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Abstract: We present a precise and universal method for anticipating the thermodynamic
characteristics of polyatomic molecules. Unlike conventional computational approaches that rely on
numerous experimental spectroscopy or calorimetry data, our model only utilizes a small number of
molecular constants. We accurately predicted the values of entropy, enthalpy, specific heat, and Gibbs
free energy for boron trifluoride, which were in excellent accordance with the available experimental
data. This investigation introduces a new approach to deal with the anharmonic vibrations of
polyatomic molecules.

Keywords: molar entropy; partition function; polyatomic molecules

1. Introduction

Boron trifluoride (BF3) has been extensively utilized as a gas-filled neutron detector in place
of 3He gas-filled neutron detectors, which has been unable to meet the demands for environmental
security and scientific applications over the past century, specifically in the 1950s, 1960s, and 1970s.
BF3 has been considered a more permanent solution to address this issue. In 1963, Fowler constructed
the largest BF3 counters to date for a neutron cosmic ray observatory at Chalk River [1]. One of
the main advantages of using BF; gas in other fields is its ability to discriminate gamma-rays from
neutrons, as gamma-ray noise produced in the proportional counters can affect the efficiency of the
neutron detectors. Consequently, proportional counters filled with boron trifluoride gas are used as
start-up detectors in the instrumentation of nuclear power reactors. Neutron spectroscopy, mixed
waste monitoring, thermal neutron diffraction, and monitoring of nuclear reactors operating at low
power are among the other powerful applications of neutron detectors with BF;. Despite the high
cross-section for neutrons and the sensitivity to thermal neutrons of BF; gas, it is highly toxic and
corrosive. Thus, in the early 1980s, it became less popular, and 3He again became an affordable
alternative. Unfortunately, >He has become expensive, while the demand for it has increased in
neutron scattering facilities. The severe shortage of 3He necessitates the re-evaluation of using BF; as a
replacement.

In the early years of this century, many researchers turned to calculate the efficiency of using
BF3 counters [3-5] instead of 3He, and explored new ways to utilize BF3 gas in neutron detectors.
The use of BF; gas is highly attractive due to its easy handling procedures, particularly in terms of
cost-effectiveness for multi-detector banks like cosmic neutron monitors (CNMs) and detector arrays
for time-of-flight neutron scattering instruments [6]. This reconsideration of BF3 may also benefit other
larger detection systems. In this study, we present efficient analytical and graphical representations of
the thermodynamic properties of the BF3 polyatomic molecule.

Theoretical estimation of thermodynamic properties of molecules and atoms can be achieved
by combining quantum and statistical mechanics. In the early 1930s, several researchers estimated

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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the thermodynamic properties of organic compounds, including entropy, heat capacity, and heat
content, using theoretical calculations [2,3]. At that time, Raman and infrared spectroscopy were
used to estimate vibrational energy levels, which was a significant achievement in spectral analysis.
Meanwhile, improvements were made in measuring thermodynamic properties, such as determining
gaseous entropies, providing data that could be used to evaluate theoretical calculations successfully.
The accurate determination of thermodynamic properties of polyatomic molecules is increasingly
important in many fields, particularly in chemistry and physics. The partition function is the key
concept behind theoretical calculations of thermodynamic properties, as it bridges quantum and
statistical mechanics. It is the total sum over all bound levels of the Boltzmann factor (known as the
sum-over-states), describing how atoms and molecules are distributed among various energy states at
a specific temperature, where the system is in thermodynamic equilibrium.

Recently, significant progress has been made in calculating ro-vibrational states based on quantum
theoretical principles of thermodynamics. However, these calculations are limited to lower degrees of
freedom systems [4] and small molecules. To overcome this issue, effective Hamiltonians are fitted to
experimental data to calculate the partition function and related thermodynamic data. However, the
accuracy of the calculated results is lower for anharmonic systems [9] and at high temperatures [5,8].

