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Anhad Singh Kohli 1,2

1 Trinity College Dublin; anhadsinghkohliask@gmail.com
2 CCIR Academy

Abstract: Quantum gravity is crucial for unifying general relativity and quantum mechanics, which are two of

the fundamental pillars of physics. Despite the significant advances in theoretical models of quantum gravity,

experimental validation of these theories remains sparse. This review paper aims to address this gap by exam-

ining the experimental proposal by Bose et al., that aims to show the non-classicality of gravity, alongside a

discussion of semiclassical and quantum models and their shortcomings. We explore the Double Stern-Gerlach

experiment to observe gravitational entanglement, detailing the procedure and the quantum states involved. The

minimization of Casimir-Polder forces, which could interfere with the experiment, is highlighted as essential for

optimizing conditions for maximal entanglement, calculated using von Neumann entropy, and measured using

an Entanglement Witness. We discuss the inferences drawn from this experiment and introduce semiclassical

gravitational models, outlining the assumptions made by Bose et al. Furthermore, we delve into perturbative

Quantum Gravity (pQG) using the path integral approach, explaining its non-renormalizability and the extent of

its applicability. The conclusions indicate that observing entanglement would demonstrate the non-classicality

of gravity. While semiclassical models are experimentally inaccurate, they serve as useful calculational tools for

black hole physics. Although pQG has proved to be non-renormalizable so far, it functions as an effective field

theory (EFT) at energies below 1019 GeV.

Keywords: quantum gravity; gravitational entanglement; semiclassical gravity; perturbative quantum gravity

1. Introduction

In the realm of theoretical physics, quantum mechanics and quantum field theory have been
able to describe three out of four fundamental known forces till now which are the electromagnetic
interaction, the strong force, and the weak force. Gravity, however, still does not have a complete
theoretical model. Our current model of gravity is based on Einstein’s General Theory of Relativity
which has been remarkably accurate in describing many phenomena from the bending of light around
mass to gravitational waves. However a fundamental problem we face is that space-time interacts with
energy-momentum which are properties of fundamental particles that are currently best described
by the quantum theory. General Relativity and Quantum Theory are incompatible models due to a
variety of reasons [1], thus we must look for a way to introduce gravity to quantum physics.

In this paper we would look at an experimental proposal that aims to show that gravity can
influence matter at quantum scales through the double Stern Gerlach Interferometer experiment
devised by Bose et al in their paper [2]. This experiment might be able to show how gravitational field
could cause entanglement between two particles. The first portion would look at the experimental
parameters that would maximize spin entanglement in the experiment suggested by Bose et al under
optimal conditions such as reduced decoherence due to Casimir Polder interaction.

Later we discuss what the implications of this experiment are and exploring semiclassical models
can serve as a bridge between completely classical and quantum theories of gravity. The final section
talks about the path integral formulation of gravity, analyzing the Einstein-Hilbert Action, and explains
how perturbative quantum gravity is non-renormalizable by power counting. The cutoff energy for
perturbative gravity is calculated to show the limit to which it works as an effective field theory.
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2. Double Stern Gerlach Spin Entanglement

Figure 1. Schematic depiction of the double Stern-Gerlach experiment as proposed by Bose et al.
(a) Two mesoscopic particles of equal mass in this case in superposition of two spatially localized states
|L⟩+ |R⟩.
(b) Evolution of states in SG interferometer into spin entangled states |L, ↑⟩j + |R, ↓⟩j (j = 1, 2)
Only the T00 component of energy-momentum tensor is non-negligible due to speeds much slower
than the speed of light c [2], hence only h00 component evolves (where hµν is the small perturbation in
linearized gravity gµν = ηµν + hµν, ηµν being the Minkowskian metric.)

As suggested in Ref.[2], we keep two test masses in superposition of spatially localized states |L⟩ and
|R⟩. Their evolution happens under gravitational interaction and all other forces are minimized. These
two states are localized Gaussian wavepackets and due to their relatively small diameters with respect
to their distances δx and ∆x, we can assume ⟨L|R⟩ = 0.

In this setup, we take two masses m1 and m2 with the centers of the left and right states of both
the particles separated by the distance ∆x as shown in the figure.

Closest distance between |R⟩1 and |L⟩2 is (∆x − δx) and farthest distance between |L⟩1 and |R⟩2

is (∆x + δx).
The Classical gravitational potential energy is E = −Gm1m2

d .
The initial state at t = 0 is:

|Ψ(t = 0)⟩12 =
1√
2
(|L⟩1 + |R⟩1)⊗

1√
2
(|L⟩2 + |R⟩2) (1)

=
1
2
(|L⟩1 ⊗ |L⟩2 + |L⟩1 ⊗ |R⟩2 + |R⟩1 ⊗ |L⟩2 + |R⟩1 ⊗ |R⟩2)

Using Schrödinger’s equation :
ih̄t|Ψ⟩ = Ĥ|Ψ⟩ (2)

The general solution is found to be |Ψ(t)⟩ = e−iHt/h̄|Ψ(0)⟩ when the Hamiltonian is time-independent
and Û(t) = e−iHt/h̄ is the unitary time-evolution operator.

