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Field: The Dirac type Equation and the Equation for
the Wave Function in Spinor Coordinate Space

Pavel Gorev

Candidate of Technical Sciences, Nizhny Novgorod, Russia; pppay7733@yahoo.com

Abstract: Physical processes are usually described using four-dimensional vector quantities -
coordinate vector, momentum vector, current vector. But at the fundamental level they are
characterized by spinors - coordinate spinors, impulse spinors, spinor wave functions. The
propagation of fields and their interaction takes place at the spinor level, and since each spinor
uniquely corresponds to a certain vector, the results of physical processes appear before us in vector
form. For example, the relativistic Schrodinger equation and the Dirac equation are formulated by
means of coordinate vectors, momentum vectors and quantum operators corresponding to them. In
the Schrodinger equation the wave function is represented by a single complex quantity, in the Dirac
equation a step forward is taken and the wave function is a spinor with complex components, but
still coordinates and momentum are vectors. For a closed description of nature using only spinor
quantities, it is necessary to have an equation similar to the Dirac equation in which momentum,
coordinates and operators are spinors. It is such an equation that is presented in this paper. Using
the example of the interaction between an electron and an electromagnetic field, we can see that the
spinor equation contains more detailed information about the interaction than the vector equations.
This is not new for quantum mechanics, since it describes interactions using complex wave
functions, which cannot be observed directly, and only when measured goes to probabilities in the
form of squares of the moduli of the wave functions. In the same way spinor quantities are not
observable, but they completely determine observable vectors. In Section 2 of the paper, we analyze
the quadratic form for an arbitrary four-component complex vector based on Pauli matrices. The
form is invariant with respect to Lorentz transformations including any rotations and boosts. The
invariance of the form allows us to construct on its basis an equation for a free particle combining
the properties of the relativistic wave equation and the Dirac equation. For an electron in the
presence of an electromagnetic potential it is shown that taking into account the commutation
relations between the momentum and coordinate components allows us to obtain from this equation
the known results describing the interactions of the electron spin with the electric and magnetic
field. In section 3 of the paper this quadratic form is expressed through momentum spinors, which
makes it possible to obtain an equation for the spinor wave function in spinor coordinate space by
replacing the momentum spinor components by partial derivative operators on the corresponding
coordinate spinor component. At the end of the paper the question on a possibility of second
quantization of the electron field in the spinor coordinate space is touch upon. The statement that
the electron and positron have the same, and exactly positive energy, and have opposite signs of
charge and opposite signs of mass is also justified. Accordingly, in the process of annihilation their
total energy, momentum, charge and mass do not change. It is shown that if we take as an axiom
the conservation at interaction of the total mass of the system of particles taking into account its
sign, then it is possible to explain the difference between bosons and fermions in the statistics to
which they obey.
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1. Introduction

Nowadays, the interest to study applications of the Dirac equation to different situations and to
find out the conditions of its generalization is not weakening. In particular, in [1] new versions of an
extended Dirac equation and the associated Clifford algebra are presented. In [2] a study of the
Schrodinger-Dirac covariant equation in the presence of gravity, where the non-commuting gamma
matrices become space-time-dependent, is carried out. In [3] an idea is discussed that the visible
properties of the electron, including rest mass and magnetic moment, are determined by a massless
charge spinning at light speed within a Compton domain. In [4] some aspects of conformal rescaling
in detail are explored and the role of the "quantum" potential is discussed as a natural consequence
of non-inertial motion and is not exclusive to the quantum domain. Author establishes the
fundamental importance of conformal symmetry, in which rescaling of the rest mass plays a vital
role. Thus, the basis for a radically new theory of quantum phenomena based on the process of mass-
energy flow is proposed. In [5] author have derived the covariant fourth-order/one-function
equivalent of the Dirac equation for the general case of an arbitrary set of y-matrices.

Supporting these search aspirations, in our work we propose a deeper understanding of the
Dirac equation with an emphasis on the direct use of the principles of symmetry and invariance to
Lorentz transformations. For the first time we present a formulation of the Dirac and Schrédinger
equations in spinor coordinate space.

2. Generalized Dirac type equation

Let us introduce notations, which will be used further on. The speed of light and the rationalized
Planck’s constant will be considered as unity.
Pauli matrices

wn=(p 1) 2= o == ) == 2

Matrices constructed from Pauli matrices
020 @) =0 o) =0 o) »=(C o)
A vector of matrices
ST = (5,52, 53)
A set of arbitrary complex numbers and a vector of its three components
XT = (X, Xy, Xo, X3)
X" = (X3, X5, X3)

Let us define a 2x2 matrix of Lorentz transformations given by the set of real rotation angles
(a1, @, a3) and boosts (By, B2, B3)

n = exp (— % i(xlal) exp (%[)’101) exp (— % i(xzaz) exp <%,8202) exp (—%ia3a3> exp (%B3a3>
and a similar 4x4 transformation matrix
N =exp (— l ialSl) exp (lﬁlSl) exp <— 1 iaZSZ) exp (lﬁzSz) exp <— 1 ia353> exp (l[)’353)
2 2 2 2 2 2
We also define a 4x4 matrix of Lorentz transformations A, where u and v take values 0,1,2,3
AL = %TF[O'#TLO'VTLT]

which can also be written explicitly using the 4x4 matrices of turn generators (Ry, R, R3) and boosts
(K1, K2, K3)

A = exp(a;R,)exp(B,Ki)exp(azR;)exp(B,K;)exp(asRs)exp(B3K3)
Let's define a 4x4 matrix
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M2 = (SOXO - S]_Xl - 52X2 - 53X3)(50X0 + Sle + SZXZ + S3X3) = (50X0 - STX)(SoXO + STX)
= 50X050X0 - 51X151X1 - 52X252X2 - S3X3S3X3 + SOX0(51X1 + SzXz + S3X3)
— 51X1(SoXo + S2 Xz + S3X3) = 52X5(SoXo + S1X1 + S3X3) — S3X3(SoXo + S1X1 + $2X)

In fact, we consider a quaternion with complex coefficients, which we multiply by its conjugate
quaternion (due to the complexity of the coefficients, these are biquaternions, but we still use
quaternionic conjugation, without complex conjugation).

Let us subject the set of complex numbers to the Lorentz transformation

X' =A%

Let us write a relation whose validity for an arbitrary set of complex numbers can be checked

directly
(SoXo' = S$1X1" = S2Xp" — S3X3 ) (SoXo' + S1X1" + S2X," + S3X3")
= (SoXo — $1X1 — $2X5 — S3X3)(SoXo + S1X1 + S2X5 + S3X3)

The matrix M? in the simplest case is diagonal with equal complex elements on the diagonal
equal to the square of the length of the vector X in the metric of Minkowski space, which we denote
m?. Both M? and m? do not change under any rotations and boosts, in physical applications the
invariance of m? is usually used, in particular, for the four-component momentum vector this
quantity is called the square of mass.

Since the matrices S anticommutate with each other, for a vector ¥ whose components
commute with each other, we have just the simplest case with a diagonal matrix with m? on the
diagonal. But if the components of vector ¥ do not commute, the matrix M? already has a more
complex structure and carries additional physical information compared to m?. For example, the
vector ¥ may include the electron momentum vector and the electromagnetic potential vector. The
four-component potential vector is a function of the four-dimensional coordinates of Minkowski
space. The components of the four-component momentum do not commute with the components of
the coordinate vector, respectively, and the coordinate function does not commute with the
momentum components, and their commutator is expressed through the partial derivative of this
function by the corresponding coordinate. If the components of the vector ¥ do not commute, the
matrix M? will no longer be invariant with respect to Lorentz transformations.

Suppose that the complex numbers we consider commute with all matrices, and note that the
squares of all matrices are equal to the unit 4x4 matrix I
M2 = (X()XO - X1X1 - X2X2 - X3X3)I + (51X0X1 + SZXOXZ + S3XOX3)

- (51X1X0 + 5152X1X2 + 5153X1X3) - (52X2X0 + 5251X2X1 + 5253X2X3)

— (S3X3Xo + S35 X3X1 + 535,X3X,)

= (XoXo — X1X1 — X5X; — X3 X3)I + $1(Xo X1 — X1X) + 5, (XoX, — X5Xp) + 53(XoX3

— X3X0) = ($182X1X; + 5183X1X3) — (S251X,X1 + $283X,X3) — (S35:1X3X1 + $35,X3X5)
= (XoXo = X1 X1 = XoX; — X3X3)I + 51 (Xo Xy — X1Xo) + S2(XoX, — X2Xo) + S3(XoX3

— X3X0) — ($182X1X; + 5,51 X,X1) — (S253X2X3 + 535, X3X5) — (S351X3X1 + 5153X1X3)
= (XoXo = X1X1 = X5X; — X3X3)I + S1(Xo X1 — X1Xo) + 52 (XoXz — X2Xp) + S3(XoX3

= X3X0) = (5152X:1X; + 5;51 X1 X7 + 5,5 (XX, — X1X2))

— (S253X2X3 + 535, X, X3 + 535, (X3X; — X,X3))

— (8351 X3X1 + $153X3X; + $183(X1 X3 — X3X,))

Taking into account anticommutative properties of matrices and expressions for their pairwise

products we obtain

M? = (XoXo — X1X1 — X2 Xz — X3X3)I + S; (XoX1 — X1Xo) + S2(XoX2 — X2Xo) + S3(XoX5 —
X3Xo) — 5251(X2 X1 — X1X3) — S35, (X5Xz — XpX3) — 5153(X1 X3 — X3X1) = (XoXo — X1 Xy — XpX; —
X3X3)I + $1(XoX1 — X1Xo) + S, (Xo X, — X5 Xo) + S3(XoX3 — X3Xp) + iS3(X2 Xy — X1 Xp) + i85; (X3X, —
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XX3) + iS,(X1X3 — X3X1) = (XoXo — X1X1 — Xo2Xp — X3X3)[ + S1(XoX1 — X1Xo) + 151 (X3X, — X X3) +
Sr(Xo Xz — XoXo) + 1S, (X1 X5 — X3X71) + S3(XoX3 — X3Xp) + iS3(X X1 — X1X3)

Consider the case when ¥ is the sum of the momentum vector and the electromagnetic
potential vector, which is a function of coordinates

X=P+A
BT = (Py, Py, Py, P3)
AT = (Ay, A1, Az A3)
T'= (P, Py, P3)
AT = (A1, Az A3)

M? = I[(Py + Ag) (P + Ag) — (P + A1) (Py + Ay) — (P, + A3) (P, + A3) — (P + A3) (P + A3)] +
S1[(Po +A40)(Py + A1) — (Py + A1) (Po + Ag)] + iS1[(P3 + A3) (P2 + Ay) — (P2 + A5)(Ps + 43)] +
S2[(Po +Ap) (P2 + Ay) — (Pr + A2)(Po + Ag)] + 1S,[(Py + A)(Ps + A3) — (P3 + A3)(Py + 41)] +
S3[(Py + Ag)(P3 + A3) — (P3 + A3)(Py + Ag)] + iS3[(Py + A2)(Py + A1) — (Pr + A (Py + 4y)]

For now, we'll stick with the Heisenberg approach, that is, we will consider the components of
the momentum vector Py, Py, P,, P; as operators for which there are commutation relations with
coordinates or coordinate functions such as A4y, 4;, A, 3. In this approach, the operators do not have
to act on any wave function.

Taking into account the commutation relations of the components of the momentum vector and

the coordinate vector, the commutator of the momentum component and the coordinate function is
expressed through the derivative of this function by the corresponding coordinate, e.g.

