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Abstract: Some qualitative results are provided on the cylindrical version of the Lane-Emden equation.

Although the explicit form of the solution is not exactly known, we establish some properties on

the critical points of the solution in some specific cases and we propose a technique to evaluate the

distance between a pair of solutions in small intervals.
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1. Introduction

One of the most fascinating open problems in Applied Mathematics is the Lane-Emden equation

together with its variation Emden-Fowler equation, initially proposed in 1870 by Jonathan Homer Lane,

and subsequently extended by Robert Emden [1] in 1907, who aimed to model the dynamic behaviour

of a nonrotating fluid subject to internal pressure and self-gravity. In order to briefly introduce the

physical setting, the Lane-Emden equation originates from the combination of Poisson’s equation

and a generic polytropic state equation P = KNργ, where P and ρ respectively are the pressure and

the density of a fluid, KN is a positive constant and γ = 1 + 1
N is the ratio of specific heats (see [2,3]

for more details). After some simple manipulations, the Lane-Emden equation is derived having

θ(x) =

(

ρ(x)

ρc

)1/N

(x), where ρc is the density at the axis.

The Lane-Emden equation encountered a wide success especially in the 30s both in Physics, where

Sir Ralph Howard Fowler [4,5] found and generalized further results and gave birth to Emden-Fowler

equation, and in Astrophysics, where Chandrasekhar established the related spherical solutions in [6],

whose first edition was published in 1939 and then was subsequently reprinted in 1967. Furthermore,

Chandrasekhar and Fermi applied the Lane-Emden equation to isothermal filaments [7] some years

after.

Successively, many contributions have been published on the equation, its several modified

versions, and its applications. Christodoulou and Kazanas [8] derived exact asymmetric solutions

of the Lane-Emden equation under rotation. A major result had already been provided by Jeremiah

Paul Ostriker [9] in 1964: he was able to determine the solutions to the equation in closed form for

cylindrical polytropes for parameter N = 0 (i.e. liquid cylinders), N = 1 and N = ∞ (i.e. cylinders

with an isothermal perfect gas). In the astrophysical literature, a solution to the Lane-Emden equation

is often called a polytrope. We are going to use such a denomination as well along the paper, keeping in

mind that astrophysical models are out of our present scope. For those who are willing to develop an

extensive knowledge of polytropes, the main textbook was published by Horedt [10] in 2004.

In recent years, the Lane-Emden equation has been widely studied in several versions, although it

can be solved in closed form only in a few cases. An approach based on operational calculus, initially

introduced by Adomian [11], has been outlined by Bengochea et al. in some recent works ([12–14]). In
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particular, in [12] a procedure is derived based on a linear operator acting on the set of all formal series

which turns out to be helpful to solve several kinds of differential equations with variable coefficients,

fractional differential equations and difference equations as well. Such approach is adopted in [13] to

determine an algebraic solution to a specific version of the Lane-Emden equation. More recently, a

numerical approximation algorithm has been proposed by [15].

Here is a basic summary of the present work:

• We reconstruct the extended derivations of the basic Lane-Emden equations in the basic scenarios;
• we outline the current state-of-the-art: explicit solutions, solution methods, cases in which the

Lane-Emden equation is still unsolved;
• we identify a sequence of qualitative properties of the solutions in the cylindrical scenario. In

particular, two distinct analyses are carried out depending on whether the critical exponent M is

either odd or even;
• finally, we expose a relation which may be helpful to evaluate the distance between a pair of

solutions in a small interval.

The remainder of this paper is as follows: in Section 2 we introduce the Lane-Emden differential

equation together with some of its variations, whereas in Section 3 we present an overview of some

known solutions, emphasizing the cases N = 0 and N = 1. Our main analytical results are collected

in Section 4, where some qualitative properties are stated and demonstrated. Finally, our concluding

remarks and some ideas on future developments can be read in Section 5.