As E is an eigenvalue of the Hamiltonian, we can write the final state as |Ψ(t)⟩ = e−iEt/h̄|Ψ(0)⟩
At t = τ, the state evolves to:

|Ψ(t = τ)⟩12 =
eiϕ

2
(|L⟩1 ⊗ |L⟩2 + ei∆ϕLR |L⟩1 ⊗ |R⟩2 + ei∆ϕRL |R⟩1 ⊗ |L⟩2 + |R⟩1 ⊗ |R⟩2) (3)
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Where ϕRL ∼ Gm1m2τ
h̄(∆x−δx) , ϕLR ∼ Gm1m2τ

h̄(∆x+δx) , ϕ ∼ Gm1m2τ
h̄∆x

∆ϕLR = ϕLR − ϕ and ∆ϕRL = ϕRL − ϕ.

A state is said to be entangled if it cannot be factorized (non-separable) to be written as a product of
states such as |Ψ⟩ = |ψ⟩1 ⊗ |ψ⟩2 (a separable state). If we try to factorize Eq(3), we obtain:

eiϕ

2
(|L⟩1 ⊗ (|L⟩2 + ei∆ϕLR |R⟩2) + |R⟩1 ⊗ (ei∆ϕRL |L⟩2 + |R⟩2))

The condition for this to be completely factorizable would be if (|L⟩2 + ei∆ϕLR |R⟩2) ∼ (ei∆ϕRL |L⟩2 +

|R⟩2).
ei∆ϕRL |L⟩2 + |R⟩2 = ei∆ϕRL(|L⟩2 + e−i∆ϕRL |R⟩2) means e−i∆ϕRL = ei(2nπ−∆ϕRL) where n is an arbi-

trary integer.
Therefore for the state to be entangled, 2nπ − ∆ϕRL ̸= ∆ϕLR
This gives us the entanglement condition:

∆ϕLR + ∆ϕRL ̸= 2nπ (4)

The SG interferometer accelerates the particles through a magnetic gradient for a time τacc and
then the magnetic field is switched off for a greater amount of time τ enough to entangle both the
superposition states.
In this process, the two joint states of the test masses evolve as shown in Eq.(1) and Eq.(3) the orbital
states |L⟩j and |R⟩j get replaced by the spin-orbital qubit states |L, ↑⟩j and |R, ↑⟩j.(Ref.[2]).
Replacing the states in Eq.(3) with the spin-orbital states gives us:

|Ψ(t = τ+ τacc)⟩12 =
eiϕ

2
(|L, ↑⟩1 ⊗|L, ↑⟩2 + ei∆ϕLR |L, ↑⟩1 ⊗|R, ↓⟩2 + ei∆ϕRL |R, ↓⟩1 ⊗|L, ↑⟩2 + |R, ↓⟩1 ⊗|R, ↓⟩2)

(5)
In the final step, the superposition is brought back through unitary transformations (|L, ↑⟩j → |C, ↑
⟩j, |R ↓⟩j → |C, ↓⟩j,

|Ψ(t = τ + 2τacc⟩12 =
eiϕ

2
(| ↑↑⟩12 + ei∆ϕLR | ↑↓⟩12 + ei∆ϕRL | ↓↑⟩12 + | ↓↓⟩12)|C⟩1|C⟩2 (6)

This entanglement can be measured using an entanglement witness W which is discussed later in
Appendix A. If W satisfies a certain condition for example exceeding unity in the one Bose et al.
suggested, then the state is proven to be entangled.

3. Minimization of Casimir-Polder Interaction

While performing the experiment, it is important to reduce extra noise that may present itself due
to other forces between the two particles we are using. One of them is the Casimir force which we will
try to reduce.

We will be taking a linear setup for the experiment[3] and the particles as diamond nanoparticles
of mass ∼ 10−14kg.

The formula for the Casimir force between two neutral dielectric particles is

VCP = −23h̄c
4π

R6

(∆x − δx)7 (
ε − 1
ε + 2

)2 (7)

Where R is the radius of the particles, ∆x − δx is the minimum distance between them, c is the
speed of light in vacuum (∼ 3 × 108m/s), h̄ is reduced Planck’s constant (1.05 × 10−34Js)and ε is the

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 27 August 2024                   doi:10.20944/preprints202311.1386.v2

https://doi.org/10.20944/preprints202311.1386.v2


4 of 20

dielectric constant (∼ 5.7 for diamonds).
For a minimum difference of one order of magnitude[3], we obtain 0.1|VG| ≥ |VCP|

Gm2

∆x − δx
≥ 230h̄c

4π

R6

(∆x − δx)7 (
ε − 1
ε + 2

)2

G(4πρR3/3)2

∆x − δx
≥ 230h̄c

4π

R6

(∆x − δx)7 (
ε − 1
ε + 2

)2

(∆x − δx)7

∆x − δx
≥ 9

G(4πρR3)2
23h̄cR6

40π
(

ε − 1
ε + 2

)2

(∆x − δx)6 ≥ 230h̄c
4πG

(
3

4πρ

ε − 1
ε + 2

)2

∆x − δx ≥
[

230h̄c
4πG

(
3

4πρ

ε − 1
ε + 2

)2
]1/6

≡ (∆x − δx)min ≈ 157µm (8)

Thus we need the minimum distance between the entangled particles to be 157µm for the Casimir
force to be negligible (one order of magnitude lower than gravitational force in this case).

