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Abstract: Study of differential equation theory has come a long way with applications in the various fields. In
1961, Zygmund and Calderén introduced the notion of derivatives on metric L" which proved to be better in
applications than approximate derivatives. But most of the studies involved are on fuzzy set theory, so it seems
likely that intuitionistic fuzzy L" - norm - based derivatives deserve study. In the study, the fuzzy derivative
is extended to intuitionistic fuzzy derivatives with respect.to L - norm - based derivatives using intuitionistic
fuzzy number valued functions. The efficacy of the proposed method is established by proving the associated
theorems along with numerical examples. Further, the Cauchy problem is also studied with respect to
intuitionistic fuzzy setting.
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1. Introduction

Fuzzy set theory introduced by L A Zadeh in 1965 [1], paved ways in studies to deal with
vagueness or uncertainty in mathematical models where, each element u € U (universal set) is
defined in terms of A(u) [membership function] {A: U — [0, 1]}. Following that, many researchers
expanded the theory [2-5], one of which is Intuitionistic fuzzy set (IFS) introduced by Atanassov, in
which each element is defined in terms of A(u), membership and B(u), non-membership functions
such that A+B <1 and 1 — (A + B) is the degree of hesitation [2]; this is a generalisation of Zadeh's
[1] fuzzy set theory. Atanassov later conducted additional research to improve on the IFS theory [2,6—
8]. Intuitionistic fuzzy set has better applications than that of classical fuzzy set theory in real life
situations since IFS includes an additional information i.e., non-membership function and it has been
utilised in numerous fields such as decision-making problems [9-11], medical diagnosis [12,13],
software selection [14], environmental management [15], transport problem [16]. Susanto et al. [17]
generated fuzzy interval data from crisp data using Cheng et al. [18] correlation method to determine
the relationship between students” anxiety and mathematical self-efficacy, based on the concept of
a-cut from a fuzzy set.

Fuzzy differential equation (FDE) is one of many extensions of fuzzy set theory to classical
mathematics. Many researchers studied FDE with different approaches such as differential inclusions
[19], Hukuhara derivatives [20], Zadeh's extension principle [21,22]. In 1967, [20] Hukuhara put forth
the idea of Hukuhara difference to eliminate the problem of the inverse element of Minkowski's sum
[23]. a — cut being a compact and convex set, Madan et al. [24] proposed an approach to solve fuzzy
differential equations using the concept of Hukuhara derivative [20]. “However, this approach has a
weak point which is that the solution becomes fuzzier as time passes by and hence the length of the
support of the fuzzy solution increases” [25]. So, in order to overcome the disadvantages, Bede at al.
[26] introduced the concept of generalized Hukuhara derivatives. Later, Stefanini [27] proposed a
generalized Hukuhara difference which was applied to Bede’s generalized Hukuhara derivative [28].
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This yielded a better result as it made problem solving less complicated and since then, the study of
GH-derivative has been expanded further by the authors [29-31]. Akin et al. [32] proposed to solve
second order initial value problem with intuitionistic fuzzy initial values under intuitionistic Zadeh'’s
extension principle. In [22] Akin et al. extended GH-difference to intuitionistic fuzzy set by using the
properties of a and f cuts and proposed the concept of strongly generalized Hukuhara derivatives
for intuitionistic fuzzy environment. They have further extended the concept to solve differential
equations in intuitionistic fuzzy environment with the use of (i)-GH and (ii)-GH differentiability [33].

The concept of fuzzy metric is used in many applications such as in image processing, in [34]
Gregori et al. proposed on how to apply fuzzy metric in engineering methods such as evaluating the
proximity of two pixels in a colour image using a fuzzy metric. The image processing filter created
as a result performs better than other traditional ones. A very similar existing example is of
eliminating noise in colour image using fuzzy metric [35]. Park [36] introduced the concept of
intuitionistic fuzzy metric based on [37] fuzzy metric with possible application of fuzzy topology to
quantum physics, particularly in connection with both string and € theory [38]. In [38], the
authors claimed that the topology generated by Intuitionistic fuzzy metric space coincides with the
topology generated by fuzzy metric space with respect to the analysis of the probability of two slit
experiment. Yadav et al. [39] proved two fixed point theorems in intuitionistic fuzzy metric space
based on the outcomes of Tripathy et al. [40] which is the improved results of Alaca et al. [41].

