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Abstract: Liquidity providers for asset-pair pools with constant value distribution, such as Balancer
pools, experience some impermanent loss whenever there is price divergence in the tokens’ fiat values.
In this paper, we model this impermanent loss for geometric mean invariant pools by deriving a
function of two parameters. We analyze our function graphically, showing that unevenly distributed
pools with large weighting disparities best mitigate the risk of impermanent loss. We conclude by
providing a general protocol for liquidity providers to choose a suitable pool based on their risk
tolerance and profit goals.
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1. Introduction

Automated Market Makers (AMMSs) have revolutionized the cryptocurrency exchange landscape.
AMMs provide an infrastructure for decentralized trading platforms that operate on predefined
algorithms implemented through automated Smart Contracts rather than using the traditional order
book system employed by centralized exchanges. Crucial to the decentralized finance (DeFi) paradigm
is the concept of liquidity provision, where users can deposit assets into a liquidity pool, facilitating
trade in return for earning a commission fee. Liquidity providers (LPs) who contribute to a pool face
the risk of impermanent loss (IL), which refers to the loss experienced when the prices of assets in a pool
diverge from their prices at the time of the LPs entry. Impermanent loss can be described quantitatively
as the potential difference in value between holding assets in an AMM and simply holding them
outside of a DeFi pool. Because IL is essentially the opportunity cost of liquidity provision versus
holding cryptocurrencies outside of a pool, it is deemed "impermanent’ until the LP withdraws their
funds, at which point their loss becomes a 'realized” divergence loss.

In this study, we consider liquidity pools comprised of only two tokens, called asset-pair liquidity
pools. Various AMM protocols exist for ensuring the ratio of assets in a pool is maintained, though we
will focus solely on pools utilizing a geometric mean invariant, such as Balancer pools. These pools
utilize the following value function, which ensures that each token/cryptocurrency accounts for a
constant share of the pool’s total value [4].

v=T]oM
t

Where V is the invariant value function, ¢ ranges the tokens in the pool, Q; represents the quantity of
token t in the pool, and W; is the constant weight of token ¢, such that ) ; Wy = 1.

Our goal is to elucidate the factors contributing to IL and provide guidance to LPs on how to
optimize their strategies, considering potential asset price movements and their risk appetite. The
ensuing sections will detail our methodologies, present our findings on pool compositions and their
respective susceptibilities to IL, and conclude with actionable insights and best practices for LPs
navigating the DeFi space.
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2. Formula for Impermanent loss

For the purposes of this paper, we will assume there are no pool fees. Because geometric mean
market makers have an Exchange Rate Level Independence property [5], we can consider impermanent
loss in terms of price ratios rather than actual prices. As such, we can greatly reduce the required
number of parameters to calculate impermanent loss. Consider the following general formula [3]:

_ Afppool 1 Ht(AfPt)Wt
AfPpeiq Yi(AfP- Wi)

—1 @.1)

Where (P, is the fiat value of the pool, (P is the fiat valuation of the tokens had they been
held outside of the pool, fPt is the fiat price of token ¢, and W; is the weight of token t. This formula
provides impermanent loss (as a percentage) for a complex pool with n tokens, requiring 2n parameters.
However, for our analysis of asset-pair pools, the formula can be rewritten for two tokens:

(AP - (AfPy) N2

b= (ApPy- W) + (AfPy - Wa) ! (22)

For ease of optimization and modeling, we will assume that only one token’s value is fluctuating. We
will choose t; as our numeraire, and assume the fiat value of t, remains constant. Thus, A P =1,
such that:

(AgPp)™ (AgP)™

AP W)+ W AP W) (W) @3)

L=

This equation allows us to express impermanent loss in terms of only two parameters, A¢P; and Wy.
Because the sum of all token weights must add up to 1, we are able to calculate W, using W;. We will
now provide a derivation for this formula. First, we will use the Exchange Rate Level Independence
property to express the pool value in terms of token 1, beginning by establishing the spot price formula
given in the Balancer whitepaper [4].

Definition 2.1. Let Q be the quantity of token t in the pool. The spot price (exchange rate) of two tokens may
be expressed as a ratio of their quantities divided by their weights. Let 1Py be the price of token t in terms of
token 1:

1Pr=5- (24)

We can equate the fiat value of the pool to the sum of each token’s fiat value times its quantity:

FPpoot = fP1- Q1+ P2+ Q2 (2.5)

Using Definition 2.1, we can express the pool value in terms of token 1:

1Ppool = Z(IPt ) Qt) (2.6)

t

Note that ;P; simply equals 1. It follows that the pool’s fiat value can be expressed as the product of
the pool value in terms of token 1 and the fiat value of token 1:

fppaol - lppool 'fPI (2.7)

Such that:
AfPpoor = B1Ppoor - ArP1 (2.8)
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Using Equation (2.6) and letting 1P;7 be the new value of the pool in terms of token 1, we can rewrite

