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Abstract: This work implements a stable algorithm in Field-Programmable Gate Arrays (FPGAs)
for which two architectures (unrolling the loop) were developed and analyzed. The algorithm
recovers sources located at the boundary separating two homogeneous media that make up a
two-dimensional non-homogeneous region from measurements on the boundary of such region.
The problem of recovering these sources is an ill-posed inverse problem as small errors in the
measurement can produce important changes in the source location. Inverse source problems have
many applications in different areas, such as engineering and medicine, making the proposed
implementation important. The first architecture (mode one) allows considering different operating
speeds, which is an advantage depending on whether we work with fast or slow signals. The
second one (mode two) reduces resource consumption by exploiting the characteristics of the
source identification algorithm, which is an advantage for multichannel problems such as inverse
electrocardiography or electroencephalography. The architectures were tested on four FPGAs of
the 7 Series of Xilinx: Spartan-7 xc7s100fgga484, Virtex-7 xc7v585tffg1157, Kintex-7 xc7k70tfbg484,
and Artix-7 xc7a35tcpg236. The two FPGA implementations of the algorithm were validated
using synthetic examples implemented in MATLAB. The results presented here can be extended to
concentric spheres and complex geometries.

Keywords: Field-Programmable Gate Arrays (FPGAs); unrolling architectures; inverse source
problem; Ill-posed problems; Tikhonov regularization; elliptic boundary problems; operational
equations; Hilbert spaces

1. Introduction

In this paper, we propose two architectures based on Field Programmable Gate Arrays (FPGAs) [1]
for implementing an inverse source identification algorithm. The inverse source identification problem
that concerns us consists of determining the source from measurements produced by it on the exterior
boundary. The inverse source problem has many applications in practical problems such as inverse
electroencephalography and inverse electrocardiography, in which the study is done by operational
equations defined in Hilbert spaces [2,3]. These operational equations are ill-posed in the sense of

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.


https://orcid.org/0000-0002-1715-3631
https://orcid.org/0000-0003-0267-6306
https://orcid.org/0000-0002-9121-5917
https://orcid.org/0000-0002-3686-7031
https://doi.org/10.20944/preprints202310.0381.v1
http://creativecommons.org/licenses/by/4.0/

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 9 October 2023 doi:10.20944/preprints202310.0381.v1

2 0f 24

Hadamard [4]. Here, the operational equation, from which the algorithm was obtained, was solved
using the Fourier series. More precisely, we solved the normal equations obtained using the Tikhonov
regularization method. Some inverse source problems lead us to algebraic systems of linear equations,
which are obtained from the operational equations by discretization [5]. The matrices in the systems of
equations are ill-conditioned, which must be considered when we solve the system with error on the
right side because systems are unstable, which is a consequence of the ill-posedness of the operational
equations. At this point, it is important to consider that inadequate handling of precision might worsen
results as the solution found for data with errors might be too far from the one for data without errors,
besides increasing other costs in hardware resources and critical paths. In [6], the authors made a
wake-up call, using 2 x 2 matrices to show how ill-conditioning and precision can affect system design
(resources, cost, etc.), and they illustrated the effect generated in the calculation of the inverse of an
ill-conditioned matrix when its elements were approximated by truncation.

We consider a circular, non-homogeneous medium and that the sources are located on the
separation interface of two homogeneous media, which compound the non-homogeneous media.
Sources and measurements are correlated by a boundary value problem, which allows making an
operational statement from where the ill-posedness (in the sense of Hadamard) is analyzed, and the
source identification algorithm is obtained. We consider the algorithm given in [7], in which the
inverse source problem was developed for sources located on the interface of two homogeneous
media. The authors developed the algorithm using the technique of Fourier series for a circular
geometry and the finite element method for a complex geometry. Since we are considering a circular
geometry, we implemented the algorithm in an FPGA using the Fourier series technique, i.e., we
used the trigonometric base to express the solution to the inverse problem. Ill-posedness is related to
numerical instability, which can produce significant changes in the solution due to small measurement
changes. The Tikhonov regularization method is employed to handle this numerical instability, which
depends on a parameter called the Tikhonov regularization parameter, properly chosen in terms of the
measurement error [5]. We chose the Tikhonov regularization parameter numerically.

Associated with the trigonometric base, there is an arithmetic kernel, which allows hardware
resources to be reused in a repetitive type (interactive loop) system, reducing the number of
operations [8]. The proposed architectures, labeled mode one and mode two, were tested on four
FPGAs of the 7 Series of Xilinx [1]: Spartan-7 xc7s100fgga484, Virtex-7 xc7v585tffg1157, Kintex-7
xc7k70tfbg484, and Artix-7 xc7a35tcpg236. We report the performance of architectures mode one and
mode two in terms of power and resource consumption.

