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Abstract: In this paper, we study the constrained minimization problem for an energy functional
which is related to the following Kirchhoff type equation — (17 +b( fgs |Vu|2dx)s) Au+V(x)u =
pu + Alu|Pu, where b is a positive constant, parameters 7 > 0,A > 0, exponentss > 0,0 < p < 4
and y is a Lagrange multiplier. When the trapping potential V (x) fulfills a polynomial function, we
give a detailed limit behavior analysis of constrained minimizers for any positive sequence {7} with
N — 0.
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1. Introduction and Main Results

We consider the following Kirchhoff type equation with a varying nonlocal term
—(17+b(/3|Vu|2dx)S)Au+V(x)u:yu+/\|u|”u, (1.1)
R

where b > 0 is a constant, parameters 7 > 0,A > 0, exponents s > 0,0 < p < 4 and y is a Lagrange
multiplier. The b( [, |Vu[?dx)” in (1.1) arises as a varying nonlocal term.

In recent years, there many articles involved in different type of varying nonlocal problems similar
to (1.1) such as the model

— C(/Q |Vul?dx)’Au = h(x,u)(/Qf(x,u)dx)r, x€Q,
u = 0, X E aQ/

which mainly studied the existence of solutions by using variational theory and analytical methods,
(cf.[3,4,20,22]). Especially for s = 1 in (1.1), the Kirchhoff type constrained minimization problems are
related to

— (a +b /]1&3 |Vu|2dx)Au + V(x)u = pu+ AulPu,

which have attracted a lot of mathematicians to study their existence, non-existence, uniqueness and
limit behavior of constraint minimizers, etc, (cf.[7,14,15,17,18,21,25-27,29]). Coincidentally for s = 0
and R3 replaced by R? , the (1.1) comes from an interesting physical context, which is associated
with the well known Bose-Einstein condensates(BEC). The mathematical theory study of BEC can be
described by a Gross-Pitaevskii(GP) functional, which has been associated with the elliptic equation

Au+V(x)u = pu+ AMulPu,
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see [1,5,9-12,19,23] and the related literatures. In these papers, the researchers are keen on exploring
the existence, mass concentration phenomenon, uniqueness and numerical analysis of the ground state
solutions for GP functional.
Inspired by the above articles, the aim of the present paper is to study the Kirchhoff type equation
(1.1) with a varying nonlocal term. The constrained minimization problem associated with (1.1) is
defined by
I(n,s,A) := inf E(u), (1.2)

ueld
where E(u) fulfills

E(u): ’7/ |Vu|*dx + (l—?l—l)(/ |Vu|2dx)sJrl

(1.3)
24, p+2
2/ x) |u|“dx +2/Rs|u| dx.
The above U in (1.2) is restricted to meet
- 2 _
U:={uecH, /RS ul? =1}, (1.4)

where H satisfies

H = {uEHl (R?) |/ |u|2dx<oo}

NI—=

as well as with the norm ||u||4 := <IR3 |Vul?dx + [gs (14 V(x)|u|2)dx) . To state our main results,
we assume that the V(x) in (1.1) satisfies

(V1).V(x) € L2 (R¥) N Cr (R%), « € (0,1), lim V(x) = +oco and r%%nV(x) =0.

|x|—00

Next, we introduce an elliptic equation such as
-~ 1- %0, - 10,70, =0 R3, 0 4 15
1 Qp+( 4)Qp |Qp|PQp =0, xeR’, 0<p <4 (1.5)

In fact, up to the translations, the (1.5) has a unique positive radially symmetric solution Q, €
H'(R3)(cf.[16]). Using (1.5), we can deduce that

+2
IVQpl72 = 1Qpll7: = = 1QplIF )5, 0 < p <4 (1.6)

P+2

Recall also from [6, Proposition 4.1] that Q,(x) has the exponential decay property