0A 0A
[Py + A)(Py + Ay) = (Py + A)(Py + A)] = Pody = AP, = (Puddy = AgPy) = —i oL — (=i 5%)

2 1
As a result, we obtain

M? = I[(Py + Ag)(Po + Ag) — (Py + A)(Py + Ar) — (P, + A;) (P, + Az) — (P + A3)(Ps + A3)] +

_ ;941 ;940 _5ﬁ ; 943 _ ;942 , ;94 _3A3 j 24 _ ;943 | ;940
Sl[ i +lax1]+l51[ i +i ax2]+52[ lax0+lax2 -I-lSZ[ i ax3]+53[ i +lax3]+
.0A .0A
153[ 1+ _2]:I[(P0+A0)(P0+A0)_(P1+A1)(P1+A1)_(P2+A2)(P2+A2)_(P3+A3)(P3+
O e B e B e R L PR L
3 o1 0x4q 1 Ox3 0x;, dxg dxy 0xq Ox3 0xg dx3 0x,

0A

B_xj] = I[(Po + Ap)(Po + Ag) — (Py + A (Py + Ay) — (P, + Ap)(P, + Ay) — (P3 + A3)(Ps + 43)] —
iS1Foq + S1F3, — iS,Fg, + S3Fy3 — iS3Fg3 + S3Fpy = I[(Py + Ag)(Py + Ag) — (Py + A))(Py + Ay) — (P, +
AZ)(PZ + Az) - (P3 + A3)(P3 + A3)] - lSlEx + S]_Bx - iSzEy + Ssz - iS3EZ + S3BZ

where

As a result, we have the expression
M? = I[(Py + Ao)(Po + Ag) = (PL + A))(Pr + Ay) = (P + A5) (P, + Ag) — (Ps + A3)(Ps + Ag)] +
STB — iSTE
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BT = (B,, By, B,) = (By, By, Bs)
E' = (Ex, By, E,) = (Ev By, Es)
Similarly, it can be shown that
(SoPo = S1Py — $yP; = S3P3)(SoAg + S14;1 + 24, + S343)
+ (Sodo — S141 — S, A, — S343)(SoPy + S1Py + S, P, + S3P3)
= 21(PyAy — P,A, — PyA, — P3A3) + STB — iSTE
The matrix
M? — {STB — iSTE} = I{(Py + Ao)(P + Ag) — (P + A1) (P + A1) — (P, + A) (P, + A3) — (P3 +
A3)(Ps + A3)} = 1d?
does not change under Lorentz transformations involving any rotations and boosts.
1d? = (So(Po + Ao) = S1(P + A) = Sp(Py + Az) = S3(Ps + 43)) (So(Po + Ao) + $1(P1 + A1)
+S,(P + A3) + S3(P; + A3)) — {S"B — iSTE}
= (So(Py + Ag) = ST(P + A))(So(Py + 4p) + ST(P + A)) — {S"B — iS"E}
Taking into account the electron charge we have
X=P—eA
1d? = (Sy(Py — eAg) — ST(P — eA))(So(Py — eAy) + ST(P — eA)) + e{STB — iSTE}
Let us summarize our consideration. There is a correlation
1d? = M? + e{STB — iSTE}
where
M? = (Sy(Py — eAg) — ST(P — eA)) (S, (P, — e4,) + ST(P — eA))
I1d? = I{(P, — eAo)? — (Py — eA1)? — (P, — eAy)? — (P3 — eA3)?}
= I[(Py — eAo)(Py — eAo) — (P, — eAy)(Py — eA;) — (P, — eAy) (P, — e4y)
— (P; — eA3)(P; — eA3)] = I[(Py — eAg)(Py — eAp) — (P — eA)"(P — eA)]
= I{(P, — eAy)* — (P — eA)?}
Let's analyze the obtained equality
M? = 1d? — e{STB — iSTE}
Note that the quantity d? is invariant to the Lorentz transformations irrespective of whether
the momentum and field components commute or not. To solve this equation, we have to make

additional simplifications. For example, to arrive at an equation similar to the Dirac equation, we
must equate M? with the matrix Im?, where m? is the square of the mass of a free electron. Then

Im? = Id? — e{STB — iS"E}
1d* —Im? — e{STB — iSTE} = 0
(P, — er)Z —(P—eA)?}— Im?—e{STB—iSTE} =0
With this substitution the generalized equation almost coincides with the equation [6, formula

(43.25)], the difference is that there is a plus sign before eSTB, and instead of iSTE there is ia”E, in
which the matrices a have the following form

of = (g, 2z, 23)

0 o 0 oy 0 o5
a1=<01 0) dz=(02 0) a3=<03 0)

A similar equation is given by Dirac in [7, Para. 76, Equation 24]; he does not use the matrices
o, only the matrices S, but the signs of the contributions of the magnetic and electric fields are the
same.

Along with the original form

M? = (So(Py — eAy) — ST(P — eA))(So (P, — eAg) + ST(P —eA)) = d? — ef{STB — iSTE}

it is possible to consider the form with a different order of the factors. It can be shown that this leads
to a change in the sign of the electric field contribution


https://doi.org/10.20944/preprints202401.1032.v2

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 29 January 2024 doi:10.20944/preprints202401.1032.v2

M? = (So(Py — eAg) + ST(P — eA))(So(Py — edy) — ST(P — eA)) = d? — e{SB + iS"E}

Since Id? unlike M?, isinvariant to Lorentz transformations, it would be logical to replace it by
Im?. At least both these matrices are diagonal, and in the case of a weak field their diagonal elements
are close. Nevertheless, the approach based on the Dirac equation leads to solutions consistent with
experiment.

The matrix M? in the general case has complex elements and is not diagonal, and in the Dirac
equations instead of it is substituted the product of the unit matrix by the square of mass m?, the
physical meaning of such a substitution is not obvious. Apparently it is implied that it is the square
of the mass of a free electron. But the square of the length of the sum of the lengths of the electron
momentum vectors and the electromagnetic potential vector is not equal to the sum of the squares of
the lengths of these vectors, that is, it is not equal to the square of the mass of the electron, even if the
square of the length of the potential vector were zero. But, for example, in the case of an electrostatic
central field, even the square of the length of one potential vector is not equal to zero. Therefore, it is
difficult to find a logical justification for using the mass of a free electron in the Dirac equation in the
presence of an electromagnetic field. After all, mass is simply the length of a momentum vector, but
the concept of a momentum vector, and hence of mass, can be applied only for a free particle.
Similarly, energy is the zero component of the momentum vector and the concept of energy can only
be strictly defined for a free particle. Due to the noted differences, the solutions of the generalized
equation can differ from the solutions arising from the Dirac equation.

In the case when there is a constant magnetic field directed along the z-axis, we can write down

1 1
Ay=0 Ay=-2Byx, Ay =5By; A;=0
(SoPy)? — M% — (P — eA)T(P — eA)] — eS3B; = 0
(SoPo)? = M? — (Py — eA;)(Py — eA)] — (P, — eA;)(P, — eAy) — eS3B; = 0

2 _ w2 _Dp21_D2]_p2_ 2 _p2_ 2 l _ _
(SoPo) M Py"l — P3" — Py (edy) P, (edy) +9233(x1P2 X2Py + %, P, — x,Py)

- 65333 = O
Py%l — M? — Pyl — P;2I — P,%I — (eA;)?] — P,*I — (eA,)?I + eB3(xy P, — x,P)] — eS3B; = 0
L;+1 0 0 0
0 ILy—1 0 0
2 2 2 3 _
I(—=P,% = P,* — Py* — (eA,)? — (eA,)?) — M? — eBs 0 0 Li+1 0 =0

Here (x; P, — x,P;) = Lz. Only when the field is directed along the z-axis, the matrix M? is diagonal
and real because the third Pauli matrix is diagonal and real. And if the field is weak, M? can be
approximated by the m?I matrix. This is probably why it is customary to illustrate the interaction of
electron spin with the magnetic field by choosing its direction along the z-axis. In any other direction
M? is not only non-diagonal, but also complex, so that it is difficult to justify the use of m?!.

When the influence of the electromagnetic field was taken into account, no specific
characteristics of the electron were used. When deriving a similar result using the Dirac equation, it
is assumed that since the electron equation is used, the result is specific to the electron. In our case
Pauli matrices and commutation relations are used, apparently these two assumptions or only one of
them characterize the properties of the electron, distinguishing it from other particles with non-zero
masses.

The proposed equation echoes the Dirac equation, at least from it one can obtain the same
formulas for the interaction of spin and electromagnetic field as with the Dirac equation, and in the
absence of a field the proposed equation is invariant to the Lorentz transformations. In contrast, to
prove the invariance of the Dirac equation even in the absence of a field, the infinitesimal Lorentz
transformations are used, but the invariance at finite angles of rotations and boosts is not
demonstrated. The proof of invariance of the Dirac equation is based on the claim that a combination
of rotations at finite angles can be represented as a combination of infinitesimal rotations. But this is
true only for rotations around one axis, and if there are at least two axes, this statement is not true
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because of non-commutability of Pauli matrices, which are generators of rotations, so that the
exponent of the sum is not equal to the product of exponents if the sum includes generators of
rotations around different axes.

A test case for any theory is the model of the central electrostatic field used in the description of
the hydrogen atom, in which the components of the vector potential are zero

(So(Py — eAg) — STP)(Sy (P, — eAg) + STP) = I[(Py — eAg)? — P> — P> — P3?| + ieSTE
If again we equate the left part with Im?, we obtain
I[(Py — eAg)? — P,* — P> — P3*] — Im? + ieSTE = 0
I[(Py — eAy)? — P> — P> — P3* — m?| —ie (51% + 523—’: + 55 3—‘:’) =0

Introducing the notations (g = @ () = Q/r, Py = E, 7 = 1//x; 2 + x, 2 + x5 %), we obtain

eQ\* 2 2 2 2 . dp(r) dp(r) do(r) _
I[(E r) P, —P," =P m ie| S, x, +S, o, + 83 % =0

2
e e
1[(5—7(‘2) —P?—P?—P%— mz] + ir—g(slx1 + 5%, +S3x3) =0

If we substitute operators acting on the wave function instead of momentum components into
the generalized equation, we obtain a generalized analog of the relativistic Schrodinger equation, in
which the wave function has four components and changes as a spinor under Lorentz
transformations. Using the substitutions

Pp»i— Po—-i— Pp>—-i— P3o—i—
07 T Ty P79y, 2T T'ox,

the equation for the four-component wave function § before all transformations has the form
(50 (% - eAO) +ST(V— eA)) (50 (% - eAO) —sT(V - eA)> Y+ M =0
and after transformations
{(S0(Py = €40))" — (P — eA)?I — €SB + ieSTE} ¢ = My

Once again, note that the matrix M? is not diagonal and real.

All the above deductions are also valid when replacing 4x4 matrices S, by 2x2 matrices o,
since their commutative and anticommutative properties are the same. The corresponding
generalized equation is of the form

(05(Py — eAy))* — M? — (P — eA)?] — e6™B + iecTE = 0
where
o' = (0y,0,,03)
and the equation for the now two-component wave function looks like

(00 (% - eAO) +oT(V-— eA)) <00 (% - eA0> -6 (V- eA)) Y+MPy=0

In deriving his equation, Dirac [7, paragraph 74] noted that as long as we are dealing with
matrices with two rows and columns, we cannot obtain a representation of more than three
anticommuting quantities; to represent four anticommuting quantities, he turned to matrices with
four rows and columns. In our case, however, three anticommuting matrices are sufficient, so the
wave function can also be two-component. Dirac also explains that the presence of four components
results in twice as many solutions, half of which have negative energy. In the case of a two-component
wave function, however, no negative energy solutions are obtained. Particles with negative energy
in this case also exist, but they are described by the same equation in which the signs of all four
matrices S or o are reversed.