0ol
Alppool as:
/ !
APy = o TP Q) Bl AP Q) (29)
P 1Ppool 1Ppool 1Ppool
Referring to Theorem 2.2 (at the end of the section), we know:
Qi TT(A P)™
= 5 2.1
Q AP (2.10)
Substituting into Equation (2.9):
Qi T1: (A1 Pt
AP,y = LelaPe- AaPt =557 ) (P Q- TL(A0P)™) 2.11)
poo 1PpDOl 1Pp001
_ (A P)™ - Ly (oPe- Q1) TT:(A1P)" - 1Ppogi 2.12)
1Ppoal 1Ppool
= [T(a1P)"™ = (A1) - (A1 Py)™> (2.13)
t

Notice the substitution of Equation (2.6) into Equation (2.12). Recall a property of Definition 2.1, such
that ;P; = A;P; = 1. Continuing Equation (2.13):

A1Ppoor = (D)™ - (A1 Py)M2 = (A1 )2 (2.14)

As such, we have shown that the change in the pool’s value in terms of token 1 is equal to the change
in token 2’s value in terms of token 1, raised to the power of token 2’s weight. Inserting this into

Equation (2.8):
AfPyoot = APy - APy = (A1Py)V2 - AP (2.15)
Recall Wi + Wy = 1. Thus:
(A1Py)"2 - APy = (81 Py)"> - (ApP1)™2 - (8pP1)™ (2.16)
= (A1Py - ApPy) ™2 - (AP = (ApPy)™2 - (ApP)™ (217)

This matches the expression for AP,y we set out to derive in Equation (2.2). To compute impermanent
loss, we must now derive an expression for A P,;4. Because there is a constant value distribution [4],
we can express the total fiat value of the pool as such:

FPhetd = Y (Preta - Wi) (2.18)
t

Since the tokens are being held outside the pool, we may express the new held fiat value as being
directly proportional to the fiat price changes of the tokens:

fp;lgzd =Y (tPhetd - Wi - DpPt) = (Ppeig - Y (Wi - APt (2.19)
i .
As such: )
P,
AfPyeta = ; P:Z =Y (Wi APy) = (W - APy) + (W - AP) (2.20)
e '

We can now substitute Equation (2.17) and Equation (2.20) into Equation (2.1), yielding:

A Prera (W1 - AgP1) + (Wy - ApPy)
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However, because we are modeling impermanent loss according to fluctuation of only one token’s fiat
value, we let A;P, = 1. Thus:

(D" - (AyP1)™ (8rP1)™ (2.22)
(Wi AfPr) + (W 1) (Wi AgPr) + Wa '
Rewriting W, in terms of W; yields a function of two parameters:
AsP)™
L(AfPy, Wy) = (8yP1) 1 (2.23)

(AP Wi) + (1—Wy)

In section 3, we will analyze this function further to determine which weighting scheme is optimal for
reducing impermanent loss in asset-pair pools. We will now prove the expression for Q; presented in
Equation (2.10).

Theorem 2.2. For any asset-pair liquidity pool with a geometric mean invariant and no trading fees, the future
quantity Q’t of some token t after experiencing divergence in fiat price can be represented by the following
equation:

r Qe TL(A P)M

Q—gjﬁf*

Where Q is the original quantity of token t, Wy is token t's weighted value proportion in the pool, and Ay Py is
the change in token t’s value relative to token 1.

Proof. Recall from section 1 that the value function V remains constant throughout price variance. As
such, the following holds true:

/

Vi TI(Q)™ Q;
1=7=thuznpwﬁ (2.24)
Vo TTH(Q)M g Qr
Now, let us divide both sides by a common term %:
1 Ht(g)wt 9 (%';
o= o - =M =TIg)™ = 229
g m@w g g
9w ,
Q M tP
[ICG )™ = TIC™ = TTwn)™ 226)
st 1
t o1 W t t
Recalling Definition 2.1, we can express A;P; as:
Q
AP = 2 (2.27)
[
Q1

Substituting into Equation (2.25) and Equation (2.26):
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é L N (2.28)
1 =t
o O '
Q
o 1
_ 2.29
APy TT(APy)We (2:29)
i
% AP = T8 P)™ (2.30)
t
, . Wi
Q, = Q- TL(A1Py) (2.31)
AL P;

Thus, our proof is complete. [J

3. Analysis and Optimization

In this section, we will model the function derived in section 2, shown in Equation (2.23), to get
a graphical understanding of how to best optimize impermanent loss. We will calculate the optimal
weight for token 1 at various values of A1 P;, and use our findings to determine ideal pool weighting
for varying volatility profiles.

Plotting IL as a function of AsP; reveals some important elementary qualities, shown in
Figure 1a,b.

Impermanent Loss

Impermanent Loss
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(a) Impermanent loss versus ApPy where ApPy (b) Impermanent loss versus ApPy where ApPy
ranges from 0 to 3. ranges from 0.5 to 2.
Figure 1. Model of impermanent loss as a function of A P for various values of Wj.