Differential equations in metric spaces by [42] was the introduction of a new concept called
metric derivative. This concept was further developed to solve Cauchy problem for fuzzy as well as
intuitionistic fuzzy differential equations [42,43] and set valued functions [44]. Khastan et. al [45]
introduced a new metric - based derivatives and compared with other existing metric - based
derivatives. L” - norm - based derivatives were introduced by Calderén and Zygmund in 1961 [46]
in order to solve elliptic partial differential equations. Accordingly, Shao et al. [47] introduced fuzzy
L"- derivatives and fuzzy L"-Henstock-Kurzweil integral based on the derivative. The objective of
this paper is to extend the derivative to intuitionistic fuzzy set valued functions based on L"- norm,
which was prposed in [47]. Secondly, we shall study its properties such as continuity, uniqueness
and many more. Next, we shall check that GH-differentiability implies IFL" — differentiable but the
converse is always not true. Finally, we propose to solve Intuitionistic fuzzy differential equation
using the extended derivative.

This paper is prepared as follows. In Section 2, some fundamental definitions and theorems of
intuitionistic fuzzy sets and definitions of L"-norm based derivatives on fuzzy sets are given. In
Section 3, some definitions and theorems related to L"- norm based derivatives are extended from
fuzzy case to intuitionistic fuzzy case by using the definitions and theorems in Section 2 along with
numerical examples. In Section 4, we conclude the paper by giving summary and results.

2. Preliminaries

Definition 2.1 [2] Let P = {(u, Ar (u), Br(u)) | u € U} be an intuitionistic fuzzy set (IFS)
where Ar,Br: U — [0, 1],
Ap (u) is the membership function of u,
Br (u) is the non-membership function of u
and the condition 0 < Ar (u) + Br (u) £ 1 holds true.
Atanassov’s intuitionistic fuzzy set is the generalization of Zadeh’s fuzzy set. Then Zadeh’s
fuzzy set can be written as P = {(u, Ar (u), 0) | u € U} where the non-membership function Br (u) =0.
IF(U) will be used to denote the set of all intuitionistic fuzzy sets in U.
Definition 2.2 [2] The a-cut of P € IF(R") is defined as
Pla)={ u: u €R"*, Ar(u)2a}, for0<a<1, and
P(0) = cl(Uqe 011 P(@), for a=0
Definition 2.3 [2] The B-cut of P € IF(R") is defined as
P*(B)={ w: u €R™, Br(u)< B}, for0< B <1, and
P'(1) = cl(Ugeon P*(B), for f =1
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Definition 2.4 [22] If P € IF (R") satisfies the following conditions, then it is called an intuitionistic
fuzzy number in R™:
1. Pis anormal set, i.e., 3 u, € R™ such that Ar (uy) =1 (hence, Br (u,) = 0).
2. P (0) and P*(1) are bounded sets in R™ .
3. Ar: R" — [0, 1] is upper semi-continuous: V k € [0, 1], the set { u: u €R", Ar (u) <k} is open.
4. Br: R® — [0, 1] is lower semi-continuous: V t € [0, 1], the set { u: u € R, Be (u) >k} is open.
5. The membership function Ar is quasi-concave:
Ar(m u +(1 - m) v)2min {Ar (u), Ar (v)},V u,ve R*, © €[0, 1].
6. The non-membership function Br is quasi-convex:
Br(m u +(1- m)v)<max {Br (u), Br (v)}, V u,ve R*, © €0, 1].
We will denote the set of intuitionistic fuzzy number of R™ by IFx (R™)
Theorem 2.1 [23] The family of all compact and convex subsets of R" is closed under Minkowski's
addition and scalar multiplication.
Definition 2.5 [22] Let P, Q € IFx (R") and ¢ € R — {0}. Then, addition and scalar multiplication of
fuzzy numbers in IFx (R™) are defined as follows:
(i) P+ Q=D & D(a) = P(@) + Q() and D*() = P* (B) + Q*(B).
(i) o(P) =D & D(«) = cP(ax) and D*(3) = cP*(B)
Theorem 2.2 [22] Let P, Q € IFn (R™). Let us define the following distance functions as
Di(P, Q) = sup{du(P(a), Q()): x € [0, 1]}
D(P, Q) = supldu(P*(B) + Q*(B)): B € [0, 1]},
Here du is Hausdorff metric. The function
D (P, Q) =max{ Di(P, Q), D(P, Q)}
defines a metric on IFx (R™). Hence, (IFx (R"), D) is a metric space.
Definition 2.6 [22] Let P, Q € IFn (R") then