4. Conditions for Maximal Entanglement

We will be converting the quantum state to a density operator (ρ̂) in order to perform certain
operations on it.
The state can be written as |Ψ⟩ = eiϕ

2 (| ↑↑⟩+ ei∆ϕLR | ↑↓⟩+ ei∆ϕRL | ↓↑⟩+ | ↓↓⟩)

Here | ↑⟩ =
(

1
0

)
, | ↓⟩ =

(
0
1

)
and |αβ⟩ = |α⟩ ⊗ |β⟩

The density matrix is evaluated to be

ρ̂ =
1
4


1 e−i∆ϕLR e−i∆ϕRL 1

ei∆ϕLR 1 ei(∆ϕLR−∆ϕRL) ei∆ϕLR

ei∆ϕRL ei(∆ϕRL−∆ϕLR) 1 ei∆ϕRL

1 e−i∆ϕLR e−i∆ϕRL 1



The bipartite von Neumann entropy can help us find the maximally entangled state of a quantum
system and is represented by

S(ρA) = −[ρA log ρA] = −[ρB log ρB] = S(ρB) (9)

Where ρA =B (ρ) and ρB =A (ρ) are the reduced density matrices.
The reduced density matrix was calculated to be:

ρ̂1 =
1
4

(
2 e−i∆ϕRL + ei∆ϕLR

ei∆ϕRL + e−i∆ϕLR 2

)
S(ρ1) = −(ρ1 log(ρ1))

The system is maximally entangled when ρ1 and ρ2 are maximally mixed[4] which is achieved when
they are diagonal matrices with diagonal elements as 1/d where d is the dimension of the Hilbert
space of the basis (which is 2 in our case).
To get these conditions, we set the non-diagonal entries to 0 first:
e−i∆ϕRL + ei∆ϕLR = 0 and ei∆ϕRL + e−i∆ϕLR = 0

This gives us two equations

{
cos(−∆ϕRL) + i sin(−∆ϕRL) + cos(∆ϕLR) + i sin(∆ϕLR) = 0

cos(∆ϕRL) + i sin(∆ϕRL) + cos(−∆ϕLR) + i sin(−∆ϕLR) = 0
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They can be written as{
(cos ∆ϕRL + cos ∆ϕLR) + i(sin ∆ϕLR − sin ∆ϕRL) = 0

(cos ∆ϕRL + cos ∆ϕLR) + i(sin ∆ϕRL − sin ∆ϕLR) = 0
by collecting the real and imaginary parts of the expressions.
For z ∈ C to be 0, ℜ(z) = 0 and ℑ(z) = 0 (where ℜ and ℑ are the real an imaginary components of the
complex number respectively)
Looking at the imaginary part, sin ∆ϕLR − sin ∆ϕRL = sin ∆ϕRL − sin ∆ϕLR = 0
This implies that sin ∆ϕLR = sin ∆ϕRL
Which means either

∆ϕLR = ∆ϕRL (10)

or
∆ϕLR = (2k + 1)π − ∆ϕRL (11)

where k is an arbitrary integer.
Substituting Eq(10) in the real part, cos ∆ϕLR + cos ∆ϕRL = cos ∆ϕLR + ∆ϕLR = 2 cos ∆ϕLR

This is not a satisfactory condition as 2 cos ∆ϕLR = 0 for only some values of ∆ϕLR
Thus we can assume, ∆ϕLR ̸= ∆ϕRL. This leads us to using Eq(11) as follows:
cos ∆ϕLR + cos ∆ϕRL = cos ∆ϕLR + cos((2k + 1)π − ∆ϕLR) = cos ∆ϕLR − cos ∆ϕLR = 0
This satisfies the given conditions, therefore

∆ϕLR + ∆ϕRL = (2k + 1)π (12)

This is our condition for non-diagonal elements being 0. Now to verify for maximally mixed state, we
can substitute these values in the reduced density matrix.

ρ1 = 1
4

(
2 0
0 2

)
=

(
2−1 0

0 2−1

)

So S(ρ1) = −( 1
2

(
1 0
0 1

)
log

(
2−1 0

0 2−1

)
) = −( 1

2

(
1 0
0 1

)(
log(2−1) 0

0 log(2−1)

)
)

= −( 1
2

(
− log 2 0

0 − log 2

)
) = −(

(
(− log 2)/2 0

0 (− log 2)/2

)
)

= −(− log2
2 − log 2

2 ) = log 2 = log(dim(H1))

By analogy with the classical entropy formula, the entanglement entropy has the following
bounds:

0 ≤ S(ρ1) ≤ log(dH1)

As the system saturates the upper pound, the state is maximally entangled.
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Figure 2. Plot of Entanglement Entropy as a function of ∆ϕLR(from 0 to π/2) and ∆ϕRL(from π/2 to
π).
It can be seen that the entropy achieves its maximum value of log 2 when the sum of the phases
approach π.

Now we can substitute the values of the phases to get an expression for the distances. For
simplicity, we will take k = 0 in Eq(12).

