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Abstract: The narrow parking space will result in difficulties in path planning and spot turning 

caused by sudden changes and discontinuities in path curvature. To address the problem, this paper 

investigates the performance of three path planning algorithms and proposes a path optimization 

algorithm. First, the narrow parking space is defined based on single-step parking of the arc-line 

combination parking algorithm. Second, to compare the arc-line combination algorithm, Hybrid A* 

algorithm, and particle swarm optimization parking algorithm under different narrow parking 

spaces, a multi-objective evaluation function is proposed, including three evaluation indicators, 

namely, the path length, the number of positive and negative conversions of vehicle speed, and the 

smoothness of the path. Their performance is compared by simulation conducted in MATLAB, the 

results show that the Hybrid A* algorithm is the better than others for narrow parking spaces. Third, 

to smooth the planning path, a path optimization algorithm based on the cubic B-spline curve and 

gradient descent is proposed. Finally, the simulation is conducted between the proposed algorithm 

and Hybrid A* algorithm, the result shows that the proposal can effectively eliminate the curvature 

mutation point and constrain the path curvature to meet the requirements of a smooth path.  

Keywords: narrow parking spaces; automatic parking; multi-objective evaluation function; B-spline 

curve; gradient descent 

 

1. Introduction 

With the continuous rise of car ownership, the availability of parking spaces is decreasing, 

leading to increasingly narrow parking areas, which will cause the parking difficult and inefficient 

for drivers, even result in collision between the vehicle and the surroundings. It can also cause traffic 

jams and even traffic accidents. Therefore, automatic parking technology under narrow parking 

spaces has gradually become the research focus. 

The automatic parking system mainly uses sensors of the vehicle to measure the relative 

distance, speed, and angle between the vehicle and the surrounding objects. It calculates the 

operation process through the on-board computing or cloud computing platform. It controls the 

vehicle’s steering, acceleration and deceleration to achieve automatic parking. The parking process 
can be divided into four steps, namely, environmental perception, parking space detection and 

recognition, parking path planning, parking path following control. Among them, path planning is 

to plan a path avoiding collision under vehicle dynamics constraints based on environment and 

location information and is executed on the vehicle [1].  

At present, there are three kinds of vertical parking path planning algorithms commonly used 

in traditional standard parking spaces. One is the geometric algorithm. Zhao, B et al. [2] used arc lines 

as transition paths in local path planning to park a vehicle, including arcs and line segments based 

on the optimal parking starting point node, although the parking path is shortened, it is only suitable 

for single-step parking. Jiang, M et al. [3] proposed a vertical parking path planning algorithm based 

on polynomial curve optimization to improve the safety and success rate of automatic vertical 
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parking in complex environments, although it can solve the problem of not being able to single step 

parking, this algorithm requires a wider parking space. Zhang, J et al. [4] proposed a vertical parking 

trajectory planning algorithm based on a cycloid curve, decoupling the vertical parking trajectory 

planning problem into a path planning problem and a velocity planning problem, but it can only be 

used in slightly narrow parking spaces. The arc-line combination algorithm in the geometric 

algorithm has accurate characteristics, which can accurately calculate the driving trajectory of the 

vehicle in the parking process so that the vehicle can accurately park into the specified parking space. 

The second is a random search algorithm. Yu, L et al. [5] adopted a particle swarm optimization 

algorithm to solve equality constraints based on parking boundary, inequality constraints based on 

curvature, collision avoidance, and parking space reduction. It obtained optimized, smooth, and 

curvature continuous programming path curve expressions by taking the weighted sum of maximum 

curvature and the absolute value of the horizontal coordinate of the starting position of parking as 

the objective function. However, due to the large number of parameters, the path search efficiency is 

low Kim, M et al. [6] proposed a Target Tree RRT* algorithm in complex environments, which uses 

the clothoid path to design the target tree to deal with curvature discontinuity. To further reduce the 

planning time, a cost function is defined to initialize an appropriate target tree considering obstacles. 

Combining the optimal variable RRT and searching for the shortest path, the Target Tree RRT* 

algorithm obtains an approximately optimal path as the sampling time increases, although the path 

search time is shortened, the smoothness of the path cannot be guaranteed. Zhang, J et al. [7] 

proposed a parallel parking path planning algorithm based on the improved particle swarm 

optimization, comprehensively considered the non-holonomic kinematics constraints of the 4WS by 

wire vehicle, process constraints and boundary constraints of the power and steering subsystems, 

obstacle avoidance constraints, initial parking posture, and target parking posture constraints, and 

established a parallel parking path planning constraint optimization problem to minimize the total 

duration of the parking process, the particle swarm optimization, which can deal with equality 

constraints and inequality constraints, is used to solve the problem and obtain the optimal parallel 

parking path, although it can solve the problem of non-smooth path, it is not suitable for narrow 

parking spaces. The search process of the particle swarm optimization algorithm in the random 

search algorithm performs parallel search, the computational efficiency is high, and the parking path 

that meets the conditions can be found in a short time. The principle of the particle swarm 

optimization algorithm is simple, and the parameter adjustment is relatively simple. For different 

parking scenarios, only a few parameters need to be adjusted. 

The third type is the graph search algorithm. Sedighi, S et al. [8] proposed an efficient 

computational algorithm that combines the Hybrid A* search algorithm with visibility graph 

planning to find the shortest non-holonomic path in a mixed (continuous-discrete) environment for 

automatic parking, although the relatively short path can be searched, the search time is increased. 

