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Selection of Optimal Profile Shift Coefficients in 
Terms of Bending Stress for Spur Gears 

Zoltan Tomori 
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zoltan.tomori@uni-miskolc.hu 

Abstract: The various methods used to choose the profile shift coefficients, primarily the so-called 
equalizations, were based on assumed advantages without physical evidence proving them. In this 
paper a new calculation method is presented for determining profile shift coefficient. The procedure 
gives the pair of values of the profile shift coefficients, in which case, under the given load, the 
resulting bending stress will be of the lowest possible value. 

Keywords: profile shift coefficient; gear failures; optimal gear operations; bending stress; flash 
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1. Introduction 

The most commonly used procedures for determining the value of the profile shift coefficient 
are the so-called "equalizations", when at two characteristic points of the path of contact the values 
are made equal to each other, namely those are equalized. 

According to Niemann's proposal, the equalization of sliding velocities means that the profile 
shift coefficients are determined in such a way that the sliding velocities at the boundary points of 
the path of contact are equal to each other [1]. 

The equalization the specific slidings based on Diker's proposal means that the profile shift 
coefficients are determined in such a way that the specific sliding values at the limit points of the path 
of contact are equal to each other [2,3]. 

With regard to the mentioned methods, it can be stated that they only take into account the 
kinematic characteristics of the movement of the tooth profiles. The load bearing capacity has no 
influence on the calculations. 

The calculation based on the equalization of the two-factor Almen products aspires to eliminate 
this problem. The method involves equalizing the product of the sliding velocity and the resulting 
Hertzian stress [4]. 

The main problem with equalizations is that instead of testing the entire length of the path of 
contact, only the values of point characteristics have been tested. 

This cannot ensure the finding of the extreme value or values of the examined characteristic, nor, 
in general, whether the value of the examined characteristic is an extreme value at path of contact 
limit points. 

2. Method 

On the basis of all this, a new method for the selection of the profile shift coefficients has been 
presented, with the application of which the preferred results in terms of the stresses on the teeth can 
be clearly determined [5]. 

It is important to mention that during the examination of the manufacturing and operational 
problems of gears, it is not the first time that in the case of processes with spatial and temporal 
extension, values are not calculated with often arbitrarily selected values from the process, but the 
entire process is analyzed uniformly. 
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Such cases can be presented, among other things, in the case of a method developed to follow 
the spatial change of tool edge wear during operation [6]. The cameras have been positioned in a 
mathematically calculated way [7] in order to be able to perform the reconstruction from the two 
digitized images using the descriptive geometric method [8]. For the adjustment of the hob of the 
gear connected with the curved profile worm in the resharpened state, during the examination of the 
relationship between the changeable axis distance and axis angle [9], a function for the 
mathematically correct setting of the worm gear hob has been written at the Worm Scientific School 
in Miskolc [10]. 

Similarly, comprehensive research has been described for the uniform determination of contact 
[11], which is suitable in case of the conical worm gear drive pairs [12] and the cylindrical curved 
worm gear drive pairs [13] bearing pattern for the examination and adjustment, depending on the 
geometrical parameters. 

The enveloping surfaces of the connected pairs of toothed elements were modelled with CAD 
design software [14] and determined by self-made computer program [15]. 

The accuracy of the production of cylindrical and conical helicoidal surfaces depends on the 
correctness of the description of the process [16], and on additional factors, such as the wear of the 
machining grinding wheel [17]. The wear of the grinding wheel during operation causes profile 
distortion, which makes re-profiling necessary, but this results to a decreasing centre distance and 
with it a changing characteristic curve [18], which causes the necessary change of the profile of the 
wheel. Through all of this, with the relation between the characteristic curve and the geometric 
parameters, the limit of the necessary re-profiling and the inflection point of the undercut can be 
determined [19]. 

The reverse of the procedure was also investigated, in which case the surface of the cylindrical 
worm with a circular arc profile is back-enveloped to create the operating surface of the grinding 
wheel [20]. 