The two architectures can also be cloned (or replicated), leading to a multichannel structure.
This offers the possibility of applying these architectures to problems whose nature is multichannel;
examples of this are the problems of identifying bioelectrical sources from electroencephalographic
or electrocardiographic signals. In the first case, voltage measurements are taken on the scalp
through electrodes, following different arrangements (10-20 being the most used). Up to a thousand
measurements per second are recorded on each electrode, which implies applying the source
identification algorithm the same number of times. In the case of electroencephalography, whose
maximum frequency is 120Hz, it could be feasible to use the two architectures. However, mode
two architecture consumes fewer hardware resources, which could contribute to the development of
portable electroencephalographs.

This work is presented in the following way. In Section 2, the mathematical model that relates
the sources with measurements is given. Furthermore, the forward and inverse problems are solved.
The solution to the inverse problem gives the stable source identification algorithm; Section 3 gives
numerical examples associated with forward and inverse problems. These examples are developed
using the MATLAB software to validate the source identification algorithm given in Section 2; in
Section 4, the source identification algorithm is implemented in an FPGA using the two proposed
architectures. In Section 5, the hardware implementations are validated using the same examples
developed in Section 3. Finally, the conclusions are given in Section 6.
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2. Basic elements

This section presents the foundational components of the research. It serves as the cornerstone for
the rest of the paper and provides the reader with the necessary background information to understand
the main results and conclusions.

2.1. FPGA

An FPGA is an integrated circuit designed to have its operation configured after manufacturing,
assembly, and even deployment of a product it is part of. FPGAs contain programmable logic blocks
(capable of performing a range of operations, from simple logic gates to complex functions) and
memory blocks. These blocks can then be connected using a hierarchy of reconfigurable interconnects.
The combination of these elements allows the FPGA to perform in many varied applications.

Some advantages of FPGAs are:

1. FPGAs are more flexible than Complex Programmable Logic Devices (CPLDs), generally having
a greater number of both logic blocks and programmable interconnects.

2. FPGAs have a lower development cost than Application-Specific Integrated Circuits (ASICs).
While an ASIC can perform the same operations as an FPGA and is specific to the application, it
cannot be reprogrammed.

3. FPGAs have a faster time-to-market and lower non-recurring engineering (NRE) cost than ASICs.

Three of the main characteristics of FPGAs, which are related to the speed of the process, are:

1.  Throughput: it refers to the amount of data that is processed per clock cycle (bits/second).
2. Latency: it refers to the time between data input and processed data output (clock cycles).
3. Timing: it refers to the logic delays between sequential elements (frequency).

2.2. Inverse and Ill-Posed Problems

Inverse problems consist of finding an unknown property of an object or medium from
observations of its response to a test signal. In contrast to forward problems, where there is information
about the causes of a process in a medium, and the solution leads to the discovery of the effect
produced, inverse problems have partial information about the results or effects produced in the
medium by some unknown causes. The solution to an inverse problem is found by analyzing the
partial information about the results.

We can consider forward problems as those in which we have information about the causes
that describe a process in a medium and the solution to the problem leads us to discover the effect
produced by such causes, whereas, in inverse problems, there is partial information about the results
or effects produced in the medium by some unknown causes which must be found from the analysis
of the results (effects). Thus, forward problems are cause-effect problems, while inverse problems are
effect-cause problems [4].

Source identification problems are widely investigated in many research fields, and they are
modeled as boundary value problems where the analysis of both the associated forward problem and
its corresponding inverse problem must be considered. The inverse problem involves determining
the source that produced the measurement on the boundary of the region. It appears in applications
such as inverse electroencephalography, inverse electrocardiography, and inverse geophysics, where
problems are modeled using partial differential equations.

An operational equation of the form Ax =y, where A : X — Y and X, Y are Banach or Hilbert
spaces, is well-posed if it satisfies the following conditions [4]:

1. Foreachy € Y asolution to the problem exists.
2. Foreachy € Y a solution to the problem is unique.
3. The solution x to the problem continuously depends on the initial data y.
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Problems that violate one or more of these conditions are referred to as ill-posed problems. Condition 3
is associated with numerical instability, i.e., small errors on the right side of the operational equation
can result in significant changes in the location of the solution x. To address this numerical instability,
regularization methods must be applied. In this work, we applied the Tikhonov regularization method,
which involves choosing a regularization parameter in terms of the error [4,5].

2.3. Algorithm Implementation in FPGA

Some algorithms have been implemented in FPGAs [9-11].

However, the inverse source problem we study in this paper is ill-posed because it presents
numerical instability, making it a challenging task to implement in hardware. To tackle this issue, we
utilize the Tikhonov regularization method. In this work, we present the hardware implementation
of two architectures for a source identification stable algorithm on an FPGA for the first time. Our
approach shows that the algorithm can be parallelized, taking advantage of the unique capabilities of
FPGAs. This implementation demonstrates the feasibility and efficiency of utilizing FPGAs for inverse
source problems, which is an important and growing field [2,3,12-14]. Hence, the implementation
developed in this work provides a new and promising solution for future research in this field.