IVQp()], Qp(lx]) = O(lx| e ) as x| — co. (1.7)
At last, we give a Gagliardo-Nirenberg(G-N) type inequality (cf.[24]) such as

lul?ir, < P2

3p 2_F
o < oo IVEllzllulR * 0<p <4, (1.8)
HQPHLZ

where Q, is the unique positive solution of (1.5).
According to above results, the existence and nonexistence on constraint minimizers for I(7,s, A)
4( s 4(s+1)
are established as follows. Before this, we denote a critical constant A* := +1 1Qll,2> , where Qis

the unique positive solution of (1.5) for p = (S;r 1
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Theorem 1.1. For 7,5 > 0,0 < p < 4 and (V1) holds, then 1(11,s,A) exists at least one minimizer for
p < 4(s+1) orp = (S+1) ,0 <A < A*.Thel(y,s,A) has no minimizer for p > (SH) orp = (S+1) JA > AR
Theorem 1.2. Fory =0,5s >0, p = (5;1) and (V7) holds, then 1(1,s, A) exists at least one minimizer if
0 < A < A*. Moreover, 1(17,s, A) has no minimizer for A > A*

Remark that the similar conclusions appear elsewhere for studying different type of Kirchhoff
equations, see [8,15,27,29]. For convenience, we give a detailed proof of Th1.1 and Th1.2 in Sec.2. In
view of the above Theorems, one knows that forn > 0, p = (SH) and A = A*, the I(n,s, A) exists at

least minimizer. However, fory =0, p = @ and A = A%, the I(n7,s,A*) admits no minimizer. A
nature question is what happen to constraint minimizers of I1(1,s, A) when # tends to 0 from right?
Suppose that u; is a minimizer for I(7,s, A), then one can restrict u,; > 0 due to E(u) > E(|ul)
for any u € U. At the same time, we always assume that I(7,s, A) admits a positive minimizer by
applying the strong maximum principle to (1.1). In truth, for any positive sequence {1} with 77, — 07
as k — oo, one can verify that the positive constraint minimizers uy, satisfy [ps |V, [*dx — +o0 as
k — oo (see Sec.3), that is, the minimizers arise blow up behavior as 77, — 07. In order to get more
detailed limit behavior of constraint minimizers, some appropriate assumptions on V' (x) are necessary.
For this purpose, we assume that V(x) is a form of polynomial function, and admits n > 1 isolated
minima. More narrowly, there exist n > 1 distinct points x; € R?, numbers g; > 0 and constant M > 0

fulfilling
n
(Vo). V(x) =C(x)] ] |x— x;|% with M < C(x) < % for all x € R, (1.9)
i=1
here ILm C(x) exists for all 1 < i < n. For convenience, we denote
X— X
g =max{q1, - ,qn} >0, (1.10)
1. V(x) 2
; q 1.11
O = ol A s [ 1x171Q()Pdx > o, 1)

4(57;1). Moreover, let

where Q(x) satisfies (1.5) for p =
6 = min{6y,---6,} >0 (1.12)

and the set of flattest global minima for V(x) is denoted by
W = {x;:0; = 0}. (1.13)

In light of Th1.1, Th1.2 and inspired by [8,15,19,29], for any positive sequence {7} and set u,,
being the positive minimizers of I (1, s, A*), we next establish the following theorem on limit behavior
of constraint minimizers for I(7j;,s,A*) when p = ‘L(STH) and A = A*asy, — 0.

Theorem 1.3. Assume that (Vy) and (V,) hold. For p = 4(5; U A=A and any positive sequence {1y } with

1
e — 07 as k — oo, define ey, := ( [ps |Viy, [2dx) "2, then the following conclusions hold.

*  The uy, has a unique local maximum z,, satisfying kh_)rilo zy, = Xjand x; € W is a flattest global minimum

of V(x). Moreover, we have as k — oo

3 Q(lx])

e’%ku’?k (eﬂkx+z77k) — HQ||2

strongly in H(R®), (1.14)

where Q denotes the unique positive solution of (1.5) for p = %.
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*  The ey, fulfills as k — oo
1
en ~ (q0) T (1) 72, (1.15)
®  The least energy I(1y,s, A*) satisfies as k — oo
1 2 107 q_
10k, 8,A%) % [5q77 +472 072 (1) 72, (1.16)

where q, 0 are stated by (1.10) and (1.12).

Notice that the f(7;) ~ g(#x) in Th1.3 means f/g — 1 as k — oo. Actually for s = 0 and V(x)
behaves the form of sinusoidal, ring-shaped, periodic and multi-well, the papers (cf.[11,12,23,28])
widely studied the mass concentration behavior of constrained minimizers. Particularly for s = 1, the
authors in [8,15] also analyzed the limit behavior of minimizers whenn > 0asb — 0" orb > 0 as
7 — 0. As described in Th1.3, our paper gets an interesting result on this topic when there involves a
varying nonlocal term, and it thus enriches the study of such issues.

