
Article

Not peer-reviewed version

Exact Similarity Solutions of

Unsteady Laminar Boundary Layer

Flows

Bohua Sun 

*

Posted Date: 30 September 2023

doi: 10.20944/preprints202309.2117.v1

Keywords: avier-Stokes equation; 2D unsteady boundary layers; similarity transformation; exact solution

Preprints.org is a free multidiscipline platform providing preprint service that

is dedicated to making early versions of research outputs permanently

available and citable. Preprints posted at Preprints.org appear in Web of

Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This is an open access article distributed under the Creative Commons

Attribution License which permits unrestricted use, distribution, and reproduction in any

medium, provided the original work is properly cited.

https://sciprofiles.com/profile/104932


Article

Exact Similarity Solutions of Unsteady Laminar
Boundary Layer Flows

Bo-Hua Sun

School of Civil Engineering & Institute of Mechanics and Technology, Xian University of Architecture and

Technology, Xian 710055, China; sunbohua@xauat.edu.cn

Abstract: The studies of laminar unsteady boundary layer flows is crucial for understanding

turbulence origins. However, the task of finding its solutions poses a significant challenge. In

this paper, we propose a novel approach by introducing a similar transformation to convert the 2D

unsteady laminar boundary layer equations into a single partial differential equation with constant

coefficients. By applying this transformation, we are able to obtain the exact solution for the velocity

field of the 2D unsteady laminar boundary layer equations, specifically for the case of flat plate

boundary flow. Notably, this is the first time that such an exact solution has been obtained.

Keywords: Navier-Stokes equation; 2D unsteady boundary layers; similarity transformation; exact

solution

1. Introduction

The origins of turbulence are a widespread phenomenon and remain one of the most significant

unsolved mysteries in classical physics [1–23]. The study of unsteady flows is considered crucial for

understanding the dynamics of laminar-turbulence transition, especially in cases involving accelerated

flows, motions from rest, or transitions from one steady flow to another [12,16].

The Navier-Stokes equations, which govern fluid flow, are highly complex and pose significant

challenges in obtaining exact solutions. Only a few one-dimensional non-steady problems have been

able to achieve exact solutions, such as Stokes’ problem and the flow due to an oscillating infinite

plane. The latter was the first exact solution in fluid dynamics.

One example of an exact solution is Rayleigh’s problem, which involves an infinite flat plate

impulsively started into motion in its own plane with a velocity of U. The solution to this problem is

given by the equation u(y, t) = Uerfc(y/(2
√

νt)), where erfc is the complementary error function.

However, despite these achievements, no exact solutions have been obtained for the unsteady

boundary layer equations of any two-dimensional problem. This lack of exact solutions has shattered

our expectations of finding them based on historical exact solutions. As a result, we are left with

no choice but to confront this challenge and strive to find new ideas and approaches to explore new

frontiers in understanding unsteady flows.

After introduction in Section 1, the rest of this paper is organized as follows. In Section 2, we

formulate the 2D turbulent boundary layers and introduce a similarity transformation. Under special

conditions, the partial differential equations of the 2D turbulent boundary layers can be reduced to a

single ordinary differential equation. In Section 3, Flow along a flat plate at zero incidence in a uniform

stream is studied, whos exact solution is obtained for the first time. In Section 4, the convergent channel

flows is investigated. In Section 5, the wedge flows is also studied. Finally, in Section 6, conclusions

and perspectives are drawn.

2. Similarity transformations of 2D laminar boundary layers equations

A thin flat plate is immersed at zero incidence in a uniform stream, which flows with speed U(x)

and is assumed not to be affected by the presence of the plate, except in the boundary layer. The fluid

is supposed unlimited in extent, and the origin of coordinates is taken at the leading edge, with x

measured downstream along the plate and y perpendicular to it.
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The unsteady Navier-Stokes equations of the two dimensional boundary layers flow under

gradient,
dp
dx , are reduced to

∂u

∂x
+

∂v

∂y
= 0, (1)

−1

ρ

∂p

∂y
= 0, (2)

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
= −1

ρ

dp

dx
+ ν

d2u

dy2
, (3)

and initial-boundary conditions:

u(x, 0, t) = 0, v(x, 0, t) = 0, (4)

u(x, ∞, t) = U(x), (5)

where ν is the kinematic viscosity, ρ is flow density, p is pressure, U(x) is outer of boundary layer

potential flow velocity. The pressure gradient must be negative, namely
dp
dx < 0, to maintain the flow

motion. For a curved boundary layers, the coordinates (x, y) should be replaced by (s, n), where s is

arc length and n is normal to the curve layers.