One would seem to expect similar results from other representations of the momentum operator,
e.g., [6, formula (24.15)]
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(1 0 0) 1(0 1 0) 1(0 ~i o> (1 0 o>
w={(0 1 0] wy=—=(1 0 1] w,=—=(i 0 —i] ws=(0 0 0
00 1 VZ\o 1 o VZ\o i o 00 -1

under the assumption that this representation can describe a particle with spin one. But this
expectation is not justified, since the last three matrices do not anticommutate, and therefore the
quadratic form constructed on their basis is not invariant under Lorentz transformations.

Let's see what happens to M? when we change the sign of the matrices. When changing the sign
of S, we have

M? = [=SoPo — (S P)][=SoPo + (S~ P)] = [SoPo + (S - P)][SoPo — (S P)]
swapping the places of the multipliers. The multipliers do not necessarily commute, so M? is not
invariant with respect to the change of sign of S,, which can be interpreted as a reflection in time.
The same picture of invariance absence we have at the sign change of matrices S, i.e. at spatial
reflection
M? = [SoPy + (S P)][SoPp — (S - P)]
If we change the signs of all matrices at once, we have
M? = [=SoPy + (S P)][=SoPo — (S - P)] = [SoPy — (S P)][SoPy + (S - P)]
i.e. invariance. The physical interpretation of this case can be given by taking into account the change
of signs of the matrices in equation
(—So(Py — €Ag))’ — M2 — (P — eA)2I — e(—STB) + ie(~S"E) = 0
which can be rewritten as
(So((—Py) — (—e)AO))Z —M?— (P—eA)?] — (—e)S™B + i(—e)STE=0
it can be interpreted as an equation for a particle with negative energy and positive charge, i.e. for
the positron. Thus, the generalized equation with matrices Sy, S;,S,,S3 describes a particle, and with
matrices —Sg, —S;,—S,,—S3; an antiparticle. However, in the next section of the paper another
approach is described in which we do not have to deal with negative energy, it is positive for all
particles, and the difference between particles and antiparticles consist in a different sign of their
mass. And the mass in the generally accepted sense is simply equal to its modulus.

If one consistently adheres to the Heisenberg approach and does not involve the notion of wave
function, it is not very clear how to search for solutions of the presented equations. The Schrodinger
approach with finding the eigenvalues of the M?matrix and their corresponding eigenfunctions can
help here.

{(So(Po — eAo))” — (P — eA)*I — eS™B + ieSTE} s = M2y

In the left-hand side are the operators acting on the wave function, and in the right-hand side is
a constant matrix on which the wave function is simply multiplied. This equality must be satisfied
for all values of the four-dimensional coordinates (¢, x;,x,,x3) atonce. Then M? isnot fixed but can
take a set of possible values, finding all these values is the goal of solving the equation.

Thus, we have arrived at an equation containing a matrix M? which is non-diagonal, complex
and in general depends on the coordinates (t,xy, x,, x3). After the standard procedure of separating
the time and space variables, we can go to a stationary equation in which there will be no time
dependence, but the dependence the matrix M? on the coordinates will remain. It is possible to
ignore the dependence of M? on the coordinates and its non-diagonality and simply replace this
matrix by a unit matrix with a coefficient in the form of the square of the free electron mass. Then the
equation will give solutions coinciding with those of the Dirac equation. But this solution can be
considered only approximate and the question remains how far we depart from strict adherence to
the principle of invariance with respect to Lorentz transformations and how far we deviate from the
hypothetical true solution, which is fully consistent with this principle. To find this solution, we need
to approach this equation without simplifying assumptions and look for a set of solutions, each of
which represents an eigenvalue matrix M? of arbitrary form and its corresponding four-component
eigenfunction.

When searching for solutions, one can try to use two equations
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<50 (% - er) +ST(V - eA)) (50 (% - er) —ST(v - eA)> Y+ Mg =0

(50 (% - er) —sT(V - eA)) <50 (% - eAO) +ST(V - eA)> Y+ MY =0

successively applying the operators with first order derivatives included in them to the
eigenfunctions already found, similarly as described in Schrodinger's work [8].

3. Equation for the spinor coordinate space

Let us return to the set of arbitrary complex numbers, for simplicity we will call it a vector
X" = (X, %,,%,,%3)
Let us consider in connection with it arbitrary four-component complex spinors
P" = (Po,P1 P2 P3)
*1T = (x1,,x1,,x1,,x15)
*2T = (¥24,%21,%2,,%23)

There is a representation of the components of the vector
1 t
X, = Exl S, %2

and there is another way to calculate them

1 t
X, = ETr[xle Sul

Further we will assume that both spinors are identical, then the vector constructed from them
PT = (P, P,, P, P3)

has real components, and we will assume that this is the electron momentum vector constructed from
the complex momentum spinor p

Consider the complex quantity

0 1 0 0\ /% X1

-1 x —x

P’ ZymX = (Po, P1, P2, P3) 0 8 8 (i x; = (o, P1, P2, P3) x30
0 0 -1 0/ \x3 —X2

= PoX1 — P1Xo T+ P2X3 — P3X;

where we introduce one more complex spinor, which in the future we will give the meaning of the
complex coordinate spinor

xT = (x9, %1, X2, X3)

and
0 1 00
_(om OY_[-1 0 0 0 _(0 1
ZMM_(O aM)‘ 0 0 0 1 ”M‘(_1 0)
0 0 -1 0

Coordinate vector of the four-dimensional Minkowski space

X" = (Xo, X1, X5, X3)
is obtained from the coordinate spinor by the same formulas

1 t
Xu =§x Sux
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1 T
Xll = ETT[XX Sll]

The quantity p’Zyux is invariant under the Lorentz transformation simultaneously applied to the
momentum and coordinate spinor, which automatically transforms both corresponding vectors as
well

’ 1 T I
Pu =§p S[l.p
P’ = AP
x' = Nx
X'y = Tr[x’x’TSu]
! 1 I-r !
X' = EX Sux
X' =4AX

This quantity does not change for any combination of turns and boosts
IT !
P’ Zumx' = P’ Eyux
Accordingly, the exponent
exp(p ZynX) = exp(poxy — p1xo + P2X3 — P3x2)
characterizes the propagation process of a plane wave in spinor space with phase invariant to Lorentz
transformations.
Let us apply the differential operator to the spinor analog of a plane wave
< a 0 a 0

0%, 0x, a_xoa_x3) exp(poX1 — P1Xo + P2X3 — P3X;)

= (Po(—p3) — (—=P1)p2) exp(PoX1 — P1Xo + P2X3 — P3Xz) =

= (p1P2 — Pop3) exp(PoX1 — P1Xo + P2X3 — P3X2)
Applying this operator at another definition of the phase gives the same eigenvalue

d 0 d 0
(a_xla_xz - a—xoa_x3) exp(poXo + P1x1 + PaXz + P3x3) = (P12 — Pob3) exp(PoXo + P1X1 + PaX; + P3X3)
that is, two different eigenfunctions correspond to this eigenvalue, but in the second case the phase
in the exponent is not invariant with respect to the Lorentz transformation, so we will use the first
definition.
Since
(Po,p1)" and (p,p3)"

are complex spinors, which, under the transformation

p=np=j g)p

is affected by the same matrix n, then the complex quantity

m = Pp1P2 — PoP3
is invariant under the action on the momentum spinor p of the transformation N. m is an
eigenvalue of the differential operator, and the plane wave is the corresponding m eigenfunction,
which is a solution of the equation

(a_xla_xz - 6—9606_x3) Y (X0, X1, X2, X3) = M (xg, Xy, X2, X3)
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Here ¥(x¢,x1,x,,%x3) denotes the complex function of complex spinor coordinates.

When substantiating the Schrodinger equation for a plane wave in four-dimensional vector
space, an assumption is made (further confirmed in the experiment) about its applicability to an
arbitrary wave function. Let us make a similar assumption about the applicability of the reduced
spinor equation to an arbitrary function of spinor coordinates, that is, we will consider this equation
as universal and valid for all physical processes.

Let us clarify that by the derivative on a complex variable from a complex function we here
understand the derivative from an arbitrary stepped complex function using the formula that is valid
at least for any integer degrees

az*
0z
In particular, this is true for the exponential function, which is an infinite power series.

It is not by chance that we denote the eigenvalue by the symbol m, because if we form the
momentum vector from the momentum spinor p included in the expression for the plane wave

= kzk1

_1s
B u - E p Sup
then for the square of its length the following equality will be satisfied
P2 — P2 — P2 — P2 = m'm = m?
That is the square of the modulus m has the sense of the square of the mass of a free particle, which
is described by a plane wave in spinor space as well as by a plane wave in vector space. For the
momentum spinor of a fermionic type particle having in the rest frame the following form
P" = (Po, P1, P1, —Po)
quantity
m = p1Pz — PoP3 = P1P1 + PoPo
is real and not equal to zero, and for the bosonic-type momentum spinor
P" = (Po, P1,Po, P1)
it is zero
™M = Pp1P2 — PoP3 = P1Po — PoP1 =0
i.e., the boson satisfies the plane wave equation in spinor space with zero eigenvalue.
For the momentum spinor of a fermion-type particle we can consider another form in the rest
system

pT = (pOJ P —DP1s %)
then the mass will be real and negative
m = p1p2 — PoP3s = —P1P1 — PoPo
This particle with negative mass can be treated as an antiparticle, and in the rest frame its energy is
equal to its mass modulo, but it is always positive

Py = %PTSOP = %(%po + P11 + (=P1)(=P1) + PoPo) = %(%po +P1P1 + P1P1 + PoPo)

To describe the behavior of an electron in the presence of an external electromagnetic field, it is
common practice to add the electromagnetic potential vector to its momentum vector. We use the
same approach at the spinor level and to each component of the momentum spinor of the electron
we add the corresponding component of the electromagnetic potential spinor. For simplicity, the
electron charge is equal to unity.