3. Stable source identification algorithm

This section presents a mathematical model for a circular conductive region made up of two
homogeneous media and defines the forward and inverse problems for the Superficial Boundary Value
Problem (SBVP).

3.1. Mathematical model

In this work, a circular region () is considered as a conductive medium compound by two
homogeneous media, as illustrated in Figure 1. Specifically, we consider that () consists of two
concentric circles centered at the origin with radii R; and Ry. () is the circle with radius R;, and
(), corresponds to the difference between the circle with radius R, and the circle with radius Ry, i.e.,
O =01 US1 Uy, where S is the interface that separates regions )y and (),. The conductivities of
regions (); and (), are denoted by o7 and 07, respectively.

Figure 1. A circular conductive region composed of two homogeneous media. The source is located
on the closed curve S;, which separates the regions (); and (), with constant conductivities ¢y and oy,
respectively.

The boundary value problem to study the identification problem is given by [7]:

—oAup =0, in Qq, (1)

—oAuy =0, in Qp, 2)

Uy = Uy, on Sy, 3)

01% = 02% +g on Sy, 4)
ony ony

9 _ 0 on Sy, ®)

O)p— =
anz
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where g is the source, u; = u|Q]_, i = 1,2, and u represents the electric potential in (). The symbol
A represents the Laplace operator, also denoted by V2. Boundary condition (3) corresponds to the
conductivity of the potential, and boundary condition (4) is associated with the jump in current flow
due to the presence of the source. The conductivity of )¢ is assumed to be zero, which leads to
boundary condition (5). Using Green’s formulas, we obtain the following compatibility condition:

ds = 0. 6
Slgs (6)

Problem (1)-(5) is known as the Superficial Boundary Value Problem (SBVP) [7]. This problem has
been used to study the inverse source problem in electroencephalography for cortical sources [2]. The
following definitions are related to the SBVP.

Given g defined on Sy, the forward problem involves finding measurement V = ul; , where u is
the solution to the SBVP.

Given a function V defined on Sy, the inverse problem involves determining a source g defined
on Sy, such that the solution u to the forward problem corresponding to g, satisfies that u|g, = V.

3.2. Forward problem

In this Section, the following functional spaces are considered:

L2(Si) = {]’l 15— R: <h'h>L2(S,‘) = /vhz(x)dx < 00},1 =1,2,

1

Loi(8i) = {h € La(8)) : ()15 =0} i = 1,2,

Lz(Q) = {u O—->R: <,uu)L2(Q) = /th(x)dx < oo} ,
HY(Q) = {u € Ly(Q) : its derivative is in Ly(Q)},
H'H(Q) = {u e H'(Q) : (1)1, =0},
where (-, -) is the inner product in the space indicated by the subscript.
To find the solution to the SBVP, we consider that

g0) =Y i coskf + g2 sinke, (7)
k=1

where g{ and g7 are the Fourier coefficients of g. The solution to the forward problem is given by

V(0) = A(8)(0) = u(Rq,0)

© 8
= Zakg,% coskG—i—akg% sin k@, ®)
k=1

where -
. 2REFIRE .
k[(01 — 02)RF + (01 + 02) R3]

©)

The linear operator A : Ly | (S1) — Lp 1 (S2) is defined as A(g) := u[g,, where u € HY(Q) is the
solution to the SBVP.
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3.3. Stable algorithm for the inverse source problem

For the inverse problem, we consider that the exact (ideal) measurement V (0) = Z Vkl cos ko +
k=1
sz sin k@ is known, where Vk1 and Vk2 are the Fourier coefficients of V. Using Equation (8), we obtain
the Fourier coefficients of the source, g.

S 2Ry Ry

k(o + o) (Ro\* i .
Hato) (B2 —1,2.
R, \Rr ) e iTh

8i Ve _ Moo (Rl)kvlf +
(10)

In practice, the measurement has errors for various reasons, such as errors from the measurement
device, truncation errors, and the application of filters to eliminate unwanted signals (signal
contamination). A methodology to implement FIR filters on FPGAs, which are the basis of the
discrete wavelet transform, is presented in [15]. The error in the measurement is reflected in its Fourier
coefficients, which must be considered carefully since the inverse source problem is numerically

unstable. More specifically, the error in the coefficients is reflected in the term (%) , k=1,2,..

of the coefficients in Equation (10). Note that as these terms grow with increasing k, even a small
error in the measurement V' can result in significant changes in the location of the source. More

precisely, if we know Vj instead of V, and consider measurement V;(6) = Z Vkll 5 cos ko + sz, 5 Sinko,
k=1

with |V — Vs |[,(s,) < 6, the Fourier coefficients of the recovered sources are given by Equation (11),

