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Abstract: We study the tight focusing properties of generic bright and dark HyOPS beams in the

presence of primary coma. The role of the polarization singularity index and handedness of the

polarization of the HyOPS beams on the focused structure has been discussed. Results have been

presented for the total intensity, component intensities, and component phase distributions for left-,

and right-handed bright and dark star and lemon types singularities. The presence of primary coma

distorted the focal plane intensity distributions for both positive and negative index generic C-points.

Coma is known to disturb the circular symmetry of the focal plane intensity distribution. Similarly in

tight focusing polarization is known to disturb the symmetry. Therefore, a beam with structured and

inhomogeneous polarization distribution tightly focused under the influence of coma is a fit case to

study. It is found that the presence of primary coma aberration in the focusing system produces a

positional shift of the high-intensity peaks and a reduction of the intensity on one side of the center.

As the strength of the primary coma increases, the focal plane intensity distributions shift more and

more toward the right from the initial position. Unlike the scalar vortex case, in the case of HyOPS

beams, the focal plane intensity distribution undergoes rotation, as the helicity of the HyOPS beams

is inverted, in addition to shifting. All the component phase distributions are found to be embedded

with phase vortices of charge ±1.

Keywords: laser beam shaping; debye-wolf integral; high numerical aperture optics; hybrid order

poincaré sphere; polarization; singular optics

1. Introduction

The focal plane intensity distribution can be modified by pupil function engineering [1–3]. It

was shown that suppression of side lobes in the focal field is possible by apodization [4]. To achieve

a perfect focal spot, apertured beams in paraxial [5,6] and non-paraxial focusing [7] were tried.

Generation of longitudinal component [8] can be achieved by providing spherical curvature to the

beam in high numerical aperture (NA) systems. The dominating role played by the polarization

in tight focusing using high NA to shape the point spread function (PSF) was later recognized [9].

Polarization engineering, to shape the PSF by using spatially inhomogeneous polarization, due to its

increasing number of applications [10–16] has come under scrutiny in recent years. In tight focusing,

generation of significant longitudinal polarization component [12,17], realization of smallest focal

spot[17], generation of 3D-polarization structures and singularities [18,19], and topological structures

[20,21] and optical Möbius stripes[22–25] are possible by polarization engineering.

In pupil function engineering, using phase and polarization degrees of freedom, the focal plane

intensity distributions can be tuned. A phase vortex can be used to produce a doughnut intensity

distribution, whereas a polarization vortex can be used to produce the smallest focal spot [12,17]. In a

practical optical system, the focal plane intensity distributions may deteriorate due to the presence

Disclaimer/Publisher’s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and 
contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting 
from any ideas, methods, instructions, or products referred to in the content.

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 22 December 2023                   doi:10.20944/preprints202312.1701.v1

©  2023 by the author(s). Distributed under a Creative Commons CC BY license.

https://orcid.org/0000-0001-5077-2373
https://orcid.org/0000-0002-3117-2695
https://orcid.org/0000-0002-1015-0710
https://doi.org/10.20944/preprints202312.1701.v1
http://creativecommons.org/licenses/by/4.0/


2 of 11

of various aberrations. Coma is known to disturb the circular symmetry of the focal plane intensity

distribution. Similarly in tight focusing, polarization is known to disturb the symmetry. Therefore, a

beam with structured and inhomogeneous polarization distribution tightly focused under the influence

of coma is a fit case to study. For a monochromatic optical field, the combined effect of aberrations such

as astigmatism, coma, spherical aberration, etc. may be responsible for the deterioration of the image

quality. To know the effect of individual aberrations on the focal spot each aberration has been studied

separately. Tight focusing of generic hybrid order Poincaré sphere (HyOPS) beams in the presence of

primary coma was never studied, which we have studied in the current manuscript.

The present work is the first of its kind. We have summarized previously reported works in this

paragraph to find out the novel aspect of our work. Recently tight focusing of vector vortex beams in

the presence of spherical aberration has been studied [26]. To date, the effect of coma aberration on the

tight focusing of HyOPS beams has not been investigated by anyone. This is the first report which

examines the influence of primary coma in a tight focusing system. The tight focusing of phase singular

beams is studied in refs.[27,28]. In the case of tight focusing of phase singular beams, the intensity rings

become lobes in the presence of primary coma. In a tight focusing system, polarization is found to

play a critical role, and hence homogenous and spatially varying polarization distributions can not be

considered as the same. This work is important in polarization engineering methods using structured

HyOPS beams. The effect of primary coma is different for phase and polarization singularities in a

tight focusing system.

