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Abstract: For a nonzero normed linear space X, we will define some different classes of fuzzy norms
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1. Introduction

The idea of fuzzy norm on a linear space introduced by Katsaras [11] in 1984. Also a type of
fuzzy metric introduced by O. Kaleva and S. Seikkala [10] in 1984. Felbin [7] in 1992 introduced an
idea of fuzzy norm on a linear space, such that its corresponding fuzzy metric is of type of introduced
by O. Kaleva and S. Seikkala. Another idea of a fuzzy norm on a linear space was introduced by
Cheng and Mordeson [6] in 1994. Following Cheng and Mordeson, a definition of a fuzzy norm whose
associated fuzzy metric is similar to Kramosil and Michalek type [12], was introduced by T. Bag and S.
K. Samanta [1] in 2003. A large number of papers concerning fuzzy norms have been published by
different authors such as papers [2-5,8,9].

In this paper we will consider X as a normed linear space over C or R. Also let X’ be the set of all
linear functionals on X and let X* be the set of all bounded linear functionals on X.

Given a normed linear space X, we will introduce some different classes of fuzzy normed linear spaces.
Also separate continuity of the elements of each class are investigated. The results of this paper can be
applied as a source of examples and counterexamples concerning fuzzy normed linear spaces.

2. FUZZY NORMS GENERATED BY LINEAR FUNCTIONALS

Definition 2.1. [1] Let X be a linear space and let N : X x R — [0, 1] be a function with the following
properties

(1) N(x,t) =0forallt <0,

(2) N(x,t) =1forallt > 0ifand only if x =0,

(3) N(cx,t) = N(x, ﬁ)for allc #0,

(4) N(x+y,s+t) > min(N(x,s), N(y,t)),

(5) For each fixed x € X,N(x,.) : R — [0, 1] is an increasing function, and tli_r)noo N(x,t)=1.

Then (X, N) is called a fuzzy normed linear space.

Example 2.2. If X is a normed linear space, then N : X x R — [0, 1] defined by

N {o £ <)

1 t>|x]|

is a fuzzy norm on X.

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202309.1835.v1
http://creativecommons.org/licenses/by/4.0/

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 27 September 2023 doi:10.20944/preprints202309.1835.v1

20f 14

In the sequel we present some different classes of fuzzy normed linear spaces generated by linear
functionals.

Proposition 2.3. Let X be a normed linear space and f € X'. Define Ny : X x R — [0,1] by

0 E<]x] + |f(x)]
Ne(x,t) =< el
f t

{;mg;: E> x4+ [f(x)]-

Then Ny is a fuzzy norm on X.

Proof. We only prove parts (2), (4) and (5) of Definition 2.1.

(2) : If x = 0, then clearly N¢(x,t) = 1 for all t > 0. For the converse let N¢(x,t) = 1forall t > 0 and
suppose by contradiction that x # 0.

If t =|[|x|| + |f(x)], then N¢(x,t) = 0 that is a contradiction.

(4):Letx,y € Xands, t e R.Ifs+t <0,thens <0ort <0.So Nf(x,s) =0or Nf(y,t) =0.

Hence 0 = N¢(x +y,s +t) > min(N¢(x,s), N¢(y,t)) = 0.

Ifs+t>0ands+t <||x+y| + |f(x) + f(y)], thens <||x|| + |f(x)| or t <||y|| + |f(y)|. Therefore

0= Nf(x+y,s+1) > min(N¢(x,s), Ne(y, t)) = 0.