e Hukuhara difference of P and Q, if it exists is given by
PoOuQ=ReP=Q+R.
e  Generalized Hukuhara difference of P and Q, if it exists is given by
P ©OcaQ=ReP=Q+RorQ=P+(-1)R.
Definition 2.8 [22] Let &: (m, n) — IFn (R) be an intuitionistic fuzzy number valued function and u,

u+h € (m, n). § is called Hukuhara differentiable at u if there exists an element §'n(u) € IFn (R)
such that for all h > 0 the following is satisfied

y Fu+hHOyFw . FwOyFu — A
im = lim
£-0* Y/ A-0" Y/

=&,

Definition 2.9 [22] The intuitionistic fuzzy number valued function § is called generalized
Hukuhara differentiable at u if there exists an element & cu(u) € IFn (R) such that for all h >0 at least
one of the following conditions is satisfied:

i)
lim Fu)OyFu + h) lim Fu-hO,Fkx) F o (1)
h—-0* —h T hso —h —YGH
ii)
lim Fu+h)OpFu) lim Fu-hOyFu) F o (1)
h—0* h = —h —UGH
iii)
lim Fu+h) Oy Fu) lim FwWOyFu —h) F o (1)
h-0* h T h50° h - o
iv)
lim Fw Oy Fu+h) lim WO, Fu —h) F o (1)
h—0* —h T oo h B GH

Definition 2.10 [47] Let En(R) be a set of fuzzy subsets, X € Ex(R) is said to be a fuzzy number if X
is normal, convex, upper semi-continuous and

Xa={ u:u € R, Ax(u)2a}, forO<a<1,and Xo= Cl(Uae 1] X(a)), for o = 0 is bounded.

The distance dy(X,Y) is defined as
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Obviously, (En(R); dn) is a complete metric space.
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Definition 2.12 [47] § is fuzzy L"- differentiable (FL"- differentiable) at u € [m, n], if there exists

&' € Fn (R) such that the following four situation holds:
i)

1

l T
lim {% [ 1@+ 8,80 + a'(umrdh}
1-0 0

1

0 T
= fim {% | @0, 5e - b +3'<u)ﬁ)rdh} =0
l

1
1 T
i {7 [ 14,50, 50~ ) + 5 @AY an)
-0 0
1
1 T
~ti { [ (B0 + 0,500 + 5 @Dl ar) =0
l

-0~
iif)
1

1 l T
lim {7 J n(+ b5+ a'(u)é>1rdh}

-0

1
=

0
= lim {1[ [dn(F+ A, F) + %’(U)ﬁ)]rdh} =0
-0 l 1

1

l T
lim {% f [d (§W), Fu — ) + s'(umrdh}
-0 0

0 T
= fim {% | @@ 30~ +3‘(u>ﬁ)]rdh} =0
l

If & satisfies case (i) then § is (i)-FL'- differentiable. Similarly, for the other cases as well.

3. Proposed Definitions

Definition 3.1 The distance of intuitionistic fuzzy numbers P, Q € IFn(R™) with respect to their a-cut

and f-cutis denoted by D(P, Q) and is defined as
Di(P, Q) = supg e poymax{|P(a)” = Q(a)7|,IP(&)* — Q(a)*}
Do(P, Q) = supgeoq max {IP*(B)” — Q" (B)"|, IP*(BY" — Q" (B)*I}
D(P, Q) = max {D,(P,Q), D, (P,Q)}
Lemma 3.1 For P, Q, R, S € IFn(R™)
(i) D@ +R,Q+R) =D(P,Q)
(ii) D(c *P,c - Q) = [c|D(P,Q),cE R
(iii) DP +Q, R +S) <D(P,R) + D(Q,S)
(iv) D(t- P,w * P) = |1 — w|D(P, 0), for Tw > 0

(v) P <Qiff P(a) < Q(a), a € [0, 1] iff P()* < Q(a)*; P(a)” < Q(a)” and P*(B)t =

Q"B P =Q (B a,p €10,1].
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Definition 3.2 For 1 <r < o
(1) & is right-hand upper Intuitionistic fuzzy L"- differentiable (IFL"- differentiable), if there
exists § € IFn (R) such that

l T
lim {EJ [DFw+ A, Fw) + Ty’(u)/i)]rdh} =0
1-0% l 0

Similarly, & is left-hand upper Intuitionistic fuzzy L"- differentiable (IFL"- differentiable), if
there exists § € IFn (R) such that

! F
lim {1 f [DF W), §u — 4 + Tg’(u)/i)]rdh} =0
10t (L Jy

(2) & is right-hand lower Intuitionistic fuzzy L"- differentiable (IFL"- differentiable), if there
exists § € IFn (R) such that

1

1(° r

lim {7 | @ sw- 5 +rs'<u)ﬁ)]rdh} =0
- !