The present paper is structured as follows. Sec.2 shall establish the existence and nonexistence
proof of constrained minimizers for I(#,s,A) when the parameters 77, A and exponents s, p satisfy
suitable range. For p = %, A = A* and any positive sequence {7} with 77, — 0" as k — oo, in
Sec.3 we plan to give the accurate energy estimation of (7, s, A*), and then analyze the detailed limit

behavior of positive constrained minimizers as 1, — 0.

2. Proof of Theorem 1.1 and Theorem 1.2

In this section, we shall give the proof of existence and non-existence on constraint minimizers for
(1.2). Before this, one introduces the space compact embedding Theorem 2.1 in [2] such that

H— L' (R®)(2 < v <6). (2.1)

For convenience, we classify the proof of Th1.1 and Th1.2 as follows two cases.
Case 1 The existence proof of constraint minimizer.

Proof. Under the assumption of Thl.1, for any u € U, we deduce from G-N inequality (1.8) that for
n>0,p< (s+1)

E(u ’7/ |Vu|?dx + (11)(/ |V 2dx)**!

( )| |2 A ( ‘ |2 )l (2.2)
+,/ V(x)|u dx—i/ Vul|“dx) *
2 Jre 2/1Qpl1%
For p = 4(5; 1), 0 < A < A*, similar to (2.2), one also derives that
B 2 3 [ IVupie s " ([ Ivepa)™ g [ veomfer e
2|Qll.*
Both p < (SH) and p = 2 1),0 < A < A* hold, the (2.2) and (2.3) yield a fact that for any sequence
P p= y y seq

{un} CU, the E(uy) is bounded uniformly from below. Hence, there admits a minimization sequence
{u,} CU tulfilling
1(17/ s, )\) = nlgn E(ufl)' (24)
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In truth, one can get from (2.2) and (2.3) that {u, } bounded in H. Applying (2.1), there exists a it € H,
and {u,} has a subsequence {u,, } such that as k — oo

Uy, — fiweakly in H, u,, — i strongly in L' (R3), 2 < v < 6. (2.5)
Using the weak lower semi-continuity, we get
lim inf / Vi, [2dx > / \Vir|2dx.
k—oo JR3 R3
The above results give that

I(n,s,A) = lilzninfE(unk) > E(it) > I(y,s,A) (2.6)
—00

which then yields E(i1) = I(#,s, A). Hence, i is a minimizer for I(7,s, A).
Under the assumption of Th1.2, for any u € U, one also derives from (1.8) that for = 0 and
— 2D that
’ A=A 1
- 2 s+1 2
E(w) > —— o ([ 19uPax)™ 42 [ vl 2.7)

2[lQll°

If 0 < A < A*, repeating the above procedures, one claims that I(0,s, A) has a minimizer. [
Case 2 The nonexistence proof of constraint minimizer.

Proof. The process comes true by establishing energy estimation for I(7, s, A). To get this goal, choosing
a test function such as

P e (x - x)Qtx — x)(t > 0), 2.8)
1ol

where Q fulfills (1.5) for p = 4(5;1), and x; € W satisfies V(x;) = 0. The function ®(x) € CP(R3) in
(2.8) is chosen as

th(.X') =

P(x)=1, |x]<1,
0<P(x) <1, 1< x|<2,
(2.9)
[@(x)| =0, |x|>2,
IVO(x)| < C, xcR3.
Notice that P; in (2.8) makes sure ||u; ||%2 = 1. It then deduces from (1.7) and (2.8) that
1<P<140(t %®)and lim P =1, (2.10)

t—+co

where g(t) = O(t~*°) means tligl |g(£)|t* = 0 for any d > 0. One can attain from (1.6) that as t — oo
—r+00

2(s+1) ;2(s+1)
Upt2t2 2 th t 2 s+1
I(1,5,) < [, IVQPdx+ [, IvQPax
2)|Q|17, Jre z(s+1)||Q|yigs+1)( R3 )
s (2.11)
AP/t

e — 4 +2 e
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which yields that for any p > ( U the I(n,s,A) - —ccast — oco. Fory > 0and p = (SH), we
derive from (2.11) that