— sty = f () +f(y)]
Ifs+t>[x+yl+[f(x) + f(y)], then Np(x +y,5 +1) = S el

In this case if s <[|x|| + |f(x)| or t <||y|| + | f(y)|, then clearly

b=yl W )
S RO R 1) A A A

I s >[|x]| + |f(x)] and t >[ly]| + |f(y)], then Nf(x,s) = SHLEH and Ny(y, 1) = AR

One can easily verify that if N¢(x,s) < Nf(y, t), then

s(lyll + £ @) < e(llxll + £ ()

Also if Nf(y,t) < Ny (x,s), then t([|x[| +[f(x)]) < s([ly[| + |f()])-
A straightforward calculation reveals that

i s([lyll +1f ()] < t(llx[l + [ f(x)]), then

s+t—llx+yl-1f(x) + )l
s+ i+ [lx +yll+1f(x) + f(y)]
S 5=l = 1f ()]

—stlxll 1 ()

= min(Ny(x,s), N¢(y,1))-

Alsoif t([[x[| +|f(x)[) < s(llyll + |f(¥)]), then

s+t |x+yl=|f(x) + /()]
s+t [lx+yl[+|f(x) + f(y)]
_ =l - 1)

— i+ 1)

= min(N¢(x,s), N¢(y,t)).

Nf(x—|—y,s—|—t) =

Therefore N¢(x +y,s +t) > min(Nf(x,s), Nf(y, t)) forall x,y € X and s, t € R.
(5): Letx € Xand s < t. If N¢(x,s) = 0, then clearly N¢(x,s) < Nf(x,t). If N¢(x,s) # 0, then
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Nf<<9;,s) = %};g;} and s >||x|| + | f(x)|. Hence t >|[x|| + |f(x)| and Ny (x, 1) = % Since
s> 1,

s(lxll+ 1)) < lixll + 1 () D-

Therefore a straightforward calculation reveals that

_s=lxll =1 e llxdl = Gl Ny (x, ).

N¢(x,s) = sHlxl + [F(x)] = x| + [f(x)]

This shows that N¢(x,.) is an increasing function for all x € X.
) — lim EEI=O]
Also tlg{}o N¢(x,t) = tlggo e = - O
Proposition 2.4. Let X be a normed linear space, f € X* and € > 0.
Define N¢e : X x R — [0,1] by

0 t <[x[(e+Ilf1)

N,e(xrt): —|f(x
/ {;};Ex) E>[xll(e+I£1).

N

Then Ny ¢ is a fuzzy norm on X.

Proof. We only prove parts (2), (4) and (5) of Definition 2.1.

(2) : If x = 0, then clearly Nf.(x,t) = 1 for all > 0. For the converse let Ny (x,t) = 1 forall t >0
and suppose by contradiction that x # 0.

If t =||x||(e+]|f||), then N (x, ) = 0 that is a contradiction.

(4):Letx,y € Xands, t € R. If s+t <0, thens <0Oort <0.50 N¢e(x,5) =0o0r Nee(y,t) =0.
Hence 0 = Nf(x +y,5+1t) > min(Ny(x,s), Nre(y, t)) = 0.

Ifs+t>0and s+t <||x+y|(e+]|f]), thens <||x||(e+]| f]|) or t <|ly||(e+] f]|). Therefore

0= Nf,e(x +y,s+1t) > min(Nf,e(x,s),Nfle(y, £)=0.

s+t >[x +y (e+] f]]), then Ny o(x +y,5+ ) = SR

In this case if s <[|x||(e+]| f||) or t <|ly||(e+]|f]]), then clearly

s F+ )] )
s Er G0 1 () = TNl Ny 1) =0

If s >[|x]| (e[| f]]) and t >[ly|(e+[|f]}), then Ny o(x,5) = S-S and Ny (y, t) = A4
One can easily verify that if N¢(x,5) < Ng(y,t), then 2s[f(y)| < 2t|f(x)|. Also if N¢.(y,t) <
Ny« (x,5), then 2¢| f(x)] < 2s|f(y)].

A straightforward calculation reveals that if 2s|f ()| < 2t|f(x)|, then

_ s+t |f(0) +fy)l
Nrelx +9: 48 = o r /) + £y
S s—If()l

T s+f(0)]
= min(Nye(x,5), Npe(y,1)).
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Also if 2t|f(x)| < 2s|f(y)|, then

s+ |f(x) +£()]
ST IF) T f)
ol

4 f(y)l
= min(Nf,e(x, S)/ Nf,e(]/r t))

Nfle(x +y,s+t)=

Therefore Ny (x +y,s +t) > min(Nfe(x,s), Nre(y, t)) forall x,y € Xand s, t € R.

