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Interpretation on Quantum Mechanics 
Guohua Tao 

University Shenzhen Graduate School, Shenzhen 518055, China ; taogh@pkusz.edu.cn 

Abstract: Time and space are fundamental concepts for characterizing and understanding our 
world. Despite of continuous curiosity and extensive studies, the nature of time and space remains 
elusive, and the underlying quantum structure is unclear. Here we propose a molecular model 
based on energy space decomposition to incorporate time and space synthetically in a unified 
framework. In the proposed model, the multipole expansion of action mapped to energy modules 
in scalar, vector, and matrix forms, results in the generators of time, space, and a material 
framework, cloud. And the invariance of time, space and cloud transformation corresponds to the 
conservation of energy, momentum, and mass, respectively. The classification of energy modules 
reveals a periodicity of energy elements, which constructs a hierarchical world in a molecular 
framework with dynamics represented by energy transformations. Here the role of time and space 
could switch from each other, and motion is attributed to the coupling of particle with intermediate 
bosons, corresponding to energy transformations among different energy modules. The application 
on Bohr model demonstrates that this picture provides a consistent classical interpretation to the 
foundation of quantum mechanics, and suggests an atomic model for gravitation.  
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1. Introduction 

The current space-time paradigm on our universe established by Newton and reformed by 
Einstein, forms a well-organized framework to allow complex reality to be placed into order. Based 
on this space-time framework, modern science has been developed with the ambition to describe 
everything quantitatively in terms of fundamental particles and interactions [1–3]. Nevertheless, over 
the science tower built on the theoretical foundation of celebrated relativity and quantum mechanics, 
there are still some fundamental open problems wandering around, including the interpretation on 
foundations of quantum mechanics [4–7], the unification of theory of general relativity (GR) and 
quantum mechanics [8–10] and therefore the unification of all fundamental interactions. In our 
opinion, the key to solve these hardcore problems is indeed the fully understanding of the framework 
on which these theories were built, i.e., the space-time structure [10–12].  

According to GR, space-time is a unified assembly and the geometry of which delivers 
gravitational interactions [13]. One well-known prediction [14,15] made by GR claims that stars may 
collapse into compact objects such as black hole [16], and space-time becomes singular within the 
trapped surface. Although the existence of the singularity renders a promising picture for the 
evolution of the early universe, the validity of GR in the strong gravity regime is questionable and 
mathematical incompleteness implies that alternative paradigms are worthwhile investigated.  

Notably GR itself is a classical theory, and extensive and intensive efforts [17–24] have been 
devoted to the understanding of fundamental laws of physics in the extremely small and large scales, 
and at extremely low and high energy density, with hope to finalize a unified theory which 
incorporates both GR and quantum mechanics. In particular, recent successful detections of 
gravitational wave offer great opportunities to collect useful information on strong gravitational 
interactions [25]. Theoretical developments such as loop quantum gravity [19,20], and causal 
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dynamical triangulations (CDT) [21], extend gravity into quantum regime in which the space-time 
singularity is avoided. On the other hand, all other three fundamental interactions, i.e., strong, weak, 
and electromagnetic interactions have been systematically incorporated into the field theory of 
quantum mechanics [1,26]. Nevertheless, constructing a final theory for everything is notably 
challenging. Especially, the understanding of the nature of space-time and gravitation is incomplete. 
Prevailing strategies in the field of quantum gravity for quantization of gravitational 
fields/interactions mainly take two pathways: through either quantization of spacetime structure 
directly from the GR perspective or quantization of dynamical spacetime on a static background from 
the quantum field theory (QFT) perspective. Spacetime and its geometrical properties (gravitation) 
thus emerge from collective quantum dynamics of many-body systems comprising fundamental 
entities of no direct spatiotemporal interpretation [27–29]. The nature of fundamental entities and the 
collective dynamics remain to be explored.  

On the other hand, ambiguities and inconsistencies still exist in quantum mechanics regarding 
in particularly the role of time and its characterization [30–50], which are normally entangled with 
conceptual difficulties in interpretations. In most practical applications, space and time are 
introduced ad hoc as mathematical variables in current theories with no detailed interpretations [47–
50]. Although attempts have been made [36–38,43–46] to formulate a unified framework for both time 
and space at an equal footing, in accordance with theory of relativity, the fundamental difference 
between time and space calls for viable models with detailed underlying mechanisms rather than just 
the purely mathematical representation. In addition, conventional wisdoms suggest that in general 
but see [51,52], quantum effects of gravitation would come in approaching the Planck scale, which is 
beyond the reach of current technologies [11], and therefore information is extremely lacking for the 
model construction. 

In this paper, we extend our recent work [53] on the energy space decomposition to propose a 
straightforward molecular interpretation to the structure of the space-time and matter energy 
transformation in a quantum mechanical framework. The model constructs a representation space 
based on elementary basis associated with different forms of energy modules, e.g., primitive matter 
state and radiation state. Our analysis indicates that energy modules are fundamental elements 
following a periodic rule in pretty much the same way as that for chemical elements. The energy 
elements and their transformations generate the world and everything. For instance, the classification 
of energy modules identifies the generators of time, space and a framework on which matter and 
energy can generate, transport and transform. In addition, dynamics may be attributed to energy 
transformation among different forms of energy modules with time and space treated synthetically 
in a unified framework. In particular, the analysis reveals that time and space could exchange their 
roles through a quantum phase transition. Different from the conventional space-time representation, 
the relativistic energy momentum relation is naturally built in as chemical transformation of energy 
modules (or elements) in the energy tensor representation of quantum mechanics [53], which results 
in a consistent classical interpretation on the underlying mechanism of quantum mechanics. In this 
molecular framework, electromagnetic interactions and gravity are incorporated in a natural way 
without the ad hoc expansion of dimensionality of space-time or internal gauge groups. The large 
and small scales and the external and internal regimes are unified in one paradigm of a hierarchical 
energy space while simplicity retains. In contrast to the conventional GR or QFT based models, 
spacetime may be generated from a single (fundamental) entity at different levels of energy hierarchy, 
while gravitational interaction is attributed to radiation state (graviton) at certain energy hierarchy 
with no empirical potential introduced. Consistently, the spacetime singularity is avoided since we 
argue that there is no spacetime for a single point (state). 

The paper is organized as the follows. In section II, we first construct a tensor representation of 
energy space based on primitive energy modules, resulting in a modular energy space (MES). Then 
a molecular origin of time, space and matter is proposed, and a special energy pathway of time space 
transformation is discussed. Afterwards a mechanism for the motion of a particle based on energy 
transformations is suggested. Section III demonstrates that the application of our model on hydrogen 
atom reproduces the results of Bohr model in a consistent classical picture and suggests a new atomic 
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model for gravitation. Section IV discusses the hierarchical structure of energy modules, the mapping 
of energy transformation with quantum dynamics, and our interpretation to the foundation of 
quantum mechanics. Section V concludes. The appendix further illustrates the construction of energy 
modules, the periodic generation of energy elements, and some details on quantum dynamics and 
relativistic effects.  

2. Theory and Models 

2.1. Energy Space Decomposition 

One of the most fundamental questions is what time and space come from? To provide a possible 
answer to it, let us start from a heuristic quantum representation of energy space. Energy is 
commonly taken as a universal scalar to quantify a system of interest and different forms of energy 
may transform among one another. Given the fact that in general, a system of interest can be 
described in terms of energy states as done in conventional quantum mechanics [54,55], the 
identification and classification of the energy basis (modules) and energy transformations in a 
framework of energy space would be of fundamental importance. Instead of classifying energy as a 
scalar according to the resources, or physical effects, we identify and construct the energy basis in a 
tensor form based on mathematical structures. Therefore, the resulting energy space is a tensor space 
rather than a Hilbert space comprising (scalar) energy eigenstates. In addition, there is neither 
predefined space-time nor ad hoc parameters (so there is no Hilbert space in prior) while we construct 
everything from the proposed most fundamental objects, or the corresponding mathematical 
identities, i.e., primitive energy basis.  

Consider an isolated fundamental object with no internal structure; its property may be 
quantified in terms of the total energy E that remains constant. We could associate this fundamental 
object with the primitive unit based on which general objects may be constructed, just like the atom 
in the primitive atomic theory. Mathematically this object can be represented algebraically as an 
element (of a set), or geometrically a point (in a space). To quantify such a system, we can map it to a 
zero-order tensor, i.e., a scalar. A set of scalars may form a scalar space (i.e., a zero-order tensor space) 
which can be used to quantify a composite system consisting of multiple non-interacting primitive 
objects. In the simplest example of a system including identical non-interacting primitive objects, we 
can assign the unity 1 (in terms of energy E) for each primitive object (versus 0 for nothing). Therefore, 
we indeed have a scalar energy space with the basis mapped to an energy quantum or energy atom 
(see Appendix A for further discussions). Of course, for a system containing more than one objects, 
the relation between different objects, i.e., interactions or transformations, would be interesting. In 
the mathematical model, if we take the objects as elements, their relations thus can be represented in 
terms of tensors formed by a set of elements. For instance, the interactions (or transformations) of 
two scalars may be represented by vectors; and similarly, the relations of vectors may be described 
by matrices, and so on. Therefore, we can construct vector space (or tensor space) to quantify 
complicated systems involving nontrivial interactions. Geometrically if we represent the elements as 
points, and their relations as lines connecting different points, we end up with a net representation.  

Consider the relation between two types of elements A and B, one class of relationship could be 
they transform into each other directly. Assuming that A and B have identical characteristic values 
in metric energy, i.e. E(A)=E(B), the transformations A →ீ 𝐵 and A ி← 𝐵 are energy conserved. Here 
we define the metric of the energy space to be  E(𝑋) = |𝑒௑| = ඥ⟨𝑒௑|𝑒௑⟩ , 𝑓𝑜𝑟 𝑋 = 𝐴, 𝑜𝑟 𝐵,         (1) 

with 𝑒௑ the energy (tensor) of the element X in a general sense, and ⟨. . |. . ⟩ denotes the inner product 
[56]. For instance, the metric energy of the zero-order tensor is its absolute value; that of the first order 
tensor is the magnitude of the energy vector, and that of the second order tensor can be defined as 
the square root of the trace of the inner product of the energy matrix.  

For simplicity, we start from considering the scalar case such that 𝑒஺ = 𝐸, 𝑎𝑛𝑑 𝑒஻ = −𝐸 , 
representing for a symmetric pair of elements A and B with opposite scalar energy values. To quantify 
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this system beyond the scalar representation, the interactions between A and B are represented by 
vectors F and G connecting two scalars. Thus, the one-dimensional (1D) energy space is generated 
upon the introduction of the interactions. Specifically, the system can be mapped to 1D Euclidean 
space, and the two elements correspond to the ending points of the segment of [–1, 1], while their 
relations correspond to the connecting lines in-between, as shown in Figure 1a as the net 
representation of the system. Here we may map the discrete transformation in Figure 1a to a Z2 group, 
say an inversion group I = {e, i}, while the transformations F and G are not unique. Alternatively, we 
may follow a unitary transformation via intermediate states (continuous transformation may result 
as the number of intermediate states approaches infinity) satisfying energy conservation, as shown 
in Figure 1b. In the latter case, the original space is expanded if we consider the intermediate states 
along the transformation path as new elements. Indeed, the energy space may be mapped to a two 
dimensional (2D) Euclidean space or complex plane, and the two extremes on the imaginary axis may 
be taken as new basis (element) identified with intermediate bosons. It is worth noting that this type 
of transformation allows the conversion of different types of energy basis.  

 
Figure 1. Energy modules and transformations in modular energy diagram. (a) Transformation 
between two states through two vector intermediate bosons. (b) unitary transformation between two 
states in expanded space; (c) three types of transformation associated with Pauli matrices; and (d) 
corresponding primitive pair basis; (e) composite basis comprising primitive basis states can form 
different unit cells. 
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One way to understand the interaction induced difference between A and B is that they are the 
effective (or renormalized) elements for two original objects A0 and B0 with different values of 
energy, say 𝐸௔ and 𝐸௕. In fact, it is easy to see that 𝐸 = 𝐸௔ − 𝐸ത = −(𝐸௕ − 𝐸ത), with 𝐸ത = (𝐸௔ + 𝐸௕)/2. 
When 𝐸௔ = 𝐸௕ , it is reduced to the scalar case. While when 𝐸௔ = −𝐸௕ , we arrive at the case just 
considered with the maximal energy fluctuation for a given energy. On the other hand, we may 
regard the difference between A and B coming from the sign (phase rather than magnitude) of the 
energy. Thus, the interaction between A and B can be represented by the internal energy 
transformation associated with the orientation of the energy vector connecting A and B as a whole. 
Again, if intermediate states are allowed, they can be mapped to the surface of sphere in the high 
dimensional space. Nevertheless, it seems that only for the 2D energy space (Figure 1b), well defined 
order for all the states can be identified, i.e., clockwise and counterclockwise. In another word, a 2D 
energy space with magnitude E and phase 𝜃 as the polar coordinates allows for uniquely defined 
global order among all involved states while maintains unitary energy transformation. 