Various methods have been proposed to study the thermodynamic properties of molecular
systems by fitting experimental data using the partition function as a starting point. These approaches
include analytical and direct summation methods, classical statistical mechanics methods, and Fourier
path integral Monte Carlo methods [10]. Corrections such as semi-classical [12], semi-empirical [13],
and quantum [11] are considered in these calculations.

Atomic and molecular partition function experimental data can be found in many several sources.
For instance, Kurucz supplements Traving, Baschek, and Holweger (hereafter TBH) by providing the
partition functions of neutral and ionized species of all the elements in the periodic table. However,
it is a time consuming method in order to get elementary partition function data. Moreover, the
evaluation of the partition using TBH requires to solve large number of exponentials and Redberg
series partition functions to tabulate atomic and molecular data. In addition, due to the coarse spacing
of the Kurucz tables, differentiations and interpolation are difficult to be done. Irwin [22] proposed a
solution for these difficulties by using polynomials to approximate atomic and molecular partition
functions. Another major sources of partition function data are Tatum [19], McBride et al (hereafter
MHEG) [20], and JANAF thermodynamic tables (hereafter JANAF) [21] tabulate and calculate directly
thermodynamic properties of the important molecules in astrophysics. Again, these molecular partition
function tables need excessive computer storage. To overcome this nowadays, sufficient computational
methods used to calculate thermodynamic properties of polyatomic molecules.

In this paper, we establish an available formulation for Boron trifluoride gas based on its
molecular structure characteristics and its spectroscopic molecular constants. As such, the spectroscopic
information used is of utmost importance in the developed representation to predict and calculate
thermodynamic properties of BF3 such as entropies and Gibbs free energy. We compare the calulcated
results with the NIST data in the temperature range 100 K and 6000 K. This study provides
opportunities for better predictions of thermodynamic functions of polyatomic molecules.

2. Partition Function

The partition function serves as the link between thermodynamics and statistical mechanics,
connecting these two fields through the framework of quantum mechanics. By utilizing the partition
function, various thermodynamic functions like entropies, enthalpies, and heat capacities can be
computed.

2.1. Overview of Methods Used to Calculate the Partition Function

This section presents a summary of various studies that use the partition function in different
forms. It describes the simplifications and approximation methods employed, the molecular constants
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used, and the recommended temperature range. It is important to note that extrapolating data beyond
the recommended range, despite its common occurrence, is not advisable. Our data and formulas,
however, can be applied throughout the full temperature range of 100 K to 6000 K with minimal
deviation.

In Tatum’s research [23], 14 diatomic molecules were examined, and their partition function was
calculated using their dissociation equilibrium constants within a temperature range of 1000 K to 8000
K. His findings revealed that only four molecular constants were utilized to estimate the partition
functions. Additionally, a cut-off was implemented at 40000 cm™! for the upper energy. These four
molecular constants were (we;wWeXe; Be, te)-

Other study done by Irwin [24] who used the partition function in the form of polynomials,

5
InQ = ) a(InT)’ (1)
i=0

To calculate the partition function for numerous atomic and molecular species within the
temperature range of 1000 K to 16 000 K, a least-squares fitting method was employed for each
species to determine the coefficients in Eq. 1. However, for other molecular data, extrapolation
was used and their weight was reduced by a factor of 10° prior to fitting the coefficients. Although
Irwin stated that these least-squares fits have small errors, using linear extrapolation for non-linear
data generates significant errors, and the magnitude of these errors was not estimated. Bohn and
Wolf [26] developed a new approximate formulation for the partition function and applied it to two
diatomic molecules, Hy and CO, in the temperature range of T = 1000-6000 K. Using a limited number
of molecular constants (we, weXe, Be, #e) and accounting only for the electronic ground state, they
computed specific heat capacity (cy) and internal energy (E;y;) for these two molecules. Sauval and
Tatum [28] evaluated the total internal partition functions for 300 diatomic molecules, 69 neutral atoms,
and 19 positively charged ions. The approximated partition function polynomial for molecules and
atoms is valid for a certain temperature range from 1000 K to 9000 K and has the following expression:

logQ = zalaog@r @

The molecular constants of all of these molecules, atoms, and ions are taken from [27].

