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N

Abstract: Let X' be a Banach space. Let {7}i_ | {wi}iL; C XA and {fj}?:l, {srtl, <
X satisfy |f](T])| > 1foralll < j < n, |g(wg) > 1foralll < k < m. If
x € X\ {0} is such that x = 60:0px = 0y 0x, then we show that [0rx]of5x]o

\Y

+ +
[l—(lf?fXIo—l) L max fj(Tr):| |:1_(|9gx|0_1) ng(ws)l}

Sjr<nj#r
(o max, Ul (_ max,  Isi()])
Kuppinger-Durisi-Bolcskei Uncertainty Principle. Inequality (1) improves the uncertainty principle
obtained by Kuppinger, Durisi and Bolcskei [IEEE Trans. Inform. Theory (2012)] (which improved
the Donoho-Stark-Elad-Bruckstein uncertainty principle [SIAM ]. Appl. Math. (1989), IEEE Trans.
Inform. Theory (2002)]). We also derive functional form of the uncertainity principle obtained by
Studer, Kuppinger, Pope and Bolcskei [EEE Trans. Inform. Theory (2012)].

max
1<k,s<m,k#s

. (1) We call Inequality (1) as Functional
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1. Introduction

Let™: C¢ — C* be the Fourier transform. For i € C¢, let ||l1||o be the number of nonzero entries in
h. It is correct to say that the progress of today’s world is not possible without the following result of
Donoho and Stark [3].

Theorem 1.1 ([3] Donoho-Stark Uncertainty Principle). For everyd € N,

~ 2
o + || -
<||||02||||0> > [[Blollfllo > d,  ¥h € T\ {0}, @

Given a collection { Tj};l:l in a finite dimensional Hilbert space H over K (R or C), we define
Oc: " > h e bchi= ((h, 1)), € K"

Elad and Bruckstein generalized Inequality (2) to pairs of orthonormal bases [4].

Theorem 1.2 ([4] Elad-Bruckstein Uncertainty Principle). Let {Tj};?:l, {wj};?zl be two orthonormal bases
for a finite dimensional Hilbert space H. Then

<||9rh||0 + [16w/lo

2
N> Yountolianlo =

5, VheH\{0}.
| max, (T, wi)|

Fora € R, seta™ := max{0, a}. Kuppinger, Durisi and Bélcskei showed that Theorem 1.2 can be
improved to unit norm vectors [12].

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202401.0389.v1
http://creativecommons.org/licenses/by/4.0/

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 4 January 2024 do0i:10.20944/preprints202401.0389.v1

2 0f9

Theorem 1.3 ([12] Kuppinger-Durisi-Bolcskei Uncertainty Principle). Let {7; 1 {wi b, be two
collections of unit vectors in a finite dimensional Hilbert space H. If h € H \ {0} is such that

then
+ +
1 (|0chflo 1) max |<m>@ [1—(||9wh||0—1) max  |(wp ws)|
1<j,r<n,j#r 1<k, s<mk+#s
18 llol16hlo >

2
max T, w
1<j<n,1<k<m | x|
Let 0 < & < 1. Recall that [3] a vector (‘1]‘)}1:1 € K" is said to be e-concentrated on a subset
M C{1,...,n} wrt. 1-norm if

n n
Yolajl > (M=) ) laj| <= e) lajl = ) lajl.
=1 j=1

jeM jeMe

Theorem 1.3 has been improved by Studer, Kuppinger, Pope and Bolcskei [17]. In the following
theorem and in rest of the paper, given a subset M C N, the number of elements in M is denoted by
o(M).

Theorem 1.4 ([17] Studer-Kuppinger-Pope-Bolcskei Uncertainty Principle). Let {7; =1 {wi}i, be
two collections of unit vectors in a finite dimensional Hilbert space H. Let h € H \ {0} be such that

h = 0:6:h = 6;,0,,h.
If 01 is e-concentrated on a subset M C {1, ...,n} w.r.t. 1-norm and 0,h is 6-concentrated on a subset
N C{1,...,n} wrt. 1-norm, then

+

+
Tme o)~ 1+ _max [(5m)l| |1-0- ()~ 1+8) _max [(aw,w

o(M)o(N) > \(Tj,wkﬂz

When ¢ = 0, Theorem 1.4 reduces to Theorem 1.3. In this paper, we derive both finite and infinite
dimensional Banach space versions of Theorems 1.3 and 1.4. It is reasonable to note that Theorem 1.2
has been improved using Parseval frames for Hilbert spaces by Ricaud and Torrésani [16] and later
extended to Banach spaces in the paper [10]. Most important thing to keep in mind is that uncertainty
principle derived in [16] is for Parseval frames (which says vectors have norm less than or equal to
one) which is not required in Theorem 1.3 (but with the condition that vectors are unit vectors). Also
note that it is not required the validity of Equation (3) for all # € H (in that case, both will become
orthonormal bases).

