in terms of weighted H? spaces with weights which we
call admissible weight functions. A non-negative function w defined on the boundary such that Inw is
integrable is called an admissible weight function. That the system {e"}*_, is minimal in H? (T, w),
1 < p < oo was mentioned in [10] without proof. The author did it by purpose with the hope to find
afterwards the dual system which will permit to indicate the corresponding kernel for representation
of any holomorphic function from the weighted H” (D) space by its boundary values. Thus one can
extend for weighted norm spaces results known for the H? spaces. Moreover, this approach can be
helpful for extensions of those results for more general domains. The obtained results permit us to
study the systems ¢**¥} ) in the spaces L?(T), where

Y= {L(De™ L U{M(De™
and L, M are boundary values of some outer functions defined in D. Times are changing and it is not
surprising that the last study was published [11] before the present research.

The paper is divided into two parts. In the first part will be given results for the Beurling systems
and the second part will be dedicated to the study of weighted H” spaces.

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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0.1. Preliminarely Results, Definitions and Notations

We say that w > 0 is a weight function on a measurable set E C R if w is integrable on E. A
function ¢ € LP(E,w),1 < p < o0 if ¢ : E — C is measurable on E and the norm is defined by

1
14
lolsean = ([, lotPair) < oo

when w = 1 we write L¥(E). Denote T = R/27Z and identify T with any 27 length semi-open interval
on the real line. For 1 < p < oo the conjugate number p’ is defined from the equation % + % =1land
p' = oo if p = 1. The set of integers is denoted by Z and N = {1,2,... }.

By S[f](t) we denote the Fourier series of a function f € L'(T). Forany n € N

n

Salgl(t) = Y ci(@)e”,  ¢il9) = % /T<P(9)e*if9d9.

j=n

The space of continuous functions on T with the maximum norm is denoted by C(T). For
1 < p < ocoweput

HP(T) = {¢ € LP(T) : /T ¢(H)etdt = Ofor alln € N}

The spaces HP(T),1 < p < co are Banach spaces of functions defined on T. The Cauchy kernel is

defined as follows: N

C(O) =) e 0<r<1,0€T,
n=0

and also the Poisson and conjugate Poisson kernels:

S |n| ,in6 172
P(0) = =
() ; re 1—2rcos@+r2’

Q,(0) =ImH,(6), P.(6) =ReH,(8),

where ‘
1+ ret?

H,(6) =2C,(0) — 1 = 1— o0

(0<r<1,0€T).

We denote D = {z € C: |z| < 1} and its closure by D. The convolution of functions g, ¢ € L(T)
is denoted by

1
g 9(t) = 5- [ g(@)p(t—0)ao.
Let
ot x — Inx, if x>1
0, if x<1.
A holomorphic function f(z),z € D is said to be of class N if

sup [ InT[f(re'")|dt < +oo,
0<r<1

and f € HP(D),1 < p < ooiif

sup | |f(re)|Pdt < +co.
0<r<1/T


https://doi.org/10.20944/preprints202308.0676.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 8 August 2023 doi:10.20944/preprints202308.0676.v1

30f17

Moreover, f € H*(D) if sup;, 4 || f(re't) [reo(T) < +o0. We also have that HF (D) C N for all
1<p <o

If f € N by a well known theorem [15] (see also [4]) f is a quotient of two bounded holomorphic
functions. Hence, by Fatou’s theorem, the non-tangential limit f(e') exists almost everywhere (a.e.)
on the unit circle, and In|f(e'*)| is integrable unless f vanishes everywhere. Moreover, the map
T : f(z) —> f(e") establishes an isomorphism of H”(D),1 < p < oo onto H?(T). Furtheron facts
related with metric properties in the space HP (D) we use in HP(T) and vice versa without any special
quotation.