Bai, J et al. [9] proposed a directed Hybrid A* global path planning algorithm based on the 

generalized Vinor map for the path planning problem of autonomous valet parking systems, which 

accurately and effectively generates a collision-free path from the entrance of the parking lot to the 

starting point of parking. Xiong, L et al. [10] improved the Hybrid A* by adding a penalty term for 

obstacle distance on the Reeds-shepp (RS) curve, which improved the problem of the RS curve being 

too close to obstacles and improved the effectiveness of parking. The Hybrid A* algorithm in the 

graph search algorithm is a heuristic search in a continuous coordinate system, which can ensure that 

the generated trajectory satisfies the vehicle non-integrity constraint (kinematic constraint). It can 

deal with non-smooth obstacles and find the optimal global solution. By combining the discrete node 

network with the exploration of continuous space, the calculation amount and search time can be 

reduced. 

These three algorithms can improve parking efficiency, reduce search time, adapt to traditional 

standard parking spaces. However, their applications on automatic vertical parking in narrow spaces 

is rare and their performance is uncertain. In addition, there is no standard for the narrow parking 

space and no evaluation index for automatic parking in narrow spaces.  

For the reasons mentioned above, the contributions of this study are summarized as follows. 
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1. The narrow parking space is defined based on the single-step parking limitation of the arc-line 

combination parking algorithm. The parking space is defined as a narrow parking space, and 

the width of the narrow parking space is approximately 1.25-1.35 times the width of the vehicle 

body. 

2. A multi-objective evaluation function of narrow parking spaces is proposed. The parking route 

planning algorithms of three various types (arc-line combination, particle swarm optimization, 

and Hybrid A*) are simulated and examined by the function under different narrow degrees. 

The simulated parking path curve and curvature are evaluated, and the advantages and 

disadvantages of the three algorithms in narrow parking space parking planning are analyzed. 

3. A path optimization algorithm based on a cubic B-spline curve and gradient descent is proposed 

to optimize the path planned by the parking algorithm. 

The remainder of this paper is organized as follows. Section 2 introduces the establishment of 

the vehicle motion model, the principle of three parking algorithms, and the multi-objective function. 

The path planning simulation of three algorithms in different narrow parking space widths and the 

comparative analysis of multi-objective function values are discussed in Section 3. Section 4 proposes 

a parking path and path curvature algorithm based on a cubic B-spline curve and gradient descent, 

while the experimental results and their analysis are provided in Section 4. The conclusion is drawn 

in the last section. 

2. Vehicle Kinematics Model 

During the automatic parking process, the vehicle speed is relatively low, usually at 2km/h, and 

the lateral sliding generated during the parking process can be ignored [11]. The center of the 

vehicle’s rear axle is the base point, and the vehicle kinematics is modeled, as shown in Figure 1. 
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Figure 1. The simplified vehicle kinematics model. 

The following differential equation can be obtained by selecting the center of the equivalent 

vehicle rear axle as the reference point, referring to Figure 1. 𝑥̇𝑁𝑠𝑖𝑛𝜃 − 𝑦̇𝑁𝑠𝑖𝑛𝜃 = 0 (1) 

The kinematics equation of the center point of the equivalent rear axle is obtained from equation 

(1), which can be expressed as 

[ẋNẏNθ̇ ] = [
cosθsinθtanφ/L] 𝑣 (2) 

Where θ is the heading angle of the vehicle, φ is the Ackermann angle of the vehicle, which is 

the front wheel steering angle of the vehicle, L is the wheelbase of the vehicle, V is the speed at the 

center point of the rear axle of the vehicle. 

  

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 21 August 2023                   doi:10.20944/preprints202308.1474.v1

https://doi.org/10.20944/preprints202308.1474.v1


 4 

 

3. Automatic Parking Path Planning Method 

3.1. Narrow Parking Spaces 

The size of standard parking space is regulated considering the factors such as the width of the 

vehicle, the minimum turning radius of the vehicle and parking safety. Let the width of the standard 

parking space be WP0 , generally, any parking space narrower than WP0  can be called a narrow 

parking space. However, the degrees of narrowness affects the parking path planning. If the width 

of the parking space WP  is slightly narrower than WP0 , namely, WP0 ≤ WP ≤ WP1  as shown in 

Figure 2, the vehicle can be parked one step using arc-line combination parking algorithm. When WP1 ≤ WP ≤ WP2, the vehicle cannot be parked within one step and the vehicle cannot be parked 

when WP2 ≤ WP. In this study, we only consider the multi-step parking, namely, WP1 ≤ WP ≤ WP2 

as the narrow parking space, which is approximately 1.25-1.35 times the width of the vehicle body W𝑉, namely, WP1 ≈ 1.35W𝑉 and WP2 ≈ 1.25W𝑉. 
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Figure 2. Vehicle parking position diagram and Narrow parking space diagram. 

3.2. Principles of Arc-Line Combination Planning Algorithm 

The arc-line combination vertical parking algorithm is a geometric algorithm, which is 

composed of multiple straight lines and arcs. The radius of the arc is the minimum turning radius of 

the vehicle. The arc-line combination multi-step vertical parking path planning diagram is shown in 

Figure 3. The parking path consists of straight lines P0P1, P4P5 and arcs P1P2, P2P3, and P3P4. The start 

parking position is point P0, and the end parking position is point P5. 
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Figure 3. Multi step path planning. 

The first arc path is P1P2. 