Wtz bt2(5+l) At2(5+l) .
I A) < 1 t
(’7/3’ )— 2 +2(S+1) s+1) +0( )+O( )
2/ Qll2?
£2 (A* — A)t2(5+1) (2.12)
- ’77 4 T +0(1) +O(t%®) = —oo.
2[|QlI.*
which also deduces that for A > A*, the I(y7,5,A) — —o0 as t — co. Hence, for any > 0, if either
p> 4(S+1) orp= 4(5+1) , A > A* holds, the I(7,s, A) has no minimizer.
For n=0andp = @, we obtain from (2.12) that

()\ /\)tz(s+1)
4(s+1)

2[1Qll»°

1(0,5,A) < E(uy) = +0(1) + O(t™) = —co. (2.13)

One then decares that I(7,s, A) has no minimizer due to I(0,s,A) = —oo for A > A*.

For 7 = 0and A = A*, one can get from (2.2) and (2.12) that I(0,s,A*) = 0. We next argue that
1(0,s,A*) admits no minimizer by establishing a contradiction. If this is not true, suppose that I € U
is a minimizer of I(0,s, A*). As stated in Sec.1, we may assume that 7 is positive. Since V(x) > 0 and
Jgs [2dx = 1, the G-N inequality (1.8) then yields that

1 2 5+] 3/\ 4(s+1) 2
dx *t2d 2.14
(s+1)(/ Vildx) © 2s+5 |u| ’ Y @14
where the equality holds only for i = Q, and Q is the unique positive solution of (1.5) for p = 4(5; O
One further obtains from (2.2) that 7 satisfies
A2 _ . _
/1R3 V(x)adx = min V(x)=0. (2.15)

However, the equalities (2.14) and (2.15) cannot be held at the same time because the first one
presents a fact that il has no compact support, and the second one needs 71 = Q to possess a compact
support. Thus, one claims that I(0,s, A*) has no minimizer. so far, the nonexistence proof of constraint
minimizers is completed. O

3. Limit Behavior Analysis of Constraint Minimizers

In this section, for p = (SH)

, A = A* and any positive sequence {7} with 75 — 0T as k — oo,
we plan to analyze the limit behav1or on minimizers uy, for I(1,s,A*) as i — 07 The proof process
is achieved by constructing some indispensable lemmas, which are stated as follows.

3 1
Lemma 3.1. Under the assumption of Th1.3, set 0y, (x) := €2 1y, (ey,x) and ey, = ( [gs |V, [*dx) "2 >0,
then as k — oo, the €, — 0 and 0y, satisfies

s+1 b [25 + 5]
/ Vo, [*dx = 1 and / [y~ 3 T2 — CCESIIER (3.1)

Proof. If u,, are positive minimizers of (1.2), then u;, satisfy

1)
— (17k +b( /]R3 |Vu,7k|2dx)s)Au,7k + V(x)uy, = py iy, Uy, (3.2)

doi:10.20944/preprints202402.0410.v1
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here 5, € R denote Lagrange multipliers. Set

3
Oy (%) = €, uy, (€5, %), (3.3)
1

where €, = ( [gs |Vuy, [*dx) "2 > 0. On the contrary, we assume that €,, — 0 as 17, — 0T, then {u,, }
is bounded uniformly in H. Similar to the proof of Th1.1 and Th1.2 in Sec.2, one asserts that there
exists a ug € U and {uy, } has a subsequence (still denoted by {u,, }) such that as 1, — 07

uy, — ug weakly in H, 1y, — ug strongly in L"(R?), 2 < v < 6. (34)

To get our result, one needs to prove that (1, s, A*) — 0 as 5 — 0. For this purpose, we choose
a test function the same as (2.8). Based on (1.7) and (2.8)-(2.10), one calculates that

P22
Vi [2dx = 1 / IVQ[2dx + O(+) (3.5)
/R3 ||Q||%2 R3
and 4(s+1)
4(s+1) p 3 +21‘2(5'*'1) 4(s+1) _
/3|ut| : +2dx:tW/3|Q| 24 4 O(). (3.6)
. [[ol/PS
L2

Since V(x) satisfies (V1) and (V2), one obtains that as t — oo
/Rs V() |usPdx = V(x:) +o0(1) = o(1). (3.7)

It then follows from (1.6) and (3.5)-(3.7) that for p = @ and A = A*ast — 40

bPZ(5+1)t2(s+1)

2(s+ 1) QI3+

n P2t
21QlI2,

* P12 .4
B Qi V) + o) + 0
(r+2)lQl% 38

77kt2 pe2(s+1) A*2(s+1) .
=—+ - +o(1)+0O(t™)
2 Yo )
2[1QlI°

t2
=B to(1) +0(t™).