Spaces H? (D) have been studied in several books (e.g. [4,7,12,20] and others). A holomorphic
function F in D is an outer function if

F(re') = ee?* M) a €T,
where ¢ is a real-valued integrable function defined on T [3](see also [6,19]). Evidently F is a non-zero
holomorphic function and F € H' (D) if and only if e?(*) is integrable. The function F has non-tangential
limits a.e. on the unit circle: F*(t) := lim__, + F(z), and
|F*(1)| = e#1).
Moreover, In |F(z)| is an harmonic function in D and
% [ nlEGetde =In F)] 0<r<1.
For a complex-valued integrable function g defined on T such that In |g(t)] is integrable we set
Gy (re'') = &n g Hy () ()
The following statement [7] holds.
Proposition 1. Let F € H' (D) be an outer function. Then
Gr+(z) = ¢®F(z),z€ D forsome acT.
If Fe HP(D),1 < p < oo then
G- (ref!) = eI IF1+Pr (1) il [F|+Qs (1)
and by Fatou’s and Luzin-Privalov’s theorems [2,20] we have that

In|F*(1)| = rl_i)r{l_ In |F*| % Py(t) ae.on T,

Hm In |F*| % Q(t) := In [F*|(£) ae.on T,
r—1—
where by § is denoted the conjugate function of an integrable function g. Thus we have thata.e. on T
Gi(t) = lim Gp:(rel") = |F*(¢)|emF10),
r—1—
By Jensen’s inequality it follows that for 0 < r < 1

1 o [p 1/
— . < — [ [F*®))F
o [ 1Gere)1de < 5 [ |F*(6) ",
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which yields Gp+ € HP (D) and Gj. € HP(T). We also have that
Gr+(0) = ezw JrInIF (0t £ o

The function is holomorphic in ID, has no zeros and belongs to N. Clearly

1
Gpx (rett)

lim [Gp- (re')] 1 = [P*(1)] T~ mIFI(0),

r—1—

Let B be a separable Banach space with the dual space B*. The closed linear span in B of a
system of elements X = {x;}%>, C B is denoted by spang(X). A system X = {x}%, C Bis
complete in B if spang (X) = B. A system X = {x;};°, C B is called minimal, if there exists a system
X* = {¢u}_y C B*, such that

Pn(xx) = 0ur  (n,k € Ng =NU{0}),

where J, is the Kronecker symbol (5,4 =0 if n #k and g = 1). The system X* is called dual
to X. It is easy to observe that if X is a complete and minimal system in B then the dual system X* is
unique [13]. A set' ¥ C B* is called total if

$(x) =0 forall ¢¥

if and only if x = 0. A system X = {x}}”, C B is an M—basis in B if X is complete and minimal in
B and its dual system X* is total. A complete and minimal system X = {x;};2, C B with the dual
system X* = {¢}?>, C B* is uniformly minimal if there exists C > 0 such that

Ixkllsllgxllg- <C  forall ke N.

We will say that a system of elements X = {x};> ; C B is an A—basis of the Banach space B if X
is closed and minimal in B and for any x € B

o)

lim fx— Y- e (0)xells =0,

r—1— =1
where X* = {¢}7>_; C B* is the dual system.

0.2. Classes of Weight Functions

Furtheron we will consider only weight functions on T. For any 1 < p < co we denote by W, the
class of all weight functions w > 0 integrable on T and such that

/ [w(t)]_ﬁdt < 00, if p=1  then % e L=(T).
T

Denote
eV :={w>0:Inwe LY(T)}.

We say that w(x) > 0 is an admissible weight function if w € ¢"V. The class A, p > 1 contains
only weights w which satisfy the following condition: there exists C, > 0 such that

h/lw(t)dt [fﬂjlw(t)ﬂdt} e,

holds for any interval I C T. Sometimes it is called Muckenhoupt’s condition [14]. We note that the
class Ay C W, in an equivalent form had appeared earlier in M. Rosenblum’s article [16], where

doi:10.20944/preprints202308.0676.v1
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weighted H? spaces were considered, maybe for the first time. In the same article another class of
weight functions R was studied. We will say that w € R if w € ¢" and there exists C > 0 such that