2. The standard Lane-Emden equation

Firstly, we introduce the Lane-Emden equation in its well-known form:

θ′′(x) + k
θ′

x
+ θN(x) = 0. (1)

Based on the value of k, either we have the cylindrical setting if k = 1:

θ′′(x) +
θ′

x
+ θN(x) = 0 (2)

or we have the spherical setting if k = 2:

θ′′(x) + 2
θ′

x
+ θN(x) = 0. (3)

2.1. Initial conditions

The standard boundary conditions that form a Cauchy problem with a Lane-Emden equation are

the specifications of the values of θ and θ′ at 0, i.e. θ(0) = 1 and θ′(0) = 0. Namely, the value of θ at 0

is due to its construction, whereas the vanishing of its derivative at 0 indicates the absence of gravity

in the cylinder’s axis (see [9,16] for more explanation on the related physical motivations).

2.2. Modified versions of the Lane-Emden equation

Some Authors extend the form (1) to define other classes of Lane-Emden equations. For example,

in [17] equation (1) is referred to as Lane-Emden equation of first kind (see [18]), whereas the

Lane-Emden equation of the second kind has the following formulation1:

1 In [18] a further version is mentioned, originating from a change of variable in (4), whose form is θ′′(x) + k
θ′

x
+ e−θ(x) = 0,

and whose initial conditions are replaced with θ(0) = θ′(0) = 0.
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θ′′(x) + k
θ′(x)

x
+ eθ(x) = 0, (4)

which turns out to be the dynamics in isothermal cylinders (see [9] for the derivation of the hydrostatic

problem).

We can establish a whole class of Lane-Emden problems employing the most general form as

follows:

θ′′(x) + k
θ′(x)

x
+ f (θ(x)) = 0, (5)

It is also interesting to remark that (5) can be reformulated as an integro-differential equation.

Multiplying the left hand side by xk we have:

xkθ′′(x) + kxk−1θ′(x) + xk f (θ(x)) = 0 ⇐⇒
(

xkθ′(x)
)′

= −xk f (θ(x)),

which can be integrated on both sides, entailing:

θ′(x) = −
1

xk

∫ x

0
tk f (θ(t))dt, (6)

where the initial condition turns out to be

lim
x−→0

1

xk

∫ x

0
tk f (θ(t))dt = 0,

which holds if and only if

lim
x→0

x f (θ(x)) = 0,

by De L’Hospital’s Theorem.

The form (6) is commonly used for numerical approximations of the solutions (see for example

[17]). Perhaps the most relevant modification of the Lane-Emden equation is the Emden-Fowler

equation (see Chandrasekhar [6] or Fowler’s contributions [4,5]), i.e.

d

dx

(

xρ dy

dx

)

+ xαyτ(x) = 0, x ≥ 0, (7)

where ρ, α ∈ R, τ ∈ R+. Many papers contain a number of results for (7): a survey outlining results

until 1975 is [19], whereas subsequent relevant papers are [20,21], and many others.

Such equation can be transformed into the modified form:

y′′(x)− h(x)yτ(x) = 0, x ≥ 0, (8)

where h(x) is a continuous and nonnegative function.

3. Exact solutions

In literature, the only known solutions to (2) in closed form are available for N = 0, N = 1

and N = ∞ (degenerate case). We are going to briefly outline the related polytropes and solution

procedures for N = 0 and N = 1.
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3.1. Polytropes for N=0

The easiest case occurs2 when N = 0 and we can trivially solve by separation of variables.

Actually, in that case a generalization of (3) and (2) can be solved as well.

Proposition 1. All generalized Lane-Emden equations of the following kind:



















1

xk

d

dx

(

xk dθ

dx

)

+ θN(x) = 0

θ(0) = 1

θ′(0) = 0

, (9)

can be solved for all k ≥ 0 when N = 0 and the solution is the following family of parabolas:

θ∗k (x) = 1 −
x2

2(k + 1)
. (10)

Proof. When N = 0, (9) amounts to:

1

xk

d

dx

(

xk dθ

dx

)

= −1 ⇐⇒
d

dx

(

xk dθ

dx

)

= −xk,

then after integrating both sides we have:

xk dθ

dx
= −

xk+1

k + 1
+ C0 ⇐⇒ · · · ⇐⇒ θ(x) = −

x2

2(k + 1)
+

C0

(−k + 1)xk−1
+ C1,

then applying the boundary conditions yields C0 = 0 and C1 = 1, leading to the following family of

parabolas indexed by k: θ∗k (x) = 1 −
x2

2(k + 1)
.