I(le/ S, /\*) S

2 2 s+1
/RS|VQ| dx + (/Ra IVQPdx)

Taking t = (nk)_% into (3.8), it yields that as k, t — oo

1
3
I(76,5,1%) < E(ur) = & +0(1) + O(t~) = 0. (3.9)
The (3.9) together with (1.3) and (3.4) deduces that
0=1(0,5,A") < E(up) <liminfE(uy,) = lim I(n,s,A*) = 1(0,5,A") =0
k—o0 k—o0

which yields a fact that u( is a minimizer of 1(0,s,A*). It is a contradiction since Th1.2 shows that
1(0,s,A*) has no minimizer. Thus, €;, — 0 holds as k — co.
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By (3.3), we just have [ps |V, [*dx = €% [ps [Vuy [*dx = 1. Since uy, are minimizers of
I(#g,s,A*) for any #; > 0, one derives from (1.8) and (3.9) that as k — oo

0 < E(uy,) = I(m,8,A") < E(us) =0 (3.10)
which yields that as k — oo
b 2, \2s+1) _ B3AT ) 1o
m(/ﬂ@ |V, |*dx) T I 110 Jes luy,| "3 TPdx — 0. (3.11)

It hence follows from (3.3) and (3.11) that as k — oo

b 3\ E
2(54+1) 45410 Jrs '

+1)
7 P24y — 0,

which shows as k — o [ ]
LA b|2s+5

3 —_—.

/R3 %] X = ST DA

O

Assume that 1, are positive minimizers of (1, s, A*) for any 77, > 0. Since [ps |uy,|?dx =1, one
has uy, (x) — 0 as [x| — co. It thus yields that u,, (x) exists at least one local maximum, denoted by
zy,- Define a function

3
vﬂk(x) = e,%kunk(equ + 2y, ), (3.12)

where €5, is given in Lem3.1. We next establish the following lemma, which is related to convergence
properties of vy, and z, .

Lemma 3.2. Under the assumption of Th1.3, set zy, being a local maximum of uy, and vy, defined by (3.12),
then we have

(i) There exist a finite ball Bys(0) and a constant D > 0 such that

lim inf o (X)|?dx > D > 0. 3.13
mint [ oy () > 613)

(i) The z,, is a unique maximum of u,, and satisfies z,, — xq for some xo € R3 as k — co. Further, the x is
Mk q Mk Mk

a minimum of V(x), that is, V(xg) = 0.
(iii) The function vy, satisfies

lim v (x):lime*%u (6 xX+z ):Q(|X|)
R R <] T

strongly in H'(R®), (3.14)

where Q is the unique solution of (1.5) for p = 4(5; D}

Proof. (i) By (3.2), we see that vy, fulfills the elliptic equation

2(s+1 2(s+1 4(s+1)
a (77k€,2,i * b) 8oy, + eV ()oy = e o+ Aoy |3 oy (3.15)

here i, are Lagrange multipliers. In truth, (1.2) and (3.2) give that

. sb 2, s+l 2(s+1)A* 4+1) 5
b = 20005 A%) + 7 ([ V)™ = S5 [ e 316)

doi:10.20944/preprints202402.0410.v1
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Repeating the proof of (3.10), one obtains that as k — oo
2(s+1 *
GW,EH )1(;7k, s,A*) = 0 and /11@3 V(e,ikx+z,7k)v%k(x)dx — 0. (3.17)

Combing (3.16), (3.17) and Lem3.1, one deduces from 0 < p = M < 4 that0 < s < 2, and then we
have ask — o

b2 (s—2)b
W =26l (g, 5,0%) + -2, (3.18)

HonErne s+1_§%3(s+1)