∆ϕLR + ∆ϕRL = π =⇒ ϕLR − ϕ + ϕRL − ϕ = π
Gm2τ

h̄(∆x + δx)
− Gm2τ

h̄∆x
+

Gm2τ

h̄(∆x − δx)
− Gm2τ

h̄∆x
= π

gives
Gm2τ

h̄
(

1
∆x + δx

− 2
∆x

+
1

∆x − δx
) = π

And finally,
2(δx)2

∆x((∆x)2 − (δx)2)
=

πh̄
Gm2τ

(13)

The expression for the distance between the left and right states is[2]:

δx ∼ 1
2

gµB∂xB
m

τ2
acc (14)

Where g ∼ 2 is the electronic g-factor, µB ≈ 9.274 · 10−24 JT−1 is the Bohr magneton, ∂xB is the magnetic
field gradient in the x-direction. The mass of the particles we are taking is 10−14kg, the magnetic field
gradient is 107Tm−1, τacc is the time the masses are subjected to the magnetic field gradient and is a
variable.
Substituting the distance for minimized CP-effect, ∆x − δx = 157µm =⇒ ∆x = δx + 157µm, we get:

2( gµB∂x B
2m τ2

acc)
2

( gµB∂x B
2m τ2

acc + 157 × 10−6)(( gµB∂x B
2m τ2

acc + 157 × 10−6)2 − ( gµB∂x B
2m τ2

acc)
2)

=
πh̄

Gm2τ
(15)

As the experiment cannot be completely free from outside interaction, there would always be some
sort of decoherence in the system. The collisional decoherence time is approximately of the same
magnitude as the total fall time of the particle τdecoherence ∼ τtotal = τ + 2τacc [2]. This will lead to a
strong loss of coherence which will interfere with the gravitational entanglement. To minimize this,
we can minimize the total time taken for the particle to fall (τtotal).
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Minimizing τtotal by a simple python program mentioned in Appendix C gives τ ≈ 8.34349s and
τacc ≈ 0.58829s Using these values, we can obtain the distances between the entangled states as

δx = 3209.59µm and ∆x = 3366.59µm

Calculating the phase values:

ϕLR = Gm2τ
h̄(∆x+δx) = 0.08059546

ϕRL = Gm2τ
h̄(∆x−δx)3.37586158

ϕ = Gm2τ
h̄∆x = 0.157432377

This gives ∆ϕRL = 3.218429203, ∆ϕLR = −0.076836917.
These values can be substituted in Eq(12) to verify that the maximal entanglement conditions are

met:
∆ϕRL + ∆ϕLR = 3.141592286 ≈ π

Some rounding error of 1.17 · 10−5% persists, however, it is almost negligible.

5. Inferences and Semiclassical Models

In order to make inferences from the proposed experiment, we will first need to know its assump-
tions and limitations.
The main theoretical assumptions of the Bose et al [2] paper is that the gravitational interaction between
two masses is mediated by a gravitational field (not a direct action at a distance) and that entanglement
between two systems cannot be created by Local Operations and Classical Communication (LOCC).
Another assumption made by them is using the Newtonian potential for mediating the gravitational
entanglement which is not the true degree of freedom of the gravitational field and hence might have
affected the implications of the experiment. (Discussed thoroughly in Ref.[? ])
Based on the given assumptions, the entanglement generated by gravity would be non-classical.
However, even if it eliminates the possibility of a completely classical model of gravity, it does not
strictly imply that gravity is quantum and a semi-classical model of a gravity is still a valid possibility.
Due to the success of the general theory of relativity in explaining gravity, a good start to uncovering
a valid theory would be to look at the semi-classical models of gravity. The classical Einstein’s Field
Equations are

Gµν = 8πGTµν (16)

Where Gµν is the Einstein Tensor and Tµν is the stress-energy tensor. However in a quantum scenario,
the stress-energy tensor is promoted a quantum operator T̂µν which would be inconsistent with the left
half of the equation which is why we take its expectation value according to Møller-Rosenfeld[5][6],
giving us a classically measured value of the operator.

Gµν = 8πG⟨T̂µν⟩ (17)

Here ⟨T̂µν⟩ = ⟨ψ|T̂µν|ψ⟩. We do run into mathematical and physical inconsistencies in this equation
one of them being that the expectation value of the energy-momentum operator is not conserved while
the Einstein tensor is conserved (∇µ⟨T̂µν⟩ ̸= 0,∇µGµν = 0). Thus we need to renormalize Tµν which
would give us ∇µ⟨Tµν⟩ = 0 and other conditions discussed by Wald[7].
Another flaw with the field equations semi-classical gravity is that the expectation value in some cases
implies that the net curvature of the superposition states would be averaged out in the center and we
would expect a test particle to move towards that center. This is not what experiments have shown so
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it is a massive downside of this model. ([8][9]) This type of approximate semiclassical gravity where
⟨T̂µν⟩ ≈ Tµν does have some applications one of which includes the calculation for Hawking Radition
of Black Holes[10].

Figure 3. a) Observed behaviour of particle in superposition |L⟩+ |R⟩ vs b) Expected behaviour in
Møller-Rosenfeld semi-classical gravity. (Credits: Designed using desmos.com/3d)

Due to the limitations of this model, other semi-classical models have also been proposed, an
important one being the stochastic model[11].
Two of the current leading models for quantum gravity are the Loop Quantum Gravity model[12] and
the String Theory[13] which would not be discussed here being beyond the scope of this paper.
In conclusion, new experiments might help us eliminate more erroneous models and get closer to the
right one.