Similarly, § is left-hand lower Intuitionistic fuzzy L"- differentiable (IFL"- differentiable), if

there exists §' € IFx (R) such that

?

0
lim {lj D@+ A, Fw) + 3’(u)ﬁ)]rdh} =0
-0~ (1 1

& is upper IFL"- differentiable if two Intuitionistic fuzzy L"-derivatives in (1) exists and are
equal. Similarly, & is lower IFL"- differentiable if two Intuitionistic fuzzy L"-derivatives in (2) exists
and are equal.

Definition 3.3 Let § be an Intuitionistic fuzzy L"- differentiable (IFL"- differentiable) at u € [m, n],
then there exists § € IFn (R) such that the following four situation holds:

i
1
1! r
lim {— f (D@ + 5, Fw) + :y'(u)ﬁ)rdh}
-0t l 0
1
10 r
= Jim {; f (D@, §u— 5 +ry'(u)/z>rdh} =0
l
ii)

1

! G
i {7 [ 0@ .56 -0+ wanranf - jm {7 066+ 0,860+ Fanraf —o
0 l

S

1 1
l 7 7
lim {lf [D@F@ + h), Fw) + ‘f\"(u)h)]rdh} = lim {lfo[sb(‘f\'(u +h), W) + i?'(u)h)]rdh} =0
-0+ (1 0 -0~ ([ L

iv)
1 1

l T 0 T
i {7 [ 0@, 56w+ smra] = i {7 [ e 56 -0+ Fbral -
0 1

If § satisfies case (i), then § is (i)-IFL"- differentiable. Similarly, for the rest cases.
Theorem 3.11f § is IFL"- differentiable, then the derivative is unique.

Proof. Without loss of generality, let us assume § is (ii)- IFL"- differentiable at u € [m, n]. Let
D, and D, be the derivatives of &. Then, Ve > 03§ > 0 such that

0
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! T
{% | @ 5+ Dlﬁ)rdh} <3

3.1)

1
! T
{% | @ 5 -+ Dzﬁ)rdh} <3
(3.2)

Then by lemma 3.1 and Minkowski’s inequality, we get
1

l r
{% f [D(D; h, lD)zh)]Tdh}
0

l
= {%f [D(Fw —h) + D h,Flu—h)
0

1
T

+ ]D)Zh)]rdh}

1 l
< {—f [D(‘{y(u —h)+ D, h, 8(‘“))
! 0

+ D(Fw), Fu—h) + 1n>2h)]rdh}F
1

l T
< {% f [D(F—h) + ]D)lh,&(u))]rdh}
0

1

l r
+ {% J [D(Fw), §u —h) + Dzh)]rdh} <s+s
0

=€ 3.3)
Therefore, the derivatives D; and D, are equal and hence unique.
Similar result follows for cases (i), (iii) and (iv).

Theorem 3.2 If § is IFL" - differentiable, then it is continuous.
Proof. Assume that § is (i)-IFL"- differentiable. Then, Ve > 036 > 0, for [I| < §
1
1 (! To€
lim {7 | @@+ 1,50 + 3'(u>h>]rdh} << 64
0

Then by Lemma 3.1 and Minkowski’s inequality we get,
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1

{% fo l[:o(g(u + h),{y(u))]rcm}F

1 l
= {T f [D(Fw + h) + F (Wh, Fw)
0

1
r

+ ‘{y’(u)h)]rdh}

l
< {% f [D(F( + h) + Fwh, Fw))
0

+D(Fw), Fw) + 3'(u>h>)]rdh}r

1
1 (! au

< {7 J [D(&Fw+ 1) +F Wh Fw)] }

0

1t .