The vehicle reaches the initial parking position P0 and starts parking within a safety threshold 

ψ; when the left rear of the vehicle and the left side of the parking space reach the safety threshold, 
the first arc P1P2 parking is completed. 
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The arcs are obtained by their parameters. The angle parameter 𝜑0between the straight-line OE 

and the straight-line OD is obtained from Equation (3) and as shown in Figure 4. 𝜑0 = 𝑎𝑟𝑐𝑡𝑎𝑛 (𝐷𝐸𝑂𝐸)  (3) 

The parameter corresponding to the first arc P1P2, is 𝜑1, and the vehicle reverses from the initial 

parking position P0. When the vehicle's left rear and left side of the parking space reach the safety 

threshold, the left parking space vertex coordinates are D’ (XD’, YD’). Based on the D’ horizontal 
coordinate value and the rear axle center coordinate, the angle of the first arc can be obtained. 𝜑1 = 𝑎𝑟𝑐𝑠𝑖𝑛 (𝑋1−𝑋𝐷’𝑂𝐷 ) − 𝜑0  (4) 
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Figure 4. The first arc path P1P2. 

The second arc path is P2P3. 

The parameters corresponding to the second arc path P2P3 are O2 and 𝜑2. The coordinates of the 

circle's center O2 (xo2, yo2) can be obtained from the coordinates of the center Q2 of the vehicle's rear 

axle and the vehicle's heading angle. The relationship between the center O2 and center O3 can be 

obtained from the geometric relationship between the tangent of the second and third arcs. (𝑥𝑜3 − 𝑥𝑜2)2 + (𝑦𝑜3 − 𝑦𝑜2)2 = (2𝑅𝑚𝑖𝑛)2 (5) 

The parameters corresponding to the third arc are O3 and 𝜑3. Since the arc P3P4 is tangent to the 

straight line P4P5, the coordinates of O3 (xo3, yo3) can be obtained. 

Based on the above analysis, the angle 𝜑2 corresponding to the second arc path, P2P3 can be 

obtained. 𝜑3 = 𝑎𝑟𝑐𝑡𝑎𝑛 (𝑦𝑜2−𝑦𝑜3𝑥𝑜3−𝑥𝑜2)  (6) 

𝜑2 = 𝜋2 − 𝜑3 − 𝜑1  (7) 

3.3. Principles of Particle Swarm Optimization Planning Algorithm 

The particle swarm optimization (PSO) algorithm is a random search algorithm with high 

precision, fast convergence speed, few parameters, and easy implementation. Through cooperation, 

the population is optimized. Each potential solution of an optimization problem is considered a bird 

in the search space, called a “particle” [12]. Each particle has a moderate value determined by an 
objective function and a speed to determine the flight distance and direction. All particles follow the 

current optimal particle to search in the solution space, which means finding the optimal solution 

through multiple iterations. 

Assuming that an optimization problem is defined in D-dimensional space, the number of 

particles in the population is 𝑆𝑘, and the position, velocity, and cost function values of the particles 

are  𝑋 𝑖 = (𝑥𝑖1, 𝑥𝑖2,… ,𝑥𝑖𝐷) ,𝑉𝑖  = (𝑣𝑖1, 𝑣𝑖2, … , 𝑣𝑖𝐷) , 𝑓(𝑋𝑖) , respectively. The optimal population is 𝑃𝑖 , 
which refers to the particle with the smallest cost function value of the current particle in all iterations. 
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The global optimal is 𝑃𝑔, which refers to the particle with the smallest cost function value in the 

optimal particle. 

The velocity and position update formulas of the particles are as follows. 𝑣𝑖𝑑(𝑘 + 1) =η𝑣𝑖𝑑(𝑘) + 𝑐1𝑟2[𝑃𝑖𝑑 − 𝑥𝑖𝑑(𝑘)] + 𝑐2𝑟2[𝑃𝑔𝑑 − 𝑥𝑖𝑑(𝑘)] (8) 𝑥𝑖𝑑(𝑘 + 1) = 𝑥𝑖𝑑(𝑘) + 𝑣𝑖𝑑(𝑘 + 1), 1 ≤ 𝑘 ≤ 𝑘𝑚𝑎𝑥, 1 ≤ 𝑖 ≤ 𝑁𝑃 , 1 ≤ 𝑑 ≤ 𝐷 (9) η(𝑘) = (η𝑖𝑛𝑖−𝜔𝑒𝑛𝑑)(𝑘𝑚𝑎𝑥−𝑘)𝑘𝑚𝑎𝑥 + η𝑒𝑛𝑑  (10) 

Among them, 𝑁𝑃 is the number of particles, the larger the particle swarm size, the easier it is to 

find the global optimal solution; 𝑘𝑚𝑎𝑥  is the maximum number of iterations, 𝑣𝑖𝑑(𝑘)  is the d-

dimensional velocity component of the k-th population particle 𝑖 , 𝑥𝑖𝑑(𝑘)  is the d-dimensional 

position component of the k-th population particle 𝑖, 𝑃𝑖𝑑 is the d-dimensional position component 

of the optimal particle 𝑖; 𝑃𝑔𝑑 is the global optimal d-dimensional position component, 𝑟1 and 𝑟2 are 

random functions that generate random numbers between 0 and 1. The η is the inertia weight. 

Introducing inertia weight gives the particle swarm a more vital global search ability in the early 

stage and a more vital local optimization ability in the later stage and increasing η can improve global 

search ability, and reducing η can improve local search ability; reasonable η is the key to achieving 

efficient search and avoiding falling into local optima. The 𝑐1 and 𝑐2 are acceleration coefficients to 

determine particle and global optimization guidance weights, where 𝑐1  affects the optimal local 

value and 𝑐2 affects the optimal global value. 