1 w(t)

—P.(0 — < T < 1.
27 Jr [Go(re)] (0 —£)dt < C Vo € and 0<r< 2)

By (1) it is easy to observe that if w € "V then for g > 0

|G 10 (€M) |7 = |Gu(re™)] VieT and 0<r<1. 3)
Note that (see [16])
A= J Ay CRC M. (4)
p=1

1. On Beurling Systems

Let p € [1,+0c0) be a fixed number and suppose that F € HP(D) is an outer function. By
Proposition 1 we have that G, () = ¢*F*(t) a.e. on T. Furtheron we will suppose that

Gp+(z) =F(z), zeD and F(0) €R,

for convenience. Observe that if {e//'F* (t)}]?"’:O is a basis in one or another sense then the system

{elitcF* (t)}]?”zo for any constant ¢, |c| = 1 will be a basis in the same sense. We write the Fourier series
of the function F* € HP(T) :

F*(0) ~ ag+ Z ane'?, ag #0,a9 € R.

n=1
Moreover,
F(z) =ap+ i apz" z € D.
n=1
Let -
[F)] ' =co+ Y cuz" ze€D. ()
n=1

thenforz e D .
1=F@)[Fz)] =1+ ) bu2",

n=1
where
é 1
by =) ajc,_j=0 forall neN and co= —. (6)
j=0 0
1.1. A Remarkable System of Polynomials
Set To(t) = cpand forn € N
. nil .
Tn(t) = C0€m9 + Z En—ve”/t/ ()
v=0
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where {c;}%2 are the corresponding coefficients of the representation of F~ 1(z). By (6) we obtain that
1f]EN0and]§n

PULY ]+k dt
271/ FOT() Zn/qua"e
= Z akcn_]_k = 5],1
k=0
It is clear that the above integral is equal to zero if j > n. The following theorem holds.

Theorem 1. The system {e'/'F*(t )} ° o is an M—basis in HP (T).

Proof. We have checked that {T;(#)}°_, is the system dual to {e/!F*(t) }]?’10. Suppose that there exists
f € HP(T) such that

/ F(OTa(Hdt =0 forall ne N.
T

From (7) it follows that
/ e”Mf(tydt =0 forall n e Np.
T

Hence, f(t) =0ae. onT. O

Theorem 2. The system {eiftF*(t)}]?"’:O is uniformly minimal in HP(T), 1 < p < co if and only if [F*]~1
HY'(T).

Proof. If [F*]"! € H¥'(T),1 < p < o then by Proposition 1 and Jensen’s inequality we have that that

for0<r<1
1 H / 1 * | — /
L E(reit)|—P _ 7/ In |[F*| 7P %P, (t)
27T/T| (reit)| =¥ dt e dt
* v
_2n/|F )77 d6 < oo,
which yields + € HP' (D). Set
n .
=Y e, n e N. (8)
Then we have that ¢S, (t) = T, (t) which means that
I TallLacr) = ISnllpary  for 1<g<oo,neN. ©)

Note that S,[£](t) = Su(t) if & € H"'(T). Hence, there exists C,r > 0 (see [20],vol.2, chapter 7)
such that

sup [1Sul, ) < CorlIET
n

For the proof of the necessity suppose that the system {e'/!F*(t )}°° o is uniformly minimal in
HP(T). The norms in H(T) of all elements of the system {e'/* F* (¢ )}°° o are equal to ||[F* | p(T). On the
other hand by (9) it folows that

SUP [|Snll ) < oo,
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where S, (t) are defined by (8). By Banach’s theorem (see [1]) on weak* compactness of the closed
unit ball in the dual space it follows that there exists a subsequence of natural numbers {n,}? ; and
i € LP (T) such that for any ¢ € L?(T)

lim [ ottt = €1 [ otygtar

v=00 27T JT 2t JT

Hence, ¢ € H”'(T) and
C](IIJ) =Cj j€ Np.

Which means that .