(5): Letx € Xand s < t. If Nre(x,s) = 0, then clearly N¢(x,5) < Nfe(x,t). If Nee(x,s) # 0, then
Npe(x,s) = Sh and s > x| (e+ ] f]). Hence ¢ >|1x[(e+]f])) and Npe(x,t) = 565

Since s < f, 2s|f(x)| < 2t|f(x)|. Therefore a straightforward calculation reveals that Nf¢(x,s) =
s=lf(0)]  E=lf()]
s+ = ()]

= Nfe(x,t). This shows that Nf¢(x, .) is an increasing function for all x € X. Also

t—1f()] _

fim Ny ) = Jim e =1

O
Proposition 2.5. Let X be a normed linear space and g € X'. Then the maps
N X xR — [0,1]

0 t <
N (x, 1) = t <[xll +1g(x)]
meee I L)),

and

N X xR —[0,1]

0 P <
NP (x,8) = t < |g()]
e > 18l

are fuzzy norms on X.
Also if ker g = {0}, then the map

NP X xR — [0,1]
0 <
N (5 8) — { < I3(x)

g
Wt(x” t>[g(x)l,

is a fuzzy norm on X.

Proof. At the first we will prove that Négz) is a fuzzy norm. The proof of the other parts are similar.

Note that for investigation of the fuzzy norm properties in the case N, (3), ker ¢ = {0} will be used in
part (2) of Definition 2.1. Since |g(x)| = 0 implies that x = 0.

(1) If t <0, then clearly Néz)(x,t) =0forall x € X.

(2) If x =0, then g(x) = 0 and consequently for all t > 0 = |g(x)], Néz) (x,t) t+é+0 = 1. For the
converse let Néz) (x,t) = 1forallt > 0. At the first we will show that g(x) = 0. Suppose by
contradiction that g(x) # 0.

If t = |g(x)|, then Néz) (x,t) = 0 that is a contradiction. This shows that g(x) = 0. So by
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hypothesis, forall t > 0 = |g(x)|
x=0.
(3) If ¢ # 0, then

2 o
, m = Ng( )(x,t) = 1. It follows that || x|| = 0 that implies

0 t < |g(ex)]

t+|\cx|\+\g(cx t> |g(cx)|

{ ﬁ < lg()]
= N,

Ng(z) (cx, 1)

ot
|c\+|\xu+|g @ > 180l

t
g( ,r xEX,tER

c|
(4) Letx,y € Xands,t e R. If s+t < |g(x+y)| = |g(x) + g(v)|, thens < |g(x)] or t < |g(y)]. So
0=NP (x+y,s+1) > min(NP (x,5), N (y, 1)) =
Lets+t > |g(x) +g(y)| and s < |g(x)| or t < |g(y)]|, then clearly,

s+t
s+ t+|[x +yll + |g(x) + g(v)|
>0

= min(Né(,z) (x,8),N. Ng )(]// t)).

Néz)(x+y,s+t) =

Let s+t > |g(x) +g(y)| and s > |g(x)| and t+ > |g(y)|. Then Néz)(x—l—y,s—kt) =

s+t
ST 0T and o
_ s — t

Ny (x'j) = TR and Ng™'(y,1) = el

¥ s < ol then
s(lyll +1gw)1) < t(llx[| + [g(x)]). (1)

t s

¥ o em = ST then

t(l]x]| + 1g(x)]) < syl + I1gw)])- (2)