PSO stop criterion: the end of the particle swarm optimization algorithm is either the number of 

iterations reaches the maximum value or the optimization result reaches the error threshold. 

The particle swarm optimization algorithm must find an optimal parking position and angle in 

vertical parking. Therefore, in the particle swarm optimization algorithm, the position and angle of 

the vehicle are used as parameters of the objective function; specifically, the position and angle of the 

vehicle are used as the state vectors of the particles, and the objective function is the path function of 

arc straight line planning. After determining the independent variable of the minimum value of the 

objective function and the starting point of parking, the parking point position information is 

obtained based on the vehicle's minimum turning radius and the objective function's minimum value. 

The objective function is used to judge its position, and the optimal solution is searched through 

continuous attempts and adjustments, achieving a fast and efficient vertical parking process. 

3.4. Principles of Hybrid A* Planning Algorithm 

The Hybrid A* algorithm is different from the traditional A* algorithm. It is a state space 

heuristic algorithm. It can introduce heuristic information in the search process, the search path 

conforms to vehicle kinematics, the parking environment is gridded, and each search location in the 

gridded state space is evaluated to get the best position and then perform the following search from 

this position to the destination [13–15]. 

The Hybrid A* algorithm is often used in various path planning, including automatic parking 

path planning. The Hybrid A* extends from the parent node with various steering operations (left 

turn, right turn, or no turn), and combines the vehicle kinematics model to determine new nodes, 

thus ensuring the motion continuity requirements between the child node and the parent node. 

Therefore, the path generated in this way can meet the needs of vehicle driving, as shown in Figure 

5.  

θ 

θ 

 

Figure 5. Hybrid A* extended node diagram. 
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In path planning, three-dimensional coordinates (𝑥, 𝑦, 𝜃) to describe the vehicle's posture. In 

the formula, 𝑥 is the horizontal coordinate, 𝑦 is the vertical coordinate, 𝜃 is the heading angle of 

the vehicle. The node expansion process of the Hybrid A* algorithm is shown in Figure 6, where 𝑁𝑖−1 

and 𝑁𝑖 respectively represent the previous node and the current node. The basic principle is shown 

in Equations (11)–(15). 𝛽 = (LarcW ) × tanα  (11) 

𝑅𝑖 = 𝐿𝑎𝑟𝑐𝛽   (12) 

𝑥𝑖 = 𝑥𝑖+1 + 𝑅𝑖[𝑠𝑖𝑛(𝜃𝑖+1 + 𝛽) − 𝑠𝑖𝑛(𝜃𝑖−1)] (13) 

𝑦𝑖 = 𝑥𝑖+1 − 𝑅𝑖[𝑐𝑜𝑠(𝜃𝑖+1 + 𝛽) + 𝑐𝑜𝑠(𝜃𝑖−1)] (14) 

𝜃𝑖 = 𝜃𝑖−1 + 𝛽 (15) 

Where, Larc is the step size of each extension of the Hybrid A* algorithm, 𝛼 is the steering 

angle of the vehicle, 𝑊 is the track width, the angle of 𝛽 corresponding to the arc between 𝑁𝑖−1 and 𝑁𝑖 nodes can also be directly set as the minimum turning radius of the vehicle during expansion. 

θi-1+β 

Ni

Ni+1

θi-1

β 

Ri

 

Figure 6. New nodes generation principle of Hybrid A*. 

The Hybrid A* algorithm considers the influence of the front wheel angle on the node expansion 

to form a three-dimensional coordinate (𝑥, 𝑦, 𝜃) . At the same time, two heuristic functions are 

considered: unconstrained heuristic function and constrained heuristic function. Among them, the 

unconstrained heuristic function ignores the non-holonomic constraints of the vehicle, considers the 

environmental obstacles. Therefore, it is not necessary to consider the kinematic constraints of the 

vehicle, such as the heading angle. The constrained heuristic function ignores environmental 

obstacles, considers vehicle non-integrity constraints. The unconstrained heuristic function value is 

used to calculate the constrained heuristic function value, and the Reeds-Shepp curve is used to 

calculate the size of the heuristic function value.  

3.5. Parking Path Evaluation function 

Planned path length is commonly used as index to measure the performance of standard spaces 

parking. However, it is not suitable for evaluating the narrow spaces parking because of the frequent 

changes in speed and direction. In this paper, we propose a multi-objective evaluation function for 

narrow parking space paths to evaluate the comprehensive performance of parking algorithms. 

1. The number of positive and negative transitions in vehicle speed. The number of positive and 

negative vehicle speed transitions R is obtained by judging the speed direction of the previous 

and subsequent moments. 

2. The total length of the path. 𝐿 = ∑ ((x(i + 1) − x(i))2 + (y(i + 1) − y(i))2)12Ni=1   (16) 

3. Path Smoothness. 

The minimum curvature of the path curve can represent the smoothness of the path curve. The 

smaller the minimum curvature, the better the smoothness of the path curve. The average minimum 

curvature of the entire parking path curve can be compared. 
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𝜌̅ = 𝑚𝑖𝑛(𝜌𝑖1𝑚𝑖𝑛, 𝜌𝑖2𝑚𝑖𝑛, 𝜌𝑖3𝑚𝑖𝑛) (17) 

where 𝜌𝑖1𝑚𝑖𝑛 is the minimum curvature of the first path curve of the i-th path point; 𝜌𝑖2𝑚𝑖𝑛 is the 

minimum curvature of the second segment of the curve at the i-th path point; 𝜌𝑖3𝑚𝑖𝑛 is the minimum 

curvature of the third segment of the curve at the i-th path point. 