2. Functional Kuppinger-Durisi-B6lcskei Uncertainty Principle
In the paper, K denotes C or R and & denotes a Banach space over K. Dual of X" is denoted by
X*. Given a collection {77]'};’:1 in X and a collection { fj};?:l in X* we define

Gf XD x— Qfx = (f](x))]":l S K”,

n
b7 : K" 3 (aj)i — Zaj'rj eX.
j=1

Following is the Banach space generalization of Theorem 1.3.
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Theorem 2.1 (Functional Kuppinger-Durisi-Bélcskei Uncertainty Principle). Let {7;}" Y {webl, b
two collections in a finite dimensional Banach space X and { f;}! (=Y {8kt be two collectzons in X* satzsfyzng

FEIZL V<) <n, lglw) 21, VI <k<m
If x € X\ {0} is such that
x = 005x = 0,04, 4)

then

1 Gogrlo 1) _max 5] [1- (ogrlo 1) max,
(o max_ 1fitwot) (| max  lsu())

1<j<n,1<k<m

< ls@l]

10 ¢xlol|0gxlo >

Proof. Let1 < j < n. Then using Equation (4)

‘f] | = ’f](e Gfx | = <2fr r)| f] Tr
— @A+ L AL 2 E@FI-| L 6@
r=1r#j r=1,r#j
2150 =| L A0S 2 1501~ 1505
r=1r#j r=1,r#j
Z 1) <r—l T |fr(x)|> 1<jremjtr (@)l

= |fi(x) <Z|fr ) =1£i( )I) max_|f;(7)]

1<j,r<n,j#r

= 1A = (I6pxl = [f(x)]) _max_ [fi(z)]

1<j,r<n,j#r

= <1+ max_ |f] ) )|f] |—||9fx\|1 max |f](Tr)|

1<j,r<n,j#r 1<j,r<n,j#r

On the other hand, again using Equation (4)

s o)

Ifi(x)] = |fj(Buwbgx)| = ‘
Z |8k (x) fi(wi)| < (Z |k (x |> max |fj(wy)]

1<j<n,1<k<m

'%X'hK 8 (0

Therefore we have

(1, _max ) L5 = el _max ()] < Iogxlh _ max_ [l ©

1<j,r<n,j#r 1<j<n,1<k<m
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Summing Inequality (5) on the support of 67 x we get

(14 max @) T U5 -l (_mex 1f()]) T 1<

1<), r<n,j#r jesupp(65x) Lsjrsnjzr jesupp(fyx)

||9gx||1< max |f;<wk)|> Y, 1

1<j<n,1<k<m

=/="r=0= jesupp(Gfx)
ie.,
(1, _max_ 151 ) 1ol = gl (_max 1501 ) el <
Y i 0 ,
ot (,_ max,_ 1t} I8l
ie.,

[1—<uefx|o—1> max m(n)@ Hethsnegxnl( max |ﬁ<wk>|)||efx||o.

1<jr<n,j#r 1<j<n,1<k<m

Since the right side of previous inequality is non negative, we have

i
[1—<||efx||o—1> max mm)@ ||efx||1s|9gx||1( max |f]-<wk>) 10sxlo.  (6)

1<), r<n,j#r 1<j<n1<k<m

Similarly

+
1 gl 1) _maxgetn)l| Ioexls < 10l (| max, Igu(p)l) IBexlo. @)

1<k, s<m,k#s <j<n,1<k<m

Multiplying Inequalities (6) and (7) we get

+ +
[1(||efx||01> max mm@ [1<||egx||ol> max |gk<ws)|} 105x[11 6] <

1<j,r<n, j#r 1<k,s<m, ks

||egx|1||efx||1||efx||o||egx|o( max m<wk>|)( max |gk<r,»>|).