Thus we obtain that ¢ coincides with [F*] ' a.e. on T and [F*]~! € HY'(T). O
Theorem 3. If the system {eijtF*(t)}]?iO is uniformly minimal in H'(T) then [F*]~1 € H®(T). If [F*]~!

H®(T) and the partial sums of its Fourier series are uniformly bounded in the C(T) norm then the system
{elitF (t)}]?"’:O is uniformly minimal in H'(T).

We skip the proof because it is similar to the proof of the previous theorem.
The following lemma is a useful tool for the further exposition. Close statements can be find in

[2,20].

Lemma 1. Let f € HF(T) and g € HY (T), where 1 < p < oo and % + % =1,p' =o0ifp=1 Then
D) S{f5] = SIfISlg) and ea(f) = Tioc; (P (s
2) Sulfgl(t) = T ci(Fle's,jIg)(t) foranyn = 0,1,....

Proof. We skip the proof of statement 1) because it should be well known. We have

n n n—j
; )el's,jlgl(t) = Z Y- ci(f)eu(g)el )

]70 v=0

O
Theorem 4. Let |[F*|P € Ay, 1 < p < co. Then {e'I'F*(t ) ° o is a Schauder basis in HP (T).
Proof. We should check that the conditions of Banach’s theorem [1] hold in our case. By Theorem 1

we know that {e//*F*(t) }}io is complete and minimal in H?(T). Set

no n_ k
t) Z elktTk(e) — F*(t) Z elkf ch_]e—l]ﬂ
k=0 j=0

k=0

n .. n . n ..
i’) 26—1]9 ch,]‘elkt _ F*(t) Zel](t_e)Sn, (t)
=k

j=0
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For ¢ € HP(T) let

Mwo—;%g@a@mw—#mgwmﬂ&Awrww

= F*(£)Su[g[F*] " 1(t),

where the last equality we obtain by Lemma 1. Let w(t) = |F*(t)|? then by a well known weighted
norm inequality [5](see also [9]) we finish the proof.

Llenlg@Pde = [ 1SulglE"))(0) Pao(e)d
= BP/]T g(O)[F* (1)) Pw(t)dt = B”/T|g<t)|pdt'
O

2. Weighted H? Spaces

Further in this section we will consider that p,1 < p < oo is fixed. Let w be an admissible weight
function. We would like to use the notations of the previous section. By (1) and Proposition 1 let
F = G/, € HP(D) be an outer function. From (0.1)

F*(t) = lim F(re') = [w(t)]%eég(t), where o(t) = Inw(t). (10)

r—1—

SetY = {e"}* ,and Yo = {e}>_,. We put

n=1"
spanp ) (Y) == HP(T,w) and span;, ) (Yo) := H) (T, w).
We consider that
H®(T,w) := H®(T) = {f € L*(T) : /Tf(t)ei”tdt — Oforalln € N1
Set L o ‘
HP(T,w) = {f(t): f € H*(T,w)} and H}(T,w)=e "HP(T,w).

In [16] weighted spaces H7(D, w) were defined for w € R. A function f holomorphic in D belongs
to H1(D,w),1 < g < oo if

1
— ity|q !
11| &9(D ) OSSI:}; (/T |f(re")] w(t)dt) < co.

Results on weighted Hardy spaces can be found in [18]. The following statement was formulated
by M.Rosenblum in the introduction of the article [16]. In the text the reader can find indications for the
proof but the author do not formulated the statement as a theorem. That’s why we prefer to formulate
the statement as an hypothesis.

Hypothesis 1 (M. Rosenblum). Let w € R. Then the operator A : f(z) — f(e") is a vector space
isomorphism mapping H1(D,w) onto H1(T,w) such that A and A~' are bounded. If A is an isometry then
w=c,c>0.
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In the formulated statement one considers that given f € H1(D, w), where

oo
f(Z) =ag + Z D‘kzk/
k=1
then f(e'*) = ag + Yoo, axe’™ exists and f(e'*) € HI(T,w). Further in the paper we show that it is also
true when w € e"V(see Proposition 2). In the next section we notonly prove that 1 holds but also give
the integral representation of the operator A~1.