The above three evaluation indicators values are calculated separately and weighting 

summation. The multi-objective evaluation function value S of the planning route of these three 

planning algorithms is obtained as follows, 𝑆 = 𝜔𝑙𝐿 + 𝜔𝑟𝑅 + 𝜔𝜌𝜌̅ (18) 

where 𝜔𝑙 is the weighted coefficient of the total path length; 𝜔𝑟 is the weighted coefficient of the 

number of positive and negative conversions of vehicle speed; 𝜔𝜌 is the weighted coefficient of the 

planned path curvature. 

4. Path Planning Simulation 

4.1. Parking Scene Settings 

According to the “Specification for the Setting of Parking Spaces on Urban Roads,” (GA/T 850—
2021 of China) the size of vertical parking spaces for small cars is 2.5-2.7 * the size is 5-6 meters. The 

width of the single-lane turning lane is not less than 3.5 meters, while the width of the double lane is 

not less than 5 meters. The turning section should meet the needs of one vehicle turning at a time. 

This paper selects a small sedan as the research object, with a width of 1.737m, a length of 4.579m, 

and a minimum turning radius of 5.6m, and the safety threshold between vehicle and parking space 

ψ, ψ = 0.1m. According to the above definition of narrow parking spaces, this paper sets the 
parameters for narrow parking spaces, as shown in Table 1. 

Table 1. Parameters of narrow parking scenarios. 

Scene  

parameters 

Parking space 

width 

SW/m 

 Parking 

space length 

SL/m 

Length of 

driving 

passage L/m 

Width of 

driving 

passage W/m 

Vehicle’s  

Initial 

heading angle 

 θmin/(°) 

Value 2.3~2.1 5.0 9.0 5.0 -10~10 

4.2. Simulation 

In this paper, the path planning algorithm is simulated in MATLAB. Firstly, based on the three 

established planning models, the arc straight line, the Hybrid A*, and the particle swarm 

optimization paths for a 2.5m wide standard parking space are simulated at a given starting point. 

Then, the path planning simulation for narrow parking spaces is compared, and the curvature of each 

arc of the three is compared. 

The following is a comparison of the paths planned by the three algorithms when the parking 

space width is a standard size of 2.5m, as shown in Figure 7. 

 

Figure 7. Paths of the three algorithms. 
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It can be seen that the path planned by the Hybrid A* includes two arcs and a straight line, and 

the path planned by arc-line combination and particle swarm optimization includes three arcs and a 

straight line. Moreover, the first arc of the Hybrid A* planning is much smaller than the arc-line 

combination and particle swarm optimization. In this way, to complete the parking operation, the 

path of the Hybrid A* planning needs to be adjusted once outside the library to enter the library, 

while the arc straight line and the particle swarm need to be adjusted twice outside the library. The 

following will simulate and compare the width of different parking spaces. 

The path curve can be discretized into many path points containing (𝑥, 𝑦) coordinate values. 

Then, according to the path length calculation formula in the parking path evaluation index in Section 

2.3, the arc-line combination, Hybrid A*, and particle swarm optimization path length can be 

calculated. Based on each coordinate point, the curvature calculation formula can be used to obtain 

the curvature value corresponding to each arc segment. 

4.2.1. Arc-Line Combination 

The path length and curvature for arc-line combination planning are simulated based on 

different parking space widths in MATLAB simulation, as shown below. 

The above is the curvature diagram of the simulated path using the arc line planning algorithm 

in three narrow parking spaces with different widths. Although the parking spaces have different 

widths, the curvature mutation is the same. From Figure 8, the curvature of the first arc has two 

mutation points, the second arc has two mutation points, and the third arc has two mutation points. 

The comparison information of path length and reverse times simulated by MATLAB under different 

parking space widths can be seen in Table 2. 

  

 

Figure 8. Three-segments arc path curvatures of arc-line combination algorithm. 

Table 2. Planned paths of arc-line combination algorithm under different parking spaces. 

Parking Space width/m 2.3 2.2 2.1 

Total path length/m 11.39 11.37 11.21 

Speed positive and negative conversion 

times/time 
2 2 2 

Security threshold/m 0.2 0.1 0.09 
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Planned path 

   

4.2.2. Hybrid A* 

The path length and curvature of Hybrid A* planning is based on different parking space widths 

in MATLAB simulation, as shown below. 

The above is the curvature map of the simulated path using the Hybrid A* planning algorithm 

in three narrow parking spaces with different widths. Although the parking spaces have different 

widths, the curvature mutation is the same. From Figure 9, the curvature of the first arc has two 

mutation points, the second arc has two mutation points, and the third arc has two mutation points. 

The comparison information of path length and reverse times simulated by MATLAB under different 

parking space widths can be seen in Table 3. 

  

 

Figure 9. Three-segments arc path curvature of Hybrid A* algorithm. 

Table 3. Planned paths of Hybrid A* algorithm under different parking spaces. 

Parking Space width/m 2.3 2.2 2.1 

Total path length/m 9.48 9.50 9.53 

Speed positive and negative conversion 

times/time 
2 2 2 

Security threshold/m 0.2 0.1 0.09 

Planned path 

   

4.2.3. Particle Swarm Optimization 

The particle swarm parameters are set reasonably with reference to practical engineering 

experience. The path length and curvature of particle swarm optimization are based on different 

parking space widths in MATLAB simulation, as shown below. 