To obtain a quantitative description, we may construct a 2D vector space with the basis 𝜙ଵ = ൫ଵ଴൯ 
and 𝜙ଶ = ൫଴ଵ൯ representing for A and B respectively. Therefore, the transformations F and G may be 

represented in terms of matrices, e.g., F = ቀ0 10 0ቁ and G = ቀ0 01 0ቁ. It is easy to see that FG = ቀ1 00 0ቁ 

and GF = ቀ0 00 1ቁ. If we associate A, B with FG and GF, respectively, these transformations form a 

four-dimensional (4D) state space 𝐻ଶ×ଶ. This scheme just expands the dimensionality of the state 
space from 2 to 4, and therefore treats both the primitive elements and transformations in the 2D 
space at an equal footing as new basis in the 4D state space. Note that here the expanded state space 
is a generalized state space. One may ask if such a generalization could be related with the symmetry 
of the state space structure. However, the set of (𝔐ଶ×ଶ = ሼ𝐴, 𝐵, 𝐹, 𝐺ሽ) does not form a group. 

Of course, this basis is not unique, and other types of basis may be constructed. Our strategy in 
the present work is to start from primitive energy elements and systematically construct energy 
modules (or molecules) of higher levels to form a hierarchical structure of energy space. This is just 
like to synthesize materials bottom-up from atoms to molecules and other higher-level structures. On 
the other hand, this construction allows representing the system of interest in the decomposed MES 
top-down to deeper hierarchies. 

To elaborate our idea, consider again the above two-state system. Here we suggest an alternative 
simple mapping scheme. For instance, A and B could be identified with elements in the energy space 
specified in terms of a particular degree of freedom (DOF), say spin (not necessary to be the charge 
spin) so that S(A)=1 and S(B)=-1. For example, S could be the projection operator, which quantifies A 
and B with the coordinates of 1 and -1, respectively. While the coordinates of F and G may be taken 
as i and –i, respectively upon the projection of S. Now we see that the set of S(A), S(B), S(F), and S(G) 
forms a group isomorphic to the group of Z4, which can be mapped to the four basis in the complex 
plane as we just mentioned. 

Specifically, a second order basis may be constructed by the direct sum of the primitive basis 𝜙ଵ 
and 𝜙ଶ, i.e.  A = I ≡ ቀ1 00 1ቁ , 𝐹 = 𝑖𝐴, 𝐵 = −𝐴, 𝑎𝑛𝑑 𝐺 = −𝑖𝐴 .       (2a) 

Here the operator S can be taken as the identity 2 × 2 matrix. The continuous transformation of 
the A and B states may be captured by forming a basis using exponential functions, i.e.  A ↔ e୧஘I; B ↔ −A;  F ↔ iA; G ↔ −iA .          (2b) 

As the angle variable θ varies from 0 to 2π, the system transforms from state A to states F, B, 
and G, respectively. The generalization of coordinates (of the elements) from real to complex plane 
introduces F and G as energy elements and allows the energy transformation to be continuous (or 
performed in a closed connected space, Figure 1b).  

Alternative basis equivalent to Eq. 2 can be straightforwardly constructed. For instance, we can 
take 
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A = 𝜎ଵ ≡ ቀ0 11 0ቁ             (3a) 

A = 𝜎ଶ ≡ ቀ0 −𝑖𝑖 0 ቁ             (3b) 

A = 𝜎ଷ ≡ ቀ1 00 −1ቁ  .           (3c) 

Here the 𝜎௜ୀଵ,ଶ,ଷ are the three Pauli matrices, and other elements F, B, G are given by the same 
relation as in Eq. 2. It is easy to see that the basis in Eq. 2 and Eq. 3 can form a larger group of ℭ4 =𝑍4⨂𝔓 (𝔓 = ሼ𝐼, 𝜎ଵ, 𝜎ଶ, 𝜎ଷሽ), and the basis in Eq. 3 may be generated from that in Eq. 2 by a unitary 
transformation. This scheme can be generalized to higher dimensional systems. For instance, the 
higher order basis may be constructed by the direct sum of the basis A and B, and the dimension of 
the base space is thus expanded from 2 to 4 (see Appendix A for details). 

The primitive energy basis could be chosen as energy eigenstates of the system Hamiltonian, 
which can be mapped to the basis functions, e.g.  𝜙ଵ,ଶ → 𝜙± = 𝑒∓௜ఠ௧. The corresponding primitive 
pair basis can be written by, i.e.  ϕ = ൬𝜙ା𝜙ି൰ .              (4) 

If the primitive basis is mapped to the two elements A and B in Figure 1b, then the single 
primitive pair basis can be mapped to the vector 𝑆, just like a rod with two ends, or a chemical bond 
with two atoms. The same four-state space mentioned above may be represented in terms of this 
primitive pair basis, e.g., 𝔈4 = ሼ1, −1, 𝑖, −𝑖ሽ. Note that the resulting space is not the energy space 
directly formed by primitive energy atoms, but a function (energy) space formed by function basis, 
which can represent the symmetry of the relation (or transformation) of the system (structure). 

Other construction schemes based on primitive pair states exist for high order energy basis. One 
possibility is to use the linear combination of the primitive basis of the four-state system [53], i.e. φଵ = ଵ√ଶ (𝜙ଵ + 𝜙ଶ); φଶ = ଵ√ଶ (𝜙ଵ − 𝜙ଶ);         (5a) 

φଷ = ଵ√ଶ 𝑖(𝜙ଵ + 𝜙ଶ); φସ = ଵ√ଶ 𝑖(𝜙ଵ − 𝜙ଶ);        (5b) 

This scalar representation can be mapped to the vector form in terms of the primitive pair basis, 
i.e. 

 φଵ = ൬𝜙ା𝜙ି൰; φଶ = ൬ 𝜙ା−𝜙ି൰; φଷ = 𝑖 ൬𝜙ା𝜙ି൰; φସ = 𝑖 ൬ 𝜙ା−𝜙ି൰;    (5c) 

Physically, the two bases in Eq. 5a may be mapped to the bonding and anti-bonding states of the 
energy modules of two primitive energy elements, while the two bases in Eq.5b correspond to the 
radiation states associated with the bond formation/breakage. These four bases span the same 4D 
state space 𝐻ଶ×ଶ. In the same spirit, another equivalent basis may be given by φଵ = ଵ√ଶ (𝜙ଵ + 𝑖𝜙ଶ); φଶ = ଵ√ଶ (𝑖𝜙ଵ + 𝜙ଶ);        (6a) 

φଷ = ଵ√ଶ 𝑖(𝜙ଵ + 𝑖𝜙ଶ) = ଵ√ଶ (𝑖𝜙ଵ − 𝜙ଶ); φସ = ଵ√ଶ (−𝜙ଵ + 𝑖𝜙ଶ);    (6b) 

Since this composite basis is the unitary transformation of the primitive energy elements, and it 
is well-known that continuous transformation may be generated by three Pauli matrices as 
generators, we associate the three generators of Pauli matrices with different types of energy 
transformation and energy modules. The three types of unitary transformation generated by the Pauli 
matrices are [57]: 
 𝑈௜(𝜃) = 𝑐𝑜𝑠𝜃/2 + 𝑖𝜎௜𝑠𝑖𝑛𝜃/2 ;          (7) 
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It is easy to see that the set of basis in Eq. 1 and 2 correspond to the transformations 𝑈ଶ ቀగଶቁ , 𝑈ଵ ቀగଶቁ, respectively. And the transformation 𝑈ଷ ቀగଶቁ generates the third type of basis, i.e. φଵ = ଵା௜ଶ 𝜙ଵ; φଶ = ଵି௜ଶ 𝜙ଶ;            (8a) 

φଷ = ିଵା௜ଶ 𝜙ଵ; φସ = ଵା௜ଶ 𝜙ଶ;            (8b) 

These are the energy modules used in our previous work [53] to represent the solution of 
Schrödinger Equation for a four-state system.  

Energy transformation among the energy modules may be quantified, for example, by the 
unitary transformations in Eq. 7, which correspond to the rotation in energy space along a specific 
axis determined by the three Pauli matrices (Figure 1c). As a result, the energy space can be 
decomposed in three-dimensional (3D) space with each isosurface of total energy as a Bloch sphere. 
The three Pauli matrices, together with the identity transformation I, constitute generators of unitary 
group U(2), which are widely applied in quantum mechanics to quantify the symmetry of the system 
[58,59]. Nevertheless, the same symmetry or the same math may be interpreted in dramatically 
different ways. Then the question is how we choose what these abstract mathematical elements and 
corresponding transformations are responsible for? Or what is the mapping between this 
mathematical structure and the realistic system of interest?  

The mapping we focus on in this work is between the energy elements (and their 
transformations) and the elementary structure (and dynamics) of our world. We may start from 
identifying the three energy pair states dictated by the three Pauli matrices with different forms of 
fundamental energy modules, and we name them as shion, kongon and yunon [60], respectively. 
Together with the pair state associated with the identity matrix in Eq. 2 (we name it as benon), we 
obtain a group of generators of energy elements. These energy modules (Eq. 3, see Figure 1d for a 2D 
representation) constructed from the direct sum of the first order primitive energy basis (or energy 
elements), are associated with four types of elementary energy transformation (EET).  

Our main postulation in this work is that energy fluctuation and transformation may be 
represented in terms of primitive energy basis (may be further identified with matter and radiation 
state), which can be associated with EET that generates time, space, cloud (see below), or other types 
of (higher level) structures. The model also maps quantum dynamics (motion in space-time) in 
energy space in terms of EET, with the space-time evolution of the system of interest represented by 
energy transformation among different energy modules. Combining the fundamental energy 
modules and elementary energy transformations, we construct a modular energy space (MES) as a 
framework to quantify or represent our world. In another word, the world can be generated from 
energy modules and energy transformations, in the same way as generating crystals from unit cells 
(see Figure 1e for representative energy cells) and symmetry transformation. Note that in our 
modular framework of energy transformation, time and space are quantized as the corresponding 
energy basis is quantized. In addition, there is no predefined spacetime or coordinates. One may 
create mathematical framework such as vector space to quantify the system, and even define 
nontrivial operation rules such as derivatives to describe spacetime transformations. Interactions (in 
particular the gravity) can be associated with coordinates based geometric objects such as curvature 
and connection [3,13,19,61]. However, geometrization based on nontrivial operation of simple basis 
is not the only way to quantify complex interactions. In fact, MES introduces hierarchical basis 
(energy modules) which may simplify the operation rules for high level interactions. This strategy 
also goes beyond the measurement description on the interactions in relative state or relational 
quantum mechanics [62,63]. 

The classification of energy modules in our mapping scheme not only results in a well-organized 
MES but also maps abstract energy basis to physical objects, thus provides quantitative descriptions 
of the structure, properties and transformations of the system of interest as what a conventional wave 
function can do. In another word, the wave function of the system may be represented in terms of its 
projection on energy modules in MES, which however has a well-defined deterministic interpretation 
in contrast to the conventional statistical interpretation. In addition, the evolution of the wave 
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function can be characterized by the phase of the energy or the effective angle of the vector (and 
object) in MES. This is reminiscent of the de Broglie-Madelung-Bohm representation of the wave 
function of action angle variables, i.e.  𝜓~𝐴e୧ୗ/ℏ,               (9a) 

for which the action S = ׬ 𝑝𝑑𝑞 − 𝐸𝑑𝑡.          (9b) 

And the amplitude A is associated with the probability density, which is responsible for 
quantum potential [6,7] causing quantum deviations from the classical dynamics. Note that the action 
may be represented by the integral of a generalized Lagrangian, i.e.  S = ׬ 𝐿(𝑞, 𝑞ሶ , 𝜎)𝑑𝜎.             (10) 

Here q is generalized coordinate, (e.g., x or t), 𝑞ሶ = ௗ௤ௗఙ is the generalized velocity, and 𝜎 is the 
affine parameter which characterizes the integration path. If we take 𝜎 = 𝑡, then Eq. 10 reduces to 
the action of the conventional Lagrangian 𝐿(𝑞, 𝑞ሶ , 𝑡).  