2.1. On the Dual Space of HP (T, w)

In this subsection we give the characteriztion of the dual space of H” (T, w),1 < p < oo when w is
an admissible weight function.

Lemma 2. Let w be an admissible weight function, 1 < p < coand F € HP (D) be the outer function defined
as above. Then ¢F* € HP(T) for ¢ € HP (T, w) and if y € HP(T) then p[F*]~1 € HP(T,w).

Proof. For the proof we use the relation (10) and the fact that the system {e/"*F*(t) }oo o is complete in
HP(T).1f ¢ € HP (T, w) there exists a sequence of trigonometric polynomials P, (t) = Z]I‘V:"o bje'l* such
that

0= lim / 16(t) — Pu(t)|Pro(t)dt = JEIJO/T (£ E* () — Pu(£)F* (1) |Pdt.

Thus ¢F* € HP(T). On the other hand if ¢ € HP(T) we find trigonometric polynomials
Pu(t) = Z]I-\io bje'l* such that

O:r}ggofjr|¢(t)—Pn \r’dt_nlggo/ |F*(t) B, () Pw(t)dt.

O

We should describe the annihilator H? (T, w) of H? (T, w) in L' (T, w) :
HP(T, w)™* {¢eLP (T, w) /¢ Yw(8)d8 =0 V¢ e HP(T, w)}

Suppose 1 < p < coand let € HP(T,w)"*. For any ¢ € HP(T,w) we write

1
7

0= /T<P(9)WW(9)d9 = /T¢>(G)F*(9)W[w(e)]n e 7200

It is well known that the annihilator of H?(T) is H;, HY(T) (T) (see e.g. [4]). Hence, by Lemma 2 it
follows that

1 i /
PO (@) e 7 e H (T) and p(@)e 0 € HY (T, w).
Which yields ¢(8) € e’iQ(G)Hg/(T,w). Conversely, if
$(0) € e 0O " HY (T, w) = e @@=t HY (T, w)

1

then by (10) and Lemma 2 ¢(8)e pel® )[ ()]” € HY (T). Hence, for all ¢ € HP (T, w)

| o@p@w©)do = [ pO)F @)p@)kw(©)]7e 7 do = 0.
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In the case p = 1 the proof is similar and we skip it. Thus
HP (T, w)* = e=¢® HY' (T, w)

and from Theorem 7.1 of [4] it follows that [HF(T,w)]* is isometrically isomorphic to
LP(T, w)/Hg/(T,w) and for every ¢ € [HP (T, w)]*

sup
91l (7,0) <1

1 -
e o PORTw| = min gl

heHP (T,w)+
As above we check that for 1 < p < o

HE (T, w)* = e @@ BV (T, w).
Thus the following statement is proved.

Theorem 5. For 1 < p < oo the dual space [HP (T, w)]* is a reflexive Banach space isometrically isomorphic

to LV (T, w)/Hg/(’]I‘, w). Moreover, [H' (T, w)]* is isometrically isomorphic to L (T) /HZ (T).

2.2. Summation Basis

The following lemma is the analogue of Banach’s theorem for a given system to be an A—basis.
The proof is similar to the proof of Banach’s original theorem, and we will not give it here. References
about summation bases can be found in [17].

Lemma 3. Let X = {x;}3 ; C B is complete and minimal in B with the dual system X* = {¢@n}5_,. Then
X is an A—basis of B if and only if there exists a constant C > 0 such that for any x € B

o0
sup | Y P pr(x)xill < C|lx|s-
0<r<1l k=1

In this subsection we suppose that w is an admissible weight function. Recall that in this case
F~! € N and we have the representation (5). Hence, for any 0 < R < 1 there exists Ng € N such that
lon| < gr forn > Ng. For 0 < r < 1set