In 1985, Rossi et al. [29] presented total molecular partition functions for 53 molecular species
using the first few molecular constants (we, weXe, Be, #e) which are taken from Ref. [27] in the
temperature range of 1000 K to 5000 K. The authors used rigid-rotor approximation in the calculation
of Qj while they claimed that they are not. However, they allow the interaction between vibration and
rotation. They used polynomial approximations in order to find the “exact” specific heat which behave
near the origin and more suitable to approximation schemes. Then, by integration they can obtain the
partition function as follows:

an—aoan+Z Q@ +1) Zi aZ—5+a6 3)

where a to ag are coefficients. Accordingly, the specific heat approximation is

Cy &
® 2 1000 @)

Kurucz [30] commented that the approximate expressions for the partition functions used and
reported in previous papers are not rigorous enough for Hy and CO. This is because they did not
properly track the number of bound levels and did not include higher-order coefficients. Data for
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H, were formulated and used from [31]. Kurucz summed over all the energies of the three lowest
electronic states for both diatomic molecules and tabulated polynomial fits for the molecular partition
functions from 1000 K to 9000 K with steps of 100 K.

Irwin [32] also studied the internal partition functions of H, and CO in the same temperature range.
He found that the errors for Hj at 4000 K are larger than for CO by approximately 2%. He used the
electronic ground state of Hy and evaluated Yij using the least-squares fitting method of Dunham
series with the energy data from Ref. [31]. Irwin compared his evaluations with those of Kurucz
[30] and Sauval [28] and found that his values of Q are higher, which he attributed to the number of
electronic ground states included and the higher rotational level treatments used.

Pagano et al [33] derived internal partition functions and thermodynamic properties of
Jupiter-atmosphere species in a wide range of temperatures from 50 to 50 000 K. The results are
presumably self-consistent, with E(v; Jmax) = Dy for each v, in terms of maximum rotational states for
each vibrational level.

In 2011, by using the methods published in 2003 and 2000 by Fischer [35] and Gamache [36]
respectively, laraia et al. [34] presented molecular partition functions for certain molecules with their
isotopes in the temperature range 70-3000 K. Vibrational partition functions were evaluated and
determined using the approximation of the harmonic oscillator [39], however, rotational partition
function were calculated as in Ref. [37,38]. In this study, all state-dependent and state-independent
degeneracy factors were considered and taken into account. The molecular partition function of H2
was evaluated using direct summation and ab initio energies. In addition, for the temperature range
with the intervals of 25 K, four-point Lagrange interpolation was used. Colonna et al. [40] described
the statistical thermodynamics of Hy molecules in normal ortho/para mixture and determined its
internal partition function on rigorous basis. Consequently, solving directly the existing ambiguity
of those quantities in the definition related to the partition functions. Moreover, thermodynamic
properties obtained from internal partition function for temperature range of 5 K to 10 000 K are found.

2.2. Model

The Born-Oppenheimer approximation posits that rotational, vibrational, and electronic energies
of a molecule are independent of each other. As a result, the partition function of a molecule can
be expressed using the standard formula of statistical mechanics by multiplying the translational,
rotational, vibrational, and electronic contributions.

Q= Qtr X Qrot X Qvierl (5)

where Qy, Qyot, Quip and Qg stand for translational, rotational, vibrational and electronic partition
functions, respectively.

This total internal partition function can be written in this form by taking the assumption that
the internal rotations within molecule are ignored. Moreover, Bohn and Wolf [26] illustrated that the
electronic state for molecules is non-degenerate since the electronic state energy typically is higher
than the dissociation energy. Therefore, Qg = 1.