Further we need an expression for the commutation relation between the components of the
momentum spinor, to which is added the corresponding component of the electromagnetic potential
spinor, which is a function of the spinor coordinates

(Po + aO(x1:x2))(p1 + a;(x, xz)) - (Pl + a, (x4, xz))(Po + ao(xl,xz))
Let us replace the momenta by differential operators
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Po*a P1—>—W Pz"a b3 = —5—
1 0 3

and find the commutation relation

a a
{(a_xl + Qo (xO! X1, X2, x3)> <_ a_xo + al('xOI X1, X2, x3)>

0 d
—| ===+ a;(x0, X1, %2, x3) || s—+ ao((xo, X1, X2, xs)) Y (xg, X1, X2, X3)
Jdx, 0xy

d oy 0 oY
= a—xl(aﬂl’) - aoa_x0+6_xo(a°¢) ~ gy
_0ay P Y Odag P oY  day da,
T oxy % 0xq %o 0x, 0xg o Jdx, " ox, 0x; 0x,

_ aal(xo.x1,xz,x3)+aao(xo;x1.x2.x3)
0x; 0x,

} lzb(xO’ X1, X2, x3)
Thus
da, da
(o + @) (1 + @) = (py +a)(Po +ao) = 5=+ 7=
Let us apply the proposed equation to analyze the wave function of the electron in a centrally
symmetric electric field, this model is used to describe the hydrogen-like atom. For the components

of the vector potential of a centrally symmetric electric field it is true that
1

1 1
Ao = EaJrSoa = E(a—oao + a0, + aza; + aza;) = R

1 1
Al = Ea-rsla = E (a—oal + a—lao + a—2a3 + a—3a2) =0

1

1
A3 = 5a'S;a = - (@ao — Ty + T, ~ T3az) = 0

a_oao + a_zaz = a_lal + a_3a3

1
apay + aza; = R

a—oal + a—2a3 = a—lao + a—3a2

1
> (@ay + ajay + aza; + aza,) = aga, + aza; =0

Qpa; = —0a,03
@ = i,
ap = —ia,
Toao + A0, = i@, * (—iay) + @pa, = 2aza, = 2a,° = %
As a result, it is possible to accept
i 1 1 i
ao——ﬁ a1=ﬁ az—ﬁ a3——ﬁ
o 1 1 i
apa ==

Y7 "V2RVZR 2R
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R= /Xlz +X,7 + X3 =
2

2 2
J(; (Xoxy + X1xg + X3x3 + x—3x2)) + G (—ixoxq + iX7x0 — iX3x3 + ix—3x2)) + (% (Xoxo — X1x1 + X%, — x—sxz)) =

2 2 2
1, — J— J— 1 — — — J— 1, J— — —
J(E (X0x1 + xle + XZX3 + X3XZ)) - <E (—x0x1 + xle - XZX3 + X3X2)) + <E (xOxO - X1X1 + xeZ - X3X3))

We are looking for a solution of the spinor equation; we do not consider the electron's spin yet
0 0 0o 9
(a_xla_xz - a_xo x5 ) @ (xq, X1, X3, %3) = M P(Xg, X1, X3, X3)
This equation can be interpreted in another way.
Let us take the invariant expression

(P1p2 —Pop3) =M
And let's do the substitution

0
Po =5~ + ag(xg, X1, %2,X3)  P1— TN + a; (X, X1, X2, X3)
1 0

b2 — Oxa + ay(xo, X1, X2, X3) ps = T ox. + az(xg, X4, X2, X3)
3 2

(a5 ) (5o #02) = (5 o) (5 + ) o =
o, ) \axs T %) T Gy, T R) Ty, T B)JPTME

We will consider this equation as an equation for determining the eigenvalues of m and the
corresponding eigenfunctions

Jd d Jda 0 da, Odag do do do do
T35 ¢ TTaan? T (Tan 5] O a9 T T (G 0w
=me
i 1 1 i
Qy = —— a, = — a; = — az = ——
°" V2R YT V2R 7 V2R 7 V2R
1 1 1
alaz_a0a3=ﬁ+ﬁzﬁ

da, das 10 /1 19,1y 19 (1 19 /1

Tox, 0x; faxo(f) faxl(r)‘ faxo(r) fax1<r)
__1<_1;>_(R2)HL(_z;)_(RZ)_
2 4(R2) dx, 2 4(R2) dx,

el 5~ 0
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R= /Xlz + X% + X5°

2
1 1
= || 2 Gooxy + X7xg + Xox3 +X3x5) | — | 7 (—Xoxy + X1xg — Xgxg + X3X3)
2 2

2

2
1
+ <E (Xoxo — X7x1 + X% — x_3x3)>

2 2
i} 1 o . o 1 _ _ _
ax R?*) = — ((E (Xoxy + X1xg + X33 + x3x2)) - <§ (=Xox; + X1x9 — Xpx3 + x3x2)>
1 2
+ (E (Xoxo — Xqx1 + X3x5 — x—3x3)> )
1 d
=1 2(Xoxy + X1xo + X3x3 + x3x2) (x0x1 + X x + Xpx3 + X3x5)
0
- 2( xoxl + xlxo - X2X3 + X3X2) ( xoxl + xlxo - XZX3 + X3X2)
i}
+ 2(Xox0 — X1X1 + XX, — x3x3) (xoxo — XX + 300, — x_3x3)>
1 _ _ S _ _ _ S
= Z (Z(XOxl + xle + xe3 + x3x2)x1 - 2(_x0x1 + xle - xe3 + X3x2)x1
+ 2(Xox0 — X1X1 + XX, — X3X3)%0)
1, _ _ o _ _ _ I
= E ((x0x1 + x1x0 + xe3 + x3x2)x1 - (_xoxl + xle - xe3 + x3x2)x1
+ (Roxo — X1y + Xpx, — X3%3)%,)
1, o _ e _ _ o
=5 ((x0x1 + Xpx3)%; — (=XoX; — Xpx3)%; + (KXo — XqXp + XX, — x3x3)x0)
1, e e _ _ o
=5 ((x0x1 + Xpx3)%; + (Xox; + X3x3)%7 + (XX — Xqxp + XX, — x3x3)x0)
= 5 (Gooxy + %x3)% + (x3)¥1 + (oo + XXz — X3%3)%0)
T _ _ o
=5 (Xox1X7 + 2X,x3%; + (XX + XX, — X3X3)Xp)
=5 (2Xx3%1 — 2X3x3%0 + (Xoxo + X1 X7 + X3X5 + X3X3)%0)
1 o _ . o
=5 (2x3(X%1 — X3%0) + (XoXo + X1 X1 + Xz, + X3%X3)Xp)
1 o _ o o
=5 (2x3 (%1 — X3Xg) + (XoXo + X1 X1 + X3, + X3X3)X)
U 2
ax, —(R?) == ((xox1 + X xg + XXz + X3x5) % + (—Xpx, + X1Xg — XpX5 + X3X,)%,

— (Xoxo — Xyx1 + X35 — x—3x3)x—1)

1, o o . _ o
== ((x1xo + X3x2) %o + (X1Xg + X3x3)Xg — (XoXg — X1X; + XzX5 — x3x3)x1)
2

r _ o
=5 (X1 x0Xg + 2X3%,X0 + (X7X; — XX, + X3X3)X7)

1 _ o _ o
=5 (2%, (X3%g — X2%1) + (xoXg + X1X1 + XX, + X3%3)%7)
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Let's introduce the notations
XX, — X3Xg =1

this quantity does not change under rotations and boosts and is some analog of the interval defined
for Minkowski space and

> (xoXo + X1 + XX + X3X3) =t

this quantity represents time in four-dimensional vector space.
0

2 .
5 (B9 - la_xl(RZ)]

1 o _ o N
=5 (2x3(X%1 — X3%) + (XoXo + X1 X1 + XX, + X3%x3)X)

1
- iz (2x, (3% — X2%1) + (XoXg + X1X1 + X3, + X3X3)X7)
1 _ o .
= x3 (XX — X3X,) + E(xoxo + 2, X7 + X, + X3x3)Xg — ixp(X3Xg — X3X7)

1
- lE(XOx—O + x—lxl + x—zxz + x_3x3)x—1 = X3l + tx_o + ile - ltx—l

= l(x;3 +ixy) + t(Xo — ixy)
As a result, we have an equation for determining the eigenvalues of m and their corresponding
eigenfunctions ¢ (xq, X1, X5, X3)
ad 0 Ja d 1 dp dp Odp | do 1 ) o
<—a—xoa—x3+a—x16—x2)(p+ﬁ(—a—xo a—x3 la—)q—la—xZ)-l'—(m)s (l(X3+lX2)+t(Xo—lx1))§0
1
tpe=me
Instead of looking for solutions to this equation directly, we can first try substituting already
known solutions to the Schrodinger equation for the hydrogen-like atom. If ¢(X,, X1, X5, X3) is one
of these solutions, we need to find its derivatives over all spinor components
do d¢ 0X,
ox, 0X, 0x,

Xo = > (XoXo + X1x1 + XX + X3X3)
1 — —
Xl = E(XOxl + xle + xe3 + X3x2)

X2 = E (_ix—oxl + ix—le - i@x'_g + iExz)

1 _ _ _ _
X3 = > (Xoxo — X1x1 + X3X; — X3X3)

For example

dp 0o X, OpXx; 0¢ix; 09X,
0x, 0X,2 0X,2 0X, 2 0X52
To account for the electron spin, we will further represent the electron wave function as a four-
component spinor function of four-component spinor coordinates

1/)O(XOJxlrx'fo3) Uy
Y1 (x0, X1, X2, X3) Uy
X0, X1,X2,X3) = = X0, X1, X2, X
lIJ( 0,41y 42 3) wz(xo'x1:x2:x3) Uy §0( 0,41 42 3)

1/)3(""’01 xll'xZI'x?)) Us
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where the coefficients u, are some complex constants.
We will search for the solution of the wave equation considered in the first part of this paper

(SoPy — S1Py — S;P; — S3P3)(SoPy + S1Py + S,P, + S3P) Y = M2

Let's express the left part through the components of the momentum spinor

1 t
P,L = Ep Sup
L ) 1 0 0 0 Po L Po
— _nt — (v 7 7 0 1 0 0 Pi|_ 1 o o — P1
PO - 2 p Sop - 2 (pOt plt pz; p3) 0 0 1 0 pz - 2 (pO' pl: p2' p3) pz
0 0 O 1 D3 D3
1 _ _ _
=5 (Popo + P1p1 + D202 + D3D3)
L L 0 1 0 0 Po L D1
— — — [ 1 0 O 0 p — —— — [P
P = Estlp =3 (Po, P1, D2, P3) 0o 0 0 1 p; =3 (o, 1, P2, P3) p(s)
0 0 1 0 D3 D2
1 _ _ _ _
=7 (Pop1 +P1po + P2ps + P3p2)
. . 0 —i 0 0\ /Po ) —ips
— _nt e e I 0 0 0 P1|_ 2 ipo
p, 2 p'S;p 2 (Do, P1, D2, P3) 0 0 0 —i D2 2 (9o, D1, D2, P3) —ip,
0 0 i 0 D3 ip,
1 — — —
=3 (=ipop1 + iP1po — iP2p3 + iP3D2)
L L 1 0 0 0 Do L Do
— —1 - -
Py = 5p'S3p = 5 (P5, P1, P2, P3) 00 0 10 8 5; = (Po, P1, P2, P3) pzl
0 0o 0 -1 D3 —Ps3

1 _ _ _ _
=3 (Popo — P1P1 + P2zP2 — D3P3)
1 . . . 1 - . -
Pyp—P; = E(POPO + P1p1 + D202 + D3p3) — > (Popo — P1P1 + D2P2 — P3P3)
1 _ _ _ _ _ _ _ _
=5 (Popo + P11 + D2P2 + P3P3s — DoPo + DP1iP1 — P2P2 + P3P3)
1 _ _ _ _ _ _
=3 (P1p1 + P3p3 + P1p1 + P3P3) = D1p1 + P3p3
1 _ . _ 1 _ _ . _ _
Pyt P = E(Popo + P1p1 + D202 +P303) + > (Popo — P1p1 + D2P2 — D3P3) = DoPo + D22
. 1 _ _ _ 1 — o o
—P, +iP, = _E(polh + P1Po + P2p3 + P3p2) + 15(—1100191 + ip1po — iP2P3 + iD3D2)
1 _ _ _ _ _ _ _
=3 (Pop1 + P1Do + D23 + D32 + DoP1 — P1Po + P2P3 — P3P2)

i N
= E(popl + P2P3 + PoP1 + P2P3) = DoP1 + D2D3
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, 1 _ _ _ _ i S o — —
—P, —iP, = —E(popl + P1Po + P2p3 + P3p2) — 15(—1pop1 + ip1po — iP2Ps + iD3D2)