+ {7 j [D@FwW), Fw) + c’v’(u)h)]r}

0

1 r
<e+ {% fo [D(F (wh, OW}

1

I -~
r(w)
<e+f—lg@l] (35)
1
1t ro "
= lim {7 f [D(Fu+ ), FwW)] dh} =0 (3.6)
- 0
Similarly,
1 L T %
ll;r(g{; f [D(F(w), Fu - h))] dh} =0 37

Therefore, f is continuous.
Similar result follows for cases (ii), (iii) and (iv).
Example 3.1 Suppose T(u) = To is a constant function, then T(u) is IFL"—differentiable and T'(u) = 0.

Solution. From the case (i) of Definition 3.3
1

z v
i {7 [ 10+ 1,800 + Faomy an)
0

|

T

l
= lim {% f [D(T(u + h), T(w) + Oh)]rdh}
0

-0t
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1t -
—_ s T
= lim {7 fo (DT, Ty + 0)] dh}
1

= lim [ [T T dh) =0 @9

And

1 (0 -
lim {7 | @, s-n + ?s'(u)h)]rdh}
l

-0

- 1 0 %
= lim {7 fl [D(T(W), T — h) + 0R)] dh}

1
= l]irgl_ {% flo[iv(To,T0 + O)]rdh}r =0 (3.9)

Therefore, fuzzy constant function is (i)- IFL" — differentiable.

Similarly, for cases (ii), (iii) and (iv).
Theorem 3.3 Let §, ®:[m,n] >IFN(R),1<r <o Suppose  and & are upper IFL" -
differentiable then
iy & + © isupperIFL" - differentiableand (F + ©)' =g + 6"
i) (w§) (u) = wF'(u), forall w € &

Proof. i) Let Fand ® be upper IFL" — differentiable.

Then, Ve > 0,36 >0 s.t.for |l| <6

| =

l T
[ @ sw-m + g wnraf <5
0

(3.10)
1

l r
{1 f [D(G W), G(u — h) + 6’(u)h)]rdh} <
A 2

(3.11)

Then, by Lemma 3.1 and Minkowski’s inequality we get
1

l T
{%j [D(GW) + Fw),®(uw—h) + Fu—h) +6G'(wh {v’(u)h)]rdh}
0

1 l
< {— f [D(G(w), G(u — h) + 6'(w)h)
! 0

1
r

D), §u— h) + l’s"(u)h)]rdh}
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1

l r
sﬁjkmmwﬁm—m+®ﬁmmw4
0

1

l T
+ {% J [D@FW), Fu—h) + Ty’(u)h)]rdh}
0

<£48 (3.12)

ST —T-=€ .

2 2

Similarly, Ve > 0,36 >0 s.t. for |l| <6

1

1 T €
[ e 56 + 5 wnraf <5
0

(3.13)
1

l
{1 f (DG + h), G(w) + @’(u)h)]rdh} <<
1), 2

(3.14)
Then, by Lemma 3.1 and Minkowski’s inequality we get
1

l r
{%f [D(Gu+h) +Fu+h), 6w +Fw) +6'(wh ‘i§'(u)h)]rdh}
0

1 l
< {7 f (DG + ), 6w) + 6'(w)h)
0

1
=

+DFw +h), Fw) + 3'(u)h)]rdh}

1
=

l
< {%f DG+ h),6w) + (5’(u)h)]rdh}
0

1

1t r
+ {7 [ e 5w+ g amra)
0

< ¢ + ¢ 3.15
<-+-=¢€ .
515 (3.15)
Thus,§ + © isupper IFL" — differentiable at x and (§ + ©)'¢x =§ + "
ii) Let § be upper IFL" — differentiable.
Then, Ve > 0,36 >0 s.t.for [I|<§
1
1 (! T €
[ @ - s gwnra) <5
0
(3.16)

Then, by Lemma 3.1 and Minkowski’s inequality we get
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1t -
{7 f [D((w®) (W), (wi‘v)(u—h)+(w%)’(u)h)]’”dh} A€ R
0

1

l r
- {% [ olp@a sw-n+ ry'<u)h>]rdh}
0

1

1 L r r €
= w {7] [Z)((’y(u),{y(u —h)+ Ty’(u)h)] dh} < 5 <e
0

(3.17)
Similarly,
1

1! T
{7 f [D((w&)(u + h), (wF) (W) + (w%)’(u)h)]rdh}
0
1

1 l r
. {7 [ oo+ .50 + :s'(u)h)rdh}
0

1

l T
=w {%f [D@Fw+h),Fw) + '{y'(u)h)]rdh} <
0

N ™

<e (3.18)

Thus, (W)= 0§, at uforall w € R.