Quantized Gravitational Field Theory

Gravitational Action

In flat spacetime QFT, we ordinarily set up a spacetime manifold M and integrate on quantum
fields. However, in gravity spacetime is dynamic so we have to integrate over the geometries of
spacetime itself. The propagator ⟨ψ f |ψi⟩ is defined to be the probability transition amplitude between
the wave-functions evaluated at two points. This can be defined in terms of the path integral:

⟨g f , ϕ f ,S f |gi, ϕi,Si⟩ =
∫

D[g, ϕ] exp(iI[g, ϕ]) (18)

Where g is a spin-2 tensor field, ϕ is a matter field, S is a surface, and I is the action. The subscripts
i and f represent the initial and final states respectively [14].
The simplest choice for such an action would be the Einstein-Hilbert action.

SEH =
∫ 4

x(
1

2κ
R + LM)

√
−g

Here κ = 8πGN
c4 , Ricci scalar R = gµνRµν, g = det(gµν), and LM is the matter field’s Lagrangian density.

To derive the equation of motion, by the stationary principle action we neet to set δS = 0. For
simplicity, we’ll consider the action without the matter interaction.

S =
1

2κ

∫ 4
xR
√
−g

To vary S, we need to first find the variation of R and
√−g. Starting with g:

Any diagonalizable matrix A obeys the identity

det(A) = exp(log A)
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Applying this to g:
g = exp(log gµν)

Varying g:
δg = gδ(log gµν)

Since δ log gµν ≡ (gµν)−1δgµν, the inverse can be written as the metric with raised indices as gµνgνα =

δα
µ

δg = ggµνδgµν

Using the derivative of inverse matrix formula, δgµν can be written as −gµα(δgαβ)gβν and thus δg can
be rewritten as

δg = −ggµνδgµν

The variation of
√−g would be

δ
√
−g = − 1

2
√−g

δg = − 1
2
√−g

(−ggµνδgµν) = −1
2
√
−ggµνδgµν

Thus the variation with respect to δgµν is

√
−ggµν = −1

2
√
−ggµν

Next, we vary the Ricci Scalar R. Since R = gµνRµν, using the product rule we get

δR = (δgµν)Rµν + gµν(δRµν) = (−gµα(δgαβ)gβν)Rµν + gµν∇α Aα

Where ∇α Aα becomes a total derivative on being multiplied by
√−g. Using Stokes’ Theorem

∫
Ω dω =∫

∂Ω ω, the total derivative part of the action can be written as

∫ 4

M
x
√
−g∇α Aα =

∫
∂M

Σα Aα

Where M is the manifold we’re integrating on and ∂M is a closed hypersurface of the manifold.
This boundary term does not contribute to the variation of S (δS) as it is dependent on the variation of
the metric tensor (δgµν) which vanishes in a neighborhood of a boundary or when there is no boundary.
When the manifold M has a boundary, the result is the Gibbons–Hawking–York boundary term.

Finally, the variation of S can be calculated

δS = 0

=
1

2κ

∫ 4
x(
√
−gRgµν)gµν =

1
2κ

∫ 4
x(
√
−ggµνR +

√
−gRgµν)gµν

So for Sgµν = 0, we have √
−ggµνR +

√
−gRgµν = 0

Substituting the terms calculated previously

(−1
2
√
−ggµν)R +

√
−gRµν = 0

This can be written in the form
Rµν −

1
2

Rgµν = 0
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Thus we obtain the equation of motion as the Einstein Field equations in a vacuum.
By varying the EH-Action containing the matter Lagrangian, the complete field equations can be
obtained with the stress-energy tensor.

Dimensional Analysis

For this paper, I will be using natural units and mass dimensions.
The natural units are h̄ = c = 1. On applying dimensional analysis, it can be concluded that

[c] = 1

[LT]−1 = 1

[L] = [T]

Similarly for the reduced planck’s constant,

[h̄] = 1

[ML2T−1] = 1

[ML2L−1] = 1

[M] = [L]−1

Using this, we can analyze the dimensions of other quantities.
Note that for some unknown quantity x, [x] = [M]n can also be written as [x] = n as we’re only
referring to mass dimensions. Since the action S appears in the path integral as eiS, it must be
dimensionless. Thus in 4 dimensions, [

∫ 4 xL] = 0.

[4x] + [L] = 0

4[M−1] + [L] = 0

[L] = 4

Now to analyze the gravitational action, we first need the dimension of the coupling constant GN . This
can be calculated by referring to Newton’s inverse square law of gravity.