In contrast, the wave function in MES takes a new form in terms of action represented in the 
decomposed energy space, i.e. 𝜓 = e୧ୗ(𝑬)/ℏ ,              (11a) 

which can be further expanded into a series: 𝜓 = e୧/ℏ ∑ ௌ೙೙  .             (11b) 

To interpret the physical meaning of the proposed wave function, considering the case there is 
only the first term, which represents for the scalar contribution to the action, i.e. Sଵ = ׬ 𝐿ଵ𝑑𝑡 = 𝐻ଵ)׬ − 𝐸ଵ)𝑑𝑡 ,           (11c) 

the corresponding wave function given by Eq. 11a reads: 𝜓 = e୧ ׬ ௅భௗ௧/ℏ = e୧  ௗ௧/ℏ.           (11d)(ுభିாభ)׬

Here 𝐿ଵ is the scalar Lagrangian, 𝐻ଵ ≡ 𝐿ଵ + 𝐸ଵ is the generalized energy and 𝐸ଵ is reference 
energy, i.e., the constant energy of a fundamental unit (e.g., energy atom). Assuming that a quantum 
mechanical system can be described by a wave function in the form of Eq. 11a-d, the time evolution 
of the system satisfies the first order ordinary differential equation (ODE) for a scalar energy state, 
i.e. iℏ ୢୢ୲ ψ = (𝐸ଵ − 𝐻ଵ)ψ .          (11e) 

Here it is clear that explicit time dependence comes from the scalar energy fluctuation with 
respect to the reference (stationary) state, while the reference state may have internal time if it is 
multicomponent (see Appendix). In terms of internal time τ, time dependent Schrödinger equation 
for the reference state reads.  iℏ பபத ψ = 𝐸ଵψ .            (11f) 

In particular, when 𝐻ଵ = 0, which means there is no additional DOF other than the internal 
DOFs, the explicit time coincides with the internal time τ. On the other hand, the stationary state 
(eigenstate) is obtained when there is no energy fluctuation (𝐻ଵ = 𝐸ଵ), i.e.,  𝐻ଵψ = 𝐸ଵψ ,              (11g) 

with the eigenvalue of 𝐸ଵ. This corresponds to the case that internal DOFs are responsible for all 
the contributions to the generalized energy. These two cases represent for the two perspectives 
(interpretations) to the energy of the system, which may help illustrate the foundation of timeless 
quantum mechanics [62,64].  
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The single state case in Eq. 11c can be straightforwardly generalized to a multistate system, and 
the corresponding multistate quantum dynamics equation for an n-state system reads: 

 iℏ ୢୢ୲ ψ௡ = (𝐸௡𝐼 − 𝐻௡)ψ௡ .          (11h) 

with ψ௡  the n-component wave function, 𝐻௡  the corresponding generalized Hamiltonian 
represented by a 𝑛 × 𝑛  matrix, and I the identity matrix. Eq. 11h can be solved routinely by 
diagonalizing the Hamiltonian matrix resulting in a representation (vector) space spanned by energy 
eigenstates [54]. It implies that unless all states are degenerated, explicit time dependence exists for 
multistate (n>1) systems. In addition, the hierarchical decomposition of the action (Eq. 11b) suggests 
that external and global time may be registered in a different hierarchy from the one where the system 
of interest is. Our model does not rely on the concept of position and the probability, and therefore 
seems to have no “problem of time” [10]. Note that the integral in the definition of action may be 
reduced to a discretized sum if only a quantum clock is available. 

What is new here in Eq. 11a is that we represent the action and the corresponding Lagrangian 
(e.g., Eq. 11c-d) in the energy space in terms of a generalized Hamiltonian in the tensor form, rather 
than in the conventional space-time or momentum space. Specifically, we associate the n-th order 
action 𝑆௡ with a generalized Hamiltonian tensor 𝐻௡ corresponding to the contribution from the n-
body (energy module) interactions, which can be further decomposed into the sum of irreducible 
tensors of rank l: 𝑆௡ = 𝐻௡)׬ − 𝐸௡𝐼)𝑑𝑡 = ∑)׬ 𝐻௡௟௡ିଵ଴ − 𝐸௡𝐼)𝑑𝑡  .      (12a) 

As an example, let us explain our mapping scheme by considering a two-state system. The action 
is now decomposed into two terms corresponding to the contributions from the time integral of the 
scalar and vector energy (tensors), respectively, i.e.  Sଶ = 𝐻ଶ)׬ − 𝐸ଶ𝐼)𝑑𝑡 = 𝐻ଶ଴)׬ + 𝐻ଶଵ − 𝐸ଶ𝐼)𝑑𝑡  = 𝐸ଶ଴)׬ − 𝐸ଶ)𝐼𝑑𝑡 + ׬ 𝐸ଶଵ ∙ 𝜎𝑑𝑡  .         (12b) 

To illustrate explicitly the mathematical structure of the energy space, a matrix representation is 
used in the last step of Eq. 12b (see Appendix A for details). The first term represents for the scalar 
transformation of the energy space discussed in Eq. 11. Here let us focus on the second term. As 
shown in the construction of energy modules, the vector transformation of energy modules can be 
represented by the generators of SU(2) group, i.e. the three Pauli matrices, which may be mapped to 
the three components of the irreducible spherical tensor of rank 1, different from the zeroth rank 
scalar tensor. Physically, these three types of vector transformation correspond to the rotations in the 
energy space shown in Figure 1a-c, in the 1, 2 and 3 dimensional space, respectively. And if we denote 
the two body inter-module energy transform rate as c, which is a constant in the free space, i.e., 
without higher order interactions, then the action can be rewritten into  ׬ 𝐸ଶଵ ∙ 𝜎𝑑𝑡 = ׬ ாమభఒ 𝑇 ∙ 𝜎𝑑𝜆𝑡/𝑇 = ׬ ாమభ௖ ∙ 𝑑𝑥 .        (12c) 

Here we define the vector 𝑥 ≡ 𝜎𝑐𝑡, and 𝑐 = 𝜆/𝑇 given by the ratio of the characteristic length 
and time of energy modules.  

Similarly, the tensor expansion of action for a three-state system results in the form of integrals 
of various types: Sଷ = 𝐻ଷ)׬ − 𝐸ଷ𝐼)𝑑𝑡 = ׬ 𝐸′ଷ𝑑𝑡 + ׬ 𝑝ଷ ∙ 𝑑𝑥 + ׬ 𝑚ଷ: 𝑑Ξ .    (12d) 

where 𝐸′ଷ = 𝐸ଷ଴ − 𝐸ଷ𝐼, 𝑝ଷ = ாయభ௖ , 𝑚ଷ = ாయమ௖మ , and Ξ = ω𝐫𝐫. Thus, they represent for the contribution of 
multipole terms of scalar, vector, and second order tensor (matrix), respectively, which again may be 
mapped to different types of energy transformation in MES. Higher order terms could be included 
explicitly; otherwise, we might be able to regard Eq.12d as a period of three loop, and represent 
higher order terms by using the same energy modules renormalized at different levels.  
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The tensor expansion of the generalized action in Eq. 12 suggests that the scalar fluctuation of 
action generates (scalar) energy (shion, or scalar mass state), and the corresponding scalar energy 
transformation creates time. Similarly, the vector fluctuation of action generates momentum (kongon, 
or radiation state), and vector energy (radiation) transformation creates space; the matrix fluctuation 
of action generates mass, and matrix energy transformation creates cloud (see Figure 2). This 
mapping scheme may be extended to higher-level expansions, which corresponds to the generation 
of higher dimensional space. Here our model implies that there may exist different levels of 
expansion: for the first level, there exist only scalar module; for the second level, there are both scalar 
and vector modules; and for the third level, there exist scalar, vector and matrix (second order tensor) 
modules, and so on. This seems exactly the same rule followed by chemical elements to fill in the 
periodic table. And it is the set of quantum numbers to determine the energy levels. Therefore, we 
propose that energy elements follow the same filling rule. For instance, the principal quantum 
number determines the level, and the angular momentum quantum number determines the sublevel, 
i.e., l=0 (scalar), l=1(vector), and l=2(matrix). (See Appendix A for further details). Correspondingly it 
suggests that there exist different levels (hierarchies) of worlds or universes, i.e., scalar energy (time) 
world, vector energy (time space) world, and matrix energy (e.g., time-space-cloud) world, etc.  

 

Figure 2. Energy modules and transformations in the multipole expansion of action. (a) Scalar 
transformation through single node loop (SNL); (b) vector transformation through double node loop 
(DNL); (c) matrix transformation through triple node loop (TNL); and (d) three types of 
transformation represented by primitive triplet basis. 

To make the connection with conventional quantum dynamics, we consider a simple particle 
moving in 1D space with a constant momentum, and rewrite the three matrix expansion terms of 
action in Eq. 12d in an equivalent form in terms of the generators of energy transformation using 
Pauli matrices, i.e. S = −E ׬ ቀ1 00 −1ቁ 𝑑t + p ׬ ቀ1 00 −1ቁ 𝑑𝑥 + m ׬ ቀ1 00 −1ቁ 𝑑Ξ ,    (13) 

which are mapped to the contributions to the action from the energy modules of shion, kongon and 
yunon in MES, respectively. Note that the last term may be combined with the first two terms 
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resulting in a renormalized space-time. Then Eq. 11 can be reduced to the conventional wave function 𝜓~eି୧(௞௫ି௪௧). In addition, Eq. 13 may be mapped to a two-state system resulting in the Klein Gordon 
Equation. On the other hand, Eq. 11-13 can be straightforwardly generalized to the more complicated 
cases, through a variety of ways including dimensional expansion and time discretization. For 
instance, the wave function for a system of two two-state particles (four-state) may be obtained from 
Eq. 11 using a Hamiltonian expanded in 4 × 4 matrices and a time discretized form may be given 
by: Sଵ = −E ∑ ቀ 𝐼 −𝐼ቁ ∆t  ;           (14a) 

Sଶ = p ∑ ቀ 𝐼 −𝐼ቁ ∆𝑥 ;            (14b) 

Sଷ = m ∑ ቀ 𝐼 −𝐼ቁ ∆Ξ ;            (14c) 

The corresponding wave function apparently satisfies the Schrödinger equation. 
Note that the wave function in Eq. 11 represents for the single trajectory in the energy space, and 

the ensemble of trajectories may be used for a collection of particles exactly like applying statistical 
mechanics based on classical trajectories for complex systems. And the initial condition of the 
ensemble is thus given by 𝜓(ሼ𝑐ாሽ, 0), which is the wave function at time 0, with the coordinates ሼ𝑐ாሽ 
(projections on energy modules). This is in contrast to the de Broglie-Madelung-Bohm representation 
in Eq. 9, which itself is a nonlocal wave function with a time dependent magnitude associated with 
the probability density (therefore the statistical interpretation has already built-in for the single 
trajectory). In addition, all the time dependent parts are incorporated into the exponential term in Eq. 
11, which is in fact the time evolution operator with respect to a non-interacting hierarchical reference 
state if we write the action into the time integral of the corresponding Hamiltonian, i.e. 
 e୧/ℏ ׬ ∑ (ு೙ିா೙ூ)೙ ௗ௧.             (15a) 

Therefore, it is not surprising that Eq. 11a indeed describes the time evolution of the system in 
the energy representation and satisfies Schrödinger Equation, which also bears the feature of the 
matrix representation as suggested in Heisenberg’s matrix mechanics [54,55]. 

To compare with the conventional definition of the action in Eq. 9, we write the action in Eq. 11 
as  S = ׬ 𝑝𝑑𝑥 − 𝐻𝑑𝑡 ↔ S = 𝐻)׬ − 𝐸)𝑑𝑡 .        (15b) 

Here we generalize the first term in the conventional action into the energy tensor in energy 
space (c.f. Eq. 11 and 12) and identify the conventional (scalar) Hamiltonian as the total energy of the 
system. The system Hamiltonian matrix may be constructed from the energy tensor (see Appendix 
A), and when applying the stationary phase condition (or equivalently the principle of least action), 
we obtain the Newton equation, i.e.  ப୮ப୲ = − ப୉ப୶ = F ;             (16a) 

and similarly, ப୮பஆ = ப୫ப୶  .            (16b) 

In addition, from the constructed wave function, the relativistic Klein-Gordon (or multistate 
Schrödinger) equation follows, i.e. డమడ௧మ 𝜓 = 𝑐ଶ డమడ௫మ 𝜓 + 𝑐ସ డమడஆమ 𝜓 .           (16c) 

Note that our formalism implies that the unitary transformation with invariant time and space 
guarantees energy and momentum conservations, respectively, whereas that with invariant cloud 
guarantees mass conservation. In addition, this hierarchical world picture built on MES suggests a 
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molecular interpretation to the renormalization in conventional quantum theory for fundamental 
particles and interactions (to be further investigated in future works). 

2.2. Time Space Transformation 

The equivalency of energy momentum relation in MES and space-time dynamics (both are 
related to each other through integral transformations) facilitates detailed analysis on the structure 
of energy space and stimulate new physical insights into energy transformation. For instance, energy 
transformation is apparently not necessary to be unimodular, described by the three Pauli matrices. 
In fact, any trajectory in the energy space may correspond to a particular energy transformation 
pathway, just as a trajectory in the phase space representing for a particular space-time 
transformation of the system of interest.  