As expected, IL converges to 0 when AP is 1, as there is no IL experienced when the token price
remains constant. The downward concavity of the IL function and maxima at (1,0) make it clear that
any price fluctuation (regardless of direction) creates some impermanent loss. Evidently, decreases in
fiat value yield a greater impermanent loss than increases in fiat value of the same proportion. It also
appears that pools with more even weight distributions experience larger proportions of impermanent
loss than heavily skewed pools when price fluctuates. Recall the Exchange Rate Level Independence
property we used to derive our IL function, which considers A;P; as a price change ratio rather than
the true change in fiat value of token 1 (i.e. if token 1’s fiat value increases from $10 to $15, A;P; = 1.5).
Similarly, the y-axis (impermanent loss) represents a percentage decrease from the original fiat value
held (i.e. IL = -0.2 means a 20% loss). Going beyond mathematical implications, let us consider the
practical applications of the curves presented in Figure 1. A liquidity provider possessing more volatile
coins with a higher likelihood of price divergence should certainly opt for an uneven pool (i.e. 80/20
weight distribution) to minimize their impermanent loss. New cryptocurrency projects frequently
utilize uneven ratios via Liquidity Bootstrapping Pools, often providing large exposure to their token
paired with a smaller share of some stablecoin (i.e. DAI) [2]. Considering the volatility of novel coins,


https://doi.org/10.20944/preprints202310.0959.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 16 October 2023 doi:10.20944/preprints202310.0959.v1

60f7

employing a skewed weighting scheme greatly reduces the risk of large impermanent loss. We can see

this clearly by modeling our function in three-space:
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Impermanent Loss
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Figure 2. Surface generated by L(A¢Py, W1)

Values of Wy around 0.5 have notably steep valleys as APy approaches values of extreme price
fluctuation. Values of W; near 0 and 1 yield greater (meaning less impermanent loss) values of IL
during extreme price fluctuation. Thus, a liquidity provider looking to minimize their risk should
always select a non-central weighting scheme that values tokens’ share of the pool in a heavily
skewed manner.

However, it is important to note that uneven pools have notably higher slippage rates [2]. Slippage
is the price difference between quoted transaction price and actual transaction price upon confirmation,
and results in traders receiving fewer tokens than expected for a swap. Generally, the farther token
weighting is away from 50/50, the greater the amount of slippage incurred by traders [2]. While not
directly harmful to liquidity providers, high slippage results in fewer pool trades, and thus produces
lower trading fee returns for LPs [2]. As such, LPs should consider both their risk tolerance and profit
expectations when selecting a liquidity pool.

The sensitivity analysis shown above in Figure 3a shows that impermanent loss is highly sensitive to
price fluctuation, particularly when price is decreasing. The trend shown in Figure 3b illustrates clearly
that an IL from a decrease in token 1’s price is best mitigated by a large pool share of token 1, while the
inverse is true for an increase of token 1’s fiat price. It follows that an LP who believe some token t will
increase in fiat value should invest in pools with a large stablecoin share and a small share of token t.

o
a
T
—
1

Minimum Impermanent Loss
. - .
5
B
Optimal Weight (W,)

0 0.5 1 15 2 25 3
Price Ghange of Token 1 (A,P,)

h o 0.5 1 15 2 25 3 35 4
Price Change of Token 1 (A,P,)

b) W; yieldi ini i t loss fi
(a) Minimum impermanent loss for values of A¢P;. (b) Wy yielding minimum impermanent loss for
values of AfPy.

Figure 3. Minimum impermanent loss for select price fluctuations and the corresponding W; value

which achieves this.
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With this in mind, let us conclude with some best practices for LPs looking to minimize their risk
in asset-pair pools. To preface, these practices are only practical in application to non-stablecoin pairs.
Pools comprised entirely of stablecoins should use a dynamic stableswap invariant such as Curve’s
Stableswap protocol, which is far more effective at reducing IL than a geometric mean invariant [1].
Based on our findings, it is clear that an LP looking solely to minimize their risk and loss should invest
in an uneven pool with some 80/20 or larger weight disparity. However, a LP looking to balance
risk and reward should select a more evenly distributed pool (i.e. 60/40) to increase profits with less
slippage while still making efforts to mitigate IL. If an LP is bullish on a token, they should invest
in pools which have lower value shares of the token so that IL is minimized when the token value
increases. The inverse is true as well, as tokens subject to high volatility should be weighted heavily in
the pool to limit IL risk from price decrease. As such, we have established a clear protocol for liquidity
providers to follow dependent on their risk tolerance, profit goals, and predictions for a token’s future
price action.

Acknowledgments: The substitution outlined in Theorem 2.2 was inspired by a paper written by Fernando
Martinelli on calculating the value of a Balancer pool. The paper, which was previously uploaded on Balancer’s
website, is no longer available online.
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