Integration of Equation (2) yields
p
ρ = pe

ρ , where pe is a function of x only [3], then
∂p
∂x ≈ dp0

dx . From

Bernoulli equation, we have relation: pe +
1
2 ρU2 = constant., leads to

dpe

dx = ρU dU
dx . The boundary

equations are reduced to following:

∂u

∂x
+

∂v

∂y
= 0, (6)

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
= U

dU

dx
+ ν

d2u

dy2
, (7)

Introducing a stream function Ψ(x, y) and express the velocity components as follows

u =
∂ψ

∂y
, v = −∂ψ

∂x
, (8)

with the relation in Equation (8), the mass conservation Equation (refrans-4) is satisfied, and the

momentum conservation Equation (7) becomes

∂ψ

∂t∂y
+

∂ψ

∂y

∂ψ

∂x∂y
− ∂ψ

∂x

∂ψ

∂y2
= U

dU

dx
+ ν

d3ψ

dy3
, (9)

and corresponding boundary conditions.

A suitable scaling factor for u could be the free stream velocity U(x), while for y, "boundary-layer

thickness" δ(x), which increases with distance x, could be used. The similarity law of the velocity profile

can thus be written as u/[δ(x)U] = f (η) with η = y/δ(x), where the function f (η) is independent

of x.

Regarding the similarity of time t, it is known that the time for any bulk property of the fluid,

such as vorticity or momentum, to diffuse through a distance δ is of the order of δ2/ν (the "diffusion

time") [6], hence, we can introduce a dimensionless time as τ = t/(δ2/ν).
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Based on the above understanding, introducing following transformations

ψ = U(x)δ(x) f (η, τ), (10)

η =
y

δ(x)
, (11)

τ =
ν

δ2
t, (12)

where the dimensionless time transformation in Equation (12) is the key of success to solve the 2D

unsteady laminar boundary layer flows and is introduced firstly in this Letter.

To formulate the Equation (9) in terms of f (η, τ), we need to calculate some derivatives of function

ψ respect to both x and y, for simplification, we denote ψ,x = ∂ψ
∂x and f,η = ∂ f

∂η and so on. Noting the

η,x = −ηδ−1δ,x and τ,x = −2τδ−1δ,x, and by chain rule of differential, we can get

ψ,x = (Uδ),x f − Uηδ,x f,η − 2Uτδ,x f,τ , (13)

ψ,y = U f,η , (14)

ψxy = U,x f,η − ηUδ−1δ,x f,ηη − 2Uτδ−1δ,x f,ητ , (15)

ψ,yy = Uδ−1 f,ηη , (16)

ψ,yyy = Uδ−2 f,ηηη , (17)

ψty = Uνδ−2 f,τη , (18)

Thus the velocity components become

u = U f,η , (19)

v = −
[

(Uδ),x f − Uηδ,x f,η − 2Uτδ,x f,τ

]

. (20)

Substituting Equations (13)–(18) into Equation (9), we have a single partial differential equation as

follows

f,ηηη + α f f,ηη + β[1 − ( f,η)
2]

= f,τη + γτ( f,τ f,ηη − f,η fτη),
(21)

where the coefficients are α = δ
ν

dUδ
dx , β = δ2

ν
dU
dx , and γ = U

ν
dδ2

dx , and initial-boundary conditions become:

η = 0 : f = 0,
∂ f
∂η = 0 and η = ∞ :

∂ f
∂η = 1.

If the coefficient α, β and γ were constants, the Equation (21) is solvable because it will get rid of

the variable x. Following from the relation dδ2U
dx = (2α − β)ν, its integration leads to δ2U = (2α − β)νx,

canceling out δ2 by β = δ2

ν
dU
dx , we have dU

U = β
(2α−β)

dx
x , hence when β 6= 2α, the general solution of

this equation is of the form:

U(x) = Cxn, (22)

δ(x) =

[ |(2α − β)x|ν
|U(x|)

]1/2

. (23)

where the exponent n = β
2α−β .

In the same way, we have dδ2U
dx = (β + γ)ν, leads to a relation 2α − β = β + γ, namely γ =

2(α − β). It implies that γ is constant if both α and β were constants.

Regarding the solution of Equation (21), for constants α, β and γ, Equation (21) can be

numerically solved.
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3. Flow along a flat plate at zero incidence in a uniform stream

In the case of two dimensional plate boundary layers, if β = 0 then we have n = 0, flow velocity

U(x) = U∞. α can be any real number, without loss of generality, we set α = 1, hence γ = 2(α− β) = 2.

The boundary thickness is δ(x) = ( 2νx
U∞

)1/2.

The stream function is of the form

ψ = (2νU∞x)1/2 f (η, τ), (24)

where η = y(U∞

2νx )
1/2, and diffusion time τ = U∞

2
t
x .