To illustrate the MES perspective on energy transformation, let us consider a free particle in 1D 
space. According to the wave function in terms of energy tensor expansion of action, the equation of 
motion (EOM) is a generalized Klein Gordon equation (Eq. 16):  −ℏଶ பమப୲మ ψᇱ = ቀ−ℏଶcଶ∇ଶ−ℏଶ𝑐ସ డమడஆమ ቁ ψᇱ ,        (17) 

and the solution may take the form of  ψ(𝑥, 𝑡, Ξ)~𝑒௜(௞௫ିఠ௧ାఓஆ)  ,           (18a) 

with 𝑘, 𝜔 are the wave vector and frequency, respectively. Following the pattern in the conventional 
form, the additional third term in the phase comprises Ξ = 2π𝜈𝜎, the cloud area rate in the cloud 
(space), and the associated variable 𝜇 = 𝑚଴/ℏ, called the wave matrix. Here the energy relation (or 
energy representation of EOM in MES) reads: 𝐸ଶ = 𝐸ோଶ + 𝐸ெଶ  .             (18b) 

As radiation energy (or k) decreases, a pure mass state may be obtained when all attached 
intermediate bosons leave away.  

If the square of radiation energy further decreases (k becomes into imaginary, i.e., k = i𝜅), we 
may have ψ(𝑥, 𝑡)~𝑒ି఑௫ି௜ఠ௧ା௜ఓஆ ,           (19a) 

and 𝐸ଶ = −𝐸ோଶ + 𝐸ெଶ  .            (19b) 

Now radiation becomes internal and may be written into ℏ௖క = ℏక/௖ = ℏ௩కబ  ,            (20) 

with 𝜉  being the coherence length of internal radiation, and the Compton wavelength 𝜉଴ = ℏ௠బ௖. 

Therefore Eq. 19 indicates that as the coherence length decreases to the Compton wavelength or the 
internal time 𝜉/𝑐 decreases to the characteristic time (or the effective velocity of the confined particle 
increases from zero to the speed of light), the mass state may turn into (or is balanced by) a coherence 
state in full. The resulting state can be associated with the MLNP, generated from mass state by 
approaching full quantum coherence (QC) in the internal limit.  

Clearly, Eq. 18 and 19 represent for two classes of states: one is free wave and the other is 
confined wave corresponding to external and internal QC, respectively. They are involved in two 
typical routes (A and B) shown in Figure 3a. At the point where the MLNP is generated, the original 
total energy of the particle decreases to zero. As the coherence length further decreases or the 
radiation energy further increases, the square of the total energy would become negative (route C in 
Figure 3a, ω = iΩ). Then we have ψ(𝑥, 𝑡)~𝑒ି఑௫ାஐ௧ା௜ఓஆ  ,          (21a) 

and −𝐸ଶ = −𝐸ோଶ + 𝐸ெଶ   .           (21b) 
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Figure 3. Timespace transformation in modular energy diagram. (a) Three representative routes of 
transformation represented by pathways in different domains in energy space. A: mass with external 
radiation; B: mass transforms into MLNP; C: mass becomes imaginary. (b) Timespace transformation 
(TT) in generalize energy space. Characteristic lines show energy momentum relation in a linear form 
in the positive (+, M>0) and negative (-, M<0) worlds, which is separated by the zero-mass line (green 
dashed). Red line passes through the time-like, mass-like, and space-like domains corresponding to 
the routes A, B, and C, respectively. TT results in a flip of the time-like and space-like domains and 
the role exchange in time and space. Purple line marks the degenerated state of time and space. Note 
that the three domains here refer to the energy space, which are different from the ones in the space-
time diagram in GR. Also timespace used in TT reminds its different nature from the conventional 
space-time paradigm. (c-h) modular basis evolves in the quantum phase transition induced by TT: (c) 
Moving mass carrying intermediate bosons. (d) and (e) Space turns from external into internal world 
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at the border of A and B regimes. (f) Degenerated states of time and space. (g) and (h) Role exchanges 
in time and space at the border of B and C regimes. 

Here to retain the positivity of energy square, we explicitly extract the negative sign out in Eq. 
19b and 21b. After rearranging the order of terms, well-behaved energy relation recovers as shown 
in Table I. And this operation implies certain transformation may occur as the nature of pathways 
changes. Indeed, Figure 3b illustrates transitions among different regimes in a generalized energy 
space via characteristic lines: 𝒯 = 𝒮 + ℳ               (22) 

with 𝒯 ≡ 𝐸ଶ, 𝒮 ≡ 𝐸ோଶ, ℳ ≡ 𝐸ெଶ . Accordingly, the energy space is decomposed into the time-like, mass-
like and space-like sectors. The time-like domain corresponds to the external world, and the space-
like domain is associated with the internal world, in which the role of time and space shifts, i.e., the 
internal radiation behaves like shion whereas the internal mass state behaves like radiation. 
Interestingly external radiation pair state may generate vast space in the time-like domain whereas 
internal radiation pair state could generate various time loops in the spatial confined space-like 
domain. In comparison with energy transformation in the previous section, the pathways A and C 
here describe open systems while pathway B is for closed systems, the same as those captured by 
three Pauli matrices. Alternatively, we may regard the pathways A and C as physical transformations 
(magnitude changed) while those defined by Pauli matrices as chemical transformations (module 
changed). 

Table 3. a, in line with the corresponding wavefunction, D’Alembertian operator, and transformation 
angle θ. 

Route A (Time-like) B (Mass-like) C (Space-like) 
Energy relation 𝐸ଶ = 𝐸ோଶ + 𝐸ெଶ  𝐸ଶ = −𝐸ோଶ + 𝐸ெଶ  −𝐸ଶ = −𝐸ோଶ + 𝐸ெଶ  

Rearranged 𝐸ଶ = 𝐸ோଶ + 𝐸ெଶ  𝐸ெଶ = 𝐸ଶ + 𝐸ோଶ 𝐸ோଶ = 𝐸ଶ + 𝐸ெଶ  
states 𝑒௜(௞௫ିఠ௧ାఓஆ) 𝑒ି఑௫ି௜ఠ௧ା௜ఓஆ 𝑒ି఑௫ାஐ௧ା௜ఓஆ 

Operator upon 
basis change 

∇௖௧ଶ − ∇௫ଶ ∇௖௧ଶ + ∇௫ଶ ∇௫ଶ − ∇௖௧ଶ  θ 0 (0, π/2) π/2 

From the time-like domain to the space-like domain (route A vs. route C), the mass energy term 
in the energy relation keeps invariant while the total energy changes from scalar (mass) energy to 
radiation energy, which implies that the role of two components switches, and correspondingly the 
role of time and space switches. From route A to B, the external time is substituted by the 
characteristic time associated with the rest mass, and the external world turns into an internal world. 
The role of time and space switches along route B in the mass-like domain as the connection between 
routes A and C. From route B to C internal radiation (with the feature of internal time) increases 
(Figure 3c-h). If we define the spatial basis in the space-like domain to be ct, and the time to be x/c, 
then the energy relation (and physical laws) would be invariant.  

To be specific, instead of transforming state variables, the basis transformation in route B may 
be obtained by the following mapping: ቀ𝑐𝑡𝑥 ቁ = ቀ𝜎𝑐𝑜𝑠𝜃𝜎𝑠𝑖𝑛𝜃ቁ,               (23a) 

which gives the transformation of the line elements, i.e. ቀ 𝑑𝜎𝜎𝑑𝜃ቁ = ቀ 𝑐𝑜𝑠𝜃 𝑠𝑖𝑛𝜃−𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃ቁ ቀ𝑑𝑐𝑡𝑑𝑥 ቁ .          (23b) 

In the time-like domain (𝜃 = 0), we have 𝜎 = 𝑐𝑡; while in the space-like domain (𝜃 = 𝜋/2), 𝜎 =𝑥; and in the mass-like domain in between transformation between time and space occurs. Such basis 
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transformation provides a new perspective different from analytical continuation of corresponding 
variables into complex plane [65–67].  

This timespace transformation (TT) may correspond to a quantum phase transition. The 
crossover behavior is illustrated in Figure 4a. In the time-like domain (external world), the velocity 
decreases from c to zero, as external intermediate bosons being detached. The mass-like domain in 
the expanded energy space connecting both time-like and space-like domains in which the role of 
time and space is exchanged so that the rate dx/dt switches from zero to infinity. Note that for fixed 𝜃, ௗ௫ௗ௧ = ctanθ in Eq. 23b, and therefore 𝜃 serves as the order parameter of phase transition (Figure 
4b). At 𝜃 = 𝜋/4, time and space become degenerated, marking the transition point in the mass-like 
domain. In the space-like domain, if the confined internal intermediate bosons can be excited, the 
velocity could also increase from zero to c, approaching a limit to form a closed loop in the diagram.  

 

Figure 4. Quantum phase transition induced by timespace transformation. (a) The rate dx/dt vs. the 
apparent velocity v for routes A, B, and C in Figure 3a. Timespace transformation (TT) in route B 
switches time and space, results in divergence in dx/dt. But v does not diverge. (b) Quantum phase 
transition due to TT in the mass-like domain. The critical point is marked by the order parameter θ =஠ସ, where the transition takes place with the role of time and space exchanged. 
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The TT transformation can be associated with the yunon transformation generated by the Pauli 
matrix 𝜎ଷ, which may involve both particle and antiparticle in the same way as the annihilation of 
particle and antiparticle into radiation corresponding to the kongon transformation generated by the 
Pauli matrix 𝜎ଶ. The kongon and yunon may be mapped to the external flux and internal coherence, 
respectively, both of which are key components of the constructed energy space at different levels of 
the hierarchical structure. The kongon transforms energy among different modules in the same 
framework while by contrast the yunon transforms energy within the same module. The free kongon 
propagates at the light speed marked the interface separating the internal and external worlds. In the 
internal world, kongon becomes time-like whereas the shion becomes space-like which however does 
not have to be bounded by a confined length.  

2.3. Energy Dynamics 

A quantum theory of motion is one of the key components of the foundation of quantum 
mechanics. The standard quantum theory suggests that motion is captured by the time evolution of 
the probabilistic wave (function) in space and the concept of classical trajectory is discarded. In the 
de Broglie-Madelung-Bohm representation, the trajectory concept is restored and motion is attributed 
to the propagation of the wave front [6,7,68] of a nonlocal wave. While in relativistic quantum 
mechanics, the energy momentum relation indicates that the moving particle may be regarded as the 
compound of pure (rest) mass state and radiation state carrying a specific momentum [53]. Since the 
dynamics of a system of interest is represented by energy transformation in the proposed MES 
framework, such a mapping or quantization results in a classical like deterministic trajectory in 
energy space and provides a molecular interpretation on the underlying mechanism. The question is 
how exactly this coherent compound works? Here we elaborate the idea and illustrate how energy 
transports in the generated space-time.  

As shown in our previous work [53], the basis associated with the identity matrix (benon) could 
form the underlying framework for energy transformation by setting the energy module as the 
ground state. Therefore, it may provide the base as both the support and interface for energy quanta 
represented by primitive energy modules, as shown in Figure 5a for a possible configuration of the 
generated space. Note that this generated space is the real space, which is one particular 
representation of the general energy space. The background space may comprise (infinitely) many 
energy modules in the ground state, while the dynamics of the considered energy quantum could 
proceed as exciton transport (Figure 5b) and the energy transformation among different modules 
play a decisive role in energy transport. Note that the constituent modules of the background space 
have their own spacetime structures, which make it possible to illustrate the underlying molecular 
mechanism of quantum dynamics in spacetime, in contrast to the various quantum gravity models 
[27–29]. 

The time evolution of a system can thus be represented by the unitary transformation of the state 
determined by the action angle variable, provided the total energy be conserved. And the action 
involves the contributions from the elementary operations corresponding to different energy 
modules (Eq. 12). As an example, Figure 5c-e display the space-time diagram for three types of 
motions of a single energy quantum, i.e., time evolution, space evolution, and space-time evolution. 
This modular energy diagram (MED) can also be used to illustrate the energy transformation in a 
generalized energy space (not shown). The equation of motion in the time dominated domain (Figure 
3) is given by 𝐸ଶ = 𝐸ோଶ + 𝐸ெଶ , in which energy (shion) comprises the contributions from kongon and 
yunon, which may transform between each other. Alternatively, if the energy transformation 
proceeds along the space dominated path, then EOM would be 𝐸ோଶ = 𝐸ଶ + 𝐸ெଶ . Similarly, energy 
transport may also occur in a mass dominated domain in which energy transforms between shion 
and kongon, with the corresponding EOM 𝐸ெଶ = 𝐸ଶ + 𝐸ோଶ. 
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Figure 5. Energy transport in modular energy diagram. (a) Quantum net framework built on primitive 
energy modules. (b) 1D transport for a single energy quantum. Shown from the left the dynamics of 
a square module in three consecutive time slices. Panels c-e show the space-time diagram for a single 
energy module. (c) Time evolution of a shion. (d) Space evolution of a kongon. (e) Space-time 
evolution of a yunon. 