Polarization singularities are points at which the azimuth (γ) of the polarization ellipse is

indeterminate and are characterized by contour integral
∮

∇γ · dl ̸= 0 around the singularity. The

value of the contour integral for a HyOPS beam, also known as C-point singularity, [29–31] is pπ,

where p is an integer. The C-point index is IC = p/2. The state of polarization (SOP) distribution for

a C-point consists of ellipses and hence a C-point has helicity [32,33]. On the other hand, there are

V-point singularities [31,34,35], characterized by Poincaré-Hopf index η in which the contour integral

takes value 2πη. V-points consist of spatially varying linear SOP distributions. They have no helicity

associated with them. A C-point can be bright or dark depending on the intensity distribution at the

C-point. Unlike the C-point, the intensity distribution at a V-point is always zero. The neighborhood

polarization distribution around a V-point is linear, whereas it is elliptical for a C-point. In terms

of orientation angle the C-point index and V-point index are defined as 1
2π

∮

∇γ · dl. The C-point

index can take integer and half-integer values, whereas the V-point index can only take integer values.

Polarization singularities can be generated by the superposition of two vortex beams with right

and left circular polarization. For a bright C-point, one of the interfering beams is a non-vortex

plane beam. Polarization singularities are generally identified by constructing the Stokes field

S12 = S1 + iS2 = |S12| exp(iφ12). The Stokes phase φ12 = 2γ and it can be shown that it is the

phase difference between left and right-handed components in the circular basis, i.e., φ12 = φL − φR.

Therefore, phase vortices of S12 Stokes field are polarization singularities.

The C-point polarization singularities are also known as circular basis hybrid order Poincaré

sphere (HyOPS) beams [36], whereas the V-point singularities are called circular basis higher order

Poincaré sphere (HOPS) beams [37]. Unlike the fundamental Poincaré sphere, on a HyOPS (HOPS)

the polarization states of a C-point (V-point) singularity can be represented as a point on the surface

of the sphere. Some of the recently reported applications of polarization singularities are in optical

signal processing[38], optical chirality measurements[39], optical trapping and manipulation [40],

optical lattices[41,42], material machining[43], optical skyrmions[44] and structured illumination

microscopy[45].

Aberrations are found to affect the structure of the focal plane field distributions of a focusing

system. Therefore a systematic study on the effect of aberrations is needed. In this manuscript, we

study the tight focusing properties of generic bright and dark HyOPS beams such as star-type and

lemon-type C-points of different helicity in the presence of primary comatic aberration. We show that
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the strength of comatic aberration, sign, the absolute value of the C-point index (IC), amplitude, and

helicity of the HyOPS beams play an important role in tailoring the focal intensity landscapes.

2. Theory of Tight Focusing for Circular Basis HyOPS Beams

The expression of HyOPS beams in paraxial optical fields, under circular polarization basis

decomposition[24,29], can be written as,

E⃗(ρ, θ) = E0e−Γ
2ρ2

[B1ρ|m|eimθ êL + B2ρ|n|einθ êR], (1)

where êL and êR are left and right circular unit basis vectors respectively. In Eqn. 1, the integers

m, n are the topological charges of the phase vortex beams with amplitude scaling factors B1 and

B2 respectively, θ is azimuthal angle. E0 is the amplitude of the beam, ρ = sin φ/ sin φmax is the

radial distance of a point from the center, normalized by the radius (a) of the lens. The truncation

parameter is given by Γ = a/w, where w is the beam waist. It is a measure of the fraction of the beam

inside the physical aperture of the lens. For a bright C-point either m or n is zero and m ̸= n. So far,

most studies concentrated on this type of beam[29,31]. Recently tight focusing of spatially varying

optical fields embedded with polarization singularities such as bright C-points[46], dark C-points

[25,47] and V-points[48] have been studied. The superposition described by Eqn. 1 can be realized by

the Mach-Zehnder type interference, where the two arms carry the right circular and left circularly

polarized beams, respectively.

Introducing the conic angle φ, the term E0e−Γ
2ρ2

in Eqn. 1 can be written as

E0e−Γ
2ρ2

= E0e(−Γ
2 sin2 φ/ sin2 φmax) = E2(φ), (2)

where, φ is the focusing angle and φmax is the maximum angle of convergence as depicted in Figure 1.

The numerical aperture of an optical system is given by NA = n0 sin φmax, where n0 is the refractive

index of the focal region. For an optical system shown in Figure 1, the electric field components in the

focal region of an aberration-free aplanatic lens are given by [49,50]

E(u, v) = (−iA/λ)
∫ φmax

0

∫ 2π

0
E2(φ)P(φ, θ)A2(φ)× e(ikW(ρ,θ))

×e
(−i v

sin φmax
sin φ cos(θ−θP)) × e

(−i u
sin2 φmax

cos φ)
sin θdφdθ

(3)

, where A is linked to the optical system parameters and λ is the wavelength of light in the medium

with refractive index (n0) in the focal region. In eqn.3, W(ρ, θ) corresponds to primary coma aberration.