Remark 3.1

i)If § and ® are lower IFL"— differentiable then Theorem 3.3 holds.

ii) Also, if § is upper IFL"— differentiable and ® is lower IFL"— differentiable, then § and &
are IFL" — differentiable and Theorem 3.3 still holds.

Theorem 3.4 Let ® : [m,n] - R be differentiable (&* be its derivative), §:[m,n] - IFy(R) be
GH-differentiable. If H:[m,n] - IFy(R) s. t. H(u) = g () §(u), then H(u) is IFL" - differentiable
and H'(w) = 6" () -Fw) + 6w) - §Fen(w).

Proof. Let us assume that H'(u) € IFy(R) exists, we shall prove that H(u) is IFL" - differentiable

1

L T
lim {lf [D(Hu + h),H(u) + H'(u)h)]rdh}
1-o+ ([ 0

1
= lim {%f [D(Gu+h)Fu+h),6w) Fw
0

-0t

1
=

+ H’(u)h)]rdh}

l
= lim {% f D(G@+h) Fu+h) — GFwu+h)
0

ot

1
T

+ GWFu+ h),6w) Fu) + H'(u)h)]rdh}
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!
= lim {%f [D(Gu+h)Fu+h) — GFu+h)
0

-0t

+ 6WFu+h) Oy Gu) Fw,

1

H' (u )h)]rdh}?

1 l
= lim {Tfo [D((Gu + h) = GW)F(u + h)

1

+ G (Fu + h) Oy FW)), H'(u))]rdh}r

1 l
= lim {T fo [D(6" W+ h)

+ 6WF (W), H’(U))]Tdh}r

as when h— 0%, H'(u) = 6" (wWFw) + 6(wWF cu(w) (3.19)

Therefore,
1
1t r
lim {— f [DCH (u + h), H(w) + H’(u)h)]’”dh}
—o* (1 ),
1 l
= ll—igl {7.[0 [CD((S* (wWF(u + h)
1
+ G6WF ou (W), H'(u))]rdh}
1t r -
= lim {Tfo [D(H'(w), H'(w))] dh} =0 (3.20)
Similarly,
Lo :
ll_if&l- {Tf [D(Hw),H(u—h) + H’(u)h)]rdh} =0 (3.21)
l

Thus, H(u) is (i)-IFL" - differentiable at u and H(u) = &* (u) - Fw) + G(u) - §F ou(Ww).

Similar results for cases (ii), (iii) and (iv).

Theorem 3.5 If § is GH-differentiable, then it is IFL" — differentiable

Proof. Without loss of generality, let us assume that § is (iii)-GH-differentiable, then for [ > 0,
we have,
- Fuw+h OnEFwW _ - FwOuFu - h)

Jim, h M, h

=& ou(w)
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(3.22)

Thus, hlir(l)qu%B(‘{y(u +h) On FW, §en(Wh) = lim, =D(FW) O Fu — h), § 61 W)
=0

Then, lim > D(F) On §u — 1), § (W) = lim - D@ ~ h) O FW), ~§ on(Wh)

= Jim LD+ 1) Oy F,§ (W)

(putting h'=—h)
1

= }}ir(l;l’r Ei)((’&‘(u +h) Oy W), § syWh)

Therefore, Ve >0, 3T; >0 s.t. 0<h<Ty,

D@ +h) Op F), & eu(x)h) <€

ie.,
D@Fu+h),Fw) +&Feu(wh) <e (3.23)
Furthermore, Ve >0, 3T, > 0, we restrict 0 <[ <T; , then
1 1
1 l T 1 l T
[ o w500 + g aonra] < [ el
0 0

=€ (3.24)
Similarly, Ve >0, 3T, <0,s.t. T, < [<0, then
1
1(° T
{7 [REGIORDE IR 2% (u)h)rdh}
<€ (3.25)
This implies that

1
T

l
lim {3 f (D@ + 1), §w) + F e (u)h)]rdh}

1-0% (1 0
1

l r
= lim {% [ @@+ 1,50 + a'GH(u)h)rdh}
0

=0 (3.26)
Therefore, § is IFL" — differentiable at wu.
Similar result follows for cases (i), (ii) and (iv).
Remark 3.2 The inverse of the above theorem may or may not be true. We shall prove this by an
example.
Example 3.2 Let §:[-2, 2] = IFn (R)