The respective polytropes for (2) and (3) are

θ∗1 (x) = 1 −
x2

4
, θ∗2 (x) = 1 −

x2

6
.

3.2. Polytropes for N=1

When N = 1, the polytrope of (3) is known as well. Expanding equation (3) yields:

1

x2

(

2xθ′(x) + x2θ′′(x)
)

+ θ(x) = 0 ⇐⇒ θ′′(x) +
2

x
θ′(x) + θ(x) = 0. (11)

On the other hand, expanding the form (2) yields:

1

x

(

θ′(x) + xθ′′(x)
)

+ θ(x) = 0 ⇐⇒ θ′′(x) +
1

x
θ′(x) + θ(x) = 0. (12)

In order to solve them, we assume a power series solution of the following kind (where a0 = 1

because θ(0) = 1):

θ(x) = 1 +
∞

∑
j=1

ajx
j. (13)

2 This case is far from reality in that N = 1
γ−1 . Anyway we are going to outline the polytropes for completeness.
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Plugging (13) into (11) leads to:

∞

∑
j=2

(j − 1)jajx
j−2 + 2

∞

∑
j=1

jajx
j−2 + 1 +

∞

∑
j=1

ajx
j = 0 ⇐⇒

⇐⇒
2a1

x
+ 2a2 + 4a2 + 1 +

∞

∑
j=3

[((j − 1)j + 2j)aj + aj−2]x
j−2 = 0,

whose coefficients are supposed to verify:

a1 = 0, a2 = −
1

6
, aj = −

aj−2

j(j + 1)
,

hence the polytrope is

θ∗(x) = 1 +
∞

∑
j=1

(−1)jx2j

(2j + 1)!
=

sin x

x
. (14)

An analogous procedure can be carried out to solve (12). Plugging (13) into (12) yields:

∞

∑
j=2

(j − 1)jajx
j−2 +

∞

∑
j=1

jajx
j−2 + 1 +

∞

∑
j=1

ajx
j = 0 ⇐⇒

⇐⇒
a1

x
+ 2a2 + 2a2 + 1 +

∞

∑
j=3

[((j − 1)j + j)aj + aj−2]x
j−2 = 0,

whose coefficients are:

a1 = 0, a2 = −
1

4
, aj = −

aj−2

j2
,

leading to the following polytrope:

θ∗(x) = 1 +
∞

∑
j=1

(−1)jx2j

((2j)!!)2
. (15)

The next Proposition intends to generalize the above findings as in Proposition 1.

Proposition 2. All generalized Lane-Emden equations of the following kind:



















1

xk

d

dx

(

xk dθ

dx

)

+ θN(x) = 0

θ(0) = 1

θ′(0) = 0

,

can be solved for all k ≥ 0 when N = 1 and the solution is the following family of power series:

θ∗k (x) = 1 +
∞

∑
j=1

(−1)jx2j

(2j)!!(2j − 1 + k)!!
. (16)

Proof. Expanding the equation leads to

θ′′(x) +
k

x
θ′(x) + θ(x) = 0. (17)
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Employing the above method, we obtain:

ka1

x
+ 2a2 + 2ka2 + 1 +

∞

∑
j=3

[((j − 1)j + kj)aj + aj−2]x
j−2 = 0,

leading to the following coefficients:

a1 = 0, a2 = −
1

2 + 2k
, aj = −

aj−2

j(j + k − 1)
,

consequently the polytrope is (16).

4. Analytical properties in the cylindrical scenario

In this Section, we are going to establish some qualitative properties of the solutions to (2) after

setting k = 1. We begin from some elementary analytical result, then we proceed to provide some

insights on the graph of the involved functions. From now on, we will indicate with θ∗M(x) the solution

to the cylindrical Lane-Emden equation for N = M.