The BF3 molecule is a molecule with trigonal planar geometry where Boron atom at the center and
Fluorides are peripheral atoms at the corners, all in one plane. This molecular geometry molecule’s
point group is D3},. BF3 has six possible symmetry types (six vibrations) and they are represented as
follows:

Iy =1A] +1A”; +2F/ (6)

B-F stretching vibrations are totally symmetric and cannot be combined with other molecular
coordinates in or/and out of plane. A”, is the only asymmetric vibration represented in I'y.
Consequently, the out-of-plane B-F bending vibrations belonging to this type which is clearly different
and cannot be mixed with other coordinates. However, the E’ vibration has two degeneracies which
are in-plane bending B-F and asymmetric stretching vibrations with different energies and can be
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mixed partially. In the infrared (IR) spectrum, A", and E’ vibration types are active, and the other two
vibrations Ai and E’ are active in the Raman spectrum. Therefore, there are only four main vibrations

of different frequencies that can occur in the vibrational spectrum of BF3 molecule. These vibrations
are represented in Figure 1.

Figure 1. The vibrational modes of BF;.

The vibrational partition function is given by
Quib = Qi X Qi @)

where Q%% = Qgé is the vibrational partition function corresponding to the symmetric stretching mode.
b = Q?gl% X QE/F X QIE},SF is the vibrational partition function corresponding to the antisymmetric
stretching and bending modes.
Due to the anharmonicity effects, the symmetric stretching vibrational modes are dominant
comparing to the other vibrational modes [41] and in order to reduce the computational costs, we
choose the improved Tietz oscillator [43] to describe the internal symmetric stretching vibrations,

and use the harmonic oscillator for the description of the antisymmetric stretching vibration and the
bending vibration.
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The improved Tietz oscillator is given by [43] as:

ere 1 q1?
Vi) = De 1- S ®

where De is the dissociation energy, re is the equilibrium distance, r is the internuclear separation, « is
a dimensionless constant which controls the range of the interaction between atoms.

Applying the vibrational partition function given in Ref. [44] for the improved Tietz oscillator, we
formulate the vibrational partition function corresponding to the symmetric stretching mode for BF3
as follows,

Q5. (B) = %e—ﬁDes [ePACT _BACS \/f \}3 (erfi[ /BAC] —erfi[ \/BAC,]
—e 2P agrfi[ VBAQRa+Cy)] + e 2PAaerfi] VBARa+Cy)))]

where Degs is the dissociation energy of BF3 into BF and Fy, 8 = kBLT' kg is the Boltzmann’s constant, T

©)

; h2a? 1 8 b
is the temperature, A = 770, a = L2 Des (e 1), b = 3[1+ \/ 1+ 5% Des(eresr +1)2], C = & -5
_ a Vmax+1+b
and Cp = Vmaxtltb 2 °
here h is the Planck constant, ygF is the reduced mass of boron and fluoride atoms, r.pr denotes the
equilibrium B-F bond length.
The potential parameter « is given by the expression:

2 1 2 _ /2uBE
o = Tcwesy | LB 4 W(rtcwesTeBE | SBFe TEC(WesTeBE |/ Des ) (10)
es

Des  TeBF

where c is the speed of light, wes denotes the symmetric stretching vibration frequency and W is the
Lambert function, which satisfies x = W(x)eW®) [45].
q is a dimensionless constant given by [46]

& |2upF ar
_ _ 11
q=( rrcwes |/ Des 1e (11)

When q = =1, the Tietz oscillator turns to improved Rosen-Morse potential and improved
Manning-Rosen potential respectively.
Vmax denotes the most vibrational quantum number and is given by

81ppDes (€7eBF + q)2
W22

1 1
Vmax = Int [—hl’éq \/ZVBFDeS(e2MeBF - qz) - E(l + \/1 + ) (12)
where Int stands for the integer part function. The imaginary error function, denoted erfi, is defined as
[47]

erfi(z) = —ierf(iz) = \/ZE /O "2t (13)

where erf denotes the error function, which is a special function of sigmoid shape.