1 _ _ _ _ _ _ _ _
=5 (Pop1 + D1Po + D203 + D3Pz — Dob1 + P1Po — P2P3 + P3P2)

1 _ _ _ _ _ _
= E(pﬂ’o + P3Pz + P1Po + P3P2) = P1bo + D3p2

SoPo — S1Py — 53P, — S3P;

1 0 0 0 0 1 0 0 0 —i O 0
(o 1 0 o\, (1 0o 0o o), [i 0 0 o
o o1 o/P7lo 00 1)/ {0 o0 -ilP
0 0 O 1 0 0 1 0 0 0 i 0
1 0 0 o0 Po— Py =P +iP, 0 0
(0 -1 0 0)p _[~P—iP Py + Ps 0 o0 _
0 0 1 0 3 O 0 PO - P3 _Pl + iPz
0 0 0 -1 0 0 —P,—iP, Py+P,
Bipu+Bibs o+ P 0 0
_ [ P1Po + P3P PoPo + P02 0 0 o
0 0 Pipi+Psps  Pop1 + Paps
0 o P1Po + D3P2 PoPo t D2P2
1 0 0 0 0 1 0 0 0 —-i O 0
_[0 1 0 0 1 0 O 0 i 0 O 0
={o o0 1 0>P°+ o 0o 1)/tlo o0 o0 —i)P
0 0 O 1 0 0 1 0 0 0 i 0
1 0o 0 0 Po+P; P —iP, 0 o0
40 =1 0 0)p _[Patil PP 0 0
0 0 1 o0])3 0 o0 Po+P; P —iP,
0 0 0 -1 0 0 Pi+iP,  Py—P3
P_ipo + P_ipz _Epl - EP3 0 o
_ | ~P1Po — P3P2 pip1 + P3P 0 0 o
0 o PoPo + P2bz  —PoP1 ~ P2P3
0 o —P1Po — D3Pz p1P1 + D303
Let's distinguish the direct products of vectors in these matrices
PoPo + D2P2  —PoP1 — P2Ps3 0 o
_ | =P1Po — D3D2 p1b1 + P3DP3 0 0
SoPo + S1P1 + S,P, + S3P5 = 0 0 Py+P, P, —iP,
0 0 Pl + le PO - P3
P_ipo _EM 0 0 P_ipz _§P3 0 o0
_ | ~P1Po pip1 0 0_ " —DP3D2 psP3s 0 0_
0 0 b am 0 0 Fn 7
0 O —DP1Po p1P1 0 0 —DP3P2 P3P3
-7 0 -5 0
= Pt (popn00) + | _2 00, -pop) +| P2 | (=prps00) +| _L | (0,0,—pps)
0 oMY _pO I s 0 M1 0 2 MV3Y) _pz I ) 2 M3

0 p1 0 p3
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P1p1 +P3Ps  DoP1 + D2P3 0
P1Po + P3P Pobo + D2P2 0
SoPy — S1Py — SyPy — SyPy = o
00 —91FP1 — 520, — 5313 0 0 iy +ﬁp3
0 o0 P1Po + D3Pz
@01 P__opl 0 0 §P3 P__2P3 0 o0
—|PPo PoPo 0 g n P3Pz PPz 0 g
0 0 Pipi Pobs 0 0 Psps  Paps
0 0 PibPo  PoPo 0 0 P3Pz D2P2
P1Po — [P1Po — Pop:] 0
_ [ poP1 — [PoP1 — P1Po]l  PoPo — [PoPo — Pobol 0

<p1ﬂ — [p1P1 — P1p4]

0
0

0
0

p1P1 — [P1P1 — P1p4l
PoP1 — [PoP1 — P1pol

doi:10.20944/preprints202401.1032.v2

0
0
Pop1 + D2P3
Pobo + D2P:

0
0

P1Po — [P1Po — Popil
PoPo — [PoPo — PoPol

p3Ps — [psPs — D33l 03Pz — [psPz — D2ps] 0 0
+ p2P3 — [P2P3 — D3Pzl 0202 — [P2D2 — P2p-l 0 0
0 0 psPs — [p3Ds —P3ps]l P3Pz — [psP2 — P2psl
0 0 p2P3 — [P2P3 — P3Pzl 2Dz — [P2D2 — P2p-]
P1 0
= ( ) @56.00) + | ) | 00,5550
0 Po
[p1P1 — P11l [P1Po — Pop1] 0 0 D3
[PoP1 — P1po] [PoPo — PoPol 0 0 P2 — —
- _ . + (p3,72,0,0)
0 0 [p1P1 — Pip1]  [P1Po — Dopil 0 |\PaP2
0 0 [PoP1 — P1Pol [PoPo — Popol 0
0 [psPs — Dsps]  [psbz — P2ps] 0 0
0 — [p203 — P3p2]  [p2P2 — P2p2] 0 0
+ (0,0,73,77) — . o
<p3 P3:P2 0 0 [psD5 — Psps] P3Pz — P2ps]
P2 0 0 [p2P3s — D3p2] [p2P2 — D2p2]
Let's introduce the notations
7 0 xz 0
Pr ) (po 21, 0,0) + | _2 |00, ~po,p) +| P | (P25, 00) + | _% | 0,0, ~pops) =5+
0 oMY __po I ) 0 M1 0 2 M3Y) __pZ I ) 2 M3
0 1 0 %]
1 0 p3 0
Po | — — 0 — P2 | — — 0 — —— — c—
0 (p1: pO' 0'0) + pl (0,0, plt po) + 0 (p3' pZ' 0'0) + p3 (0'0' p3' pZ) - S
0 Po 0 D2
[p1P1 — P1p1]  [P1Po — Dol 0 0
[poP1 — P1po] [PoPo — PoPol 0 0
0 0 [p1P1 —Pip1]l  [P1Po — Pop1l
0 0 [PoP1 — P1Pol [PoPo — PoPol
[psPs — Dsps]  [psbz — P2ps] 0 0
+ [p2Ps — P3p2] [p2D2 — P2p2] 0 0 =K
0 0 [psP3 — Papz]  [p3D2 — D2psl
0 0 [p2P3s — D3p2] [p2P2 — D2p2]
Let us substitute differential operators instead of spinor components
G} 0 0 d
- — - —— - — - ——
pO axl pl axo pz ax3 p3 axz
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Do ox; P1 0%, D2 ox; D3 %,
Then the quantities included in the wave equation
(S_ - K)S+lp(x0fxllx21x3) = Mzw(xﬂlxllx21x3)
will have the form
a 0 0
dx, L 06 L dx, L
a[] o a[] @ a[] o
s—=| % (—Q,Q,0,0% —o (0,0,—Q,L_]>+ 9 (—Q,Q,o,o>
dx, dx, 0% j 0 0x, 0x; 9x5 0%, 0x3
0 - 0
0 axl 0
0
[ o
9 a[1 a[]
o, (O'O’_a_@’a_x:)
d
0x3
d[] 0 a[]
o 9 0 g[_] 9 0 % a 9
S+= _a_[] (__J__J0’0)+ _% <0)0I__’__)+ _m (__F__FOIO)
9%, dx;  0x, %1 dx;  0dx, Py s dx;  0x,
0 _al 0
0 0%, 0
0
[ o)
4 _ a1 ( 0 6)
ax_—3 I, axsi a—x_z
_oll
0x;
K=
] o[ af ] a\d[] 9[] ]
(3w) 5%~ 75 Caw) Can)an a5 o) 0 o
] o[ ]/ o a\d[] o[]s o 0 0
| @)m ey a - -
ay\ o1 o[1y @ aNo[l o[l @
0 o0 (7)) Can)am o o)
0 0 ay\ o1 o1/ 0 a\o[] o[1/ @
)= =) Golamam )
ay\ o1 ofl;y @ avo[l o[l; o
(5= mlam) (e mim) 0 o
ay\ o1 o1/ 0 aNo[]l o1/ o 0 0
| G mbm) e wmGE) - -
ay\ o[] a[lf o aNa[] o[l @
0 o (5)-mmlam) e mim)
0 0 ay\ 0[] [/ o a\o[]1 o[l o
30)-= wGs) Golwmmm)

Let us consider the case of a free particle and represent the electron field as a four-component
spinor function of four-component spinor coordinates

1/)O(XOJxlrx'fo3) Uy
Y1 (x0, X1, X2, X3) Uy
X0, X1,X2,X3) = = X0, X1, X2, X
lIJ( 0,410 42 3) wz(xo'x1:x2:x3) Uy §0( 0y 4142 3)

1/)3(350, xll'xZI'x?)) Us
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For a free particle, the components of the momentum spinor commute with each other, so all
components of the matrix K are zero.

Let us use the model of a plane wave in spinor space
@(x0, X1, X2, %3) = exp(poXy — P1Xo + P2X3 — P3X;)
Substituting the plane wave solution into the differential equation, we obtain the algebraic equation

Uy Uy
s-st[ ™ 0 (xg, %1, %5, %3) = M? e (xg, X4, X5, X3)
Uy 0y A1y 42,43 Uy P(Xp, X1, X2, X3
Uz Uz
—Po 0 —D2
_ P{ 0 D3
N %1 (=pouo + p1uy) + —Pg (=pouz + prus) + %3 (=p2uo + p3uy)
0 P1 0
0 Uy
0 _ 2| W
+ _E (_pZuZ + p3u3) (p(xﬂfxllx21x3) =m U, (p(xO! X1, x21x3)
2 Usz
P1 0 b3 0
P ) 1,56,00) +( 0 | 00,550 + [ P? | @5.52,00 +( 2 | 00,555
0 1 P00 Y pl Y Y1 PO 0 3 FP2,Y p3 Y, P3, P2
0 Po 0 D2
—Po 0 2
L 0 o
%1 (=pouo + prus) + —7, (—pouz + prus) + %3 (—p2uo + P3uy)
0 1 0
0 Up
0 a2l W
+ —p, (=pauz + psus) f (xo, X1, X2,%3) = M U, @ (xq, X1, X3, X3)
P3 Uz
b1 0 D3 0
Po ), — — 0 — P2\ — — 0 —
00 (plﬂ pO' 010) + pl (0'0' Pl: pO) + 02 (p3: pZJ 0'0) + p3 (0,0, p3' pZ)
0 Do 0 D2
—Po 0 -2
L 0 o
%1 (=pouo + prug) + Py (—pouz + prus) + %3 (=p2uo + p3uy)
0 1 0
0 Ug
0 u
+ —7; (=pouy + p3uz) p = M? u;

P3 U3
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P1 p3
) (~PiPo + PoPr) (—potto + prwy) + | B | (<35 + PaPr) (—Potto + Prtty)
0 0
0 0
+ P(i (=P1Po + PoP1) (—Dou2 + P1u3) + p(; (=P3Po + P2P1) (—pouz + P1utz)
Po %)
P1 ps3
+| B0 ) PPz + Pops) (—pate + pawr) + | B | (~Fpz + Bae) (—pat + pawy)
0 0
0 0
+| ) | (7177 + B (—pattz + paws) + | ) | (P3P + Pa3) (—patty + psis)
Po D2
U
= M2 Z;
Uz

Let us take into account the commutativity of the momentum components, besides, let us
introduce the notations
—P3Po tP2P1 =M —P1P2 T PoP3 = —
for the quantities which are invariant under any rotations and boosts, then we obtain

P3 0 P1
P2\, 0)=_ Po ), —yr_
0 Mm(—polo + P1uy) + D3 m(—pou, + pyuz) + 0 (—=m)(—pauo + P3uq)
0 D2 0
0 Up
_ u
+ p(i (=m)(—puy + pauz) ¢ = M? u;
Po Usz
%] P1 (%] 1 0 0
_ _ _ _ _ 0)\-
Ug %2 mpg + }())0 mp, |+ Uy %2 mp; — I(?)O mps | +u;| — pg mpo + | p, |MP2
0 0 0 D2 Po
0 0 U
0= 0 Uy
tUus| | py |MP1 | p, mps (uz
D2 Po Uz
P1P2 — P3Po P3P1 — P1P3 0 0
_ [ PoP2 — P2Po _ [ DP2P1 — PoP3 0 — 0
Uomm 0 tum 0 tum ( p1pa—pspo | T ™| pap, — pips
0 0 PoP2 — P2Po P2P1 — PoP3
Up
_ U
= M? U
Usz
Additionally, introducing notation for Lorentz invariant quantities
D1P2 —P3Po =M  P2pP1 —PoP3 =M
we obtain
m 0 0 0 U
UM 8 +u,m 6” + u,m 191 + ugm (()) =m? Z;
0 0 0 m Uz
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m? 0 0 0 Ug
0 m2 0 0 _ o2l W
ul +u| g |+ 2 +uz| =m*|
0 0 0 m? Uz
m? 0 0 0 Ug Ug
0 m? 0 0 Uq - M2 Uy
0 0 mz 0 U, U,
0 0 0 m2 u3 u3

We see that in the case of a plane wave in spinor space, the matrix in the left part of the equation
is diagonal and remains so at any rotations and boosts, the diagonal element also does not change.