The primary coma aberration function is given by W(ρ, θ) = Acρ3cosθ [27,28], where Ac is the comatic

aberration coefficient in units of wavelength. P(φ, θ) denotes polarization distribution at the exit pupil

and A2(φ) is the apodization factor. For an aplanatic lens system A2(φ) is cos
1
2 φ. The polarization

distribution of the input field can be expressed as

P(φ, θ) =







a1(cos φ cos2 θ + sin2 θ) + b1(cos φ sin θ cos θ − sin θ cos θ)

a1(cos φ sin θ cos θ − sin θ cos θ) + b1(cos φ sin2 θ + cos2 θ)

−a1 sin φ cos θ − b1 sin φ sin θ






(4)

, where a1 and b1 are the strengths of the x and y components of the input field respectively. Optical

coordinates at the observation plane or focal plane (xPyP-plane) are defined as

u = kz sin2 φmax, v = k sin φmax

√

x2
P + y2

P, (5)

where k = 2π/λ is the propagation vector.
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Figure 1. Geometric configuration for tight focusing of a right-handed bright star-type HyOPS beam in

the presence of primary coma.

3. Intensity landscapes of circular basis HyOPS beams

Various parameters such as polarization distribution, total intensity distribution, and S12 Stokes

field phase distribution of bright and dark generic HyOPS beams at the entrance pupil of the lens

are numerically evaluated using Eqn. 1. Debye-Wolf integration (eqn. 3) is used to compute the

focal plane transverse and longitudinal components of the input HyOPS beams for NA equal to

0.95. At the entrance pupil of the lens, the normalized Stokes parameters are computed by using

transverse components of the HyOPS beams. Further, these normalized Stokes parameters are used

to compute polarization parameters such as azimuth and ellipticity distributions. The azimuth and

ellipticity distributions are used to demonstrate the polarization distributions of various HyOPS beams.

Polarization, normalized intensity, and S12 Stokes field phase distributions of input HyOPS beams are

depicted in row I of Figure 2 - Figure 7. The intensity distributions of the bright HyOPS beams, as

shown in Figure 2 - Figure 4, at the entrance pupil of the lens corresponds to the Gaussian distribution.

The intensity distributions of the dark HyOPS beams, as shown in Figure 5 - Figure 7, at the entrance

pupil of the lens corresponds to the Laguerre-Gaussian (LG) distribution. In all the figures, Figure 2 -

Figure 7, the focal plane intensity distributions of transverse (x and y) and longitudinal (z) components

are depicted in row II, row III, and row IV respectively. In each case, the total intensity distribution is

presented in row V. A HyOPS beam can be either left (hL) or right (hR) helicity [32,33]. For each HyOPS

beam, the intensity and phase distributions corresponding to left and right helicity are shown in the

left and right columns respectively. For an aberration-free optical system, the focal plane intensity and

phase distributions corresponding to bright lemon and star-type HyOPS beams are depicted in Figure

2. In Figure 2, column I and column II correspond to the intensity distributions of left and right-handed

lemon singularities respectively, and the corresponding component phase distributions are depicted

in column III and column IV respectively. The right side of Figure 2 shows the intensity and phase

distributions corresponding to bright left and right-handed star-type HyOPS beams. In a tight focusing

system, a HyOPS beam and its index inverted field show completely different intensity distributions

at the focal plane in terms of shape and symmetry. Even for the same polarization singularity index

the focal plane intensity and phase distributions are found to be dependent on helicity and intensity of

the HyOPS beams.
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Figure 2. Bright HyOPS beams with (A) IC = 1
2 ; and (B) IC = −1

2 are tightly focused. Focal plane

component intensities are shown in row II (|Ex|2), row III (|Ey|2) and row IV (|Ez|2) respectively.

Normalized total intensity (|E|2) distributions are shown in row V. Left and right helicity are denoted

as hL and hR respectively. Phase distributions of the constituent field components are shown on the

right side of the intensity distributions.

Figure 3. Bright HyOPS beams with (A) IC = 1
2 ; and (B) IC = −1

2 , as shown in Figure 2, are tightly

focused in the presence of primary coma with primary coma strength Ac = 0.50.
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Figure 4. Bright HyOPS beams with (A) IC = 1
2 ; and (B) IC = −1

2 , as shown in Figure 2, are tightly

focused in the presence of primary coma with primary coma strength Ac = 0.75.

Figure 5. Dark HyOPS beams with (A) IC = 1
2 ; and (B) IC = −1

2 are tightly focused. Focal plane

component intensities are shown in row II (|Ex|2), row III (|Ey|2) and row IV (|Ez|2) respectively.