Proposition 3. For all M ≥ 0, we have that (θ∗M)′′(0) = −
1

2
.

Proof. It is elementary to collect terms in (2) as follows:

(θ∗M)′′(x) +
(θ∗M)′(x)

x
+ (θ∗M)M(x) = 0 ⇐⇒

(

(θ∗M)′(x)x
)′

x
= −(θ∗M)M(x).

Now call FM(x) = (θ∗M)′(x)x, whose derivatives respectively are

F′
M(x) = (θ∗M)′′(x)x + (θ∗M)′(x), F′′

M(x) = (θ∗M)′′′(x)x + 2(θ∗M)′′(x).

Since F′
M(0) = (θ∗M)′(0) = 0 and by the initial condition θ∗M(0) = 1, we can deduce that

lim
x−→0

F′
M(x)

x
= −1

but the above limit is equal to F′′
M(0) by De L’Hospital’s Theorem, hence

F′′
M(0) = 2(θ∗M)′′(0) = −1,

which implies (θ∗M)′′(0) = −
1

2
.

It is simple to check that the same procedure illustrated in Proposition 3 can be extended to

calculate the higher order derivatives of the solution at zero. Although we are not going to develop this

argument, the implementation of this method might provide an approximation series of the solution

in a neighbourhood of the origin.

As an illustrative example of the method, we can check the value of the third derivative at 0.

Since F′′(x) = x(θ∗M)′′′(x) + 2(θ∗M)′′(x), differentiating the right-hand side as well yields:

x(θ∗M)′′′(x) + 2(θ∗M)′′(x) = −(θ∗M)M(x)− Mx(θ∗M)M−1(x)(θ∗M)′(x) =⇒

=⇒ (θ∗M)′′′(x) = −
2(θ∗M)′′(x) + (θ∗M)M(x)

x
− M(θ∗M)M−1(x)(θ∗M)′(x).
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Subsequently, evaluating both sides at 0 entails:

(θ∗M)′′′(0) = lim
x−→0

(

−
2(θ∗M)′′(x) + (θ∗M)M(x)

x
− M(θ∗M)M−1(x)(θ∗M)′(x)

)

,

then, by De L’Hospital’s Theorem, we obtain

(θ∗M)′′′(0) = −2(θ∗M)′′′(0) =⇒ (θ∗M)′′′(0) = 0.

Furthermore, Proposition 3 establishes that for all M, θ∗M(x) is concave in a neighbourhood of 0.

As a matter of fact, he solution that we explicitly know for M = 0 is a parabola having a decreasing

and concave behaviour for x > 0. As is well-known, if the function admits no inflection points for

x > 0, this is a sufficient condition to guarantee the existence of a zero x∗M. When M = 0, x∗1 = 2.

The following results intend to establish some further qualitative properties of θ∗M(x) which are

verified for all M ≥ 1.

Proposition 4. If θ∗M(x) admits at least a positive zero for M ≥ 1, and xM is the smallest zero of θ∗M(x), then

one of the following conditions holds:

1. θ∗M(xM) = (θ∗M)′(xM) = (θ∗M)′′(xM) = · · · = (θ∗M)(k)(xM) = 0 for all k ∈ Z+;
2. the function θ∗M(x) admits at least one inflection point F(xF, yF) such that 0 < xF < xM.

Proof. If we call FM(x) = (θ∗M)′(x)x, it is easy to note that F′
M(xM) = 0 by construction. Since

F′
M(xM) = (θ∗M)′′(xM)xM + (θ∗M)′(xM) = 0, two cases may occur. Either both first and second

derivative vanish at xM, and consequently all the derivatives of any order vanish at xM, or xM =

−
(θ∗M)′(xM)

(θ∗M)′′(xM)
θ∗M(xM), which can only hold if the second order derivative changed its sign in the

interval (0, xM), meaning that the graph has an inflection point at xF < xM.