In the case where Ng(z) (x,5) < Néz) (y,t), inequality 1 implies that

s+t *N(
s+t llx +yll +g(x) +g(v)]

gz)(x+y,s+t)
s
>_ 2
— sl 4+ 18 (%)
— min(N{ (x,5), N (1, 1)).
Also in the case where Né )(y, t) < é )(x,s), inequality 2 implies that Néz) (x+ys+t) >
min(Néz)(x,s),Ng@ (y,1)).
() Lets < t. If N} (x,5) = 0, then clearly Ni”(x,5) < N{(x,#). Let N (x,5) # 0. Then
s > |g(x)|. It follows that t > |g(x)].
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Since s(||x]| + |g(x)]) < t(l|x]l + [g(x)]), N (x,5) < NI (x,£). So N{)(x,.) is an increasing

function and also @ ¢
lim Ng? (x,#) = lim —————— =1
) Hon N () = i T e @)

Proposition 2.6. Let X be a normed linear space and h € X'. Then the map

NV X xR —[0,1]
t<|lx| + |h(x)]

(1) _ )0
N (xrt) - { — | x||—
h Pl ¢ > x| + [h(x)),

is a fuzzy norm on X.
Also if ker h = {0}, then the map

N X xR —[0,1]

2) 0 t < |h(x)|
N L) =
i) {h“ £> h(x),

is a fuzzy norm on X.

Proof. A similar argument used to Proposition 2.5 can be applied. O

3. The separate continuity of Nf, Nf,el Ng(i), N;(lj), 1<i<3,1<j<2

In this section we characterize separate continuity of the fuzzy norms N [Z N fer Ng), N,Ej ), 1<i<
3,1<j<2 wheree >0and f,g,h € X*.

Theorem 3.1. Let X be a normed linear space and f € X*. If
N¢: X xR — [0, 1] is defined by

0 t<|lx][ + [ f(x)]
Ny(x,t) = {tIXIIIf(x)

R > x|+ 1£(x)],

then the map

Nf(, 1) : X — [0,1]
x — Nf(x,t),

is continuous for all t € R.
Also the map

Nf(x,.) :R — [0,1]
t—> Nf(x, t),

is continuous for all x € X except x = 0.

Proof. If t < 0, then Nf(x, t) =0forall x € X. So Nf(.,t) : X — [0,1] is a constant function and
consequently is continuous on X for all t < 0.
For a fixed t > 0, let x € X and {x,};_; be a sequence such that x, — xasn — oco. If t =
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[|x|| + | f(x)], then for all subsequences {x,, };>; € {xn}5 satisfying t <|[x,, || 4 [f(xn, )|, k € N, we
have
lim Ny (. £) = lim 0= 0 = Ny (x,).

k—o0

Also for all subsequences {x,, }1°, C {x,}_ satisfying t >||xy, || + |f (x4, )], k € N, we have

t— _
lim Np(x, ) = lim 1%l =1 ()
k—o0 k—o0 t+||xnk|| + |f(xnk)|

t—t
T bt
=0
= Nf(x,t).

If t <|/x|| 4+ |f(x)|, then there exists an N € N such that t <[|x,|| + |f(x,)| for all u > N. So
lim N¢(xn, t) = lgrl 0=0= Ng(x,1).
n—oo

n—o0

If t >||x|| + |[f(x)], then there exists an N € N such that t >||x,|| + |f(x,)| foralln > N. So

lim Nf(xn,t) — lim t—[[xnll — | (xn)]

n—eo n=eo b |lxn || + | f (xn)|
_ = lxll = 1f ()]
t{|x[ + £ (2]
= Nf(x, t).

Hence for each t > 0, N¢(., ) is continuous at every x € X. So N¢(., t) is continuous on X for all t € R.
For any fixed x # 0, lett € Rand t, — tasn — oo. If t = ||x||+|f(x)], then for all subsequences
{tn 521 € {tn}; satisfying t,,, <[|x|| + |f(x)| we have

Jim Ny (x,ty,) = lim 0= 0 = Ny(x,1).