Normalized total intensity (|E|2) distributions are shown in row V. Left and right helicity are denoted

as hL and hR respectively. Phase distributions of the constituent field components are shown on the

right side of the intensity distributions.
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Figure 6. Dark HyOPS beams with (A) IC = 1
2 ; and (B) IC = −1

2 , as shown in Figure 5, are tightly

focused in the presence of primary coma with primary coma strength Ac = 0.50.

Figure 7. Dark HyOPS beams with (A) IC = 1
2 ; and (B) IC = −1

2 , as shown in Figure 5, are tightly

focused in the presence of primary coma with primary coma strength Ac = 0.75.

Next, we study the effect of primary coma on the focal plane intensity and phase distributions

for HyOPS beams as shown in Figure 2 for an optical system with NA 0.95. When the strength of

the primary coma is Ac = 0.50, the focal plane intensity and phase distributions corresponding to
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bright lemon and star-type HyOPS beams are shown in Figure 3. When the strength of the primary

coma is Ac = 0.75, the focal plane intensity and phase distributions for bright lemon and star-type

HyOPS beams are shown in Figure 4. From Figure 3 and Figure 4, it can be seen that the presence of

primary coma in the optical system distorted the focal plane intensity distributions for both positive

and negative index HyOPS beams. It is found that the presence of primary coma aberration in the

focusing system produces a positional shift of the high-intensity lobes and a reduction of the intensity

on one side of the center. As the strength of the primary coma increases, the focal plane intensity

distributions shift more and more toward the right from the initial position. In the case of HyOPS

beams, the focal plane intensity distribution undergoes rotation, as the helicity of the HyOPS beams is

inverted, in addition to shifting in the presence of coma aberration. In all three cases, the focal plane

field components are found to be embedded with phase vortices of charge ±1. The appearance of

phase vortices in the individual field components may be due to the superposition of polarization

components of the electric field.

To generalize our study, we consider another class of HyOPS beams, known as dark HyOPS

beams. First, we consider tight focusing of dark lemon and star-type HyOPS beams in the absence

of primary coma, and the corresponding results are shown in Figure 5. Row I of Figure 5 depicts

polarization, intensity, and S12 Stokes field phase distributions. In Figure 5, the focal plane intensity

distributions corresponding to transverse (x and y component) and longitudinal (z-component) of the

dark lemon and star-type HyOPS beams are shown in row II, row III, and row IV respectively. The

total intensity distribution is presented in row V. In Figure 5, columns I and II correspond to focal

plane component intensity distributions of left and right-handed dark lemon-type HyOPS beams

respectively. The phase distribution corresponding to each component is depicted in columns III and

IV respectively. The focal plane intensity and phase distributions of dark star-type HyOPS beams are

shown in columns V to VIII. Similar to bright HyOPS beams, all three focal plane field components

of the dark HyOPS beams are found to be embedded with phase vortices of charge ±1. The effect

of primary coma on the focal plane intensity and phase distributions of dark HyOPS beams for two

different values of strength of primary coma are presented in Figs. 6-7. When the strength of the

primary coma is Ac = 0.50, the focal plane intensity and phase distributions corresponding to dark

lemon and star-type HyOPS beams are shown in Figure 6. Figure 7 shows the focal plane intensity

and phase distributions for dark lemon and star-type HyOPS beams for Ac = 0.75. Similar to bright

HyOPS beams, the presence of primary coma aberration is found to show a positional shift of the

high-intensity lobes and a reduction of the intensity on one side of the center. As the strength of

the primary coma increases, the focal plane intensity distributions shift more and more toward the

right from the initial position. In addition to shifting the focal plane intensity and phase patterns

also undergo helicity-dependent rotation in the case of tight focusing of HyOPS beams, which is not

happening in the case of tight focusing of scalar vortices[27,28]. Note that in all the figures the focal

plane component intensity distributions are normalized by the maximum value of the total intensity

distribution.

4. Conclusions

In conclusion, we study the focal plane intensity and phase distributions of bright and dark

circular basis HyOPS beams of IC = ± 1
2 for a high numerical aperture (NA=0.95) system in the

presence of a primary coma. It is shown that as the strength of the primary coma increases, the focal

plane intensity as well as phase distributions shifted more and more toward the right from the initial

position. The presence of primary coma aberration in the focusing system results in a positional shift

of the high-intensity peaks, and a reduction of the intensity on one side of the center. For both positive

and negative indexed bright and dark HyOPS beams, the focal plane intensity distribution undergoes

rotation, as the helicity of the HyOPS beams is inverted, in addition to shifting.
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Abbreviations

The following abbreviations are used in this manuscript:

HyOPS hybrid order Poincaré sphere

HOPS higher-order Poincaré sphere

SOP State of polarization

NA Numerical Aperture

PSF point spread function
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