Then what exactly takes place on the microscopic scale and what is the underlying molecular 
mechanism? Now consider an energy quantum with a specific momentum, the dynamical process 
may be described by the elementary operations involving three Pauli matrices, e.g., 𝜎ଶ𝜎ଷ (see Figure 
6a). Each of such elementary operation makes a forward move of 1/4 unit cell along the direction of 
the momentum. After each of such move, the role of time and space, and therefore the role of matter 
and radiation are switched. Once the four steps complete, the original state of the energy quantum 
recovers, and a whole period is achieved. For each step the mass state operates, the clock starts to 
run; whereas when the radiation state operates, the position varies. And the alternative activation of 
shion and kongon results in a limiting (light) speed of the radiation particle. 

To further illustrate energy transformation in the Hamiltonian form, let us first consider a 
molecular model based on primitive energy modules for a single intermediate boson or radiation 
particle (e.g., photon). We start from a four-state model [53], for which the multistate quantum 
dynamics equation reads:  iℏ ୢୢ୲ ൬ψଵψଶ൰ = ൬ 𝐈m଴cଶ 𝐢𝛔 ⋅ c𝐩−𝐢𝛔 ⋅ c𝐩 −𝐈m଴cଶ൰ ൬ψଵψଶ൰ ,        (24a) 

with the up and down components for each ψ୧ = ቆψ୧୳ψ୧ୢ ቇ , i = 1,2 .  (24b) 
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Figure 6. Energy transport in modular energy diagram. (a) Molecular model for a single radiation 
particle. Shown from the bottom the dynamics in the first half period. Panels b-e show the 1D free 
motion of a five-module massive particle carried by a three-module radiation particle. Note that the 
central four-module yunon requires extra time for transformation. (f) The same single radiation 
particle but spanning over four square energy modules. 

Note that Eq. 24a is ODE since the generalized Hamiltonian in energy space (no position or 
momentum space) is used. For simplicity, we assume that the radiation particle propagates freely 
along the z axis with a momentum of p, that is p୶ = p୷ = 0, then the Eq. 24 becomes into 

iℏ ୢୢ୲ ൮ψଵψଶψଷψସ൲ = ⎝⎜
⎛m଴cଶ 𝑖𝑐𝑝−m଴cଶ 𝟎𝟎 m଴cଶ−𝑖𝑐𝑝 −m଴cଶ⎠⎟

⎞ ൮ψଵψଶψଷψସ൲ .    (25) 

Here we model a single radiation particle in MES as a compound of different energy modules, 
e.g., two shions plus one directional kongon [69]. And it propagates like an energy train as energy 
transforms between different forms and transports among different modules along the z axis. Starting 
from the configuration given by Eq. 25, a straightforward calculation using the unitary 
transformation suggested in previous work [53], results in the multicomponent wave function as the 
follows:  
 Ψଵ = 𝑒ି௜ఠ௧ − ௜௖௣ଶா (𝑒ି௜ఠ௧ + 𝑒௜ఠ௧); ψଶ = 𝑒௜ఠ௧;  

ψଷ = 𝑒ି௜ఠ௧; ψସ = 𝑒௜ఠ௧ + ௜௖௣ଶா (𝑒ି௜ఠ௧ + 𝑒௜ఠ௧) .       (26) 
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The results indicate that the energy flow of kongon pull the energy train running along the z 
axis, during the first 1/4 period. Once the energy train moves one step forward, the modules in the 
middle (H22 and H33 in bold) can combine together to transform into a yunon,  

 iℏ ୢୢ୲ 𝜓 = ⎝⎜⎜
⎛ 𝑖𝑐𝑝𝐦𝟎𝐜𝟐 𝟎

𝟎 −𝐦𝟎𝐜𝟐−𝑖𝑐𝑝 m଴cଶ −m଴cଶ⎠⎟⎟
⎞ 𝜓 .     (27) 

and the Hamiltonian becomes into  

 𝐻(𝑡 + ∆𝜏) = ⎝⎜⎜
⎛ 𝑖𝑐𝑝 m଴cଶ 𝟎m଴cଶ −𝑖𝑐𝑝 m଴cଶm଴cଶ ⎠⎟⎟

⎞
 .      (28) 

Now, it is time for kongon to move forward as yunon serves as both the interface and the driving 
force between adjacent kongons, and the particle propagating line shifts to the kongon and at this 
step kongon and yunon play the same role of shion and kongon in the previous step, respectively. 
The solution can be found following the same strategy as in previous work [53], which indicates that 
the kongon propagates one step forward through the mediation of yunon (see the Appendix A for 
details). In the next step, yunon transforms back to shion again, and energy transformation occurs 
through the time line again under the help of kongon. Altogether the energy train moves forward a 
distance of one module of kongon during the half period of shion. This corresponds to half 
wavelength noting the sign change of shion. The next half period follows the same pattern and this 
three-module “photon” propagates at a constant velocity of  
 𝑣 = ఋ௅ఋఛ = ఒ் = 𝑐  ,            (29) 

Here the T and 𝜆 are the charachteristic time and length of the corresponding energy quanta, 
i.e., shion and kongon, respectively.  

Inspired by the relativistic energy momentum relation, we propose that [53] the motion of a 
massive particle is attributed to the carriage of a moving energy quantum or a radiation particle (e.g., 
the three-module “photon” considered above), just like a passenger on an energy train. Here we 
explain this molecular model in more details. Consider a particle of mass m coupled with a single 
intermediate boson of momentum p along the z axis, the corresponding multistate quantum 
dynamics equation may be written by  

 Iℏ ୢୢ୲ ⎝⎜
⎛ψଵψଶψଷψସψହ⎠⎟

⎞ = ⎝⎜
⎛ m଴cଶ 𝑖𝑐𝑝 mcଶ −mcଶ−m଴cଶ m଴cଶ−𝑖𝑐𝑝 −m଴cଶ ⎠⎟

⎞
 .     (30) 

In comparison with Eq. 25, the attached particle is sitting on the energy train (Figure 6b). When 
the train starts to move, it transports along the z axis the same way as that in the single “photon” case 
in the first 1/4 period. However, when energy module transforms from shion into kongon, the 
existing massive particle would block the way of energy transformation and extra time is required 
for the completeness of transformation. The transition time for the compound is  தᇲఛబ = ඥ(୫బୡమ)మା(௣௖)మ௣௖ = ா௣௖ .            (31) 

Once the transition completes, the energy transport follows the same flowchart as that in Eqs. 
25-28 and therefore the velocity of the moving particle is given by 
 v = ୐தᇲ = 𝑐 ௣௖ா = 𝑣 .            (32a) 
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Alternatively, to carry the massive particle, part of the energy of the radiation particle has to be 
used to power the cloud transformation (Figure 6c-e), which costs extra time on motions orthogonal 
to the momentum of the radiation particle. And the energy partition on these two types of motions is 
proportional to the energy ratio of the radiation and the massive particles, i.e.  
 ௣௖୫బୡమ = ௩ටଵିೡమ೎మ .             (32b) 

Here the same velocity of the massive particle is obtained. Our analysis indicates that it is the 
energy transport among energy modules responsible for the motion of a particle. And elementary 
building blocks such as shion, kongon, and yunon (plus benon) constitute matter, transformation and 
our world (see further discussions below).  

If we represent energy modules in the form of second order tensor, i.e., matrix, the energy 
transport may be described by Liouville equation in terms of density matrix according to the mapping 
between energy modules and density matrices. Let us take a two-state model to explain the molecular 
framework for energy transport. The dynamics of the system can be generated by Liouville equation 
as the follows: ୢ஡ୢ୲ = ௜ℏ ሾ𝜌, 𝐻ሿ ,             (33) 

with ρ the density matrix, 𝐻 Hamiltonian, and ℏ the circular Planck constant. Eq. 33 may be 
rewritten in the form of optical Bloch equation [70],  

 ௗௗ௧ 𝒟 = ൭ 0 −𝑤 𝑣𝑤 0 −𝑢−𝑣 𝑢 0 ൱ 𝒟 ,           (34a) 

with the definition of  

 𝒟 ≡ ൭𝑃𝐶𝐹൱ = ൭ 𝜌ଵଵ − 𝜌ଶଶ𝜌ଵଶ + 𝜌ଶଵ(𝜌ଵଶ − 𝜌ଶଵ)൱  ,          (34b) 

which may be mapped to three Pauli matrices. Eq. 34 can be solved routinely and the solution 
has been widely applied as a key component for dynamics of a system involving a large number of 
degrees of freedom [57,70]. The space-time evolution of the system thus can be well-captured by the 
rotation of the unimodular vector on the surface of Bloch sphere.  

To apply this density matrix representation to describe energy transformation in the energy 
space, Eq. 34 has to be recast into a quantized energy space and generalized to incorporate multiple 
modules. Let us again take the example of a massless boson (e.g., photon) comprising six primitive 
energy modules. Suppose that at the initial time, a radiation particle represented by a compound of 
two shions and one kongon carrying an energy quantum of cp (c.f. Eq. 25) moves at a constant speed 
of c. The EOM of the particle can be obtained by discretizing Eq. 34 into the following steps, i.e.  

First step: P → C 𝑃(𝑡 + ∆𝜏) = P(t) − wC(t)∆𝜏           (35a) 𝐶(𝑡 + ∆𝜏) = wC(t)∆𝜏            (35b) 

Second step: F → F′ 𝐹(𝑡 + ∆𝜏) = F(t) − uC(t)∆𝜏           (36a) 𝐹′(𝑡 + ∆𝜏) = F′(t) + uC(t)∆𝜏           (36b) 

Third step: P → C 𝑃(𝑡 + 2∆𝜏) = P(t + ∆𝜏) + vF′(t + ∆𝜏)∆𝜏        (37a) 𝐶(𝑡 + 2∆𝜏) = −𝑣𝐹′(t + ∆𝜏)∆𝜏          (37b) 
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These three primitive steps constitute one elementary step for the energy transport, after which 
the particle moves forward half period of characteristic time (and length). Here the propagation of 
the particle is fully quantum in each step, resulting in EOM in the kinetic form, which corresponds 
to the first three steps considered in the multistate quantum dynamics equation (c.f. Eq. 25-28). If the 
energy modules can be further divided, for instance, if the time can be discretized into N small 
segments, resulting a smaller time step, i.e., ∆𝜏 = ∆𝑡/𝑁, then the discrete kinetic Eqs. 35-37 would 
become to a conventional continuous EOM as the number of steps N tends to infinite at the classical 
limit. Therefore, for each smaller time step ∆𝜏  , the particle moves only a small fraction of the 
characteristic length, say l/N (see Figure 6f for an example case). Note that the speed of the particle is 
unchanged (the radiation particle with different wavelength travels at the same speed of light). Also, 
the radiation particle carried by a classical particle has a typical energy much lower than mass energy 
of the massive particle itself, so that the massive particle could be quite localized in comparison with 
the characteristic length 𝜆.  

3. Applications 

3.1. Atomic Model 

The energy tensor representation of the space-time structure and dynamics offers new physical 
insights into the atomic structure, and a consistent classical quantum mechanical interpretation can 
be obtained for Bohr’s atomic model of hydrogen atom without the aid of the ad hoc correspondence 
principle. First, we start for the stationary states. According to Dirac, the state corresponds to a 
particular type of motion [71]. On the other hand, our classical quantum theory suggests that motion 
is attributed to the attached radiation particle. It is therefore natural to propose that the state 
quantization is attributed to the quantization of radiation. Next, we will show that this is in fact the 
truth.  

The energy of the electron in hydrogen atom may be obtained by the Dirac equation including 
both the mass energy and radiation energy: E = ඥ𝑚ଶ𝑐ସ + 𝑝ଶ𝑐ଶ ≈ m𝑐ଶ + ௣మ௖మଶ௠௖మ   .       (38) 

Thus, if the second term in Eq. 38 is identified with the interaction potential caused by the 
internal radiation, we arrive at  

 r଴ = ସగఌబℏమ௠௘మ   ,             (39a) 

and E = m𝑐ଶ + ௘మ଼గఌబ௥బ   .          (39b) 

These are in fact the Bohr radius and the ground state energy of the electron, respectively. Note 
that in Eq. 38 and 39b, we do not include explicitly the potential term, the effective interaction 
responsible for the specific motion. In another word, in our model it is the radiation generates motion 
and dynamics and we do not need to introduce extra ad hoc potentials. The proposed potential free 
model suggests that the (generalized) Lagrangian 𝐿 = 𝑇 = 𝐻, and Eqs. 11e and 11h are essentially 
the Schrödinger equations except that the sign of the time flips, which can be understood as the time 
used becomes effectively internal. Surely, the inter-state interactions mediated by radiation states 
may be modeled by potentials or external fields used in conventional treatments [72–74]. However, 
we believe that the introduction of sometimes empirical potentials is one of the main sources causing 
misleading inconsistencies and technical difficulties in conventional theories. 