In this case we can consider the matrix M? in the right part to be diagonal with the same
elements on the diagonal m?, then the equation can be rewritten as an equation for the problem of
finding eigenvalues and eigenfunctions

STSTP(xg, X1, X5, X3) = mzhll(xo.x1;x2,x3)
STSTYP(xg, X1, X3, x3) = M2 P (xg, X1, X2, X3)

Let us compare our equation with the Dirac equation [6, formula (43.16)]

Py + M 0 P, P, —iP\ suq
0 P,+M P, +iP, —P, u\
P P,—iP, P,—M 0 U,
P, +iP, —P, 0 Py—M ] \us
In the rest frame of reference, the three components of momentum are zero and the equation is
simplified
Py+ M 0 0 0 Up
0 Py +M 0 0 U | _ 0
0 0 Py—M 0 Uy
0 0 0 Py — M/ \us

That is, in the rest frame the Dirac equation and the spinor equation analyzed by us look
identically and contain a diagonal matrix. The corresponding problem on eigenvalues and
eigenvectors of these matrices has degenerate eigenvalues, which correspond to the linear space of
eigenfunctions. In this space, one can choose an orthogonal basis of linearly independent functions,
and this choice is quite arbitrary. For example, in [9, formula (2.127)], solutions in the form of plane
waves in the vector space have been proposed for the Dirac equation in the rest frame

ut(0) exp(—iMt)
vt(0) exp(+iMt)
and the following spinors are chosen as basis vectors

1 0 0 0
1) =|90 2¢0) = | 1 10 =0 2¢0y = [ O
0 0 0 1
For transformation to a moving coordinate system in [9, formula (2.133)] the following formula
is used
P (X) = u'(P) exp(—iPX)
Y X) = v'(P) exp(+iPX)
where
1 1 P,
19 P ° /P, Po + M
P+ M 3 Py+ M| 1~ U7 Po+M| p +iP
1 — |20 —_— 2 — |0 —_ 1 — |0 1 Tl
w'(P) o | Potm | WP o | Potm | VP 2M | ¥ M
Pl + le _P3 1

Py +M Py +M 0
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P, —iP,
Py + M
Po+M| —
2Py = |—| P
2M | P+ M
0
1

The basis spinors form a complete system, that is, any four-component complex spinor can be
represented as their linear combination and this arbitrary spinor will be a solution to the problem on
eigenvalues and eigenfunctions in a resting coordinate system. The choice of the given particular
basis has disadvantages, because if to find a four-dimensional current vector from any of these basis
functions

o1 T
Ju =75 @) S, (0)
then this current in the rest frame of reference
1 1
i = (5,003)
) (2 2

has non-zero components, and the square of the length of the current vector is zero. It turns out that
aresting electron creates a current, which contradicts physical common sense. Since we have freedom
of choice of the basis, it is reasonable to choose the spinor of the wave function in the rest frame of
reference proportional to the momentum spinor, for example

Po

_ || P
u(0) = —\ .
D3

The proportionality factor is chosen so that in the rest frame the zero component of the current is
equal to the charge of, for example, an electron or a positron. If the momentum spinor in the rest
frame has the form

p" = (Po, P1, P1, —Po)
then the momentum vector in this rest frame of reference will be

PT = (m,0,0,0)
and the current vector
jiT = (e,0,0,0)
The same momentum vector in the rest frame of reference can be obtained from different spinors, e.g,
1 0 -1 0 1
pl = 8 p2 = % p3 = 8 p4 = _11 P= 8
1 0 1 0 0
after a 30-degree boost along the z-axis we get
1.299 0 -1.299 0 1.14
pl=| o | p2=|i50 | P3=( o p4=| 1290 P=| o
0.77 0 0.77 0 0.548

After scaling the spinors by the factor \/%, similar relations are true for the current vector. Thus,

electrons can have the same momentum and current vector but different spinors, i.e., they are
characterized by different spins. As it is supposed, the electron here has two physical degrees of
freedom, since in a rest frame of reference one can choose the components p, and p; to be real.

Thus defined spinor wave function for a free particle is invariant to Lorentz transformations,
since in this case the mass of electron m = p;p, — P3Py, its charge and the phase of the plane spinor
wave

exp(pTZMMX) = exp(poX1 — P1Xo + P2X3 — P3X2)
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do not change at rotations and boosts. The matrix on the left side of the equation does not change
either, remaining diagonal with m? on the diagonal.

It is logical to use the same considerations when choosing the basis for the wave function of the
photon, whose mass, i.e., the eigenvalues of the wave function equation, are also degenerate and thus
equal to zero. In this case, the choice of the proportionality factor between the spinor of the wave
function and the momentum spinor is not so obvious, one can, for example, consider the option of

Po
u(0) = Ve | D!
D2
D3
For a fermion, which can be an electron or a positron takes place pT = (po, p1, P1, —Po), so the

quantity
m = p1p2 — P3Po = P1P1 + PoPo

which, unlike the mass M in the Dirac equation, is complex in the general case, is also real for the
fermion and can be positive for the electron or negative for the positron. The charge is proportional
to the mass with a minus sign, since the electron charge is considered negative and the positron
positive. For simplicity it is possible to consider the mass of the electron as negative and that of the
positron as positive, then the charge will be proportional to the mass without changing the sign.

For the momentum spinor of a boson, such as a photon, it is true that pT = (py, p1, po, p1), SO its
mass is zero

m = P1Pz — P3Po = P1Po — P1Po = 0
The given constructions are not abstract, but describe the physical reality, since the results of the
processes occurring in the spinor space are displayed in the Minkowski vector space. In particular,
the momentum vector corresponding to the momentum spinor has the following parameters

P =1Tr[ppTS ]
13 2 13

the square of the length is equal to the square of the mass of the electron or positron

Py2 — P2 — P2 — P2 = m?
And to the spinor wave function Y(xg, x4, x5, X3) at some point in spinor space corresponds the
vector wave function W(X,, X1, X;, X3)

¥, = lTr[llJlIJJfS ]
2 U

(which for a plane wave coincides with the current vector), taking its value in the corresponding point
of physical space with coordinates

1

X, = ETr[xx*S#]

The vector wave function ¥ can be compared in meaning to the square of the modulus of the
conventional scalar wave function, in particular ¥, is equal to this square and has the meaning of
probability. The conventional scalar wave function itself is closer in meaning to the spinor wave
function considered here, they both have complex values, and the four-component wave functions
of the electron have in both cases the same meaning.

The arbitrary choice of the basis of the linear space of the eigenvectors of the matrix takes place
only for a free particle. In the general case the matrix K is not zero, the wave equation has no solution
in the form of plane waves in spinor space and ceases to be invariant with respect to Lorentz
transformations, and the eigenvalues become nondegenerate.

We propose to extend the scope of applicability of the presented equation consisting of
differential operators in the form of partial derivatives on the components of coordinate spinors with
a nonzero matrix K

(5™ = K)S*W(x, x4, X2, x3) = M2 (xg, X1, X3, X3)
not only to the case of a plane wave, but to any situation in general. This transition is analogous to
the transition from the application of the Schrodinger equation to a plane wave in vector space to its
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application in a general situation. The legitimacy of such transitions should be confirmed by the
results of experiments.

This equation will be called the equation for the spinor wave function defined on the spinor
coordinate space. Here the matrix M? is, generally speaking, neither diagonal nor real, but it does
not depend on the coordinates and is determined solely by the parameters of the electromagnetic
field. Only in the case of a plane wave it is diagonal and has on the diagonal the square of the mass
of the free particle. We can try to simplify the problem and require that the matrix M? is diagonal
with the same elements on the diagonal m?, then the equation can be rewritten in the form of the
equation for the problem of search of eigenvalues and eigenfunctions for any quantum states

(5™ = K)S™P(xo, x4, X2, %3) = m*W(xq, Xy, X2, X3)

This approach is pleasant in the Dirac equation, where the mass is fixed and equated to the mass
of a free particle, and at the same time results giving good agreement with experiment are obtained.

We are of the opinion that the spinor equation is more fundamental than the relativistic
Schrédinger and Dirac equations, it is not a generalization of them, it is a refinement of them, because
it describes nature at the spinor level, and hence is more precise and detailed than the equations for
the wave function defined on the vector space.

Let us consider the proposed equation for the special case when the particle is in an external
electromagnetic field, which we will also represent by a four-component spinor function at a point of
the spinor coordinate space

ag(xo, X1, X2, X3)
ay (xg, X1, X2, x3)
a(xo, X1, X2, X3)
az(xo, X1, X2, X3)

a(xg, X1, X5, X3) =

We will apply to the wave function of the electron the operators corresponding to the components of
the momentum spinor, putting for simplicity the electron charge equal to unity

Po =5 - + ao(x0, X1, X2, X3) P12 =5 + ay (X, %1, Xz, X3)
1 0
D2 Oxa + a;(xg, X4, X2, X3) b3 = T ox, + a3 (xo, X1, X2, X3)
3 2
I I
po P + ag(xq, X1, X2, X3) p1—= = - + a1 (xo, X1, %2, X3)
1 0
]| [ — — O,
Pz = 53— + a;(xo, X1, X2, X3) L + as (xo, x1, %2, X3)
3 2

Note that the electromagnetic potential vector can be calculated from the electromagnetic
potential spinor by the standard formula

1 t
A, = ks S,a

The advantage of the spinor description over the vector description is that instead of summing
up the components of the momentum and electromagnetic potential vectors as is usually done

1. 1.
B+A,= 5P S.p +Ea S,a
now we sum the spinor components and then the resulting vector is
1 1 1 1 1
> (p+a)ts,(p+a)= Ep*SMp + Ep*S#a + Ea*S”p + Ea*Sﬂa

in addition to the usual momentum and field vectors, contains an additional term

1, 1.
Ep S#a+§a S.p

taking real values and describing the mutual influence of the fields of the electron and photon.
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After the addition of the electromagnetic field the components of the momentum spinor do not

commute, the corresponding commutators are found above

) o)) e~ o 32
dx; %o 0x, % 0x, % 0x; b )j¢ = 0x; 0xg ¢

(7o) (o o)~ (o) G e o = (o 5
0x3 %2 0x, %3 0x, %3 0x3 42)f¢ = dxg  0x, 14

Let's find commutators for other operators
o

al] o, a[] 0,
()5 m) - (o))
a7l ol _ of1 _\(o[1 _\ _
~ () (e[ )
ol _\(_9¢  _ ol _\(9% , _
=(a—x_1+a0><—a—x_0+a1<p)—(—a—x_0+a1>(a—x_1+a0(p)

dx; \ 0%, 0x,/ 0xy \0x;

0p 0[] ] 0%
~a 2 =@ +a(-55)+ 69(—0) T

X1
_6<ﬁ_+0a=1 _( a(ﬁ) a(p_+aa=0 0p 0a; +6a=0
"ttt T M T e Y T Yk e T
_{Oal aao}
~lox; 0%,

() (el
) Hem)o-(e)rede-

=(%+ao)(—§—§+a—lw)—(—§—ff+ @) (52 + o)

0xy dx,/ 0xy \0xq

_dp 0 __ a[] __0d¢p
—a1§—a—xl(a1§0)+ao( Eh ) a_( o) — a1a—x1
g __ 0w 09\, 09 0& 09 _om  0m
B P ( ax—0)+a ol Mox T P o ?
o LT

dx, 0Jx,

Further we will use these and analogous relations
(o))~ (o) e =2+
0x4 %o 0x, % 0%, % 0x, G )§¢ = 0x;  0Oxg ¢
d o] a[] ( ) _{6a_1 aa—o}
{(ax1 * “0)< % al) ( o5 4 ok, T 9) (9= on, Tamg) ?