Ke(t,0) = F*(t)[co + Y r"e™ T, (6)]. (11)
n=1
Note that the following series

o n

2 ") e

n=1 j=0

converges uniformly on [0, p] for any 0 < p < 1. Indeed, for p < R < 1 and n > Ny we have that
N, n—Ng—1 1

n R
Z|C]| < Z|C]‘|—|-R_NR_1 Z RV SCR—FR_nﬁ.
j=0 j=0 v=0 -
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Hence, the series (11) converges absolutely on [0,1) x T x T. The absolute convergence of the
series permits to write

[« n [ lee)

— F* 2 o mt Z cn_]-e’ije — F* (t) 2 2 rncn_jeintefijG
n=0 j=0 j=0n=j
HC,(t — 6 Z reyel? ()G (t—0)FL(re).

Thus by Fatou’s theorem we obtain

Theorem 6. Any function ¢ € HP (T) is the non-tangential limit of

D(relt) = % [ 9@)K.(t,0)d0

Let ¢(0) = u(0) +iv(f) € HP(T),1 < p < coand ¢o(f) € R. Then it is well known (see e.g. [7])
that

%/{rgb(ﬂ)cr(t—f))d(? - %/Tu(f))H,(t—f))dG
- % Lo@P - o). (12)
Consider the following family of maps
Ar[p)(t) = F*(t)F’l(reit)% /1T¢(6)Pr(t —-0)de 0<r<1,¢eH(T).
Theorem 7. The inequality
AP r(my < Cpll@llprery 0<r<1, (13)
holds for all ¢ € HP(T),1 < p < oo and C, > 0 independent of ¢, if and only if w € R.

Proof. Letw € R. If p =1 then

1
1Al = 5 [
< oz L1006 [ w0 e Pt~ 0)dtdo < Clgl )

F*(£)F~ (re!) / $(0)P(t — G)de' dt

where C > 0 is the constant in the condition R. If 1 < p < co then for any ¢ € L? (T) we have

/ YA [P ' / Y(OF (OF(rel) /T ¢(9)Pr(t—9)d9dt‘
SRAWMWWMMWmewa

doi:10.20944/preprints202308.0676.v1
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By the Holder inequality we deduce

Lo (OF () Pyt — )
<(/f |¢<t>|ﬁ/Pr(t—e>dt)’3/ (/ |F*<t>F1<rez‘t>|ﬂPr<t_e>dt>:’
</|1P )PPt~ 0 dt) </ |Frlt 9)dt>'17

< (27C) 5(/ (1) pr(t—e)dt>1'

The last inequality folows by (3) and (2). Hence,

3= v lgl0|
< o) /T|4><9>|Pde) ([ [P e - oydedr)”
~ (5 /T|4><e>|r’de)”(;n /T|¢<t>|P’dt)”',

==

which yields (13).
For the proof of necessity fix some p,0 < p < 1 and set @gy(t),0 € T equal to any branch of

——L . Then we have that
(1—peit=0))p

1 F*(t) |¥ 1

p -
HAr[(PG]”LP(T) T 21 Jr | F(rett)| |1 _prei(t—6)|2dt
1

dt

- E/]I‘ |F(reit)|P [1— prei(t*9)|2

If we suppose that the maps A, : HP(T) — LP(T) are uniformly bounded then for r = p we
obtain

p p
1 <Cp/ 1 Cp

27t Jr |F(re'*)|P |1 — r2e1(t79)|2 2w |1 - rel(t79)|2 1_42

where the last relation follows by Parseval’s equality. By the inequality |1 — r2¢/¥|> < 4|1 — re'*|? for

allx € Tand 0 < r < 1, we finish the proof. [

We would like to formulate the main result of this subsection from another point of view. Let
F € HP(D),1 < p < oo be an outer function and let F(e'*) be the non-tangential limit of F on the unit
circle. Note that Beurling’s approximation theorem says that the system {F (e”)eikt},‘f’zo is complete in
HP(T). Set w(t) = |F(e')|? then by Proposition 1 we claim that Theorem 7 yields

Theorem 8. Let F € HP (D), 1 < p < oo be an outer function and let F(e') be the non-tangential limit of F
on the unit circle.