The above is the curvature diagram of the simulation path using the particle swarm optimization 

algorithm in narrow parking spaces. From Figure 10, the curvature of the first arc has two mutation 
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points, the second arc has two mutation points, and the third arc has two mutation points. The path 

curvature map planned by the particle swarm optimization algorithm is very similar to the arc line 

planning algorithm, but the curvature of the segmented arc in Figure 10 changes relatively faster than 

that of the arc line, and the curvature is less smooth; the second mutation in the third arc is relatively 

more severe than the mutation in the straight arc. The comparison information of path length and 

reverse times simulated by MATLAB under different parking space widths can be seen in Table 4. 

  

 

Figure 10. Three-segments arc path curvature of particle swarm optimization algorithm. 

Table 4. Planned paths of particle swarm optimization algorithm under different parking spaces. 

Parking space width/m 2.3 2.2 2.1 

Total path length/m 9.47 9.48 9.50 

Speed positive and negative conversion 

times/time 
2 2 2 

Security threshold/m 0.1 0.09 0.08 

Planned path 

   

Through the above simulation results, it can be found that the path needs to be adjusted multiple 

times to park smoothly due to the narrow space, whether using circle arc- straight line, Hybrid A*, 

or particle swarm optimization algorithms. From the three tables, the path planned by circular arc 

straight lines is the longest, and the three planning algorithms have the same number of positive and 

negative vehicle speed conversions, that is, reverse times. By analyzing the path length, the number 

of positive and negative vehicle speed transitions, and the number of vehicle position adjustments 

outside the depot in Figure 7, the parking operation time of the path planned by the geometric 

algorithm is relatively long, and the efficiency is relatively low. 

By analyzing the paths in Figure 7 and the tables, it can be found that the Y values of the adjusted 

coordinates for the arc straight line and particle swarm planning paths outside the garage are 

relatively large, which means that the vehicle’s position is farther away from the garage compared to 
Hybrid A*, and the width of the driving lane is 5m. In this way, further away from the garage 

increases the risk of vehicles touching the curb, opposite vehicles, or walls, leading to parking failure. 

The simulation results of selecting different narrow-width parking spaces show that only the 

Hybrid A* algorithm successfully parks when the parking space width is 2.1m, the arc-line 
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combination and Hybrid A* algorithm parking successfully at 2.2m. All three algorithms were 

successfully parked at 2.3m. This indicates that Hybrid A* is most suitable when the parking 

environment is relatively narrow. Selecting a width of 2.3m parking space, the weighting coefficients 

adopted in this article are 𝜔𝑙=1.25, 𝜔𝑟=1, 𝜔𝜌=400. Based on the multi-objective evaluation function, 

the results of three parking planning algorithms are compared, as shown in Table 5. 

Table 5. Performance of the three algorithms. 

Algorithm 
Total Path 

Length/m 

Speed Positive 

and Negative 

Conversion 

Times/Time 

𝝆̅ S 

Arc-line 

combination 
11.39 2 0.159 79.84 

Hybrid A* 9.48 2 0.151 74.25 

PSO 9.47 2 0.161 78.24 

Based on comprehensive analysis, the arc-line combination planning has the longest path among 

the three evaluation indicators, and the particle swarm optimization has the shortest path; The 

number of positive and negative vehicle speed transitions is the same. The average minimum 

curvature of the three arcs of Hybrid A* is the smallest, and the particle swarm is the largest. The 

final evaluation function S has the lowest score of Hybrid A*, while the arc straight line has the 

highest score and significantly differs from the two other planning algorithms. This indicates that the 

arc straight line planning algorithm is unsuitable for narrow parking spaces. Although the particle 

swarm optimization algorithm has the same evaluation score as Hybrid A* in a 2.3m vast parking 

space and the shortest path, the path is not smooth relative to Hybrid A*, and the curvature mutation 

is more significant. Therefore, the Hybrid A * planning algorithm is more suitable for narrow parking 

spaces. 

Although the Hybrid A* planning algorithm is better overall, it also has the problem that the 

curvature discontinuity of the path curve leads to the spot turn. In order to solve the problem of 

curvature discontinuity of the planned path, it is necessary to smooth the path optimization. 

5. Path Smoothing Optimization of the B-spline Curve and Gradient Descent Algorithm 

The Gradient descent is a numerical optimization algorithm with a small storage capacity and 

high stability. The gradient of the function (the tangent slope of the function at this point) can well 

indicate the direction in which the function value drops the fastest so that each step can effectively 

approach the optimal solution. It can optimize the curvature of the smoother curve and adjust the 

curvature of the curve to meet the kinematic requirements of vehicle driving. If the curve is not 

smooth in some places, there may be no gradient in these places, which makes the gradient descent 

algorithm unable to optimize in these places. 