Interestingly, if the radiation is further split into n parts, then the energy of the corresponding 
stationary states follows the result of Bohr model for the energy level of hydrogen atom.  r௡ = ସగఌబ௡మℏమ௠௘మ = 𝑛ଶ𝑟଴  ,           (40a) 

and 𝐸௡ = E − m𝑐ଶ = ௘మ଼గఌబ௡మ௥బ = ாభ௡మ   .        (40b) 
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Thus, we see again that the inter-state interactions mediated by radiation can be represented in 
terms of an effective electromagnetic potential and the state quantization is due to the radiation 
quantization. Here in our model radiation creates “space” and constructs the quantized orbits on 
which electron can travel via energy train. The transition between the stationary states requires 
energy transformation for the electron transfer between energy trains running on the corresponding 
orbitals. In addition, the angular momentum quantization can be obtained from the radiation 
quantization: 

 |𝑙| = m𝑣𝑟 = ∮ 𝑝𝑑𝑞 = ℏ௡௥బ 2𝜋𝑟௡ = 𝑛ℎ  .      (41) 

Note that here we do not introduce the correspondence principle. While on the other hand, Eq. 
40 indicates that the energy of the radiation (or momentum) reduces to 1/n while the radius of the 
classical orbit increases by 𝑛ଶ, therefore the frequency of the electron motion for the n-th stationary 
state decreases to 1/𝑛ଷ. This indicates that when the state transition occurs, the classical transition 
frequency approaches to the frequency difference between the adjacent energy levels as the quantum 
number of the state increases. In fact, the classical limit is a natural consequence in our model. The 
above analysis be can straightforwardly applied to other hydrogen-like systems, in the same way as 
Bohr model. 

3.2. Gravitation 

In addition, our model can be extended to gravitational interactions. Simply replacing the 
electronic interaction by gravitational interaction in Eq. 39 gives:  

 r଴ = ℏమ(ெା௠)ீெమ௠మ   ,            (42a) 

and E = m𝑐ଶ + ீெଶ௥బ ெ௠ெା௠  .          (42b) 

Here M and m are the mass of the two interacting objects, and G is the gravitational constant. 
Again, the interaction energy in Eq. 42b is represented in terms of the effective gravitational potential. 
Since for gravitation there is no “gravitational charge” discovered so far, here we use the hydrogen 
atom as an effective mass unit and express the mass in Eq 42 in terms of relative mass with respect to 
the effective mass unit, i.e., 𝑚ு. This gives the gravitational Bohr radius as: 
 r଴ = ℏమ(ேಾାே೘)ீ௠ಹయ ேಾమ ே೘మ ≥ ଶℏమீ௠ಹయ ேಾయ   ,          (43) 

where 𝑁ெ  and  𝑁௠  are the number of effective particles of the two interacting objects, and the 
equality holds when they are equal in mass (assuming the total number of effective particles being 
constant). As an estimate on the order of magnitude, if 𝑁ெ = 0.4 × 10଼, then r଴~1. On the other hand, 
putting in the masses of Sun and Earth in Eq. 43 gives r଴~10ିଵଷହ. This extremely small number is 
because that for the Sun-Earth system, both two objects comprise a huge number of particles, 
therefore, the effective radiation particle is not primitive.  

Careful examination on the many-body interactions reals that for the composite objects, the 
inter-state interaction can be represented by an effective radiation also comprising a number of 
primitive particles. If we assume that the gravitational interaction is an effective potential mediated 
by a coherent radiation particle of an ensemble of N intermediate bosons, then an effective 
gravitational Bohr radius reads: 
 r଴ = ℏమ(ேಾାே೘)ீ௠ಹయ ேమ ≥ ଶℏమீ௠ಹయ ே  ,          (44a) 

with 𝑁 = ඥ𝑁ெ𝑁௠ .             (44b) 

Now if 𝑁 = 10ଶଷ, then r଴~1. In fact, we can define a new constant, a gravitational Mole radius 
as: 
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 rீ ≡ ଶℏమீ௠ಹయ ேಲ = 0.12m ,            (44c) 

with 𝑁஺ the Avogadro constant, which is appropriate for gravitational interactions in the composite 
systems. For example, Eq. 44c indicates that the ground state of two one-mole Hydrogen like drops 
features a gravitational wavelength of about 1m, which might be suitable for a promising 
experimental setup for verifying quantum gravity [75]. 

Similar to the electromagnetic case, if the ground state gravitational radiation is split into n parts, 
the energy of the corresponding higher-level stationary states can be obtained by:  r௡ = ௡మℏమ(ேಾାே೘)ீ௠ಹయ ேమ = 𝑛ଶ𝑟଴  ,          (45a) 

and 𝐸௡ = E − m𝑐ଶ = ீெଶ௥೙ ெ௠ெା௠ = ாభ௡మ   .        (45b) 

Obviously, the Earth orbit is a highly “Rydberg” state with an extremely large quantum number 
of the energy level. If the orbit radius of 1.5 × 10ଵଵ m is used, then the quantum number n~10ଵଽ. 
This indicates that a huge number of radiation particles are generated upon the fission of the original 
single coherent radiation, and the generated space is classical and full of radiation. Thus, the 
application of our model on both electromagnetic and gravitational systems suggests that there seems 
no borderline between the quantum and classical worlds, rather there are big and small energy 
particles and deterministic dynamics may become statistical as the number of small particles 
increases astronomically.  

4. Discussions 

4.1. Energy Transformation 

The hierarchical structure of energy space deserves further clarifications. The mapping of a 
complex system in modular energy space (MES) resolves the representation into two parts: the basis 
and its mathematical structure, or equivalently the energy elements and their transformations. The 
same system of interest can be represented by either simple (primitive) basis (normally) resulting in 
a complicated but high-resolution representation, or equivalently complex basis with a relatively 
simple but coarse-grained representation. The appropriate choice of the basis sets the focus on 
specific levels of the structure, manifesting the power of mathematical mappings. For instance, the 
solution of Schrodinger equation for the four-state model in our previous work [53] may be 
represented by either primitive energy basis, i.e., 𝜙±, or the constructed higher order complex energy 
modules. Ideally, these higher order energy modules can be classified systematically based on some 
specific generating rules. The one we proposed in this work is just an example of infinitely many 
possibilities (but perhaps the first one to manifest the molecular structure of the energy space). 
According to the generating rule (see Appendix A for details), the mathematical transformation of 
primitive basis results in a higher level (2nd) of energy modules (Eq. 2). And the particle pair states 
MLNP in [53] are the third order of energy modules made of these 2nd order energy modules. These 
hierarchical energy modules constitute fundamental elements to represent or construct the system of 
interest. In another word, all components and fundamental structures of the world, including time, 
space, and matter, can be represented by energy elements. On the other hand, in the same way as 
constructing our world by using atoms and molecules of chemical elements, we are allowed to 
synthesize the molecules and compounds of energy elements, and the world. Note that the 
hierarchical nature of the energy modules in the tensor form makes our molecular model distinct 
from existing literature such as those based on modular variables [76] and energy momentum tensor 
[77].  

As said, the multidimensionality and the hierarchical feature of MES may result in different 
pictures from different perspectives on the same structure. For instance, the representation of the 
system would be different using different equivalent basis (e.g., Eq. 3), and therefore the 
interpretation of the same mathematical structure would be different, which however may be 
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associated with different realistic processes. For another example, the TT transformation in Figure 3 
may correspond to the transition from a rotational yunon to a kongon, and then a shion. Both 
examples demonstrate that the same mathematical framework could be mapped to different physical 
models or processes. And we believe that MES, if effectively constructed, could facilitate the 
systematic analysis of energy space structure and therefore the rational design of new pathways of 
energy transformations.  

In the case of TT, it is worth noting that in the space-like domain, the Lagrangian is formally 
invariant under TT, so that the equation of motion is also invariant. In contrast to the external world, 
the frame (length) keeps immortal, and time is confined, as the role of time and space exchanges after 
TT. Similarly, the role of the identity matrix and the first Pauli matrix switches, both of which are 
associated with the exchange of the role between the (confined) mass energy and internal radiation 
energy. The confined radiation may be represented in terms of closed time loop (CTL), and fast CTL 
carries more internal energy. Here CTL is the component of the system, which is different from the 
closed timelike curves [78]. This picture just offers one scheme to map the mathematical framework 
to physical models that could occur in reality. As said, the same framework may represent different 
scenarios when different mapping schemes are adopted. For instance, if the imaginary time 
formalism [79] is applied, the space-like domain in Figure 4 may be mapped to thermal states of the 
system. And it is interesting to see the connection between these two scenarios, considering internal 
motions can be associated with temperature. Note that the above analysis can be generalized to the 
3D space. As shown in Figure 4c-h, TT results in exchange in the dimensionality of the time and space 
variables through the mass-like domain, indicating topological transformation occurs in both 
directions on the domain borders, and there might have only two dimensions exist in some 
intermediate regimes. This argument is somehow consistent with the prediction of CDT on 
dimensionality reduction [21], while it deserves further investigations. 

4.2. Energy Quantization and Quantum Mechanics 

Energy quantization and the quantization of other physical quantities associated with the Planck 
constant h set up the foundation of quantum mechanics [54]. However, the conventional 
representations of quantum mechanics overemphasize on either mathematical representation and 
manipulations or measurable physical realities, while the chemical transformation of fundamental 
elements or basis that can manifest the underlying mechanism of quantum mechanics is rarely 
investigated. For example, in conventional quantum mechanics, the wave function can be 
represented by energy basis, position basis, momentum basis and function basis in Hilbert space. 
Then what are these bases and what are the relation or interactions among them? Without answering 
these fundamental questions, the full story cannot be understood just like the fact that the crystal 
structure cannot be fully obtained based only on space lattice and symmetry transformation unless 
one knows what the lattice point really is or what the motif mapped to the lattice point is.  

In this work, we try to uncover the molecular mechanisms of quantum mechanics by introducing 
the modular energy space (MES), which results in an energy tensor representation (not the 
conventional scalar energy representation) of quantum mechanics in terms of classified energy basis 
(modules). Here any physical quantity including time, space, and matter can be represented by 
fundamental energy modules and elementary energy transformations in a unified molecular 
framework. For example, the fundamental energy modules kongon and yunon are coherently 
incorporated within the same framework of energy space, and the transformation of different types 
of energy modules is given by the EOM (Eq. 16) while there is no inhomogeneous component as 
suggested in the conventional spacetime representation [6,7].  

In MES, we have pure states associated with particle-like or wave-like elements, which implies 
that in principle, deterministic identification of particle and/or wave is possible. Nevertheless, these 
are fundamental elements while in our model realistic objects comprise multiple primitive energy 
elements. In fact, the undetermined phase factor in conventional wave function may be associated 
with the transformation among different energy modules. Thus, conventional experimental 
measurements would result in wave particle duality, consistent with current observations. Therefore, 
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our formalism not only provides a molecular model for energy transformation, but also suggests a 
consistent classical interpretation on quantum mechanics. Although it is illuminating to make 
interpreting mappings of quantum mechanics by using well-studied classical systems including 
mechanical or hydrodynamic analogs [80–82], and some models seem well represent the 
characteristics of quantum mechanics, we note that our model by contrast features a unique 
hierarchical nature on representing the state space starting from the fundamental entities, which is 
supposed to get rid of any ambiguity in the model construction on the phenomenological level. 

According to Eq. 12, the wave function in MES has a well-defined physical interpretation in 
terms of energy modules, and its phase could have three contributions from the corresponding action, 
namely, the dynamic phase associated with time, the geometric phase associated with space, and the 
mass phase associated with cloud. Since coherence among different states (or energy modules) is also 
incorporated in our model of wave function, therefore the Aharonov Anandan (AA) phase is also 
included [56]. In comparison with the de Broglie-Madelung-Bohm representation, the mass phase in 
our model plays a role of the amplitude there. In general, the amplitude may be represented by the 
projection of the system on energy modules (i.e., coordinates) in MES in multidimensions with all 
basis treated at an equal footing. And the appropriate choice of energy modules could result in a 
deterministic representation of the system of interest. We believe that our model has some 
advantages since it incorporates the transformation between the external and the internal worlds and 
there seems no need to introduce an abstract quantum potential. 

Going beyond the kinetic perspective of motion, our molecular model of quantum dynamics 
offers new insights into the trajectory representation of a moving object. In the proposed model, the 
space and time are evolved through energy transformation proceeding on a quantum net of primitive 
energy modules. The dynamics of both the massive and massless particles are therefore determined 
by the trajectory of energy transformation. For free particles, the trajectory is a straight line followed 
the least action principle. Whereas in case of that the interactions of particle and surrounding 
environment are not negligible, the trajectory may become random and motion becomes statistically 
undetermined. Here is the reason why the statistical representation of quantum dynamics comes in, 
and the corresponding wave function becomes probabilistic. Thus, we advocate the picture of that 
the origin of probability of wave in wave quantum mechanics lies in the system environment 
interactions [5], just like Brownian motion in classical mechanics [68]. 