1 3 3 1
[F(W)], = [Za -2+ <§ — Za) lul,2 = 2a + (Za’ — E) Iul]
3 1 1 3
Bl = [-26+ (58-3) .28 + (5-58) lull
0<a+ p<1
In the case of «, F(0) = (-2, 0, 2) which is a triangular fuzzy number
In particular, (u) = (—1, —%,;, 1), when u = +2
Since, [F(0)]a = [2¢ - 2,2 - 2a] and [§(2)]e = 2~ 1,1~ 1a],

it is easy to see that for, 6 >0, Vh € B(0,5), F(0) Oy &F(h), F(0) Oy F(—h), F(h) Oy F(0)
and F(—h) Oy F(0) don’t exist. Thus, § isn’t GH-differentiable.
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For u=0

D1 (F(0 + h), F(0) + &F'(0)h)
=9, ([Za— 2 + (E—Ea) |h|,2 — 2a

2 4
3 1
+ (Za—z) |h|] 2a—2,2— Za])
1 3 3 1
= supicpomax (3~ 32) |- |(« = 5)
1
= Elhl (3.27)

In the case of B, §(0) = {0}

In particular, F(u) = (—%, —g,g,g), when u = +2

Since, [§(0)ls = [-26, 28] and [§@)p = |-38-3 383,

it is easy to see that for, § >0, V h € B(0,5), §(0) Oy §(h), §(0) Oy F(—h), Fh) Oy F(0)
and F(—h) Oy &F(0) don’t exist. Thus, § isn’t GH-differentiable.

For u=0

D, (F(0 + h), F(0) + F (0)h)
-2+ (o~ Yz

+ (5-26) nl]. [-26,261)

3 1 1 3
= S“paew'ﬂm“"ﬂ(zﬁ ‘§)h|'|(§‘zﬁ)h|}
5
= Elhl (3.28)

Next, we can find that § is (i)-IFL"- differentiable and §'(0) = 0.

For u=0
17133 D(FO + h), FO) +F'(0)h)

= lim max{®;(F(0 + h), §(0) + F'(0)h), D, (F(0 + h), F(0)

+ §'(0)h)}
_ 1 5 1
= Jim masx {3 hl, 35 1hlf = fim 2 18] = 0
Therefore, Ve >0, 3T, >0 s.t. 0 < h<Ty,
D(Fu+h),Fuw) +F Wh) <e (3.29)

Furthermore, Ve > 0, 3T; > 0, we restrict 0 <[ <T; , then
1 1

l r l T
{3 [ [@(?y(um),a(u)+:y'(u)h)rdh} <{1 [ erdh} e (330
A A

Similarly, Ve >0, 3T, <0,s.t. T, < [<0, then

=

{%f [D(F(u+ h),F(u) + ‘;}’(u)h)]rdh}r <e (3.31)
l

Therefore, § is (i)-IFL"- differentiable at u = 0 with §'(0) = 0 but not GH-differentiable.
Similarly result follows for cases (i), (ii) and (iv).
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4. Intuitionistic fuzzy Cauchy problem

Lemma4.1: Let &1, &: [m, n] — IFx be differentiable and assume that its derivatives ®1, ®2: [m,
n] — IFxis integrable over [m, n] then,
D(Fi(u), F(u) < D(F1 (uo), &2 (up)) + f;o D(61(s),6,(s)) ds foralls € [m, n]
4.1)
Proof: V € >0,3T1>0st.0<h <Ti, D(Fu + h), Fu)+ Gu)h)< € 4.2)
Define C(u) = D(F1(u), F2(u))
Then, C(u + h) - C(u) = D(F1(u + h), F(u + h))- D(F:1(u), F2A(w))
= D(F1(u + h), F (u)+ hGi(u)) + D(F (u) + h Gi1(u), F2(u)+ h Gi(w)) +
DFw) + h Gi(w), Fw) + h G2(w) + DE(w) + h Ga(ar), Folue + h)) - D(Fi(w), F2(w))
= D@ (u + h), F(w)+ hGi(w)) + D(F1(u), F2(u)) + h D(G1(u), G2(u)) +
D(F2A(u) + h G2(u), F2(u + h)) - D(F1(u), F2A(u))
C(u + h)-C(u)= D(F1(u + h), Fi(u) + h Gi(u)) + h D(G1(w), G2(u)) + D (F2(u) + h O2(u), F2(u +

h)
{(u+h) — Q(w)
h
- 2@l M ) o6, 0,6,
N D(F2 () + h(ﬁ; (W), §2(u + h)) (4.3)