A series of control points, including the starting point and the end point of the curve, are 

selected. The B-spline curve, with multiple control points, has the characteristics of multi-order 

derivative continuity. Therefore, the B-spline curve can be used for path smoothing, which makes up 

for the shortcomings of the gradient descent algorithm that cannot be optimized in the non-smooth 

path. However, the parking paths are composed of multi-segment arcs and straight lines for narrow 

parking spaces. In this way, B-spline curves are used to optimize each arc of multi-step parking, and 

then the optimized smooth curve is used to limit the path curvature by the gradient descent 

algorithm. 
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5.1. Path Smoothing Optimization Based on the B-Spline Curve 

The B-spline curve is an improved curve based on the Bézier curve [16]. It can not only change 

the order of the curve but also realize the local change of the curve. Assuming that there are 𝑛 control 

vertices, the k-order B-spline curve function is expressed as follows. 𝑃(𝑢) = ∑ 𝑃𝑖𝑁𝑖,𝑘(𝑢)𝑛𝑖=0   (19) 

In the above formula, 𝑘 =  { 0, 1, 2, . . . , 𝑛 } , 𝑈 = { 𝑢0,  𝑢1,∙∙∙, 𝑢( 𝑛+𝑘+1 ) }  is the node vector 

sequence, 𝑃𝑖 is the ith curve equation corresponding to this point, and  𝑁( 𝑖,𝑘 )(𝑢) is the k-th B-spline 

basis function. The recurrence formula is as follows. 

{  
  𝑑𝑒𝑓𝑖𝑛𝑒 00 = 0                                                                                                𝑁𝑖,0(𝑢) = {1， 𝑢𝑖 ≪ 𝑢 ≪ 𝑢𝑖+10，   other                                                                               𝑁𝑖,𝑘(𝑢) = (𝑢−𝑢𝑖)𝑁𝑖,𝑘−1(𝑢)𝑢𝑖+𝑘−𝑢𝑖 + (𝑢𝑖+𝑘+1−𝑢)𝑁𝑖+1,𝑘−1(𝑢)𝑢𝑖+𝑘+1−𝑢𝑖−1 ，𝑢𝑘 ≤ 𝑢 ≤ 𝑢𝑛+1   (20) 

According to the structure of the B-spline curve, its shape is determined by the node vector and 

the control point of the piecewise mixed function. Then, according to the distribution of the midpoint 

of the node vector sequence U, the B-spline curve can be divided into four types [17]: uniform B-

spline curve, quasi-uniform B-spline curve, piecewise Bézier curve, non-uniform B-spline curve. 

When optimizing the parking path, the starting point and the endpoint of the parking cannot be 

ignored. The quasi-uniform B-spline curve meets the requirements of passing through the starting 

and endpoints. It is closer to the original trajectory, which can maintain the shape of the original path 

to the maximum extent. Therefore, this paper chooses this curve to optimize the parking path. When 

the value of 𝑘 in Equation (21) is 3, the expression of cubic quasi-uniform B-spline can be obtained. 𝑃(𝑢) = ∑ 𝑃𝑖𝑁𝑖,𝑘(𝑢)3𝑖=0   (21) 

Then, this paper uses the B-spline curve to fit each path arc to obtain a smooth path. The specific 

algorithm process is as follows: first, the path planning is carried out to obtain the path point set, and 

the opposite change position of the vehicle movement direction is judged; more, multiple arc path 

curves are obtained by segmenting the complete path, and B-spline curves are used to optimize each 

path curve. Finally, the final smooth path is obtained by stitching the optimized path curves. 

5.2. Path Curvature Optimization Based on the Gradient Descent 

To ensure that the curve curvature satisfies the minimum turning radius constraint of the vehicle 

for the optimized path 𝑋𝑖 = ( 𝑥𝑖 ,  𝑦𝑖) , 𝑖 ∈ [ 𝑖, 𝑁 ]  of the B-spline curve, the following objective 

function is designed for re-optimization, and the planned path curvature is controlled to be not more 

significant than the maximum turning curvature of the vehicle. 𝐹 = 𝜔𝑐 ∑ 𝜎𝑐 ( ∆∅𝑖|∆𝑋𝑖|− 𝑘𝑚𝑎𝑥)𝑁−1𝑖=1    (22) 

Where ∅𝑖 represents the change of the tangential angle at the vertex; 𝜔𝑐 represents the weight 

of the curvature term; 𝜎𝑐 is the penalty function, ∆𝑋𝑖 = 𝑋𝑖 − 𝑋𝑖−1, is the displacement at point 𝑋𝑖; ∆∅𝑖 is the angle change of the path at the point 𝑋𝑖; 𝑘𝑚𝑎𝑥 is the maximum curvature of the vehicle 

turning; among them: ∆∅𝑖 = |𝑡𝑎𝑛−1 (∆𝑦𝑖+1∆𝑥𝑖+1) + 𝑡𝑎𝑛−1 (∆𝑦𝑖∆𝑥𝑖)|    (23) 

Because the curvature is affected by the derivative of the three points 𝑋𝑖, 𝑋𝑖+1, 𝑋𝑖−1, and the 

curvature 𝑘𝑖 = ∆∅𝑖|∆𝑋𝑖| , therefore: ∆∅𝑖 = 𝑐𝑜𝑠−1 ( ∆𝑋𝑖𝑇∆𝑋𝑖+1|𝑋𝑖𝑇||∆𝑋𝑖+1|)  (24) 

The partial derivatives of curvature to 𝑋𝑖 , 𝑋𝑖+1 , 𝑋𝑖−1  are calculated respectively, and the 

following results are obtained: 
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𝜕𝑘𝑖𝜕𝑋𝑖 = − 1|∆𝑋𝑖| 𝜕∆∅𝑖𝜕𝑐𝑜𝑠(∆∅𝑖) 𝜕𝑐𝑜𝑠(∆∅𝑖)𝜕𝑋𝑖 − 𝜕∆∅𝑖∆𝑋𝑖2 𝜕∆𝑋𝑖𝜕𝑋𝑖    (25) 