Vi k(o —o) (R\F
ko 1 2 1
Sho =2 = "0 () Vi +
aj 2R1 R2 (11)
ko1 +o2) (R kvf i=1,2
2R1 Rl k07 — 14

k.
However, the terms (%) Vi s amplify the errors, and the series of the recovered source may not
converge. To address this numerical instability, the Tikhonov functional is used [5]:

1 (o
Tio(®) = 3146~ VI + 2 gl . (12)

where a(d) > 0 is the Tikhonov regularization parameter, which can be chosen using the L-curve
criterion [16], and ||- ”%2(51') denotes the norm of L,(S;), for i = 1,2. To find the unique minimum of
Ja(s) we must solve the normal equations [5], given by:

[A*A 4+ a(8)1](g) = A*V, (13)

where A* : Ly | (S2) — Ly 1 (51) is the adjoint operator of A, which is given by [7]:

A*(h)(0) = % Y aghy cosk + aghi sinko, (14)
k=1

where 1(0) = Y_ hy cosk6 + I sinkf and ay, is given by Equation (9).
k=1
After substituting into the normal Egs. (13), we obtain the regularized solution:
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2u(e)(0) = Y Ax(a) [Vk{ 5 cos kO + V2 sinke} ) (15)
k=1
where R
a2
Aa) = . 16
HO) = )R, + )R, (16

Remark: When & = 0 in (15), the Fourier coefficients of the recovered source coincide with the
coefficients given in Equation (11).

Equation (15), obtained from the Tikhonov functional (12), provides us with a stable algorithm for
recovering the regularized source g, s) from the measurement V;. This algorithm will be implemented
on the FPGA, and in the next Section, we will illustrate algorithm (15) by implementing examples in
MATLAB as a first step.

4. Numerical examples: MATLAB implementation

In this Section, we illustrate the source identification algorithm by considering the forward
and inverse problems for different sources. We have developed MATLAB programs to validate
the algorithm for its computational implementation. The following Section will describe the
FPGA implementation of the source identification algorithm, and we will compare the hardware
implementation with the MATLAB implementation using the same examples. The region () is
described in Section 3.1, and it is shown in Figure 1.

To illustrate the algorithm, we built synthetic examples as follows:

1.  We took some values for parameters oy, 03, Rq, and Ry, and defined a source g on S;.
We solved the boundary value problem (1)-(5).
3. We computed the exact measurement V = u|s,, using Eq. (8) for N = 16, which was chosen by

N

numerical tests.

4. To emulate the measurement (with error), we added an appropriate random error to the
coefficients Vk1 and sz, where k = 1,2..., using the rand function of MATLAB. Hence, we
obtained coefficients Vkl, s and sz, 5.k =1,2..., of the measurement with error V;, which satisfies
Vs = VliLy(sy) <6

5. We obtained the regularized solution to the inverse problem by taking N = 16 in Eq. (15), i.e., we
used

16
Sa@)N(0) = Y Ax(@) [Vilgcos ko + V;sinkd) (17)
k=1

as an approximate (regularized) solution, where Ay («) is given in (16). In the examples below,
we considered § = 0.1 and & = 103 (which were chosen numerically).

Example 1. In this example, we set Ry = 1, Ry = 1.2, 01 = 3, and 02 = 1, and consider the exact source g
given by

$(r) = Fx9) = sy [ Fxwds, as)

Il ()~ (ag,a9) 1%

forall (x,y) € Sy, where f(x,y) =e 2 , for (x,y) € Sy, (a1,a2) = (0,1) € Sy, p2 = 0.1, and
m(S1) = 2mRy. In polar coordinates (r,0), g is given by

g(0) = f(Ry,6) — % /O o f(Rq,0)d6, forall 6 € [0,27], (19)

R% cos(6—0)

where f(Ry,0) =e #  forall 6 € [0,271], 6p = F, and B> = 0.1.
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We approximate the exact source g by its truncated Fourier series gy using the first N = 16 terms.
The Fourier coefficients gi, g7, k = 1,2,..., N are obtained numerically using the quad! function of
MATLAB. In this case, the exact measurement V is generated using Equation (17).

The relative error between the exact source g and the recovered source g,s) n, denoted by

RESl (gtx((s),]\]r g), is given by

REs, (8u(s),n:8) = I8as),N — 8llLy(s) /11811 Lo(s0)
=0.12.

Figure 2 shows the exact measurement V and the measurement with error V; for 6 = 0.1.

Measurements
0.15 ; : ‘
01+ .
>
0.05 - 4
ok ]
-0.05 F i
01 ‘ . ‘ . . ‘ .
4 3 2 1 0 g 1 2 3 4

Figure 2. Exact measurement in red and recovered measurement in blue. The error in the exact
measurement is obtained by adding a random error to the exact measurement using the rand function
of MATLAB.

Figure 3 shows the plot of the exact source and the recovered source without regularization. We
observe the necessity to apply regularization methods.