Then {F(e'*)e®}*  is an A—basis in HP (T) if and only if |F(e'")|P € R.
2.3. The System {eift}]?“’:o in the Space HP (T, w)

The following assertion holds.
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Theorem 9. For any admissible weight function w the system {eijt}]?'io is an M—basis in HP (T, w), 1 < p <
Q.

Proof. The completeness of the system {e'/ t}}’io in HP (T, w) follows by definition. Set

§0n(t) - l;j((t)) ( )/ ne NO/

where polynomials T, (t) are defined by (7). As in the proof of Theorem 1 it is easy to check that

{@n ()} is the dual system of {eijt}]f’io in HP(T,w). Suppose that there exists f € HP(T,w) such
that for alln € Ny

0= [ fWealwindt = [ FOF OT. (Ot

By Lemma 2 we have that fF* € H?(T). Hence, by Theorem 1 it follows that f(t) = 0 a.e. on
T. O

Theorem 10. The system {eijt}]?’io is uniformly minimal in H? (T, w), 1 < p < co ifand only if w € W).

Proof. The statement is an immediate consequence of Theorem 2. By (10) we deduce

o [lenoP e = o [T,

O

The following theorem is a direct consequence of Theorem 4.
Theorem 11. Let w € Ap,1 < p < co. Then the system {e”t © o is a Schauder basis in HP (T, w).

Let w be an admissible weight function. We expand any f € H (T, w) with respect to the system
{e'l t}}";o and consider the Abel means of the obtained expansion. Let

; n m w(e)

As in the case of the kernel K, (t,6) we deduce that

L) = ((g)) Cy(t— 0)E " (ret).

Set
71 reit

By Lemma 2 we have that f F* € HP(T). Hence the following theorem holds.

Theorem 12. Any function f € HP(T,w),1 < p < co is the non-tangential limit of

¥ (ret) i— % /T F(6)Ly (£, 6)d6.


https://doi.org/10.20944/preprints202308.0676.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 8 August 2023 doi:10.20944/preprints202308.0676.v1

14 of 17

Afterwards, we write f(0)F*(0) = u1(0) +iv1() € HP(T),1 < p < oo and assume that
co(fF*) € R. Then as in (12)

% /Tf(G)F*(G)Cf(f —6)do = %/ﬂ,”l(e)Hr(t —9)de
- % /Tf(B)F*(G)Pr(t — 0)df.

Theorem 13. Let 1 < p < oco. The inequality

<Glfllarre 0<r<1,

)
LP(T,w)

-1 reit
#/Tf(e)l—"*(e)ﬂ(t—e)de

holds for all f € HF(T,w),1 < p < coand C; > 0 independent of f, if and only if w € R.
Proof. Let w € R. Then for any ¢ € L” (T,w) we have

L —1/.,it / * _

. /T gF (") [ F(0)F (0)P,(t — 0)dowo(t)dt

= 41? /T [F(6)F*(9)] /T (1) [|[E~(re') | P, (t — 0)w(t)dtdo.

Afterwards, by (10) we obtain
LIS OIF e B (¢ = 0)eo(t)at

<(/ g(t)v’mt—e)w(t)dt)”l’ (f |F-1<re”>|pw<t>pr<t—emt)’1’

3=

4

< (2rC)? ( [ lslF pite - e>w<t>dt) ,

where C > 0 is the constant in the condition R. Hence,

/T g1l (ret) /T f(9)P*(9)Pr(t9)d0w(t)dt‘

e
< @O ( [1r@rreias) ([ [ ls7 wier - oydoat)

cH (5= [ 1r@Pwiore) % (35 [ s wtar) "

For the proof of necessity we fix some 7,0 < r < 1 and take F%(t)(pg(t), 6 € T, where @g(t) equals
1

P We skip further details because they are similar to those given in the
(1—rei(t=0))P

proof of Theorem 7. O

3 =

p

-

to any branch of

The following statement gives a representation of the inverse operator A~! from Hypothesis 1.