Since u;, take local maxima at x = z;,, and vy, then get local maxima at x = 0. It thus yields from
(3.15) and (3.18) that there exists a constant K > 0 satisfying as k — oo

0y, (0) > K > 0. (3.19)

Furthermore, one obtains from (3.15) that

—Avy, —c(x)vy, <0, x€ R3, (3.20)
where ¢(x) = A* |v,7k| . In view of the De Giorgi-Nash-Moser theory (cf.Theorem 4.1 in [13]), one
decares that exist a finite ball Bys(0) C R? and constant C > 0 such that

2
maxoy, < C( [ oy, Pdx)”. 321
B(0) ( o) ) 20

It hence yields from (3.19) and (3.21) that there exists a constant D > 0 satisfying

lim inf vy |2dx > D >0, 3.22
0 i o) O 4 2 o2
which shows (3.13) holding.

(ii) On the contrary, one may assume that |z;, | — oo as k — co. By applying (3.22) and Fatou's
lemma, for any large constant A, one has

o 2
hlgg}f - V(epx + zy, ) [vy, (x)[“dx

(3.23)
2/ ( )11m1an(e,7kx + 2y, ) [0y (x)[Pdx > A >0,
Bys (0

k—o0

which contradicts (3.17), and it hence shows that |z, | is bounded in R3. Taking a subsequence of {z,, }
if necessary (still denoted by {z;, }), there admits a xo € R3 such that Zy, — X0 as k — oo. In fact, one
can claim that x is a minimum of V(x), thatis V(xg) = 0. If not, repeating the proof of (3.23), it also
yields a contradiction. Thus, we say that z;, — xg as k — co and V(xq) = 0.

(iii) The Lem3.1 shows that sequence {v,,} is bounded in H!(R%), and under the sense of
subsequence, there exists a vy € H'(R3) such that Uy, — ©p as k — 0. Using (3.18) and passing weak
limit to (3.15), one obtains that v, satisfies

—s A* s+1)

—A —v v,x€R3 3.24
vo+3( +1) k) 0 (3.24)

where 0 < s < 2. By (3.13) and applying the strong maximum principle to (3.24), one has vy > 0.

Taking p = (5+1 in (1.5), one knows that

2—s 1
— R3. :
3(5+1)Q s+1 * e (3.25)

4(s+1)
—AQ+ 1Q
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Because (3.25) has a unique positive radially symmetric solution Q € H 1(R3), and it hence deduces
from (3.24) that

vo(x) = Qx—yol) for some yg € R, (3.26)
Q2

Similar to the procedure of Th1.1, one declares that as k — oo, v, — vy strongly in H!(R3). Using the
standard elliptic regularity theory, we get from (3.15) that as k — o

vy, — 0o in CA(R3), a € (0,1). (3.27)

loc

Applying the method in [10], one knows that the iy = 0 in (3.26), and 0 is the unique global maximum
of vy. Therefore, vy behaves like

vg(x) = , x € R3, (3.28)

By (3.27), using the technique of proving Theorem 1.2 in [11], we know that z;, is the unique global
maximum of uy,. [

To obtain more detailed description on limit behavior of constraint minimizers u,, as 7 — 07,
some precise energy estimation of I(1,s,A*) as 7, — 07 is necessary. Towards this aim, we begin
with the upper bound estimation of (1, s, A), which is sated as the following lemma.

Lemma 3.3. Assume that (V1) and (V,) holds. If p = S+1) and A = A*, then for any positive sequence {1 }
with gy — 01 as k — oo, the I(ny, s, A) satisfies as k — oo

0,5,0°) < [34772 + 721072 ()72 (1 40(1)), 3:29
where q,0 defined by (1.10) and (1.12).

Proof. Choosing a test function the same as (2.8), it then deduces from (1.6)-(1.13) that there exist
positive constants d1, dy such that as f — +oo

b 2 s+1 3A
2(S+1)(/H{3|Vut‘ dx) 4s+10 | Ut
S2(5 +1) ooy e bt — dye~d2!