[F] = [
GN M1M2

r2 ]

[MLT−2] = [GN ] + 2[M]− 2[r] = [GN ] + 2 + 2

2 = [GN ] + 4

[GN ] = −2

Power Counting Renormalizability

Consider a pure scalar field theory in d-dimensions

L =
1
2
(∂µϕ)2 − 1

2
m2ϕ2 − λ

n!
ϕn (19)

Where ϕ is the field, λ is the coupling constant, and − λ
n! ϕ

n is the interaction term[15]. In the Feynman
diagrams, the contributing propagators are of the form ∼ i

p2+m2 and the loops are of the form ∼
∫

dd p.
Let the dimension of the propagators be P and L for the loops.
The degree of divergence is defined as

D = dL − 2P (20)
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Let the Lagrangian density’s dimension be [L] = d. This means [λϕn] = d.
Analyzing the kinetic energy term, [m2ϕ2] = d =⇒ 2 + 2[ϕ] = d. So the dimension of the field is

[ϕ] =
d − 2

2

Coming back to the interaction term, [λϕn] =]λ] + n[ϕ] = d. Solving for [λ],

[λ] = d − n[ϕ] = d − n(
d − 2

2
)

For an arbitrary diagram with N external legs and V vertices, the interaction term is ηϕN . The
dimension of η is

[η] = d − N(
d − 2

2
)

Therefore any diagram with N external legs has dimension d − N(d − 2)/2. The most divergent part
is proportional to λVΛD and by dimensional analysis,

V[λ] + D = d − N(
d − 2

2
)

D = d + V(n(
d − 2

2
)− d)− N(

d − 2
2

)

Since [n(d − 2)/2 − d] = −[λ], we can classify this theory into three degrees of renormalizability:

• Super-Renormalizable: [λ] > 0
• Renormalizable: [λ] = 0
• Non-Renormalizable: [λ] < 0

Since [GN ] = −2 < 0, the gravitational perturbation theory is non-renormalizable by the power
counting method.
This can be observed in QED where the coupling constant (fine structure constant) α is dimensionless
and the theory is renormalizable.

Now to expand the scattering amplitude perturbative series in terms of E with the coupling con-
stant G, in order for it to be dimensionless it should be in terms of GE2 since [G] = −2 and [E] = 1
[16]. Thus we obtain

M ∼ 1 + (GE2) + (GE2)2 + . . . (21)

Or more generally,
M ∼ ∑

n
(GE2)n

Looking at the first loop corrections to the action,

S =
∫ 4

x
√
−g(

1
16πG

R + αR2 + βRµνRµν)

By dimensional analysis, [4x] = −4, [R] = 2. Hence it can be observed that the E-H term is proportional
to (GE)−1, and the one-loop corrections are proportional to (GE2)0. Continuing this trend, the two-
loop corrections would be proportional to (GE2)1 and thus are of the form GR3 where R is shorthand
for either Riemann, Ricci curvature tensor or scalar.
More accurately, the one-loop corrections are

G = R2 − 4RµνRµν + RµνρσRµνρσ
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also known as the Gauss-Bonnet Term.

The gravitational constant is also proportional to the inverse of the planck mass squared.

G ∝
1

m2
Pl

Rewriting Eq(21) with the coupling as the Planck mass,

M ∼ 1 + (
E

mPl
)2 + (

E
mPl

)4 + . . .

The sum
∞
∑

n=0
(E/mPl)

2 diverges when ( E
mPl

)2 ≥ 1 =⇒ E ≤ mPl =⇒ E ≤ 1√
G

. Thus, [Appendix D]

E ∼ 1√
G

≈ 1019GeV (22)

This means new physics must emerge at higher energy level than this. Gravitational field theory acts
as a low energy effective field theory for energies E ≲ 1019GeV.

To cancel the UV divergences in perturbative quantum gravity, an infinite number of counterterms
need to be added to the Lagrangian. This makes the theory non-predictive since an infinite number of
experiments would be required to obtain the counterterms’ coefficients. To fix this UV divergence, a
UV complete theory must be formulated. One such theory is the string theory[13].
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Appendix A. Entanglement Witness

Entanglement witnesses are functions (often applied to the density matrix) to show that a state is
entangled. These witnesses are useful as they do not give false positives and are helpful in confirming
whether a given state is entangled. Of course a witness might not be able to detect all entangled states
but they can be optimized to detect most of them.

Figure A1. Diagram depicting convex set of quantum states including separable and entangled states.
The witness W1 detects more states than W2 and hence, is more efficient.

Entanglement Witness suggested by Bose et al [2] is W = |⟨σ(1)
x ⊗ σ

(2)
z ⟩ − ⟨σ(1)

y ⊗ σ
(2)
z ⟩|.

Their condition is that if W > 1 then the state is proven to be entangled. To verify this we will
use the bell states as they are maximally entangled.

For |Φ+⟩ = |00⟩+|11⟩√
2

:

W = |⟨Φ+|σ(1)
x ⊗ σ

(2)
z |Φ+⟩+ ⟨Φ+|σ(1)

y ⊗ σ
(2)
z |Φ+⟩|
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=

∣∣∣∣∣( ⟨00|+ ⟨11|√
2

)

(
0 1
1 0

)
⊗
(

1 0
0 −1

)
(
|00⟩+ |11⟩√

2
)− (

⟨00|+ ⟨11|√
2

)

(
0 −i
i 0

)
⊗
(

1 0
0 −1

)
(
|00⟩+ |11⟩√

2
)

∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣
(

1 0 0 1
)

2


0 0 1 0
0 0 0 −1
1 0 0 0
0 −1 0 0




1
0
0
1

−

(
1 0 0 1

)
2


0 0 0 −1
0 0 1 0
0 1 0 0
−1 0 0 0




1
0
0
1


∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣
(

1 0 0 1
)

2


0
−1
1
0

−

(
1 0 0 1

)
2


−1
0
0
−1


∣∣∣∣∣∣∣∣∣ = |0 − (−2)

2
| = 1

Similarly, W(|Φ−⟩) = W(|Ψ+⟩) = W(|Ψ−⟩) = 1
As we can observe even the maximally entangled bell state does not exceed unity for this entanglement
witness hence it might not be useful for the states calculated in this paper which is why the need to use
a different witness arises.