1<j<n1<k<m 1<j<n,1<k<m
A cancellation of [|0rx||1|0gx[|1 gives the required inequality. [
Next we derive Banach space version of Theorem 1.4.

n

Theorem 2.2 (Functional Studer-Kuppinger-Pope-Bo6lcskei Uncertainty Principle). Let {Tj}jzl,
{wr iy be two collections in a finite dimensional Banach space X and { f; };7:1, {8k} be two collections in
X" satisfying
FE 21 VI<j<n, Igdwdl =1, V1 <k<m. ®)
Let x € X \ {0} be such that

x = 0:0px = Oy bqx. 9)
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If O¢x is e-concentrated on a subset M C {1,...,n} w.r.t. 1-norm and Ogx is 6-concentrated on a subset
N C{1,...,n} wrt. 1-norm, then

+ +
{1757(0(1\/1)71%) max |fj(Tr)q {17(57(0(1\1)71”) max  |g(ws)]

1<jr<n,j#r 1<k,s<m,k+#s

(1S]Sn,1§k§m fjlw ")‘) (1< max _18k(7 )I)

o(M)o(N) =

. (10

Proof. We start by using Equation (5). Let 1 < j < n. Then

(1+ max |f(%) )m<x>r—|efx||1 max|f(e)] < [0l max_ [f@)l (D

1<j,r<n,j#r 1<j<n,1<k<m

Summing Inequality (11) on the support of M we get

(1+ max_|fi(% >Z |fj(x |—||9fx||1( max |fj(%) )Z

1<j r<n,j#r jem 1<j,r<n,j#r M

||egx||1( max m(wm) Y1

1<j<n,1<k<m jeM

ie.,

(14, max If(w) )Z\f] ) = gl (_max_ 1)1} o) <

1<j,r<n, j#r 1<jr<n, j#r

TR ( max |f]-<wk>|) o(M). 12)

1<j<n,1<k<m
Since 6x is e-concentrated on M we are given with
Yo Ifi(x)] > (1—¢) Z|f] (13)
jEM

Using Inequality (13) in Inequality (12) we get

(1+, max_ 15w 1—6)Z|f] 91— logxls (_max 15wl ) o) <

1<j,r<n, j#r r<n,jtr

(1, max_ 15w )Z\f, )= legrlh _max 15wl ) o) <

jEM

ie.,

(1+ max Ifj(rr>|> <1—e>||efx||1—||efx||1( max If,(rr)l)( ) <

1<jr<n,j#r

fogxts (_ max_ Ifwnl ) o(a)

ie.,

[1—e—<o<M>—1+e> max |f,»<rr>|] ||9fx|1s||egx||1( max m(wkn)o(M).

1<j,r<n,j#r 1<j<n1<k<m
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Since the right side of previous inequality is non negative, we have

K
[1—e—<o<M>—1+e> max |fj<rr>|] ||efx||1s||egx|1( max m<wk>|)o<M>. 19)

1<j,r<n,j#r 1<j<n,1<k<m

Similarly

X
[1—5—<0<N>—1+5> max |gk<ws>|] ||egx||1s||efx||1( max |gk<rj>|)o<N>. 15)

1<k,s<m, ks 1<j<n,1<k<m

Multiplying Inequalities (14) and (15) we get

+
1651110l <

.
1=e= (o ~1+0) _max #|f,-<rr>|} [1—5—<0<N>—1+ 6) max, [gilwr)

By canceling ||0x|[1|fgx[|1 we get the inequality in the statement of theorem. [

Note that 0;x (resp. 6gx) is O-supported on supp(6sx) (resp. supp(fyx)). Hence Theorem 2.1
follows from Theorem 2.2.

Corollary 2.3. Theorem 1.4 follows from Theorem 2.2.

Proof. Given two collections {7}/, {wi}L; of unit vectors in a finite dimensional Hilbert space #,
by defining

firHohe= (b7 €K, V1<j<n, g:HIh—=(hw) €K, Vi<k<m

we get the result. [
Theorem 2.2 brings the following question.

Question 2.4. Given a Banach space X for which subsets M,N C N and pairs ({f;}i_1,{7}_,),
({8k iy, {wi i) satisfying (8) and (9) we have equality in Inequality (10)?

3. Infinite dimensional Functional Kuppinger-Durisi-B6lcskei Uncertainty Principle

In this section we derive infinite dimensional versions of Theorem 2.1 and Theorem 2.2. Unlike
finite dimensions, we cannot start with arbitrary infinite collection of elements in a Banach space.
Following restricted class of collection has to be used.