We use the harmonic oscillator to describe the antisymmetric stretching and bending vibrations
of the BF; molecule. The vibrational partition function corresponding to these three vibration modes is
expressed as follows,

- ( ehcwea /2T > 2 ( ehcwe /2T ) 2 ehcwec /2T
X

vib = ehcwea /T _ 1 ehcwe, /T _ 1 x ehcwec /T _ 1 (14)
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where wea, wel, and wec represent the antisymmetric stretching vibrational and bending vibrational
frequencies for the BF3 molecule.

We made two simplifications in this model which are the intermolecular interactions are
considered to be very weak and not taking into account and the second one is using the treatment of
the rigid rotors of diatomic molecules. By minimizing computation costs and keeping the accuracy
requirements in engineering applications, we do not take into account the effects of the nuclear spin of
protons and centrifugal distortion in the treatment of rotation. It follows that the translational and
rotational partition functions for BF3 molecule can be represented as [48]:

3

27TmBF3kBT jk]_?,T

Qu(T) = (hz T (15)
where mgg, denotes the molecular mass of BF3 and P is the atmospheric pressure.

1

5 (enene)
TN=-"——=—"—" 16
Qrot( ) 2 7 ®r,x®r,y®r,z ( )
O = #1:31» (i = x, y, z) denote three rotational characteristic temperatures. Ix = Iy =

ZmFrgBF sinz(%), and I, = ZmprgBF sin?(6) represent the rotational moments of inertia for the BF;
molecule around three main axes where 6 is the bond angle FBE. 5 = 6, is the number of symmetry
types for the BF; molecule.

The total partition function for BFj3 is readily written as

Q(T) = Qtr X Qpot X Quip X Qg1 X Q‘S,?b X Q‘a,?b
_ kBJﬁ (ZﬂmBF3kBT> % < T3 )%( ewaea/ZT )2

P2y h? OrxOry®r, ) \ehwea/T_1
ehcwe, /2T 2 ehcwec /2T 17)
ehcwe, /T _ 1 ehcwec /T _q

%e_ﬁDes [eﬁAC% _ePAG \/f %(erﬁ[ﬂCﬂ —erfi[\/BAC,]
—e2PNerfi[\/BA(2a + C1)] + e 2PMerfi[ \/BA(2a + Cy)])]

The values of the boron trifluoride partition function can be determined from analytical
expressions (17) by inputting the experimental values of Des, Tepp, Wes, Wea, Wep, and wec. The
partition function of boron trifluoride are the functions of pressure, temperature and several molecular
constants, and do not depend on a large quantity of calorimetric data or theoretical and experimental
spectroscopy data.

Applying the following basic thermodynamic relationship, we can obtain the expressions of the
molar entropy, the molar enthalpy, the molar Gibbs free energy and the isobaric specific heat

oL
S = KgLnQ + KT (,;Q (18)
G-= TRV(aLnQ) ~(RTLnQ +1) (19)
3 5 (dLnQ JLnQ
H=kgT ( - >V+kBTV< = )T (20)
9%LnQ

Cp = ﬁW (21)
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where V is the spatial volume and R is the molar gas constant.

The final expressions 18, 19, 20 and 21 do not contain any adjustable coefficient determined from
fitting experimental spectroscopic or calorimetric data points, and only involve direct input of few
physical constants which can be very easily found in literature.

3. Application

In this section, to evaluate the efficiencies of the proposed models for thermodynamic properties
predictions of boron trifluoride, the calculated values are compared with the JANAF data [21] and
MHEG data [20].