Now, V epsilon >0, 3 T1 >0, we restrict 0 < < Ty,

Gu+h) — t(w)

h
1
1t r
< {TJ [D@F 1 (u+h),F W+ ®(u)h)]rdh} + D(6:(w), 6, (W)
0
1
1 (! T
# {7 [ 0@+ 1,500 + Sacom) an)
0
as lim tends to 0+ {'(u) < D(6,(w), G, (w))
which implies {(u) < f;‘o D(®,(s), B(s)) ds, (4.4)
D(fﬁ(u), &2 (u)) < 33(3’1(”0);3'2(%)) + J 59(6(5); ®, (S))ds (4.5)

Uog

Similar results follow for the left end limit.

Consider an initial value problem for the intuitionistic fuzzy differential equation

&F W)= 6u, §)

F(uo) = (A(up), B(up))), I =[m, n] and ®: I x IFn — IFx. (4.6)

Let C(I x IFx, IFn) the set of all continuous mappings from I x IFx to IFx.
Definition 4.2: [48] §: I — IFxis a solution of the initial value problem iff it is continuous and satisfies
the integral solution

u
B = Bw) ® | 66, F(:)ds
Uo
4.7)
Theorem 4.3: Let ® € C (I x IFN, IFn) such that there exists a constant k> 0 satisfying
DOWF), 0w &) < kKD(F1,F2) ;5 (U, &§1) (w, F2) € [XIFN (4.8)
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Then the initial intuitionistic fuzzy problem (4.6) has a unique solution
Proof For § € C(I, IFn), let us consider a mapping G: Xo— Xo, where Xo = C(l, IFN) defined by

G () = F(uo) B f G(s, §(s))ds

(4.9)
Let, @) = G§ (u +h), Pu) = ¥, (w)
Then, D(p(w), Ppw)) = D(GF, (v +h), GF;(w))

= D(GF;(u +h), GF:(w)

u+h u
=co<av<uo)@ f (s, §:())ds, §(uo) D f Cﬁ(s.‘{n(S))dS>
u+4 u
= fD(f G(s, i‘y(s))ds,f @(s,‘{y(s))ds)
u(j—/i Z
- :D< (s, §1(s))ds, f cs(s,%l(s))ds)

u+4

u+4 u u
=max<©1( f (s, §(s))ds, f (5(5.31(5))d5)'592< 6(s, §1(s))ds, f cs(s.&(s))ds))

U

u+4
[ 66.3en@ds

= max (supa € [0,1Max {

u+4

G(s, &F1(s))(@)*ds

]

}

u+4
[ AONGRE

- [ 66,351 @ s

- [ 66,3 (s» @ s

SUPq e [0,1MAX {

)

u+it
f & (s, §()) (B)*ds

o)

[ sGsen@rds

SIS ASIORE

IS IONGRE

u+4

[ AONORE

)

= max (supa € [oyMmax {

u+4

u+t
®"(s, §:1(s))(B)"ds f © (s, F:1(s))(B)*ds

whenh — 0%, D(p(w),P(u)) — 0. Therefore, GF; € C(I, IFN) (4.10)
Now, let &1, &, € C(I, IFn) and by Lemma 4.1

DGH ), CH W) < D ( f (s, F:(5), 6, 3‘2(5))d5)

)

)

SUPq e [0,17MAX {

< (fo | @6 m@),@(s,s(s))ds)

< k(u — up)D(F:, &) [Lipschitz condition] (4.11)
~ G is a contraction

and hence the initial value problem (4.6) has a unique solution.
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5. Conclusions

In this paper, we have extended fuzzy L" — norm based derivative ( FL" — derivative) to
intuitionistic fuzzy number valued function. We have proposed a definition of intuitionistic fuzzy L"
— norm based derivative ([FL" — derivative). Next, we proved some properties such that IFL" -
derivative is unique, continuous. Also, IFL" — derivative can be written as a product of derivative
and GH-derivative and moreover, GH-differentiability implies IFL" — differentiable but the converse
is not always true i.e., the existence of GH-difference is not a necessary condition for the existence of
IFL" — derivative. Lastly, we solved the Cauchy Problem of initial value problem for intuitionistic
fuzzy differential equation with the extended IFL" — derivative. We can further conclude that IFL"
— derivative is a generalization of GH-derivative.
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