In agreement with de Broglie-Madelung-Bohm representation, the deterministic EOM of 
quantum dynamics in MES results from the Hamilton Jacobi equation. By expanding the action in 
the tensor form, the system is represented in the expansion in terms of energy modules exactly in the 
same way as normal modes (of harmonic oscillators) in classical mechanics. Therefore, the state 
function of a system in MES obeys the superposition principle the same as classical wavelike normal 
mode models. On the other hand, energy transformation among different energy modules occurs via 
particle like energy quanta. The molecular picture of MES thus seems to explain all the major 
paradoxes and puzzles of quantum mechanics. Here we state that quantum mechanics is essentially 
the same as classical mechanics in the energy space, and energy transformation in energy modules 
and quantum dynamics are naturally relativistic. All these evidences indicate that we have obtained 
a unified framework incorporating existing fundamental theories including classical mechanics, 
quantum mechanics, and theory of relativity.  

It is worth mentioning that deterministic quantum mechanics has been recently formulated in 
the cellular automaton (CA) model [83,84], which manifests a viable classical interpretation to 
quantum dynamics [for a variety of different forms of classical interpretations, see for example, 
[85,86]. Note that the CA model was built in a predefined space-time, therefore efforts have to be 
made to interpret the conventional puzzles of quantum mechanics such as locality, and wave function 
collapse, which are avoided in our molecular model in the energy space.  

One of the uncertainties of the proposed model is the nature of the proposed fundamental object. 
For simplicity, we assume that this fundamental object has no internal structure and can be 
characterized by a single scalar, i.e., its energy E. If such energy atom does exist, then what is the 
exact value of its energy E? This quantity may be related with the fundamental properties of the 
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universe. So far we do not have a determined answer for it but take it as a reference unit or an energy 
measure, like the atomic unit. It is also possible that the object with no internal structure is only the 
idealistic basis for the model construction while the realistic fundamental object may have internal 
structures. In fact, in the Appendix A, the possibility of a quantum clock with internal states is 
discussed. And the energy elements may also start from the second hierarchy of the primitive basis. 
Note that the internal and external worlds are dual concepts in our hierarchical framework. Thus, it 
will be of great importance how we interpret the constituent energy elements if the proposed 
hierarchical world model is the truth. Further investigations are under the way.  

5. Concluding Remarks 

Modular energy space (MES) is constructed based on a set of energy modules generated from 
primitive energy basis. Within this framework, we generalize the action integral to a tensor 
decomposition form. Such a systematical expansion of action results in an energy tensor (ET) 
representation of quantum mechanics, which provides new insights into the structure of energy space 
and a consistent classical interpretation on quantum mechanics. For example, the wave function is 
represented fully as a function of action in a deterministic form. Facilitated by MES analysis, we 
propose that scalar energy transformation generates time, vector energy transformation generates 
space, and tensor energy transformation may generate cloud. The corresponding energy 
transformations may be represented by a group of composite energy modules including the 
generators of U(2) group comprising identity matrix and three Pauli matrices. The classification of 
energy modules reveals a periodicity of energy elements, and a hierarchical picture on the structure 
and transformation of the world may be constructed. This leads to a molecular interpretation on the 
nature of time, space, matter, and our world.  

The ET representation of quantum mechanics suggests a molecular mechanism for motion, 
through the coupling of particle and intermediate bosons. The proposed formalism manifests energy 
transformation between matter and radiation, and equivalently dynamics transformation between 
time and space. We show that energy space can be decomposed into time-like, mass-like and space-
like domains. And timespace transformation occurred in the mass-like domain exchanges the roles 
of time and space, indicating a quantum phase transition between external and internal worlds.  

In addition, the ET interpretation on quantum mechanics incorporates relativistic energy 
momentum relation as a chemical transformation of energy elements following a simple geometric 
relation, and new molecular insights into some fundamental issues including wave particle duality, 
the existence of a limited speed of light, and the quantization of electromagnetic and gravitational 
interactions are thus obtained. For example, the application on hydrogen atom reproduces the results 
of Bohr model together with a consistent classical interpretation on quantum mechanics. The 
generalization of the idea on gravitational interactions suggests a new atomic model manifesting the 
natural transition from the quantum to classical world. Here electromagnetic and gravitational 
interactions and the small and large scales are incorporated in a unified molecular framework.  

In summary, this work developed a promising strategy to construct a unified theory.  
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Appendix A 

1. Generation of time and space 

Here we suggest a generation scheme for the energy space in multidimensions. Consider a 
system comprising N energy modules, Schrodinger equation reads: iℏ பப୲ ψ௡ = Hψ௡ = 𝐸௡ψ௡ ,           (A1.1) 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 19 February 2024                   doi:10.20944/preprints202402.0972.v1



 27 

 

with ψ௡ and E௡ the eigenfunction and eigenvalue of energy for the n-th state. And we have the 
wave function in a generic form of ψ௡ = 𝑒ି௜ଶగ(ಶ೙೟೓ ) = 𝑒ି௜ఠ೙௧ ,          (A1.2a) 

Here 𝐸௡ = ℏ𝜔௡.             (A1.2b) 
Eq. A1.2a is a periodic function with represented values given in Table A1.1. 

Table A1.1. 𝐸௡ > 0, 𝑇௡ = ℎ/𝐸௡ θ 0 𝜋/2 𝜋 3𝜋/2 2𝜋 

t/𝑇௡ 0 1/4 1/2 3/4 1 𝑒ି௜ఠ೙௧ 1 -i -1 i 1 

Let us start from considering a scalar space, then the rank of the state space is zero, i.e. 
K=0 ,               (A1.3a) 

and there is only one state (represented by a single point in the state space), i.e. 
 𝑁௄(𝑑) = 𝑑௄ = (𝑛𝑠)௄ = 1 .          (A1.3b) 

Here d is the dimension of the base space, s is the number of components for each basis or the 
dimension of the internal space of basis, and n is the number of basis. In this case, without loss of 
generality, we may set the energy of the state is zero, i.e., 𝐸଴ = 0. And if we associate the phase of the 
wave function in Eq. A1.2 with the state in the energy space, then it can take only a single value of 1 
(here we refer the single state to a determined state with no other possibilities), which means that the 
time t is immortal or there is no time. Nontrivial structures can only be generated at higher levels. 
For example, the original single energy atom may split into two parts, the wave functions of the two 
components are  ψଵ = ψଶ = 𝑒ି௜ఠ௧ ,            (A1.4a) 

with 𝐸ଵ = 𝐸ଶ = ℏ𝜔 .           (A1.4b) 
Now if we allow the energy of the whole system to fluctuate between the two components, then 

the wave function may take two values, i.e., 1 and -1, and we may associate the two modules with 
the phase values of 1, and -1, respectively. Note that here time can take only the discrete values, i.e., 
integer number times of half period. Thus, we have a quantum clock comprising two states, with the 
time to be determined by the number of cycles the system switched between the two states. As we 
mentioned in the text, these two states may be mapped to the two ends of a line segment, which can 
be generated from the bisection of the original whole segment. This generation scheme can be applied 
to generate higher dimensional state space, resulting in a hierarchical state space self-similarly 
mapped to a one-dimensional segment [87] corresponding to a scalar energy space with all states are 
energy degenerated. And we can create a clock walking ergodic in the state space (say along the path 
AGBF in Figure 1a), which tends to run continuously as the number of states goes to infinity in the 
classical limit. Note that the dimension of the scalar space, which can be associated with time, is 
always one even if there are multiple particles (n>1) or multiple components (s>1) in this scalar space, 
(𝑒. 𝑔. 𝑁௄ = 1). 

For the state space of rank one, i.e., K=1, let us consider a simple case of two-state system, i.e.  
d=2, and 𝑁௄ = 𝑑௄ = 2 .           (A1.5) 

The corresponding wave functions are  
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ψ௡ = 𝑒ି௜ఠ೙௧ , (n=1,2)           (A1.6a) 

with 𝐸௡ = ℏ𝜔௡.             (A1.6b) 
Without loss of generality, we may associate the two states with the energy values of E, and -E, 

respectively, which correspond to two points in the energy space (Figure 1a). And they are separated 
from each other by the intermediate radiation states, or in another word, radiation generates space. 
The vector energy transformation between these two states is associated with real energy transfer 
from one state to another through intermediate bosons, different from the scalar case in Eq. A1.4 
where only the phase of the energy varies. Here the state space is 2D with the dimensionality of the 
basis state being 2, either two single component basis or equivalently one single two-component state 

of ψ = ൬ψଵψଶ൰.  

This example indicates that alternative interpretations or mapping schemes exist. For instance, 
we may increase the dimensionality of the state space, by expanding the dimensionality of the base 
space from either external or internal perspectives. In the case of that K is zero, the state space is one 
dimensional regardless of the basis dimensionality (all components are degenerated internal states), 
and the energy space is scalar (the eigenvalue takes only one number). When the energy space is a 
vector space and K=1, there are more than one non-degenerated states with more than one 
eigenvalues. These external states are separable because of the existence of the intermediate radiation 
states (and the space they create). For the two-state system we considered as an example, the 
eigenvalues are extended from one positive number in the scalar case to two real numbers in the 
vector case, so that the degeneracy is broken. To further expand the dimensionality of the basis space 
from 2 to 4, one may think of expanding the eigenvalue space form real to complex plane. However, 
for complex eigenvalues, the generic form of wave function in Eq. A1.2a would become exponential. 
One strategy to circumvent this problem is to make the corresponding dual variables complex too. 
For instance, for additional two (radiation) states with energy eigenvalues of ±i, the corresponding 
dual variable also takes complex values, i.e. t → ±it. In another word, when we introduce new energy 
basis, new dimensions are generated. These can be associated with additional space dimensions since 
they are fundamentally different from the time dimension. This illustrates the strategy of energy 
space decomposition and how the conventional scalar energy space is resolved in terms of classified 
energy modules. This same space generating strategy applied to the state space of dimensionality of 
four would generate the conventional 4D space-time.  

2. The energy basis in expanded space 

We can construct the higher order energy basis in an expanded base space by using generating 
schemes. For instance, to generate a four-state energy basis, a direct sum of the energy basis in Eq. 3 
results in A = Iସ ≡ ቌ1 00 1 00 1 00 1ቍ , 𝐹 = 𝑖𝐴, 𝐵 = −𝐴, 𝑎𝑛𝑑 𝐺 = −𝑖𝐴 .   (A2.1a) 

Or A = ቌ1 00 1 00 −1 00 −1ቍ , 𝐹 = ቌ0 00 0 𝑖𝐼−𝑖𝐼 0 00 0ቍ, 
 𝐵 = Iସ, 𝑎𝑛𝑑 𝐺 = ቌ0 00 0 𝐼𝐼 0 00 0ቍ .        (A2.1b) 

Eq. A2.1b is a vector basis by contrast. And other forms of basis may be obtained by using 
different combinations. According to the generating schemes for energy basis, the representation of 
the system in the energy space can be straightforwardly obtained. For instance, the representation 
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space for the self-similar scheme is a degenerated scalar space, and different states can be identified 
by the phase. For the space-generating scheme, the representation space could be one dimensional 
real axis, or two-dimensional complex plane, etc.  

3. The energy representation of the system 

Here we consider two examples to show the energy representation of the system. The first is the 
two-state system, and we write the system Hamiltonian in terms of energy modules.  𝐻 = ൬𝐻ଵଵ 𝐻ଵଶ𝐻ଶଵ 𝐻ଶଶ൰ = 𝐸ଶ଴𝐼 + 𝐸ଶଵ௜ ∙ 𝜎௜ (i = 1,2,3),      (A3.1) 

𝐸ଶ଴ = ଵଶ 𝑇𝑟𝐻, 𝐸ଶଵ௜ = ଵଶ 𝑇𝑟(𝐻𝜎௜) .          

Here 𝜎௜ are Pauli Matrices. And for a three-state system, the Hamiltonian reads: 𝐻 = ൭𝐻ଵଵ 𝐻ଵଶ 𝐻ଵଷ𝐻ଶଵ 𝐻ଶଶ 𝐻ଶଷ𝐻ଷଵ 𝐻ଷଶ 𝐻ଷଷ൱ = 𝐸ଷ଴𝐼 + 𝐸ଷଵ௜ ∙ 𝜆௜ + 𝐸ଷଶ௝ ∙ 𝜆௝, (i = 1 − 3, j = 4 − 8) ,  

𝐸ଷ଴ = ଵଷ 𝑇𝑟𝐻, 𝐸ଷଵ௜ = ଵଶ 𝑇𝑟(𝐻𝜆௜),   

𝐸ଷଶ௝ = ଵଶ 𝑇𝑟൫𝐻𝜆௝൯ 𝑓𝑜𝑟 𝑗 ≠ 8; 𝐸ଷଶ଼ = ଵଷ 𝑇𝑟(𝐻𝜆଼) .      (A3.2) 

Note that 𝜆 is the unnormalized Gell-Mann matrix.  
To determine the energy representation of the system from Eq. 14, we transform the other types 

of energy basis (modules) into the same time basis. Therefore, the space contribution becomes into  ቀ1 00 −1ቁ → ଵଶ ቀ1 𝑖𝑖 1ቁ ቀ1 00 −1ቁ ቀ 1 −𝑖−𝑖 1 ቁ → ቀ 0 𝑖−𝑖 0ቁ ,    (A3.3a) 

And the system Hamiltonian reads: 𝐻 = ൬ 𝑚𝑐ଶ 𝑖𝑝𝑐−𝑖𝑝𝑐 −𝑚𝑐ଶ൰ ,            (A3.3b) 

in the rest frame, which becomes diagonalized in the renormalized new time basis as shown in 
Eq. 14. Note that Eq. A3.3 takes the form for the two-state system in our previous work [53]. 