Here we can use the common entanglement witness Wxyz = ⟨σx ⊗ σx⟩+ ⟨σy ⊗ σy⟩+ ⟨σz ⊗ σz⟩ < 0
for entangled states.

The state is |Ψ⟩ = eiϕ

2


1

ei∆ϕLR

ei∆ϕRL

1

, ⟨Ψ| = e−iϕ

2

(
1 e−i∆ϕLR e−i∆ϕRL 1

)
Evaluating the witness for

this state:

Wxyz = ⟨Ψ|


0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

|Ψ⟩+ ⟨Ψ|


0 0 0 −1
0 0 1 0
0 1 0 0
−1 0 0 0

|Ψ⟩+ ⟨Ψ|


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1

|Ψ⟩

=
1
4

(
1 e−i∆ϕLR e−i∆ϕRL 1

)
(


1

ei∆ϕRL

ei∆ϕLR

1

+


−1

ei∆ϕRL

ei∆ϕLR

−1

+


1

−ei∆ϕLR

−ei∆ϕRL

1

)

=
1
4

(
1 e−i∆ϕLR e−i∆ϕRL 1

)
1

2ei∆ϕRL − ei∆ϕLR

2ei∆ϕLR − ei∆ϕRL

1

 =
1
4
(1+ 2ei(∆ϕRL−∆ϕLR)− 1+ 2ei(∆ϕLR−∆ϕRL)− 1+ 1)

=
1
4
(2ei(∆ϕRL−∆ϕLR) + 2ei(∆ϕLR−∆ϕRL)) =

1
2
(e3.2953i + e−3.2953i) = −1.97642/2 = −0.98821

As −0.98 < 0, we can say that the obtained state is definitely entangled.

Appendix B. Density Matrix Calculations

For notational convenience, we will be taking | ↑⟩ ≡ |0⟩ and | ↓⟩ ≡ |1⟩.
In Section 4, the quantum state used is |Ψ⟩ = eiϕ

2 (|00⟩+ ei∆ϕLR |01⟩+ ei∆ϕRL |10⟩+ |11⟩)
The conjugate transpose of this ket is the corresponding bra:
⟨Ψ| = e−iϕ

2 (⟨00|+ e−i∆ϕLR⟨01|+ e−i∆ϕRL⟨10|+ ⟨11|)
The density operator ρ̂ = |ψ⟩⟨ψ|
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ρ̂ = |Ψ⟩⟨Ψ| = eiϕ

2
(|00⟩+ ei∆ϕLR |01⟩+ ei∆ϕRL |10⟩+ |11⟩) e−iϕ

2
(⟨00|+ e−i∆ϕLR⟨01|+ e−i∆ϕRL⟨10|+ ⟨11|)

= 1
4 (|00⟩⟨00|+ e−i∆ϕLR |00⟩⟨01|+ e−i∆ϕRL |00⟩⟨10|+ |00⟩⟨11|+ ei∆ϕLR |01⟩⟨00|+ |01⟩⟨01|

+ ei(∆ϕLR−∆ϕRL)|01⟩⟨10|+ ei∆ϕLR |01⟩⟨11|+ ei∆ϕRL |10⟩⟨00|+ ei(∆ϕRL−∆ϕLR)|10⟩⟨01|+ |10⟩⟨10|
+ ei∆ϕRL |10⟩⟨11|+ |11⟩⟨00|+ e−i∆ϕLR |11⟩⟨01|+ e−i∆ϕRL |11⟩⟨10|+ |11⟩⟨11|)

This can be converted to matrix notation using the following:

|00⟩⟨00| = (

(
1
0

)
⊗
(

1
0

)
)(
(

1 0
)
⊗
(

1 0
)
) =


1
0
0
0

(1 0 0 0
)
=


1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0



Similarly, |00⟩⟨01| =


0 1 0 0
0 0 0 0
0 0 0 0
0 0 0 0

, |00⟩⟨10| =


0 0 1 0
0 0 0 0
0 0 0 0
0 0 0 0

, |00⟩⟨11| =


0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0



|01⟩⟨00| =


0 0 0 0
1 0 0 0
0 0 0 0
0 0 0 0

, |01⟩⟨01| =


0 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

, |01⟩⟨10| =


0 0 0 0
0 0 1 0
0 0 0 0
0 0 0 0

, |01⟩⟨11| =


0 0 0 0
0 0 0 1
0 0 0 0
0 0 0 0



|10⟩⟨00| =


0 0 0 0
0 0 0 0
1 0 0 0
0 0 0 0

, |10⟩⟨01| =


0 0 0 0
0 0 0 0
0 1 0 0
0 0 0 0

, |10⟩⟨10| =


0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

, |10⟩⟨11| =


0 0 0 0
0 0 0 0
0 0 0 1
0 0 0 0



|11⟩⟨00| =


0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0

, |11⟩⟨01| =


0 0 0 0
0 0 0 0
0 0 0 0
0 1 0 0

, |11⟩⟨10| =


0 0 0 0
0 0 0 0
0 0 0 0
0 0 1 0

, |11⟩⟨11| =


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1


Adding the terms,

ρ̂ =
1
4


1 e−i∆ϕLR e−i∆ϕRL 1

ei∆ϕLR 1 ei(∆ϕLR−∆ϕRL) ei∆ϕLR

ei∆ϕRL ei(∆ϕRL−∆ϕLR) 1 ei∆ϕRL

1 e−i∆ϕLR e−i∆ϕRL 1


The reduced density matrix is defined as ρA =

dim(HB)

∑
j

(IA ⊗ ⟨j|B)(|Ψ⟩⟨Ψ|)(Ia ⊗ |j⟩B) = TrBρAB

Where IA is the identity operator in HA and TrB is the partial trace of the density matrix.