In order to eliminate the pitch fluctuation in the case of machining the conical worm with axis 
displacement, it was examined with the affine geometrical relations demonstrated with the 
descriptive geometry toolbox [21]. The goal was to determine the equation of the profile curve of the 
drive pin in an explicit form in order to correct the pitch error [22]. 

In addition to all this, the procedure presented in this article is the result of gap-filling work 
regarding the optimization of the profile shift factor from several points of view. 

In the case of the newly developed method, the examination of the characteristics of the tooth 
connection was replaced by an examination covering the entire path of contact, instead of comparing 
point values. During the tests, the values of the special stresses (Hertzian stress, flash temperature, 
bending stress) were examined over the entire length of the path of contact. 

The purpose of the newly developed method is to avoid typical damage and ensure preferable 
efficiency through the choice of profile shift coefficients. 

The examination was extended to the following gear failures: bending stress (detailed 
calculations are presented in point 2), pitting, seizing, linear wear. The good efficiency has been 
achieved by minimizing the friction loss on the tooth profile, or reaching a conducive lubrication 
condition. 

The profile shift coefficients chosen within the framework of the new method have been 
considered optimal if those provide the most favourable result in relation to a given criterion. The 
latter can be the maximum or minimum of the given characteristic. 

The optimal profile shift coefficient should be interpreted as the pair of values x1, x2, which 
depending on the individual test criteria, can be: 

• the minimum of the maximum of the variable characteristic along the path of contact (bending 
stress, Hertzian stress, flash temperature), 

• the maximum of the minimum of the variable characteristic along the path of contact (lubricant 
film thickness), 
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• the minimum of the given characteristic, that is, it is sufficient to generate the criterion in the 
form of the function f(𝑥ଵ೔) and then determine the optimal value in the form 𝑓௢௣௧ = minሾ𝑓൫𝑥ଵ೔൯ሿ 
(friction loss on the tooth profile, linear wear). 

By applying the method, already in the planning period, the opportunity to determine the 
examined cylindrical gear geometry, that can withstand the greatest possible stress in the case of the 
examined cylindrical gear. 

By applying the method, already in the planning period, the opportunity to determine the 
examined cylindrical gear geometry, that can withstand the greatest possible stress in the case of the 
examined cylindrical gear. 

Mathematical method of tests according to various criteria: local extreme value search using the 
method of finite increments, in a given interpretation area. 

The interpretation area of the tests is the area delimited by the undercut and tooth pointing in 
the case of the given gear. 

3. Method of production of the bending stress function 

From the point of view of presenting and evaluating the results of the calculations, it is advisable 
to record the data of a sample pair of gears. 

After carrying out the tests according to the various objective functions for a sample gear pair 
(Table 1), the profile shift coefficient value pairs that can be determined based on these principles 
become comparable. 

In this case, the change in the magnitude of the bending stress was examined, while the point of 
attack of the normal tooth force Fn moves along the entire length of the path of contact. The 
approximation of Hofer [23] generally accepted and widely used today has been used for our 
calculations. 

Table 1. Data of the sampled gear pair. 

Gear Data Data 

Number of teeth 𝑧ଵ = 19 𝑧ଶ = 37 
Modul 𝑚 = 3 𝑚𝑚 

Center distance 𝑎௪ = 86,4 𝑚𝑚 
Base profile angle 𝛼 = 20° 

Tooth width 𝑏 = 20 𝑚𝑚 
Normal tooth load 𝐹௡ = 2500 𝑁 

Drive wheel angular velocity 𝜔ଵ = 150 1 𝑠𝑒𝑐ൗ  
Modulus of elasticity of gear materials 𝐸ଵ = 𝐸ଶ = 206000 𝑀𝑃𝑎

Poisson's factor of gear materials 
𝜇ଵ = 𝜇ଶ = 0,3 

  

Figure 1 shows the Hofer model used in our calculations presenting the load on the tooth. 
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Figure 1. The loading of Hofer's dentition. 