Sources
T

20 T T

15 1

I '\AVA/\/\/\A/\[\ ]
IR

o

10 F 4

ol i |

-20 L L L 1 1 L L

Figure 3. Exact source in red and recovered source without regularization in blue. In this case, the
recovered source is obtained using the coefficients given by Equation (11), and it is far from the exact
source due to the numerical instability of the inverse source problem.

Figure 4 shows the plot of the exact and the recovered source with regularization.
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Sources

T T T

0.8 1

0.6 - 1

041

02F \/ N

0.4 L 1 1 1 1 1 1

Figure 4. Exact source in red and recovered source, with regularization, in blue. In this case, the
regularized source given by (17), which is obtained using Tikhonov regularization, allows us to handle
numerical instability to get a good approximation of the exact source.

Example 2. We consider the same values for R1, Ry, 01, and o as in the previous example. We consider the
following function, g(x,y) = ye* + ¥ + x2 which in polar coordinates is given by g(0) = sin()e(?) +
esin(0) 4 cos?(6). Using Equation (8), we found the solution to the forward problem V., i.e., to find the ideal
(exact) measurement V, we have to find the solution to problem (1)-(5), and then restrict it to the boundary S;.
The noisy data Vj is obtained as in the previous example. Figure 5 shows the exact measurement V (in red), and
the measurement with error Vs (in blue).

Measurements

V(o)

021 1

04 -

Figure 5. Exact measurement in red and measurement with error in blue. The latter is obtained by
adding a random error to the exact measurement, which is done using the rand function of MATLAB.

Figure 6 shows the plot of the exact source and the recovered source without regularization. As in the
previous example, we also observe the necessity of applying regularization methods.
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40 T T

T T T

30 1

]
20 - 1

-0
20 - U 1

.30 L L L L L L L

Figure 6. Exact source in red and recovered source, without regularization, in blue. In this case, the
recovered source is obtained using the coefficients given by Equation (11), and it is far from the exact
source due to the numerical instability of the inverse source problem.

Figure 7 shows the exact and recovered sources when regularization is applied. The relative error
between the exact source g and the recovered regularized source, g, s) n, denoted by REs, (gx(5),n/8).
is given by

REs, (8a(s),n-8) = 0.054.

Sources

Figure 7. Exact source in red and recovered source with regularization in blue. In this case, the
regularized source, given by Equation (17), allows us to obtain a stable approximation of the source.

Example 3. We consider the same values for Ry, Ry, 01, and o as in the previous example. We consider the
following square-wave function given in polar coordinates by

-1, if -1 <0<,
g(0) = f (20)
1, if 0<6<m

We found the solution V to the forward problem and the noisy data Vs to the boundary Sy, as in the previous
examples. Figure 8 shows the exact source g (red) and its approximation by Fourier series gy (blue), truncating
Fourier series (7) until the first N = 16 terms. Figure 9 shows the exact measurement V (in red) and the
measurement with error Vs (in blue).


https://doi.org/10.20944/preprints202310.0381.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 9 October 2023 doi:10.20944/preprints202310.0381.v1

11 of 24

Fourier series

05 1

05+ N

Figure 8. Plot of the exact square-wave function g (red) and its approximation by Fourier series (blue).
We observe the Fourier series oscillations and the presence of the Gibbs phenomenon. This jump
function is frequently used in an electronic signal.

s Measurements

021 1

0.1 4

0.2 b

-03 1

04 1 1 L 1 L 1 1

Figure 9. Exact measurement in red and measurement with error in blue. The measurement with error
is obtained by adding a random error to the exact measurement, which is done using the MATLAB
function rand.

Figure 10 shows exact and recovered sources without regularization. As in the previous examples,
we can observe the importance of regularization methods to obtain stable solutions to the inverse problem.

Sources
20 T T T T

T T T

| /\/\/\A i

V\/V j

Figure 10. Exact source in red and recovered source without regularization in blue. In this case, the
recovered source is obtained using the coefficients given by Equation (11), and it is far from the exact
source due to the numerical instability of the inverse source problem.
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Figure 11 shows the exact and recovered sources when regularization is applied. The relative error
between the exact source g and the recovered source g,(5) n, denoted by REs, (g4(s)n-8) is given by

RE51 (glx(é),Nfg) = 0.051.

Sources

05 1

Figure 11. Exact source in red and recovered source with regularization in blue. The Tikhonov
regularization method is used to handle numerical instability and obtain a good approximation to the
exact source. The regularized solution acts as a smoothing filter.

5. FPGA implementation

The implementation of algorithms in hardware devices is crucial as it allows for optimal use of
hardware resources. For instance, we can determine the number of coefficients in a series to achieve an
appropriate approximation and the number of bits used to represent a real number (precision). We can
also determine if the implementation can be duplicated for multichannel problems.