Now we are going to provide some further insights on the behavior of the solution by separating

the two circumstances where M is odd and M is even, because some relevant differences occur. The

role of possible inflection points, zeros and stationary points will be analyzed in detail.

4.1. Qualitative behavior if M is odd

The presence of a stationary point, i.e. either a maximum or a minimum point, when M is odd, is

an interesting issue. If we suppose that θ∗M(x) admits one stationary point x∗ such that (θ∗M)′(x∗) = 0,

in the main equation we would have

(θ∗M)′′(x∗) = −(θ∗M)M(x∗).

If θ∗M(x∗) > 0, this point can only be a local maximum, by the negativity of the second order

derivative. Vice versa, if θ∗M(x∗) < 0, it is a local minimum, and clearly xF < xM < x∗.

The above considerations establish that if M is odd, (θ∗M)(x) can only have a maximum point

having both positive coordinates. On the other hand, any local minimum has a negative image, hence

there are always at least one inflection point and a zero between each maximum and minimum point.

4.2. Qualitative behavior if M is even

If M is even, i.e a positive integer greater or equal to 2, the results are slightly different with

respect to the previous case. Suppose that x∗ > 0 is the first stationary point for θ∗M(x). If θ∗M(x∗) > 0,

the negativity of the second order derivative implies that such a point is a local maximum, but

this holds true even if θ∗M(x∗) < 0. Namely, a stationary point can only be a maximum point,

consequently there can only be one maximum point, after which the solution decreases asymptotically.
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No oscillating behaviour is feasible in this case, as occurs in the easiest case M = 0, where the polytrope

is monotonically decreasing. There may be some changes in the convexity/concavity form of the

graph, but the beahaviour is unambiguously decreasing.

4.3. Evaluation of the difference between two solutions

Call θ∗M, θ∗P the solutions for any M, P ∈ Z+, where M 6= P. We posit k = 1, i.e. we are in the

cylindrical setup. By (1), we have that:























(θ∗M)′′(x) +
(θ∗M)′(x)

x
+ (θ∗M)M(x) = 0

(θ∗P)
′′(x) +

(θ∗P)
′(x)

x
+ (θ∗P)

P(x) = 0

⇐⇒























(

(θ∗M)′(x)x
)′

x
= −(θ∗M)M(x)

((θ∗P)
′(x)x)′

x
= −(θ∗P)

P(x)

.

Call now FM(x) = (θ∗M)′(x)x and FP(x) = (θ∗P)
′(x)x, so that we obtain the following dynamic

system:














F′
M(x) = −x(θ∗M)M(x)

F′
P(x) = −x(θ∗P)

P(x)

,

endowed with the initial conditions: FM(0) = 0, FP(0) = 0. Subtracting the left hand sides, we have:

(FM(x)− FP(x))′ = x
[

(θ∗P)
P(x)− (θ∗M)M(x)

]

,

from which we have, after integrating both sides:

FM(x)− FP(x) =
∫ x

0
t
[

(θ∗P)
P(t)− (θ∗M)M(t)

]

dt,

i.e.

(θ∗M(x)− θ∗P(x))′ =

∫ x
0 t
[

(θ∗P)
P(t)− (θ∗M)M(t)

]

dt

x
,

then, integrating both sides again:

θ∗M(x)− θ∗P(x) =
∫ x

0

[

∫ t
0 s
[

(θ∗P)
P(s)− (θ∗M)M(s)

]

ds

t

]

dt. (18)

In (18), the difference between solutions is on the left-hand side, whereas the difference between

their powers is in the double integral in the right-hand side. This relation can be employed to

identify an approximation method for the polytropes, with the help of the above considerations on the

qualitative behavior of the solutions.

5. Concluding remarks and discussion

We identified some properties of the solutions of the Lane-Emden in the cylindrical framework,

especially taking into account the critical points and their possible positions. The determination of

solutions in closed form remains a difficult issue, anyway some insights are provided which may

lead to a more precise approximation. A future development of the present work may concern the

realization and the computational optimization of a suitable algorithm to constructively approximate

the real solution.
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