𝜕𝑘𝑖𝜕𝑋𝑖+1 = − 1|∆𝑋𝑖| 𝜕∆∅𝑖𝜕𝑐𝑜𝑠(∆∅𝑖) 𝜕𝑐𝑜𝑠(∆∅𝑖)𝜕𝑋𝑖+1    (26) 

𝜕𝑘𝑖𝜕𝑋𝑖−1 = − 1|∆𝑋𝑖| 𝜕∆∅𝑖𝜕𝑐𝑜𝑠(∆∅𝑖) 𝜕𝑐𝑜𝑠(∆∅𝑖)𝜕𝑋𝑖−1 − 𝜕∆∅𝑖∆𝑋𝑖2 𝜕∆𝑋𝑖𝜕𝑋𝑖−1   (27) 

The gradient formula of curvature is: 𝜕𝐹𝜕𝑋𝑖 = 𝜔𝑐 (𝜔𝑖−1 𝜕𝑘𝑖𝜕𝑋𝑖−1 + 𝜔𝑖 𝜕𝑘𝑖𝜕𝑋𝑖 +𝜔𝑖+1 𝜕𝑘𝑖𝜕𝑋𝑖+1)   (28) 

For formulas (25)–(27), according to the curvature gradient formula can be obtained: 𝜕∆∅𝑖𝜕𝑐𝑜𝑠 = 𝜕𝑐𝑜𝑠−1(𝑐𝑜𝑠(∆∅𝑖))𝜕𝑐𝑜𝑠(∆∅𝑖) = −1(1−𝑐𝑜𝑠2(∆∅𝑖))1/2  (29) 

In summary, the curvature of each path point is calculated according to the current path 

sequence and input as a curvature penalty term, and the weighted sum is used as the overall objective 

function. In each iteration, the coordinate correction value of each point on the path is obtained by 

gradient derivation of the objective function. Then the coordinate value of each point on the original 

path is added with the correction value to obtain a new path optimized by one gradient descent. The 

algorithm will converge to the new path within the set total number of iterations M. 

According to the same path information of Hybrid A* in Section 3.2, and MATLAB simulation, 

the following figure is the curvature comparison after Hybrid A* path optimization. 

Figure 11a is the comparison of the curvature of the first arc parking path of the Hybrid A* before 

and after the B-spline curve and the gradient descent algorithm; Figure 11b is the comparison of the 

curvature of the second arc parking path of the Hybrid A* before and after the B-spline curve and the 

gradient descent algorithm. Figure 11c compares the curvature of the third arc parking path of the 

Hybrid A* before and after the B-spline curve and the gradient descent algorithm. The mean 

curvature of Figure 11a,b becomes smaller. Although the curvature in Figure 11c becomes more 

significant, the curvature of the three path curves is continuous without mutation and meets the 

requirements of continuous curvature change of parking path planning and the minimum turning 

radius constraint of the vehicle. 

 

(a) 

 

(b) 

 
(c) 
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Figure 11. Three arc path curvatures of optimized Hybrid A*  

The Hybrid A* path curve with a width of 2.3m and the optimized path curve of 3.2 parking 

spaces are selected. The multi-objective evaluation function compares the multi-objective function S 

values before and after optimization. The simulation results can be seen in Table 6. 

Table 6. Performance comparison between optimized Hybrid A* and the other. 

Algorithm 
Total Path 

Length/m 

Speed Positive 

and Negative 

Conversion 

Times/Time 

𝝆𝒊̅ S 

Hybrid 

A*(without 

optimization) 

9.48 2 0.151 74.25 

Hybrid 

A*(optimization) 
11.02 2 0.146 74.18 

PSO 9.47 2 0.161 78.24 

Circular arc 

straight line 
11.39 2 0.159 79.84 

Based on comprehensive analysis, the curvature of the Hybrid A* path is optimized by the B-

spline curve and the gradient descent algorithm. The average value of the minimum curvature is less 

than the curvature before optimization, which is reduced by 0.005 m−1, and less than the curvature of 

the arc straight line and the particle swarm optimization algorithm. Although the Hybrid A* increases 

the path length by 1.54 m after optimization, the function value after optimization is less than before 

optimization, which is reduced by 0.07. The simulation results show that in the narrow parking 

environment, the path of the Hybrid A* planning optimized by the B-spline curve and the gradient 

descent algorithm proposed in this paper is better overall. 

6. Conclusions 

This paper defines a narrow parking space. The single-step parking failure of the arc-line 

combination parking algorithm is taken as the standard. The parking space is defined as a narrow 

parking space, and the width of the narrow parking space is approximately 1.25-1.35 times the width 

of the vehicle body, namely, WP1 ≈ 1.35WP and WP2 ≈ 1.25WP. And, aiming at the narrow parking 

space and narrow parking environment, a multi-objective function is proposed to evaluate the 

applicability of three planning algorithms, namely arc straight line, hybrid A * and particle swarm 

optimization, in narrow parking space. 

The curvature of the parking path curve is discontinuous, and severe mutations result in spot 

turns according to the simulation results and the analysis of narrow parking environments. This 

paper proposes a algorithm based on the B-spline curve and gradient descent algorithm to optimize 

the path to solve the problem of discontinuous and abrupt curvature of the path curve. The optimized 

path curvature is smooth and satisfies the minimum turning radius constraint of the vehicle. 

However, this paper does not consider the speed planning of parking, parking space detection 

and recognition and parking path following control. In the future, the variable speed planning and 

the recognition of narrow parking spaces by vehicle and the following control of vehicle will be 

considered. 
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