Analyzing the arithmetic operations in Equation (17), we conclude that a feedback implementation
is appropriate, as it minimizes hardware resources. The operations in Equation (17) will be repeated as
follows:

1.  Perform the products A; Vi cos(6) and A;V?2sin(6). The two’s complement format is chosen for
the number representation, as the algorithm involves signed arithmetic operations.

Sum the results from the previous step.

Temporarily store the result.

Perform the products A, Vjcos(20), A1 VZsin(26) and add them to the temporary result.

Repeat the process until term N = 16.

Ol LN

The advantage of this implementation is that the arithmetic modules can be reused. The hardware
implementation components include:

1. A double memory block ROM to store the coefficients A, V! y A, V2.
A DDS Xilinx module (see [17]) to generate the values of sin(kf) and cos(k6) for k =1, ..., 16.
3. Multiplexers to maintain synchrony in the Control Section.

N

Considering this, Figures 12 and 13 show the required hardware resources for architecture modes
1 and 2, respectively.
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Figure 12. Feedback architecture Mode 1. In this mode, the control unit (Section B) is independent in
each channel, as well as the phase generation and the processing unit. This allows for operation at
different speeds.
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Figure 13. Feedback architecture Mode 2. In this mode, the Control Section is shared with the algorithm
operations Section, resulting in a coupled synchronization of the trigonometric base operations

The implementation results presented were obtained using VHDL code, synthesized in the Vivado
IDE ¢2018.2.2 (64 bit) and tested in the Xilinx® 7 FPGA series, which comprises four FPGA families
that address the complete range of system requirements, ranging from low-cost, small form factor,
cost-sensitive, high-volume applications, to ultra high-end connectivity bandwidth, logic capacity,
and signal processing capability for the most demanding high-performance applications: Spartan-7
xc7s100fgga484, Virtex-7 xc7v585tffg1157, Kintex-7 xc7k70ttbg484, and Artix-7 xc7a35tcpg236. Tests
were carried out using a 100MHz base clock.
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The instrumentation developed for the implementation of the algorithm consists of 48 coefficients,
which are involved in expression (13) with N = 16. Each coefficient is 16 bits long. So, there are 16
coefficients for Ay, V!, and V2. The DDS component was configured with a partition of 8 bits for the
phase and amplitude of the sinusoidal functions. The product requires 40 bits since we have 32-bit and
8-bit numbers. Finally, the accumulated sum and the resulting output both require 40 bits.

5.1. Architecture description

Figures 12 and 13 show the architecture for mode 1 and mode 2, respectively. Both architectures
contain two channels, each of which is composed of:

1.  Section A: This section contains the arithmetic operations.
2. Section B: This section contains the control of the operations in Section A, which synchronizes the
pipeline operations.

The design of the architecture consists of three blocks, each of which contains:

1.  The trigonometric base.
2. Linear combination of the elements of the base.
3.  Control module.

Trigonometric base. The counterX module performs the following three fundamental actions
through its four least significant bits (LSB):

1. Acts as an 8-bit selector control in the 16-to-1 multiplexer.
2. Increments the consecutive value from 1 to 16 in resolution.
3. Synchronizes the addressing and reading of the ROM memory.

To evaluate the functions cos(6) and sin(6) and address the ROM memory, a latency of two cycles
is used. This maintains synchronization between the DDS module and the ROM memories.

Linear combination of the trigonometric base. The following latencies are required for different
operations:

1. A two-cycle latency for the DDS module to reflect the sine and cosine values on the data bus and
for the memory ROM module to reflect the coefficients simultaneously on the data bus. Both

modules work in parallel.

2. A one-cycle latency for each operation (product and sum). Those operations are performed in
series.

3. A one-cycle latency to store the result in the accumulator.

4. Alatency of 16 cycles to obtain g(6).

Thus, a new value of g(8) is calculated every 16 cycles. With the main clock of the used FPGA operating
at 100 MHz, each point in the partition has an output frequency of 6.25 MHz.

Construction of the Control Section. The control section, shown in Section B of Figures 12 and 13,
corresponds to the synchronization of the algorithm. Its design allows for efficient use of throughput,
which provides the amount of data processed in each clock cycle. The pipeline plays a crucial role in
this Section, as the input phase generation data must be synchronized to get the output data, which
corresponds with a new value of g(). A flux output data is generated in this form, which must be
aligned. The processing stages of the control section must be applied in each clock cycle.

The Control Section is utilized to manipulate the phase shifts of the main clock to ensure the
overall synchronization of the architecture. The design of this Control Section operates using two clock
signals, which are generated by the Digital Clock Manager (DCM) block. The signal sys_clk is used
for constructing the Trigonometric Base and Linear combinations of the Trigonometric base Sections. To
maintain the synchronizations of the accumulator and shift register elements, ssys_clk2 must be twice
as fast as ssys_clk. Through a multiplexer array, ssys_clk2 serves as a control element for resetting the
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accumulator content, the clock signal, and the bypass signal. The bypass signal allows for the result of
the sum to be passed on to the shift register. This results in the first phase of the sum being obtained.