The equation Equation (21) can be reduced to the following:

f,ηηη − f f,ηη = f,τη + 2τ( f,τ f,ηη − f,η fτη). (25)

With the help of Maple and initial-boundary conditions, we can find the similarity solution of

Equation (25) as follows

f =
9

τ
(2 + η)(η2 + 4η +

2

9
τ + 4) exp(σ)(c2 A1 − C3B1)

+ 3(2 + η) exp(σ)(3c3 A2 + 2c2B2) + c1

√
τ +

2 + η

2τ
,

(26)

where the integral constants c1, c2, c3 and notations

σ = −3(2 + η)2

4τ
,

A1 = KummerM(
5

6
,

3

2
, σ),

B1 = KummerU(
5

6
,

3

2
, σ),

A2 = KummerM(−1

6
,

3

2
, σ),

B2 = KummerU(−1

6
,

3

2
, σ),

(27)

in which, KummerM and KummerU are the Kummer function [24].

After applying initial-boundary conditions, we have

f = η − 2 + η

2τ

+
3
√

3π(2 + η)

10τΓ( 2
3 )

)(η2 + 4η +
2

9
τ + 4) exp(σ)B1

− 2
√

3π

5Γ( 2
3 )

(2 + η) exp(σ)B2 −
4π

√
τ

15Γ( 2
3 )Γ(

5
6 )

(28)

From the solution in Equation (28), we can get some useful derivatives as follows

f,η = 1 +

√
3π

Γ( 2
3 )τ

exp(σ)B1 −
2
√

3π

3Γ( 2
3 )

B2 −
1

2τ
, (29)

and

f,ηη =

√
3π

3
(2 + η) exp(σ)B1, (30)
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and

f,τ = −
√

3π

10τ2
(η2 + 4η − 8

9
τ + 4) exp(σ)B1

2

15τ
exp(σ)B2 −

1

2τ2
− 2

√
322/3π3/2

45(Γ( 2
3 ))

2

1√
τ

(31)

where Γ(r) is the Gamma function [24].

By differentiation, the flow velocity components are obtained as

u = U∞ f,η , (32)

v = (
νU∞

2x
)1/2(η f,η − f + 2τ f,τ). (33)

The shear stress is given by

τxy = µ
∂u

∂y
=

ρν

δ

∂u

∂η
= ρ

(

νU∞

2x

)1/2

f,ηη . (34)

The wall shear stress τw = τxy|η=0, we have

τxy = ρ

(

νU∞

2x

)1/2

f,ηη |(0,τ). (35)

The function f (η, τ), its derivatives are depicted in Figures 1–5, respectively.

Figure 1. f (η, τ).
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Figure 2. f,η .

Figure 3. 3D of f,η .
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Figure 4. f,ηη .

Figure 5. 3D of f,ηη .
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4. The Main-Stream Convergent Channel Flow

In this case, the parameters α = 0, β = 1 and γ = −2, we have the convergent channel flow

velocity function U(x) = |Q|
ρθx , which simply expresses the coacervation of the discharge Q < 0

in the flow, θ being the angle between the planes. Now we have the boundary layer thickness

δ(x) = x( νρθ
|Q| )

1/2, similarity variable η = y
δ = y

x (
|Q|
νρθ )

1/2, and dimensionless diffusion time τ = |Q|
ρθ

t
x2 .

The Equation (21) can be reduced to the following:

f,ηηη + 1 − ( f,η)
2 = f,τη − 2τ( f,τ f,ηη − f,η fτη). (36)

Equation (36) can be solved numerically, some results are depicted in Figures 6–8, respectively.

Figure 6. f (η, τ).

Figure 7. f,η .
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Figure 8. f,ηη .

5. The mAin-Stream Wedge Flow

In this case wedge flows, the parameters α = 1, 0 < β < 2, here we set β = 3/2, thus we

have γ = 1 and n = 1/2, hence the wedge flows velocity function U(x) = Cx1/2, the boundary

layer thickness δ(x) = ( 2ν
√

x
C )1/2, similarity variable η = Cy

2ν
√

x
, and dimensionless diffusion time

τ = t/(2
√

x).

The equation Equation (21) can be reduced to the following:

f,ηηη + f f,ηη +
3

2
[1 − ( f,η)

2]

= f,τη + τ( f,τ f,ηη − f,η fτη),
(37)

Equation (37) can be solved numerically, some results are depicted in Figures 9–11, respectively.
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Figure 9. f (η, τ).

Figure 10. f,η .
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Figure 11. f,ηη .

6. Conclusions and Perspectives

The transformation of the 2D unsteady laminar boundary layer equations into a single partial

differential equation with constant coefficients is a clever approach that allows for the exact solution of

the velocity field.

Overall, this theoretical studies contributes to the understanding the origins of turbulence from

unsteady laminar boundary flows investigation.

Data Availability Statement: The data supporting the findings of this study are available from the corresponding
author upon reasonable request.
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