4. Periodicity of energy elements 

The classification of the energy modules results in a periodic table of energy elements. In analogy 
with that for chemical elements, here we identify energy elements according to a set of quantum 
numbers, which may be mapped to the hierarchical multipole expansion of action. The first is the 
hierarchy (principle) quantum number n, which corresponds to the level of the expansion hierarchy 
and may be associated with a composite energy module comprising of n primitive modules. The 
second is the space (angular momentum) quantum number l, which is mapped to the spherical 
harmonic terms (space) of multipole expansion of action for a specific shell. The third is the dimension 
(magnetic) quantum number m, which is associated with the basis of a specific space with a particular 
n and l. The fourth is the module (spin) quantum number s, which specifies the polarization of the 
energy fluctuation and may be associated with the primitive energy modules (say 𝜙ା 𝑎𝑛𝑑 𝜙ି) for 𝑠 =± ଵଶ, respectively. Here we prefer to use new names for these quantum numbers since energy modules 
generate everything and no physical variables including time and space are predefined. The allowed 
values of n, l, and m followed the same rule as that for chemical elements in the conventional 
quantum mechanical definition. For instance, n=3 for the third shell elements, and l can be 0, 1, and 
2, associated with the scalar, vector, and matrix space, respectively. The corresponding m value takes 
0 for l=0; 0, ±1 for l=1; and 0, ±1, ±2 for l=2, and the dimensionality of the space is 1, 3, and 5, 
respectively. 
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Let us explain how the energy elements can be constructed. Note that the hierarchy quantum 
number is connected with the rank of the state space (A1.3). The K=0 case corresponds to the scalar 
energy space, and the zeroth order primitive module can be used to construct higher level structures. 
Here the first energy element H(1) is a single state representing for a constant base with no internal 
structure (Figure A1a), which may be associated with a primitive atom or element, or mathematically 
a point. However, this does not mean that there is any singular point in modular energy space since 
there is no space-time for a single state. The scalar energy fluctuation of a primitive energy atom 
results in the second element H(2) (Figure A1b), which can be represented by a module with two 
internal states (see discussions on the case considered in Eq. A1.4). And there are only two 
configurations, which can be identified with the particle and its antiparticle of H(2). The oscillation 
between the two configurations may be used to construct a two-state clock. The two configurations 
are indistinguishable to each other since there is only one connecting path between two components. 
In another word, there is no direction of the path (time). We can assign H(1) with n=1, l=0, and 
configuration 1𝑠ଵ , following the same labelling scheme of chemical elements. Similarly the 
configuration of H(2) is 1𝑠ଶ. These first two elements are in the first period, which represents for the 
first hierarchy scalar world, i.e., time world. 

 

Figure A1. Energy elements in a two-dimensional representation. (a) The primitive energy module is 
the first energy element represented by a single state as base (ground state). Note that we can always 
reset the energy of the ground state as zero, so this corresponds to a plain background. Energy 
fluctuations of the plain background correspond to excited states mapped to the higher order energy 
basis, or subsequent energy elements. (b) the second element represented in terms of the primitive 
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pair state of the module. (c-j) the energy elements in the second hierarchy, i.e., the element of number 
3-10. Only the outmost valence shell is shown. 

The second period of energy elements is built on the second hierarchy based on the first scalar 
world. For simplicity, in the following, we only mention the outmost energy hierarch, i.e., the valence 
hierarchy (or valence shell, also borrowed from chemistry). The valence shell of the first element of 
the second period H(3) is associated with a composite module with two distinguished components 
(in contrast to the indistinguishable two states of H(2)), which may be represented by a single square 

module in a two dimensional representation with the primitive pair state ൬𝜙ା𝜙ି൰ being occupied [its 

antiparticle is ൬𝜙ି𝜙ା൰, not shown] , so we have n=2, l=0, and the valence configuration is 2𝑠ଵ. The 

second unoccupied pair state in the square module serves as the spacer to distinguish the two 
configurations of H(3). When it is occupied, the full square module is obtained with four components 
in total corresponding to a four-state quantum clock in a 1D representation, or an internal world with 
internal time and internal space in a 2D representation. This square module can be mapped to the 
next element H(4) and its valence configuration is 2𝑠ଶ 

The space quantum number l is 1 for the second period of energy elements, and therefore there 
are both time and space (worlds) in this hierarchy. Following the rules underlying the periodicity of 
chemical elements, the subsequent energy elements in the second period H(5)-H(10) can be generated 
by filling the primitive energy module of the second period, i.e. the pair state, into the energy diagram 
ordinally, as shown in Figure A1e-j. Note that the configuration of H(7) (2𝑠ଶ2𝑝ଷ) follows Hund’s rule, 
forming a closed space “path” in a bigger square module (Figure A1g). While the fully filled energy 
hierarchy is a closed time space world (Figure A1j). Interestingly, the energy diagram is equivalent 
to that of a system comprising a particle/antiparticle pair (each represented by a square module) fully 
correlated with two intermediate bosons.  

The energy elements may have different representations (or interpretations). Here is presented 
an alternative scheme to construct the energy elements at a different hierarchy. We start from a 
primitive module with two internal states, the case we considered in Eq. A1.4. There are only two 
configurations, which can be identified with the particle and its antiparticle of the first energy element 
H(1). This construction results in the first order energy modules. The first order energy modules for 
K=1 may be mapped to the second Brillouin zone in the previous 2D representation if we regard the 
zero-order primitive module as the first Brillouin zone. Thus, we end up with a compact square 
module as the first order module if the reduced zone scheme is taken (Figure A2a-c), which can be 
used as the basic building block for energy elements. Now the first element H(1) may be represented 

by a single square module in a 2D representation using the primitive pair state ൬𝜙ା𝜙ି൰ as the primitive 

basis [the corresponding antiparticle is ൬𝜙ି𝜙ା൰] , and the configuration is 1𝑠ଵ. The second element H(2) 

can be mapped to the full square module with both two pair states occupied, thus its configuration 
is 1𝑠ଶ. The first period of two elements can be associated with the first hierarchy time world. And 
higher hierarchy worlds correspond to other periods of energy elements consistent with the tensor 
expansion of the action in the text. As an example, Figure A2d-m displays the energy diagrams of 
energy elements in the first two periods. 

In this representation, all energy elements are generated by the energy fluctuations on a plain 
background, in an analogy with excitons generated in crystals. In comparison with the generating 
scheme starting from the zeroth order primitive module, which produces static structures (elements), 
the second scheme starting from the first order primitive modules results in dynamical structures 
(elements). Specifically, time world generated in the first scheme is a two-state system corresponding 
to a static clock, while the time world generated in the second scheme and represented by a single 
square module with the two internal pair states including both matter and radiation states, may be 
regarded as a running clock. This is consistent with our molecular theory of dynamics in which 
radiation states are responsible for the motion of the clock (see the comparison between elements 
H(2) [Figure A1b, and Figure A2e] and H(10) [Figure A1j, and Figure A2m]). Clearly much work has 
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to be done to identify the proposed energy elements and investigate their properties. We leave further 
discussions on energy elements in future work. 

 
Figure A2. Energy elements represented in an alternative scheme. (a) The primitive energy module 
(the square labeled by 1) may be represented by a square state for ground state (1) and excited state 
(2) by mapping the higher order energy basis into the same square (b), an example is given in (c). (d) 
The first energy element represented in terms of the primitive pair state of the square module. (e) the 
second element; (f-m) the energy elements in the second hierarchy, i.e. the element of number 3-10. 
Only the outmost valence shell is shown. 
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5. Quantum dynamic of a single radiation state 

The dynamics of the kongon under the mediation of yunon is give as the follows. The 
Schrodinger equation for the evolved states reads: 

ℏ பப୶ ൮ψଵψଶψଷψସ൲ = ൮𝑖𝑐𝑝 𝟎𝑉 α 𝟎𝟎 𝑖𝑐𝑝 𝑉0 𝛽൲ ൮ψଵψଶψଷψସ൲ ,        (A5.1) 

Here α and β represent the dynamical occupation of the corresponding modules. Following the 
same strategy in our previous work [53], the solution of Eq. A5.1 can be found as the follows: 
(I) α = 0 and β = 0; 

൮ψଵψଶψଷψସ൲ = ⎝⎜
⎛୧ୡ୮ா 𝑒௜௣௫/ℏ୚ா 𝑒௜௣௫/ℏ𝑒௜௣௫/ℏ0 ⎠⎟

⎞
            (A5.2a) 

(II) α = icp and β = icp 

൮ψଵψଶψଷψସ൲ = ⎝⎜
⎛ 0𝑒௜௣௫/ℏ୧ୡ୮ா 𝑒௜௣௫/ℏ୚ா 𝑒௜௣௫/ℏ ⎠⎟

⎞
            (A5.2b) 

From Eq. A5.2, it is clear that kongon moves one step forward. 

6. The relativistic effect in MES 

The relativistic effects may be explained within the framework of MES. Consider a moving frame 
with a velocity of v, which may be associated with a system of total energy E comprising a rest mass 
m carrying radiation with momentum p. Different from the conventional mathematical perspective, 
a moving frame is intrinsically physical in our formalism. Therefore, it is not surprised that the 
spacetime transformation would deviate from the linear Galilean transformation. Indeed, we can 
show Lorentz transformation is obeyed and the well-known relativistic effects may be interpreted in 
a synthetic way. Assuming that the mass and radiation comprising a and b primitive energy modules, 
respectively, then we have ௛/௣ඨቀ ೓೘೎మቁమାቀ ೓೛೎ቁమమ = ௕௖ఛඥ(௔ఛ)మା(௕ఛ)మమ = 𝑣. That means that ௧ᇱఛ = ଵఊ , 𝑎𝑛𝑑 ௟ᇱ௟ = ଵఊ. Or in 

another word, the moving clock rans slowly and ruler becomes shorten.  
Also relativistic invariance is naturally built in in MES. In the action angle representation, the 

wave function can be written by  𝜓~e୧ୗ/ℏ,                (A6.1a) 

for which the action is given by the integral of a generalized Lagrangian, i.e.  S = ׬ 𝐿(𝑞, 𝑞ሶ , 𝜎)𝑑𝜎.              (A6.1b) 

Here we can take the proper time to be the affine parameter, i.e. 𝜎 = 𝜏. 
The differential action in a classical picture is  𝑑𝑆 = 𝑝𝑑𝑞 − 𝐸𝑑𝑡 = 𝛾𝑝𝑑𝜆 − 𝛾𝐸𝑑𝜏           (A6.1c) 

The second equivalence follows due to the transformation with  𝑑𝜆 = ௗ௤ఊ ; 𝑑𝜏 = ௗ௧ఊ ;  𝛾 = ଵඥଵିఉమ and β = ௩௖ .        (A6.1d) 
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The equation of motion results from the principle of least action, i.e. F = ௗ(ఊ௣)ௗఛ = − డ(ఊா)డఒ  .             (A6.2) 

The result is consistent with the principle of relativity, i.e. physical laws should be invariant in 
different inertial frames.  

For a particle in a gravitational field in 3D, Eq. A6.2 gives a modified force F௥ = − ఊడ൫ா(ఊ)൯డ௥ = − ௅మ௠௥య + 𝛾ଶ ீெ௠௥మ            (A6.3) 

with an additional factor of 𝛾ଶ  with respect to the force in the rest frame. L is the angular 
momentum, 𝐺 is the gravitational constant, and M is the mass of source. This produces exactly the 
same result as that provided by GR in the weak field limit [13,88]. For instance, it would make the 
relativistic correction for the procession of Mercury’s perihelion to be 43”/century. To reach the result 
from Eq. A6.3, we effectively pick up the whole system as the reference frame. And the moving object 
in this frame carries a number of intermediate bosons, resulting in a scaling factor in physical 
quantities including mass, time, and force, etc. But all these quantities are measured in the reference 
frame and the space is unscaled, because the moving object changes while radiation does not. Note 
that when the velocity approaches to the speed of light, the scaling factor 𝛾 diverges. This artifact is 
attributed to the single body approximation, and if the full two body motion is considered, the radius 
should be rescaled or the reduced mass should be used. Then when the velocity increases, there is a 
limit as the two interacting objects have equal mass and the divergence is thus avoided. Also Eq. A6.3 
may be obtained from Eq. 42 from an energy perspective, so that we have successfully extend the 
MES framework to incorporate gravitational interactions.  
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