(o5 e) ()~ (7 +m) (o ralfo =5 -5

{(—aixo+a1)< ZE+a1> —( gg+a1> (—%+a1)}(p = {(_Z_Z_;)-'_Z_Z:;}(p

_ i(‘ g_xiZ) + 00T+ — (alw) +ao (‘ a_(p) + 20 (a_(p) ~htop + Z_g(%"’)

=a[_]( a(p)+a0a1(p+a[](a1<ﬂ)+ao(_a_¢)+a_[](a¢) “1“0‘”69(“0(”)
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(o) (5 5) - () o ) o= (52) - 52

: reo)je={Ge) a5
o1 _\/ o1 _ afl  _\(o01 _\| _(da, da,
(=) () (o + ) (v ) o = 2+ e

0
o] Il Al ar Fj 3o
(80e)8) o)) - (5 5

% 0%, ox; 0%,
Let's solve the equation

(ST = K)S*W(xg, X1, %2, %3) = lelj(xo.xpxz,xs)

Yo (X0, X1, X2, X3)
- — K)S* Y1 (X0, X1, X3, X3) = M2
( ) Y, (xo, X1, X2, X3)

Y3 (X0, X1, X2, X3)

Vo (X0, X1, X2, X3)
Y1 (%0, x4, X2, X3)
P, (X0, X1, X2, X3)
Y3 (X0, X1, X2, X3)

o .
dx, n _ 3
- G o[] _> (0 _)
S = _ -——+a,),|=—=+7a,),0,0
6x1+a° (( 0 ox;
\ 0
0

3

a[] a[]
|- (o0 (-2 ) (2w
5]
axs
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dx,
0
0
0
0
]  __ d
|-+ (00 (a) ()

(eI (o) o) (Eitn) )
S L I

0 0 [pP1 = P1p1l  [P1Po — Pop:l
0 0 [poP1 — Pipol  [PoPo — PoPol
[psPs — Papsl  [psPz — Papsl 0 0
+ ([Pzﬁ — D3p2] [p.P2 — P22l 0 0 >
0 0 [psPs —Pspsl  [psPz — D2psl
0 0 [P35 — P3p.] [p.D2 — P2p2]
da; da; da, da; da; da; da; da;
(‘a—xo*ﬁ ~Gn 3 0 o (‘a—xﬁﬁ 0% 0 o \
oa; oda, da, 0a, 0 0 da; dm, o0a, 0da, 0 0
_ | ox 9% 0x 0% 0x; 0% Ox; 0%
- da; da; om, oda; da; dm; Oa; o0a; ‘
0 0 Tox, 0% 0x, 0% 0 0 Tox, 0w, 0x, 0%
0 0 da; dm, da, 0ag } \ 0 0 dJa; dm, Oa, o0, )
ox, 0%, Ox, 0% ox; 0%,  Ox; 0%
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(_ (aixl + ao) Y, + (_aixo + a1)¢3)

(_ (aix3+ az)lpo + (_61362-'_ a3)¢1)

oG ) (s (o ve))

Since the second factor S* in the left-hand side of the equation has a simpler structure than the first

factor, perhaps as a first step we should find the eigenvalues and eigenfunctions of the equation
S*W (g, X1, %2, x3) = MPY(xo, X1, X7, X3)

and use them when solving the equation as a whole.
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9
a_x1+a°
9
d of1 1\ (o0l ,
| v |((50em) (i )oo)
\ 0
0
0
/60 \ _ _ 0%;
2 arl | __\(oll B
+L ax2+a3J<0,0,(a—x_2+a3>(a—x_3+az)> <—((;—J[C_(])+a1
9
ax; " JL

Z_:l:: + azlpz) + (_% + a3¢3)>

dx,

)

_ G o[l . __\(oll, _
= a_xl+a0 <—<—a—x_o+a1)<a—x_1+ao)
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Jdx,
o .
0x; “ _ _
a a1  __\(oll K _
+ 6_xz+a2 < ( 6x_2+a3>(6x_1+a0
0
0

o] o] 9 g
) )
0
0
; _ _

dx;

+ (g_[_i + a0> <—g—g + (1_1)) <— ((;_l)l: + aoll)z) + ( 03 ))

_a—xo+a1¢3
0
0
9 a[] a[]
—+a g = +7
+ ox, 3 ( ( 6x2+a3>(6x_1+a0>
d
_+a2
0x;

R o )

dx,

( 6x0+a1\‘ 6[_] o0
d _ _
+ a_xl+a0 <—(—a—x_o+a1>(a—g+a2>
0
0
o[ ] a[ ] d a
o)) (- G (o)
d

_a_xz+(13¢1
—o -t
2 _
] o[] al
+ a_x3+a2 ( ( ax—2+ 3)(6_3+ 2
0
0
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0
5
0 daz  da, 0o 0y
+ka—x3+a2)(a_@+a_x—2)<_ (a—xg+“2"’°)+(‘a—xz+“3¢1)>
0
0
0
0
_2 ofl, \(oO,
+ 6x0+a <_( a_x—0+“1>(a_x—3 2)
d
6_xl+a°

o[ ] Gl 0 9
(o) (o)) (- (G at) (24
0 )

d da; da ) )
——ta; |(I%B _2) _(_2 ) (__3 ) _
+ ox, 3 (aE + %, o, + ay, | + ax, + asy;

Let's calculate the expressions included in the equation

a[] a[] a[] a
(8o (2] o)
a[] [ ] ] o[ ]
() Be)e-(-Hm) (e )e
ol _\(_ 99  __ ofl _\(op _
=(a—x_3+a2)(—a—x_o+a1(p)—<—a—x_2+a3)<a—x_1+ao(p)

=Z_2(_a_‘ﬁ)+6[] %) + T (- 9) + e + 3 (92 ) - (_a_[‘1>(a_0(p)

0x,) ' 0x; 9%, \ox; 0%,
_0p ____
_a3a_x—1_a3ao<ﬂ
_aﬂ( a¢)+aa1 _a¢+ +a[_]<a¢) _0p da, _ 0p
TG\ ox) Tan YT ox, T Ml T ox o) T Mo, T on Y T Bon
— azapP

_ o] (6(7)) a[] (aa) N [6a1 N aao] - ap __ 0 - ap __ 9
T, \ox) T om \oxy) T low Tox, 1Y T M om T “ow, T Yoy, T Box;
+ (@ — @ag)e
Let us consider the situation when the electromagnetic potential can be described by a plane
wave in spinor space

ao(xg, X1, X2, X3) Ugo Ugo
ay (xo, X1, X2, X3) Ug1 Ug1

a(xo, X1, X2, X3) = = Pg = exp(PaoX1 — Pa1Xo + PazX3 — PazX2)
a; (X, X1, X2, X3) Uaz Uaz

u u
as (xo, X1, X2, X3) as as
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(o )Gt os) - G ) (el

ad d a d +( da, 8a3) dp dp dp dp

——— o —a,—+a,——a3—+as—
dx, 0xq 2 0x, L ox, 30x, % dx,

T 0x, 0% 7 " 9x, 0x,
+ (a,a; — apaz)e
a 9 a 0 o d¢

= oy 0m, + 6_x16_x2('0 + (Ua2Pa1 — Ua3Pa0) Pa® — uaz<,0aa—x0 - ua1<Paa—xz

% %
t Ug3Pq a_xo t UgoPa 6_963 + (ualuaz - uaoua3)(pa2(p

(G o0) (o + 02) = (5 + ) (5 0o = (5~ 5o =
9%, QAo 9% a; %3 a; 9%, Ao J(P = 9x, 0% ¢ = (Ua2Pa0 — UaoPaz) Pa®P

When the electromagnetic potential is represented by a plane wave, the field created by a
charged particle is not taken into account, so this model adequately describes only the situation when
the electromagnetic field is strong enough and the influence of the particle charge can be neglected.

It would be interesting in this context to consider for the presented spinor model the case of a
centrally symmetric electric field and to find solutions of the spinor wave equation for the hydrogen-
like atom, taking into account the presence of spin at the electron. For such a model we can take

Ay = —l— a, = —= a, = — a; = —i

R

2

2 2
1 o o _ 1 o o _ 1 _ o _
= \/(E (Xoxq1 + X1xg + Xzx5 + x3x2)> - (E (—Xgxq + X7x9 — X3x3 + x3x2)> + (E (Xoxo — X1xq1 + XXy — x3x3)>

As mentioned above, we can substitute into the equation the already known exact solutions of
the Dirac equation for the hydrogen-like atom by expressing the components of the coordinate vector
and derivatives on them through the components of the coordinate spinor and derivatives on them.
It is likely that the solution of the Dirac equation would not make the spinor equation an identity; it
would be evidence that more arbitrary assumptions are made in the Dirac equation than in the spinor
equation, and that the latter claims to be a better description of nature.