The bending stress in the root can be determined as follows: 𝜎ி(𝑙) = 6 ∙ 𝑄(𝑙) ∙ cos൫𝛼ி(𝑙)൯ ∙ ℎி(𝑙)𝑠ிଶ ∙ 𝑏  (1)

where 𝜎ி(𝑙) is the value of the bending stress as a function of the linear parameter „𝑙”, 𝑄(𝑙) is the 
change of the load along the path of contact, 𝛼ி(𝑙) is the angle determining the direction of the 
normal tooth force, which is the angle between the line of action of the normal tooth force 𝐹௡ and 
the center line of the tooth, ℎி(𝑙) is the arm of bending as a function of the linear parameter „𝑙”, 𝑠ி 
is the thickness of the root in the critical cross-section in terms of the bowing, b is the tooth width. 

For the traceability of changes along the path of contact, we introduce the linear parameter „𝑙”, 
which can be interpreted as its value at the limit point „A” of the path of contact, that 𝑙 = 0, while at 
the path of contact limit point „E”: 𝑙 = 𝜚ଵா − 𝜚ଵ஺ = 𝑔ఈ. Where 𝜚ଵ஺ and 𝜚ଵா are the instantaneous 
radii of curvature of the pinion at the limit points of the path of contact, and, 𝑔ఈ is the path of contact 
length. 

During the examinations, the following load distribution model is applicated: 
At the section of connection stages of the two pairs of teeth are used: 𝑄஺஻(𝑙) = 𝐹௡2 ∙ ൬1 + 𝑙𝜌ଵ஻ − 𝜌ଵ஺൰ (2)

and 𝑄஽ா(𝑙) = 23 ∙ 𝐹௡ ∙ ൬1 − 𝜌ଵ஺ + 𝑙 − 𝜌ଵ஽2 ∙ (𝜌ଵா − 𝜌ଵ஽)൰ (3)

while at the section of connection stage of a pair of teeth: 𝑄஻஽ = 𝐹௡ (4)

 

Figure 2. Based on the presented load model, the load change along the path of the contact. 

The angle marking the direction of the load can be defined as follows: 𝛼ி(𝑙) = 𝛼௬(𝑙) − 𝜓(𝑙) (5)

where 𝛼௬(𝑙) is the instantaneous profile angle as a function of the linear parameter „𝑙”, 𝜓(𝑙) is the 
tooth angle as a function of the linear parameter „𝑙”. 

The following relationship can be used to determine the instantaneous profile angle: 
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 𝛼௬(𝑙) = cosିଵ 𝑟௕ଵ𝑟௬(𝑙) (6)

where 𝑟௕ଵ is the basic circle radius of the small gear, 𝑟௬(𝑙) is the radius of the instantaneous contact 
point as a function of the linear parameter „𝑙”.  

The radius of the instantaneous contact point can be determined from the following equation: 𝑟௬(𝑙) = ඥ𝑟௕ଵଶ + 𝜚ଵ(𝑙)ଶ (7)

where 𝜚ଵ(𝑙) is the instantaneous radius of the pinion as a function of the linear parameter „𝑙”. 
The tooth angle can be determined from the following relation: 𝜓(𝑙) = 𝑠ଵ2 ∙ 𝑟ଵ + tan 𝛼 − 𝛼 − tan ቀ𝛼௬(𝑙)ቁ + 𝛼௬(𝑙) (8)

where 𝑠ଵ is the tooth width on the pitch circle of the small gear, 𝑟ଵ is the radius of the pitch circle of 
the pinion, 𝛼 is the pressure angle. 

The determination of the bending arm can be written based on the spatial geometric conditions 
that can be interpreted in Figure 3. 

 
Figure 3. Interpretation of the bending arm. 

Location of the critical cross-section at the root: 𝑋ଵ = ൫𝑟ଵ ∙ 𝜑(Θ௉) + 𝑥଴(Θ௉)൯ ∙ cos൫𝜑(Θ௉)൯ − ൫𝑟ଵ + 𝑦଴(Θ௉)൯ ∙ sin൫𝜑(Θ௉)൯ (9)𝑌ଵ = ൫𝑟ଵ ∙ 𝜑(Θ௉) + 𝑥଴(Θ௉)൯ ∙ sin൫𝜑(Θ௉)൯ + ൫𝑟ଵ + 𝑦଴(Θ௉)൯ ∙ cos൫𝜑(Θ௉)൯ (10)

where Θ௉ is the central angle of the instantaneous position of point P measured from the centre of 
the corner radius of the base profile. 