(o)
n=1

Also for all subsequences {t,, }2>; C {tu}5_; satisfying t,, >||x|| + |f(x)| we have

i el = 1)
e gt ] 1£ o)
_ t=lixl = 1))
P 7o)
bt
tt
=0

= Nf(x, t).

o, Nyt

If t <||x|| + |f(x)|, then there exists an N € N such that t, <||x| + |f(x)| forallm > N. So
lim N¢(x,tn) = lim 0 =0 = Ng(x,t).
n—00

n—o0

If t >||x|| + |[f(x)], then there exists an N € N such that t, >||x|| + |f(x)| foralln > N. So
. -t lx ]| = ()|
lim N¢(x,t,) = lim —————+
PN ) = L S 1]
_ = llxl = [f (%)
t{|x[ + £ (2)]

= Nf(x, t).
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It follows that for any fixed x # 0, t, — t as n — oo, implies that hgl Nf(x, ty) = Nf(x, t).
n o0

Hence Nf(x,.) : R — [0, 1] is continuous for all x # 0.
We shall show that N¢(0,.) : R — [0,1] is not continuous at ¢ = 0.

Since
0 t<o0

N#(0,t) =
701 {1 t>0,

lim N¢(0,t) =1 % Nf(0,0) = 0. This shows that N¢(0,.) : R — [0, 1] is not continuous on R.  [J

t—0t

Theorem 3.2. Let X be a normed linear space, f € X* and € > 0. If
Nfe: X x R — [0, 1] is defined by

0 t <[|x[[(e +I£I)

Nfe(x,t) =< 4
e {4}‘8 £>|xll(e + 711,

then
(1) the map

Nie(ot) : X — [0,1]

X — Nf,e(xr t)r

is continuous for all t < 0.

(2) ift >0, then Ny (., t) is continuous at every x € X\ S, where S = {x € X | ||x[| = e+\t|f\| }.

(3) the map N ¢(x,.) is continuous at every t € R\ T, where T = {t € R | t =[|x||(e+]|fI])}-

Proof. (1) Ift <0, then N¢(x,t) = 0forall x € X. So Ny (., ) is a constant function on X that is
continuous.
ot
(2) Ift >0and x € S, then |[x|| = - and Ny (x, 1) = 0. Set x, = mx forall n € N. So

e+[I£1l
X; — xasn — oo, and
=4 ¢
lenll = meredtm 120 < e
t >[[xn|[(e+| f]|) foralln € N.

Hence

for all n € N. This shows that

' = |f(x)]
lim Nye(xn, t) = ;}glolom
_ = 1A

t+[f(x)]
# Nf,e(xr t) =0,

since, t =||x[|(e+| fI|) >[Ix[[[fIl = |f(x)]- Therefore N (., t) is discontinuous at every x € S.
Letx ¢ Sandletx, — xasn —» 0. Sot >||x||(e+]||f]|) or t <||x||(e+|f])- If t >||x||(e+|fl),
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then there exists an N € N such that t >||x,||(e+] f]|) for all » > N. Hence

. i t_ xn
Jim N e(xn, t) = ;}grc}oiM
=15
t+[f(x)]
= Nfe(x,t).

If t <||x||(e+] f]|), then there exists an N € N such that
t <||xx||(e+]||f]|) forall m > N. So

lim Ny (xy,t) = lim 0= 0= Ny (xt).

n—oo

Consequently in the case where t > 0, N (., t) is continuous at every point x € X\ S.

(3) Lett € T. Sot =||x||(e+] fI|) and Ny (x,t) = 0.
Set ty, = (||x|| + 1) (e+||f]|) for all n € N. Clearly t, — t as n — oo, and t,, >||x||(e+]|f]|) for
all n € N. Hence

| ot |f(x)]
nlggoNf,e(x/t") _nlggom

1 x=0
) =)
wfl ¥ 70
It follows that lim Nfe(x,tn) # Nfe(x,t) = 0. Note that if t =||x[|(e+||f]|) and x # 0, then
t—|f(x)| # 0. Since

t=l[lxl[(e+ [ fI1) >[Ix[[l£] = [f(x)]-

We shall show that Ny (x,.) is continuous at every t € R\ T.
Lett € R\Tandlett, — tasn — oo. Then t <|x|(e+]/f]) or t >|x|(e+]|f]). If
t <||x||(e+]|fll), then there exists an N € N such that t, <||x||(e+]f]|) for all » > N. Hence

lim Nye(x, tn) = nlgroloO =0 = Nfe(x,t).