We developed two architectures, labeled Mode 1 and Mode 2, which are identical in the case of a
single channel. For multiple channels, the Mode 2 architecture takes advantage of the characteristics
of the algorithm to reduce hardware consumption. This reduction can be observed in Section A of
Figure 13, where the generation of the functions sin kx and cos kx, where k = 1, 2, .., is shared across
different channels. The Control module, shown in Section B, is shared by both architectures. The Mode
1 architecture allows for the operation at different speeds, which is beneficial when working with
either fast or slow signals. The Mode 2 architecture reduces resource consumption by exploiting the
characteristics of the source identification algorithm.

5.2. Resource description
We report the resource consumption of the used Xilinx 7 series FPGAs. The resources are:

1. LUTs (Lookup Tables): These contain the logical elements that determine the output from one or
multiple inputs. They are essentially truth tables created from the description of the VHDL program.
FFs (Flip Flops): Sequential logical elements with one bit of memory.

RAM blocks: Each block has a storage capacity of 32 K-bit.

DSP blocks: Specialized blocks for product, sum, and accumulation operations for signed numbers
in two’s complement format. These operations are called: multiply-accumulate (MAC).

5. Power consumption: Determines the energy consumption of the system.

L

Section B of Figure 12 shows that the channel blocks share control, which synchronizes the MAC
operations, phase generation, and the values of the trigonometric functions that make up the base.
From Section B in Figure 12, it can be seen that the channel blocks share control, which synchronizes
MAC operations, phase generation, and sine and cosine values (the base). Combining the common
control operations with sine and cosine generation reduces the number of hardware resources.

Figures 14 and 15 show the resources used in the proposed architectures. In the case of one
channel, the two architectures have the same resource consumption. Architecture Mode 2 presents a
lower resource consumption for more than one channel.
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Figure 14. Resources mode 1. We observe that as the number of channels increases, the resource
consumption linearly increases in all FPGAs, and there is no difference in consumption.
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Figure 15. Resources mode 2. We observe that the resource consumption is lower for LUT, FF, and
BRAM compared to mode one as the number of channels increases. In particular, there is no increase in
BRAM consumption as the architecture uses the same resources. The DSP consumption is the same for
both architectures.

Figure 16 shows the results of the following relation:
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Figure 16. Using Equation (21), we calculate the percentage of resources consumed by mode 2 compared
to mode 1. As the number of channels increases, this percentage also increases. For LUTSs, the percentage
is nearly the same. For FF, both Kintex-7 and Virtex-7 have the same performance.
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The relation gives the percentage of resources that mode 2 consumes compared to mode 1. For two
channels, 5.9% fewer LUT resources are obtained for Artix and Kintex. For four channels, 8.9% fewer
LUT resources are obtained for all FPGAs. For 16 channels, 11% fewer LUT resources are obtained for
all FPGAs.

For two channels, 21% fewer FF resources are obtained for all FPGAs. For 16 channels, 40% to
46% fewer FF resources are obtained. For 16 channels, 15 times less BRAM consumption is obtained,
as architecture mode 2 uses only a DDS module. For 16 channels, 17%, 12%, 16%, and 14% less power
consumption is obtained in Artix, Virtex, Kintex, and Spartan, respectively.

Figure 17 shows the power consumption. Mode 2 has lower current consumption. Artix-7 has the
lowest consumption for both modes.

Power
Power
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0.600 A 0.361

0.500 0.500

0.300 0.400

0.300 0.300

0.200 0.200

0.100 0.100

0.000 0.000

Artix-7 Virtex-7  Kintex-7 Spartan-7 Artix-7 Virtex-7 Kintex-7 Spartan-7
Figure 17. Left: Power mode 1. Right: Power mode 2. We observe that mode 2 has lower current
consumption. Of both modes, Artix-7 has the lowest consumption.

6. Validation of the hardware implementation

In this section, we present the results of the FPGA implementation of the same examples given in
Section 4. We compare them with the MATLAB implementation to validate the FPGA implementation.

Figures 18-22 show the implementation of the examples from Section 4. We obtain similar results
to the MATLAB implementation. In Figures 23-25, we present the graphics of the error between the
recovered sources using MATLAB and the FPGA.

Figures 19, 21 and 26 show the recovered source without regularization provided by the FPGA
implementation. We can see that the recovered sources are far away from the exact source, as in the
MATLAB implementation. Figures 18, 20 and 22 show the recovered source provided by the FPGA
implementation using regularization. We emphasize that we obtain similar results as in the MATLAB
implementation.

We define the Norm of the Maximum Absolute Error (NMAE) between the regularized recovered
source g, N and the recovered implemented source gi’ ~ as follows:

NMAE = méalx{

gan(0) =g n(0)]}
We define the Maximum Absolute Error (MAE) as the following function:

MAE(6) =

SN (0) — gk (0)] forall 6 € [—m, ).