We can also consider the case of a constant magnetic field directed along the z-axis

1 1
Ay =0 A1=_EB3X2 AZZEB3X1 4;=0
Xy = 2 (o, + 770 + T, + 7552
1 o L —
X2 — E(_lxoxl + IX1Xg — IXpX3 + lx3x2)
1 . _ _
A = 2 (@a, +asa, + aza; + aza,)
1 . o —
AZ = E (—1a0a1 + la;ag — laas + la3a2)
Ao = E(a_oao +@a; + @0, +d3a3)

1 _ _ _ _
Az = E(aoao —aa, + aza, — azasz)

Let's say

ay = iX1/B3/2 a; = —Xo/B3/2
a, = iX3/B3/2 az = —Xz/B3/2
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1
A = ZB3(ix1x_0 — iXgXy + iX3x; — iX5X3) = _EBaxz
| - _ - 1
Az = 133(961)(0 + xOxl + X3x2 + xeg) = EB3X1
1 _ _ _ _ 1
Ao = 133(961)(1 + xOxo + X3X3 + x2x2) = EB:;t
1 o
Az = ZBs(X1x1 — XoXg + X3X3 — X3X;) = 533}(3

We see that the scalar potential 4, grows with time, but does not depend on spatial coordinates, and
the vector potential does not depend on time, so that there is no electric field. In this case

da, da; da, 0Ja;
0% 0%, Ox 0% 0 0
da, Oa, da, dJa, 0 o0
co| WTwm mw
Jda; Jaog da, Jdag
0 o0 Cox, 0%, 0x, 0%
0 o0 da; OJa, da, dJa,

da; da; Oda; o0a;

Ox, 0x; Ox; 0x3 0 o0
oa; da; oda 0a 0 0
Jmtm e _
oa; o 0w 0a;
0 0 Cox, 0x;  Ox, 0%
0 0 oz da; Oda o0
Ox; 0 Oxg 0x3
5 1 0 0 O 1 0 0 O 1 0 0 O
(s e 8)ovm(s 7y ¢ o)-vmm(8 5 9
0 0 0 —i 0 0 0 —i 0 0 0 —i

In general case electric and magnetic fields are expressed through partial derivatives of
components of the vector potential by components of the space vector. We also can find the
expression through these fields for the derivatives of the spinor components of the electromagnetic
potential by the components of the coordinate spinor. To do this, we first find all derivatives

94, _ 04, 0X,

dx, 0X, 0x,
then express the components of the vector potential through the components of the spinor potential,
substitute the components of the electric and magnetic fields instead of the derivatives of the
components of the vector potential by the components of the coordinate vector, and then find the
required derivatives from the resulting system of linear equations.

From general considerations taking into account the substitutions

Po 0%, P: 0%,
it is possible to write the commutation relations for the components of the impulse spinor and
functions from the components of the coordinate spinor

am_1[ _]_1 _
ax_l—cco.po —C(qopo Do®)

_ . 0x;
[x1, 0] = (X1Pg — Pox1) = Ca_x_l =c
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[xX1,p0] = (X1po — PoX7) = C

IO S P
0%,  d bl = d(‘PPl p19)
_ o 0%g
[x0,P1] = (XoP1 — P1%0) = —da—x_0 =—d

[%0, 1] = (Xop1 — P1X0) = —d
All other combinations commute with each other. The constant coefficients ¢ and d possibly include
a minus sign, an imaginary unit and some degree of the rationalized Planck’s constant. Their values
can be determined using known commutation relations for vector components, e.g.

X1P1_ P1X1=ih

and using expressions of vector components through spinor components
fib= b =@ () o) () B () o)) -@m ([ o)) @ ) ()
- o ()00 ()~ 6o () 0 ()

= (Xox1 + X1%0) (Pop1 + P1Po) — (PoP1 + P1Po) (Xox1 + X1X0)
= XoX1PoP1 + XoX1DP1Po t X1XoPoP1 + X1XoP1Po — PoP1X0X1 — PoP1X1X0 — P1PoXoX1
— P1PoX1Xo
= (XoX1PoP1 — PoP1%oX1) + (XoX1D1Po — P1PoXoX1) + (X1XoPoP1 — PoP1X1X0)
+ (X1x0P1P0 — P1PoX1%0)

XoX1DoP1 — PoP1%oX1 = Xo(PoXy + )p1 — Po(Xopy + d)x; = XoPoX1P1 + €XoPy — PoXoP1X1 — dDoX;
= XoPoX1P1 — XoPoX1P1 + CXopy — dPoXy = cXopy — dPoxy

X1XoP1Po — P1PoX1Xo = X1(P1xo — d)po — P1(X1Po — €)Xo = X1P1XoPo — AX1Po — P1X1PoXo + CP1%Xo
= X1P1%oPo — X1P1XoPo + CP1Xo — dX1py = CP1Xo — dX1Py

XoX1P1Po — P1PoXoX1 = XoP1X1Po — P1PoXoX1 = P1XoX1Po — P1PoXoX1 = P1XoPoX1 — P1PoXoX1

= D1PoXoX1 — P1PoXoX1 = 0
X1XoPoP1 — PoP1X1Xo = X1XoPoP1 — PoP1X1Xo = PoX1XoP1 — PoP1X1X0 = PoP1X1Xo — PoP1X1Xo = 0
XiPy — PiXy = (XoX1PoP1 — PoP1XoX1) + (XXoP1Po — PiPoXiXe) = CXop1 — dPoXy + CP1Xo — dXipg
= c(p1% — d) — (1B — ©) + E(xoPr +d) — d(Po¥y + 0)
= cp, Xy — cd — dx, Py + dc + Exop; + €d — dpyX; — dE
= cp1Xo — dx,Pg + CxP1 — dpo¥;

If one consistently adheres to the idea of the fundamentality of the spinor space, it is necessary
to reformulate the procedure of second quantization of the electron field. According to the known
concept, the wave function of the electron field is represented in the form of expansion by plane
waves describing a free electron. But we can use plane waves not in vector space, but plane waves in
spinor space

u exp(p’ Zyux) = uexp(pox; — p1Xo + P2X3 — P3X3)
In this case, let us assume

Up Po
u=|[%]= €D
Uy m\ P2
Us P3

We can start the analysis in a rest frame of reference, for transition to the general case it is
necessary to apply the Lorentz transformation to the impulse and coordinate spinors, in this case
neither the phase in the exponent nor the mass of the electron m = p;p, — p3p, changes. In the rest
frame, one momentum vector corresponds to four momentum spinors
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1 0 ~1 0 1
o (1 o (=1 o
pl=|g| PZ=|71| P3=| o | P4=]| 4 P=10
1 0 1 0 0

Signs of the respective masses

m = P1P2 — PoD3
ml=-1 m2=1 m3=1 m4=-1
say that it's two particles with positive mass and two with negative mass.
The orthogonality relations take place in any reference frame
p1'p2 = p3'p4 = p1"Zyyp2 = p3’Zyyp4 = 0
Let us accept the agreement that spinors p2 and p4 describe the field with zero number of
particles in the state with momentum P and masses with different sign. Spinors p1 and p3 describe
the field with presence of a particle in a state with momentum P and negative or positive mass,
respectively. The transition from one state to another is provided by the annihilation and birth
operators
0
bp=| 0

ap =

S OO O
o RO O
S OO O

0

-1 0
0 0
0 0

The relations can be directly verified

bp ap + apbp =]
appl =p4  app3 = p2
bpp2 =p3  bpp4 =pl
bpap = Np
Nppl=1xp1 Npp3 =1x*p3
Npp2 =0%p2 Npp4 =0=+p4

The action of the operators does not change the sign of the mass of the particle. Here the particle
number operator Np demonstrates that two states are indeed filled and two are empty, since this
operator has an eigenvalue in one case of one and in the other case of zero.

The wave function of the electron field at a fixed value of the momentum vector P will be a
combination of plane spinor waves with four momentum spinors corresponding to this momentum
vector.

A system of particles with different momenta can be described by the direct product of

momentum spinors, which includes spinors p1, p2, p3, p4, as well as their versions subjected to an
arbitrary Lorentz transformation N * p1, N * p2,N * p3, N * p4, as co-multipliers p;

P=npi
i

This system can be acted upon by an operator in the form of a direct product of an arbitrary set
of annihilation and birth operator matrices or unit matrices for a particle whose state does not change

d= ndi
d«p= [@+po

The annihilation and birth operators have disadvantage, they do not commute with Lorentz
transformations matrix

In this case

bp* N #N=x*bp ap*xN+N=+*ap
Let's introduce operators
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0 -1 00
p =bp+ap= _01 8 8 (1)
0 0 1 0
0 0 01
s=(0 0 10
01 00
10 00
The product of them commute with the Lorentz transformations matrix and they anticommutate with

each other
(rp*s)* N—=Nx(p=*s)=0
(s*1p)* N—Nx*(s*1p)=0
sx1p+1pxs=0
The product of those operators with the proper order choice transform the state with zero number of
particles to the state with presence of a particle and vice versa, and this relation is Lorentz invariant

(rp *s) * (N * p1) = N = p4
(sx7p) * (N xp4) = N +pl
(rp ) * (N xp2) = N * p3
(s*7p) * (N *p3) = N *p2
Double applying this product changes the momentum spinor sign

-1 0 0 0
(s*rp)x(sxm) = () mrs)=( 0“0 9§
0 0 0o -1

Let us note one more interesting point. Let in a rest frame of reference electron and positron
meet, then the annihilation process can be described by the summation of spinors in two ways with
the same result

1 0 1 1
{0 (1 10 _[0
pl = 0 p2 = 1 P1 = 0 P2 = 0
1 0 0 0
mpl=-1 mp2=1
1 0 1 1 0
pl+p2 = 8 +<i = ]1‘ = (1’ + (1) =f1+f2
1 0 1 0 1
1 0 1 1
_(0 _[1 _10 [0
f1= 1 f2—<0 F1 = 0 F2 = 0
0 1 1 -1

mfl=0 mf2=0
We see that at interaction the total mass of particles, their total energy and total momentum are
conserved, and photons fly away in opposite directions. The same takes place in any other frame of
reference.
If we take as an axiom the conservation of mass of a system of particles during interaction, then
we can explain the difference between bosons and fermions.

1 0 -1 0
o (1 (o (-1
pl=|,| P2=| ] P3=| o | P4=|
1 0 1 0

Fermions with masses of different signs, for example, electron and positron, when summing p1 +
p2 of their spinors give zero mass, i.e. the law of conservation of mass is fulfilled. The electron can
be summed with an electron with the same sign of mass, but a different spin p1 + p4, their mass is
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equal to two masses of the electron, that is, the law of conservation is also fulfilled. But the summation
of spinors of two identical electrons p1 + p1 gives a mass four times greater than the mass of the
electron, that is, this combination is forbidden by the law of conservation of mass and two electrons
cannot be in the same quantum state. Identical bosons at summation of spinors give zero mass, the
law of conservation is fulfilled. In particular, identical photons can be summed in an unlimited
number, while the mass will remain zero and all photons will be in the same quantum state. However
also among four types of bosons

1 0 -1 0

(0 _(1 _[ 0 _[ -1
bl = 1 b2 = 0 b3 = 1 b4 = 0
0 1 0 1

there are forbidden pairs, in particular b1 +b4 and b2 + b3, at summation of spinors of which the
mass is different from zero. The reasoning applies to a rest frame of reference, but since the masses
of all the particles do not change during the transition to an arbitrary system, the above results have
universal significance.

The law of conservation of mass allows k photons to sum their spinors, so it would seem that
energy of the system then will be proportional to k2, that contradicts to experience. But the
possibility of summation does not mean its realization, photons can form several groups containing
some number of indistinguishable particles, for which it is necessary to take into account
combinatorial regularities at their exchange within groups and between groups. In general, a
dynamical equilibrium should be established, leading, for example, to Bose statistics.

Conclusion

An alternative approach to analyze relativistic and quantum effects inherent in charged particles
in the presence of an electromagnetic field is proposed. Two ways of describing the electron behavior
in the electromagnetic field are considered: by means of the vector equation, which is based on the
plane wave model for a free electron, and the spinor equation, which is based on the representation
of the electron as a plane wave in spinor space. For both equations, which are valid for a free particle,
their applicability to an arbitrary physical situation is postulated, in particular to describe the
behavior of a particle in the presence of an electromagnetic field. The presented equations are
intended to fulfill the same role as the Schrodinger equation and the Dirac equation. At the same
time, in our opinion, the spinor equations more accurately describe the details of the interaction
between fields and particles.
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