MHEG tabulates the reduced Gibbs free energy, G; = (Gt —Hy)/T every 100 K from 100 to 6000
K. JANAF gives the value of Hy — Hygg and tabulates -G —Hjgg)/T on the same temperature grid.
Gt and Hr are, respectively, the Gibb’s energy and the enthalpy at temperature T. The dissociation
energy, B-F bond equilibrium length and vibrational frequencies of boron trifluoride are taken from
literature [ref2]: Des = 64700 cm™, reop; = 1.307 A, wes = 888 ecm™, wea = 1453 cm™, wy, = 480 cm™!
and wegp, = 691 cm™L.

Figure 1.a illustrates the relationship between the partition function and temperature at a pressure
of 0.1 MPa for boron trifluoride, based on molecular constant values. Additionally, Figure 2.b depicts a
logarithmic plot of the same data. We observe that the partition function for BF3 increases uniformly
as the temperature increases. The polynomial fits of the partition function and its logarithmic
are represented by the dashed lines. It is important to note that using the coefficients from the
polynomial fits to compute the partition function values is not recommended because the excess
rounding introduces errors.

45 T T T T T T T T T T T T 50 — T T | — T T — T T T P
4 0_' « Partition Function a) ] 45 « Logarithm Q b) i
’ - - Polynomial Fit ¢ - - Polynomial Fit J
35 e 40 ] ]
—~ 1 354 .
%, 304 T_ ] -~
E ] 30 . B
c 254 1 .®
g ] ¢ | Qo5 o .
g 204 A - ~
. ! = 20 i 4
& 154 [ - 1 -
% ] P 15 | . §
1 v
© 104 » i
S 10 d 10 ! )
. 1 ‘
’
05 — Fd B 5 ‘ 4
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Figure 2.

Figure 3 presents a graphical summary of the predicted values for the molar entropy, the molar
enthalpy, the reduced Gibbs energy, and the isobaric specific heat for BF; molecules, alongside the
NIST data and MHEG data. Upon inspection of Figure 3, it is clear that the predicted values for BF3
are in excellent agreement with the NIST data and MHEG data.
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Figure 3. Temperature variation of the thermodynamic properties of BF3 for molar entropy (a), molar

enthalpy (b), reduced Gibbs energy (c) and isobaric specific heat (d).

In Figure 4, the percentage deviations between the NIST values and the corresponding values
predicted by the proposed model are displayed, along with the percentage deviations between the
MHEG values and the calculated values. It is clear that the predicted values for BF; align exceptionally
well with the experimental data over a wide temperature range. The proposed prediction model for
BF3 demonstrates a satisfactory accuracy, exhibiting an average relative deviation of 0.088 %, 0.088
%, 0.088 %, and 0.088 % for the molar entropy, the molar enthalpy, the reduced Gibbs free energy,
and the specific heat, respectively, at a pressure of 0.1 MPa and in the temperature range of 100 K
to 6000 K. However, Figure 4 also highlights that the present prediction models are inadequate in
accurately predicting the thermodynamic properties of BF3 at lower temperatures. This shortcoming is
attributed to the use of classical partition function for the vibrational partition function, which neglects
quantum corrections. In the derivation of the partition function, only the lowest-order approximation
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Figure 4. Percentage deviations of the NIST data and MHEG data of BF; for molar entropy (a), molar
enthalpy (b), reduced Gibbs energy (c) and isobaric specific heat (d) from the corresponding calculated
values with respect to temperature.

4. Conclusions

In this article, based on the structure of the BF3 molecule, we proposed a simple and general model
with independent variables of temperature and pressure for the prediction of the thermodynamic
properties of BF3 molecules. The developed models require only seven experimental values of
molecular constants for BF; including the dissociation energy Des, bond length r.op, the reduced
mass g, vibration frequencies wes, Wea, Wep, and wep, Whereas conventional analytical expressions
require numerous adjustable coefficients derived from fitting numerous experimental spectroscopic or
calorimetric data.

Comparison of the predicted values with NIST and MHEG data confirms that the developed analytical
representations of molar entropy, molar enthalpy, reduced Gibbs energy, and isobaric specific heat for
BF; are applicable in scientific research and engineering applications.
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