Figures 23-25 show the MAE between the sources recovered using MATLAB and the sources recovered
using the FPGA implementation. We observe that the NMAE is less than 10~3. This result confirms
that the FPGA implementation of the algorithm is reliable.
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Figure 18. Exact source is shown in red, and the result provided by the FPGA implementation using
Equation (17) (with regularization) is shown in blue. Similar results are obtained as in the MATLAB
implementation, thus validating the FPGA implementation.
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Figure 19. Exact source in red. In blue, the approximate source obtained by the implementation in the
FPGA using Equation (11) (without regularization). Similar results as in the MATLAB implementation
are obtained. Thus, we validate the FPGA implementation. The recovered source is obtained by
applying the algorithm to the measured data.
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Figure 20. Exact source in red. Source recovered by the FPGA implementation using Equation (17)
(with regularization) in blue. Similar results as in the MATLAB implementation are obtained. Thus, we
validate the FPGA implementation.
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Figure 21. Exact source in red. In blue, the approximate source obtained by the FPGA implementation
using Equation (11) (without regularization). Similar results as in the MATLAB implementation are
obtained. Thus, we validate the FPGA implementation.
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Figure 22. Exact source in red. Result provided by the FPGA implementation using Equation (17)
(with regularization) in blue. Similar results as in the MATLAB implementation are obtained. Thus, we
validate the FPGA implementation.
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Figure 23. MAE between the source recovered using MATLAB programs and the one recovered by the
FPGA implementation (note the scale in the y-axis). The NMAE is less than 103, which shows that the
FPGA implementation gives almost the same results as the MATLAB implementation.
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Figure 24. MAE between the source recovered using MATLAB programs, and the one recovered by
the FPGA implementation. Note the scale. The NMAE is less than 103, which shows that the FPGA
implementation gives almost the same results as the MATLAB implementation.
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Figure 25. MAE between the source recovered using MATLAB programs, and the one recovered by
the FPGA implementation. Note the scale. The NMAE is less than 1073, which shows that the FPGA
implementation provides results that can be compared to the MATLAB implementation.
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Figure 26. Exact source in red. In blue, the approximate source obtained by the FPGA implementation
using Equation (11) (without regularization). We obtained similar results to the MATLAB
implementation, thus validating the FPGA implementation.

7. Discussion

The source identification problem arises in many applications, such as inverse
electroencephalography, inverse electrocardiography, and inverse geophysics. ~An FPGA is
an integrated circuit that allows the implementation of algorithms and other complex mathematical
operations. In this work, we implemented a source identification algorithm considering a
non-homogeneous medium made up of two homogeneous media, and sources located on the interface
separating the homogeneous media. The algorithm is expressed as a Fourier series expansion
considering the circular geometry.

Since the source identification problem presents numerical instability, we used the Tikhonov
regularization method and a cut-off of the Fourier expansion to handle the numerical instability. The
Tikhonov regularization parameter and the truncation term were chosen through numerical testing.
This work presents a hardware architecture with two designs to implement the source identification
algorithm. These architectures were tested on four FPGAs from the 7 Series of Xilinx: Spartan-7
xc7s100fggad84, Virtex-7 xc7v585ttfg1157, Kintex-7 xc7k70tfbg484, and Artix-7 xc7a35tcpg236. Each
architecture contains two channels, each of which is composed of two sections: one for the arithmetic
operations and one for the control of the operations. We report the resource consumption of the used
7 Series of Xilinx FPGAs. These resources include LUTs, RAM blocks, FFs, DSP blocks, and power
consumption. One of the developed architectures could be used for problems with a larger number of
channels. One example of this case is inverse electroencephalography, in which many inverse source
problems must be solved per second.

8. Conclusion

This paper presented two FPGA implementations of a stable source identification algorithm in a
circular, non-homogeneous region expressed in Fourier series expansions. The first architecture (mode
1) is an extended implementation that considers all operations involved in the algorithm, while the
second architecture (mode 2) takes advantage of the algorithm'’s properties to apply a pipeline system
and reuse hardware resources, resulting in improved performance. The implementation was tested
using synthetic examples and produced comparable numerical results for both architectures. The error
between the exact source and the recovered source was found to be less than 10~3, which is considered
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an acceptable result. One example tested involved a square function source, where the recovered
source showed smoothing properties, as demonstrated by the absence of variation in the Fourier series
expansion. With its reduced hardware resource consumption, the second architecture could be utilized
for multichannel problems. The results presented here can be extended to concentric spheres and
complex geometries. In these cases, the trigonometric base must be changed and implemented. In
the case of spheres, the base is the spherical harmonics. We can choose a base generated for the finite
element method or the differences method for complex geometries. So, the architectures developed
for implementing the inverse source algorithm could allow the generation of portable devices for
problems in different areas such as engineering and medicine.
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