2(ρ̂) =
1
4 (2(|0⟩⟨0|)|0⟩⟨0|+ e−i∆ϕLR

2 (|0⟩⟨1|)|0⟩⟨0|+ e−i∆ϕRL
2 (|0⟩⟨0|)|0⟩⟨1|+2 (|0⟩⟨1|)|0⟩⟨1|

+ ei∆ϕLR
2 (|1⟩⟨0|)|0⟩⟨0|+2 (|1⟩⟨1|)|0⟩⟨0|+ ei(∆ϕLR−∆ϕRL)

2 (|1⟩⟨0|)|0⟩⟨1|+ ei∆ϕLR
2 (|1⟩⟨1|)|0⟩⟨1|

+ ei∆ϕRL
2 (|0⟩⟨0|)|1⟩⟨0|+ ei(∆ϕRL−∆ϕLR)

2 (|0⟩⟨1|)|1⟩⟨0|+2 (|0⟩⟨0|)|1⟩⟨1|+ ei∆ϕRL
2 (|0⟩⟨1|)|1⟩⟨1|

2(|1⟩⟨0|)|1⟩⟨0|+ e−i∆ϕLR
2 (|1⟩⟨1|)|1⟩⟨0|+ e−i∆ϕRL

2 (|1⟩⟨0|)|1⟩⟨1|+2 (|1⟩⟨1|)|1⟩⟨1|)
As (|i⟩⟨j|) = δij when ⟨i|j⟩ = δij, this leaves us with

1
4
(|0⟩⟨0|+ e−i∆ϕRL |0⟩⟨1|+ |0⟩⟨0|+ ei∆ϕLR |0⟩⟨1|+ ei∆ϕRL |1⟩⟨0|+ |1⟩⟨1|+ e−i∆ϕLR |1⟩⟨0|+ |1⟩⟨1|)

In matrix form:

ρ1 =
1
4

(
2 e−i∆ϕRL + ei∆ϕLR

ei∆ϕRL + e−i∆ϕLR 2

)
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Appendix C. Minimization of Time Taken

Our minimization expression is τ + 2τacc.
The minimization constraint is Eq(15) which we will be simplifying by assigning variables to the
numerical constants

gµB∂x B
2m = 9.274 · 10−3 = A

157 × 10−6 = B
πh̄

Gm2 ≈ 49455.3566 = C
This reduces Eq(15) to:

2A2τ4
accτ

(Aτ2
acc + B)((Aτ2

acc + B)2 − (Aτ2
acc)

2)
= C

Now this can be rearranged to define τ as a function of τacc as

τ =
C(Aτ2

acc + B)((Aτ2
acc + B)2 − (Aτ2

acc)
2)

2A2τ4
acc

(A1)

By substituting Eq(23) in our minimization expression, we obtain a function in one variable which can
be minimized using a simple python code.

import numpy as np import scipy as sp
from scipy.optimize import minimize
Defining constants A = 9.274*10**(-3) B = 157*10**(-6) C = 49455.3566
Defining function def f(x): y = 2x + (C*(A*(x**2)+B)*(2*A*B*(x**2)+(B**2)))/(2*(A**2)*(x**4)) return

y
Minimization res = minimize(f, 0.2)
res
This gives τacc ≈ 0.58829s, τ ≈ 8.34349s and τ + 2τacc ≈ 9.52007s.

Figure A2. Graph of τtotal as a function of τacc.

Appendix D. Energy Cutoff for pQG

Eq. 22 shows that the energy cutoff of perturbative quantum gravity should be of the order
1019GeV. This can be calculated as follows:

1√
G

= (G)−1/2 = (6.6743 × 10−11 N · m2

kg2 )−1/2 (A2)

The conversion from SI units to Natural units is shown in the table below:
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Quantity SI Units Natural Units Conversions
Force kg · m/s2 E2 1 Newton = 1.22 × 10−6GeV2

Mass kg E 1 kg = 5.56 × 1026GeV
Length m 1/E 1 m = 5.076 × 1015GeV−1

Substituting these values into Eq. 24 :

(G)−1/2 = (6.6743 × 10−11 × 1.22 × 10−6 × (5.076 × 1015)2

(5.56 × 1026)2 × GeV2 · GeV−2

GeV2 )−1/2

= (8.143 × 10−17 × 25.766 × 1030

30.91 × 1052 GeV−2)−1/2

= (6.788 × 10−39GeV−2)−1/2 = 1.21 · 1019GeV

Therefore, E ∼ 1019GeV.
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