n—oo

If t >||x||(e+]|f||), then there exists an N € N such that
ty, >||x||(e+]|f||) foralln > N. So

nh_r)r(}o Nfe(x, tp) = Jﬂom
o If)
t+|f(x)]
= Nf,e(x’t)'

This shows that Ny (x,.) is continuous at every t € R\ T.
O
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Theorem 3.3. Let X be a normed linear space and g € X*. If
Nél) : X xR — [0,1]and Nggz) : X Xx R — [0, 1] are defined by

0 F<
N (x, 1) = t <[|x]| + [g(x)]
mege I ()l
e
Ao > 18l

and in the case where ker g = {0}, Ng(,S) : X x R — [0,1] is defined by

N (e, 1) = {0 < [(x)

Wt(x” t>[g(x)],
then

(1) the maps N(l)( t), Néz)( t) and N( )( t) are continuous on X for all t < 0.

(2) ift > 0O, then the map N( )( t) is continuous at every
x € X\ Sy, where Sy = {x € X | t=l[lx|[+ |g(x)]}-

(3) ift > 0, then the maps Néz)( t) and N( )( t) are continuous at every x € X \ Sp, where Sy = {x €
X |i=lg@l

(4) for x € X, the map Né(, )(x,.) is continuous at every t € R\ Ty, where Ty = {t € R | t =||x|| +

()1}
(5) for x # 0, the map Néz)(x,.) is continuous at every t € R\ T, where T, = {t >0 | t = |g(x)|}. Also

the map Néz) (0, .) is continuous at every t € R except t = 0.
(6) for x € X, the map NS)(x,.) is continuous at every t € R\ T, where T3 = {t e R | t = |g(x)[}.

Proof. (1) Itis obvious.
(2) Lett > 0and x € S1. So t =||x|| + |g(x)|. Set x, = Hx\|+|g(
and so g(x,) — g(x) asn — oo. Also

Ik for all n € N. Obviously x, — x

[l2nl] = ||| x|

[ + Ig( )

< e pcol

=|x||, neN,

and

S ETOL

=g(x)|, meN.
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So ||xu]l + |g(xn)| <||x|| + |g(x)| = t for all n € N. It follows that

t

lim N( ) Xn, = lim
n—00 ( n ) n—o0 t—l—Han + ‘g(x"”
__t
b4t
_1
2
# N (x, )
=0.

This shows that Nél) (., t) is discontinuous at every x € S;. Now let x € X\ Sy and {z,}} 4
be a sequence such that z, — x asn — oco. Sot >|x|| + |g(x)] or t <||x| + |g(x)|. If
t >||x|| + |g(x)|, then there exists an N € N such that t >||z,|| + |¢(zx)| for all n > N. Hence

t
lim N( ) Zy,t) = lim
Him, Ne (= t) = 0, e T oG

t
-t flx] + [8(x)]

1
= Né )(x, £).
If t <||x|| + |g(x)|, then there exists an N € N such that t <||z,|| + |¢(zx)| foralln > N. So

lim N( )(zn, )=1lim0=0= N(1>(x,t).

n—o0 n—o0

This shows that Ny (1 )( t) is continuous at every x € X \ Sj.