Definition 3.1 ([11]). Let X' be a Banach space, {T]};>o C X and {f]}00 C X*. The pair ({f]};il, {T]};’il)
is said to be a 1-approximate Bessel sequence (1-ABS) for X if followmg conditions hold.

(i) The map

O : X 3 x = 0px = {f;(x)}2; € £/(N)

is a well-defined bounded linear operator.
(ii) The map

0. : (1(N) > {a}2 = Y ameX
=1

is a well-defined bounded linear operator.
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Theorem 3.2. Let ({f;}72,,{7j}52;) and ({gk}iZy, {wi}iZ) be two 1-ABS for a Banach space X' satisfying

i@ =1, VjeN, |g(wr)| =1, vk € N.
If x € X\ {0} is such that

then

+

+
(J6sllo—1) sup |f]-<rr>|] [1<||9gx||01> sup  |ge(ws)]
jreNjr k,seN ks

<$up |fj(wk)|> (sup ng(Tj)|>
jkeN jkeN

16¢xlol[65x[lo =

Proof. Letj € N. Then

£(0] = £, (0cby)| = |f (i )‘ ()fi(w)
— WA+ Y AOFm)] > f0f )] - 2 ()£ (1)
r=1r#j ,r#J
SR -] T A@f)] > f)] - i @) ()]
r=1,r#j r=1r#j
> [f(x) ( filx ),sup (%)
r=1r#j jreN,j#r

= |fi(x) <i|fr )= Ifj(x )|> sup | ()|

jreNj#r

=[5 - (l6pxls = 1)) sup ||

jreN,j#r

=<1+ sup  |fj() )!f] )| = 110511 P fi(@)].

1<jr<n, j#r jreNj#r

We also find

i) = 1fj(0uwbgx)| = (x) fj(wr)

(o)

< Z |8k (x) fi(wy) | (Z |k (x ) sup |fj(wr)]

jkeN

= [16gxl1 sup |fj(cwi)l-
jkeN

Now by doing a similar type of calculation as in the proof of Theorem 2.1 we get the result. [

do0i:10.20944/preprints202401.0389.v1
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We recall that a vector {a;}2; € ¢'(N) is said to be e-concentrated on a subset M C N w.r.t.
1-norm if

(e ) [e9)
Z |a]-| >(1—¢) 2 |a]-| — sz |a]-| > Z |a]-|.
jeM j=1 j=1 jeMe

It is a easy to see the following infinite dimensional version of Theorem 2.2.

Theorem 3.3. Let ({f; piy {7 ;‘;1) and ({8x} 1, {wk } 1oy ) be two 1-ABS for a Banach space X satisfying
Ifi(t)| =1, Vi eN, |[gr(wi)| >1, VkeN.
Let x € X\ {0} be such that
X = ()TGfx = 0 0gx.

If 0 X is e-concentrated on a subset M C N w.r.t. 1-norm and 0gx is 6-concentrated on a subset N C N
w.r.t. I-norm, then

+

+
l—e—(o(M)—1+¢) sup |f](1'r)|] {1—(5—(0(N)—1+5) sup |gx(ws)|
o(M)o(N) > jreN,j#r kseN ks

) (sup |ﬁ<wk>|> (sup |gk<~rj>|>
jkeN jkeN

The techniques used in [10] have been extended to derive continuous versions of uncertainty
principles for Banach spaces using Lebesgue function spaces [9]. However, it seems that the techniques
used in this paper cannot be extended to get continuous versions of the results derived in this paper.

We end the paper with the following two interesting and important questions.

Question 3.4. i) Can Theorem 2.2 be improved using divisors of the dimension of the space (like Roy
uncertainty principle [13,14], Murty-Whang uncertainty principle [15]). In particular, for prime
dimensional Banach spaces (like Tao uncertainty principle [18])?

(ii)  What are the versions Theorem 2.2 and the results in [10] for vector spaces over finite fields (like
Goldstein-Guralnick-Isaacs uncertainty principle [8], Evra-Kowalski-Lubotzky uncertainty principle
[5], Borello-Willems-Zini uncertainty principle [2], Feng-Hollmann-Xiang uncertainty principle [6],
Garcia-Karaali-Katz uncertainty principle [7] and Borello-Solé uncertainty principle [1])?
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