Width of the critical cross-section: 𝑠ி = |2 ∙ 𝑋ଵ| (11)

The distance of the critical cross-section from the pitch circle: ℎி଴ = 𝑟ଵ − 𝑌ଵ (12)
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Using the above, the bending arm can be determined as follows: ℎி(𝑙) = ℎி଴ − 𝑟ଵ + 𝑟௕ଵcos൫𝛼ி(𝑙)൯ (13)

The coordinates of the critical cross section must also be known on the base profile. The 
determination this can be done with the help of Figure 4, as follows: 𝑥଴(Θ) = − 𝑠ଵ2 − ቀ൫ℎ௙ − 𝑐 ∙ 𝑚൯ ∙ tan 𝛼 − 𝜚 ∙ (sin(𝛼) − sin(Θ))ቁ (14)

𝑦଴(Θ) = −ℎ௙ + 𝜚 ∙ (1 − cos(Θ)) (15)

where ℎி is the dedendum, 𝜚 is the radius of the root, 𝑚 is the module, 𝑐 is the tooth clearance. 
It can be seen from equation (15) that Θ is transcendental to Θ, therefore some numerical method 
must be used to determine the solution. The solution of equation (15) will provides the angle value 
where the value of the angle Θ is exactly equal to 300. Because the 300 straight line tangents the root 
curve at this point, which is the location of the critical cross-section in terms of bending stress. 

 
Figure 4. Coordinates of the critical cross section on the base profile. 

4. Results 

If the length of the bending arm (Figure 5) and the change in load (Figure 6) along the path of 
contact are described at the 𝑥ଵ௢௣௧ value, then using the sample example data, the following functions 
will be the results 
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Figure 5. The change of the bending arm along the path of contact. 

 

Figure 6. Change of the load along the path of contact. 

Figure 7 shows the change in the bending stress along the path of contact with the data of the 
sample gear pair. 
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Figure 7. Change of the bending stress along the path of contact. 

From Figure 7, it is clear that the highest value of the bending stress that develops is located at 
the limit point of the section of connection stage of a pair of teeth, this is the limit point D of the exit 
from the section of connection stage of a pair of teeth, calculated with the data of the sample gear 
pair. However, the location of the highest possible values is also influenced by the geometrical 
conditions, so the determination of which point of path of contact is dangerous in terms of blending 
stress in the case of a specific gear can only be decided on the basis of an examination covering the 
entire length of the path of contact.  

The bending stress that develops in the path of contact is influenced by the profile shift 
coefficients in their addendum circle radii 𝑟௔ଵ and 𝑟௔ଶ . Accordingly, their effect is valid in the 
quantities 𝑄(𝑙), 𝛼ி(𝑙) and ℎி(𝑙) in relation (1), because the change of the profile shift coefficients 
causes the AE section of path of contact to shift along the path of contact, which affects both the load 
distribution and the geometric position of the load.  

After performing the test described above for each value of 𝑥ଵ೔, the set of objective function 𝑓൫𝑥ଵ೔൯ is obtained, from which each value 𝑥ଵ೔ can be assigned the extreme value, in this case the 
maximum, of the corresponding criterion function 𝑓൫𝑥ଵ೔൯ . The minimum of these maxima will 
provide the optimal solution according to the sought criterion, in our case the bending stress. 

5. Conclusions 

In the case of processes that extend in space and time, it is more correct and more favorable to 
carry out tests that cover the entire process, instead of comparing characteristics at arbitrarily chosen 
points.  

By applying the proposed new method, potential tooth damage can be predicted already at the 
planning stage. 

The new process can also be extended to helical and bevel gear types. 
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