(3) Letx € Sp. Sot = [g(x)|, x # 0 and Ng@(x,t) = Néa) (x,t) =0.Setx, = (1 — 4 )xforalln € N.
Clearly x, — x, g(xn) — g(x) as n — 0. Also |g(xy)| = (1 — 2-)|g(x)| < |g(x)| = ¢ for all

n € N. Hence
t
hm N( ) Xn, — 111’1'1
H—00 ( 1 ) n—00 t+||xn|| + ‘g(x"”
__t
o]+t
__t
2t ||x|]
#0
2
and

I
A, Ne™ (v t) = lim, s
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Hence Ng(z) (., t) and Né‘%) (., t) are discontinuous at every x € S,.
Now let x ¢ S and z, —» xasn — oo. Then t < [g(x)| or t > |g(x)|. If t < |g(x)], then there
exists an N € N such that t < |g(z,)| foralln > N. Hence

() —0=-nNWD
nlgroloN (zn,t) =0 = Ng~(x,t),
and
lim N( )(zn,t) =0= N§3)(x,t).

n—o0

Alsoif t > |g(x)|, then there exists an N € N such that
t > |g(zn)| foralln > N. So

t
lim N( ) Zy,t) = lim
Hm, Ng™ (=) = 0, e T oG

t
-t flx] + [8(x)]

= NP (x,8),
and

() _ t
aim Ne™ (2o t) = im e

b
t+|g(x)]

= N§3)(x, t).

Hence Néz)( t) and Ny (3 )( t) are continuous at every x € X \ S.
(4) Lett € Ty. Then t —||x|| + |g(x)| and Ng( )( x,t) = 0. Set
tn =|x[| + |g(x)| + L forall n € N. Clearly t, >||x|| +|g(x)| foralln € N and nlgn t, =t. So

t
lim N()x,t lim ———*%
i, Ne 0 tu) = i, e T o))

_{1 x=0
- 1

It follows that nlgrolo Nél)(x ty) # N (x t) = 0. This shows that Ny ( )( .) is discontinuous at

every t € Tj. One can easily verify that if t € R\ Ty, then Né )(x, .) is continuous at t.

(5) Letx # 0. Ift € Ty, then t = |g(x)| > 0 and N (x,£) = 0. Set t,, = (1+ L)|g(x)| forall n € N.
Clearly t, — tasn — oo, and t, > |g(x)| for all n € N. So

tn

(2) — I _
A N0 b = I T+ )
t
2t |x]|
£0
2
= NP (x,8).

This shows that Néz) (x,.) is discontinuous at every t € T,.
Lett € R\ T,. Thent < 0ort # |g(x)|. In the case where t < 0 or t # |g(x)|, the continuity

of Ng(,Z) (x,.) at t can be obviously verified. If t = 0 and t, — 0 as 1 — oo, then for all
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subsequences {f,, }?>; C {t,};; satisfying t,, < |g(x)| we have, klim Ng(z)(x, th,) = 0 =
—00

Néz)(x, 0). Also for all subsequences {t,, }?° ; C {t,};_, satisfying t,, > |g(x)| we have,

n=1

. 2 . t 0 2
klgroloNé )(x,ty,) = lim i —0=NP(x,0).

k=0 tnk+\|x|\+\g(x)| B 0+||x|| + |g(x>|
So Néz) (x,.) is continuous at f = 0.

Clearly the map Néz) (0,.) is continuous at every ¢t € R except t = 0.
(6) Inspired by part (5), the proof is obvious.
O

Theorem 3.4. Let X be a normed linear space and h € X*. If

N,El) : X xR — [0, 1] is defined by

(1
N,

o t) = {o E<xl] + ()]

PG ¢ > x| + R(x),

and in the case where ker h = {0}, N}Ez) : X xR — [0, 1] is defined by

N (x,1) = {0 £< [h(x)|

h —
S )
then
(1) the map N;(ll) (., t) is continuous for all t € R.
(2) the map N,Sl) (x,.) is continuous for all x € X except x = 0.
(3) the map N}Sz) (., t) is continuous for all t € R.
(4) the map N,Sz) (x,.) is continuous for all x € X except x = 0.

Proof. An argument similar to the proofs of the previous theorems can be applied. O
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