2[lQll

and there exist positive constants d3, d4 such that as t — +co

T [ 17y Pdx = szti / |VQ*dx = +d edat, (3.31)
2 Jre 1Qll7, /r

Since V(x) satisfies (V1) and (V3), we derive that there exist positive constants ds, dg such that as
t — 400

2 X ) 2 —dgt
/R3 V(x)uddy < —— IIQII / V(G +w)|QPdx+ dse

1 / 1012 —dgt
= C(7+x‘) |~ + x; — x;|7|Q|*dx + dse™ %
1QI12, /b 40) "t ’gt Y (3.32)
1 . V(x)

—+1_— lim
||Q|| =3 |x — x|

/RS 1x[9]Q(x) Pdx + 0(t 1) + dse !

=0t~ + o(t™9) + dse %,
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where g, 6 defined by (1.10) and (1.12). Combing (3.30), (3.31) and (3.32), we have

2
I(y5,5,A%) g% + 0t 4+ 0(t79) + dre %! + dze™ %t 4 dse 6!
P (3.33)
=T o (14 0(1)),.

Taking t = (¢6) 7+ 7 (Wk)_”%r one deduces from (3.33) that as 7, — 0"

2 1

1 2 4
L0k, 5, A7) < [5977% +q772 0772 () 772 (14 0(1)),
which then gives (3.29). O

Proof of Theorem 1.3. According to the results of Lem3.1-Lem3.3, it remains to prove (1.15) and (1.16),
which can be realized by establishing the precise lower energy estimation of I(7,s,A*) as i, — 0.
To get this goal, we set {u,, } being the positive minimizers of I(1,s, A*), z;, being their unique
global maxima, and we then define v;, by (3.12). Using Lem3.2, one knows that for {z, }, choosing a
subsequence if necessary (still stated by {z;, }), the z;, — x¢ and V(xg) = 0. In fact, we can go a step
further, that is, we can come to the following conclusion.

|Zf7k - xi|

Zy, — X; and e is bounded uniformly as k — oo, (3.34)
Mk

where x; € VW and x; denotes a flattest global minimum of V(x). To get (3.34), we firstly claim that

|Z’7k - XO| . .
— o s bounded uniformly as k — co. (3.35)
Mk

If this is false, then we assume that |z,7127—x0|

— —oas k — oco. It then follows from (V;) and (3.13) that
k

for any large positive constant D

1 2
liminf — /]R3 V(epx + zy, ) vy, dx

k—o0 eqlo
S . (3.36)
>C lim inf |x 4+ Z——2% . I lepx+zy — xj|‘7fv,27kdx >D.
Bas(0) k—oo Eny j=1,j7i
Recall from G-N inequality (1.8), we also have for p = (SH) and A = A*
. . b 2 s+1 A* P+2
- > .
hglol;lf(z(s+1)(/R3|Vuﬂk| a0 = s [ el dx) >0 (3.37)
which together with (3.36) then gives
iy
liminf I(;,5,A*) = liminf E(y) > Ukz”k +Dep > g, (3.38)

where £ is a arbitrarily large constant. However, this is a contradiction with the upper energy in Lem3.3.
Hence, the (3.35) is holding. In truth, the upper energy of I(1, s, A*) also compels that xy = x; € W.
If not, by repeating the proof process from (3.35) to (3.37), one still derives a contradiction. Thus, we
complete the proof of (3.34).

doi:10.20944/preprints202402.0410.v1
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Using (3.34) and similar to estimation of (3.36), one can deduce that there admits a £ € R3 such
that

P | 2
h’gg}f% /R3 V(epx + zy, ) vy, dx

= gim ) [, e+ gl (3.39)
il /RS

> lim M/ |x|T03dx = 6,
il JRS

where 6, g given by (1.10) and (1.12). As a fact, the equality in (3.39) holds only for ¥ = 0. One then
calculates from (3.38) and (3.39) that
liminf I (7, s, A*) = liminf E (1) > ke ’7"
k—c0 2

k—o0

+ el (3.40)

Due to the restriction of energy upper bound in Lem3.3, it yields that €, be the form of

.
= (968) 7 (i) 7 (3.41)
which gives (1.15). Taking (3.41) into (3.40), one then derives that
1 2 10 a1
hmmfl(iyk,s AF) > [Eq T2 4 gt | Qa2 (1) T2, (3.42)
which together with Lem3.3 yields that as k — oo
1 2 10 4
I(1g, 8, A*) =~ [qu+2 + g2 0T (1) T2 (3.43)

So far, we have finished the proof of Th1.3. O
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