Corollary 1. Let w € Rand f € HP(T,w),1 < p < oo. Then the holomorphic function

, —1 (it
flrety = E2) | po)r0)pi(t - 0)a6

belongs to HP (D, w).
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Thus by Lemma 3 we obtain
Theorem 14. The system {e/*'}°  is an A—basis in HP (w),1 < p < oo if and only ifw € R.
The following proposition is related with our remark after the formulation of Hypothesis 1.

Proposition 2. Let w € "V and 1 < p < oo. Let
f(z) = ap+ Z azk
k=1

be a holomorphic function in D such that

1 i\ |p
0)do < +oo.
suplzn/T|f(re )|Pw(0)

0<r<

Then there exists ¢ € HP (T, w) such that for all n € Ny

1
i =5 [ o(Dgu(Br(it (14)
Proof. By Lemma 2 we have that f(re!)F*(t),r € (0,1) is a uniformly bounded family of functions
in HP(T). Thus by Banach’s theorem [1] we can find a sequence 0 < r; < r, < --- < 1 such that

lim; ,,7; = 1and f (rjeit)F*(t) converges weakly in H?(T),1 < p < co. In other words there exists
€ HP(T) such that for any h € H¥'(T)

tim 5= [ flrie R = 5 [y

If we fix j € Nthen foranyn € N

zxnr? = %/Tf(rje”)WW(f)dt: %/Tf(rjeit)F*(t)T(t)dt.

Letting j — 00, we obtain

o 27T/ (1) 217-[/ @(t)pu(t)w(t)dt,

where ¢(t) = € HP(T,w). The proof for the case p = 1 is longer but its first part is well known
% ) p p= g p

(seee.g. [7], [12]) The set f(re')F*(t),r € (0,1) is uniformly bounded in the L' (T) norm. Afterwards
we consider L!(T) as a subspace of the space of Borel measures, the dual of C(T). Thus as above one
can pick an increasing sequence {7; }]?“’:1, lim; o 7; = 1 such that for some analytic Borel measure y

]~>0027T/fr] JF* (¢ =5 / t)dy forany g€ C(T).

By Riesz brothers theorem we obtain that y is absolutely continuous with respect to the Lebesgue
measure on T, du(t) = ¢(t)dt, where ¢ € H'(T). Afterwards we finish the proof as above. [J

3. Discussion

The author feels obliged to explain some trivial things. Professional mathematicians may skip
following few lines. It is clear that any solved problem is no longer a problem. The key instrument for
the present study are polynomials defined in subsection 1.1. It is easy to check that they constitute a
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dual system for the corresponding Beurling system. The main difficulty is to find out the mentioned
system.

Those polynomials are remarkable because expanding elements of the Hardy spaces by a Beurling
system we get integral representations with classical kernels. This fact permits to use tools developed
for weighted norm inequalities in our research. The obtained results belong to different topics which
can be classified as parallel.

On one hand we extend Beurling’s approximation theorem showing that Beurling’s systems are
M—Dbases in the corresponding Hardy spaces. Moreover, we characterise outer functions for which
they are uniformly bounded M—bases, bases, summation bases. On the other hand we can study
weighted norm Hardy spaces. Here we should mention M.Rosenblum’s important article [16]. In the
introduction of [16] a statement was formulated related with weighted norm H” spaces. In my talks
related with present study we formulated that statement as Rosenblum’s theorem. We should remark
that in [16] the author do not formulated that statement as a theorem. Hence, after some refleccion it
seems to us more adequate to formulated it as Rosenblum’s hypothesis. Our study permits to give a
complete proof of Hypothesis 1. Moreover, we find the precise formula for finding the function from
the space H? (D, w) given its boundary value which belongs to H? (T, w), where w € R. It should be
mentioned that the class R is large enough (see (4)). These relations need further study.
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